INSTITUTE OF FLUID-FLOW MACHINERY
POLISH ACADEMY OF SCIENCES

TRANSACTIONS
OF THE INSTITUTE OF
FLUID-FLOW MACHINERY

108

GDANSK 2001



EDITORIAL AND PUBLISHING OFFICE

IFFM Publishers (Wydawnictwo IMP), Institute of Fluid Flow Machi-
nery, Fiszera 14, 80-952 Gdansk, Poland, Tel.: +48(58)3411271 ext. 141,
Fax: +48(58)3416144, E-mail: esli@imp.gda.pl

© Copyright by Institute of Fluid-Flow Machinery, Polish Academy of Scien-
ces, Gdansk

Financial support of publication of this journal is provided by the State Com-
mittee for Scientific Research, Warsaw, Poland

Terms of subscription

Subscription order and payment should be directly sent to the Publishing
Office

Warunki prenumeraty w Polsce

Wydawnictwo ukazuje sie przecietnie dwa lub trzy razy w roku. Cena nu-
meru wynosi 20,- zt 4+ 5,- z} koszty wysylki. Zaméwienia z okresleniem okresu
prenumeraty, nazwiskiem i adresem odbiorcy nalezy kierowaé bezposrednio
do Wydawcy (Wydawnictwo IMP, Instytut Maszyn Przepltywowych PAN, ul.
Gen. Fiszera 14, 80-952 Gdansk). Osiagalne sa rowniez wydania poprzednie.
Prenumerata jest rowniez realizowana przez jednostki kolportazowe RUCH
S.A. wiadciwe dla miejsca zamieszkania lub siedziby prenumeratora. W takim
przypadku dostawa nastepuje w uzgodniony sposéb.

ISSN 0079-3205



TRANSACTIONS OF THE INSTITUTE OF FLUID-FLOW
MACHINERY Appears since 1960

Aims and Scope
Transactions of the Institute of Fluid-Flow Machinery have primarily been establi-
shed to publish papers from four disciplines represented at the Institute of Fluid-Flow
Machinery of Polish Academy of Sciences, such as:

e Liquid flows in hydraulic machinery including exploitation problems,

e Gas and liquid flows with heat transport, particularly two-phase flows,

e Various aspects of development of plasma and laser engineering,

e Solid mechanics, machine mechanics including exploitation problems.
The periodical, where originally were published papers describing the research con-
ducted at the Institute, has now appeared to be the place for publication of works
by authors both from Poland and abroad. A traditional scope of topics has been
preserved.
Only original and written in English works are published, which represent both the-
oretical and applied sciences. All papers are reviewed by two independent referees.

EDITORIAL COMMITTEE

Jaroslaw’Mikielewicz(Editor-in—Chief), Zbigniew Bilicki, Jan Kicinski,
Edward Sliwicki (Managing Editor)

EDITORIAL BOARD

Zbigniew Bilicki, Brunon Grochal, Jan Kiciniski, Jaroslaw Mikielewicz
(Chairman), Jerzy Mizeraczyk, Wiestaw Ostachowicz, Wojciech Pietrasz-
kiewicz, Zenon Zakrzewski

INTERNATIONAL ADVISORY BOARD

M. P. Cartmell, University of Glasgow, Glasgow, Scotland, UK

G. P. Celata, ENEA, Rome, Italy

J.-S. Chang, McMaster University, Hamilton, Canada

L. Kullmann, Technische Universitiat Budapest, Budapest, Hungary
R. T. Lahey Jr., Rensselaer Polytechnic Institute (RPI), Troy, USA
A. Lichtarowicz, Nottingham, UK

H.-B. Matthias, Technische Universitat Wien, Wien, Austria

U. Mueller, Forschungszentrum Karlsruhe, Karlsruhe, Germany

T. Ohkubo, Oita University, Oita, Japan

N. V. Sabotinov, Institute of Solid State Physics, Sofia, Bulgaria

V. E. Verijenko, University of Natal, Durban, South Africa

D. Weichert, Rhein.- Westf. Techn. Hochschule Aachen, Aachen, Germany



TRANSACTIONS OF THE INSTITUTE OF FLUID-FLOW MACHINERY
No. 108, 2001, 5-32

JAROSLAW KACZMAREK!

A nanoscale model of the transformation-induced plasticity

In this paper a nanoscale model of the transformation-induced plasticity i 11’1 a single crystal is intro-
duced. Scale of averaging of physical phenomena, is considered between 10~2 m and 10~8 m. Then,
single martensite variants and interfaces are distinguished in description of the martensitic transformar
tion. Furthermore, single slip surfaces are introduced for the description of plasticity. Modelling of these
phenomena in such a small scale allows taking into account precise interactions between them. The
central part of the discussed model is the free energy. Form of this function is introduced by means
of a set of geometrical objects distinguished within the crystal structure. Conditions for slip initiation
and martensitic transformation are defined with the aid of free energy. Qualitative role of shuffles in the
transformation-induced plasticity is discussed.

1. Introduction

Inelastic behaviour of materials is usually connected with complex physical
phenomena, frequently involved in the atomic scale. Modelling behaviour of such
materials can be realized by means of phenomenological assumptions in an aver-

zed way. On the other hand we could try to describe some distinguished elemen-
tary processes responsible for the inelastic deformation. This leads to complicated
models with considerable number of variables and complex form of constitutive
equations. Such models are characterized by a small scale of averaging,.

State of theory describing the transformation-induced plasticity could be rec-
ognized with the aid of papers [1-7]. Dominant approach is related to a larger
scale of averaging characterized by volume fraction of martensite as a variable.
Description of evolution of this variable is frequently supported by methods of
micromechanics.

In this paper we tend towards modelling the most elementary mechanisms
related to the transformation-induced plasticity. Let us notice that motion of
an interface separating various martensite variants is associated with transfor-
mation of one martensite variant into another. Then, the slip systems are also
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transformed. Therefore, in order to describe elementary mechanisms related to
discussed phenomena, single martensite variants and single slip surfaces should
be distinguished in the framework of the model. Furthermore, modelling of in-
teractions between martensitic transformation and slips needs option of common
scale appropriate for both phenomena described separately.

Let us note that usual crystal plasticity is related to a scale about of 10~6
m. Then, the deformation induced by slips on various slip surfaces can be viewed
as approximately homogeneous and the gradient of deformation associated with
plastic slips is applied in description [9, 10, 11, 8].

Elementary units which define martensite variants have sometimes eighteen
atomic layers [12]. In the case of CuAl alloy, considered in the paper, there are
nine atomic layers [13]. As a result, lower bound related to the linear size of
averaging has to exceed distance defining the martensite unit. On the other hand
distances between single slip surfaces are of the order of 1078 m [8]. Accordingly,
linear size related to volume of averaging connected with the model discussed
should fall between 107° m and 10~® m. This justifies the nanoscale model
name.

The aim of this paper is to provide a nanoscale model of the transformation
induced plasticity in a single crystal for which interactions between systems of
separate martensite variants and slips on distinguished slip surfaces are consid-
ered.

