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ZBIGNItrW BILICKI, ROMAN KWIDZIŃSKI1

Viscous term in the model of two-phase bubble flow2

The equations of the homo5eneous two-phase flow model with a viscous term have been presented.
}e coefficient of substitutional viscosity has been introduced. Its value has been calculated from'a
mpaison of the entropy production in ą;-aJ bubble flow md in the continuous model of two_phase
aediurn. In the case of bubble flow itjollÓws that this coefficient shou]d be several orders of magnitude
nEher than the molecułar viscosityń the liquid.
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- deforrnation ty'nsor,

unit mass rofe [N/kg],
specific enthalpy U /kg],

- mass [kg],
- ratio of viscosity coefficients,
- pressure [Pa],
- heat flux vector [W/*],
- stress tensor,
- temperatue [K],
- viscous stress tensor,
- time [s],
- specific internal energy [J/kg],

volume [m3],
- vector of barycentric velocity [m/s],

dryness fraction,
Ien5th coordinate [m],
thickness of hydraulic boundary layer [Ą,
dissipation function [W/kg],
void fraction,
coefficient of thermal conductivity [W/mK],
coefficient of dynarnic viscosity [ks/*"],
coefficient of substitutional viscosity in
homogeneous two-phase model ftg/ms],
density [ks/*3],
entropy production [W/ksK],
coelficient of bulk viscosity lr"' lr],
coefficient of substitutional bdk
viscosity [m2/s].

Subscripts

u - vapour.- liquid,

l* rntroduction

Dispersed flow is an impoltant type
ilEs€d phase occupies sepaTate regions,

of two-phase flow. In
namely gas or vapour

Fluid-Flow Machinery, ul

this flow the di-
bubbles or liquid
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droplets, which are distributed in the continuous phase.
The two-phase flow is described by the basic laws of mass, momenttm and

energy conservation. The laws are in the form of differential or integral equations.
Differential equations can be used to describe continuous media only. Therefore,
modelling of two-phase media recluires appropriate assumptions about the conti-
nuity of both phases [1]. It is possible to formulate the model of the two-phase
medium that is continuots in the microscale. On the ground of this model each
particle of the dispersed,phase should be treated individualiy. The solution of the

mode1 should provide cofnplete information about the flow. It should be possible,
for example, to follow tĘe trajectory of each droplet or bubble. However, such
detailed description is no\ needed in practice because the microscale properties
of the medium like tlre ra&ius of droplets or bubbles have random values diffe-
rent in evely lun of the same§eriment. Only values of parameters averaged in
the scale larger than characterisjić-scal,e of the dispersed phase, i. e. in the me_

soscopic scale, are reproducible in sucessive luns of the experiment. Taking this
into account only averaged parameters are useful. This observation underlies the

model of continuous two-phase media. In this model both phases occupy the en_

tire flow region. The question arises if the continuous two-phase medium reflectt
the properties of the rea1 medium, In this papeT the influence of viscosity on the

properties of the continuous two-phase medium has been investigated.

2. Model of the homogeneous two-phase flow

The continuous two-phase medium has the feature tlrat the same point of tht
flow domain is occupied simultaneously by both phases. Proporties of the phaset

are usually described by the ratio of mass oT volume of the dispersed phase tt
the mass/volume of the mixture in the control volume.

Let us define the void fraction łp in the liquid-vapour flow as a ratio of thł
volume of the vapour phase Ę to the volume of the mixture V = VtłV,, nameŁ5

V, V,ę: Tłń: ź, (1,

The control volume I/ should be selected in the way that., being much smaller tha,r

the characteristic macroscopic size of the flow, it a contains sufficient number o
bubbles or droplets. Similarly, in this volume the quaiity of the two-phase mixturr
r can be defined as a ratio of the mass of the vapour phase m, to the total mas
of the mixture rn: ,rrLu wu

* =;:rń=;, (2

one can find the relations between the void fracti,,on and the quality in the forn

