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MARIAN TRtrLA1 , JANUSZ RYMKItrWICZ1, EUGENIUSZ IHNAToWICZ1

rnvestigation of radial spread of liquid stream on a horizontal
plate2

The radial flow of a thin liqrrid fiIm on a horizontal plate formed by the impingement of a circular
liquid jet is studied both theoretically and experimentally. Tlre change of fiIm thickness has been exami:
ned for different flow zones, encompassing also the phenomenon of hydraulic jump. Results of our own
exPerimental data of film thickness have been presented and compared against calculated valrres.

Nomenclature

a-
b_
CJ
d

Fr
F,
I@)
3*
h*
/{;

0_

n1,

p-

a
d,0
1

I_
P-
a
r-

radius of oncoming jet, R
coefficient, (= 2l), Re
friction coefficient, R"n
nozzle diameter (= 2a), U
Froude nurnber (: U/(gtl)l/Z1, u
mean Froude number, (=i/{gh}t12), n
non-dimersional velocity profile, (- ulU), u
gravity,
liquid layer thickness (film),
quantity described by Eq. (Z.rr),
,i ="J",2, ó
integration constant, u
pressure, p
volumetric flow rate, T
radius, coordinate in cylindrical a
coordinates, kr, O

quantity describedby trq. (2.45),
Reynolds number, (= Q l va),
Reynolds number, (: hU / r),
surface velocity,
r-coordinate velocity component,
mean velocity,
g-coordinate velocity component,
vertical comp. in cylindrical coordinates,
coefficients in Table 1,
coe{ficient described by Eq. (2.11),
boundary layer thickness,
kinematic viscosity,
density,
non-dimensionalfilm thickness, (= gf h),
shear stress,
quantitv defined in the text and Table 1.

of potential velocity, of
boundary layer, film thickness,
minimum fiIm thickness,
hydraulic jump,

Subscripts

T - coordinate r,
IlJ - wall,
* - non-dimensional quantitv.

1Department of Thermodynamics and lleat Exchange, Institute of Fluid-Flow Ma,chinery,
Fiszera 14, 80_952 Gdańsk
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1. Introduction

Liquid impingement jet§ are widely used in a variety of technical applications,
for exa,mple in glass and metal industries, as an effective rvay of cooling surfaces.
Recerrtl3-. a gTeat deal of interest is centred on intensive cooling of lrighly loaded
electronic components. Irr a natural rvay this form of flow exists in spray cooled
1reat erchangers or in condensers. Liquid streams flowing down from one element
orrto another spread on the surface of a horizontal pipe as a liquid film. Film
thickness and its lange influence the intensity of heat transfer from that surface.
So far. the problem of flow spread has been analysed for a horizontal surface
rł-etted by a vertical impinging jet [1,2].In the present work, an analysis of liquid
jet spread on a lrorizontal surface is presented. It enables the indentiflcation of
fifferent flow zones. Close attention has been devoted to the formatiołr of hy-
draulic jo-p, which is unprofltable for heat transfer phenomena. Various velocity
profiles in tlre liquid layer lrave been analysed in the light of tlreir influence on the
solution of flow equation. Tlre results of our own experimenta1 investigations of
liquid film thickness ale presented against the results of numerical compttations
in tlre supercritical and subcritical regions. The idea of this work is to verify exi-
stirrg methods of stream spread on a horizontal surface which will be very useful
later in the analysis of more complex situations like jet spread on a horizontal
cylinder. Particular attention has been paid to the calculation of film thickness
irr the subcritical region, the problem usually neglected in previous analyses. Its
importance stems from tlre necessity of determination of the maximum possible
area of wettecl surface before the appearance of dry patches.

