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of low-plasticity metallic materials
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Abstract
Stochastic mode1 of cavitation erosion of low plasticity solids was presented, It is a kinetic type
model based on the energy conservation law. Mathematical formulation comprised equations for
the energY accumulation and release rates, Micro-cracks were assumed to be the main negative
source of energy. In calcu]ations carried out, the random element was omitted and deterministic
dePendences of energy absorbed and relaxed in the process were found. Conformabi]ity of the
theoretical and experimental curves was taken in favour of the model. The material fatigue
effect was expressed by the delay of micro-cracks appearance with respect to the force action
time. The model sets a calcu]ation direction of the temporal development of cavitation erosion.
An aPplication to practical cases requires the use of proper loading functions, as well as proba_
bilistic distributions of the absorption and relaxation of energy, being the function of material
parameters of the destroyed solid.

KeYwords: Cavitation erosion; Random wear process; Stochastic modelling; Non-ductile metal
alioys

1 Introduction

Cavitation is an undesirable drawback of operation of hydraulic devices and ma-
chines. Loadings originated in cavitation cloud lead to elosion of the solid state
sulface subjected to its activity. The most important results are noise, decrease
of the machine efficiency and its destruction due to fatigue cracking plocess.

Materials destruction under the cavitation conditions is in fact a stochastic
process, depending both on characterisation of the loading and properties of the

-E-maii address: giren@imp.gda.pl
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eroded body - plopeTties constituted by its chemical composition, microstruc-
ture and physical state. Due to the lack of appropriate model descriptions of the
process) thus far such problems were not completely solved as anticipation of the
erosion performance (1), setting up a relationship between material parameters
and its cavitation resistance in uniform functional formulation (2) or distinguish-
ing the features decisive for constituting the cavitation resistance at given stage
and conditions of the process (3).

There are known some phenomenological mode]s of cavitation erosion, all
of them based on integral or differential equations with parameters of physical
meaning [1-9]. Due to extreme simplifications, their applicability to interpretation
of the phenomena is very limited. A large amount of the contemporary works
deal with cavitation impingements modeling in a way that the results of their
action on the material surface are included (".g, |10-16]), but, unfortunately not
making approach to the effective solution of the listed problems.

Herein, a formulation of cavitation erosion model regarding randomness and
multistageness of the process was presented.

2 Characterisation of the process

Surface erosion of the materials placed within the vanishing cavitation c]oud zone
is caused - according to the standard description [17] by the forces generated
due to single or collective bubbles implosions [18, 19]. Bubb]es arising is bound
to the decrease in the liquid pTessure down to any specific value, approximately
equai to the pressure of evaporation. Cyclic or eterna} vanishing of the bubbles
is a result of vio]ent increase in the pressule |20, 21]. Duration of the phenomena
rvas found to be 10-a + 10-5 s |22]. Shock wave pressure generated in the vicinity
of the imploding bubble depends on the hydrodynamic and thermodynamic con-
ditions and is probable to reach value of 4 GPa |23]. Variations of the pressure
suffered by the solid under the cavitation action are due to differentiation of the
distances between the body surface and the impulse souTce) and due to differ-
entiation of the bubble vanishing topology [24]. E.g. as a result of implosion.
a directional liquid micro-jet could be formed [25]. Howevel, according to the
authors of the work [26], prevailing role in surface damage plocess play the shock
wa\€ pressure. Spectra of the loading pressures is very broad |27l and can be
approximate by exponential-power distribution [2B]. Two types of erosive traces
could be detected: well-ordered sequence of the indentations caused by a cyclic
impingements of the bubble and randomly distributed indentations being a result
of collective interactions from over the cavitation cloud [29]. Loadings caused b1-

periodically changing c]oud were found to be the most aggressive ones [30]. An
appearance of the cavitation phenomena depends on the veiocity, pressure and
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properties of the liquid (as saturated vapor pressure, tensile strength, viscosity
oI temperatule - useful scaling coemcient is so called cavitation number) and,
the last but not least, the geometry of the flow imposing appropriate boundary
conditions and deciding on such effects as turbulence. Theoretical expectation of
cavitation performance is a problem off the unstable, multiphase flow of viscous
and compressive liquid category problems [31]. Facing great theoretica] difficul-
ties, one can assess the intensiveness of cavitation referring to the experimentally
detected loading distributions, Intensity of the material damage due to cavita-
tion impingements is also a function of so]id surface state [32], Local depressions
change the stress distribution within the material and could play a role of cavita-
tion inducers. At the beginning of the process, dependence of the hydrodynamic
conditions on the wall state is usually negligible and variables could be treated
independently, In the face of the randomness of the impulses [33], the erosion of
the material, having protected the statistical distribution of the loading, is the
stochastic process.

