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MARIAN TRELA!, JANUSZ RYMKIEWICZ!, EUGENIUSZ IHNATOWICZ!

Investigation of radial spread of liquid stream on a horizontal

plate?

The radial flow of a thin liquid film on a horizontal plate formed by the impingement of a circular
liquid jet is studied both theoretically and experimentally. The change of film thickness has been exami-
ned for different flow zones, encompassing also the phenomenon of hydraulic jump. Results of our own
experimental data of film thickness have been presented and compared against calculated values.

Nomenclature
a — radius of oncoming jet, 5
b —  coefficient, (= 2v), Re

Cy - friction coefficient, Rep,
d — mnozzle diameter (= 2a), U
Fr —  Froude number (= U/(gh)'/2), u
Fr — mean Froude number, (= w/{gh}'/?), u
f(n) — non-dimensional velocity profile, (= u/U), w
g - gravity, y

h ~  liquid layer thickness (film), o,
K; - quantity described by Eq. (2.11), ¥
=d52; )
[ — integration constant, v
P —  pressure, P
Q —  volumetric flow rate, n
r - radius, coordinate in cylindrical T

coordinates, w,

Subscripts

0 - of potential velocity, of r -

boundary layer, film thickness, w o~

m —  minimum film thickness, * =

p —  hydraulic jump,

quantity described by Eq. (2.45),
Reynolds number, (= Q/va),
Reynolds number, E: hU/ ug
surface velocity,
r-coordinate velocity component,

?

mean velocity,

y-coordinate velocity component,
vertical comp. in cylindrical coordinates,
coefficients in Table 1,

coefficient described by Eq. (2.11),
boundary layer thickness,

kinematic viscosity,

density,

non-dimensional film thickness, (= y/h),
shear stress,

quantity defined in the text and Table 1.

coordinate r,
wall,
non-dimensional quantity.

'Department of Thermodynamics and Heat Exchange, Institute of Fluid-Flow Machinery, ul.

Fiszera 14, 80-952 Gdansk

*The work was sponsored by a research project KBN No 39 404 030 06
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1. Introduction

Liquid impingement jets are widely used in a variety of technical applications,
for example in glass and metal industries, as an effective way of cooling surfaces.
Recently. a great deal of interest is centred on intensive cooling of highly loaded
electronic components. In a natural way this form of flow exists in spray cooled
heat exchangers or in condensers. Liquid streams flowing down from one element
onto another spread on the surface of a horizontal pipe as a liquid film. Film
thickness and its range influence the intensity of heat transfer from that surface.
So far, the problem of flow spread has been analysed for a horizontal surface
wetted by a vertical impinging jet [1,2]. In the present work, an analysis of liquid
jet spread on a horizontal surface is presented. It enables the indentification of
different flow zones. Close attention has been devoted to the formation of hy-
draulic jump, which is unprofitable for heat transfer phenomena. Various velocity
profiles in the liquid layer have been analysed in the light of their influence on the
solution of flow equation. The results of our own experimental investigations of
liquid film thickness are presented against the results of numerical computations
in the supercritical and subcritical regions. The idea of this work is to verify exi-
sting methods of stream spread on a horizontal surface which will be very useful
later in the analysis of more complex situations like jet spread on a horizontal
cylinder. Particular attention has been paid to the calculation of film thickness
in the subcritical region, the problem usually neglected in previous analyses. Its
importance stems from the necessity of determination of the maximum possible
area of wetted surface before the appearance of dry patches.

2. Stream spread on a horizontal surface

In general, stream spread on a horizontal surface, can be characterized by the
presence of two zones: a zone of potential flow and a zone of viscous flow The
region of viscous flow can be further divided into four characteristic sub-regions
(see Fig. 1):

I. boundary layer region,

IT. transition region,
III. hydraulic jump zone,
IV. subcritical region.
Fig. 1 presents also the extent of potential flow which can be divided into

three more detailed sub-regions, as shown in [2]. Below, the problem of liquid
stream spread in the subregions of viscous flow is only analysed.
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Fig. 1. [llustration of the jet impingement on a horizontal surface

Boundary layer region (I)

The region is characterized by the existence of both viscous and potential flow.
The flow velocity varies from zero on the wall to a value of Uy on the border of
the boundary layer. The following assumptions are made in the analysis:

1. the flow of the liquid on the surface of the plate is stationary and laminar,

2. the liquid is considered to be incompressible,

3. the pressure gradient stemming from the mass and surface forces is negligi-
ble.