The small scale model of the martensitic transformation which consider sepa-
rate martensite variants has already been discussed in [19]. A model of plasticity
with distinguished slip surfaces has been considered in [15]. In this paper a modifi-
cation of discussed models is carried out in order to join them into one description
of the transformation-induced plasticity.

2. Kinematical considerations

Nanoscale modelling induces a kind of kinematics which is convenient for
description of single martensite variants, evolution of interfaces as well as dis-
placements on the slip surfaces.

The dominant feature which characterizes the martensitic transformation is
a shear strain [16]. Martensitic transformation is initiated when a corresponding
critical shear stress is exceeded. In order to distinguish the characteristic shear
strain, we introduce here shear systems in the austenitic state of material. The
I-th shear system is represented by a pair of orthonormal vectors dj,, o =
1,2, I € Isy. The set Igy consists of indexes which determine all distinguished
shear systems related to all variants of martensite.

We denote by E the set of all Lagrangean strain tensors e expressed in a given
base b = {b;, b, bs}. Measure of the shear strain in I-th shear system is given
by

erig =dpiedrs . (1)
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Let us notice that a critical parameter for initiation of slip is also a shear
strain. Therefore, we introduce additionally the slip systems determined by a
pair of unit and orthogonal vectors {m,, n,}, @ € Isy. Then, the shear strain
related to the slip system is given by

€amn = M€y . (2)

Difference between the shear system and the slip system rests on interpretation
of phenomena after exceeding the critical strain. The martensite appears in I-th
shear systems after exceeding a critical shear strain e};, and the strain ey is
further developed. The strain eqmy, is determined in an elastic region only. After
exceeding a critical strain of this kind, the situation changes qualitatively since
the slip appears. Slip on a slip surface is connected with displacements defined
on a discontinuity surface. This is entirely different kind of deformation measure.
Then, the measure of strain eymn is not interpreted in the slip system {mg,, ny}
if exceeds the elastic region of austenite.

Summing up these considerations, we see that the Lagrangean strain tensor
is a convenient deformation measure in elastic domain of austenite. Then, we are
able to express characteristic strains corresponding to initiation of the martensitic
transformation or plastic slip. Elastic domain for austenite is expressed as a
subset A C E and is characterized by property that boundary 0A determines
conditions for initiation of the inelastic phenomena. Furthermore, we introduce
elastic domains of martensite Mx C E in a similar way as A, and the spinodal
region S C E placed between elastic regions.

The tensor e is not considered as a full measure of deformation associated
with the martensitic transformation. Next components have to be adjoined. In
order to justify this point of view let us consider the behaviour of CuAl alloy
structure during the martensitic transformation. This alloy has representative
properties corresponding to a large class of shape memory alloys. In particular,
it is shown that shuffles [17, 16] which are small and usually are neglected, have
a qualitative meaning in the description of TRIP.

" The martensitic transformation in CuAl alloy is realized in three stages [18].
Extension along the Bain axis allows attaining the Bain strain which gives condi-
tions for activation of micro nonhomogeneous shear. The shear occurs on one of
four base planes and is connected with nonhomogeneous shifts of atoms from po-
sitions predicted by e. We obtain then four kinds of structures. Each of them can,
subsequently, rotate towards two possible habit planes. Thus, the Bain strain,
micrononhomogeneous shear and internal rotation create three stages realized
within each shear system.

Directions of micro nonhomogeneous shear for this structure are defined by
dja, where I = (if), a = 1,2. (ij) define plane spanned on b;, b; in which
the shear takes place. The vectors dj, are defined by the formula d(j, =
22(b; + (-1)°b;).

" We have introduced a system of multiindices associated with stages of de-
velopment of the martensitic transformation. The first one is L= {4/ next
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ones are J = (I, ) related to directions of micro nonhomogeneous shear and
K = (J,) = (I, , B) related to internal rotations. I is defined byd =1, 2,80 5
J» @, 8 =1,2. The set Ix contains all multiindices K which define all martensite
variants [19].

Two different micro nonhomogeneous shears in the same shear system have
the same strain expressed by the strain tensor. They differ by small displacements
of atoms called shuffles. Shuffles are associated with a complex crystal lattice.
Discussed here CuAl alloy has a complex crystal lattice. This gives an opportunity
for using a description characteristic for a multicomponent body and to obtain
by this shuffles.

Modelling of multicomponent body requires several deformation functions. In
our case these functions are associated with sub-lattices. Thus, let x, Yy, AEA
be the deformation functions accompanied by separate sub-lattices. They are
related by the formula

Y)\:X”*'&)\, (3)

where x corresponds to a specific sub-lattice and & » are relative displacement
vectors considered as independent variables.

Shuffles accompanied by micro nonhomogeneous shear are observed to appear
in dy; or djy direction in the I-th shear system. The vectors dji, dyy can also
be considered as material directors which deform as d’Ia = Fdy, for @ = 1,2,
where F is the gradient of deformation related to x. We assume that €, = wyd
or £, = wyd},. Then, for instance for & = 1, we obtain &, = wy\Fdj;. Putting
W) = wydy; we have €, = Fw,.

The gradient of deformation transforms orthonormal vectors d;, into df,
which are usually not orthonormal. In some cases, it is convenient to assume
approximately that d/, = Rdj,, where R is a rotation tensor which appears in
the polar decomposition F = VR [23]. Taking into consideration (3), we can
also write that yy = x + Fw), ~ x + Rw,. Let us notice that the approximation
Fw) ~ Rw), is not a constraint imposed on the gradient of deformation but on
the relative displacement vector £,.

Finally, we have introduced components of deformation measure represented
by vectors wy which describe shuffles related to micro nonhomogeneous shear.
Then, we use one deformation function x only and w S

Next components of deformation measure are related to rotation towards the
habit plane. This rotation is caused by forces in the material, which act in order
to fit together the austenite and creating martensite variant. The habit plane
is a plane where the mentioned structures are fitted together and which is un-
deformed. We may say that the austenite attracts a creating martensite variant
until this variant takes appropriate, energetically most advantageous position in
the crystal. This attraction is accompanied by two habit planes related to deter-
mined hitherto two first stages of martensitic transformation in CuAl structure.
Thus, a bifurcation process related to the internal rotation has to be modelled.

Special variables ag, 8 = 1,2 based on material directors, are introduced in
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order to describe internal rotations. Let p; and p3 be a pair of material directors
which lie on a habit plane. They are transforming as pb = Fpg, 8 =1,21in
accordance with acting of the gradient of deformation.

Considered variables are defined by means of expression

ag=R™'(F-R)pg = (R7'F - 1)pg, (4)

where R is an external rotation.

Internal rotation is introduced as a part of F. The gradient of deformation
can be expressed as F = FC"F*F¢* where F® corresponds to attaining A, F*
and F¢™ are realized in the spinodal region and in domain of elastic martensite
correspondingly. Let F** = VR and F* = R*U?®. If deformation is in .S domain
then ag is expressed as

ag =R (R*U*VR - R)p; . (5)

It is assumed that the internal rotation R is identified with R®. It means that
this rotation appears in the S domain only. However, precise definition of internal
rotation is possible if we know the form of free energy exactly.

