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R. MOSDORF*

The mechanism of generation of chaotic fluctuations
of heating surface temperature in nucleate boiling!

Abstract

Chaotic fluctuations of the heating surface temperature occur when nucleate boiling with
high heat flux takes place. One possible mechanism for these fluctuations has been analysed
i this paper. The heat transfer in the heating surface at a single nucleation site has been
considered. The generation of bubbles has been simulated by changes of the boundary condition
on the heating surface. In this paper the mechanisms of generation of chaotic fluctuations of
surface temperature when the conductivity equation is solved using a Control-Volume Finite
Element Method has been explained. The model presented in the paper has a qualitative
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Nomenclature

thermal diffusivity [m?/s], constant

constant, nucleation site
constant

constant, specific heat [J/(kg K)]
correlation dimension

function

area of heating surface [m?]
Fourier number AAt/(cp(Ad)?)
Lyapunov exponent [bit/s]
distance [m)]

linear dimension of grid element
coeflicient equal to 4-Fo

To — Tsar [K]

*E-mail address: mosdorf@ii.pb.bialystok.pl

l

TNRNON =Y

5D >

<

Technical University of Bialystok, ul. Wiejska 45a, 15-351 Bialystok, Poland

latent heat of evaporation
[J/kgK] '
constant

number of examined points
pressure [Pa]

heat flux [W/m?]

vapour bubble radius [m]
temperature [K]

time [s]

coordinates

thermal conductivity [W/(mK)]
density [kg/m?]

time interval [s]
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Subscripts

1 —  time of bubble growth, number L - left

of gird element l - largest
2 —  waiting time, number of grid max — maximum

element o — constant value
A —  referred to point A R — right
av —  average sat — saturation
min —  minimum w - wall
v © —  vapour

Superscripts

k — numbers of time intervals o — instant of nucleation

1 Introduction

Despite the fact that many works have been devoted to boiling, there are
still numerous fundamental problems, which have yet to be solved. The majority
of these problems have dealt with the dynamics of boiling [1]. Originally, nucle-
ate boiling was perceived as a steady state phenomenon. Recently, the dynamic
properties of boiling are examined more often [1-2]. Investigation of the dynam-
ics of boiling is important not only from a theoretical but also from a practical
point of view, because for example, in the 1980s instabilities of the flow of boiling
water in BWR water reactors were discovered. These disturbances increase the
coolant temperature, and this can lead to malfunction of the cooling systems or
even their breakdown. Analysis of the dynamics of boiling requires an approach
different from those used up to now.

The changes of the heating surface temperature occurring in nucleate boil-
ing are irregular. It has been commonly accepted that these irregularities result
from stochastic processes. But similar irregularities of system behaviour have
also been found in nonlinear dynamic systems. The reasons for such irregular-
ities are by now relatively well understood and the discovered phenomenon has
been called the ‘deterministic chaos’ [3]. ‘Deterministic chaos’ is understood as
irregular (chaotic) changes of characteristic quantities of a non-linear system, for
which the laws of dynamics determine its evolution.

The Lyapunov-exponent is one of the quantities determining whether the
behaviour of a dynamic system is chaotic or not. It also describes how much
information about the system is lost during a given amount of time. When-
ever the Lyapunov-exponent is greater than zero the behaviour of the dynamic
system is chaotic. In most cases, the evolution equation for the system under
investigation is complicated or unknown and only a time series of measurements
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(or numerically determined values of a system variable) can be obtained. Under
such conditions, the reliable determination of all Lyapunov-exponents is difficult
or even impossible. It is, however, possible to determine a value of the largest
Lyapunov exponent — L;. The condition L; > 0 is sufficient to determine whether
chaos exists in the investigated system. In addition, the correlation dimension —
one of the essential features of the attractor — allows us to determine the number
of degrees of freedom of the system.

The number of papers dealing with the problem of deterministic chaos in
boiling is limited. This is due to the complexity of the boiling process. Below,
some of the most important achievements identifying and modelling deterministic
chaos in boiling are described.

Reconstructions of 3D trajectories from the temperature fluctuations and
identification of a correlation dimension for different temperature of heating sur-
face have been presented in [1].