In accordance with the above assumptions the boundary layer equations take the
following form:

dite=—04 0%y

uE £ wa—y = I/% s (2.1)
Iru) = O(rw) ;
o 5 o 0, (2.2)

with boundary conditions:

for y=4g i —2iE (2.3)
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and with the continuity equation for the entire flow

h
0 =2xr | udy . (2.4)
ok

Integrating the equations of boundary layer we arrive at an integral form of
Karman-Pohlhausen [1]

)
il e e
(;l? ek :I’—) O/(Uou — U )dy =V (a—y> = = (2'5)

The solution of the above equation depends on the assumed velocity profile. The
three following polynomial profiles have been under consideration:

L) = Ue =292 0", (26)
2. f(m)=3/2n~-1/27, (2.7)
8. flmy=2= ", (2.8)

It can be shown that by assuming an appropriate profile in Eq. (2.5), a formula
is obtained which describes the change of the boundary layer thickness in the

considered region
1
S=ylo—2 2.9
Zr, (29)
where: « is a coefficient dependent on the assumed velocity profile. Its values are
given in Table 1. The liquid film thickness in the first region (I) can be determined
with the aid of the continuity equation in the form:

§
Q= 277‘/udy + 2wrUg(h - 6) . (2.10)
0
Defining the quantities
i 1
df - = 2
1=51 o+ K= [ s, Ka= [ Fnn, (211)
n =0
0 0
the liquid layer thickness is obtained from Eqs. (2.10) and (2.9)
Q - v -
= T + (1 - K4) a-ﬁgr : (2.12)

Bearing in mind that

Q = ma*ly (2.13)
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Table 1

Characteristic parameters of water film for different
velocity profiles*

| Parametr I Profile 1 | Profile 2 | Profile 3 I
f(n) 2n—2n° +n* | 3/2n—1/20* | 2n—n?
a 420/37 280/39 10
K, 7/10 5/8 2/3
K 367/630 17/35 8/15
B 1.79 1.78 1.87
nt 0.243 0.305 0.262
w 0.642 0.685 0.656
Q 5.033 4.042 5.236
¥ 0.40 0.439 0.397
v 2 3/2 2
b 4 8 4

* They are defined in the text

and defining a non-dimensional radius r* and the thickness h* as:

o (1) Re-1/3 | (2.14)
a

B* = <§> Rel3 (2.15)
a

an expression is obtained from Eq. (2.12), which determines the change of the
film thickness

o+ BV (2.16)

where: § = (1— K7)y/ma. Values of coefficients Ky i Ko are given in Table 1. The
radius 79 where the boundary layer thickness coincides with the film thickness
(h = §) can be determined by the way of transformation of Eqgs. (2.4), (2.9),
(2.10) and (2.11) as

e

15 “0a’
3 -
= =8 2k
"o drfialv (a5
or in the non-dimensional form as
1
4R e T 2.18
(5) 47rK12a ( )

Because for Profile 1: K1 = 0.7, @ = 420/37 and for Profile 2: Ky = 0.625, o =
280/39, therefore the values of radius r§ vary between 0.242 and 0.305 for these
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selected velocity profiles. The third profile has values of K; and « similar to the
first profile.

Transition region (II)

Within this region, the film thicknes coincides with the boundary layer thick-
ness. In these circumstances it can be shown that by assuming a polynomial
velocity profile like in the first region (I) velocity on the film surface and its
thickness are given by the expressions:

3K, Q?
- 2.19
&5 42Ky v(r3 +13)° (219
2r Ky v(r3 + 13) ,
(e = 2.7
(T) 3](2 ? ( 0)

TQ
where [ is an integration constant determined from the conditions that for r = 7g,
we have U = Uy = Q/n?

S el o
Placing the above into Eq. (2.20) we get the formula for the film thickness
s T (2:22)
where: - : o
= = (1 & 3}(204) = = (2.23)

For the selected velocity profiles values of the above coefficients are given in
Table 1. The liquid film thickness in the region IT has its minimum value for a
radius rp,. This radius can be calulated from Eq. (2.22) by seeking roots of the
first derivative. In the non-dimensional form 7}, is equal to

1/3
P (5“’5) (2.24)

For Profile 1, r},= 0.4. For the remaining profiles values of ry, are given in Table
2=
Subecritical flow region (IV)

