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ANATOL JAWOREK!

Spherical probe for measuring charge on a single airborne
particle

The probe developed consists of two concentric metal spheres, the inner of which is a collector and
the outer serves as a shield. Two circular openings are made on opposite sides in the outer sphere.
Through these openings an airborne particle can flow into the internal zone of the probe. The charged
single particle induces a measuring signal on the inner electrode, before it is finally discharged after
impacting on the electrode. The amplitude of the generated voltage signal depends almost uniquely on
the particle charge. The method presented in the paper is capable of measuring the charge on aerosol
particles down to 3-10~1%C with an accuracy of about +5%.

1. Introduction

In many fields of electrostatic applications such as electrostatic precipitation,
electrostatic printing or copying, electrodynamic spraying, and also in atmosphe-
ric research, it is necessary to measure the charge on a single macroscopic particle.
Among the numerous methods for measuring charge on airborne particles, only
inductive [1-7] and contact [8, 9] probes allow the measurement of charge in situ
and in real time. The inductive probes are usually made in the form of a cylin-
der or ring, through which a particle flows without mechanical contact with the
electrode, only inducing an electric potential on its surface. The contact probes
are made in the form of a collector of arbitrary shape on which each particle is
captured. The impacting particles are discharged generating an electrical signal
in a measuring circuit.

Unlike contact probes the inductive probes do not remove the flowing partic-
les, however they need to be calibrated [7]. Under certain conditions, the contact
probes allow us to measure the absolute charge on a particle.

The inductive probes have been considered by many authors, for example
by MacLatchy and Chipman [5], Weinheimer [6] and Jaworek [7]. A cylindrical
contact probe has been described by Krupa and Jaworek [8, 9]. The alternative
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38 Anatol Jaworek

spherical probe has hitherto not been presented in the literature, except a short
communication [10]. In the present paper the detailed characteristics of a spheri-
cal probe are considered. -

The spherical probe consists of a spherical collector placed concentrically in-
side a spherical grounded metal shield, as shown schematically in Fig. 1. At
diametrically opposite sides of the outer sphere two circular openings are made
to allow the particles to enter the internal zone of the probe. It is assumed that
a single particle enters through one of the openings and impacts on the internal
sphere (collector). The flowing particle induces an electric charge on the collector.
The charge induced on the collector is neutralized by that on the impacting par-
ticle after its collision with the collector. It results from the following theoretical
considerations that the lower measurement limit of charge on a particle is about
10713C for the spherical probe.

The advantage of the spherical probe over the cylindrical probe is that there
is only one kind of signal generated by the particles entering the probe, i. e. that
generated by the particles impacting on the collector. When the diameter of the
internal electrode (wire) of a cylindrical probe is too small or the particles are
too fine, a number of the particles can flow by the collecting electrode, generating
the induced signals only. In the spherical probes, the internal electrode is usually
large, and the number of particles flowing by the sphere can be negligible.

The charge on a single impacting particle can be determined from the ampli-
tude of the signal generated. The signals can be recorded by a storage oscilloscope
or classified by a signal analyzer. The probe was successfully used in measuring
the charge on droplets sprayed electrohydrodynamically.

The main measurement parameters such as time domain response, frequency
response, sensitivity, charge limit etc. have been determined theoretically.

2. Time domain response

It is assumed that the two concentric spheres of the probe form a spherical
condenser of regular shape, and that each particle entering the probe flows with a
constant velocity along a straight line parallel to the axis joining the centres of the
spheres and the openings (Fig. 1). The effect of the openings in the outer sphere
on the charge induced on the collector is neglected in the following considerations.
It is also assumed that a particle enters the probe at the moment of ¢ = 0. The
charge on the inner electrode induced by a charged particle (assumed to be a
point charge) entering the probe is [11]:

a b—p

Qi=-0Q (1)

with the radial distance of the particle from the centre of the spheres (p > a):

P {[(b2 & 12)1/2 fi vt]z + 12}1/2 : (2)

b—a p
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where @) is the particle charge, [ — the distance of the particle trajectory from the
sphere center (impact parameter), v — the particle velocity, and a and b are the
radii of the inner and outer electrodes, respectively (Fig. 1).

e

oscilloscope

pulse
anatyzer

Fig. 1. Schematic diagram of the spherical probe and measuring circuit.

The charge induced by the particle before it reaches the entrance opening is
assumed to be negligible.

The differential equation for the voltage u(t) at the input of the measuring
amplifier is:

dt dt R
where R, C are the resistance and capacitance at the input of the measuring cir-
cuit. The capacitance C is the sum of the probe capacitance, the input capacitance
of the amplifier, the stray capacitance of the connecting wire and an additional
discrete capacitor used to adjust the total capacitance to a required value. The
resistance R is composed of the input (leakage) resistance of the amplifier and a
discrete resistor connected parallelly.