Let us note that the definition of variables ag depends on the selection of vec-
tors pg. In the simplified case it is possible to take into account one director lying
on the rotation axis of the martensitic structure. This axis can be approximately
considered as unchanged with respect to austenite. In this case, behaviour of the
second director describes rotation and hence the number of variables is reduced.

Kinematics introduced above is in accordance with the well known in material
sciences, WLR theory [20]. Theory which considers separate martensite variants
is also discussed in mechanics in [21, 22].

Shuffles introduced by means of the relative displacement vectors are usually
neglected as small in description of the martensitic transformation. However, they
have qualitative meaning in description of TRIP. Firstly, they undergo bifurcation
w — w' or w — w”. Secondly, positions of habit planes depend on kind of w
developed. Thus, we have two possible habit planes after the bifurcation for
structure determined by {e;12, W'} and two other habit planes for {er12, w” ¥
means that the internal rotation R! depends on wy. In particular, slip systems
defined in martensitic structure depend on R! and finally on w,. This induces
qualitative role of shuffles for TRIP.

We assume for simplicity that wy and internal rotation R’ are developed in
the spinodal region S. After exceeding some critical shear strain in austenite,
the deformation is continued through S and finally the elastic domain My of
martensite is attained. We assume general form of decomposition of domain of
the free energy into disjoint sets as D = AUSUyx My C E, where A stands for
elastic domain for austenite, M is elastic domain for K-th martensite variant
and S is the spinodal region. They will be defined more precisely in the next
section. : <

The set S plays a special role. Its boundary S determines critical conditions
for initiation of martensitic transformation or slip. Thus, we distinguish some
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subsets 95 = 054 Uy 0Sk, where 854 = 0A, 0Sk = 0Mg. Furthermore, 0S4
consists of the following parts

0S4 =851 u| JaSa (6)
7 [e4

OS7 is a criterion for initiation of martensitic transformation in /-th shear system
and 85, is responsible for initiation of slip in the a-th slip system. Similarly, we
introduce also a partition

aSK=U85KK/UBSKAUUBSKﬁ, (7)
K’ B

where Sk determines conditions for initiation of transformation of K-th into
K'-th martensite variant, 0Sg 4 determines initiation of K-th martensite variant
into austenite and 0Sgkg initiation of slip in B-slip system determined in K-th
martensite variant.

At this moment we consider also additional elastic regions Mg. As a result
we have to define slip systems and critical strains for slip initiation in this part
of domain.

Let ex = %(F%F k — 1) stand for the strain tensor corresponding to equilib-
rium of K-th variant of martensite. The strain tensor e is defined with respect
to undeformed austenite configuration. Slip systems in K-th martensite variant
corresponds to strains ex = %(F:'[;F k — 1) defined with respect to undeformed
martensite. On the other hand we would like to consider common strain measure
e on the whole domain. Let

1 s cone
e= 5(FTF —-1) = i(FﬁF};FKFK —1) =

iz 1 1
= P} 5 (FkFx — 1)Fx + 5 (FkFx — 1) = FiéxFx +ex . (8)
Consequeﬁtly,

sk = (FR) (e — ex)Fy (9)

expresses €x with the help of known ex and varying e referred to equilibrium
state of austenite.

Let {mgg, ngg}, B € Isrk represents set of slip systems defined in Mk.
With the help of (9) we define shear strain in the §-th slip system as

expmn = mgp((Fk) " (e — ex)Fx )nkgs . (10)

Thus, we are able to define the critical strain condition for initiation of slip by
means of (10) which is expressed with the help of strain tensor e considered with
respect to undeformed austenite. Then, 0Sk can be determined.
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Transformation of K-th martensite variant into K’-th one is connected with
several shear systems. Therefore 0Sk k+ cannot be expressed with the help of one
shear system. As a result, a more general situation should be considered. Let us
notice that shear system generate a one-dimensional path parameterized by ey
in E. We could generalize this fact into more general one dimensional path.

Let G(K, K') C E be discussed path which join equilibrium states of K-th and
K'-th martensite variants. Then, the critical condition related to Sk ks would
be defined by means of G(K, K’). This will be discussed in the next section in
more detail.

Kinematics related to slip has different character. Measure of slip is connected
with discontinuity of deformation function y on the slip surface within this model.

The slip surface S consists of two material surfaces ST, S~ of two parts of
the body which are in contact on §. Consequently, two deformation functions
xT and x " related to parts of the body on the ”+” and on the ”—" sides of S are
considered.

Let us introduce a point xg(t) = x (X, t) € S~ for which displacements
related to slip will be discussed. With the help of the introduced relation we
obtain X~ = (x;7)"!(x5). We assume that the reference configuration is chosen in
order to fulfill the condition x (X, t) = x~ (X, t). Then, the slip displacement
is defined as

us(xg(t+s)) =x"(X", t+5)—x (X7, t+3). (11)

Above introduced assumptions follow that ug(xg(t)) = 0. Let us note also that

dug = X""(X—, t+ds)—x (X7, t+ds) =

S PRH Bainene Yo aidos RS
= E——ds — E—ds =(VvT(X",t)—v (X7, t))ds . (12)
Consequently, we have
d—;; SR N (X ) el (13)

Thus, s(xs) stands for the velocity of slip in the point xg.

3. Free energy

Presented in the paper model of the transformation-induced plasticity is char-
acterized by possible existence of slip surfaces S. Discontinuity of deformation
function is the main feature of these surfaces. The three dimensional Lebesque
measure 4(Ug(S)) of all surfaces in B is equal to zero. It means that almost whole
body is considered as a material, in which no slips occur. Then, the physical role
of slips is transmitted to parts of the body without any slips, by surface conditions
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as a kind of the boundary conditions. Such a situation brings about the treat-
ment of description of the martensitic transformation as of the first rank. Slips are
viewed to be higher stadium of deformation. Then, for this small scale approach,
the free energy F' has to comprise conditions for which slips are initiated.

Role of defects and dislocations are taken into considerations in the free energy
in an averaged form by appropriate densities considered as internal state variables.
They can affect realization of slip process. Consequently, the whole approach to
TRIP is concentrated around the free energy formulation.

The free energy function related to discussed small scale of averaging will be
introduced with the help of the following program:

1. The skeleton of the free energy is based on geometrical objects distinguished
in the crystal structure of austenite and martensite.

Geometrical objects related to the structure of austenite are:
— Bain axes,
— six different base planes in undeformed state of austenite,
— twenty four habit planes,

— directions of micro nonhomogeneous shear which define a set of
shear systems,

a set of slip systems.

Geometrical objects related to the structure of martensite are:
— slip systems,
— paths of martensite-martensite transformation, habit and twin
type interfaces.

2. It is assumed that elastic properties of austenite and martensite are known.
The free energy is defined in the neighbourhood of equilibrium of austen-
ite and martensite as a positive definite quadratic form with appropriate
symmetry properties.

