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" Abstract

“is paper we obtain two groups of coupled transport equations for the interfacial area concen-

on (IAC), the void fraction and the density of bubbles starting from the Liouville equation.

“ =0 we study the source and sink terms of these transport equations. These terms are pro-

ww=d by interactions between bubbles, by the impact of turbulent eddies, or by generation of

= bubbles by nucleation. Special attention has been paid to the term that considers the rate

volume change of existing bubbles along their trajectories; this term takes into account the
wznge in TAC produced by pressure changes.

“evwords: Interfacial area; Multi-phase models; Bubble collisions

Womenclature

r,t) — interfacial area concentration at point 7, and time ¢, m~?
«(7.t) — interfacial area concentration of the bubbles belongmg to the k-th group,
=1
m
V) —  interfacial area of the bubbles with volume V, m?

4:), —  average interfacial area of the bubbles belonging to group k, m>
interfacial area change in group k produced by one collision of type j, m
— critical diameter of the bubbles, m
= V.t) - bubble size (volume) distribution functlon
—  gravity acceleration, m/s*
— average number of bubbles being destroyed at group k per collision of type j
. 7.t) — number density of bubbles belonging to the k-th group, at point 7, and at
time ¢, 1/m®

srresponding author. E-mail address: jlcobos@ign.upv.es
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n; — average number of bubbles being generated at group k per collision of type j

R;(7,t) — rate of collisions of the j-th type per unit of volume, at point 7, and time ¢,
1/(m3s)

SE; )] (7,t). — rate of bubbles being generated (output) in the group k per volume unit by
the j-th collision mechanism,

Sy? (7,t) — rate of bubbles being destroyed in the group k (input) per volume unit by the

» j-th collision mechanism,

v - velocity vector, m/s

i, 1) — average value of the interfacial velocity of the bubbles belonging to the k-th
group, m/s

Upm,i(7,t) — average local particle velocity weighted with the particle number, m/s

gk (7,t) = velocity of the bubbles belonging to group k, m/s

\%4 - volume, m®

Vonin e —  minimum volume of the bubbles belonging to group k, m®

Vinos.k — maximum volume of the bubbles belonging to group k, m?>

Greek letters

e —  void fraction
ak —  partial void fraction of the bubbles belonging to group k
¢§-k) source/sink term of interfacial area concentration in group k due
to collisions of type j, m?/(m®s)
s —  steam generation rate per unit volume, kg/m®s
o —  surface tension (N/m)
Ap = p — pg, kg/m®
Subscripts
c —  critical volume
i — interfacial
7 —  collision type
k —  Dbubble’s group (k = 1,2)
RC — random collisions
Tl — turbulent impact with eddies
Sl — surface instability
SO —  shearing off
WE — wake entrainment

1 Introduction

The accurate prediction of two-phase flow systems is a a crucial and challenging
task for nuclear reactor safety analysis, chemical industry, oil industry, and other
" industrial applications. Among the different models that are used to describe two-
phase flows, the most general one is perhaps the two-fluid model. In this model
each phase is described separately, and the conservation equations of mass, energy
and momentum are established for each separate phase. Then these equations
are averaged in time and space, to yield time averaged macroscopic conservation
equations. These equations are closed using postulated constitutive relationships
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“hat are deduced from considerations of heat, mass and momentum transfer [1].
The exchange of mass, energy and momentum between the phases in a two-phase
“uid depends strongly on the interfacial area concentration a;(7,t) (IAC), which
= a local property. However, there exist several mechanisms of interaction of the
subbles with eddies and with other bubbles, like break-up of bubbles by turbulent
“mpact, coalescence of bubbles due to wake entrainment, random collisions and so
. that do not modify the void fraction but change the IAC. As a consequence,
“he classical closure relations to obtain the IAC based on the void fraction and
“he flow regime can lead to important errors in its evaluation.
Kocamustafaogullari and Ishii [2] emphasized the importance of IAC trans-
port, and generalized the population balance approach of Reyes [3]. Then, they
“eveloped an IAC transport equation. Guido-Lavalle and Clausse [4] followed a
statistical formulation based on the Liouville-type equation for the probability
lensity function f (7, {, t), of the dispersed flow of particles (bubbles, droplets...),
where 7 defines the position of the particles, and the components of the vector
£< R™ are a set of properties of the particles such as, volume, shape factor, and
=0 on. This particle density function is defined in such a way that f(7, E, t) d3r d™¢
zives the expected number of particles inside a volume element d®r, at position (R
and having a vector of characteristic properties with components belonging to the
mtervals (£1,&1 + d&1),.. (€m,&m + d&ém), and obeys the Liouville-type equation:

