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JAN TALERl

Inverse determination of local heat transfer coefficients

Two methods for the solution of the nonlinear inverse heat conduction problem encourrterrd in the
experirnental determination of the local heat transfer coefffrcient distributions are presented in the paper,
'The methods are formulated as linear and nonlinear least-squares problems. The uncertainties in the
estimated heat transfer coefficients are determined for the temperatule measurements with known and
unknown standard deviations. The main advalrtage of the presented methods is tlrat they do not require
any knowledge, or solution to, the complex fluid flow lleld.

1. Introduction

There ale many different methods for meastrring local heat transf'er. One com-
moll category is mass transfer nethod |1,2]. The naphtalene sublimatior] method
is one of the most convenient mass transfer methods, that is particularly useftll
in complex flows and geometries. Arrother widely used techniqLre is the transient
metłrod [3-5]. Liquid crystals have been used extensively for the surface tempe-
Iature measurements with this method. Both techniques have been widely trsed
with considerable success but they have certain difficulties. The limitations to
tłre naphtaiene sublimation met}rod are high temperatlrres. Liquid clystal thel-
rnograpĘ has a limited temperature lange from -250C to 2500C, so it is not
feasible for examination of the objects at high temperature. An alternative me-
t}rod to obtain tlre loca} convective heat transfel coefficient, that does not have
any disadvantages noted above, is the inverse procedure. Determination of the
space-variable heat transfer coefficient on a complex shape surface requires the
solution of tlre nonlinear inverse heat conduction problem (IHCP) [6-8].

The unknown parameters associated with t]re solution are selected to achieve
tlre closest agreement in a least squares sense betweerr the computed and measured
temperatures using the Gauss-Newtorr method in conjunction with the singrrlar
value decomposition or modified Gram-Schmidt methods. Hensel and Hills [9]

'Cracow University of Technology, Institute of Process and Power Enginecring, 31-864
Kraków, Jana Pawła II 37, Poland
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apploached the two-dimetrsiolral steair--s:.:c _:_-.,-r::€ :leat colrductiolr prolrlem
rrsirrg the linear least-squares nethoi. L::::.;_,-,_ :_ _,: :]_e least squares problern
is accornplished by assurrrirrg urrkrrorr-l iE]]_]:].,.-,_,- -. : ,: :e]npelatllres and lreat
flrrxes [B,10] on the botrndarv.

The boundary is divided into a large:_"-l_..,.: .: =_=::_:::is rr,lrereas t]łe tem-
pelatlrres or heat fltixes are assullled to rt . ___j.,:__] ,-.=: taclr element. Having
deternined t]re boundary valttes of tett:pe:.,:::,- ,__ _ -__-. _,eal flux from tlre so-
lution of thc IHCP. the convective ]reat ir-:]j:-j: , _-,:___..:_:= a:e determined from
tlre Newton's La,"v of Coolirrg, Nunerica, .,-_ __,, ::,:-_-_]_:,.elrta1 tests |19] de-
nonstrated that the spatia1 distribrrtiolr c,_ ::_- __-.._- .:::__._.: coefficient can be
estinrated with satisfactory accurac1, if r:_e :_,, _:_ _,_ _: __: :]otu}clary into ele-
ments is very fine. If the number of segruet_:s ::_ :__-, _, _-____,_:-.- is too snrall, t}ran
the constant value of tenrperature or tire l-e:.,: _,-.. .-,,-._ :_:_ elelrrent cannot be
asslrmed. In order to so}ve the over-deterlnil:e.i iH']F ::_-. :_--::,ber of interior tenr-
perature measurement points shouid be glc.a-..: :__.__ -__-: :_:llber of boundary
temperature or heat flux components, Hor.,-e,.-e :. ::__,::_:_:_; -._l]]lerolls thernoco-
uples inside the solid disturbs the ternperatuI€ cj::_:::__" a:,ci is impractical. In
this paper two different problems are considered. I:_ : _ .__ ..-<!.s ii}e distribution of
heat transfer coefficient is deduced from t}re itr:e::,._ :a:__::].:ure rneasurements.
In t]re first case, the number of temperature lnea_:,._:i,]:_-j__: )o:llts is equal to the
ntrmber of heat transfer conrponents to be est::lł-:;r.i l:_ ::_e second case of the
over- specified IHCP, tlre number of internal tetu],.: ..:, :: _-, -: :ś,il,€l]lents is greater
tlran the number of unknown heat transfel coeffc:*:_:: .._ ,_,_,j routrdary. Thermal
condtrctivity of tlre soiid ł(7) may be tetrrpera-::,: .-.,--._- _-.::. Botlr linear anc1
nonlinear ieast-squares formu]ations ale studieC. T:_._ _-.._.:-si::rares problelns ale
parameterized by assuming t}re stepped changes c: :_i,- :::,:__.^€. coefficient on the
boundary or expressing the spti,ce variations of ti,ł :_._ ,; ::-_-:ei coefficient in the
functiorral forrn. T}re confidence intervals of IHCP s._,,_,:_: ._]e calculated usirrg
tlre error propagation ruie of Gauss [11],