2. Stream spread on a horizontal surface

In general, stream, spread on a horizontal surface, can be characterized by the
plesence of trvo zones: a zone of potential flow and a zolrre of viscous flow The
region of viscous flow can be further divided into four characteristic sub-regions
(see Fig, l):

I. boundary layer region,

II. transition region,

I1I. hydraulic jump zone,

IV. srrbcritical region.

Fig. 1 presents also the extent of potential flow rvlrich can be divided into
three more detaileci sub-regions, as shown in [2]. Below, the problem of liquid
stream spread in the subregions of viscous flow is only analysed.
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Fig. 1, Illustration of the jet impingement on a horizontal srlr.face

Boundary layer region (I)

The region is characterized by the existence of both viscous and potential flow.
The flow velocity varies from zero on the wall to a value of [/g on the border of
the boundary layer. The following assumptions are made in the analysis:

1. the flow of the liquid on the surface of the plate is stationary and laminar,

2. the liquid is considered to be incompressible,

3. 1!" Pressure gradient stemming from the mass and surface forces is negligi-
ble.

In accordance with the above assumptions the boundary layer equations take tlre
following form:

au 0u 02u
" a, ł.Ę:'ń 

'

0(ru\ 0(rw\+ , , _n
0r 0u

(2.1)

(2.2)

for 9 :0,
for U=6,

u:
0u

Ń

hu=a,

-0,

with boundary conditions:

(2.3)
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and with the continuity equation for the entire flow

Integrating the equations of boundary layer we arrive at an integral form of
Karman-Pohlhausen [1]

h
I

Q =2lrr I udy.
J
0

6

(* - i) !rr* - uz)dg -_ , (H) 
,=, 

.

0

6: ł;?,

(2.4)

(2.5}

The solution of the above ecluation depends on the assumed velocity profile. The
three following polynomial profiles have been under consideration:

1. f(ń=ufUg=2T-2T'*rln, (2.6)
2. f(rń=3l2rt-1l2rt", (2-7)
3. f(ri:2rl-T', (2.8)

It can be shown that by assuming an appropliate profile in Eq. (2.5), a formula
is obtained which describes the change of the boundary layer thickness in the
considered region

(2.9)

where: a is a coefficient dependent on the assumed velocity profile. Its va,lues are
given in Table 1. The iiquid fllm thickness in the first region (I) can be determined
with the aid of the continuity equation in the form:

(2.10)

(2.11)

(2.12)

(2.13)

6
r

Q = 2lrr l udu + 2TrUg(h - 6) .

.l
o

Defining the quantities

11
.,| :*l rr= [fit)d,l ,I{2=tftńor,

drl |n=O '" 0

the liquid layer thickness is obtained from Eqs. (2.10) and (2.9)

() ru
h = ;ń;+ (1 - It't)rf a 

^r 

.

Bearing in mind that
Q = ra2fIo
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Table 1

Characteristic parameters of water film for different
veiocity profiles*

parametr l profile 1 Profile2 lProfrle3

l(n) 2n-2T3+ą4 3l2q - Il2n3 2rl - ,12

d 42o/37 280/39 10

l(r 7 l1,o 5/8

K2 367 /630 17 /35 8/15

B 7.79 1.78 1.87

o.243 0.305 o.262

u o.642 0.685 0.656

a 5.033 4.o42 5.236

T 0.40 o.439 0.397

2

b 4 3 4

* Thev are defined in the text

and defining a non-dimensiona] radius r* and tlre thickness ń* as:

/r\_4_I lp.-L/3' - \;,i ,", )

" 
= (:) Rel/s , ę-ń)

arr expressiorr is obtained from Eq. (2.12), which determines the change of the
film thickness 1-

h* = -.-- ł al/r* .
2r*

wlrere: § = G- Iir)łlral. Values of coefficients /i1 i Ii2 arc given in Table 1. The
radius 16 where the boundaTy layel thickness coincides with the film thickness
(h : 6) can be determined by the way of transformation of trqs. (2.a), (2.9),
(2.10) and (2.11) as

.1Qo'
'Ó = 4nl(?o

or in the non-dimensional form as

(.ó).=ń

(2.14)

(2.16)

(2.I7)

(2.18)

Because for Profile I: I{1 - 0.7,a = 420137 and for Profile 2: K2:0.625, a :
2B0l39, therefore the values of radius rfi vary between 0.242 and,0.305 for these
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selected velocity profiles. The third profrle has values of -I(1 and o similar to the
first profile.

