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ZBIGNIEW BILICKI, ROMAN KWIDZINSKI!

Viscous term in the model of two-phase bubble flow?

The equations of the homogeneous two-phase flow model with a viscous term have been presented.
e coefficient of substitutional viscosity has been introduced. Its value has been calculated from a
mparison of the entropy production in a real bubble flow and in the continuous model of two-phase

vedium. In the case of bubble flow it
szher than the molecular viscosit,

- unit mass force [N/kg],

—  specific enthalpy [J/kg],

—  mass [kg],

— ratio of viscosity coefficients,
—  pressure [Pa],

—  heat flux vector [W/ml],

— stress tensor,

— temperature [K],

- viscous stress tensor,

- time [g],

—  specific internal energy [J/kg],
- volume [m?],

v —  vector of barycentric velocity [m/s],

Subscripts
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- liquid, v — vapour.

Introduction

ows that this coefficient should be several orders of magnitude
f the liquid.

Nomenclature
D —  deformation tfaéor,

dryness fraction,

length coordinate [m],

thickness of hydraulic boundary layer [m],
dissipation function [W /kg],

void fraction,

coeflicient of thermal conductivity [W/mK],
coefficient of dynamic viscosity [kg/ms],
coefficient of substitutional viscosity in
homogeneous two-phase model [kg/ms],
density [kg/m?],

entropy production [W /kgK],

coefficient of bulk viscosity [m?/s],
coefficient of substitutional bulk

viscosity [m?/s].

Dispersed flow is an important type of two-phase flow. In this flow the di-

wersed phase occupies separate regions, namely gas or vapour bubbles or liquid
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80 Z. Bilicki, R. Kwidzinski

droplets, which are distributed in the continuous phase.

The two-phase flow is described by the basic laws of mass, momentum and
energy conservation. The laws are in the form of differential or integral equations.
Differential equations can be used to describe continuous media only. Therefore,
modelling of two-phase media requires appropriate assumptions about the conti-
nuity of both phases [1]. It is possible to formulate the model of the two-phase
medium that is continuous in the microscale. On the ground of this model each
particle of the dispersed phase should be treated individually. The solution of the
model should provide complete information about the flow. It should be possible,
for example, to follow the trajectory of each droplet or bubble. However, such
detailed description is not needed in practice because the microscale properties
of the medium like the ra%k'u\sgof droplets or bubbles have random values diffe-
rent in every run of the same experiment. Only values of parameters averaged in
the scale larger than characteristic scale of the dispersed phase, i. e. in the me-
soscopic scale, are reproducible in sucessive runs of the experiment. Taking this
into account only averaged parameters are useful. This observation underlies the
model of continuous two-phase media. In this model both phases occupy the en:
tire flow region. The question arises if the continuous two-phase medium reflects
the properties of the real medium. In this paper the influence of viscosity on the
properties of the continuous two-phase medium has been investigated.

2. Model of the homogeneous two-phase flow

The continuous two-phase medium has the feature that the same point of the
flow domain is occupied simultaneously by both phases. Proporties of the phases
are usually described by the ratio of mass or volume of the dispersed phase te
the mass/volume of the mixture in the control volume.

Let us define the void fraction ¢ in the liquid-vapour flow as a ratio of the
volume of the vapour phase V,, to the volume of the mixture V' = V; 4V, namel;

ook W
ViV, vV

@ (1
The control volume V should be selected in the way that, being much smaller tha
the characteristic macroscopic size of the flow, it a contains sufficient number o
bubbles or droplets. Similarly, in this volume the quality of the two-phase mixtur:
z can be defined as a ratio of the mass of the vapour phase m, to the total mas
of the mixture m: m, _m, A

m; + m, m

One can find the relations between the void fraction and the quality in the forn

(1 ;;)pu]_l' 3

L PPy
P =
e+ (1—9)p

, ¢=[1+
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Now the average density p of the continuous two-phase medium can be calcu-
lated from the densities of the components

p=ep,+ (1= (4)

However, the average specific values of extensive parameters should be calculated
with the use of the quality, for example the average specific enthalphy should be
calculated from

h=gzh, +(1-a)h. (5)

The conservation laws written for the flow of a continuous two-phase medium
are the foundations of the two-fluid model and the homogeneous model. In terms
of the two-fluid model, it is assumed that the phases move at diffferent velo-
cities. The balance equations are written separately for each phase. The mass,
momentum and energy exchange between phases is described by an additional
relation. This model is relatively complex because even in the simplest case of
one-dimensional flow it consists of six differential equations. Moreover, formula--
tion of the relations for the interfacial exchange comes across certain difficulties.
On the other hand, in the frame of the homogeneous model it is assumed that the
phases travel at the same velocity or that the difference between the velocities of
“he phases is negligible. The advantage of the homogeneous model is its simplicity
and for this reason this model is used in the following study.