.
o~

i N I
Fph Vo {0 f)+;a—§j(f§j)—5(h 1) (1)

where éj is the rate of change of the j characteristic property with time, S(7, 5, t)
'S a source or sink term due to the different processes and interactions that can
‘reate or destroy particles, and (7, €, t) is the particle velocity.

Later, in order to model the IAC transport phenomena in all the two-phase
flow regimes, Ishii et al. [5, 6] took into account the differences in interfacial area
among the bubbles due to their size and shape. These authors considered two
[AC transport equations for two different groups. The first group, up to a critical
volume V. with diameter D, = 4,/c/ (9Ap)), is formed by the small dispersed
and distorted bubbles, while group two is formed by the cap/slug bubbles. The
modeling of the different collision terms, which produce interfacial area changes,
was performed by Wu et al. [7], and Hibiki and Ishii 8].

In this paper in Sec. 2, we start from the Liouville-type equation for the
bubble’s density function, and we compute the different moments of this equation
obtaining a set of six coupled transport equations for the density of bubbles ny,;
and np in both groups, the partial void fractions a1 and ay of the bubbly and
the cap/slug group respectively, and the interfacial area concentrations a;1 and
a;2.
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Also in Sec. 2, we discuss the different source and sink terms arising from the
different types of bubble interactions, specially the inter-group collisions. Finally.
we discuss the simplifications of this system of partial differential equations, and
the closure relations. In Sec. 3 we present the main conclusions of the paper.

2 Governing transport equations for two groups of
bubbles

2.1 Bubble distribution function transport equation

We started with defining the bubble’s density function f(7,V,t)d®>rdV in an ar-
bitrary two phase flow mixture. This function gives us the probable number of
bubbles at time ¢, located inside the volume element d3r, at position 7, and with
volumes belonging to the interval V, V+dV. The bubble’s density function f must
obey a conservation Liouville-type equation [9], of the form:

Eh e e RN Ty S |

where dV/dt is the volume change rate of the bubbles of size V, and velocity
9(7, V,t). Spn (7,V,t) is the source strength per unit of phase space due to phase
change. S; (7,V,t)d®r dV is a number of bubbles being generated or destroyed
per unit time in the j-th interaction type of the bubbles within a d3r at 7
and with volumes belonging to the interval (V,V+dV). The different types of
interactions of the bubbles with other bubbles or with eddies are summarized in
Tab. 1.

2.2 Transport equations for the interfacial area

We consider two groups of bubbles, the first one up to a critical volume V is
formed by the small bubbly flow bubbles, while the second group is formed by
the cap/slug bubbles (see Fig. 1). The density of bubbles n (7, t) for group k
is:

mat) = [ aviE Vo). | ®)

Multiplying Eq. (2) by the interfacial area A;(V) and integrating over all the
bubble volumes of group k, one get the transport equation for the IAC for group
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= In this case we define the IAC for the bubbles of group k as:

] Vmax,k
@)= [ IEVHAG) =r@GOAN @
Vmin,k
where (A;), is the average interfacial area per single bubble of the group k.
The main steps to obtain the IAC transport equations are:
i) Multiplying the terms of Eq. (2) that contain the time derivative and the

V operator, by the interfacial area A;(V'), and integrating over the bubble
volumes of group k, gives on account of the Leibnitz rule the following

result:
:f W A(V) (G +9- @) = oo (70) + T - (Fnas (7 1)+ 5
- ([Ar] e (4050,

where the average value of the interfacial velocity of the bubbles belonging
to group k has been defined by the following equation:

Vinax k
1 e ‘ :
| TTRYAMIEEYY (6)

min k

17ik (Fa t) =+

where we have used the same definition as introduced by Hibiki and Ishii
for the interfacial velocity of the bubbles belonging to the k-th group [8].
In this definition the bubbles that have more interfacial area and are more
abundant have more weight in the average value of the interfacial velocity.

ii) Multiplying the term of Eq. (2) that contains the partial derivative with
respect to the bubble volume by the interfacial area A;(V'), and integrating
over the bubble volumes of group k, gives by performing the integration by
parts the following result:

Vmax,k

| a5 (15) -
Vit (7)

Vmax k

(] -] ) - (), T

Viin k
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where (0A;(V)/0V), is the average value of the derivative of the interfacial
area with respect to the bubble volume, for the bubbles of the group k. We
can choose the lower limit V,,;,of group 1, in such a way that the density
function f(7, Viin 1, t) has a negligible value; in the same way we can choose
the upper limit of group two Vinez2,50 that f(r, Vinax2,t) =~ 0.

Now for spherical bubbles we can deduce an expression for the average
value of the derivative of interfacial area with respect to the volume, i.e.
(0A;/0V),, taking into account that the partial derivative of the interfacial
area of a spherical bubble with respect to the bubble volume is equal to
24;(V)/(3V), and therefore:

BAl £k 8141 20@‘1
av _<av> ity 3/A s (®)

where oy is the void fraction of the bubbles belonging to group 1, and a;;
is the interfacial area of the bubbles belonging to group 1. A similar proof
can be given for group 2. Therefore one arrives at:

6AZ W 2 ik
<8V>k_3ak.' (9)

min

Figure 1. The left side figure displays a cap bubble, while the right side figure displays a slug
bubble.

Next we define the average variation rate (dV'/dt),, in bubble volume at
point 7 and time ¢, for the bubbles of group k, by means of expression:

Vinax k

d %
de(f,v,t)d—Zmbk(F,t) <E>k‘ (10)

Vrnin k

av

Therefore ny (7, t) < gives the total variation rate in the volume of

the existing bubbles of group k, at point 7, and time ¢, along the bubble’s
trajectory per unit of biphasic mixture volume.
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Now on account of expressions (9) and (10) we can write Egs. (7) for group
k as follows:

maxk
av 2 b av ave
A ( W o ey
[ avavs (f F) =g () () ) sete e )
mlnk

where the plus sign is for group 1, and the minus for group 2.

iii) Source and sink terms.

According to Ishii et al. [5, 6], and Wu et al. [7], the main source and sink
terms for the IAC are:

(a) the bubble breakup due to the impact of turbulent eddies which pro-
duces an increase in the IAC;

(b) the bubble’s coalescence due to random collisions which produces a
decrease in the interfacial area after each collision;

(c) the wake entrainment of small bubbles in the wake of large bubbles,
which diminishes the TAC;

(d) the surface instability of large bubbles that increase the IAC because
large bubbles are split in smaller ones and finally;

(e) the shear-off of small bubbles from cap/slug bubbles.

Some of these processes are displayed in Fig. 2.

Figure 2. This figure displays: i) the coalescence of two bubbles of group 1 into one bubble of
group 1, ii) the coalescence of two caps into a single cap, and 3) the wake entrainment
of bubbles of the group 1 by a slug bubble.