?P"
?p,*(,L-ę)ą' , = |, 

* 
(l _:)l'"f-l . (3
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\o_* the average density p of the continuous two-phase medium can be calcu-
Iated from the densities of the components

P = ?Pu ł (7 - ę)ą, (4)

However, the average specific values of extensive parameters should be calculated
with the use of the quality, for example the urr"rig" specific enthalphy should be
calculated from

h=rhut(I-r)h1. (5)

r,omentum cortservatiorl

md energy conservation

The conservation laws writteń for the flow of a continuous two-phase medium
are the foundiTio-nsroffit-wo-fluid model ancl the homogeneous model. In terms
of the two-fluid model, it is assumed that the phases ńove at diffferent velo-
cities. The balance equations are written separ-ately for eaclr phase. The mass,
:rromentum and energy exchange between phases is described by an additionai
:elation. This model is relatively complex because even in tlre simplest case of
'ue-dimensional flow it consists of six differential ecluations. Moreover, formula_
:ion of the relations for the interfacial exchange comes across certairr difrculties.
On the other hand, in the frame of tłre homogCIreous moc]el it is assumed that the
:hases travel at the same velocity or that thó difference between the velocities of
:-5e Phases_is negligible, The_advantage of the homogeneous model is its simplicity
ąnd for this reason this model is used in the following study.

The lromogeneous model describes the flow of the ńo*og"rr"ous two-phase mi-
fiure whose Parameters have been averaged in space according to the priportions
:ithe Phases. The set of conservation equations of the modeihas the same form
a"' in the case of a single-phase flow. In a general case it consists of the ecluations
;i mass conservation

ff*oo,w=0,

|'# =pg + V, .9

fu the above equation_s p isan avelage pressule, tlre same in both phases, p is the
ił.$Ęra8e density calculated from (4), Ą - the average specific enthalpy (5)'and w
m a velocitY of the mass centre of the mixture (i. e.ltre larycentric vuiociiy). rhe
ffill;xs tensor S defines the relation between the stress in the fluicl anc1 the p.Óro.",
[łrnsity, temperature and velocity at each point of the continuous medium. The
nms.*cor s is symmetric and depends on phyiical properties of the medium. If thełłryal stress (Pressure P) and the sheai stress are distinguislred, the stress tensor
'lrrr be written a§ a sum

(6)

(7)

d (. *2\ apoor\n* z ): ń *V.(w,T)+p(-.s) - V.q. (B)

S=T-PI, (9)
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}Iere, T is the viscous stress tensor, which describes the influence of viscosity in
the medium. It is also a symmetric tensor. Noting that the medium is isotropic
and assuming that t]re linear relation holds between the shear stress and velocity
gradient iIev-ton's hypothesis), viscous stress tensor can be written in the form
t2] ]

T = 21tD + ltc - 1t lv.*l r, ( t0)

\LJ]
rvhere D is the deformatisł_tensoT. ĘłŁe above relation the coefficient of dy-
namic viscosity'p and the coeffient of bulk viscosity ( also appear. Values of
the coefficients should be found experimentally. The measuTement of the dyna-
mic viscosity is relatively simple in the single-phase medium, It appears that in
general, p depends on the thermodynamic state of the medium F : F(P,T), but
the dependence on tlre pressure is weak, The measurement of the bulk viscosity
(. in turn, comes across certain diflfrculties. In the case of incompressible 1iquid
this value is unimportant because V ,w : 0. The kinetic theory of gases gives

e = 2l3 for monatomic gases, which agTees well with measulements for noble
gases. For polyatomic gases, on the other hand, we observe from the damping of
u]trasonic waves that ( + 0.h can be proved that it is the result of the relaxation
plocesses in the gas [3]. The measurements of the viscosity in a two-phase me-
dium are difflcult because the results depend on the composition of the medium
as well as on the phase distribution. Many deflnitions of the viscosity coefficient
in the homogeneous the two-phase mixture can be found in the triterature. Some
of them ale as follows [4]:

p=l1I (Owen) F = rll, ł (L - r)p"1, (Cicchitti et a1.)

