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ZYGMUNT WIERCIŃSKI1

The stochastic theory of the natural laminar-turbulent transition
irr the boundary layer

The airn of the paper is to present in a systematic rvay the stochastic theory of the natrrral
1aminar-turbulent transition irr tłre borrndary layer. A new description is put forrvad of the interrnittency
factor by means of the tlrree-pmameter cmu]ative frnction of the lVeibrrll distribution. Trarrsforming
this function, it is possible to obtain, a linear equation allowing us to determine the point of onset of
laminar-tmbulent transition, tlre clraracteristic length of the transition and the rate of turbulent spot
production 96. Aitlrouglr t}re intermittency factor calculatecl tlreoretically based on discontinuom func-
iions for the rate of spot production (Dirac delta and step l'unction) agrees well witlr the experimental
values, there is a need for searclr of a continuous left-borndecl furrction corresponding more appropriately
to experimental observations.

1. Introdtrction

Experimental observatiorrs show tlrat the plocess of laminar-turbulent transi-
tion is not nrarlred by an abrupt change in tłle state of the boundary layel. It is a
plocess which takes places in several stages and is pTeceded by Tollmien-Schlichting
waves. It is believed tlrat the flow instabilities develop from the Tollmien-Schlichting
wave to three-climensional amplification of disturbances, followed by the trans-
velse development of peaks and valleys, ejection plocesses and tlre formation of
turbulent spot (TS). Tlre turbulent spots m.eTge wlrile convecting downstrearn
and make up a fully turbrrlent flow. Fig. 1 shows schenratically subsequent stages

in the development from tire iaminar to turbulent florv in a boundały layer.
The appearance of the Tollnrierr-Sclrlichting waves is a consequence of ampli-

fication of disturbances in the laminar boundary layer. 'Ilris plocess is relatively
well described by t]re Orr-SommeTfeld equation whose solution agrees well with
the experimenta,l lesults. However, the description of the subsequent stages of
development of tlre disturbances is mole complicated, as clue to increasing nonli-
neality the clisturbances can not be subject to the rigorous global analysis. Certain
methods of fragmentary analysis are possible, lrowever they give an incomplete
picture of tlre pTocess of lamirrar-turbulent transitiorr. A reasonably sound idea is

1Institrrte of Fluid-Flow Maclrinerv, Departmerrt of Gas Dynamics, Fiszera 14, 80-952 Gdańsk



z. wierciński

to apply a fenomerrologica1 theory. In the prescrrt papel, tliis tlreory will be applied
to explain the process of fornatiorr of turbulent spots in tlre boundary layer.

Besides the location of tlre laminar-turbrrlent trarrsition, including the begin-
ning ancl the end of tlre region, it is the intermittency fa,ctor wlriclr pla"vs arr
essential role in the stoclrastic theory of tire laminar-turbulent transition. Girren
the distribution of the intermittency factor in thc region of laminar,-trrrbulerrt
transition, it is possible to evaluate other parameters of tłre flow in tlre borrnclary
layer, for example the local drag coefficielt C s . Tlrerefore, tlre intermittency fac,tor
is a convenient parameter for the description of tlre laminar-turbulent transitiorr
in the bourrdary layer.

T}re paper is thouglrt to give a systematic presentation of tlre stoclrastic tlreory
of tlre natural 1aminar-turbulent transitiorr in the boundary layer,. The intermit-
tency factor irr t}re transition region rvill be described by means of the Weibull
cumulative distribution function. Ba,sed orr tlris clistribution tlre point of onset
of laminar-turbulent tłansitiorr, the clraracteristic lengtlr of tlre transition as weii
as the rate of production of turbulent spots per unit area and time will also be
determined.

flrlrv rJil,cctiłln

§teady J]oW lransl(lon reglo1]

Fig. 1. A schematic diagram of subsequent stages irr the cievelopment from laminar to tutbulent bounclary
layer.

2. The stochastic theory of natural larrrinar-turbulent transition in
the boundary layer

Turbulent spots in the laminar-ttrbrrlerrt trarrsitiorr wele fllst observed irr 1951
by H. W. Emmorrs from the Harva,rd Urriversity. This plrenomenon was obse-
rved on a hydrodynamic similarit5r test rig set rrp origirraily for irrvestigatirrg

c§le,:śjon ofthe boundlrv lavcr
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rvavy phenomena iit strpersonic flolvs. The expelimerrt rerrealecl tlrat tlre region of
lantinar-turbulent transition has a structure of turbulent spots. The shape of the
trrrbulent spots is not legrrlar, howevel łiearirrg nrrch resernblance to arr allow
1łeacl or arr isosceles triangle lvitlr a deforrrłed base and rouncled vertices wlrose
one veltex overloolis clor,rrn,strearn. Dmmons a,lso observed tlrat tlre turbulent spots
form in a l,andorrr lvay, tlren convect clownstrean}, grow, come into contact witłr
otirer turbulerrt spots and nrerge. At tlre errcl of the region of lamina,r-turbulent
tratsltion, tlre aiready rrrergecl ttrrbulent s1lots form a fully turbulent boundary
layer. Tlie idea]isecl slrape of a titrbulerrt spot is slrown in Fig. 2.

Malłing use of tlre probability ca,lculus, Emmons set fortli a stoclrastic the-
ory of the larn,inar-turbrrlent transition. In ol,der to give a qualitative description
of tlre larrrirrar-turllrrlent tra,rrsitiorr, Ernmons introducccl a soulce rate derrsity
g(r,y,1) rvhiclr delines tlre process of spontarreorts proclrrction of turbulent spots
in a unit area, an,d time. At 1;he loltest level of simplillcation, Emmons did not
impose a,n.v restlictiorrs orr the functiol g(r,9,i), save for the fact tirat the frrnc-
tion is rron-negative. As tlre cotrvecting turbtrlerrt spots grorv and increase tlreir
cross-section aleil,1 let us tle{ile a, propaga,tion cone with an origin in Pg(16, uo)ta))
see Fig. 3, which is the point of ernelgence of t]re turbulent spot at tlre surface
of the body subnrergecl irr tlre {lor,v. Fig. 3, as dlar,vn in tlre papel of Enmons,

- 9 plarre.