The homogeneous model describes the flow of the homogeneous two-phase mi-
rture whose parameters have been averaged in space according to the proportions
»f the phases. The set of conservation equations of the model has the same form
#s in the case of a single-phase flow. In a general case it consists of the equations
»f mass conservation

momentum conservation
dw
i o ) (7)
wnd energy conservation
2
p%(“%)=%—f+v-(W-T)+p(W'g)—V-q- (8)

the above equations P is an average pressure, the same in both phases, p is the
srage density calculated from (4), h — the average specific enthalpy (5) and w
2 velocity of the mass centre of the mixture (i. e. the barycentric velocity). The
ess tensor S defines the relation between the stress in the fluid and the pressure,
‘emsity, temperature and velocity at each point of the continuous medium. The
wnsor S is symmetric and depends on physical properties of the medium. If the
wrmal stress (pressure P) and the shear stress are distinguished, the stress tensor
@a be written as a sum

S=T-PI, (9)
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Here, T is the viscous stress tensor, which describes the influence of viscosity in
the medium. It is also a symmetric tensor. Noting that the medium is isotropic
and assuming that the linear relation holds between the shear stress and velocity
gradient (Newton’s hypothesis), viscous stress tensor can be written in the form

[2]

\

where D is the deformation_tensor. In the above relation the coefficient of dy-
namic viscosity p and the coefficient of bulk viscosity ( also appear. Values of

the coefficients should be found experimentally. The measurement of the dyna-

mic viscosity is relatively simple in the single-phase medium. It appears that in
general, ;1 depends on the thermodynamic state of the medium p = p(P,T), but
the dependence on the pressure is weak. The measurement of the bulk viscosity
(, in turn, comes across certain difficulties. In the case of incompressible liquid
this value is unimportant because V - w = 0. The kinetic theory of gases gives
¢ = 2/3 for monatomic gases, which agrees well with measurements for noble
gases. For polyatomic gases, on the other hand, we observe from the damping of
ultrasonic waves that ¢ # 0. It can be proved that it is the result of the relaxation
processes in the gas [3]. The measurements of the viscosity in a two-phase me-
dium are difficult because the results depend on the composition of the medium
as well as on the phase distribution. Many definitions of the viscosity coefficient

in the homogeneous the two-phase mixture can be found in the literature. Some

of them are as follows [4]:

= jiy (Owen) u = zp, + (1 — @), (Cicchitti et al.)

1 @ 1—2 : P (11)
— = — 4+ —— (Isbin =z—u, +(1—=a , (Dukler :
G (Isbin) g ok ( )p ps ( )

They have a common feature that the value of the viscosity in the two-phase
mixture lies between the viscosity of the vapour p, and the viscosity of the liquid

. There is no data considering the bulk viscosity ¢ in two-phase medium but

presumably its influence on properties of the medium is negligible.

The heat flux vector q, which appears in the equation of energy conservation |

(8), depends on the temperature gradient and can be evaluated with the aid of |

Fourier’s law

q=-AVT, (12)

where )\ denotes the coefficient of thermal conductivity. This coefficient like the

viscosity depends on the temperature and shghtly on the pressure. The value of :

A should also be found experimentally.

Bearing in mind the above assumptions concerning the tensors S, T and the
vector q, the set of the conservation equations for the case of one-dimensional
flow in the direction z can be written in the form

dp ow

13
dt+ 0z =i, (13)

T = 2D + [(g X %u)v - w} I, (10)
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dw oP d i [T
Py = PY cosa — £ + o [(C—!— gu)a] " (14)
d w2 oP 0 4 ow 9T
X

['he angle « is measured between the flow direction and the direction of the mass
orce g. The unknow quantities in" the above set of equations are pressure A
lensity p, temperature 7, ific enthalpy A and flow velocity w. The equations
of state

p=p(Ph), T:T(P>h) A (16)

hould be added to close the set (13-15). The form of the equations of state
16) is the simplest when the thermodynamic equilibrium between the phases is
:ssumed. However, it is possible to take into account the thermal nonequlibrium
etween the phases provided that the equation descibing the nonequlibrium heat.
nd mass exchange on the interfacial surface will be added to the proceding set.