It extends beyond the region of hydraulic jump. The Froude number is less
than unity in this case. Experimental investigations [2, 4] indicate that the film
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thickness varies unsignificantly, but is considerably higher than the thickness be-
fore the jump. In this region boundary conditions downstream of the jump seem
to be of a major importance. The momentum and continuity equations for this
region have the following form:

Iru)  I(rw) =
e (2.25)
ou O, = 19p 0%u
10p
e R 2.27
o (2.27)

with the boundary conditions:

at y=0, u=w=0, 8u/dy=r1,/p,

at  y=h, Ou/dy=0, Oh/Or=w/u, p=pg. (2.28)

Because of the considerably greater film thickness than before, terms accounting
for the pressure and gravity forces have been included in the momentum equ-
ations. It is convenient to present the continuity equation (2.25) in a slightly
different form:

ow u d(ru)
B . 2.2
- dy T dr (2-29)
Integrating Eqs. (2.29) and (2.26) over the film thickness we obtain:
h h
du u O(ru) :
hi ety =i o :
uw |g O/waydy / o (2.30)
h h h h
ou du 1 fop 0%u
= = = —— | = —dy . 231
O/uardy—{—o/waydy po/ardy+l/0/@y2 Y ( )

dh
From the boundary condition we have uw s

Because the integration limit A is variable, therefore the following relation has to

be used:
o g dh
u 2 2
= e U e o = 2.32
/”ardy 2 [aro/“ eisll dr} e
0

where U is velocity in the r direction, for y = h. Two first integrals in Eq. (2.31)
can be thus presented in the following manner:

h h

h h
du ou d u? l=d r2y? 1d
/”Edy+./w%dy_ d_r/?dyﬂ—za/ R
0 0 0 0

ru‘dy . {2.33)

D
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Integration of the equation of motion (2.27) gives the pressure distribution over
the film height

p=potghth-y), (2.34)
hence,
h
h
L (2.35)
Py or dr :

The last viscous term in Eq. (2.31) can be transformed to

h h

0%u J [ou T

S ey s ow T (2.
Vﬂ/ﬁy'?dy V/(?y <8y>dy p (240

0

Friction on the wall is expressed in terms of the friction coefficient C; by the
following relation
C
Tw = —2—f—pU2 , (2.37)
therefore, the equation of motion (2.31) after utilizing the relations from (2.33)
to (2.37) is brought into the form

h
Id ¢ ik T,
0

Its solution depends on the assumed velocity profile. For the polynomial-type
velocity profiles the obvious relations hold:

Sl

1
= K1, K= [ f(mdn. (2.39)
0

Hence, taking into account the continuity equation
O =2rrha = const,- = rhu = const (2.40)

the equation of motion in the radial direction is obtained from Eq. (2.38)

d (U2 C; U2 =

The friction coefficient Cy can be further expressed in terms of the Reynolds
number in the following way

ou Udf
e

= (2.42)
y:

n=0
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sombining Eqs. (2.42), (2.37) we obtain

b

Cf:Rﬁeh’

(2.43)

where: Rej, = h—U, b="2v,
v

By introducing the Froude number, the equation of motion (2.41) can be re-cast
in the non-dimensional form as

dFr 9 6Fr + 3K, Fr3

- Do = b P13 2.44
(1 - K Fr )dR 326FT R ! ( )
where -~
R o , (2.45)
Rel ()1

is a non-dimensional radius.
The last equation holds also for the transition region II, however, the influence
of the gravitational force is there considerably smaller.

Hydraulic jump zone (III)

Hydraulic jump in the form of a sudden increase of the liquid film thickness
is observed, when the flow is supercritical, i. e. when the Froude number is more
than 1. After the hydraulic jump the flow is subcritical, i. e. F'r < 1. A simple
analysis of this phenomenon can be conducted based on the conservation equ-
ations. Neglecting viscous terms, the change of momentum in the hydraulic jump

region is compensated by the pressure increase. Therefore, the following relation
holds [9]

h by 1
/u2dy - /uzdy = §g(h§ — h?) (2.46)
0 0

The radius r, where the hydraulic jump occurs, is calculated based on the
above relation assuming that A < hp and additionally assuming a uniform velo-
city distribution after the hydraulic jump. The continuity equation may be then
written as