3. The boundary of elastic range for austenite and martensite are given as
five-dimensional hypersurfaces in the space of strain E. On these hyper-
surfaces the phase transformation is initiated. Determination of these sur-
faces is introduced with the aid of shear systems, slip systems and paths of
martensite-martensite transformation.

4. The main idea of shaping of the free energy relies on the expression of the
graph of free energy as a fiber bundle spanned on the geometrical skeleton
introduced.

5. The first stage of construction of free energy consists in defining its part
which depends mainly on the strain tensor.

6. The second stage is connected with introducing relative displacement vec-
tors in order to describe evolution of shuffles.



A nanoscale model of the transformation-induced plasticity 13

7. The third stage consists in taking into account internal rotations towards
possible habit planes.

8. The last stage consists in introducing higher gradients of deformation based
on hierarchy of distinguished directions in the crystal structure.

9. Dependence of free energy on temperature and densities of inhomogeneities
is introduced by plotting separate elements which define graph of free energy
with these variables.

We have discussed miscellaneous components of the deformation measure.
The Lagrangean strain tensor e is the main part of it. This measure is considered
within domain divided on parts £ = AU SUUx Mk.

Let 52
J2
F;. = ——+(e).
ijkl (e) aeij 8€kl (e)
We define domain of elastic austenite as
A={e: Fijni(e) >0, 1(0, e) C A}, (14)

where Fijii(e) > 0 means that the matrix Fjjy represents a positive definite
quadratic form and {(0, e) stands for segment with ends 0 and e.
The domain of elastic martensite My is defined as

Mg = {e : Fijkl(e) >0 l(eK, 6) @ MK} y (15)

where e is the strain tensor corresponding to equilibrium martensite. Accord-
ingly, the set S is related to non-positive definite quadratic form Fjj;.

The starting point for determination of the free energy on the domain A is
the positive definite function

Fa = cijrieijer - (16)
This function describes elastic properties of austenite in the neighbourhood Uyx
of 0 € E, Uy C intA. Function of this kind cannot be valid on the whole domain
A since the quadratic form represented by Fijkl has to be semipositive definite
on A = 8S4. It follows that F4 should be modified on the domain A — Uy in
order to change continuously its properties.

Thus, we have shown that there exists necessity of defining 9S4 in the first
place, as an important element of the geometrical skeleton of free energy con-
structed.

Let us introduce the set of hypersurfaces P; C E defined by the following
formula

0 OF

P] = {e 5 86112 (d]:[%

dpz) = 0} (17)

and P, C FE defined by
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0 oF
Po— et i (ma%na) =0}" (18)
We define the set
E.o=1e"eg —{ep;l —{p0;}, e—heg, hE R p7 Uf, (19)

where p is a constant.

We assume that Py N L. = 0, P, N L, = 0 for each I and . Formulas (17)
and (18) define the set of conditions imposed on the free energy. In general we
assume that the form of P; and P, is known or postulated. Let us also introduce

the set
Pa=JPru|JPe.
A a

Let
ep € Eand |lepllg =1

determine a direction in the space F. Let us also define the set
[ep] ={e: e=aep, a € Ry}

The set of all [ep] is denoted by Kp. With the help of above defined sets we
introduce functions
agq : ep] — Ry
defined by
ag(e) =a, e € [ep], e=aep

and ay : Kp — R4 defined with the help of the formula

aa(lep]) = inf{as([ep] N P4)} - (20)

By means of the last function we define 0S4 as

0S4 ={e: e=aep, a=axs(lep]), |lep|l =1} . (21)

Consequently, the remaining sets distinguished in the framework of 954 are de-
fined as follows

8S; = 0S4 NP;, 0Sa=08S4NP,. (22)

We assume furthermore that there is an accordance between definition of the
slip system and postulated 0S,. This accordance is expressed by the fact that
08, are defined exactly by slip systems {m,, n,} which are present in (18).
Similar remark is valid for shear systems and 0.5].

Form of the free energy corresponding to discussed here martensitic trans-
formation is introduced usually by means of polynomial expansion [24]. In this
paper we try to concentrate on characteristic features of this function, responsible
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for important physical effects. This is done by means of introduced geometrical
skeleton. The set 0S4, for instance, is an element of this skeleton which ex-
presses physically important aspect of initiation of transformation. Therefore,
0S4 should be postulated. Then, approach which uses polynomial expansions
should approximate precisely form of 8S4. This leads usually to very high degree
of these polynomials. In order to escape this difficulty we use fiber bundles as
a generalization of the Cartesian product [25]. Consequently, the graph of free
energy is considered as a fiber bundle spanned on the geometrical skeleton. We
discuss one coordinate representation. Then, the structural group consists of one
element only.

First we will express the domain A as a fiber bundle. Let A; : E — E be
mapping which transforms the strain tensor e in a given basis b into the strain
tensor ey expressed in the basis

dr = {d1a, d51 x d2}
and A, : E — E, transforms the strain tensors into e, expressed in the basis
{miy, Ny, My X Ny},
Let us introduce sets
Nra={e:0<ena < e}y, e = 0},
Nis = {e:el5 < ena < effs, e = 0},
Niv = {e:efj; < ena < ex12, erm = 0},

N;=NraUNisUNrpy.

We introduce also the set
Ny = {e : 0< eamn < ezmn; €aij = O}

as a result we define
e; = Ar(NrnNdSa),
e = A;(NrNdSk),
e, =Ay(NaNOSa).
Let

har(eriz) : 8Sa — f(enz2), erz2 € Trao={enz: 0<ena <ejp}

be a family of homeomorphisms. The set

U flenz)u{o}=4

er12€Tr 40
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represents decomposition of the domain A, and the following condition is satisfied

- f(er2) N f(e1g) = 0 for €15 # €15 € Tr 4o

Then, N, = Nra — {0} can be viewed as a basis of the fiber bundle and f(es12)
are viewed to be fibers. Finally, the domain
A= U f(ejlg)U{O} =No X BSAU{O}

er12€T1 40

is expressed as the fiber bundle or generalized Cartesian product of N, and 0S4.
The graph of the function F' is considered in the space E x R. Let us introduce
the following sets in this space

Bra={bra: bra = {e, Fa(e)}, e€ N1a},

BQA 2 {EQA : EOZA = {ea FA(B)}, ec NaA}
and

Fys, = {{e, Fa(e)}: e€ 8Sa = f(e}12)} ,

Ff(enz) T {{e: FA(e)} iele f(e_rlz)} :

At this stage of considerations we express the graph of the function F as a
fiber bundle. Thus, we have

GrFa= |J Fyeps) = Bra x Fos, (23)
ecN,

with projection in the bundle
7T(Ff(euz)) = {e, Fa(e)} € Bia,

(Ar(e))12 = ena.

F4 can be expressed alternatively by GrF4 = Bya X Fys, by assumption.