TYansition region (II)

Within this region, the film thicknes coincides with the boundary layer thick-
ness. In these circumstances it can be shown that by assuming a polynomial
velocitil profile like in the first region (I) velocity on the film surface and its
tlrickness are given by the expressions:

rvhere / is an integration constant determined fronr the conditions that for T -_ To:
we have LI : LIo = Q ln'

, I I (3Ii2 l\Qa2lll3t=|+"ą(, -;);) (2,2I)

Placing the above into trq. (2.20) we get the formula for the film thickness

II(-\_ 3Kz Q2
" \' .' - 4lr2K|1 u(rs 1!s) '

, / \ 2lr I(q u(r3 1 13)n\r)- 3rh Ń '

h*-9+O(r*)2,'o - r* '

,,,_ l (,,_ 1 \ ., _2lrl(r,|*-2I;, \'-sr*/'"- Iu '

(2.19)

t2.20)

{2.22)

(2.23)

where:

For tlre selected veiocity profiles values of the above coefficiertts are given in
Table 1. The licluid film thickness in the region II has its minimum value for a
ra,clius r-. This radius can be calrrlated from Eq. (2.22) by seeking roots of the
first derivative. In the non-dimensionai fotm ri is eclual to

,, = (h)''' (2,24)

For Profile 7, rłr= 0.4. For tlre remaining profiles values of r| are given in Table
1.

Subcritical flow region (IV)

It extencls beyond the region of hydraulic jump. The Froude number is less
than unity in this case. Experimental investigations [2. 4] indicate tlrat the film
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thickness Yaries unsignificantiy, but is considerably higher than the thickness be-
fore the jumP. In this region boundary cónditions dorinstream of the jump seem
to be of a major imPortance. The momentum and continuity equations for this
region have the fo1lowing form:

0(ru) _ 0|rw) n0r ' ay U'

"#, *,# = -;# +,3# 
"

I0rl
-pŃ-g = 0,

with the boundary conditions:

at a = 0, u,: ,łD = 0, 7ul?y : r-/p,
at u : h, )ulOy - 0, }hl7r = ulu, p: po .

Because of the considerably greater film thickness than before, terms a,ccounting
for the PreSSuIe and gravity forces have been included in the *o-"oto* 

"q,rlations. It is convenient to present the continuity equation (2.25) i" " rris}rily
different form:

,,.0, _ _u O(ru)
0y rOr

Integrating trcls. (2.29) and (2.26) over the film thickness we obtain:

h
f uO(ru\,\/

.l r 0r 1

0

hhI f 0p, 'ła'u.
= - l;dyłu I *dy.PJ OT J Oa,0o

From the boundary condition we have uu |!= Ur#.
Because the integration limit ń is variable, therefoió the following relation has to
be used:

11

u.13_,f .#o,
0-

hhI 0u. i 0u,

J"uor+ Jw*au00

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.3I)

(2.32)i "#* ::l* 
ł,,o, 

- ,,#]

h
ld, t ^

;ń J ru"dy.
0ł"#*+ 

j-fta,=

where [/ is velocity in the r direction, fot y - Ą. Two first integrals in trq. (2.31)
can be thus presented in the following manner:

d Iu',.,'d, Irzu'ńJ zda+łńJ ,on=00
(2.33)
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Integration of the equation of motion (ż.27) gives the pressuTe distribution over
the fllrn height

hence,

(2.34)

(2.35)