The first term on the right hand side of Eq. (3) is the current charging the
capacitance C while the second describes the current which leaks away via the
resistance R.

The general solution of Eq. (3) is:

s e . 22 Gl o
B C(bci ‘I:) s (%) 0/ (@ _(bzz)l/i )_ v0)’ (i 2)** . <%> o5
(4)
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with initial condition u(¢ = 0) = 0, and the condition that a < (b2—12)'/2—vt < b.
At the time moment ¢, the particle collides with the collector:

e % {(b2 & 12)1/2 L [(a T ,,,)2 o 12]1/2} : (5)

where r is the radius of the particle.
After collision the charge which remains on C leaks away exponentially via
the resistance R, and the voltage across the capacitance C is:

u(t) = Un(r)exp (-2 ®)

where U, is the amplitude of the generated signal:

ic

Q wvab (—tc) @ =12 — o C]
U,.=—= exp / 5776ZD (—) dO+
= /2
Cb—a RC s {[(62 - 12)1/2 - v + 12} RC
+C Lot b—a 1 atr/)l Q)

The first term in Eq. (7) results from Eq. (4) with time ¢, given by Eq. (5),
while the second one arises from the increment of charge on the capacitance C
at the moment of collision ¢ = .. The second term in Eq. (7) is derived with the
assumption that the particle conductivity, v, is high enough for the particle to
be discharged in a negligible time period, compared to the time constant of the
input circuit. In other words it is assumed that ¢/y < RC, where ¢ is the particle
permittivity. When the particle collides with the collector the charge on it is
partially neutralized, and the resultant charge is added to that on the capacitance
C. The drawings of the signal, obtained numerically, have been compared with
oscilloscope recordings such as, for example, that shown in Fig. 2. The general
conclusion is that the theoretical results are in good agreement with experiments.

The effect of various parameters on the signal waveform and its amplitude is
presented in Fig. 3 and 4.

The waveform of the voltage signal generated by the probe is shown in the
normalized form in Fig. 3a. The waveform only weakly changes with the impact
parameter [/a.

As is shown in Fig. 4a, the amplitude of the signal only slightly decreases
with the impact parameter if [/a is kept < 0.5, for all values of the normalized
time of particle flight 5/vRC. For the values of I/a > 0.5 (longer distances of the
particle trajectory from the system axis), the amplitude of the generated signal
decreases of a few percents as compared to [/a = 0. However in practice, the inlet
opening is smaller than the limiting value of the impact parameter, and in further
theoretical considerations it is assumed that the impact parameter //a is equal
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Fig. 2. Comparision of the numerical calculations of the signal waveform with an oscilloscope recording
of a waveform generated by a charged particle (¢ = 11 mm, b = 44 mm, r = 1.6 mm).

to 0. In this particular case, the integral in Eq. (4) can be solved analytically.
Integrating Eq. (4) by parts leads to a simplified solution of Eq. (3):

0= s () o ) - ()]

b= [ (76) 7w ®
C(b-a) ““E\RC b—wt]’
where Fi(.) denotes the exponential-integral function.

In this special case the amplitude of the measured signal equals the voltage
across the capacitor C' at the moment of collision:

o)~ gy o (35 [24 ) - ()] +

Qa b—a-—r b Q a b

C’(b—a)[exp( vRC ) a+r]+C’[1+b—a<1 a+7’)}' £
The effect of the particle radius, 7, on the signal waveform is presented in Fig.
3b. It can be seen from Fig. 3b that the shape of the waveform and also the signal
amplitude only slightly change with the size of the particle. The signal amplitude
increases with the increase in the particle diameter when the normalized time
of particle flight b/vRC is greater than 1. Only for 8/vRC < 0.1 the signal
amplitude is practically independent of the relative particle radius normalized to
the collector radius (Fig. 4b), and the approximate relation can be used with the
accuracy better than 2%. In this case the amplitude (7) can be assumed to be
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Fig. 3. Effect of the impact parameter [/a — (a), particle radius r/a — (b), collector radius a/b — (c), on
the signal waveform.
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Fig. 4. Normalized signal amplitude versus normalized time of flight b/vRC of a charged particle for
different values of the impact parameter I/a — (a), particle radius r/a — (b), collector radius a/b — (c).
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independent of the particle radius, and further simplifications in the expression
for the signal amplitude can be done:

o= o () () -2 ()