Each collision between bubbles, or the break-up of one bubble, produces a
change in the interfacial area, that for the j-th interaction process will be denoted
by AA;. Each mechanism, for instance the bubble coalescence due to random
collisions, has a source (output) contribution S,;(7V,t), due to the new bubbles
created, and a sink term or input —S;( 7, V,t), due to the old bubbles destroyed.
So we write:

Sj Vi) = Soj (F,‘/,t) —S]j (F,V,t) > (12)
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Integrating the source and sink contributions, over the bubble volume of the k-th
group, we can write:

Vrnax,k: J
AV (S (7, V., t) = Sis(r, V. 1)) =
V/k (So5 (7 ) 5 (r ) (13)
S K)o k), k k =
= 5% (7,8) - SP (7, 1) = (0 — m)R; (7, 1)
where S (7 ,t) and S (k) 7,t) are the rate of bubbles belonging to the group k,
oj i)

being generated and destroyed respectively per unit volume by the j-th mech-
anism; R;(7,t) is the rate of collisions of the j-th type per unit volume; and
nék) and mg-k) are the average number of bubbles of the group k£ produced and
destroyed respectively per collision of type j. Tab. 1 displays the main interac-
tion types, and the number of bubbles being created and destroyed in groups (1)
and (2), for each interaction type. The table notation 1 + 2 —2 means that one
bubble of group 1 collides with one bubble of group 2, and yields one bubble of
group 2, the simplified notation is (12, 2).

Therefore the contribution of the j-th interaction source/sink term to the inter-

Table 1. Collision types and source and sink terms for groups 1 and 2.

[Collision Mechanism | Interaction Type | ngl) ! mg.l) | nf) | mgz) I R;(7,t) l

Random Collisions (RC) 1+1—1 1 2 0 0 Rro)
(RC) 1+2—2 0 ik 1 1 RRC(12,2)
(RC) 1+1—2 0 2 i 0 RRC(11,2)
(RC) D 0 |0 i 2 Bobi
Wake Entrainment (WE) 1+1—1 1 7 0 0 Ry
(WE) 14+2—2 0 3l 1 1 Ry g12,2)
(WE) 1+1—>2 0 2 1 0 RWE(11,2)
(WE) 2422 0 |0 T Rt
Turbulent Impact with Ed- | 1—-1+1 2 1 0 0 Rrry
dies (TT)
(TI) 2—>1+2 il 0 1 1 RTI(Z)lQ)
Surface Instability (SI) 2—142 1 0 ik 1 Rsr(2,12)
(SI) 2—242 0 0 2 i RS[(Z)
Shearing Off (SO) 2—142 il 0 1 1 Rso

facial area concentration, in the k-th group, will be:

Vmax,k
&= [ (W) S GV)- 4V SEV) ()

Vmin,k
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which, on account of expressions (12) and (13), can be recast in the form [10]:‘

¢§k) x (ngk) (Ai)o; — m§k> <A,->Ij) R;(F 1) = <AAi>§_’f> R; (7,t) (15)

where we have defined:’

<Al>(k) 2 Vmin,k

. nFR; (7, 1)
Vmax,k T
2 Java; (V)& (7 vt
k min,
<A,->§J). &

m{"R; (7, 1)

« the average interfacial areas of the bubbles, which are produced and destroyed
- the j-th interaction mechanism, in the k-th group. Finally, (AAZ);’C) is the
nterfacial area variation in the k-th group per single collision of the j-th type.
There are two different ways to compute the variation in the interfacial area
ver single collision. The first method is to start from the expression that relates
the average number of bubbles with the void fraction «, and the TAC qa; [11], and
o extend this expression to the bubbly group:

e = 9 ey Al (17)
fol = 1&% 1_3671'.

The factor 1; is just a geometrical factor that depends on the shape of the bubbles
:nd for spherical bubbles is equal to 1/(367).

For the cap/slug group if we assume that the caps are hemispheres of average
Hameter Dy, and if we have ny . cap bubbles per unit volume, then the inter-
“acial area concentration and the void fraction due to the cap bubbles are given
v the following expressions:

73 1
ai2,c = M2 c <Z7r D§C> and agc =y, (ET( D§C> ; (18)

Now computing the third power of the IAC for the cap bubbles and then dividing
by the square of the partial void fraction of the cap bubbles one obtains:

3
Qg9 o 1
€ with tg, =
oB, T Wae =

np2,c = ¢2,c (19)

5C
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=ssuming that the slugs displayed in Fig. 1, are composed of a cylinder of diameter
D and height hg = 2D, plus a hemisphere of diameter D, one arrives to:

3 3
Qjg s ; I:
— : th = 20
Tp2,s wQ,s 04378 W1 ¢275 61147 ( )
ere Ny ¢ 1s a number of slugs per volume unit. Therefore the expression:
3
a: . 1

mpy = Yo—2 with 1y = — (21)

o 61 w

with ng = 10 + M2 5, 02 = 0+ a2 5 and aze = a2 ¢ + Gi2 s, is only true when
~=ps or slugs are predominant, but not when we have both types of particles.