It has been observed that fluctuations of liquid velocity on the heating sur-
face in the area close to vapour bubbles are characterised by a positive value
of the largest Lyapunov exponent [1]. The local-dynamic nature of the heating
surface temperature has been analysed in [4-6]. In these papers 3D trajectories
have been reconstructed from the temperature fluctuations at a single nucleation
site and spatial-temporal chaos has been found to exist during nucleate boiling.
In [7] the results of experimental investigations of the temperature and pressure
fHuctuations in a cooling system with natural liquid circulation were described.
Theoretical models explaining this phenomenon were described in the papers [8 -
10]. The Coupled Map Lattice method has been used to simulate the heat and
mass transfer in boiling [11]. This model was developed by Shoji [1]. Here, too,
1, 11] deterministic chaos can be observed. Simulations of the interaction be-
fween two nucleation sites on a thin uniformly heated strip have been presented
m [4]. Chaotic fluctuations of the heating surface temperature characterised by
a low correlation dimension have been observed. Models simulating the locations
of the nucleation sites and the fluctuations of the heating surface temperature
have been presented in [12-13]. In [1] a review of experimental investigations
and of efforts to model non-linear aspects of boiling have been presented. The
paper contains references to many works describing experimental investigations
and non-linear modelling of chaos in boiling.

There are many nonlinearities in boiling. In [12] the following nonlinear
phenomena of boiling are indicated: on-off behaviour at the nucleation sites,
macrolayer formation, meniscus behaviour, macrolayer thinning and growth and
departure of a bubble. In other words the changes of boundary conditions at the
heating surface can introduce nonlinearities into the process of heat transfer.

The problem of generation of chaotic fluctuations of the heating surface tem-
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perature has been analysed in the papers [18-19]. In these papers conductivity
equation has been solved using a Control-Volume Finite Element Method. In
this paper the mechanisms of generation of chaotic fluctuations of surface tem-
perature when the conductivity equation is solved using a Control-Volume Finite
Element Method has been explained. The model presented in the paper has a
qualitative character. ;

2 Modelling of the heating surface temperature fluc-
tuations

Nucleate boiling at an active nucleation site can be subdivided into two phases
— bubble growth and departure (time interval 1), followed by a waiting time
(72), during which no bubble is visible [14]. The heat flux (¢) during the phase
of bubble growth reaches high values, resulting in a drop of the heater surface
temperature T,,. After a bubble departure, the heat flux q drops to values cor-
responding to single-phase heat transfer, resulting in an increase of the heater
surface temperature T,,. Once the surface temperature is high enough, another
bubble begins to grow and the cycle starts anew. Typical changes of the heating
surface temperature 7}, at a single nucleation site are shown schematically in
Fig. 1a.
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Figure 1. Typical changes of temperature (T,) and average heat flux at a single nucleation
site. a) Temperature changes. b) Changes of average heat flux, q1,av — the heat flux
absorbed by the bubble, g2 4., — the heat flux absorbed by the liquid without bubbles,
7; — time interval during which the vapour bubble grows, T3 — waiting time to generate
the new vapour bubble.

Conditions for the formation of a new bubble are favourable when the surface
temperature at the nucleation site, Ty, is greater than temperature of nucleation.
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Tmax. Growing bubble absorbs the heat from the heating surface causing the drop
in temperature T, down to temperature T},;,. Experimental investigations [14]
show that the temperatures Tinax and Thy;y, are not constant and fluctuate around
their average values.

Depending on the behaviour of the boiling liquid and of the bubble, the heat
flux absorbed by the boiling liquid during the time intervals 7; and 7 changes
accordingly. It is nevertheless possible to calculate the average heat fluxes: gl av
— absorbed by the bubble and ¢ 4, — absorbed by the liquid without bubbles for
both intervals. These average heat fluxes, being characteristic for the subsequent
time intervals, are shown in the Fig. 1b.

In order to investigate how changes of the boundary condition influence the
changes of temperature, Ty, in time, a simple model of heat transfer at a single
nucleation site has been analysed. Boiling on a flat and horizontal surface has
been investigated. Fig. 2 shows a two-dimensional model of heat transfer under
the vapour bubble.