Qa b—a b
C(b-a) [emp ( vRC’) a] ; {10}
The effect of the collector radius, a, on the signal waveform is presented in
the normalized form in Fig. 3¢, for b/vRC = 0.1. The signal amplitude does not
change significantly in this case, but the pulse waveform changes because the
pulse duration is reduced as the collector radius increases. This is because the
distance the particle has to travel is reduced. When the value of b/vRC increases,
the signal amplitude depends also on the relation of the radius of the inner sphere
to the outer sphere a/b, as is documented in Fig. 4c.
The general conclusion from these considerations is that the amplitude of the
signal is determined by the relation:

Un =

Q
ol (11)

if the following condition is fulfilled:
b/vRC < 0.1. (12)

In this case the signal amplitude is also independent of //a,r/a and b/vRC pa-
rameters.

The condition (12) is fulfilled if the velocity of the particle is high enough
compared to the b/RC ratio. The physical meaning is that only a little of the
charge induced on the collector can leak away before the particle collides with
it. The time (b — a)/v, and then the required particle velocity can be estimated
from oscilloscope recordings. The condition (12) is very useful in practice, but
it is not necessary for measuring the particle charge properly. It requires a very
high resistance R in the measuring circuit, and/or high particle velocity. When
the condition (12) is difficult to fulfill, the charge can be determined from the
measurements using Eqgs.(9) or (10). '

Usually R has to be greater than 10°Q, and v > 1 m/s. The increasing of
the capacitance C' is limited by a resulting reduction in the voltage induced. For
example, for the probe and circuit used in the experiment, C=317 pF, R = 10°Q
and b = 0.022 m, the particle velocity must be higher than 0.7 m/s, to overcome
the reduction of the signal amplitude (see Fig. 4).

3. Frequency characteristics of the signal

In order to use the spherical probe correctly, the parameters of the measuring
circuit have to be chosen properly. The capacitance C ought to be possibly small,
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and the resistance R sufficiently high. Another parameter is the bandwidth of the
buffer amplifier.

In order to determine the bandwidth of the buffer amplifier the signal spectral
density ought to be known. Too narrow bandwidth of the amplifier, compared to
the signal spectrum, causes signal amplitude suppression, while too wide ban-
dwidth increases the noise and so confines the lower measuring limit.

The Fourier transform of the measuring signal used has the form:

+o0
Hijw) = / u(t)exp(—jwt) dt (13)

—00

with u(t) given by Eq. (4).

The measured signal begins at time ¢ = 0 and increases until the particle col-
lides with the collector (Eq. (5)). Afterwards the voltage decreases exponentially
(as in Eq. (6)). For the simplified case, r = 0 and ! = 0, the Fourier transform of
the measured signal becomes:

Ui = / Cb— a) vRC (ZEE?) [Ez (%>

—Ei <1ZR_Cb>]e:cp(——jwt)dt+ 0/ %[ew (%)

+o00
b : b—a— vt : .
e vt] exp(—jwt)dt — b/ Unexp (TEZ)’—) exp(—jwt)dt . (14)

v

The absolute value of | U(jw) |, which is the distribution of the intensity of -
the signal as a function of frequency, has been determined numerically, and is
plotted in Fig. 5.

It is assumed that the transfer function of the amplifier has only one dominant
pole, and the response of the amplifier to the excitation in the form of delta
function §(0) is:

h(t) = A,woezp(—wot) . (15)

where w, is the cut-off frequency of the amplifier and A, is its dc voltage gain.
The convolution of two functions is given by the relation:

g = / w(t)h(t — T)dr . (16)
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Fig. 5. Frequency response of the spherical probe.

For the impulse reéponse of the amplifier (13) and the measured signal (%)

given by Eq. (4) withr = 0 and [ = 0, the amphﬁer output voltage for t < (b—a)/v
is: ,

t T

Yt = QAowo /exp ( ) exp[—w,(t — T)]/ @d@ dr (17)

)3 2 (£-9)

and for ¢t > (b—a)/v:

o

y(t) = QAowo (—1;%) exp[—w,(t — 7-)]/ e(::p (fj )d@ ar
+AowoUnm /t ezp[—wo(t — 7)]ezp (L&_“)/—”) dr (18)

v

Eqs.(17) and (18) describe the signal waveform after passing the signal through
the amplifier. At the input of the amplifier the pulse attains its maximum at time
i. given by (4), or when [ = r = 0 given by ¢. = (b—a)/v. However, at the output
of the amplifier, the signal reaches its maximum value after a delay time At. The
delay At can be determined by differentiating the equation (17) with respect to
i, and setting the result to zero:

@_ (Jre s 1 . (b—a—'ut)+
@t RO d Yoo BC 2\ wRE
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exp (wORC' 5&8) U;
+(woRC — 1)ezp(—w,t) !: GEEE) T (19)
where:
b—a
T T ©
QAw,0 ] (—r ) ezp (75)
Ui= —7—=— [ ezp| == exp(wor)/ - dtidy, (20)
UC(I_F)O R 2 (%_@)

is the voltage at the amplifier output, at the moment of impact. After that the
voltage decays exponentially according to Eq. (6). From Eq. (19) one obtains:

exp woRCj,’_a .
i In {(wORC — 1woRC exp(—w,t) [ ( RC) = E’_} } .

e
w,RC -1 (WoRC - 1) U.,.

(21)
In most practical cases the second term U;/U,, in equation (21) is of the order of
magnitude of 1 and can be omitted in comparison to the first term which usually
is much greater than 1. Then, the delay approximately equals

_ RC In(w,RC)
i RGeS

At (22)

The delay time At is plotted in Fig. 6 in the normalized form as a function of the
amplifier bandwidth A f defined as Af = w,/27.

Spherical probe
o C
E AR RC=0.1s
% o b/vRC=0.1
(]
el
el
(7]
N
o
E 0.01
o
<
0.001 + :
10 100 1000 Af,Hz 1E4

amplifier bandwidth

™

Fig. 6. Delay time of the signal normalized amplitude.

The signal amplitude attenuation S due to the amplifier bandwidth, defined
s the ratio of the amplitude U,(i.e.y(t) at time ¢ = At) of the signal at the



48 Anatol Jaworek

output of the amplifier to the A,U,, is:

: B
S Uo Ui exp (—wORCM) exp (——wo - a) %

T i @ RO~ 1
w,RC —In(w,RC) —ln(woRC))]
P T [ex” ( wRC — 1 ) - (“"’RC e o e
1.0

Spherical probe
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=
= ]
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=
= 0.7 F
E
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a

£ I A S .
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Fig. 7. Pulse amplitude attenuation at the output of the amplifier with the bandwidth Af.

As it is seen from Fig. 7, if the bandwidth of the amplifier (w,/27) equals the
bandwidth of the signal spectrum (1/27 RC), the normalized signal amplitude, S,
is reduced to about 0.37 at the output of the amplifier. To obtain an amplitude
attenuation of § = 0.95 the amplifier bandwidth ought to be about 100 Hz. For
more accurate measurements, S = 0.98, the bandwidth of the amplifier should
rise to about 300 Hz.

4. Noise characteristics

The inductive or contact charge probes generate only singular signals. The
detection of singular signals considerably differs from the measurements of dc
voltages and periodic signals. At low signal levels some difficulties arise in distin-
guishing them from the noise. Filtration by low-pass filters of high time constant
to remove the noise from dc voltage, or band-pass filters or phase sensitive detec-
tors used to reduce the noise in periodic signals can not be utilized in the case
of a singular signal detection. The noise characteristics of the measuring circuit
need therefore special attention.

The lower limit in the measurement of the particle charge is mainly confined
by noise. In this section only the thermal noise generated by the input resistance
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R, and equivalent noise generated by a measuring electrometer valve amplifier will
be considered. These considerations predict a lower theoretical limit of the charge
that can be measured by the spherical probe. The noise caused by electromagnetic
fields is not taken into considerations because they can be easily removed by
shield and grounding. Also the flicker noise of the resistors within the circuit are
excluded from the calculations.

Va Digital
' + W Storage
. i R Oscilloscope
. _[ (& YUnt
=

Fig. 8. Equivalent circuit of the spherical probe with noise sources.

The schematic diagram of the measurement circuit with an electrometer valve
amplifier, including the equivalent noise generators is presented in Fig. 8. The
source of the measured signal is represented by a current generator i. A voltage
generator e, is the source of the thermally generated noise by the resistor R. The
noise generated by an valve amplifier is represented by the equivalent source v,
in series with the input of an ideal amplifier [12].