Differentiating Eq. (17), we get

L 30
dnblz 3¢1 <az—711> da7;71 = 2¢1< 1) dal. (22)

Next we observe that in the bubble break-up 1—141, and coalescence 1+1—1
processes respectively, the steam volume of the group 1 is preserved but the
cial area of this group changes, so we must apply to Eq. (22), for these
previous processes, the condition of aq constant, which yields:

daﬂ > 1 < a1 >2
AT 23
< dny a1=cte 3 '¢1 a1 < Zl> ( )

However, this expression is not true for coalescence by random collisions 14+2—2,
because the steam volume in group 1 is not preserved. The preservation is true
at the global level of both groups simultaneously.

The same limitations are applicable to group 2, in this case, for break up
processes 2—2-42, or coalescence processes 2+2—2, it is obtained

da;s ) iy < Qo ) -
= (AA;) . 24
(dnbz S ~ By \am (Ada) (24)

The other method departs from the average change in interfacial area obtained
from Eq. (15), and given for group 1 by:

(A4 = (D (45 —m (4$)) . (25)

oJ

Expression (25) can be estimated for the different types of collisions; however
an exact calculation requires computing expression (16). To estimate expression
(25), for coalescence due to random collisions in group 1, we observe that for

J=HRO(1), anO\l) = 1 and mg)c(l) = 2, therefore for binary collisions between
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“wo identical spherical bubbles of diameters D7, with volume preservation i.e.
2V; = V3, one gets:

(A4 R = (Aidoho) = 2040 ko) = —0413(4)  (26)

where A; = 7D?. To estimate (Ai)(l), we take into account the equations:

Ve
[ AV V f7 Vi) = n (7 8) (VD
Vm‘i/: (27)
an= [ dV A(V)FF VL) = np(r,t) (AP

Vmin

where (V) and (A;)® are the average volume and the average interfacial area
»f the bubbles of group 1, respectively. Now, dividing the second equation of (27)
v the first one, and on account of Eq. (17), one obtains:

a1

Napoet ey D T el
A0 = M ® - (2) (28)

Therefore, on account of Eq. (26) and (28), the random collision IAC source term
52%(1)7 in group 1 due to collisions of the form 1+1—1, is given by:

1 1 o )2 7
Phoa) = 301 (55) (=124 Bacpy (7, 1) il

secause in general the coalescence is asymmetric, i.e. the bubbles have different
sizes; expression (29) is only an approximation. Proceeding in the same way we
an estimate the source term for the coalescence of two cap bubbles.

For random collision of the form 14+2—2, we have a sink term of interfacial
irea in group (1) and a change of interfacial area in group (2). These two terms
-an be estimated as follows, the average change of interfacial area in group 1
per collision, can be obtained from equations (25) and (28), on account that

"'}2%(12,2) =0, and mg)c(u,z) = 1, this calculation yields:

e e
AGH T ( 1) 30
(AAi) o122 (4s) g (30)

The change in interfacial area in group 2 is given, on account of Eq. (15), by:

) (2) (2) 2 2
(AA; >5%0(12 2= (nRC(12 2) <Ai>o,RC’(12,2) =% mgz)C(m,z) <Ai>§,1)%(12,2)> . (31)

The output in group 2 is a bubble belonging to group 2 and with average volume:

WD — (N© + @) = (2 4+ 2). (32)

Np1 Np2
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If the cap bubbles are the most abundant in group 2, and we approximate the
cap bubble shape by a hemisphere, then we can obtain the interfacial area from
the bubble volume, as follows:

: 1+2
<’A>(1+2) = §7r (D(1+2)>2 = §7r (M

2/3 Lo\ 2/3
; 4 - ) =564 [(NED) 0. (28]

Therefore the change in the interfacial area in group 2, due to random collisions
+2—2, will be given on account of equations (32), and (33) by:

AR e o) el e vl

Finally the source term qﬁg)c(w 2) in the group 2 is:

¢Rc 12,2) <AAi>g%*(12,2) Rre(12,2)(T 1) (35)

where Rpc(12,2)(7,t) is the number of collisions of type RC(12,2) per unit of
volume and time, and the rest of symbols have been defined previously.