T
= 27rrphU/fd17 =2r7,h, U . (2.47)
0

Substituting Eq. (2.47) into (2.46) gives the jump radius

Q K5 1
£ b 2.48
" v/2grh, \| K2h'  h, ( )
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Investigations by Nakoryakov et al. [2] and Craik et al. [4] show that in the
jump zone there are swirls and separation of the boundary layer. Under these
circumstances taking into consideration the polynomial velocity profile instead of
the uniform one seems to be justified. It can be shown that the radius r, is then

equal to
Q Ko l= -1
= e 2.49
"= Jogrh, \KZ \E I, e

In order to determine the jump radius from the above relation the film thick-
ness h and h, have to be known. The first quantity can be determined based on
the relation (2.22). Whereas a priori determination of the second quantity h,, is
difficult. Therefore, in practice various experimental correlations and additional
assumptions are used. Steven and Webb [7] proposed for example the following
correlation

rp = 0.0061dRe®3? (2.50)

where: Re = 4@ /ndv. However, the authors of the paper [7] acknowledge that
this correlation is far from accurate. The jump radius depends first of all on the
thickness h, after the jump. The latter in turn is influenced by the boundary
conditions downstream of the jump. Olsson and Turkdogan [11] suggest that the
position of the hydraulic jump should be determined from the relation

%Re‘l/?’ = 0.84—0.89 . (2.51)

On the other hand, Nakoryakov et al. [2] proposed that the jump radius should
be calculated from the condition

a=W, (2.52)
where W is the velocity of disturbance propagation over the shallow water surface

W = /gh . (258

In other words this condition requires setting the Froude number Fr = 1 for
the jump. If values of U and h before the jump are known then the liquid layer
thickness after the jump can be calculated from the balance of momentum (2.46)
and the continuity equation. When the polynomial velocity profile is used before
and after the jump, the ratio of the film thickness is expressed by

hival
2= (VIF8KFr 1) . (2.54)

h 2

Relating the Froude number to the mean velocity we have

h,p it Koy :
L e ] :
7 5 ( = SK12 7 1) (2.54a)
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For the polynomial velocity profiles the constant appearing in front of the Froude
number is then about 9.6 whereas for the uniform distribution this coefficient is
equal to 8.

Experimental investigations, for example in [4], [8, 9] show that contrary to
shock waves in gases (an analogue of the hydraulic jump) the change of the liquid
film thickness from A to a value of h, takes place over a considerable distance
reaching 20 mm and more depending on the Froude number before the jump. For
the conditions when the plate is smooth and of dimensions 20 to 50 times greater
than the nozzle diameter, then the Jjump takes place in the range of Fr = 2 = 6.
Significant disturbances of the water surface are then also observed.

3. [Experimental investigations

Experimental investigations of liquid spread on a horizontal plate caused by
the impingment of a vertical jet was conducted on a special experimental arrange-
ment depicted in Fig. 2. A pump was supplying water from the main tank to the

Micrometer with

Micrometer with
\Qeedle sensor no 2

////needle sensor no 1

Oscilloscope

¥

measurement
flask

main tank

Fig. 2. Experimental arrangement

nozzle from where the liquid stream was impinging on the brass horizontal plate
of dimensions 600 x 600 mm. The liquid film thickness was measured with the aid
of a needle probe which utilized the change of resistance between the needle and
the liquid layer. In order to avoid polarization of the electrodes, a probe (needle)
was fed by altering voltage. A touch of the needle to the film surface closed the
electrical circuit which could be observed in the change of the signal amplitude
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on the oscyloscope [10]. Two nozzles of diameters 3 and 5 mm were used in the
investigations. Experiments were conducted in the flow range @ = (1.16 + 2.52)
10~° m3/s. The distance of the nozzle from the measurement surface was 35 mm
in all experiments. All other details can be found in [11].

4. Discussion of results

Results of experimental investigations are presented in Figs. 3+5. In the same

= 3
b= h‘;h?lo ] i & ==

MEAN FILM THICKNESS
N

08 |
Al
06 + { 4
x } x -~ Experimental data
Ok = OB T e
x tal ik T ——— ZNumerical results
02r » eI
‘p’ [Tl T &4 =29°+n
0 i L — i
0 20 4«0 60 80 100 120 140 180

RADIUS r-10° {m]