Fig. 2. The idealisecl slrape of a trrrbrr]ent spot from Enrnroncls, 1951,

Let trs tlow oJ]selve tlre floł, frorrr a,nother point of reference P(,r,y,t) Io-

cated at tlre bocly surfa,ce, 'Ilre essence of the observt-r,tions is measurement of
a tinre irrterval lvitlrirr rvlrich tJLe florv above tlre poirrt P(r,y,ź) is turbulent.
Tlris lva1, Errrmons introcluced, plobabJy for tlre flrst tirrłe, the notion of an in-
termittency fa,ctor deIinecl as a ratio of tirne when tire flow is turbulent above
tlre point P(*,y,ź) to tile total time of obscrvatiorrs. Tlre turbulent spot gene-

rateł at tlre point Po(ro,yo,źo) r.vill htrve an impact otr the flow at P(r,y,t) if
tlre point P(i,y,f) Iies withirr th" propugatiorr cone origirrating in P6(16, ao,to).

91

presents tlre propagation cone an.cl its projection on r
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locatlon of the turbulent spot at Fl,

oc - propagatton alrgle

pro;ectlon of'the prupagati<rl] conc on r-y planc

y

F'ig. 3. The propagation cołre for a trrrbrrlent spot fłom Emons, 1951.

Howevet, other turbrrlent spots genelated in other points can also interact rvith
the flow at P(r,9,ź). Tlris way of leasonilrg brouglrt Bmmons to defrne the ilr-
fluence volume Jt for tire point P(r,y,ź). This volume of influence is determined
by a three-dimensional cone (two spatial coorclinates f time). A turbulent spot
generated at its any point rvill change th.e character of the flow from laminar to
turbulent at the point P(r, y,,t) for a certain time. A draft of the influence cone is
presented, after Emrnons, 1951, irr Fig. 4. In otlrer words the following probability
function can be def,necl

P6 belongs to tire in{luence volume
P6 does not belorrg to tlre influence volume. (2.I)

Given tlre source rate density 9(r,y,ź), the numbel of turbulent spots in an
infinitesimal volume can be written as follows

g(P1)d,rodyg dt . (2.2)

Each of these turbulent spots wi1l induce turbulent flow at the point P with the
probability ę(P, Po). However, t]re tirne interval during which the flow is turbulent

ę(p, po): 
{ ó:
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retrograde 0one,/doIr]aln oFdependerlcc1

cross-sectiol,t area at x-x,; S(Ir,x,J

Po (xo,yo, to}

trrrncrrtćd vo]ume R

J1 

-'

Fig. 4. Tlre inflnence volume for the point P{r,g,t) from Ernmons, 1951.

can not be calculated flom simple integration

1e) ł ClVg , (2.3)

because interactions of some turbulent spots can supelimpose and tlrerefore they
would be counted twice if tlre ecluality in tlre relationslrip (2.3) is used. In orcler

not to count them twice we will assrLrne tlrat in the case of overlapping interactiorrs
of two oI mole turbulent spots we will orrly taiie irrto consideratiorr the trrrbulence
due to the turbulent spots wirich lie closest to tlre leading edge of the body. Let
then r/ (P, Po)dvy will be the probability of the fact that the flow is turbulent
at the point P due to turbulerrt spots whose souTces lie at points Po wit}rin the
influence cone ćlV6, but not at points Pd for wlrich the condition r! { 16 is
fulfilled. Irr other words, the source of a turbulent spot i,vill count as a cause of
turbulence at tlre point P only if tlre point Pg is the closest to the leadirrg edge.
This probabiliŁy Q(P, Po) dvo can be expressed as below

,b@, Po) = ę(P, Po)g(Po),Jil0 
11 - ovó]' (ż.-1)

where _rB' is tlre part of tlre irrfluence colle for tlre point P lyirrg between the
leading edge r = 0 and the point tr : 3:o. It can be seen that the above equatiort
is an integral equation witlr respecI to ó(P,Po).

I "{r,p...)g@o)
R

| łtr, uól
Rl
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After calculating tlre proballility 1btP,P6), orre can find the probabfity that
tlre flow is trrrbulent at P from the fbllowirrg tbrrrrula

|,

^t,(P): J łtr. P0) dllo.

R

A general solutiorr of tlre integral ecluation (2.a) is given by

,l,(P, Ą,) = ę(P,Po)g(Po) exp(- f ł€d aV")
R.l

arrd the irrtermittency factor carr be fourrd from the equation

(2.5)

(2-6)

(2.B)

be decompo-

(2.9)

cone into infinitesimal volumes
Steketee 1955, at the following

(2.10)

l(P): 1- 4Vo). (2-7)

Tlre derivation of tlris fornrula is somehow technically complicated due to
tlre irrtr"ocluction o1, arr tr,dditiona1 probability lll(P,P6) of event which excludes
turbrrient spots overlapping.

In 1955, J.A. Stelretee presentecl a simpler way of derivation of this forrrrula
witlr the lrelp of the probability theory, assuming n independent events. As an
event rve will understarrd the emelg€nce of a turbulent spot in the flow in tlre
boundary layer. In this sense the laminar-turbulent trausition wi11 be a stochastic
plocess r,vhere the rarrdom variables are of binomial distribution with uneven
probabilit5l of events. Let the probabilitil of an event k is p1,. The probability that
tlre er..ent ł will not occLtl is 1-?ł,We will assume that tlrese probabilities are
constant but do not have to be equal. The events are not exclusive mutually. In
tlre case of even probability for tlre ernelgence of turbulerrt spots we rvill have the
rarrdom variable of simpie binomiai clistribution.