2. Numerical formulation of the inverse }real conciuction problem

Tlre temperature distribution in the bodv l_. 
= 

],,::_.-_ -., -__.. lrotrlineal partial
differential eqrration

V,|ł(")V7-j : . (1)

The unknown boundary conditions may be €\]i-:!,>-,_ l:

o boundary conditions of the first kirrcl

o boundary conditions of tlre second kilc

(2)

^Q)#,: 
Q r, (3)
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o boundary conditions of t]re tirird kind

k(r)T: h(r,)(?i. _ T,,) , (4)' 'dn

wlrere rs lepresents points on the boundary, S.

In addition to tlre unknown boundary conditions tlłe internal temperature
measlrrements fi are irrclrrded in the analysis:

T(rl): ft ź:I,..,)m ) mżn.

The objective of the present approach is to deternrirre t}re spatial distlibrr-
tion of tlre heat transfer coefiicient fronr measured tenperatures at m interior
locations.Themeasuredtemperattrresf:(fr,...,f,n)rdepenciorrthetransfer
coefficients and can, tlrerefore, be used for their determinatiorr. The problem rnay
be formulated as linear or nonlinear IHCP,

3. Linear IHCP

First, the part of tire boundary with unknown conditions is discretized into n
intervals. TIre unknorvn boundary temperattrre or heat flux is tlren approximated
by a piecewise constant function (stepped function) ( Fig.1),

The pararnetel,s x are unknowtr temperatuTes oI heat fluxes.
The Kirchhoff transformation carr be introduced to tlansform Eqs(1-3) to tlre

lirlear problem, The new variable is tlre integral over temperatttre of tlre ther-
rnal corrductivitv. For knowrr bourrdary condition of the third kirrd, lrowever, the
transfbrmed boundary corrdition renrains nonlinear. In this paper, the nretlrod of
successive substitution wil] be used to linearize the problern (1-3). Tlre spatial
discretization of trq.(1) subjected to botrndary conditions (2-3) using finite dif-
ference, or finite e]ement nretlrods yields tlre nonlirrear system of NB algebraic
equations

A(T)T : B(T)x (6)

w}rere vector x contains n rrnkrror,vn srrrface temperatures and lreat fluxes, A is
N6 x N6 matrix, T is the i/6 dimerrsional colurnn vector of node temperatures
and B is l/B x n matrix. The riglrt side of trq. (6) Bx contains all of tlre applied
boundary and vo]unetric source functions.