(11)

They have a common feature that the value of the viscosity in the two-phase
mixture lies between the viscosity of the vapour p,, ar.d the viscosity of the liquid
p1. There is no data considering the bulk viscosity ( in two-phase medium but
presumably its influence on ploperties of the medium is negligibie.

The heat flux vector q, which appears in the equation of energy conservation
(8), depends on the temperature gradient and can be evaluated with the aid of
Fourier's 1aw

q = -)V?, ( 12)

where ) denotes the coefficient of thermal conductivity, This coefficient like the
viscosity depends on the temperature and slightly on the plessule. The value of
) should also be found experimentally.

Bearing in mind the above assumptions concerning the tensors ,§, T and the
vector q, the set of the conservation equations for the case of one-dimensional
flow in the directiol7 z car be written in the form

i = t,-'# (Isbin) Ll : rLll,+ (1 - *)ip,, (Dukler)

ff,*ruŁ:o, ( 13)
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{14)

p= p(P,,h), T =T(p,h) (16)

;hould be added to close the set (13-15). The form of the equations of state
16) is the sirnPlest when the thermodynamic equilibrium betwóen the phases is
rssumed, However, it is possible to take into account the thermal ,roneq-ulibrium
letween the Phases provided that the equation clescibing the nonequlibriurn heat.
rncl mass exchange on the interfacial surface will be adóed to the proceding set.

l. Energy dissipation in two-phase flow

The observations of the propagation of compression waves in two-phase media
iloved their significant dispersion, i. e. broadening of their width. This phenome-
-on Can not be described in terms of previously cleveloped homogeneous models.i tulns out that some of the wave properties of the mediu- are lÓst in averaging
:ocedures. It also Seems that tlre enelgy dissipation in the real flow is ń.t
:eater than that preclicted by the homogeneous model. up to now, most of the
:odels of two-Phase florv do not take account of the fluid viscosity and thermal
':nductivitY. Some interesting results have been obtained when the dissipation
: the _homogeneous flow had been increased allowing for the therma1 conducti-
:;v [5]. An additional dissipation term can be inctudó in tlre set of conservation
+:uations when the viscosity of the medium is considered. However, the problem
dses how to determine the value of the viscosity coefficient in tire two-phase
lflllo$€l}€olls flow.

In viscous flow the energy dissipation, i. e. irreversible exchange of mechanical
:ergY into heat, is Present. Let us denote by dEp tlre infinitesimit change of the
inetic energY in the control volume dV andtirne c]t.It follows from the Óquation
f energY_conservation that the difference between d,Elr and tlre work of tlre rnass
lrces óAu as well as the surface.forces óS equals

dw aP a r. 7 \uf
P d,l = Pg cosa - a, + ń |(C 

+ 
1L) *].

,*(^-+) = T * fl|tc+!ul.ff]- ^# 
ł pwgcosa (15)

Ihe angle a is meĄred between the flow direction and the direction of the mass
|orce g. The unknoix-_quantitiesjłlihe above set of equations are pressure p,
iensity p, temperature żlsp-ecifió enthalpy h and flow vilocity rł. The equations
rf state

(6AV + 6AS) - cttrlEl": d,t I aav,
v

here

ó=S:D=Y1*.T) -(w.VT)

( 17)
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is called the fissipation function. It can be interpreted as the irreversible dissipa-
tion of mec]ranical energy into heat caused by the viscosity per unit time and per
unit volume. In one-fimensional florv of Newtonian fluid the dissipation function
has a form

o : (ć + lli (+\' (19)J -\\, 3*'\dzf
}Iaking use of the above equation, the en|ropy production due to shear stress in
viscous flow is defined as 

]

(20)

The second law of thermodyn-imiĆ#equires that o1 ) 0. Therefore ( ) 0 as well
as p ) 0 for any velocity field in the fluid.