Let us rrow flnd the probability p1,, tlrat orre out of n evetrts will occur. It is
giverr by tlre formula

exp(- | slG-1
R

pl,,l=r-ITr [-p;).
i:7

Assuming tlrat tlre probability of emergence of a turbulent spot carr
sed

p; : !J(Pi)^Vi.
what can be aclrieved by clropping the influence
AV; which include points Ę, we can arrive, after
formula

irl
B,, : f|(1 _ ?) = IItl - se)^V].

i:l i=l
It shorrld be noted that eac]r everrt (the emelgence of a turbulent spot) has been
endowecl witlr the infinitesimal volume AĘ.
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By applvirrg an expol}ential firrtctiorr, tlre p'-oduct irr Ec1. (2.10) carr be substi-
;uted rvitlr a su.ni

(2.1 1)

95

Tlren maliing trse of a forrnrila belor,v

mL.
1u(1- r): -)- 

j:, clła - 1< r { 1u,.
Io

ll(r * p;) : exp 
{Łr,, - se)^w} .

r(P) : [-exp {- lg(Pg)d,Ill)}.
|I

i,e can obtain

ę.12)

(2.13)

AI/, goes to infinity
oVeI ?n : 1, oo, We

_\ssuming frłrtlrer tlrat tire nnmber of in{initesirrral volu:rres
ł.nd neglecting all terms of order of two ol lf]ore in the srrm
.:arr have

Bl : GxDś /_ § tg(Ę)rli]- lDó: c^P 
ż\- Ł, * I

i{_ f [y(ł)AI';]"' } = _ | g|pg1 cl|/g.

="__, 
\ ż, 

?.lL ) ł 

J. U/ - (2.|4)

[ventually, if we assign the influence volume [/ to tlre point P and substitute tlre
:robability of emergence of at least one turbulerrt spot rvithin the influence cone
-citlr the intermittency 1actor ry(Po), tlrerr rve obtain

(2.15)

The analysis of tlris formula leads to the conclnsion tliat in order to evaluate,
iased on this theory, tlre itrter-rrrittency factor, it is rrecess;t,ry to lrave lrnowledge
,f tlre soulce late density 9(r,9,ć) as we1l a,s of the influence cone -It and volume
,il b.

Itisalsowortlrurrderliningheretlratthedomairroftlrelunction 9(r,a,ź)cloes
.ot have to be identical witlr the geometlic dimensions of tlre propagation cone
:.or witlr tire inflrrence cone. The beginrring of tlre regiorr of laminar-turbuient
:ransitioł can loca,lly be cleflned as t]re poirrt of emelgence of a turbulent spot,
lhat is the begirrning of the propagation cone fbr tlris turbulent spot. Also tlre

=rtension of the influence cone B can not range beyond tlre point of emergence of
-he lirst trrrbtLlence spot. 1rr otlrer lvords, tlre base o1 tlre inflrrence cone is located
it tlre point of emelgence of tlre flrst turlrulence spot, Let us denote the point
lf emergence of the flrst turbulence spot a,s .LB. Tlłis point can be thought as

:łre beginrring of tlre larninar-trrrbrrlent transition. From this point downstream
:he intermittenc5,, factor 7 will for tlre first time exceecl zero, The moment when
:ire intermittency factol reaclres unity signals the end of the laminar-turbulent
:ransition ancl indicates the stochastic merging of two rreigirhouring turbulent
,pots.
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3. Source rate density

Accorcling to Emmons, 1951, it is not very likely that a suitable theory to provi
the descriptiolr of tlre rate of turbuient spot production will be rvorked out łl
solely on theoretical investigations, withorrt experimerrtal researclr. For a n
steady flow in the boundary layer, the rate of spot production, also referred to
the source rate density, denoted as g(r,y,t), can be assumed time-indepenci
that is

g(r,!,t): g(r,y). (3.1

In his considerations ovel the larninar-turbulent transition on a flat plate, H.W
Emmons, 1951, assumed that the furrction g is constant from the leading edge
the trailing edge, lrowever explaining that this function is nonzero downstream
the beginning of the laminar-turbulent transition. This function can be writ
as follows

rżrB,
r<rB.

Standing on the grounds of experimental investigations of Schubauer & Kle
noff, 1955, rvhiclr provide evidence that the turbulent spots emerge in a
nallow breakthrough region at the beginning of tlre transition region, S. Dha
& R. Narasimha, 195B, proposed the application of the Dirac delta distribu
to approximate the soulce rate density. The Dirac delta can be written as a li
of the sequence of the Gauss distribution furrctions

(3.s(,,y): { fi i:;

As a supplemerrt to our consideratiorrs over the source rate density g, we
plopose that this function can increase irr a linear mannel within an inte
between 16 and rgE, where ?:gE lrray oI may not necessarily be the end of t
laminar-turbulent transition. Tlren, the generation function wi11 have the form

1,r
g n(r) = Ż "* 

n[- N'(, - ł B)2],

where 16 denotes the coordinate r of the beginning of the laminar-turb
transition and 1[ is a secluence index.

{ 0 lor r<r:B, )
g(r) = { go(t - (roa -:,:)l(łna - ra)) fol, łB 1:t 1 l:gE, } (

I go fol :l: > x:,gE. )

The source rate density g should be different from zero downstream of rnE, ot
wise the intermittency factor worrld also be zero there.

[t is also possible to introclrrce anotlrer continuous clistributions of the functi
9(r). These distributions otglrt to be 1eft-bounded and nonzero values of g
uld not extend upstream of the beginning of tire larninar-turbtrlent transition r
Amongst the possible distributions, one can thinlr of, are the gamma, Max
or Rayleigh distributions. Tlrese continuous and 1eft-bounded functions
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ł:ettel tlre process of forma,tiorr of trrrbrrlent spots ancl tlre slrape of the function

!].
It shorricl be notecl lrere tirat all tlre tlłlove mentioned distributions assume the

two-dirrrerrsionłr,l nloclel of tlre borrrrrlary layer, tłra,t is tlre two-dirnensional model
of the 1anrinar-ttrrbulent transition.