Using the method of successive substitution Eqs (O) can be written as ,

A(r(e);r(ł+1) :B(T(ł);*(ł+t) , G)

wlrere tlre superscript irrdicates tlre iteration ntrnrber. Tlre algorithnr has a re-
asonably large raclius of convergence. After selecting the starting vector T(0) the

(5)
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convergent solution is obtained in aborrt six iteratiorrs. If the thermal condtrcti-
vity is constant then iteration is not needed. The linear system (7) has the unique
solution

a(ł+t;:[ł(r(ł);1-1nlr(ł);x(ł+1), k:0,1,... (B)

Temperature of the body is measured at rn interior locations w]rich are assu-
med to be coirrciding witlr selected rrodes in the mesh,

The temperature at the jth node, wlrere the temperature sensor is piaced, can
be calculated in the following wav;

T,(k+1) : .I[ł(rrł) ;1-tnlrte))x(k+l),
where ei denotes jĆh column vector of tlre identity matrix liy", Thc vector of
calculated temperatrtres T|-,f+l) at nodes coincident with sensor locations, is then
formed as follows

Tg+1) : C(k)x(,Ł+1) (10)

where 'I#+1) is the rn-dimensional vector, arrd C{,f) is the rnxn matrix. Tlre object
is to choose x such that the comptrted temperatures agree withil the certain limits
with the experirnentally measured ternperattrres. This may be expressed as

T(ł+1)-f=0, (1 1)

where rft+tl is given by Eq. (10).
If the rrumber m of measured temperatrrres is equal to the nurnber of unkno,ł,n

boundary temperatures and heat fluxes n, then the nxrrsystem of lirrear equations
(11) has the uniqrre solution

x(k+1) : ęcft)1-lr, k :0, 1,...

(9)

provided the inverse matrix (Cl,ł))-' exists.
If thermal conductivity k does not depend on temperature then
needed.
The uncertainty of tlre calculated parameters x c&tl be determined

(12)

iteration is not

using the error
propagation rule [1i],

A standard procedure is to take more temperature Ele&§ffiements tlran the
number of unknown parameters ri. The least-squares method is used to determine
11 . . ,tn when m ) n, To measure how well the calculated ternperature agree with
data, the chi-square merit function is used

^9: (f 
_ 1(ł+l);rcr(r_T§*rt), (13)

where G; is know positive definite matrix. If tb€ memncment errors are known
then the matrix G; is

1l"? 0
0 Llń

",:I
3l

,fo]
(14)
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where oi is the standard deviation of the ith measured temperature fi. The
least-squares solution that minimizes the sum (13) is [12]

x(li+1) : [(cfl;tłl"rcfi)1-1 1c|)(r) c rt . (15)

Once the boundary temperatures and heat fluxes are determined, the heat transfer
coefficient is determined from

91

(16)

where the fluid temperature 7i" is known from measurements.
The measure of the accuTacy of the estimated parameters x is g5% confidence

interval. Having finished iteration the 95% confidence intervals are calculated
according to

ii - 2o(r1) ś ą ś fte ł 2o(r), (17)

where cr(r.i): {Ę.
The notation ą, replesents the diagonal element of the covariance matrix

Cź: (CilG tC-)-I .

The variance associated with the estimateTi can be fotrnd fronr

f, -z"lr; śTi śTi *2o(T) .,

where o(Ti) are square roots of the diagonal elements of the matrix

CT: C^CftCT .

In some cases the standard deviations associated with a set of temperature
measurements are not known in advance and the sum of squales are used to derive
a value o.
If we assume that G7 : I- the 100(1 - a) To confi,dence intervals fot ri are
calcrrlated using the formulas in the inequality

Ic
u m-n

(1B)

(19)

(20)

(2L)

where the value t!1, i" the (1 - al2)th quantile of the Stud,ent's ź-distribution
wiih (rn - n) degrees of freedom. The least-squares sum ,S is corrrputed from Eq,
(13) using the fitted parameters * (boundary temperatures or heat fluxes).

The covariance matrix (1B) simplifies to

^ ,a/2 TSrt - tń-",\l
u rn-n

Cft: (CT,Cń-I (22)
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4. Nonlinear IHCP

If the number of the unknown heat transfel collponents is equal to the ntrm_
ber of the temperature neastrrement points, tlre method presented in [6] can be
used,

The heat transfer coefficients are estimated so tlrat the computed temperatu_
Ies aglee with the experimentally measured temperatures, e.g. Eqs (5) should be
satisfied. The predicted temperatures depend implicitly on the }reat transfer coef-
ficients x, In order to solve tlre system on noniinear equations (5) tlre SOR-secant
rnethod or SOR-Newton methods can be trsed |6]. The SOR, (: successive over-
relaxation) algorithm works wel] in practice and is very efficient in ternrs of the
programming and computing time.