There could be specified some types of cavitation with respect to the con-
ditions of its generation: flowing cavitation in tunnels, vibratory cavitation and
the cavitation induced in impinging jets [3a]. Those types of cavitation are met
both in the operating machines conditions as well as in the laboratory conditions.
Some of them were standardized [35, 36].

Density of the easily discernible indentations is being used as a measure of
material damage at the inception of the erosion. In metals, the areas of the
produced holes and depressions ranges between several square millimeters up to
some thousands of squaTe millimeters. Indentations are formed due to local,
piastic deformation of microstructure in the surface layer. In case of brittle
materials, the process is accompanied by cracking and, subsequently, extracting
of the material pieces, Indentations sizes and their multiplication rate are the
base of the erosion scalling [37, 38]. A kinetics of the material destruction under
the cavitation action is expressed by cumulative erosion curve, i.e. the total
vo]ume loss in time. An analysis of the curve let to set the specific phases of
the erosion: energy accumulation phase fol]owed by weight loss acceleration and
stabilization. Depending on the properties and microstructure of material, a
constant or cyclic rate of damage is estabiished [36]. An initial stage of erosion
is called the incubation period, the period ranging from the beginning until the
time point corresponding to a cut off by the tangent to the curve drawn at the
maximum erosion rate. Relative resistance of one material with respect to the
other is assessed by comparison of the single-number indicators inferred from the
cumulative curves.

Cavitation erosion should be considered as a separate, governed by its own
rules type of material damage. It is due to peculiarities of cavitation loadings:
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short time of the impulse action (comparable to the time of viscous volume forces
of the fluid |39]), very small (infinitesima1) area of the interaction and randomness
of the impingements, ailowing large amount of different ways of destruction. An
observation of the stress fields and ways of the material degradation process
Ie\€als the iack of any similarities of that kind of erosion to the other known ways
of solid damage [a0]. Not taking into account the case of very brittle materials
of small impact strength, the cavitation erosion is a fatigue process, as it was
proved by Richmat |4I, 42].

Cavitation action in the incubation period of the erosion is approximately
2-dimensional problem with resultant direction perpendicular to the eroded sur-
face, That time in the scattering of the impulse energy into the fluid medium and
(elasticaliy) into the solid body forms a substantial share in the energy ]oss. In
the advanced period of the erosion volume and surface waves generation and en-
ergy dissipation in the working liquid are strongly influenced by the complicated
rnorphology of the material surface. An item under loading may preseTve a quasi-
equilibrium state as a whoie [43]. At that stage of damage the local stress fields
of 3 axial tensile or compTessive nature (depending on the externally forced inter-
related translocations of atoms) are generated in a S-dimensionai space. In real
materia}s not complete relaxation of the temporary stresses is observed, which
1ead to progressive accumulation of the residuai stresses |44, 45). Durable effects
of the cavitation forces action in the incubation period involve translocations
rvithin crystal net, deformations in microscale and nucleations of the microcracŁ.
in the vicinity of any discontinuities, i.e. in places of the maximum Hertz stress.

In iron ailoys such deformations of the single grain as twins or slip lines are
the most common |46, 47l. After a long time of plastic deformation, the pro-
cess is accompanied by a brittle damage process, due to advanced disintegratiorl
of the structure. Loca] cleavages appear as a fi.nal step of the fatigue plocess.
Generation of the critical cracks is a result of microcracks joining process. Brit-
tle materials can develop the critical cracks yet from the surface. The wate:
Pushed-in the open crevice resists its closure and the next impulses forces ti_.
crack propagation i46]. It was found that cavitation resistance of homogenol;.
metals depends mainly on their microstructure, bound energy and the abilitr- r _

deformations and phase transformations [4B]. Higher cavitation resistance of tl_=

austenitic alloys with respect to the ferritic ones, as commonly met, is explairie:
by the easier destruction of A.2 structure than 'Ą1 structure at high rate of dt*
formation [49]. Among the A2 alloys of high cavitation resistance, a martens::ć
should be pointed, Its high resistance is achieved due to high hardness and gra_:
refining, rvhich make the incubation period of the erosion prolonged. Further p.:-
formance is not so distinctly weli for its destruction occurs due to brittle crack_-
[a6]. In case of homogenous .Ą1 materials, the surface deformation proceed u:,;u
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;ire pieces of the solid can be extracted [50]. A high cavitation resistance of the
robalt alloys (at content of over 30% wt.) is to some extent the result of ,Ą1 --+