4. Inflrrence voltrme (cone)

The de{initions in Chapter 2 of the 1lł,opagatiorr cone arrd therr the influence
vrrlume (cone) .B for the poilrt P have a furrrl,a,mental importance for the elabo-
ration of tlre stoclrastic theory of t]re larnirrar_tul,bulerrt transition.

il.\Ą/. Irrnrlons. 1951, rrrade arr a,ssunption tlrat ezr.ch point of tlre turbulent
spot moves aiorrg a straiglrt ljne wit]r a constant velocity. Therefore, the pro-
pagation cone is a geom,etrical cone. Also the influence corre is a cone in tlre
geometrical sen,se althouglr it cloes not lrave to be a cylirrclrical corre. Urrder these
assumptions ancl a,sstl,ming tlrat tlre generatiorr frrnction is constant one can Carly
out integration ilr tlr,e intermitterrcy forrrrrrla to obtain

l(|'):1- exp(-gtrl). (4.1)

Tlre l,oiume of tlre influ,ence cone I/ carr be found by nrultiplying the base area of
tlre cone by one tlrird of its heiglrt

\r = A6rf 3. (4.2)

)llorcover, if rve assrrnre tlrat tlre cross-sectiorr area of tlre cone at a unit clistance
irom tlre vettex of tlre cone is Al. then we lrave

Ab : Al:ł2, (4.3)

-hat is srrl;sequent c:loss-section al,eas of the influertce col1e ałe proportiona1 to
:lre distance between them in secontl powel,

Irr his calculations EnLrn,orrs assu.rrred that tlre urrit cr-oss-sectiorr of the influ-
:I1ce cone is inversely proportional to tlre velocity [/ at the top of th,e boundarY
_ł.l-er a,ncl proportiorra1 to łi, climensioltless parameter which describes tlre ProPa-
lation of the turbtLlent spots o

A1 : cf Lr. (4.4)

Piacing trcls. (a.3) ancl (4.4) into (4.2) one c:all flnd the expression to evaluate the
,r,llutne of the influence corre

v -- +ź. (4.5i
tr3

r_icording to Emmons tlre palameter depencls on tlre geometry and kinematics

97

: the turbulent spots
o = cr2rxf 13, (4.6)
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where cvp : tg c : 0.17 (the experimental data of Emmorrs provide the suggestioł
that c - 9.6o), § : U*lLr, where Ę" denotes tlre velocity of tlre turbulónt spot
centre, whereas [/ is the velocity outside the boundary layer, (tlre experimental
data of Emmons prbvide that B: 0.46), } : Ą/0.5h2 :2,Ł - .rorr=section
area of the turbulent spot, h - its width.

The dimensionless propagation parametel,is also ca,Ued t]re Emmons paranle-
ter. Based on the above lormulas its va,lue can be estimatecl at o = 0.1.

K. K- Chen & N. A. Thyson, 1971, provided a general formula for the cross-secti

t-to- (4-7)

The vertices B anr] C, or the trailing edges not only movecl downstream by
distance of

(4.8)

but also moved aside (to increase the width of the turbulent spot), that is

area of the influence cone. They adopted tlre assumption tlrat if the cross-section.
area of the turbu]ent spot has the shape of an isosceles triangle of rounded yertices
(arrow head), then also the shape of the cross-section of ńe influence cone can'
be assumed similar- They considered tlre problern in space(two-dimensional)_time
domain ot s,$,ź, where s and ! rdó are coordinates it the body surface uńd ł i.,
time. They assumed that the turbuient spot is generated at the point PO(s6 , óo,tt:}
and its s_hape depends on the way it moves u,od th" velocity of it. *oiio". ri tr.Ó
vertex A, or the leading edge of the turbulent spot is convected with tlre velocity -

Ę, then the time incremp is equal to

fdsl-l U,'
ś0

fdst-t0: Je'
s0

V tn orl"?-9o- I-:!--..lr
so

The cross-section area of the turbulent spot at the point -sg is given by the fol|o-
wing formrrla

(4.9)

(4.10)d: r(so) j-* j tł- i) o"

The influence cone ł can be therefore constructed at any axisymmetrical surface
bY changing corrstants and variables in the equations describing t}re motion of the
vertices of the turbulent spot, tlrat is its leading and trailing edges, and reversing
the course of time.
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5. The intermittency factor

Having deterrlriIred the sourc.e ra,te clerrsity g and tlren tlre shape of tlre irrflu-
ence cone .B, lve can now return to our corrsiderations concerrring tlre internrittency
factor 1. First of alllet us recall t]re folnula for tlre intermittency factor given in
tlre rvork of Emmotrs, 1951. Piacing trq. (a.5) into (4.1) w-e obtain

(5.1)

Let us also reca,1l the assrłnrptions rnade by H.\Ąr. Ernrrrons concerning the so-
utce late derrsity g and tlre influence cone ł. Errrnrorrs a,ssurłeil tlrat the innction
g is practically nonzero {rom tlre leading edge of tlre plate anci remairrs constant
over tlre ful1 iengtlr of t}e plate, The ilrfluetrce cone has tlre slrape of a geometli-
cal cone of linear generatrix as tlre expelirnents prol,icle evidence that tlre edges
of tlre turllulent spots rnove along straiglrt lirres. Tlre clinerrsiorrless propagation
parameter, or the Emmorrs pararrreter o depencls on tlre geometr5r and lłinematics
of tłre turbtilent spot anc1 is equal to o = 0.1.

In lris theory, besides the trvo probability functiorrs ę(P, Po) and d,'(P, P6) fbr-
nrulatecl earlier irr the paper, Enmorrs prtt forward expressiclns to calcu]ate t]re
rrumber 1[ of turbulent spots convecting a,bove the nreasuring poirrt anr1 also in-
trocluced the avelage tinre 7 of passing of t}re turbulerrt spot above tlris measurirrg
poirrt. Holvever, it seerłs that tlre notions of lY ancl 7 lrave not pl;ryed any impor-
tant role for tlre deveJ.opment of the stoclrastic tlreory of tlie iz,r,rnirrar-turbulent
tlansition.