Xn0

x, xi-t

Fig,.1. _Location of temperature sensors and boundary discretization; Method I - boundary conditions
of the first or second kinds * r"1,,,.,,rn replesent unknown tempelatures or heat fluxes; Method II -bourrdarY condition of the third kind - c1, ,...) rru represent unknówn heat transfer coefficients.

when unknown parameters are heat transfer components and m ż n thel
the least-squares problem becomes nonlinear ( Fig. 1). The numerical solutions
of the nonlinear overdetermined IHCP encountered in determining heat transfer
coefficients, are presented in [7]. The Gauss-Newton method in conjunction with
tlre singular value decomposition was used to determine the space components of
the heat transfer coefficient. The methods are very efficient provided tlre starting
vaiue x(0) is sufficiently close to the global minimum *. rnis weakness of thó
Gauss-Newton method is not inherent in the Levenberg-Marquardt algorithm
[12], ihat is fast and robust. The Levenberg-Marquarcli method is one of tlre
best general-purpose Gauss-Newton-based algorithms for solving nonlinear least
squares problems.

The Problem of determining space-variable heat transfer coefficient can be
formulated as a palameter estimation problem by selecting tlre functional forn
for the heat transfer coefficient or by approximating tlre spatial changes of the }reat

.T

k(T) 3 o

mc
m-1
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transfer coefficient by the stepped function. In both cases, there are n parameters:
* : ("r, , , , , rn)T to be deteńined such that tlre computed temperatures Ę agree
in t}re least-squares sense with the experimentally acquired temperatures fi. The
Levenberg-Marquardt method performs the kth iteration as

x(k+1) : x(k) + ó(k) ,

5(k) : 11rfi);Tcr.l@) ,, ,(ł)ąl-t1l(ł);"cl[f _ T,'(x)] ,

, _0T',(>r) _ 1-/ałt")\l'l*: 0{ : 
L\. Ą )),.*,'

where

and

(23)

(24)

(25)

Srrppose we have converged to the solution of the nonlinear IHCP.
To obtain approximate 100(1 - *)% confidence intervals for x, Eqs. (17) or

(21) may be used as in the case of the method I. However, the matrix J- should
be used in trqs (17) and (21) instead of C-,

5. Test cases

First numerical experiment with simulated data is presented to denronstrate
the method I and II. The local heat transfer coefficient from a hot surface to
boiling water is often measured using a heat flux transducer. The transducer
body is made of stainless steel that incorporates three thermocouples placed in
different positions (Fig. 2). Unidirectional steady-state heat transfer is assumed
to occur within the transducer between the resistance heater and boiling water.
Similar constructions have heat flux meters inserted in inspection ports [13], Based
on temperature measurements at three locations, the heat flux 11 : {, on the
surface r:0 and tłre surface temperaturQ tr2:Tlr:l at r: tr (method I) or
the heat transfer coeffi.cient 12 : lt, (method II) are determined. Since the heat
flux 11 is a constant independent of g, then the heat transfer coefficient in the
method I can be calculated from the estinrated values of the heat fltrx u 1 sensor
surface temperature lr2 and from measured fluid temperature Too:

,rI
tl- 

-

12- la
(26)

cqĘdugŃe$iliĘ heat conduction 
"fl""ri?hyi[h temperature-dependent therma]

ńLk(r)ń] 
:0. (27)

The objective is to determine the boundary conditions

-|rrrl *q]
l :*r,
Ia:tl

(2B)
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a)

b)

t,
Fig, 2. Location of thermocouples in the heat flux sensor (a) and division bf the sensor into control
volumes (b).

r| . : r2, (method I) ,Iu:t,

-|rrrl *Ęl |r:" 
:rz(Tl,:r-?t) , (methodll) .