The source terms due to break up of bubbles produced by turbulent impact
with eddies are of the types defined in Table 1. The simplest cases are the break up
processes, 1—1+1, and 2—2+2. Assuming volume conservation, and symmetric

break-up, the change in interfacial area in group 1, produced in collisions of type
TI(1), is:

1) 1 1 1 al. £
<AA1'>_(T[(1) = (2 <Ai>((,,7)ﬂ[(1) i <Ai>§}[(1)) = 30r <a—ﬂ) 0.78. (36)

Therefore the source terms ¢TI 1)(_' t) and ¢ )( t), of interfacial area in
groups 1 and 2, due to breakup processes 1——>1+1 and 2—24-2, produced by tur-
bulent impact with eddies, assuming that each bubble breaks into two identical
bubbles, are:

). pk . (i0a e y
LS L (ail) dies S (37)

2
@ :L(2> 0.78Rrr() (7t
Pr12) 2k Yo ) (r;t)
where Rpy1)(7,t) and Rppo)(7,t) are the rate of collisions of types TI(1), and
T ( 2), respectively per unit of volume.

In the case of coalescence induced by wake entrainment of two identical bub-

bles of group 1, the source term ¢§/)E(1)> of interfacial area, is given by an equation
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similar in form to Eq. (37). There are inter-group terms in the wake entrainment
that will be discussed in forthcoming papers, also the shear-off source term will be
discussed later. Finally, on account of equations (5), (11), and (15), the following
transport equation is obtained for the interfacial area concentration of group 1:
8 — = — — — —
g (r,t) + ¥ v (U (Pt g (7 ) ) =
(38)
a ; 1
= phl(rat)ﬂ-D(%p-i__a—lnbl(r?t <—> +ZR (7.1 AAZ->§,)

where Rpp1 (7,t) is the rate of bubbles generated by wall nucleation per unit
volume and Dy, is the departure diameter of the bubbles that we assume that
belong to group 1, and the last term gives the change in the interfacial area
concentration for group 1, produced by the different types of collisions.
The transport equation for the interfacial area concentration of group 2 is
ziven by:
0 &

_ 2ai av @)
_3a2nb2(r,t <dt> +ZR Ai);

2.3 Transport equations for the partial void fractions «; and «s
“he void fraction ay, for group k, can be obtained from f as follows:

Vmaka .
popled / dVV £ (7, V,1). (40)

Vinin k

the IAC transport equations appear the unknowns n (7, t) <%¥>k These
mknowns are obtained by multiplying the bubble density function transport
wquation for f, by the volume V, and then integrating the resulting equation
ver the bubble’s volume belonging to group k. This set of calculations yields a
:;port equation for the void fraction of the bubbles belonging to group k. For
oup 1, the term of the Liouville equation that contains the time derivative of
= volume yields after multiplication by V followed by integration by parts, and
peglecting frin:

/ WV fdv) o mfcdd—‘f R <%>1. (41)



64 J. L. Munoz-Cobo, S. Chiva, A. Escrivd and S. Méndez

Therefore, the application of the operator Vm}x,kc dV'V, to the Liouville equation
s the following transport equatmn for :ﬁg xk/cnd fraction of group k:
0 =
ok () + V- (@ (7 8) i (7)) = i
Vimax k
= npk (7, 1) <C;—‘:-> +nphk + / VZSj(F V,t
Venints J

where the source term 7,k is due to the new bubbles produced in group k, by
nucleation and at the walls, and is given by:

Vmaxk
o (7 1) = / AV V S(7,V,2). (43)

Vinink

This change of phase term gives the rate of steam volume being generated per

unit of mixture volume at group k, due to the new bubbles that are being created
by nucleation and at the walls.