The formula for the intermittency factor carr be translbrnred by introducing
tiie Reynolds nurnber fie".

1(.u):|-exp(#)

](:l):|-ex,(-"i;r.*) (5.2)

The expressiols. crgu3fŁla was namecl bv ]lrrtrnorrs as tlre trarrsition parameter,
It is wortlr mentioning tlrat tlłe formula fbr tlre interrnittency fa,ctor exhibits
dependence orr tlre c:oorclirrłrtc r ol Reyrrolcls trumbcr in third powel.

A more general a,nalysis concerning tlre słrape of tlre irrfluence cone preserrtec1

by Chen arrd Thysorr, 1971, yields t]re foliorving formula for tlre intermittency
factor at thc axisymmetrical surface

The experimental research conductecl by Sclrubauer & Kiebanoff, 1955, for tlre
subsonic bounclary laye1 ą1 tire flat pia,te as we]l as tlre irivestigations of Clrelr

r(") = L-exp{ 
i !(.,,)?(",)V,rf] [r;-;) ,,] o,,} (5.3)
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& Thyson, 1971, for tlre supersonic pipe flou, indicate that the angle of propaga-
tion of tlre turbulent spot and velocity ratios Utl(I, and Ulf U" remain colrstant.
Therefore, trq. (5.3) can be transfor:rned into tlre form

7(s) : l -cr1l {-" i !(s')r(r'li\ ,o L,l

where the Elnnons pararnetel can be expressed as

r it]d",},
follot s

(5.4)

(D./.)

o : fI"(# - #) ,*" (5.5)

Based orr tlre expcrimerrtal data we can assume that

UtlU": 0.5, UtlU" = 0.8 anda : 10o or tga : 0.18 (5.6)

and everi,trrallil obtajn tlre valtre of tlre dimensionless plopagation, parameter o

ci ry 0.135

As seen frorn thc comparison tlris value is close to tlrat giverr origirrally by Ern-
mons.

Irr tlre case of a flat plate the fornnla (5.3) can be simp§fled into

l(s) = 1 - exp |- Ł ! il"')"''a,').
s0

The experiments of Sch,uba,uer & I(lebanoff, 1955, provide evidence tlrat the
turbulent spots allpear irr tlre brealitlrroLLglr region at tlre begirrning of tlre lami-
nar-turbrLlent transition. Tlre Jlrealitlrrorrglr region has a limitecl extension. Ac-
cording to S. Dhavan & R. Na,r,asirnlra, 1957, it is we1l-foundec1 to approximate
tlre source rate density u.ith tlre Dirac delta clistribrrtion

g(r): 9g6(:I: -:l:3), (5.B)

where the inclex B clenotes as earlier tlre begirrnirrg of tlre larninar-tulbrrlent trans-
ition arrd gg is the concentration of tire turbulent spots in a unit area (length)
and time.

Iłserting trq, (5.8) to (5.a) we cal} easily obtain the forrnula for the intermit-
tency factor as belor,v

I t]oo. ..,l1(r): l - exp 
L- a" 

'., 
- rr)'). (5.9)

It is seen that tlre clrarrge in tlLe soul,ce rate density from a urrifol,m distribution
to tlre Dilac clelta brirrgs about tlre clrange in power at the coordinate r from
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three to two. The dependerrce on the Reynolds rrunrber rvill change likewise and
the following fimensionless transition parameter łvill be obtairrecl

10i

wlłere i1 : gou3f U! is the dimerrsionless turbulent spot production pararneter,
Mayle, 1991.

Assuming that the function g is tlre Dirac delta distribution (Ec1. (3.3)), Chen
& Thyson, 1971, gave formulas for the intermittency factor for the bourrdary layer
in the flow past a cone

@-re)' ^ .lJo"Y-ffJ_ - ń,o( Re, _ R, s),,

t(s): t - exp (_,o"r-#,, *)
and past a hemisphere of radius ł

.l(") : 1 - exp (-r,i. f; h ffi - *#),

r(c) : 1 - exp |-#r,- "")1 .

Ir
t(r) : '= | ę-@-n\2 l2o' rlł,

ol/ 2r J

(5.10)

(5.11)

(5.12 )

where clU lels should be calculated at tlre stagrratiorr poirrt at the frorrt of the
hemisphere.

For a flat plate, assuning a ]inear distribution of the soulce rate density
between tlre beginnin1 ra and tlre errd 16 of the larrrinar-turbulerrt transition as
in Bq. (3.4), putting there TgE: rE)we ł-i11 obtain tlre followirrg forrnula for tlre
intermittency factor

( 
| rĄ _ rĄ_ r,3 _ r,9,1 ]

^t(r):l-exp \-#:ń|=-,"+]} 
(5,t3)

It is clear tlrat for tlre linear distribution fron 16 to łp of the soutce rate
density the exponent in the formula for the intermittency {bctor exlribits tlre
spatial coordinate r in fourth power.

For a uniform distribution of tlre functiorr g from tlre beginning rB to the end
rp of the laminar-turbulent trarrsitiorr the irrtermittency factor is equal to

(5.14)

Puttirrg rB:a, we can obtain I-q. (5.1) derived originally by Ernmons.
Below are presented tlrree other expressions for the intermittency factor whic}r

can be found in the §terature. Tire first expression rvi11 be cited after I(lebanoff
& Schubauer, 1955, rvho put forward a universal distributiorr of the intermittency
factor in the form of tlre Gauss cumulative distribution functiorr

(5.15)
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w here

,l__ "'-'
Cf

and r denotes the dista,nce 1lom the leading eclge, r is tlłe
tiorr. In tlre experimental investigatiorrs of Sclrubauei: &
of the parameter o lange from 0.1 to 0.24.