(29)

(30)

(31)

(32)

(33)

Using, the interior conditions known from temperature measulements (Fig. 2a)

T|r:o, ż h ,

T|o:n, ż fz ,

mlNIl lu:as: J3 l
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the parameters 11 and 12 will be determined using the methods I and II.
The thermal conductivity is temperature dependent and represented as follows

kg) :14.65 + 0,0744 .T 
, (34)

where k is expressed in W/mK and T in oC, To simulate 'exact' measurement
data the direct heat conduction problem was solved using: Qs : 274800 W f m2,
h : 24000 W l-', T* : 15oC, L: 0.016 lt:^, a1 :0.004 m, 9z : 0.008 m and
az : 0,072 m. In order to study the effect of errors in the measured temperattrres,
small numbers 6i) ,i:7,2,3 were added to 'exact' data

95

ł- .rl L a_ _ 374,29 + 1.01 : 315.3oCJI L|u:ul l LI,

lz : T|o:r, * e2 :255,68 + (-2,9B) : 252.7oC
fs : T|r:o, *63: 194,23+1.47:795.7oC

Standard deviations of the measured temperatures are: oI : LoC, oz : 2oC
and o3 : 1,5oC. The differential equation (27) with boundary conditions (28)-(29)
is solved numerically using the control volume method.
Tlre resrrlting system of nonlinear, aigebraic equations is solved using the matrix
inversion method in conjunction with successive iteration ( method I ) or by
using the Gauss-Seidel iteration ( method II ). The results given in Tab. 1 are in
excellent agreement with the input data: rt: Q, :274800 W l^' and ż2: h:
24a0 W lm2K.

Tab]e 1. Results obtained by the inverse methods

(35)

Analytical method
(exact solution)

Method I Method II

Estimated
parameters

Qs:2748OOW/rn',
h:24oo W/m2K,
Tl,:l :129.5"C

it:q":275o45W/n2
żr:Tl-_,:729.97oC.

h:2392,3 W/m2K

it : q" : 274964 W /rr'' ,

ź2 : h:2390.6 W/m2,
Tl.:t :130.01oC

standarrl
Deviations

o(i1):4082.3Wlm
o(i2) :2.28"C

o(i1):4027.4Wlmz
c(ftz\:82.7W/m2K

Sum of squares 
^9(>i) 3.695(oC)2 3.702(oC)z

Temperature distribution T (u),' C
g lml Analvtical method Method I Method I]
o.00o 37o,43 371.o2 370.99
0.004 31,4.29 314.85 314.84
0.008 255.68 256.2I 256.22
0.012 194.23 I94.7Ą 194.76
0.016 129.50 129.97 130.01

In the second example the actual expelimental data are used. Experiments
were pelformed with an array of vertical finned tubes with two longitudinal fins ar-
ranged in staggered pattern. The experimental results reported herein are among
the first that show the variation of the local heat transfer coefficients over the
circumference of the finned tube, Most data reported previously were acquired
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for smooth tubes at low temperatures [3, 14-20].
With uniform heat flux at the inlrer surface of the tube placed in a cross flow, heat
flows by conduction in the peripheral direction due to the asymmetric tlature of
the air flow around the perimeter of the tube. The peripheral heat fiow affects the
wall temperature distribution to such an extent that in some cases significantly
different results may be obtained for geometrically identical surfaces [15] . In this
study iHCP is solved to account for the peripheral wa]l heat conduction.

Fig. 3. Cross section of the finned tube showing locations of nine thermocouples.

Fig. 3 shows a cross through the finned tube and dimerrsions needed in calcula-
tion of the local heat transfer values around the tube periphery, The ternperature
of the tube was measured at nitre locations shown in Fig. 3. T]re miclplane of
tlre finned tube surface was instrumented with K-type sheeted tlrermocouples of
1 mm in diameter.