The function F4 expresses elastic properties of austenite for e € U4 and has
to be modified on A — U4 in order to gradually attain appropriate properties
on 954. Concept of this modification consists in adding a correction function C
determined on A — U4. Accordingly, the modified function F4 takes the form

S 07 e€ Uy
FA_{FA-FC, ec A-Uy - (24)

The graph of the function C is defined as follows
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{e, 0}, ecUp, enia <eérig=Ar(NranNdUgy)io
= = & ] 2
s { {e, Cepp(@)}, e€ flenz), enz <ena < €r12 (25)

We assume that the following conditions are fulfilled by the modified function

9*(Fa+C)

= N, 26
31’12(6[12) (e)=0, e€ dS4N Nyga, (26)
?(Fa+C)
m(e)—o, eEBSAﬂNa, (27)

where 6n2?:m), aHZ(‘Zm) represent differentiation in tangent to Ny4 and N,

directions in the given point € € 054 N Ny4 or e € 854 N N, respectively.
Furthermore, Fy; 1 is semipositive definite on the whole 05y.
Let

Bia = {bIA Ehya— {e,FA(e)} etE N[A},
Fileny) = {{e,(Fa+C)(e)} : e € flena2)},
Fas, = {{e,(Fa+C)(e)}: e € 0S4}

Then, the graph of the function F4 can be expressed as

GrFy = By x FBSA = U Ff(em)'
eEN,

Similar construction will be carried out for free energy function determined
on the domain Mp. Situation becomes more complicated since criteria of deter-
mination of Sk are not so clear. We have assumed that Sk is determined with
the help of its general form given by (7).

We define the set Lg. accompanied by isotropic part of strain of K-th marten-
site variant as follows

Lkc= {e: épkij = pdij, €x = képk, p # 0} . (28)

Determination of Pkg is related to slip systems {mgg, ngg} introduced for
K-th variant of martensite and the strain éx defined by (9). Consequently, we
introduce the following definition

0 oF
PKﬁ = {e : 86Kﬁmn (mﬁ O0éx

ng) =0} . (29)

The hypersurface Pk 4 related to path connected with K-th martensite variant
to austenite transformation is defined with the help of shear systems introduced
for austenite as
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Pra={e: ai(dn(RK)QEdm(RK)) =0}, (30)
er2 Oe
where R is internal rotation accompanied by K-th martensite variant. Thereby,
we have admitted that the shear system {dj1, d;2} undergo internal rotation for
deformation exceeding range of elastic austenite.

Above discussed hypersurface is defined in the same way as (17). Pk 4 contains
A7Y(er*) while P contains A7 (e?) as critical values of strains.

As it was discussed previously, there is also possible transformation of K-th
to K’'-th martensite variant. However this does not happens in one slip system.
Therefore, we define first a one dimensional path G(K, K') C E which join equi-
librium states of martensities determined by ex and eg:. We try to define Px -
with the help of G(K,K'). We introduce some simplified assumptions. First,
Pxi is flat and it is a five dimensional hyperplane.

In considered case Px is expressed in a general form as follows

PKK/ = {e : ‘D'LJe'LJ -+ Do — 0} . (31)

We have to determine six coefficients D;;. There are some premises in order
to do it. First, Prxx||Lk. which gives one equation related to D;;. It is expected
that a value e* € G(K, K') N 0Sk is attainable by experiments for well defined
path G(K, K'). Other constants could be a result of analysis of transversality
conditions between G(K, K') and Pk in the point e*.

Let us define the set

Pk = UPKB UPka UUPKK'
B K’

by analogy to considerations related to austenite.
In order to define 0Sk we introduce the function

ax ([€xp]) = nf{aa(léxp] N Pk)} - (32)

Finally
0Sk = {e: éx = aékp, a = ax([éxp]), ||éxpl|| =1} (33)
and

(95’]{5 = 05K OPKg , OSKA= 0Sx N Pra, OSkrr = 0Sk N Prx - (34)

At this moment we are able to introduce procedure of defining graph of free
energy on Mg domain by means of fiber bundles. Let

NﬂK = {e ? 0 S eKﬁmn S e;{jmr:}'
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hi(exgmn) : 0Sk — f(expmn), €kpmn € Tko
be family of homeomorphisms and
NKo = NﬁK = {OK}.

Then,
e U f(expmn) U{0k} = Nko x Sk U {0k}

EKBmn €Tk,

is expressed as a generalization of Cartesian product of Nk, and 0Sk.
We introduce the function Fx = ckijré€kij€xk which describe elastic prop-
erties of K-th variant of martensite in the domain Uk, O € Uk C intMk.

BﬁK = {EK 3 EK = {e, FK(G)}, e e NﬂK} ;
F’asK = {{e, F’K(e)} : e € 0Sk},

Ff(eKﬁmn) = {{e1 FK(G)} e f(eKﬁmn)} .
With the help of these sets we define the graph of Fy as follows

GTFK = U Ff(eKan) = BﬂK X FBSK & (35)

eENk,

Next stage of defining of Fi consists in modification F on the domain My —
Ugk. This is carried out in similar way as for austenite by

o f B, eec Uk
FK_{FK+CK, ee My —Ug ' 159)

where the graph of the function Ck is defined by

ool ec Uk
GTCK = { {e’ CK(e)}a ec f(eKﬁmn)a éKﬂmn = EKBmn < e;(/jmn - (37)

We assume that Fj satisfies the following conditions on 8Sg
0*(Fx + Ck)
on?(ex gmn)

62<FK + CK)
8n2(eK12)

(e) =0, eE@SKﬂNﬂK, (38)

(e)=0, e€ Sk N Nim , (39)



20 J. Kaczmarek

0*(Fk + Ck)
o2 (G(K, K))

Furthermore, the quadratic form Fpyjp is semipositive definite on the whole

() =0, e € 8Sx NG(K, K") . (40)

domain 9Sk.
Let
Bg = {bK g = {e, FK(e)}, elc N,BK}a
Ff(eKan) = {{e’ <FK + CK)(G)} . € e f(eKﬁmn)}
and

Fas = {{e,(Fx + Ck)(e)} : e € 0Sk}.
Finally, the graph of free energy Fx on the domain My is defined by

GrFx =Br X Fose = | Fiiexpmn)

eENk,

The form of free energy function Fg defined on the domain S is less precisely
determined. It follows from the fact that we have not too many detailed informa-
tion on this subject. Therefore, we assume only general properties for this part
of the free energy. Thus, we assume that the following conditions are fulfilled by
this function:

Fs|n;s = Brs, Fslos, = Falosa: Fslosxy = Fklosy,

8FS 8FA 8Fs 3F K

IBSA UL IBSA) |3SK N IGSK,

0%Fs 0%Fy 0%Fg 02 F

9696/754 = 3606 954" Fedel?Sx = Page 05k »

where Brg should be postulated.
Finally, the part Fg of the free energy, which depends mainly on the strain
tensor e, has the form

(41)

Fa, ecA
Fg, e€ef

The formula (42) determines form of the free energy which describes the case
when austenite and martensite can coexist in equilibrium states. However, if
temperature increases we obtain pseudo-elasticity phenomenon. Then, we have
to maintain stress in order to observe stable martensite. It means also that no
martensite exists if stress is equal to zero. Further increasing of temperature leads
to elastic austenite only. On the other hand, decreasing of temperature brings
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about vanishing austenite state. Then, elastic martensite variants exist only.
Dependence of the free energy on temperature should reflect above mentioned
changes.