The Gauss cumulative distribution function can be
help of tłre foilowirrg formula (Fraser et ai., 1988)

(5.16)

median of the distribu-
I{lebanoff, 1955, values

approximated with the

^|- _ 0.094|17|2 - o.073lłI3 t ( 5.17)

Another proposal of a, universal distribution of the intermittencv
presented in the papel of Dhavan & l\arasimlra, 1958,

ry({) : I*e-0'4t2Ę2)

t-I-IE i \--\- \ ,"|,=tl.ZS-r'|,=O.ZS,

The clistance A is used lrere to norrnalize the intermittency factor A and was chosen

arbitrarily as a quantile differerrce in the form of the clouble quantile deviation,
being a lneasule of diffusion of the intermittency distribution, see Fisz 1958.

A slightly ctiff'erent rrniversal distribution of the irrtermittency factor 7 in tlre
boundary layer- can be found in the worli of Abu-Glraltnam & Shaw, 1980

r(() : 1- e-5(" , (5.20)

where
(: *-*u, 

(5.21}
"l:E - 1:B

a1nd r3,nE aTe tlre beginning ancl the encl, respectively, of the laminar-turbulent
transition measured from the leading edge of the plate.

These tlrree forrnulas presented above, trqs.(5.17), (5.18) and (5.20), were

pared witlt the experimental ilLvestigations in tlre work of C. Fraser et al., 1

Aithonglr each forrnula corrtains a clifferent distribution of the source rate
(rrormai distribution, Dirac delta and step function), the results agree reason

we1l with the experimerrt in ail three cases.

The compariion macle by Wiercińslri, 1995, slrows that trqs. (5.1B) and (5.

give satisfactory agreernent with tlre results of measurements of the intermit
iactor at a clistanĆe of yl6 = 0.1 from the body. A rrunrber of different

ques concelning the measulement of tlre ilrtermittency factor can be found in
literature, stariing {i-om a simple technique wlriclr draws on measuring the
of occurrence of high-łi,equency flrrctuations of tlre velocity, ending up with
sophisticated nrethocls of analysis of fluctuatiolr lristograms. It shouid also

ł{, * fr(o 
szzelłt 0,0165lrr)}

where

factor 7 was

(5.19)

(5.19)

be

aliied that the intermittency factor depencls as well on the ctoss_flow coo
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in tlre boundary la,vcl,, see for exalrrple lVierciirslii, 1995. filerefore, it sho,trlcl not
be oveily surprisirrg that it is possible to obtain ecluallv satislactory coirrciclence
between the expe,rilrrents ancl theory 1br cliff'erent theoreticer,l a,pproaches, based
on moTe or less justiflecl tlreoretical foulc]a,tions.

6. The intermittency factor as the cumulative frrnction of a compound
generalised Weibull distribution

It has beerr showrr in Clrapter 2, atter Enmons, 1951, and Steketee, 1955,
tlłat the probability of occurrence of a ttllllu.lent spot at arry point of the region of
lamirrar-trrrbulent tra,rrsitiorr ca,rr be clescribccl by means of a gerleralized Berrrorrlli
scheme (gerreralizecl bilrornial distribrrtion). As the source rate clensity is of vital
import;ance for oul cliscttssion of probabiiity of occurrencc of the trrrbulent flow łr,t

our reference point lve have aJso pl,eserrted ilr Clrapter- 3 sorrre forms of distribrrtioll
of this function knowrr irr tlre literature, frorrr the step fiLncticlrr to the Dirac delta
distribrrtion.

Tlre arralysis carriecl out so far leads to the corrclusiorr tlrat the intermitterrcy
ibctor can be described lvitlr tlre help of tlre currrtllative functiolr of a compourrcl
generalizecl Weibull distribution. Tlre description of tlre łVeibull distribution arrcl
its application in different engineering fields can be forrncl in Lipson & Siretir,
1973, or Wadsworth, 1990. The probability density ancl cttmulative function of
tlre lVeibrrll distribution are given by t}re follor,virrg fornrula

].03

f lĄ = aP@ - ro)"-' cxp(-P(r - ro)"),

f'(r) = 1 - exp( -0(, - ro)").

Tlre Weibu]] clistribtLtion is a tlrree-palarneter probability clistribution witlr
the para,rneters a,P, and 16. For cł = 1 it is an exponential distributiort, lbr a : 2

it becomes the R.ayieigh clistribrrtiorr.
Tłre plobability ciistribution is referlecl to as compound if its orre parameter

is a randorn variable of a certain probability distributiolt. In orrr case it is tlre
soulce rate density g.

Tlre prot,ability ctistributiorr is called generatrized if its form resernb}es and is
more complicated tharr tlre usuai distribution it is referred to. We t,ill supply the
adjective 'generalized' to the lVeibull distribrrtion because its parameters deperrd
on a certain operator, fol exarnple integral, of tlre indeperrdent variable of tlre
distribution

1l(.u)=1_exp (6.3)

(6.1)

(6.2)

dF
Jlr) = -;- =

a?:

(- i,o,r,o,r),

(!"nrłv,,)' ",, (- j"nr,,rd-,) . (6.4)
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The comparison of trcls. (2.7) and (2.6) witlr Eqs. (6.3) and (6.4) clearly slrolvs
that the intermittency factor can be clescribecl by rrreans of a compound gerrera-

lized weibuil distribution.
Analysing trq. (5.1), it carr be seen that this is tlre curnulative function of

the Weibull probabiiity distributiorr r,vith tlre parameters a :3,13: gf3U ald
zo : 0, whereas in Eq. (5.9) u,e can find a particular 1brm of the Weibu1l distri-
bution witłr the parameters (ł_2,P: ggof U. alrd rg - IB - a particular form,
because for tr = 2 tiie Weibrtl1 probabilitv distribution becomes the Rayleigh di-
stribution,

A tlrree-parameter currrulative iurrcti,on of the Weibull distribution as the irr-

termitterrcy factor given below in a form wlriclr is difi'erent from that in trq. (6.3)
can be used to evaluate tlre para,meters of the distribution a,O, and z6

'- l'-'u)"l . (6.5),y(ł):l-expL-(a_rr/ ], 
,

where the coefficient P from trqs. (6.i) anct (6.2) is given by 
r

1 , ,;
§ = 

19 _ *ry, (6,6)]