The tube with an outside diameter of 24.7 mm was constructed from the K18
Iow alloy steel and was centrally located at the fourth row in the array, An arra1,
of 36 electrically heated tubes was placed in the wind tunnel in the 0.27 x 0.30 m
rectangular test section. The heated length of the tube was 0.30 m. Tlre tubes
were mounted in a staggered array with nine successive rows each cotrsisting of
five tubes. The pitch of tubes in direction of flow ^9; and the pitch of tubes in
plane perpendicular to flow ,ST wele: ,Sz, : 0.031 m and ,Sr : 0.05325 m, respec-
tive]y. Tlre air temperature at the inlet arrd outlet of the bundle was measured
with /{-type thermocouples of the diameter of ]_ mm in diameter placed in the
two cross sections of tlre air channel. The Reynolds number was ca}culated ba-
sed on the outer diameter and the maximum air velocity in ttre narrowest cross
section of the bundle. The heat flux on the inner surface of tlre tube Qir, is given
by qłr: Qf (lrd,inH), where Q denotes the electric powel of the resistance hóater
placed inside the tube, di,, is the inner diameter and Il is the heated length of
the trrbe.

-lT__--T-,-, ',==a--'.'_
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The local heat transfer coeffi,cient h(L) is approximated by the following func-
tion

h(L) _ (36)

where ri ate the coefficients to be estimated, .L is the distance from the point 1 at
tlre tip of the fin in the direction of flow (path coordinate along tube) and tr" is
the extended distarrce between points 1 and g in Fig. 3. Figs 4 and 5 show spatial
distributions of the temperature and heat transfer coefficient as a function of patlr
coordinate along the finned tube for two different values of the Reynolds number.
The experiments and calculations were carried out at the following conditions:
Q : 103.9 W, 7t :23.4oC for Re : 47962,
and
Q : 723.5 W, ?t : 29.2"C for Re : \4514,
where Ęo denotes the air temperature. The thermal conductivity of the tube
material was k : 53 W/mK. The unknown coefficients ri,i - 1,... ,5 in Eq. (35)
were estimated using the method II.

The temperature distribution in the finned ttrbe cross section was calculated
using the control volume method. Because of the symmetry, only a half of the
tube was considered. It was divided into 75 control volumes. The following 95%
confidence intervals for the parameters ri are obtained for Re : 47962: rt _
(154.1 *8.3) Wfm2K, 12: (56.4Ł4.I)WflnzK, ra: (1.0tB,5) W/m2K and
r5: (0,97 + 6.7) W/mŻK.

Tlre heat transfer conditions within the bundle are dominated by the boundary
layer separation effects and by the wake interactions. The local heat transfer
coefficient decreases from the fin tip trp to the angular position, 0 = l05o on the
tube circumference (Fig. 5), where the boundary layer separation occurs, then
increases due to the turbulence in the wake. similar results are obtained when
spatial variation of the heat transfer coefficient was approximated by the stepped
furrction.

6. Conclusions

Two iterative inverse heat conduction methods are developed to determine
utrknown distributions of the local heat transfer coefficient on surfaces of arbitra-
rily shaped solids, The distribution of the heat transfer coefi§cient is estimated
by utiiizing temperature measurements inside the solid. The fluid temperature
is also measured. T]re borrndary of the solid is divided into elements, on which
temperatures or heat fluxes are assumed to be constant (method I) or the inverse
heat conduction problem (IHCP) is parametrized by assuming the stepped chan-
ges of heat transfer coefficient or expressing it as a function of space (method II).
The overdetermined IHCP is solved using the linear (method I) and nonlinear
(method II) least-squares methods. The thermal conductivity of the solid may be
deperrdent on temperature.
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Inverse determination of local heat transfer

The uncertainties in the estimated components of tlre heat transfer coefficient
or irr the estimated parameters are determirred for the temperature measuTe-
rnents with known and unknown statrdard deviations. The determination of the
circumferential heat transfer coefficient distributiorr on the heated tube wit}r two
longitudirral fins in cross flow demonstrates the accuracy and the poterrtial use of
the second method.

Tlre main advantage of presented methods is that they do not require any
knowledge, or soltrtion to, the complex fluid flow field.

It should be noted that determining unknown steady distribution of heat
transfer coefficients by trsing the developed methods is inexpensive, since they re-
qtrire only one fluid temperature probe and a few thermocouples for temperature
measulements inside the solid.
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