_ł3 transformation, induced by mechanical loading [48, 51]. F\rndamental mech-
anisms of energy absorption and dissipation in metastable alloys (as steel 18Cr-
S_\i) is cyclic generation and vanishing of the martensite under the cavitation
loading, thus contributing to the erosion resistance increase [52, 53], Likewise, a
special power of cyclic transformations of nickel-titanium alloy (TiNi) makes it
r-ery resistant to low-frequency fatigue, and soon after it - enoTmous cavitation
resistant [54]. Kinetics of defects evolution as well as the probability of cracks
appearance in each separate phase of alloys of multiphase microstructure is not
the same [55]. The selective destruction of the heterogeneous materials makes
the removal of "weaker" phase at a higher rate. E.g. in carbon steel the a-ferrite
is removed before the pearlite [56], simitarly as in ferritic-austenitic steels, where
the loss of ferrite grains precedes the loss of the austenite ones [57]. The reason
for the erosion initiation and development at the grain boundaries are differences
in adjoining grains properties [a9], The dependence of cavitation resistance of the
material on the plesence of hard particles (e.g. carbides) scattered throughout
the matrix as contaminants depends on their sizes. At that time, an increase in
hardness is accompanied with the decrease in bending strength and microcracks
multiplication between the phases. That's why a decrease in cavitation resis-
tance of the material with large-size second phase particles is observed [5B] and
an increase in cavitation resistance of metals with homogeneously scattered fine
particles of hard phases [59].

Yet the simple analysis of the problem allows to conclude that cavitation
resistance is not closely related to any single parameter defined in the coulse of the
strength tests, because of the different scales of deformation, rates of deformation
and the object of damage, e.i. the surface layer of the material, where the whole
history of the deformation is imprinted. E.g. the standardized tests are one-
dimensional, whereas the cavitation deformations should be regarded as three-
dimensional. Therefore, in the latter case, there arise deformation mechanisms
of type absent at the strength tests.
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3 Experimental ground for cavitation erosion descrip-
tion

A temporal mass loss of the body is the most important and directly detectable
measure of the intensity of cavitation erosion pTocess. Therefore, the correctness
of mode] assumptions is proved by the conformability of the theoretical and ex-
perimental cumulative mass loss curves. Obviously, quantitative conformability
can be attained only if the proper values of the parameters regarded in the model
are chosen, as well as the proper initial and boundary conditions are taken into
account. On the other hand, the experimental culves are not each time repeat-
able, which is the result of the process randomness (there is correlation between
the casual place of pit creation and the way of erosion development in successive
periods). Thus, one can presume differing fluctuations of the average values of
distributions taken for various samples.

Cavitation erosion happens in space confined by the surfaces where the forces
are applied. It is the boundary of the model considerations for the free boundary
value problem. Due to randomness of the angle between force and surface norma]
vectors in the advanced stage of the erosion, a space field of stress generated is
also random. Nevertheless, aI} average direction of the force and stress gradient
vectors is perpendicular to the surface curvature, It makes possible to use one-
dimensional eikonal equations (Kardar, Parisi, Zhangtype) for the description of
the deformed surface evolution.

According to the results of investigations, elastic materials are featured by
longer erosion incubation time than inelastic ones, what is linked to different
modes of those materials destruction process. Dumping of the impulse occurs
within thinner layer, when the material structure is elastic. Subsequent cycles of
loading lead to disintegration of microstructure and an extraction of the material
pieces. Elevated brittleness contribute significantly to make the elastic material
incubation time shorter. In case of brittle materials, an increase in microcracks
density is driven by cavitation loading until their critica] level is achieved and
an extraction of the body piece occurs. Model conditioning crack generation
and fracture on concentration of weak spots in the alloy seems to be the most
appropriate for such kind of the materials. Especially, hard precipitations with
high level of compressive stress at their boundaries seTves as an example of such
centers.

Cavitation generates the broad spectrum of the loading allowing for various
regimes of fatigue fracturing, regimes linked to various rates of the crack length
increase daf dN, the latter depends on the conducting force diversity range. Exact
dependences could be found in [60]. Hence,.in fact, two rates of two imposed
erosion pTocesses could be distinguished during cavitation erosion: (1) continuous
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loss of small pieces of the material at their specific Tate and (2) extraction of big
pieces at another Tate. In former case, the crack development depends mainly on
average level of stress and the time of its relaxation, being the function of loading
frequency. An application of the continuum approximation is then allowed. In
case (2), cracking begins at the material surface and its development is strongly
influenced by both microstructure and stress level.

Material properties of the surface layer subjected to cavitation loading change,
thus detailed investigations of stress-strain relationship could be regarded as one
of the convenient ways of cavitation erosion modelling.

Intensity of cracking under the mechanical loading is linked to the material
heterogeneity. An increase in microcracks density could be regarded as the pro-
cess of new phase creation, which leads to destabilization of the whole body.
Following a Sornette idea ([61, 62]) it could be assumed that fracture is a cli-
max of microcracks interaction and joining pTocess, crowned with fractal nets
generation.