The rms voltage of the noise generated by a resistor of resistance R in the
frequency bandwidth df is given by the following equation:

€2 = 4kTR df, (24)

where T is the absolute temperature, k is the Boltzmann constant.
The noise voltage at the input of the amplifier generated by the source €2 is
attenuated by the RC circuit, and equals:

Af
i 4kTR _%T
bk 0/ 1+ (27rfRC)2df e g etgQEArET 29)

where A f if the bandwidth of the amplifier.
The noise voltage v, generated by the valve amplifier is represented by a
hypothetical resistor R, and is given by the following relation:

o2 (fy = 26T R, df. (26)

The effective rms value of the input noise voltage is:

2

o S g ek 92, (27)
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The relative measuring uncertainty due to noise is defined as the rms of the
effective noise voltage related to the maximum value of the measured signal U,,:

[
b = —.
- (28)

The error caused by the bandwidth of the amplifier due to suppression of the
signal amplitude is:

fa;=1-38. (29)

The total relative measuring error ¢ is the sum of the error corresponding to
the generated noise 6, (28) and the error caused by the limited bandwidth of the
amplifier a5 (29):

’ U
— 4+ 6af- : 30
g toas (30)

In Eq. (30) the voltage Uy, can be assumed to be the lowest signal amplitude
measured with the total error §. The value of the minimum charge @i, measured
with the error § (the lower measuring limit) is:

0=

(31)

and is plotted in Fig. 9 as the function of the bandwidth of the amplifier, and for
different errors 4.

1 . T

B Spherical probe
Qomln pC ? : b=44 mm

minimum measurable charge
o
o
o

0.001 . . L -
100 1000 10000 Af, Hz 100000
amplifier bandwidth

Fig. 9. Lower limit of the charge measured due to uncertainty caused by noise.

From the curves, both the optimum bandwidth of the electrometer valve am-
plifier and the minimum charge measured with the assumed error § can be de-
termined. For too narrow bandwidth the measuring range is limited by the sup-
pression error. For wider bandwidth the lower limit of the measurement increases
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because of the decrease in the signal-to-noise ratio. This is conspicuous particu-
larly for lower values of the input resistance R, because the thermally generated
noise is not attenuated by the RC circuit. The effect of the input capacitance on
the measuring range is shown in Fig. 10. With the increase in the input capa-
citance the lower measuring limit increases because the induced charge is lower,
regardless of the attenuation of the noise generated by the resistor R.

For the input capacity C' = 100 pF, and input resistance R =1 G{2, the mini-
mum charge which can be measured by the spherical probe is for example 0.05
pC or 0.01 pC if the assumed error is 2% or 10%, respectively.

The electromagnetic distortions (caused for example by an electrical discharge)

1 T T

~ a=11 mm
; Spherical probe
o°m§ pC " ? b=44 mm

0.2
0 &
0.05

0.02

0.01 f 31.7 pF .
0.005 10 pF

inimum measurable charge

m
=
o
]
Ny

4

0.00“ N ey . 1 1 X
100 1000 10000 Af, Hz 100000
amplifier bandwidth

Fig. 10. The effect of input capacitance C on the lower measuring limit for the spherical probe.

or line interference (50 Hz) can cause the lower measuring limit to increase even
by an order of magnitude.

5. Experiment

The charges of test particles measured by means of the spherical probe were
compared with the results obtained using a Faraday cage as a reference method.

Droplets of distilled water generated electrohydrodynamically from a metal
capillary connected to a dc voltage source were used as test particles. The drip-
ping pressure was kept constant by maintaining the water at a fixed level. The
mean radius of the droplets ranged from 1.6 mm down to 0.5 mm, whereas the
dripping frequency varied from 1 to about 20 Hz, depending on the voltage ap-
plied. The particle charges were measured alternately with the Faraday cage and
the spherical probe, keeping the dripping and charging conditions constant. A
sensitive electrometer was used to measure the charge on the Faraday cage. The
results obtained from recording the series of signals from individual droplets of
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the same size are plotted in Fig. 11. Each point on the plot is the average result
of measuring the charge on approximately 100 droplets. The relation appears to
be linear over the tested range of charge. The discrepancy between the data is
within the uncertainty of the measurements. For charges greater than 10712 C
the relative difference of the results obtained by the two methods is < +5%, and
for charges < 1072 C it is about 10%.
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E 0.1 1 10 100 pC 1000

measurements with Faraday cage

Fig. 11. Comparison of the charge measured by the spherical probe and the Faraday cage.

6. Conclusions

Theoretical and experimental investigations of the measurement performance
of the spherical probe lead to the following conclusions:

1. The probe allows the measurement of the charge on droplets or particles
down to 3-1071* C with an error lower than 5%. The lower charge measu-
rement limit is determined by the thermal noise associated with the input
resistance of the measuring circuit and measuring amplifier.

2. There is only little influence of the particle velocity, its radius and the
impact parameter upon the signal amplitude and the measured results, if
the condition b/vRC < 0.1 is satisfied. This condition requires high input
resistance of the measuring circuit and particle velocities of a few m/s.

3. If the condition b/vRC < 0.1 is difficult to fulfill, the charge can also be
determined, but it must be calculated from the voltage measured using Eqgs.
(9) or (10).
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