X=Xq St
T=1. liquid
bubble
1 i - Y= 0
IR
l2,av L " q o
Tyt | uq (t) 2,4
heating swiface y=15,T="T,
23]
x=0 x=D

Figure 2. Schematic drawing of the model simulating the heating surface temperature changes
under the single nucleation site; g2,0, — the heat flux absorbed by liquid without the
bubbles, ¢*(t) - the heat flux under the single nucleation site.

The heat conduction equation

oT i
—_— e 1
= —av'T=0, (1)

with the following boundary conditions
¥ =0, T =1F=constant:
y=0, z¢(zo— Ad/2,20+ Ad/2),q = g2,00
8 b kipn _ | G1ap intime interval 7, (2)
y=0, @ €{zo— Ad/2,z0 + A8(2),¢"(t) = @2,qv In time interval 7o,

z=0 andz=0,T =T(y) is constant in time,
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has been solved.

It has been assumed that the boundary conditions change in time at the
nucleation site but for other points for y = 0 the heat flux absorbed by the liquid
is constant and equal to ga,4y. For y = § the temperature of the heating element
is constant and equal to Ty. The temperature of vertical ‘walls’ of the system is a
linear function of y and this function is constant in time. The initial temperature
distribution is a stationary (linear) function obtained for obilt) = ¢2,av = constant.

The heat flux absorbed by a vapour bubble in the period of time, 7;, may be
expressed by the following function [14]: ¢1 = py/R. When the vapour bubble,
in initially uniformly superheated liquid, is spherical then the Rayleigh’s solution
of the bubble growth equation shows that in the initial phase of this growth,
R is [14]

2pvl(Tu0) A Tsat)>1/2 (3)
3p f Tsat '

It has been assumed that the average heat flux absorbed by the bubble, g1 4.
can be expressed by a power function similar to the relation (3)
>\w Tuo; 55 Tsat 1/2
T : Tsat( Tsat ') )

Rz(

di,av = b (4)

where:
b — coefficient representing the properties of liquid,

TY — heating surface temperature at the beginning of nucleation.

Depending on temperature T, the heat flux q1,av takes on different values
in the subsequent time intervals, as shown schematically in Fig. 1b. The heat
flux, ¢2,4v, in the subsequent time intervals 7o, also changes. But in order tc
focus attention on the influence of bubble generation it has been assumed that
the heat flux absorbed by the liquid without the vapour bubble is constant in the
subsequent time intervals of 7.

Equation (1) has been solved on a two-dimensional grid (z,y) (100x13 gric
points) using a Control-Volume Finite Element Method. In this method time anc
space are discrete. The heating surface has been divided into square elements
The distances between grid points (between central points of squares) have beer
set to Az = Ay = AJd. The temperature at the grid points has been calculatec
for subsequent time intervals equal to At. For elements inside the heating surfac:
the temperature was being calculated according to the following formula [17]

TR =TFH(1—e) + ig(ﬂk—l,j + T+ Thia h Tiy)- -

For elements on heating surface the temperature was being calculated =

cording to the following formula

3 1 Ad

k+1 k k k

:l’iJ'_i' = Zl,](l = Z€> + Zg(lik—l,j + Zi+1,j i qk—j\_— =1 Zi,j-l—l)’
w
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where
Do _Jg-pw-cw (7)
g o . A A

The numerical procedure solving Eq. (1) in the subsequent time intervals 7
ind 7 is stable, when Fo = ¢/4 < 1/4. The nucleation site was represented by one
square element A in length with the central point in z = 2,. The calculations
were carried out for Fo = 1/8, At = 0.002 s and Ad = 0.0014 m on the copper
surface.

In the paper [6] the results of measurements of temperature fluctuations under
“Ze nucleation sites during pool boiling of water on thin, electrically-heated plate
tave been presented. The underside of the stainless steel heating surface was

vated with thermochromic liquid crystal of approximate thickness of 0.01 mm.
The temperature fields were recorded by high-speed colour video camera at 200
rames/s. Fig. 3 schematically illustrates changes of temperature Tyax and Tiin
= nucleation sites [6].