This discussion shows that temperature changes follow vanishing austenite
states or martensite states. This induces, in turn, remark that behaviour of 0S5
during temperature changes is of particular importance for modelling.

In general, dependence of F' on temperature is introduced by ¢;;x1(T"), ckjint(T),
C(T), Cx(T), Ua(T), Ux(T) and 0S(T).

Let us discuss possible behaviour of S during temperature changes with spe-
cial regard to its decomposition on subsets. For stable austenite and martensite
we have

S 4= U@S{UU@SQ
T a

and

8Sk = | J0Skp U 8Ska U JOSkKk:
B K!

If temperature increases the free energy is transformed and describes pseudo-
elasticity. Then, Sk 4, OSk k' exist. However, there is no strain e € Mg so that
%—Z(e) = 0. It means that there are no martensite in equilibrium. External stress
is necessary in order to maintain martensite.

The question is what kind of changes is related to dSk 3. Martensite in pseudo-
elastic state, maintained by external stress differs to some degree from stable
martensite. We could suppose, perhaps, that these differences change distribution
of slip systems. We should admit possibility of slip for nonequilibrium martensite.
Then, the stress should have two parts. The first one would maintain martensite
and the second one would induce slips. Thus, 0Skg has to be defined for stress-
induced martensite.

Further increasing of temperature leads to vanishing Sk and changing struc-
ture of 0S4. Then, we have 0Sx = 0 and 0S4 = Ugyey,, 055", where e rep-
resents set of indexes defined for all slip systems of elastic austenite and 0Sg*
are domains on which initiation of a-th slip appear. No part of 054 related to
martensite exists.

If temperature decreases, the elastic domain A of austenite is gradually shrinked.
This is connected with part of 85 defined by |J; Sr mainly since decreasing of
temperature makes easier martensitic transformation. Shrinking of P consists
in their gradual approach. As a result, the domain A reduces to (\; Pr. Then,
metastable austenite appears. The shrinking is not connected with P,. Finally,
0S4 is transformed to the form 0S54 = N; PruUlU, 053¢, where 0S3'* represents
critical condition for slip in a-th slip system for metastable austenite.

This kind of slips is not attainable physically. Metastable austenite is an
atomic structure which have an excess of free space around atoms. Therefore
it transforms to martensite. Generating of slips in such a structure destroy its
metastable state immediately.
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Slips do not affect directly the crystal structure by assumption. However,
they generate inhomogeneities described by p. The free energy is plotted with
this variable by ci;ki(p), cxjiri(p), C(p), Ck(p), Ua(p), Uk(p) and 8S(p). Pre-
cise model of these dependencies is much more complicated than dependence on
temperature. In particular, by special modelling of 35 possibility of realization
of the martensitic transformation can be destroyed. It changes also slip systems.

Next stage of defining of the free energy consists in considering shuffles mod-
elled by means of relative displacement vectors as independent variables.

Introduced here shuffles have qualitative meaning in description of the trans-
formation induced plasticity. First, they can bifurcate. As a result various
kinds of w are active. Then, internal rotations dependent on w) create struc-
tures with considerable different slip systems. Consequently, the slip systems
{mgg, ngg}(wy) are dependent on shuffles.

There are also more complicated situations related to shuffles. With the help
of vectors w), the two path martensitic transformation is described [14]. This
transformation happens in CuAlN4 alloy [12] and is accompanied by pseudo-
elastic 7' martensite behaviour. During increasing of applied stress 4/ martensite
transforms to ' and further to a phase. If applied stress is decreased then the
phase « returns to 4/ through 8" type of martensite different than §’. Difference
lies just in kind of shuffles which describe 8’ and 8" phases.

We have previously discussed possibility of slips in pseudo-elastic stress in-
duced martensite. In the case of two-path martensitic transformation we have
different stress-induced martensities. Then, history of applied stress can lead to
different conditions for slips. They depend just on shuffles.

Our considerations connected with shuffles are based on CuAl structure.
Then, the shuffles appear in two possible directions dj; or dj3 in a given I-th
shear system. As a result of this, a bifurcation process related to shuffles should
be modelled.

Let wy, A € A be the A-th relative displacement vector which can appear in
the I-th shear system. Let us introduce also a function Cy(z), @ = 1, 2 which is
symmetric, positive, and C,(0) = 0, ‘9—5’;1(0) =0 and %ZOQQ‘(O) > 0. This function
has one minimum in z = 0 and for increasing z it increases up to a certain
determined value.

Properties of the functions C,, allow to model the bifurcation of relative dis-
placements. This is realized by means of the following function

My = C1(wadly)(wad])? + Ca(wad]y)(wadly)? . (43)

Evolution of the relative displacement vector w) is realized in two possible domi-
nant directions d}; or d},. Evolution along d, generates strong energetic barrier
for evolution in d}, direction and inversely. Micro nonhomogeneous shear is char-
acterized by collective development of the whole group of vectors wy, A € A in
the same direction. Therefore, we introduce constraints which allow to develop
all wy in the same direction after the bifurcation.
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The functions introduced above describe a process of collective evolution of
relative displacement vectors in two possible directions. During evolution of
wy, A € A, different arrangements of these vectors appear. Above discussion
does not provide appropriate justification for considering separate evolutions wy
for different A. However, special arrangements of these vectors lead to two-path
martensitic transformation. This previously discussed phenomenon occurs, for
instance, in CuAlNi alloy. During loading and unloading, vectors w) change in
two different ways. Then, different stress-induced phases appear. They can be
distinguished only by positions of the relative displacement vectors. Possibility
of modelling such a phenomenon gives the following function

My = ¥(ax(eri2) + wy) — falerz)(ax(enz) +wy) , (44)

where wy = |wy|. Form of this function allows to model the evolution of wy by
dependence on ey and by control positions of minima of the introduced functions
with the help of ay and f).

The part of free energy which describes shuffles is finally suggested in the form
Fygy =Y Mn+> My, (45)
A A

where J = (I, a). The function (45) allows to model large variety of particular
phenomena related to shuffles.

We have introduced e and w) as components of measure of deformation.
Twelve kinds of structures can be created by six kinds of e related to shear
systems and two kinds of w) obtained by possible bifurcations.

The free energy depends also on internal rotation of created hitherto struc-
tures. There are two habit planes for each of them. Thus, bifurcation process
is related also to internal rotation. Dependence of free energy on R! is intro-
duced by means of additional variables introduced by (4) and based on material
directors. The material directors px,, ¢ = 1,2, determine positions of habit
planes.

Internal rotations are accompanied by transformation of austenite to a marten-
site variant. Furthermore, an internal rotation of structure is accompanied by
transition between different martensite variants. We admit that all pairs of
martensite variants can be transformed one into another. However, we have
observed that martensite occurs in self-accommodating groups. Under applying
stress interfaces of twin type or habit type between these variants move. It means
that the dominant phenomenon rests on transformation through mentioned in-
terfaces.