4 Analysis of the process and physical model founda-
tions

Crack appearance under the external loading is proceeded by generation the crit-
ical conditions for the erosion, a process of probabilistic nature. Statistical base
for thermodynamic criteria of stability is an Einstein's formula for probability of
fluctuations around the steady state: p: p6exp(ó2Slzk), where ó2,S is a vari-
ance of entropy and & - Boltzmann's constant. Structural destruction is a result
of overloading or fatigue state of the body. Determination of the material dura-
bility is a practical aim, which can be realized by derivation either a distribution
of the critical loading or appropriate curve of damage accumulation rate. In case
of cavitation erosion, a Griffith's idea can be used. According to his concept,
cracking occurs rather after energetic conditions are complied and not due to
high level of stress is reached [63]. This reasoning supports the suggestion that
cracking should be regarded as a plocess of the external sources energy transfer
into surface energy of crevices [64].

General stages of energy transfer up till the result of permanent change of the
material state is achieved involve random excitation and generation of the places
of condensed energy, it subsequent spreading and dissipatively annihilating or
trapping within heterogeneous structures. Fbom thermodynamic point of view a
persistent change of the material state due to the loading forces depends on the
probability if the potential barrier is overcome.

Having assumed that in the course of fatigue process the potential barrier
lowers down to the cracking level, one can regard the process as probabilistically
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determined. Due to the nature of the phenomena up to the critical state is
achieved, the material degradation is modeled by chosen stochastic process in
the continuous time domain [65, 66]. One can also presume an idea on the
probability of overcoming an unchangeable potential barrier, but in that case
the probability should be depended on time, e.g. the fatigue effect shouid be
expressed implicitly by introducing the interaction time, The efficiency of the
energy trapping is influenced by density of the energy acceptors ("weak spots").
The process of energy accumu]ation is conducted until culmination (e.g. cracking)
and qualitative change within the material. Weak spots density is functionally
linked to the dynamic interaction of impingements and the material

It should be kept in mind that heterogeneous body (e.g. with microcracks
included) is hardly probable to be described properly by differential equations.
The range of the forces action in elastic materials is non-Iocal. The effect is an
answel to resultant stress field, built up within the confined volume of the body.
Its size is presumably high enough that specific statistics of non-homogeneities
could be set up. It is concluded that an increase in micro-cracks density depends
on deformation and is the way of energy release from any element of the material.
Volume of the element is a function of microcracks sizes and mutual distances [67].
Specification of the space of considerations makes the simulations of the statistical
distributions possible. Such attitude is a base for non-Iocal probabilistic models
of the erosion. An integral formulation eliminate many paradoxes and difficulties
fixed to differential formulation. It gives a chance for connecting the energy
delivered to the body in the succeeding cycles of the loadings and the critica]
level of the material tensile strength, remembering about the free enelgy potential
r,-ariations in each cycle and resulting state equations.

Some ways of defining the thermodynamic potential for a volume erosion in-
volved were proposed [68-71]. However, defining of a suitable type of the potential
is still an unresoived problem.

For the modelling purpose it is important to determine if the material per-
formance is brittle or ductile. When plastic deformations are dominant, the
kinetics of deformation in heterogeneous environment is described by distribu-
tion functions for deformation velocity or by their statistical moments. Defining
a non-equilibrium process and finding a dependence of the particles velocities for
that process are of paramount importance in case of plastic deformation. The
base phases at a macro-scale are then non-equilibrium initial phase and quasi-
equiiibrium phase of advanced erosion [72],

In case of both brittie and elasto-plastic materials, parallel to the pTocess
of the surface layer erosion, the process of generation and association of micro-
cracks rr-ithin deeper 1ayer occurs. It leads to extraction of the big material pieces
in longer periods of time, presumably in accordance with statistics of strong
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cavitation loadings. SPallation, a plocess dominant at the surface is induced by
interaction of falling and reflected waves [73].

A Process of nucleation and joining of micro-cracks inside the deeper layer of
the eroded material is a stochastic Markov pTocess I74]. At the smali density of
the cracks or defects, a description of their evolution in a phase space could be
done with the aid of the Poisson's process [75]. Micro-cracks nucleation could be
treated as singularities in the phase space. An assumption on leading role of the
micro-cracks in the cavitation erosion process is linked to very high rate of the
loading force Pressing (according to [76], a higher rate of force action, the higher
ProbabilitY of the increase in micro-crack density) (1), and fatigue nature oitłr"
process (2).

completing the reasoning, one should mention that decisive for cavitation
erosion are not only loadings and internal structure of the body (and hence re-
sultant material ProPerties as a strength), but also state of the surface; .,rrf*""
ener8Y and geometrY of the solid boundary, However, an influence of the surface
state on the erosion plocess is minor. In the cumulative phenomenological mod-
els the space variables are not present, therefore the boundary problem d,oes not
exists explicitly. Results of the model calculations are va]uab]e if there is assumed
a priori a proper distribution of damage probability. At approach involving the
PhYsical ProceSSeS, a dimensional or non-di-"rrrioruj .pu"" ł"r"ription is required
and the boundary conditions are to be included. That time, the free boundary
Problem is met, in which the edge characterisation influences the course of the
proceSS.