TICT} nyn T[C]) g
120 120
e T =1 rnax av
110 it (ol e S R B
— v T T 5 v \
100 100 S
0 1 2t 0 1 2 t[s]

Figure 3. Schematic drawings of changes of temperature Thax and Tpin under two nucleation
sites 4 and B. Drawings have been prepared using data presented in [6]. The site B
produces smaller bubbles with higher frequency in comparison the site A.

The site B produces smaller bubbles with higher frequency as compared with
the site A. In the site A temperatures Ty« and Tnin may be treated as constant,
but in the site B the temperature T},;, varies. This is due to the fact that the
temperature of bubble departure is determined from the force balance acting on
the bubble and such quantities as surface tension and the contact angle. It seems
that when the condition of liquid flow around the nucleation site is steady then
the temperature fluctuation can appear between two averaged values, Tax, gy and
Tnin,av shown in Fig. 3a.

In the presented model values of 7; and 75 have been determined as the time
necessary for the temperature T, to reach a value of Tax,ev and, respectively,
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as the time required for T, to drop to a value of Tpnin e (after the instance of
nucleation). Fig. 4 shows an example of the chaotic changes of temperature Ty,
possible to be obtained.

- T (K)
s R o
s B ™ 374 s
g 4 372 ety
Eo) 370 T 77
S : { TktT

0 S0il 02 t®)

Tk

Figure 4. Results of calculations of T, and ¢ absorbed from the nucleation site for: Ts.t =
3T K o= 3033 K, Tt SO K sb=10.054 o) o =1 012 MW /m?2, A
= 0.002 s, A§ = 0.0014 m, copper surface and Fo = 1/8 where Tp = 386 K. Thres
dimensional return map of the time series of Ty, is shown on the right hand side o
graph.

Three-dimensional return map of the time series of the heating surface temper-
ature changes is shown a the right hand side in Fig. 4. Coordinates of the points
in the return maps have been calculated in the following way: z = T'(to),y =
T(to + At), z = T'(to + 2At).

According to data presented in [14], nucleate boiling of water starts whe:
q = 0,17 MW/m?. In the investigated model this value corresponds to a value o
q2,0v- For water at atmospheric pressure and the heat flux characteristic for the
nucleate boiling crisis (¢ =~ 0.8 MW /m?), frequency of bubbles departure change:
in the range from 50 to 100 Hz, and 7 = 1,65 71. In the investigated model, fo:
T, = 384 K, the frequency of bubble departure is equal to 42 Hz, and 72 = 1.
71. These values were obtained for a low value of the surface superheating of =
05 K

The result of calculations of the largest Lyapunov exponent of the temperz=
ture fluctuations is presented in Fig. 5. The exponent L; was calculated usin:
the Wolf algorithm [15].

A positive value of the largest Lyapunov exponent indicates that determir
istic chaos occurs in the investigated model. The Lyapunov exponent describs
the information loss about the system. The calculated value of 1/L;[bit/bit/s] =
1/70.0 = 0.014 [s] shows how long a certain initial temperature distribution insic
the heating surface influences the heating surface temperature. In other worc
we can say that in the investigated model a single act of nucleation influences t!
boiling process during a time interval of 0.014 s. This interval corresponds to
average time of the boundary conditions changes (Fig. 4). The obtained resu!
indicate that the changes of boundary conditions destroy long-term memory
the system. The heat transfer during the time intervals 7; and 72 occurs at ¢
stant boundary conditions. The solution of Eq. (1) is stable for Fy < 1/4
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Figure 5. The largest Lyapunov-exponents L; for time series of T, as a function of evolution
time ¢ for different temperatures Ty. L; was calculated using the Wolf algorithm [15].

every value of ¢q. The results of the calculation of the largest Lyapunov exponent
mdicate that destabilisation of the heat transfer is caused by the boundary con-
dition changes.

To identify the mechanism of chaos generation one element of grid located
on the top of heating surface (Fig. 6) has been considered.

i = =,

4 3

sL| 1| SR||[AS &

¥ .2 a
= g=

s 3

ME =

Figure 6. Schematic drawing of two-dimensional grid around the element ‘1°.
(=

Equation (6) for element ‘1’ shown in Fig. 6 has a form

TH =7f(1 - §s) +15(T5+T§—q’“é§+T2’f), (8)
4 4 Ay
where: ¢ is a heat flux absorbed by liquid from element ‘1°.