The last viscots term in Eq. (2.31) can be transformed to

p:pa+gh(h-U),'

hI fOp, ,dh--l ^aa--9n.o.t oT dr''o

. j#*:, j&G)du=-T
00

#(+-,*nn)=-++
The friction coefficient C1 car- be further expressed in terms of the
number in the foilowing way

Friction on the wali is expressed in terms of the friction coefficient Cy by the
folJowing relation

C,-= }pU' , (2.37)),
therefore, the equation of motion (2.31) after uti[zing the relations from (2.33)
to (2.37) is brought into the form

h

+ {ru2+shq__Clrpr d"r J d, = -źU". (2.3B)

Its soiution depends on the assumed velocity profile. For the polynomial-type
veiocity profiles the obvious relations hoid:

u, ',ł = Iit, I(, = 1 Ih)dn .U',

Hence, taking into account the continuity equation

(2.39)

Q = Ztrrha - co?l,stl + rha: const (2.4a.)

theequationofmotionintheradia]directionisobtainedfromEq.(2.3B)

(2.36)

(2 4|\

Reynolds

(2.42)/dz\ l Udfl
Tu : 11 \a, ) l,=o= 

lr hd,T|r=o
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,ombining Eqs. (2.a2), (2.37) we obtain

where

rvhere: Ren-W,u=r,r.
u

By introducing the Froude number, the equation of motion (2.41) can be re-cast
in the non-dimensional form as

(1- I(2Fr2)# : $, ,rrr'" _ 16.B )

uJ = Ra' (2.43)

(2,44)

(2.45)

(2.46)

6Fr * 3I(2Fr3

D_ r
'" - Rł"en)w

is a non-dimensionai radius.
The last equation holds a,lso for the transition region II, however, the influence
of the gravitational force is there considerably ,*iil"r.

Hydraulic jrr*p zone (III)

HYdraulic jumP in the form of a sudden increase of the liquid film thickness
is observed, when the flow is supercritical, i. e. when the Froude number is more
than 1. After the hydraulic jump the flow is subcritical, i. e. Fr < 1. A simple
analYsis of this Phenomenon can be conducted based on the conservatio., 

"q,r-ations. Neglecting viscous tetms, the change of momentum in the hydrautic jump
region_is comPensated by the plessule inciease. Therefore, the folÓwing retation
holds [9]

hhp

I"ro,- |,ro,:Irs*?-n)00

_ The radius r, where the hydraulic jump occuTs, is calculated based on the
above relation assuming that h k hp and, udditioońy assuming a uniform velo-
city distribution after the hydraulic jump. The continuity equatlon may be then
written as

1

Q :Zlrrph(J 
I ra, - ZlrrrhrU, .

0

Substituting Eq. (2.a7) into (2.46) gives the jump radius

(2.47)

aTĘ1'l,= 
ęnĘ|ąt-ą (2.48)
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Investigations by Nakoryakov et a1. [2] and Craik et al. [a] show that in the
jump zone there are swirls and separation of the boundary layer. Under these
circumstances taking into consideration the polynomial velocity profile instead of
the uniform one seems to be justified, It can be shown that the radius ro is then
equal to

,_ Q'P 1/Ęrh,

+ = ł6nT BK,Fł - 1) .

Relating the Frotde number to the mean velocity we have

r,(ł +)
(2.49)

In order to determine the jump radius from the above relation the film thick-
ness h and ho have to be known. The first quantity can be determined based on
the relation (2.22). Whereas a priori determination of the second quantity lło is
difficu]t. Therefore, in practice various experimental correlations and additional
assumptions are used. Steven and Webb [7] proposed for example the fo1lowing
correlation

rp : 0.0061d&eo,82 , (2.50)

rvhere: Re : 4qlndz. }Iowever, the authors of the papeT [7] acknowledge that
this correlation is far from accurate. The jump radius depends first of all on the
t}rickness ho after the jump. The latter in turn is inflrrenced by the boundary
conditions downstream of the jump. Oisson and Turkdogan [11] suggest that tlre
position of the hydraulic jump should be determined from the relation

rP ą"-t/s = 0.B4 - 0.89 .
a

(2.51)