Fig. 3. Mean film thickness as a function of impingement radius for volumetric flow rate Q = 1.222.107°
m?® /s, (nozzle diameter d = 3.107° m)

figures there are also shown the distributions of the liquid film thickness obtained
on the basis of the relations given in the chapter 2 for Profiles 1 and 2. Profile
3 gives results close to those of Profile 1 and therefore they are not presented
here. The most difficult task was determination of the hydraulic jump radius.
Experimental investigations of the film thickness distribution in this range have
shown that the length of the jump is about 20 mm. So far, precise definition of
the jump radius has not been established. It may be sought, for example, as a
radius of the beginning of the jump zone, the end of the zone, or the arithmetical
mean of the two radii. This situation causes additonal discrepancies in results
based on different definitions. In Table 2 there are presented values of the jump
radius obtained by different authors. The values r, given in the 1 and 2 rows
were calculated assuming that the jump radius is determined by the locus where
the film thickness is equal to h,/2. The data given in the last row were obtained
as singular points of Eq. (2.44). The left hand side of the equation is zero for
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Table 2
Values of radius r, - 10°m
No. The author Q[m?/s]
1,22-39°0 | 2.52.10°°
1 Craik et al. [4] ~ 31 51
2 Self investigations 30 53
3 Stevens and Webb [7], (2.50) 21.5 42.5
4 Nakaryakow et al. [2], (2.52) 2 43
5 Olsson and Turkdogan [12], (2.51) 25.5-27 46-49
6 Relation (4.1) 27-29 42-46

Fr = 1/y/K;. Comparing therefore the left hand side to zero, we obtain after
transformation an expression for the jump radius

R R e

Values of the jump radius given in Table 2 differ from each other significantly,
especially for greater values of (). Calculated values tend to be much lower than
the experimental ones. However, even the experimental correlation of Stevens
and Webb, Eq. (2.50), is not better than the approach of Nakoryakov et al. — Eq.
(2.52) nor the relation (4.1). Distributions of the experimental data of the film
thickness in the subcritical region are virtually uniform in the investigated range
i.e. up to radius 7 = 160 mm. Calculated values depend on the assumed formula
for the friction coefficient C'y. Two calculating formulae have been taken into
account for this range. The first one is based on the relation (2.43) and holds for
the case where the boundary layer thickness is equal to the film thickness. The
second approach is completely different. It is assumed there that immediately
after the jump the boundary layer is formed and its thickness increases along
the plate. In this case it is possible to use the Blasius formula to evaluate the
friction coefficient in the same way as for the external flow over the plate. Then
the friction coefficient is described as [13]

0.664
Cyr=——F,
: Rey2

(4.2)

where: Re, = U(r —r,)/v

Results of calculations of the water film thickness presented in Figs 3+5 to-
gether with the experimental data show that better consistency is achieved when
relation (4.2) is used for the friction coefficient. Distribution of the film thickness
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is virtually flat in this case and differs by approximately 12 % from measured
values and given in Figs. 3 and 5. The discrepancy is a little greater in the third
case presented in Fig. 4. Some difficulties are encountered in determination of
the film thickness due to the surface waviness. The point of contact of the needle
with the surface is diffused. This is aggravated by the surface tension force which
decreases or increases the liquid meniscus during the movement of the needle.

5. Conclusions

In the present work, the problem of radial liquid stream spread has been
analysed both theoretically and experimentally. The influence of various velocity
profiles on the film thickness has been analysed. For the supercritical region (be-
fore the hydraulic jump) the discrepancies between calculated and experimental
values are not large. The differences are greater in the subcritical region (after
the jump) and depend on the formula used for calculations of the friction coef-
ficient. The biggest problem is, however, in determination of the hydraulic jump
radius. None of the approaches existing in the literature returns satisfactory re-
sults. Therefore, it seems to be necessary to conduct further investigations in order
to determine the position of the hydraulic jump and the parameters influencing
it more precisely. When plates of large dimension are used, the behaviour of the
liquid film is dependent on the surface condition like surface tension or wetting
contact angle. The influence of the latter parameter has been least investigated
so far.

Manuscript received December 19, 1994
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Badania rozplywu cieczy przy naplywie na pozioms plyte

Streszczenie

W pracy poddano analizie teoretycznej oraz badaniom eksperymentalnymrozplyw filmu cieczowegona
poziomej plycie, powstaly w wyniku pionowego naplywu strugi. Przeanalizowano zmiany grubosci filmu
dla réznych obszaréw przeplywu, obejmujacych réwniez zjawisko uskoku hydraulicznego, przyjmujac
do obliczen trzy rézne profile predkosci. Szczegdlna uwage zwrdcono na zagadnienie lokalizacji uskoku
hydraulicznego. Opisano stanowisko eksperymentalne, sposéb pomiaru oraz przedstawiono wyniki badan.
Wartosci obliczeniowe grubosci filmu dosé dobrze zgadzaja sie z wartosciami eksperymentalnymi.