5 Assumptions and simplifications
A model of the cavitation erosion of heterogeneous so]ids is based on the empirical
observation that material fracture is proceeded by generation of a set of micro_
cracks, indisPensable for creation an appropriate number of the critical cracks.
Therefore, the Process is assumed to consist of such main stages of the erosion
as enelgY accumulation, its relaxation due to micro-cracks appearance and next
the generation some macro-cracks with certain probability. Such assumption can
refer to non-ducti]e materials, A developed mołel is of kinetic nature.
Detailed assumptions are following:

1. The mass loss at the steady process is proportional to that fraction of
the absorbed energy, which was not released in the course of micro-cracks
generationi i.e. to the amount of energy accumulated in the extracted
blocks and used for critical cracks generation in unit time. Mass loss is not
dependent on the spatial distribution of the cracks.
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2. The initial distribution of micro-cracks density in the layer is known.

3, Constant coefficients of the temporal density distribution of the clacks gen-
eration probability are attributed to given materiaI parameters of the body.
The shape of the distribution is assumed a'priori.

4. An avelage value of the loading is introduced as a parameter of the proba-
bility distribution and it is assumed constant,

5. The greater the number of micro-cracks inside the layer, the smal]er the
rate of their increase.

6. Generation of micro-cracks is a result of energy accumulation.

7. Generation of the critical cracks depends on the number of micro-cracks in-
side the layer. The probability distribution of the critical cracks generation
is set for the given level of the micro-cracks density with acculacy governed
by the random element.

8. The fluctuations of the parameters in the probabilistic fie]d of random num-
bers are admissib]e.

9. Statistically, an increase in micro-cracks generation rate at the point is
connected to the increase in micro-cracks generation in the surrounding
space having displayed the same temporal function as delivered energy.

An important simplification made to facility the solving procedure was neglecting
the dependence of the density distribution of the micro-cracks generation prob-
abiiity on the amount of absorbed enelgy. Generally, that function depends on
energ-y accumulated in the surface layer. In order to carry out the calculations
bl'using statistical distributions given a'priori and with no random numbers, the
fol1owing additional simplifications have been introduced: (1) time distribution
of the micro-cracks generation rate is invariable and (2) the rate of the energy
absorption does not depend on the micro-cracks concentration within the ]oaded
1al,er.

A scheme of causality of the cavitation erosion process is presented in the
Tab. 1.

6 Equations for the erosion

Under the assumptions presented above, the equations for energy accumulation
rate and for production of micro-cracks in the unit voiume of the surface layer in
the unit of time take the form:

dr(t,a) :
dt

A(a)r(t,") + /), /, ([ou], t - ,,r) s(l*o),r,r) d,r, (1)

0
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Table 1. Scheme of causality of the cavitation erosion proces

Loadings of the material. At any Properties and micro-structure of the
material. At any moment and in any
point of the space variations of the
probability distributions of the
deformation and crackinq are random,

space
and by values are random,

łf +
Accumulation of energy.An in-
crease in defects density with Fatigue of the material

the physical premises used for
appropriate equations formulation.

ł
Relaxation of energy. A change in
micro-cracks density occurs with
probability distribution refenęd to the
accumulated enersv.

+t
Relaxation ofthe energy due to cńtical
cracks formation.

Mass loss and release the rest of the
accumulated energy, The change in
seometrv ofthe bodv.

(2)

where:

r amount of energy lelaxed at micro-cracks manufacturing in the unit
volume of the surface layer;

o amount of energy absorbed in the unit volume of the surface layer in
the unit time;

h density of the temporal probability distribution of micro-cracks gener-
ation in the unit of the loaded layer;

ai material parameters and the loadings, given a§ palameters of the dis-
tribution functions 9,h, hi

9 - a function for the rate of energ,y accumulation in the material due
to plastic deformation (it depends on the material properties and the
average loading);

h a function for the loss of the energy store in the layer due to critical
cracks generation (micro-cracks joining);

A, )1, A2 coeffrcients of proportionality, A < 0;

u element of randomness.

t

o(t,u) : s(looJ,t,u) + f x,rnt, - r,a), r(r,u)d,r
0
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The function 9 could also be made dependent on the element of randomness,
linked to the microstructure, but additional complexity of the equations it wou]d
cause. Taking into account that fl"(t,r) and h(t,u.,) belong to the appropriate
probabilistic spaces and that following conditions are fulfiIled:

o2 > 0(o e R), (3)

] Re{(1 + i,xq)H(D,,u)(D, _ A(a))-lFl (i), u.,)} < 0 (4)
q

rvhere H i F stand for transforms:

H(i,X,u) :

Ą(D,,a) :

-u^' d,t,

it could be stated that the set of trqs. (1) and (2) is absolutely stable. A review
of the stability conditions for the solutions of the equations of the presented type
can be lound ln L//] .