The coefficient cr is called the slope of the Weibull clistribution. It fo11orvs 
'..*ithe analysis carriecl out in the previous clrapters that for tlre distributions definełll

with trcls. (5.18) and (5.20) t}ris coefficient is rł :2 ot 3 respectively, or can even|
be equal to 4 a,s in Eq. (5. l3). l

Tlre parameter 15, callecl a]so tlre locatiorr parameter, is the expected mi-|

I
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Tlris metlrod lvas validated for the experimerrtal data presented in the papel
of Wierciirslii, 1995, {br the case of a flat plate irrclined at -2.5" attack angłe to
the free stream of rrrea,n velocity {.Io = Llnls. As a result, for the experimental
data corrcerning tlre intermittency 1actor i(r), the regressiorr 1ine given by Bq.
(6.8) was obtainecl rvith tlre corrclation coefiicierrt of p - 0.99. Then, it rvas
found that tlre slope of tlre Weibull distributiorr is a = 3.5, tlre beginning of tlre
laminar-turbtilent tra,nsition, ro = a.226 m and the scale palameter O : 0.395 m.
The characteristic lelrgth of the ianina,r-turbuient tralr,sitiorr, tlrat is tlre distarrce
frorn tlre beginning o['the lamirrar-turbulent transition, to the point where the
intermittency factol is 7(r) : 0.632 is eqrral to O - ro : 0.169m. The coefficient
P in trqs. (6.1) ancl (6.2) important for evaluating go is § : 1/(O - rą)o : 504.
It is wortlr underlining here thłrt tlre best agreement rvitlr the experimerrt was
obtairied for tlre coeficient cł = 3,5, tlrat is n,ot for cl : 3 as in the Emmons
ecluation, nor 1br cl : 2 as in tlre equatiorr of Dlravan & Narasimha. A graplr of
the firnction lłi 1n(1/(1-r(r)) tbr fou,r di{ferent values of ł;6 = 0.05, 0.135, 0-22 atd
0.305 is presenteci in }-ig. 5. It is apparerrt 1r,om tlre picture tirat the best linearity
of tlre relationslrip (6.B) was reaclrecl. [br 16 : 0.22,In furtlrer calculatiorrs an even
better corlelation coefficierrt was obtained for 16 : 0,226m.

0
, X-X-ln-

8 -xr

Fig. 5. Searching fol tlre beginnirrg of the laminar-turbulerrt transition from ihe Weibull fistribution with
the lrelp of tlre lileal correlation method.

The restrlts of these calculations are also preserrted in Fig. 6 wlrere tlre expe-
rimenta,l distribution of the irrtermittency factor from the papel of Wierciriski,
1995, is comparecl rvith tlre tlreoretical curve plotted based orr tlre formula below
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tr(v)= t-exp(|i.?ił')"

0.25 0.J a35 0 ,4 0,45 0,5

X -Xr
ń\/U-^E

Fig. 6. The illtermittency factol, 1(z) irr the transition region.

t(r):1-expI r=r)"] (6,10)

The coefficient can serve for the cletermination of tlre souTce rate density 96.
It foliows from tlre comparison of Eqs. (5.14) and (6.6) that 96 can be found from
the formula 3pU" 3U"

Yu- o -o(O_ *a)o

In the case under investigatiotfot (I. = 15mfs and cr = 0.1 we have 96 _2268a0
turbulent spots per unit area and time (*'.). Thele is a certain incoherence ini
the calcu}ation metlrod concerning the cletermination of go. Due to the lack of
knowledge of the exact distribtrtion of 96 it was necessary to make use of Eq.
(5.14) *-h*r" the slope of the Weibull tlistribution is a = 3, whereas it follows
from the calculations tlrat a : 3.5.

It seems possible as well to apply tlre distribution proposed by S.

R. Narasimha and determine 99 from trc1. (5.9). Due to the fact that
rate density is expressed as the Dirac delta, the value of 9{r will be
less than that given in Ec1. (6.11).

(6,11)

Dhavan &
the sou

three times

function
paI

The consequence of clroice of the weibull cumulative distribution
represent the intermittency factcr 7(r) is tlłe preserrce of tlre iength
@ - rg which determines the distance for which l(r) : 0.632. This para
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appeals in tlre cumulative clistribution furrction rvitlrout referring to the median
or quantile difference. Niloreover, tirere should be a simple leiationship between
this parameter and gg sinrilar to tlrat of Eq. (6.10).

As shown irr tlre prececling section, tlre clroice of tlre Dirac delta or step func-
tion as a soulce rate clensity 9(r) 1eads to simple formulas for the intermittencY
factor rvhich generally agree leasonably u,ell r,vith tlre experimerrtal data. Howe-
ver, attenpts to more precisely deterniine the slope of tlre Weibull distribution
show tlrat it cloes not irave to be arr integer , {\ = 2 1br the Dirac delta or a : 3 for
tłre step functiorr. Ariyrvay tlre Dirac delta and step function a,łe only first aPPro-

ximatións of tlre soulce rate density arrcl the experimerrtal obserłations provide
evidence tlrat tlre ltłnction 9(r) is neithcr a corłstant nor point-type distribution.
Assuming tlre simplest left-boundecl distribution - tlre gamna distributiorr as the

soulce rate clensity

rl!:) :9o(r - ł 8)6- 
l e.r,p[-P(.u - JB )], (6.12)

tlren selecting arbitrarily tlre valne of the paranreter- Ó = 2 ancl placing the above
into trq. (5.9) lve can get tlre following formula for the distribution of the irrter-

mittency factor 1(r)

](t) =
31,2 _, 

(jr, _
|32 ' p,, '

(6.13), (rlu, l(13l-exriĘL(e* ft) "-r-a,,- ń]}
The conf,rmation of one particular left-boundecl distribution as the most aP-

plopriate soulce rate clensity requires furtlrer experimental investigations ,with
idvincecl measuring techniques arrd the bottom line of tlre preceding considera-
tions is the ca]l to more precisely determirre tlre form o1 the soulce rate densitY
g(r).