). Energy dissipation in two-phase flow

The observations of the propagation of compression waves in two-phase media
roved their significant dispersion, i. e. broadening of their width. This phenome-
on can not be described in terms of previously developed homogeneous models.
* turns out that some of the wave properties of the medium are lost in averaging
rocedures. It also seems that the energy dissipation in the real flow is much
reater than that predicted by the homogeneous model. Up to now, most of the
1odels of two-phase flow do not take account of the fluid viscosity and thermal
onductivity. Some interesting results have been obtained when the dissipation
» the homogeneous flow had been increased allowing for the thermal conducti-
ity [5]. An additional dissipation term can be included in the set of conservation
quations when the viscosity of the medium is considered. However, the problem
rises how to determine the value of the viscosity coeflicient in the two-phase
omogeneous flow.

In viscous flow the energy dissipation, i. e. irreversible exchange of mechanical
nergy into heat, is present. Let us denote by dEj, the infinitesimal change of the
metic energy in the control volume dV and time dt. Tt follows from the equation
[ energy conservation that the difference between dEj, and the work of the mass
rces 6AY as well as the surface forces 65 equals

(6AY + 6A5) — dtdE, = dt / BV, (17)
Vv

here

¢=S:D=V(w-T)— (w-VT)
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is called the dissipation function. It can be interpreted as the irreversible dissipa-
tion of mechanical energy into heat caused by the viscosity per unit time and per
unit volume. In one-dimensional flow of Newtonian fluid the dissipation function
has a form

o= (c+ 2 () (19)

Making use of the above equation, the entropy production due to shear stress in
viscous flow is defined as |

=g a0 (&) <20>

The second law of thermodynamics requires that oy > 0. Therefore { > 0 as well
as p > 0 for any velocity field in the fluid.

4. Viscosity in the homogeneous two-phase flow

The entropy production caused by viscous dissipation in the two-phase me-
dium should be the same in the homogeneous model and in the real flow. The
following discussion will be restricted to the case of bubble flow. It follows from
the equation (20) that the entropy production is proportional to the velocity
gradient. The velocity field in the real bubble flow is very complicated. First, it
should be noted that the vapour bubbles can move with velocities different from
the velocity of the surrounding liquid. This phenomenon is called a slip. As a
result, there exists a boundary layer around the bubbles. In the case of flow thro-
ugh a channel the boundary layer also exists at the channel wall. The velocity
gradient there is much higher than the gradient of the average velocity calculated
in terms of the continuous medium concept. Therefore, it is expected that the
energy dissipation due to the viscosity takes place mainly in the boundary layers.
The entropy production in the boundary layer at the channel wall may be consi-
dered a result of the influence of external forces on the two-phase medium, while
the entropy production in the boundary layers around the bubbles can be thought
as an internal property of the medium. For that reason energy dissipation arising
from the slip of the bubbles should be included in the model of the homogeneous
two-phase medium. It can be done when the replacement viscosity coefficient is
introduced.

Let us estimate the entropy production op, in the boundary layer around a
single bubble. If the average thickness of the hydraulic boundary layer equals éx
then the velocity gradient in the layer can be found from the relation

U5, dteale; (21)
dz o,

where w; and w, denote the average velocity of the liquid and the vapour in
the control volume, respectively. It can be seen that the velocity gradient around
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the bubble is nonzero only when w; # w, that is when the slip between phases

Aw = w; — wy # 0. Thus, from eq.(20) the entropy production can be calculated
as

1 4 Aw\ ? .
O, Tth(Cl‘l‘ 3uz) ( G ) ; (22)

where V), = 47R%6, is the volume of the boundary layer. Then, the specific
entropy production in the control volume V containing N bubbles of equal radius
R is /'/
Nogi " -8Bl 7o b (NP .
e U o S| sl g 7
v 7 I(CH— 3ﬂl) A (23)

n the above equation the rela@v@ien the void fraction ¢ and the number
of bubbles NV in the volume ¥

ghiiee A %'A‘RP’N

S i
1as been introduced. The entropy production oy in the homogeneous medium
hould be calculated with the help of the macroscopic values. Particularly the
relocity gradient present in the equation (20) should be evaluated from the di-
tribution of average velocity in the homogeneous two-phase flow. It should be
emembered that this gradient is evaluated from the average velocity at which
he mass centre of the phases in the control volume moves. In the flow with non-
ero slip this gradient is considerably different from the velocity gradient in the
voundary layer (21). Thus, if the equality of the entropy production calculated
rom the macroscopic average values (20) as well as calculated with the aid of the
ocal values at the mesoscopic level of description (23) is required

(24)