The mass loss was assumed to be proportional to the energy accumulated in
the extracted blocksand used for critical cracks generation, i.e. to the difference
of the energy accumulated in the surface layer and enelgy relaxed in the course
of the micro-cracks and cracks generation. It could be calcu]ated according to
the following formula:

o1(t): o(t) -# G)

The meaning of the constituents of Eqs. (1) and (2) is following:

(a) the first constituent on the right side of trq. (t) refers to the dumping of
the micro-cracks generation due to development of existing cracks;

(b) the second constituent means the micro-cracks generation rate at the given
Ievel of energy accumulation rate g;

(c) the second component on the right side of trq. (2) stands for the rate of
energy relaxation due to critical cracks inception andfor energy relaxation
rate in the process of micro-cracks disappearance due to their joining and
absorption by the critical cracks.

The solution to the set of Eqs. (1, 2) may be given in the following form:

(5)

(6)-ź^t d,t

lh(t,a)eJ
0

9P

J fłr,,)"
0

r(t,u) : eA(')tro7r) * j 
"A@)(t-s) 

j tr@,l,s - I, ,) s(lor),r,r),],rd", (B)

00
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-{fter (B) is substituted into (2) and after some transformations are done (a
change of the integrate sequence and use of the commutative properties of the
conYolution), o could be defined by non-linear, stochastic integral equation ofthe
\blterra type:

Considering that micro-crack generation is of extensive nature and depends on
the energY accumulated within given volume of the material, it is reasonable to
assume that f1 is a Weibull type distribution function:

h(t) (10)

rvhere a and B refer to the loading stress and material parameters, In other words,
aPPlication of the Weibull distribution is well-founded because the damage in the
fatigue process depends on the presence of the weak spots. As it was proved in
[78] such distribution is convenient for description of the cavitation erosion of
solids.

Search for the shape of functions fi and h require to use theoretica] methods of
fracture mechanics. On basis of the free assumptions that temporal distribution
of the loading is Gaussian and the time variations of the strength parameters
are exPonential, the function s([al],ź,t*.,) could be presented as an integral of the
distribution K1:

s(t) (11)

The cumu]ative curve of energy used in material extraction plocess is conformable
to the curve obtained by integration of the difference of energy rates delivering
and relaxing - for micro-cracks generation (an integral of o1). An illustration of
the concePt is schematically presented in Figs. I,2, The results of calculations
made under severe simplifications are presented in Fig. 3.

Optional values of the model parameters were assumed. Curves (1) in Fig. 3
Present the difference in the rates of the energy absorption and relaxation due
to micro-cracks generation in a given volume of the material surface layer. In

11( is a distribrrtion of the complex stochastic process K(r,z) : p(r,il.s@,z), where
distributionof theprocessXisp(r,g)andthedistributionof iheprocess visq(a,z) [79]. Inour case p is an exponential function and the distribution of g is l.

,
o(t,u) : yt(t,") + l O(, - u,u)G(o(u,a))d,u.

O

0

:ĄtB-,*,[-(*)']

: 
{ń(;)" 

*"-,(;)*

(9)
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Figure 1. Conceptual curves ofenergy apsorp-
tion rate and energy relaxation rate.

- 
difference in the rotes of ene€y obsorplion ond reloxotion

- 
energy used fol eńloction of the blocks

F'igure 2. Conceptual curves of the difference
in the rates of energy apsorption and
relaxation and energy used for ex-
traction of the blocks.

Figure 3. Exemplary curves: cumulative (2) and erosion rate (1) of the material for optimal
va]ues of the model parameters.

the case of Fig. 3 calculations were carried, out for simplified case) whele energy
delivering rate is an integral of the distribution function: (zl2) Kg.ggl (z). Curve
(2) is an integral of the curve (1),

7 Discussion and verification of the model

The model presented is of kinetic type. Space coordinates are not present in
its formulation. FYom the physical point of view it is an energetic model. The
ways of the energy dissipation during the process of the erosion are expressed
in the mathematical formulation of the model. It should be noted that energy
is the only parameter preserving its meaning at various scales. The measure of
the erosion is the sum of the extracted blocks energy and energy used for criticai
cracaks generation.

- 
energy absorption rate

- 
energy relaxalion rate due to microcracks
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There is an unvarying statistical reiationship between material loss and the
energy released due to generation of the critical cTacks. The latter could be
defined explicitly from the model.

An extension of the erosion description by the dynamic equations with free
boundary conditions would enable to find the performance of the process not
only in time but also in space. Howevet, such a set of equations may be not
solvable. In order to regard the spatiaI coordinate (e.g. depth), the fundamental
for stochastic processes Fokker-Planck equation could be used. That is an equa-
tion for the description of particle movement in non-locai conditions. In genera},
Eqs. (1, 2) give presentation of the processes, which depend on the element
of randomness and constitute the statistically deterministic system. Within the
system, the probability distribution for obtaining o(t) and r(t) values could be
derived unambiguously.