When ¢ is constant the function (8), T{““(Tf’), is a linear function of TF.
Feigenbaum has shown that subsequent iterations of all first-order difference equa-
tions T# 1 = f(TF), in the case when S(TF) has (after a proper rescaling of I
only a single maximum at the unit interval, can be chaotic [3]. Therefore when
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the g is a non-linear function of le, as for example (2), the subsequent iterations
can be chaotic.

The boundary condition (2) at the nucleate site changes depending on the
temperature of the heating surface at the nucleation site. The bubble is gen-
erated when the temperature is greater than Tiax e and it departs when the
temperature drops below the Tiaxq. To simplify the analysis further it has
been assumed that

("I(T]/ZC e .su.t) for T{J o Tmax,a'u (9&)

az for le < Tmax,av (gb)

where as is the heat flux absorbed by boiling liquid, when there is no vapour
bubble at the nucleation site and q; (T/‘ — Tsqt) is the heat flux absorbed by the
vapour bubble at the nucleation site. After putting (9) into (8) and making some
transformations we can write down Eq. (8) in the following form

: 3 e Ad € e A
k+1 _ e el k , €k k ky , €20
Tl = [(1 4E> T al]T1 + 4(T2 +TR+TL) =15 iy, a1 Lsgr
for le > Tma,x,a,v
(10)
; 3 S iE e Ad
k+1 __ oo k & (mk k ol ete
iyl 45)Tl FTFRT T~
for Tf" = Tmax,a.v
The set of Eq. (10) has a form
le+1 = mlle: =+ b]_ for le = Tmax’a'u (J_].d
T1k+1 = mZle + by for le < Tmax,au (11b
where 5 AS
my = (1—1:2) —%A—-al, (12a
3
my = (1 il 15), (12b
€ Ad
bis= —(TQk = T,’% I+ Tllf) + o a1Tsat, (12¢
4 4 Ay
s ; Ad
by s S (12d
4 4 A'll)

Figure 7 illustrates the block diagram showing how the temperature TF is
calculated in subsequent iterations of the set of Eq. (11). If T]’C R
then the function (11b) describes the changes of temperature Tf with no vapow



The mechanism of generation of chaotic fluctuations ... 83

Tkiﬂ is calculated TL;H 15 calculated

basing on Eq. 11.b basing on Eq.11.a

Temperature drop Temperature increase
/ i

-
s

\.{

A
Initial conditions
TF

Figure 7. Block diagram to calculate the temperature T .

bubble at the nucleation site. If Tf > Tnax,av then the function (11a) describes
the changes of temperature Tl’C with the vapour bubble at the nucleation site.

Depending on the slope of lines (11a, b), in such kind of the system chaos can
appear [3]. Fig. 8b, c illustrates the example of subsequent iterations of le for
two values of coefficient a;.

The properties of two points shown in Fig. 8a play important role in evolution
of temperature 7. These points are marked with letters A and B (Fig. 8a). The
properties of the point B depend upon the value of coefficient my. When <1
(in this case |mg| < 1) the point B always attracts the subsequent iterations
of TF and defines the steady value of TF (in case when there is no bubble at
nucleation site). The properties of point A depend on a value of coeflicient, my.
When the point A repels the subsequent iterations of Tf, (Jmy1] > 1), behaviour
of the system described by set of Eq. (11) can become chaotic. Fig. 8¢ shows an
example of such kind of behaviour.

For the set of Eq. (11) the Lyapunov exponent can be analytically calculated
in an easy way. When iteration formula takes the form T{“”l = J(TT) the
Lyapunov-exponent equals to [3]

q Nt
L= lim= YodnfF(@h)): (13)
1=0

Putting (11) into (13) and assuming that the same number of iterations has
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Figure 8. Tterations of set of Eq. (11). Calculations were made for 7> = Tr = T, = 400 K
£ =05, Tsut =373 K, Trax,av = 373 K, £8%4,5 = 1; a) Two lines described by the se

T :
of Eq. (11); b) Two fixed points for %al = 15; d) Chaotic iterations for Zf‘:’ 01—
19:
a place according to Eq. (11a) as well as (11b) we get [3]
1 ,
L= 5[hl(ymln + In(|ms)]. (14

For € < 1 the following inequality: |ms| < 1 is true, but a value of m; change:
depending on a value of coefficient a1 (Eq. (9)). The changes of coeflicient «
can lead to a positive value of L. For data presented in the Fig. 8b the Lyapuno
exponent L is less than zero, and for data presented in Fig. 8c it is greater tha:
Z€ero.