In expression (42) U4k, k = 1,2 is the average velocity of the bubbles belonging

to the k-th group, which have been defined by:
Vma.x,k
1
@ == [ avavsEve. (44)
k
Vmin,k

The last term in Eq. (42), is due to the gain or loss in the group void fractions
produced by the bubble’s interactions. This term can be written as follows:

‘maxk maxk
/dVVS( /dVV (Vi) — SRV ) (45)
£ "mnk ‘7 mek

where S, ;(7,V,t)dV and S;;(7,V,t)dV are the average number of bubbles with
volume belonging to the interval (V, V+dV) being generated and destroyed re-
spectively per unit volume and unit time at point 7, by collisions of type j. Next
we define the average volumes (V)E,kj) and (V>( ) of the bubbles of the group k.
being created and destroyed in a collision of the type j, as follows:

“max.k Vmax,k
- [ I dvvs, ;(7,V,t) . dV V St 7 V.t
<V (k) = mins e and V (k}) A5 Vinin,k 46
Lj

k — k -
"J n{" R;(7, 1) m{ R;(F,t)
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where ng-k) and mgk) are the number of bubbles created and destroyed respectively

in the group k in a collision of the type j-th, this quantity depends on the group,
and of the type of collision and can be obtained from table 1. Therefore on
account of definitions (46), Eq. (45) can be written as:

Vrnax,k
T / dV V. SyF, V) =
J Vmin,k (47)

> Ay Ry, ).
J

=Y @ ¥ —m® Y& R;(7, 1)
7

Now we observe that the term between brackets is the average volume change in
the bubbles of group k, as result of a single collision of the j-th class.
Therefore on account of Eq. (47), the transport equations of the partial void
fractions ay, , can be written in the form:
LA = e 5 2
'r)_z‘ak (7’, t) + ¥ ¢ (ng (7”, t) (73 (Tv t)) (48)

= dV —
= nbk(r, t) <Ti‘t—>k + Nphk + Z <AV>§MRJ(T, t) :
J

Now adding up the equations for a; and as, and on account of the following
sbvious identities:

Q=01+ a2 Tph = Nph1 + Nph2; <AV>§-1) F <AV>§-2) =10 (49)

we obtain the transport equation for the average void fraction:

%a YRR B RN PR <%¥> T (50)

Now from Eq. (50), and on account of the mass conservation equation for the
steam, the following result is obtained:

PP AT TN 1 D
np(7, t) <E> s s + V- atg — npr = ,O_g (Fg = O‘_l%g) — Tiph (51)

where T, is the steam generation rate per unit volume (kg/ m?3s), and D/Dt is
the material derivative.
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2.4 The transport equations for the number densities n,; and 71,

Integrating Eq. (2), over the bubble’s volume belonging to the group k, yields a
transport equation for the number density ngg:

0 . =
anbk(r, £+ V 4 Upimp s (T, 1)) Z S(k )+ S(k) (52)

where in the previous equations we have defined the following source terms:
5§k) (7,t) as the net number of bubbles belonging to the k-th group that are
produced or destroyed per unit of volume and unit of time in the collisions of
type j, at point 7 S;E’:L) (7,t) is the number of bubbles that are being generated
in the k-th group per unit of volume and unit of time due to change of phase
processes (nucleation and detachment from the walls).