4. Viscosity in the homogeneorrs two-phase flow

The entropy production caused by viscous dissipation in the two-phase me-
dium should be the same in the homogeneous model and in the rea1 flow. Tlre
following discussion will be restricted to the case of bubble flow. It follows from
the equation (20) that the entropy production is proportional to the velocity
gradient. The velocity fleld in the real bubble flow is very complicated. First, it
should be noted that the lrapołrr bubbles can move with velocities different from
the velocity of the surrounding licluid. This phenomenon is called a slip. As a
result, there exists a boundary layer around the bubbles. In the case offlow thro-
ugh a channel the boundary layer also exists at the channel wall. The velocity
gradient there is much higher than the gradient of the alrelage velocity calculated
in terms of the continuous medium concept. Therefore, it is expected that the
enelgy dissipation due to the viscosity takes place mainly in the hoqndary layers,
The entropy production in the boundary layer at the clrannel wal1 may be consi-
dered a result of the influence of external forces on the two-phase medium, while
the entropy production in the boundary layers around the bubbles can be thought
as an internal property of the medium. For that Teason enelgy dissipation arising
from the slip of the bubbles should be included in the model of the homogeneous
two-phase medium. It can be done when the replacement viscosity coefficient is

introdtced.
Let us estimate the entropy production o1,o in the borrndary layer around a

single bubble. If the average thickness of the hydraulic boundary layer equals Ó6

then the velocity gradient in the layer can be found from the relation

dw 1II - LDu

-żxd,z 67

where ,u1 and to, denote the average velocity of the liquid and the vapour in
the control volume, respectively. It can be seen that the velocity gradient around

,J =+= if +!u)(Y)'

(21)
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tlre brłbble is nonzero_ only when wt ł w, that is when the slip between phases
-\.., = ul - ,tIu f 0. Thus, from eq.(20) the entropy production can be calculated
aS

ouo= 
*vn((,+!u,) (*)', (22)

rvhere Vn : 4lrR267 is the volume of the boundary 1ayer. Then, the specific
entroPY Production in the control volume V qbntaining 1rr bubbles oi equa1 radiusRis /

n,,_Nob; _3ęf ,. .4 ,(Atrl)2o.:b: -T- = '47,1{, ł lal a, (23)

Ę,the above equation the relatio,4,ńtween the void fraction rp and the number
cf brrbbles ł in the volume V-''

_ 3rR3N
v (24)

tas been introduced. The entropy production o; in the homogeneous medium
,houlcl be calculated with the help of the macróscopic values. Particularly the
;elocitY gradient present in tlre equation (20) should be evaluated from tńe di-
;tribution of average velocity in the homogeneous two-phase flow. It should be
:emembered that this gradient is evaluated from the ur"rug" velocity at which
:he mass centre of the phases in the control volume moves. Ii ttre flow with noł-
lero sliP this gradient is considerably different from the velocity gradient in the
roundarY laYer (21). Thus, if the equality of the entropy produciion calculated
rom the macroscopic avelage values (20) as well as calcuiated with the aid of the
oca1 values at the mesoscopic 1evel of description (23) is required

o1 = OJbl (25)

hen the coefficients of viscosity should be redefined. Let us rewrite the equation
20)

(26)

uY- v

,J : 
+G +!n: (#)' ,

i,erroting bY P and ( the coefficients of the substitutional dynamic viscosity and
,ubstitutional bulk viscosity, respectively. Their sum can be found from thó equ-
r,tion (25)

e +lu =Ęrc,+!u,P{ (#)- (27)

l the flow with no intense relaxation processes the bulk viscosity can be neglected
tecause it has insignificant influence on the properties of the medium. Theiefore,
he equation (27) can be simplified

_ 3ę (A^u)2 ( d.\-2
11= llt o 6, \a, ) (28)
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The coefficients o{ the substitutional viscosity calculated from (27) or (28) should
be used in the homogeneous two-phase model formulated by the equations (13-15).