Let us consider first austenite to martensite transformation. To this end the
variables af, are introduced in the following form

akxy =R (F)(F°F* — R™(F**))pxy - (46)
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where F* is the gradient of deformation responsible for attaining deformation
related to 954 in a shear system I C K. Consequently, let us notice that F* is
the only independent variable. Let V; be space of admissible Fs.

Let us define two one-dimensional paths Gyg(eri2), 8 = 1,2, parameterized
by eri2 € Nis. They have the following properties: Gi(eria) = Gya(esi2) for
€9 < lerig < 61}12, where 6?12 is value of the parameter at the bifurcation point.
Thus, GJl(e’}u) = Gj1(e¥,) = B € V,. Then, G; and Gy do not coincide for
erig > 61}12. Introduced paths reflect assumption that internal rotation appears
after exceeding e};, and next can bifurcate towards one from two possible habit
planes. Furthermore, we assume that aj; = 0, aj; # 0 for G s1(e7i,), and
aj1 # 0, aj2 = 0 for Ga(ef;,). The last assumption means that austenite and
martensite are fitted together at the end of each curve discussed on separate habit
planes. Accordingly, the paths G 1, G2 are elements of geometrical skeleton for
constructing this part of free energy.

Let us introduce a function g : Gj3 — R which has the following properties:

L. g(Gni(enz)) = 9(Grz(emns)) for ena € Nis

2. 9(Gnilern)) =0, a—ea,g;(e?m) =0, %ﬁ(e?m) =
3. g monotonically decreases on Nyg ,

4 goks(efts) =0, ZL(efhy) > 0.

These properties prove the symmetry of evolution for two possible internal rota-

tions and attaining minimum for e}},.

Construction of the part of free energy which depends on R is carried out
with the help of idea of expression its graph as a fiber bundle. To this end we
assume that the domains can be expressed as generalized products

Dryg = Gglenz) x Dyp(els) C Vy (47)

and Dry1 N Dprys # 0, ef,ﬁ € (e}12, €375) is a given value of the parameter. Thus,
G is considered to be the basis and D4 a chosen fiber assigned to €3 Basis
of the fiber bundle related to graph of free energy is determined by

bislenz) = {{F*, g(F*)}, F* € Gyp(ena)} . (48)

With the help of two introduced domains we define fibers related to the graph
for each part of the domain as

fislenz) = {{F®, gs(F°)(er12)}, F° € Dyglenz2)}, (49)

where gy is a function with the property infp gr(F®)(en2) = 9(Gjplenz)). In
other words infimum of value of function defining the fiber is attained on inter-
section with basis manifold.
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Discussed part of free energy graph is introduced as

byi(enz) X fri(€pz), F° € Dpy,
F FS) = J1 712 50
a() (F) { bya(erz) x fi2(€p2)s F° € Drys . )

It is assumed that for F* € Dgj; N Dgyo these functions coincide.

Let us consider the transformation of K-th to K’-th martensite variant. Then,
we have discussed two cases related to transformation through habit type interface
and twin type interface. The same kind of variables ag, is applied in both cases.
However, critical conditions are accompanied by gradient of deformation Fe¢™
attaining 0Sk in martensite. Therefore, ag,, is assumed as’

aKp 5 R—l(Fem)(FsFem bt R_I(Fem))pkﬂ . (51)

where px1, Pxa represent common habit plane on which considered martensite
variants are matched.

Let us consider path Gg = S N G(K, K') associated with transition through
habit type plane and parameterized by parameter s. Then, we introduce function
9(Gr(s)) for s € [s*, s**] defined by conditions similar to 2-4. The first condition
is omitted since one path is considered in this case.

The domain of F*® € Vy, is expressed as

P = GH(S) X DH(S/) C - Virs (52)

where Dy is a chosen fiber and s’ € [s*, s™*] takes a given value. Basis of the
fiber bundle connected with graph of free energy is constructed as

bu(s) = {{F°, g(F*)},F° € Gu(s) } . (53)
The fiber related to the graph is determined by
fu(s) = {{F®, g¢(F)(s)}, F° € Du(s)} 34

by analogy to f3.
Consequently, considered part of free energy is determined as a generalized
product in the following form

Friy(F®) = b (s) x fu(s') (55)

for a given value of ' € [s*, s**].

Generalization of these considerations into K — K’ transformation through
twin plane is immediate. Then, material directors px,, are replaced by t7, which
determine the twin plane. Then,

Frer)(F*) = br(s) x fr(s') (56)

is defined by analogy to (55) by replacement of H by T in all definitions applied.
Then, F* € V..
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Considerations related to small scale are inherently connected with possible
nonlocal effects. Then, interfaces are considered with a ”thickness” generated
by higher gradients of deformation terms. On the other hand, introducing of
slips on discontinuity slip surfaces is accompanied by generating dislocations and
defects. Such phenomena easily destroy fine structure of well organized material.
Consequently, we have to model fine structure with the help of higher gradients
- and simultaneously have to introduce model of destroying this structure by slip
generated inhomogeneities.

Let us consider a concept of introducing higher gradients of deformations by
means of hierarchy of distinguished directions in the crystal structure.

Let ¢ be a field defined in the three-dimensional space. Let furthermore, three
linearly independent directions {r, s, t} be distinguished in this space. The
directions have hierarchy determined by their sequence. The first two determine
a plane and distinguished directions on it. Let us consider an example of free
energy in the following form

Fy = Cr(De$)* + Cs(Df9)(Ds9)? + Ci(DE@, Dyg)(Di)” . (57)

Properties of functions Cs(DE¢) and Cy(DF¢, DL¢) determine behaviour of field
¢. We assume that the function C; is symmetric, positive, has maximum in 0
and tends strongly to zero if argument increases. The function C} is defined on
the plane as positive with maximum in (0, 0) and tending strongly to zero with
increasing distance of point of its domain from (0, 0).

If D¥¢ is big sufficiently then C; and C; vanish and propagation of ¢ in r
direction takes place. This happens since gradient dependence in r direction ac-
celerates equalizing field in this direction. Then, D¢ becomes gradually smaller.
As a result activity on s direction increases until Dg¢ becomes sufficiently small.
Then, motion of the whole surface becomes more active.

This idea is introduced in order to underline fact that crystal structure is
felt by the model. The habit and twin interfaces are observed to be flat. Thus,
curvature induced by stress has to be leveled with perception of directions. In
some cases fracture of interfaces is observed [26]. Evidently, evolution of such
process has connections with distinguished directions.

Let us introduce a function p(X) = {kg, lx, vk} which assigns a triplet
of vectors to point X by recognition of state of deformation measure in a neigh-
bourhood of this point. Vectors kg, lx represent distinguished directions on the
habit plane HPk. Let, furthermore, M = {M,} = {Fim, wan} be a set of vari-
ables and p = {p1, ..., pr} are internal state variables describing inhomogeneities
generated by defects and dislocations.

Taking into account concept expressed by formula (57) we introduce the fol-
lowing form of free energy dependent on higher gradients of deformation

Fok) = ) _[Che(p)(DicMy)? + Cig(DicMy, p)(D1My)*+
q

+Cyq(Dic My, DiM,, p)(DyM,)?] . (58)
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The activity of this part of the free energy depends on recognition, with the help
of function p(X), of the kind of habit plane and next introduce distinguished
directions. Then, the functions Cyq, Ciy, Cyq take properties by analogy to those
defined in (57).