7 . Properties of the boundary layer in the region of laminar-turbulent
trańsition. The integral model of laminar-trrrbulent transition in
the boundary layer

Both laminar and turbulent boundary la\,er can be characterized by means of
several fundamental parameters. Among these parameters are: the boundarY laYer
thiclrness ó, displacenrent tlrickness ó* ald rnomcntrrm t]rickness Ó**, shaPe Para-
meter H : 6* l6**, local clrag coefficient Cj, velocity fluctuations along and across
the boundal), layer. Assuming in the integra} model of the laminar-turbulent
transition that tlre boundary 1ayer in the regiol of la,minar-turbulent transitiorr
is a stoclrastic mixture of 1amirrar an_cl turbulent botndary layers with a certain
value of the intermittency factor as a time ratio of turbulerrt state to the total
observation tirrre, tlre 1ocal mean velocit;l in tlre borinda,ry layer can be expressed
bY tire formula 

a: (1 - 1)ut - 1ut . (i.1)
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In 1951, H. W. Ernmons gave a relationship to desclibe the local drag coefficient
C 1 as a weighted sun of the drag coefficient for the lamirral boundary layer
Cyl with the rveight coefficient (t - "l) and the drag coefficient for the turbulent
boundary Layer C'lt witl,L the rveight coefficient 7

C7:(7-iCtt*lCłt.
Combining the formula for the displacement thickness

T/ u\u-:Jl,_u)o,
0

into Eq. (7.1) gives
ó*:(1 -^l)6r--y6;.

The same procedure with respect to tire momentum thickness

u=TŁ(,_Ł\o,
/ ą \ T*/

yields the following formula, Dhavan & Narasimha, 1958,

ó** : (1 _ 7)[(i - 7)ói- _ ^/6ł]+ ll"y6ł- - (1 - 1)6ł]+zł(t
where 

@

F= l(,-(*),(*) ,)o,
(-)

(7.2)

(7.3)

(7.4)

(7.5)

- ,y)F, (7.6)

(7.7)

(7.B)

A slightly different formula for the momentum thickness can be found irr the work
of Gostelov et al., 1994

ó** = 7(1 - l) f Wl(t- ut)+ur(I-rl)]* (t_ irdf- +726ł*.
0

Making use of the above presented relationships for ó* and ó**, it is easy to deter-
mine the shape parameter H for the boundary 1ayer in the region of laminar=tur-
bulent transitjon ( Dhavan, Narasimha, l95B)

H-
(1- l)Ht + łH,6#

(1 _ -r\ 
L, 

_ *r,j + ł |t _ +u,]u$ + zllt _ ^,)#
( 7.9)

The work of Gostelov et a1., 1994, provides also an approximate formula for the
shape parameter 11 in the region of laminar-turbulent transition

H=Ht+(1 -^l)@t-Et). (7.10)
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The level of velocity fluctuations 1l,',,D'arrd tu'in the laminar boundary layer is
rregligibly small compared to tlrat of the turbulent boundary layer. Therefore,
uniike for the mezrn velocity or shape pararneter, i1, is unpurposeful to attempt
to establislr tlre relationship of tlris type in the transition region for velocity
fluctuations.

8. Conclusions

Tlre paper gives a systematic revierv of tlre stochastic tlreory of the natural
laminar-turbulent transition irr the boundir,ry layer. The clroice of the three-pa-
rameter cumulative function of the }veibu1l distributiorr to describe the internrit-
tency factor enables precise and relatively straightforward, determination, from
the experimental data,, of the coordirrate rg which deflrres the beginning of the
laminar-turbulent transitiorr in the boundary layer, clraracteristic length O - ro
of the lamirrar-turbulent transition, valrre of the source rate density 96. Nfalrirrg
use of this method tlre above listed parameters rvere calculatecl for the set of
experimental data accluired by Wierciirsiii, 1995. It was found that the slope of
the weibull distributiorr is a = 3.5, that is more tlran for tlre distribtrtion of the
intermittency factor were tlre source rate density is approximatecl witlr the help
of the step functiorr a : 3 (Emmołs 1951) or Dirac delta - (! : 2 (Dhavan
& Narasimha, 1958). Tlre precise determination of a left-bounded corrtinuous di-
stribution of the soulce rate density is still a matter for furtber experimental and
theoretical investigations.

IVlanuscripi received irr Augrrst 1996
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Teoria stochastyc z:ne1o nat uralnego przejścia
laminarno-turbulentnego w warstwie przyściennej

streszczenie

Prz_edrniotenr PracY jest usystematyzowanie teorii stoclrastycznego naturalnego przejścia laminar_no-turbr']entnego lv warstu'ie_przyściennej, Przedstarviono ..*ą prop"ozycję opi"u"*"iół."r}ńk" i;;;;-
mitencji_PrzY Pomocy dystrybuanty trójparmetrowego rozkładrip."rua"póaotieństwa Weibulla. Prze-kształcając dYstrYbuantę rozkładu Weitlulla można ńzyrnać liniiwy związek pozwalający n;;";;;;-
wie danYch eksPerYmentalłyc}r na dokłacłne lvyznaczenie'początku przejścia larninarno-i."ńol..irr"go, .
Ponadto rra okreŚlenie dlugości charakterystyiznej przejścia i na otreśienie rvartości .q6 funkcii g.ń"r,_
cji Plamek turbulencji. Nieciągłe rozkłady fiinkcji§eneracji plamek turbulencji (d"l# Di";;t ilk;.i"skokl jecłnostkorvego) Pomimo zadawalającej "eodności utivoizonl,ch na ich bazie formuł na współczyir-nik inter.nitencji z wartościami ek"perym.niańymi powinny zosiać zastąpioIle ptżez rozkłady ciągie i
lewostronnie ogrłr,niczone lepiej oclpowiadające otserw.cjom eksperyme.t.Lym.