At exemplary calculations of cumulative curves (Fig. 3), the element of ran-
domness has been omitted, thus deterministic distributions of o(ź) and r(ź) were
obtained. In presented model, the forms of probability distributions were pro-
posed, especially, the Weibull distribution for /1. Application of other distri-
butions is also possible. Correctness of the assumptions should be verified by
deriving the cumulative curves for real materials and conditions and bv their
comparison to the experimental results.

Some typical experimental curves obtained in support of International Cav-
itation Erosion Test program are shown (Figs. 5, 6). Their similarity to the
calculated curves should be stressed,

50
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Figure 4. Cumulative curves for samples
made of the brass M63. Test-
ing was completed at various vi-
brating rigs: (1) CIStr, Milan; (3)
University of Hiroshima; (4) IFFM
Gdańsk; (5) University of Cape
Town; (6) University of Hull [80],

Figure 5. Cumulative curves for samples tested
under the International cavitation
Erosion Test: (1) steel 45, cavita-
tional tunnel in VK-AG Peitzi (2)
steel 0Hl8N9T, cavitational tunne1 in
VK-AG Peitz; (3) Armco iron, cavi-
tating jet, Univ, of Hannower [80].
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The sentence that shape of theoretical curve preserves all specific features of
typicai experimental curve is justified. Among others, achieved conformability is
indicative of the correctness of the description of critical spots geneTation within
the fractured material, which is linked to the process of energy migration. Ac-
cording to that reasoning, an increase in weak spots in time ensure their critica]
1eve] is achieved and fracture occurs, That critical level is not expressed in the
model. Instead, a probability of fracture is attributed to each levei of micro-cracks
density, being the certain simpliflcation.

Conceivable inconformity of the theoretical and experimental results is proba-
bly due to deviation from the brittle mode of cracking and impossibitity of proper
inciuding other various causes of the critica] cracks generation.

8 Cognitive limitations and scope of theoretical mod-
els applicability

Tracing in situ the erosion process under the cavitation loading is extremely
difficult due to space and temporal scale as well as the limited measurability. Any
usefulness cou]d be appreciated in using the acoustic emission method. Thus, the
conclusions on the process mechanisms cou]d be only drawn out after investigation
of the cavitation loading effects. Differentiating of the materia] state in the non-
equilibrium stage are allowed only by the observations of the microstructure.
L nfortunately, these observations refer to different samples, being the source of
irraccuracy when comparison the results and assessing of the erosion performance
are done.

Isolation of the specific mechanisms of the cavitation erosion of the materials
is a difficult task due to their multitude and rivalry. For example, cavitation
loading induces such effects, linked to the rate of interaction, as anisotropy or
softening of the materia]. On the other hand, in other stage of the erosion there
occuls a strengthening. The vibrations of the complex spectrum are generated
alrci the main source of non-elastic behavior of the body are micro-cracks (non-
ela_.tic component of the deformation tensor [B1]),

_ł rrraterial resistance is probably dispersely dependent on the loading fre-
q,]enc\-. because quickiy acting forces make a considerable increase in micro-cracks
densitl- 

-76] 
. Drawing conclusions on cracks generation is most frequently only an

irrciirect job, e.g. by detecting the variations of the tensile stress the variation
rl-hicil depend on the distances between cracks and on the size of the piastic zone
arould the cut line |82].

\:rotlrer souTce of inaccuracy is randomness of the boundary and initial condi-
tions. ru,lriclr decide on the place of damage initiation and subsequent development
of the erosion. Inaccuracy refers also to the casual nature of the generation of the
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critical damage. It depends on the dimensions of the eroded body. The larger its
surface, the more probabilistic character of the phenomena it is.

The damage steps at the grain level undoubtedly undergo statistical descrip-
tion. It is decided by randomness of both the loadings and structural formation
of the material (among others, the directions of the grains arrangement). An
achieving the willful effect at given impulse and microstructure would be a de-
terministic task. Assuming that material is homogeneous, the continuity appTox-
imation could be used for the description, However) even in that case, a slight
disturbances of the conditions annihilate the uniqueness of the solutions [83]. Be-
sides, it is impossible to simu]ate the cracking distributions basing on the local
continuum models, i.e. the set of equilibrium equations for mass, momentum,
energy and entropy transfer, because an increase in micro-cracks density depends
on deformation of the substantial volume of the material element and the energy
from the whole volume of "deformation element" is released by generation of the
micro-crack. Thus there is a suggestion to use the integral formulation of the
erosion, even if the spatial image of the process would be lost.