The velocity that appears in equations (52), denoted by Upmg, is the average
local particle velocity weighted by the particle number, which is defined by:

max k

Tomk (F0) = s [ VPR VLD). (53)
mmk

Adding up the equations for both groups we recover the one group transport
equation for the total bubble’s density ny(7,t), which obeys the equation:

0 o

Enb( Wb+ Vo (TpmriplT 1)) ;S 7, t) - SpnlF, 1) (54)

where U, is the average local particle velocity and we have the following closure
relations:

e T gy, |y B B ek GO

2.5 The coupled system of transport equations for the group
interfacial areas, the group void fractions, and the bubble’s
density

In the previous sections we have taken the moments of the Liouville equation for
the density function f(7,V,t). When integrating this equation over the bubble’s
volume of each group, we have obtained two transport equations for the bubble’s
densities np1 (7, ), and nye(7,t). Then we have multiplied the Liouville equation
by V' and we have integrated over the bubble’s volume of each group, in this way
we have obtained the transport equations for the partial void fractions, o; and
ag of each group. Finally we have multiplied the Liouville equation by A;(V),
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:nd we have integrated over the bubble’s volume of each group, obtaining two
sransport equations for the interfacial area concentrations a; (7,t), and a; (7, ).

These six previous equations are coupled and should be solved in conjunction
with the conservation equations of mass, energy and momentum of the two-fluid
wodel (steam and liquid), and the closure relations.

We can eliminate the unknowns ny (7, t) <‘fi—‘t/>2 , in Egs. (38), and (39), using
“q. (48). These substitutions yield the following transport equations for the
aterfacial area concentrations of both groups, neglecting 7,x,2:

o i MEL SRS IR AN o8 o f
i1 (7, 8) + V- (B (71) @ (7,1)) = Bpma (7, tywD3, + 3 Ry(7,8) (AA) +

: (56)

R S R by :

+§‘;—11 (52041 (7,8) + Y - (Gg1 (7 8) @1 (7, 8)) — Mpg — 9 <Av>§l>Rj(r,t)>

J
Oty S R ) ZR AAND +
8_[:1 9 (3 (]

(57)

+§ Z_j (gt 2 (Ft) + V- (T (7 1) a2 (7,1)) = %XAV);?) Rj(ﬁt)> :

3 Conclusions

In this paper we start with the statistical formulation of the probability density
function f(7,V,t) based on the Liouville type equation, for a dispersed flow of
particles (bubbles, droplets...). Then we have split according to Ishii criterion
the bubbles in two groups: small spherical and distorted bubbles form the first
sroup, while cap/slug bubbles (displayed at Fig. 1) form the second group.

Then we have taken the following moments of the Liouville-type equation:

i) The zero order moment is simply the integral of the Liouville equation over
the range of volumes of each group, which is equivalent to applying the

VC Vmax
operators [ dV and [ dV to the Liouville Eq. (2). These operations
Vmin Ve

yield two transport equations for the density of bubbles in groups 1 and 2,
i.e. np1, and npo.

ii) The order one moment for the volume is obtained applying the operators

VC Vrnax y
[ VdV and [ VdV to the Liouville-like transport equation. This op-
Vinin Ve

eration yields two transport equations for the partial void fractions; from
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these equations one can obtain the unknowns ny (7, t) < d‘t/> that give the

rate of change of the volume of existing bubbles per unit of Volume mixture.
These two unknowns can be obtained from Eq. (48). We observe in this
equation that to obtain such variation rate for group k, we must subtract
from the rate of change of the void fraction oy, the volume generated or
destroyed by change of phase, and by collisions in group k, or by inter-group
collisions. Also we observe that when summing up the two transport equa-
tions for a1 and ap, the collision terms cancel in the transport equation for
a = a1 + ag, because the volume gained in one collision by one group is
equal to the volume lost by the other group, as expressed by equation (49).
Ve Vimax
ili) The application of the operators f Ai(V)dV, and [ A;(V)dV, to the

Ve
Liouville-like equation for the partlcle density function, gives two transport

equations for the IAC of group 1 and 2. Also it is important that we
have obtained general expressions for the source and sink terms of the IAC
and the partial void fraction transport equations, especially the inter-group
collision terms discussed in expressions (34), and (35). A special interest
has the coalescence produced by random collision of the type 14+2—2. We
have obtained general expressions for the average change of interfacial area
produced in groups 1 and 2 when these collisions take place.

Finally we must mention that we have presented a general discussion about the
interfacial area change produced in groups 1 and 2, during the collisions and the
method to compute these average changes.
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