Let us estimate the difference between the coefficients of the substitutional
viscosity of the continuous two-phase medium and the viscosity of the liquid

In order to complete the calculation of M, the slip between phases A,u is re-
quired. This information is easily obtained on the grounds of tlre two-fluid model.
However, the ratio (29) can be estimated in terms of the homogeneous model if it
is assumed that the slip has no significant influence on the flow properties except
for the viscous clissipation. The slip, of course, can not be directly calculated
from equations of the homogeneous model. To do t}lis the equation of momentum
conservation for an isolated spherical bubble travelling in the liquid can be used.
Taking into account only the force resulting from the pTessure gradient in the
liquid and the drag of the bubble, it is obtained

fuI=L=rrbog'(#)-'

dw, dP 3Cn / \lp"r,ź = -ż - źź p,(., - wl) | w, - u;1 |,

(29)

(30 )

where Co is the bubble drag coefficient. For spherica1 bubbles empirical correla-
tion holds [6]

Cn = 6.3fi€-0,385, 10 < Re < \20a. ( 31)

Reynolds number łe is based here on the slip I q - tu, I and the bubble radius
R

Re=
2nlq-u,lR

(32)
pl

Solution of the equation (30) is obtained nrrmerically, provided that the pressule
and velocity distributions in the liquid are known. In the case of the two-phase
homogeneous flow in a straight channel, when p : 0(10-1), R : 0(10*4),
6n : 0(70-51, dPf dz = o(10a), duldz: 0(101), the slip evaluated from the
equation (30) equals Atł : 0(10-1). Thus, it fo11ows that M = 0(106). It is seen

that it is necessary to introduce the substitutional viscosity in the continuous
two-phase medium of order six times higher than the liquid viscosity if the con-
dition of equality of the entropy production due to viscous losses (25) is required.
The difference between the coefficients of viscosity is lower in the case of flow
inside a complession wave. When the pressure gradient in the wave is of order
of magnituaĆ O1arlaz): 106, the velÓcity gradient O(duldz) = 102 and other
values are kePt the same as before, then O(A,u) : 1 is obtained and consequently
O(M) = 10a. In an analogous way it is estimated that the entropy production
due to the slip of the bubbles is at least one order of magnitude higher than those
in the boundary layer at the channel wall.
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i. conclusions

It is concluded that the viscous dissipation].uo bu modelled in the continuous
;n-o-phase medium if the coefficient of subst/tutional viscosity is introduced to
:re bomogeneous model o[ the two-phase fl/v. Tlre substjtutionul uir.oriiul, 

"larameter describing the continuous two-p,trlase medium at the macro§copic 1"uel.
];-' r'alue can be evaluated fronrŁĘę_ąlyffis of the local properties of the flow at
5e mesoscoPic level, namely f.o*Jńuólocity distributión around an individual
ĘPouI bubble. A considerable fraction of the total mechanical energy losses takes
ilace inside the hydraulic boundary layer around the bubble' even iiihe difference
}etween the bubble velocity and the velocity of the surrounding liquid is relatively
;:ali. It comes from the fact that the velocity gradient in thó boundary layer is
:uch higher then the gradient of averaged velociiy in the two-phase ho-tg"o"o.r,
!orr-. The condition of equal entropy production in the moclel of the .o1fioooo,
"n-o-Phase medium and in the rea1 medium is satisfied provided that the value of
le substitutional viscositY is several orders higher thin the molecular viscosity'l the liquid oT vapoul.

ilenuscript received: February 22, Igg5
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Człor. lepkościowy w modelu pęcherzy}ołrego przepływu
dwufazowego

Str"=r"runi.f

Przedstawiono równarria jednorodnego modelu o.r.o'|r*tr dwufazowego zawierające czlony lepko-

ściowe. Na podstawie porównania produkcji entropii w rzĘywistym przepływie pęcherzykowym i łv

ciągłym ośrodku dwufazowym wprowadzono zastępczy współczynnik lepkości dla ciągłego i jednorod-

nego ośrodka dwufazowego. W przypadkuprzepływu pęcherzykowego oszacowallol że jego wartoŚĆ moŻe

być o kilka rzędów wielkości wyźsza od lepkości dynmicznej cieczy.