The temperature TF oscillates around the point A (Fig. 8a) increasing an
decreasing its value (Fig. 8b). When |mg| < 1 then during decreasing temper
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ature TF the amplitude of oscillation, ATy, decreases. But when |ma| > 1 the
amplitude of oscillation, AT4, increases. It has been schematically shown in

Fig. 9.

T ] et
“ et

Figure 9. Schematic drawing of temperature changes around the point A; a) Point A repels
subsequent iterations of T} causing increase of amplitude of oscillation |AT4l; b) Point
A attracts subsequent iterations of T} causing decrease of amplitude of oscillation
|ATA|.

An inequality |mq| >1 is the necessary condition (not sufficient) for the chaotic
fluctuations of the heating surface temperature to occur. When |rny| >1 then the
process of the changes of temperature TF described by Eq. (11a) is unstable.

The heat absorption (by boiling liquid) from element 1 decreases its temper-
ature. When heat delivered to the element 1 (from elements L, R and 2 shown in
Fig. 6) is large enough the initial difference between calculated temperature T}
and steady value of temperature does not increase. But when the heat transfer
from elements L, R and 2 (Fig. 6) to element 1 is less than heat absorption by
liquid, the initial difference between temperature T} and steady value of tem-
perature, |AT4|, is amplified. The process of amplifying the initial temperature
difference, |AT,|, (Fig. 9a) is a property of ‘answer’ of boiling liquid to changes
of heating surface temperature. In the model this ‘answer’ is represented by
boundary condition at the nucleation site.

The coordinates of interception of lines described by Eq. (11) can be obtained
from the following equation

mlle +b = mQle + bs. (15)

After algebraic transformation the following has been obtained

’ oy _ﬁ ; il !
ok %2 S (a0 + 01T5ar) _ a2 g (16)
mp — mg _§%§a1 ay

In the case shown in Fig. 8 the temperature T * described by Eq. (16) is
equal to 373.1 K. The obtained result explains why chaotic fluctuations of Ty,
(Fig. 4) appear for Tmax,av = Tsar- When Thnax,qv Increases, the bigger number
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of iterations is realized according to the Eq. (11b). It causes that the Lyapunov
exponent (calculated basing on Eq. (14)) becomes less than 0 — then the process
becomes periodic.

3 Conclusions

The results of simulations show that changes of boundary conditions at the
nucleation site can lead to non-periodic changes of the heating surface temper-
ature. Calculations of the Lyapunov exponent show that the changes of the
temperature Ty, have a character of deterministic chaos. The analysis carried out
allow us to conclude that the chaotic changes of the heating surface temperature
occur when the heat transfer to thin layer of heating surface is less than heat
absorption by boiling liquid with the vapour bubble from the heating surface.

The temperature of element 1 (Fig. 5) is calculated after each time interval
At according to the method of heat balance in element 1. The heat flux absorbed
from element 1 is calculated after each time interval At according to formula (4)
or (9). Chaotic fluctuations of temperature of element 1 can appear when func-
tion g(TF) causes that the function TF+!(TF) has (after rescaling) one maximum
in unit interval. This happen not only with function (4) but also for example
when function T{CH(T{“) is a quadratic function of TF. Therefore we can say
that function (4), not the method of heat balance in element 1, is responsible
for chaotic fluctuations of temperature T%#. In the initial phase of calculation the
temperature 7 always changes near its mean value. When the heat transfer tc
a thin layer of heating surface is large enough then the initial fluctuations of 7}
disappear and the temperature of T, stabilises. But when the heat transfer to =
thin layer of heating surface is less than heat absorption by boiling liquid then
the initial fluctuations of T} are amplified and render deterministic chaos.

To verify the models presented in the paper it is necessary to carry out more
fractal analyses of experimental data concerning boiling.
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