Introduced in this paper complicated system of indexes I, J, K, H, T reflects
complicated microstructure of martensite variants and their interfaces. In order
to gain more clarity in this description, the domain of the free energy should be
more precisely elucidated.

If a stress is applied to the natural state of austenite the deformation develops
in order to attain 0S4. If 5S4 is attained on 05, then the deformation measured
by eamn does not increase. Further, a slip is continued. If 9S4 is attained on 0S;
then transition to region S is realized. Furthermore, the index I is remembered.
Then, the remaining elements of deformation measure are activated. First, vectors
w ) develop and bifurcate. Next, the index J is remembered and then internal
rotation F° is developed and represent a rotation towards a habit plane indexed
by K = (I, o, B) = (J, B). '

We assume that values of introduced components of deformation measure
are not quite arbitrary. They are admissible in the neighbourhood of equilibrium
paths. The equilibrium paths for the relative displacement vector w are given by
Waa = wyd},. We assume that these vectors develop only in some neighbourhood
U(w)q) of these paths. It means that the domain of admissible w, is

Wiy=Wi, = {W)\ P W) € U(W)\a), AE A} . (59)

The part of domain related to internal rotation is connected with F* develop-
ment in a neighbourhood of G ;3 = Gx. We assume it in the form

Ve =Vag={F*: F € U(Gyp)} . (60)

Higher gradients of deformation are concentrated around a zero value. If they
are connected with the habit plane then the domain Hg is defined as

B
0X;

The deformation can start also from K-th martensite variant. If 8Skg is at-
tained then eggmy, cannot further increase and slip in 3-th slip system in marten-
site is activated on the slip surface. The deformation can attain Sk 4. Then,
the deformation path is directed towards austenite and active domain is placed
in the framework of hitherto discussed sets for austenite-martensite transforma-
tion. The last case rests on attaining Sk by the deformation what leads to
changing martensite variants. Then, we have assumed one path Gy or Gt for
transformation by habit plane or by twin plane. In this case we introduce the
following sets

Hi = {{7= Mg} : {%Mq} cU©), i=1,23}. (61)

WHZ{WA:W)\EUH},WTZ{W)\ZW,\GUT}, (62)
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Vi ={F*: F* cU(Gy)}, Vr={F°: F* c U(Gr)}. (63)

Introduced multiindex K = {I,a,} determines a sequence of activity of
distinguished parts of domain expressed by D = E x W; X Vi x Hg. If index
I is remembered then J must have the form {I, a} and next K = {J, 8}. Let
Ip = {H, T}. Finally, the total domain is expressed as

D= |J (ExWyxVkxHg)U || (ExWpxVpxHp) =|)DgU| JDp . (64)
Kelg Pelp K B

The total form of free energy is given by

F =Fk(9) = Fg + Fw) + Frix) + Fox), 9 € Di , K € Ik

F =Fp(g) =FE+Fw(p) +FR(p) +Fg(p), geDp, Pe Ip. (65)

In the case of the function Fp we have not defined all components in detail.
Fy (p) determines evolution of shuffles between martensite variants. In order to
determine such a term precisely many additional information on crystal structure
behaviour are necessary. Fg(p) is defined by analogy to F (k).

4. Model of plasticity with distinguished slip surfaces

Model of plasticity with distinguished slip surfaces is characterized by slips
realized on discontinuity surfaces of the deformation function x. As a result, the
bulk of material is described by usual model of material without slips. In this
paper we consider the model of the martensitic transformation. Then, conditions
on slip surface determine a kind of boundary conditions for part of material lying
between the slip surfaces.

Balance equations for small scale model of the martensitic transformation have
been discussed in [19]. Consequently, we concentrate our considerations around
surface conditions related to discontinuity generated by slips.

Let us consider a slip surface S at an initial instant when ug = 0. Then,
S =8t = 87, where ST and S~ are material surfaces related to parts of the
body which are in contact on §. We assume also that S intersects the whole
body. Then, 8T = x*(S, t) and S~ = x (S, t). We can distinguish parts of
surfaces defined as 0Bg+ =St -8, 0Bg- =S~ —~St and Ss =St NS~

We assume that during the slip a surface force fg is generated on Sg as a
reaction of the material. Following the well known form of balance equations on
the surface [27], we obtain the conditions

txn=tt @t = m=Ffx), x €8,
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i m=0; xe 0By,
T m=0,x" €08 (66)

and

—(q@" =tTvT)ET)n+ (qF —tTvT)(xT =x")n - (fsus)(x") =0, x~ € Sg.
(67)
We have furthermore conditions related to new parts of boundary which appear
during slip on the surface intersecting whole body considered

q—(X_)l’l =q ,X € aE’)_'S'— )

atfxtine g, wt e 98s (68)

In order to describe evolution of slip, an evolution equation for ug defined by
11) has to be introduced. We assume that evolution of ug is determined by the

formula
g =P 718 . (69)

The equation (69) is not entirely determined since we do not know form of
fs. Therefore, a kind of constitutive equation has to be added. This equation is
assumed in the following form

fS = fS(ﬁ57 T: p+a p_) 4 (70)

Equations (69) and (70) define in turn the equation expressed as ug = ® o
fs(us) for given values of the remaining variables. Let us notice that given forms
of ® and fs allow to solve the equation and determine g uniquely for given values
of the remaining variables. As a result fg(1u1g) also takes a determined value.

In reality fs depends also on p*, p~, T which induce dependence of 1ig on
these variables. Determination of p™, p~ depends on the kind of particular mod-
elling of inhomogeneities. In general, evolution equations have to be introduced
in the bulk of crystal for the variable p. Furthermore, conditions on the slip
surface which determine dependence between p* and p~ have to be postulated.

Evolution of p can be useful in description of creep since this variable influ-
ences hardening expressed by the form of free energy. However, then described

effects have to be transformed into a larger scale where constant external stress
can be considered.

5. Final remarks

The aim of introduced in this paper nanoscale model of the transformation-
induced plasticity is the description of interactions of martensitic transformation
with slips in detail. Model of this kind is related to scale of averaging between
107° m and 10~8 m. This induces complicated model and considerable number of
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constants necessary for identification. It is not sure that these constants can be
determined with the help of experiments since it is difficult to investigate exper-
imentally separate phenomena for such a small scale. However, this scale creates
convenient conditions for supporting the model by discrete calculations. This is
the case since a relatively small number of atoms is contained in a representative
volume related to the nanoscale model. In particular, molecular dynamics, which
is widely applied in material science [28, 29], could be useful in determination of
considerable number of constants necessary for identification of this model.

It is expected that presented model will be helpful in creating foundations
for the development of the transformation-induced plasticity in a single crystal
related to scale 107® m when the gradient of deformation can be applied for
description of plastic slips or evolution of the martensitic structure.

Received in revised form .15 December 2000
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