One possible description of the surface layer destruction is a fractal description
(".g. [B4]). The fractatity of the process results from the following physical
premises: casuality of interactions and micro-cracks joining, multi-way of the
pTocess performance as well as the crack growth conditions and granulation of
the material microstructure [85-88]. Correctness of the fractal description also
arise from the validity of the Gutenberg and Richter law (presented in [89]),
which v/as many times confirmed for damage occurred due to earthquakes. A
relationship between properties of the micro-crack fractal nets and a fracture
energy of the multiphase materials was proved in [90].

The choice between deterministic or probabilistic approaches is a dilemma,
which should be solved before modelling the erosion process. The stochastic de-
scription is more realistic, but the lack of data on the randomness of the variables
and high calculation requirements could be preventive in application of that ap-
proach. A deterministic approach happens to be useful to project the average
performance of the process.

9 cavitation erosion and random transfer of the en-
ergy

External forces action causes the persistent change in its physical state of the ma-
terial, on condition that relaxation processes are not complete and a part of the
impulse energy do the work increasing the internal energy of the body. External
forces induce the temporal stress field, approximately thoroughly all over the ma-
terial. The approximation is justified by a great velocity of phonons propagation.



118 B, G. Gireń

At that time, the energy is simultaneously trapped in many places of the body,
analogically to the case of overheated liquid. In case of very short interactions, in
nanosecond time scale, the limited velocity of stress impulse propagation could
be regarded. At that time, the source of the excitation energy in deep layers of
material are particles of the surface layer, deflected from the equilibrium state.
An energy transformed is an energy of impulse - a wave packet of the frequen-
cies equal to the frequencies of various modes of control volume cell in the layer.
The impulses of different forces take part in the erosion process. They could be
divided into some classes, i.e. the impulses capable to initiate: the elastic vi-
bration with hysteresis, the fatigue micro-deformations, the plastic deformations,
the micro-cracks and the macro-cracks.

Evolution of the defects in the course of deformation is a step-like process, per-
formed by overcoming subsequent energetic barriers. Propagation of the mechan-
ical wave in environment with defects is getting more nonlinear. The source of
non-linearity are the stress concentrators (e.g. the source of the second harmonic
generation [91]). In non-linear process an even function could be transformed
into function with singularities ( [OZ]) and in dynamical conditions the shock
waves could even arise. The most frequent way of energy dissipation therein is
due to micro-cracks formation. Inward evolution of the shape resu]ts in shrinking
and formation of the space non-linearity. An element of the non-linearity class
is a micro-crack. Thus, we deal with 2-stage erosion process: an increasing in
"deformation inhibitors" and increasing in critica] cracks number due to forced
joining of micro-cracks and relaxation of deformation energy. Generalizing, the
processes consist in energy transfer to acceptors and their multiplication, and
can be recognized as migration controlled pTocess. Under the external loading a
non-equilibrium state of material is forced. Energy needed to generate an initia]
amount of micro-cracks is greater than energy needed to generate the next portion
of micro-cracks in the deformed micro-structure or to their further development

[93]. Thermally activated processes of micro-cracks joining are intensified after
the incubation period due to developed disorder [94].

Cavitation erosion is essentially a stochastic process [95]. The double ran-
domness, referred to correlated processes of loading and micro-crack generation
as well as considerable variances of their probabi,lity distributions lead to unam-
biguous erosive results. The higher the rate of the processes7 the more stochastic
they are, mainly because of their rivalry and hierarchy. High rate promotes the
role of geometric factor in probability of the cracking. At that time, an impor-
tance of the statistical arrangement of grains with respect to the loading direction
is increased.

The casualty of the process influence the effectiveness of the energy transfer
within the defined volume of the material. The effectiveness, being the result of
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appropriate stochastic process, depends on statistical distributions of the load-
ings and material structure in time and in spa,c€l Another contributors to the
effectiveness of the erosion are obviously the initial conditions, decisive for the
duration of the incubation period and bifurcations, and the interaction scale. At
the beginning the erosion yield is a time function. It is also a function of the
space scale of interaction and a scale of energy loading. There is a difference in
effectiveness of the energy transfer at various ranges of the mentioned variables
ralues.

10 Summing-up

Cavitation erosion is a stochastic process, governed by the probabilities of the
applying an impact loading of a given value and an appearance of deformations
or cracks in the body. It is therefore a function of probability distributions:

1, distribution of the loading force values,

2. distribution of the energy absorbed in the material,

3. distribution of the local damage of the body at given level of the accumu-
lated energy.

Simplifications involving an assumption on heterogeneity of the loadings and
omission of the interaction directions let the dynamic equations be disregarded,
without considerable loss of the calculated results precision. However, the prob-
ability distribution of the local defect should be chosen properly, An assumption
on leading role of the micro-cracks in the cavitation erosion refers to the fatigue
nature of the plocess. The latter effect can be made present in the description of
the erosion by introducing a delay of micro-cracks generation with respect to the
time of the loading forces action. An appropriate mode} was formulated, Both
randomness and multistageness of the cavitation erosion process of the metallic
materials was regarded in the model.
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