FF =4 (25)

hen the coefficients of viscosity should be redefined. Let us rewrite the equation
20)

oo itk b Loty 2
o= C+30 (%), (26)

lenoting by i and (,: the coefficients of the substitutional dynamic viscosity and

ubstitutional bulk viscosity, respectively. Their sum can be found from the equ-
tion (25)
g alasio 3@ 4  (Aw)? (dw)_2
LB O e ) e 27
C+3u R(Cl+3,uz) o b (27)

n the flow with no intense relaxation processes the bulk viscosity can be neglected
ecause it has insignificant influence on the properties of the medium. Therefore,
he equation (27) can be simplified

4 3o (Aw)? (dw)‘z
S ey e S il Ichil 28
B= g =g b (28)
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The coefficients of the substitutional viscosity calculated from (27) or (28) should

be used in the homogeneous two-phase model formulated by the equations (13-15).
Let us estimate the difference between the coefficients of the substitutional

viscosity of the continuous two-phase medium and the viscosity of the liquid

~ 72/ =12
e U (A—Q /<d—w> : (29)
Hl R 6h 3 dz
g

In order to complete the calculation of M, the slip between phases Aw is re-
quired. This information is easily obtained on the grounds of the two-fluid model.
However, the ratio (29) can be estimated in terms of the homogeneous model if it
is assumed that the slip has no significant influence on the flow properties except
for the viscous dissipation. The slip, of course, can not be directly calculated
from equations of the homogeneous model. To do this the equation of momentum
conservation for an isolated spherical bubble travelling in the liquid can be used.
Taking into account only the force resulting from the pressure gradient in the
liquid and the drag of the bubble, it is obtained

dw, 1 dP: 3Cp
Pt gfﬂl(wu —wp) | w, — w |, (30)

where Cp is the bubble drag coefficient. For spherical bubbles empirical correla-
tion holds [6]
Cp =6.3Re 9% 10 < Re < 1200. (31)

Reynolds number Re is based here on the slip | w; — w, | and the bubble radius
R

_2p1[wl—w,,|R
1 .

Re (32)

Solution of the equation (30) is obtained numerically, provided that the pressure
and velocity distributions in the liquid are known. In the case of the two-phase
homogeneous flow in a straight channel, when ¢ = O(1071), R = O(107%),
6, = 0(107%), dP/dz = O(10*%), dw/dz = O(10'), the slip evaluated from the
equation (30) equals Aw = O(1071). Thus, it follows that M = O(10°). It is seen
that it is necessary to introduce the substitutional viscosity in the continuous
two-phase medium of order six times higher than the liquid viscosity if the con-
dition of equality of the entropy production due to viscous losses (25) is required.
The difference between the coefficients of viscosity is lower in the case of flow
inside a compression wave. When the pressure gradient in the wave is of order
of magnitude O(dP/dz) = 10°, the velocity gradient O(dw/dz) = 10? and other
values are kept the same as before, then O(Aw) = 1 is obtained and consequently
O(M) = 10%. In an analogous way it is estimated that the entropy production
due to the slip of the bubbles is at least one order of magnitude higher than those
in the boundary layer at the channel wall.
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Conclusions

It is concluded that the viscous dissipationf‘ can be modelled in the continuous
wo-phase medium if the coefficient of substitutional viscosity is introduced to
2e homogeneous model of the two-phase flow. The substitutional viscosity is a
rarameter describing the continuous two-plase medium at the macroscopic level.
is value can be evaluated from-the analysis of the local properties of the flow at
e mesoscopic level, namely from the velocity distribution around an individual
apour bubble. A considerable fraction of the total mechanical energy losses takes
“ace inside the hydraulic boundary layer around the bubble, even if the difference
=tween the bubble velocity and the velocity of the surrounding liquid is relatively
mall. It comes from the fact that the velocity gradient in the boundary layer is
wuch higher then the gradient of averaged velocity in the two-phase homogeneous
ow. The condition of equal entropy production in the model of the continuous
wo-phase medium and in the real medium is satisfied provided that the value of
se substitutional viscosity is several orders higher than the molecular viscosity
v the liquid or vapour.

anuscript received: February 22, 1995
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Czlon lepko$ciowy w modelu pqcherzy/kowego przeplywu
dwufazowego

Streszczenie/
[

Przedstawiono réwnania jednorodnego modelu przeph&vu dwufazowego zawierajace czlony lepko-
$ciowe. Na podstawie poréwnania produkcji entropii w rzegzywistym przeplywie pecherzykowym i w
ciaglym oérodku dwufazowym wprowadzono zastepczy wspdlczynnik lepkosci dla ciaglego i jednorod-
nego osrodka dwufazowego. W przypadku przeplywu pecherzykowego oszacowano, ze jego wartosé moze

byé o kilka rzedéw wielkosdci wyzsza od lepkosci dynamicznej cieczy.