On the other hand, Nakoryakov et aJ. [2] proposed that the jump radius should
be calculated from the condition

u:W, (2,52)

where lŁ is the velocity of disturbance propagation over the shallow water surface

W = łgń. (2.53)

In other words this condition requires setting the Frorrde number _Fr : 1 for
the jrrmp. If values of 7 and ń before the jump are known then the liquid layer
thickness after the jump can be calculated from the balance of momentun. Q.a6)
and the continuity equation. When the polynomial velocity profile is rrsed before
and after the jump, the ratio of the film thickness is expressed by

(2.54)

he 1(
Ą --r( (2.laa)
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For the PolYnomial velocity profiles the constant appearing in front of the Froudenumber is then about 9.6 whereas for the uniforrn di.tribirtioo this coefficient isequal to 8.
Experimental investigations, for example in [4], [8, 9] show that contrary to

1|ock.rylves in gases (an analo€ue of the hydraulic jil; jih; change of the iiÓ"ijfilm thickness from h to a value of h, taies ptu.u orĆ1 a considerable distancereaching 2a mm and more depending on the Froude number before th" jń;. F;;the conditions when the plate is smóth and of dimensions 20 to 50 tim"es greaterthan the nozzle diameter,^then the jump takes place in the range of Fr:2+6.
sigrrificant disturbances of the watei ,o-rfu.u uró th"o also observed.

3. Experimental investigations

Experimental irrvestigations of liquid spread on a horizontai plate caused bythe imPingment of a vertical jet was conducted on a specia1 experimental arrangJ_ment dePicted in Fie. 2, A pump was supplving water from ińe main tank t. ti"

l4icroEter Yith
e sensor no 2

Hlcrater rith
needle s€nsor m

neasulefrent

Fig. 2. Experimental arrangement

nozzle from where the liquid stream was_impinging on the brass horizontal plateof dimensions 600 
" 90.0 

mry. Tleliquid fitm thickier, .,"u, *"uror"d with the aidoj a_leedle Probe which utilized the change of resistance between the needle andthe liquid laYer. In order to avoid polarizalion of the electrodes, u prob" i;;;Jńiwas fed bY altering voltage. A touih of the nee,dle to trre nrL surf,ace closed theelectrical circuit which could be observed in the .ł,uog; J;he signal amplitude

-ĘĘT q,ą- q==!g

nain tank
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on the oscyloscope [10]. Two lozzles of diameters 3 and 5 mm were used in the
investigations. Experiments were conducted in the flow range 8 : (1.16 +2.52)
1a-5 m3 f s. The distance of the nozzle from the measutement surface was 35 mm
in all experiments. A1l other details can be found in [11],

4. Discussion of results

Results of experimental investigations are presented in Figs. 3+5. In the same

I

_blrt- T"i !

2.0

1.6

1.6

3 t.ą
UzY
ż |.1-E
l 1-o

ź a-6
Bt

80

RlolUs

l@ !60

r,8' {m]

Fig. 3. Mean flln thiclgress as a function of impingement radius for volumetric flow rate Q = I.222 .1,0-5
m3f s,{nozzlre diameter d"=3.La-3 m)

f,gures there are also shown the distributions of the liquid film thickness obtained
on the basis of the relations given in the chapter 2 for Proflles 1 and 2. Profile
3 gives resu]ts close to those of Profile 1 and therefore they are not presented
here. The most difficult task was determination of the hyclraulic jump radius.
Experimental investigations of the f,lm thickness distribution in this range have
shown that the length of the jump is about 20 mm. So far, precise definition of
the jump radius has not been established. It may be sought, for example7 as a
radius of the beginning of the jump zone, the end of the zone, oT the arithmetical
mean of the two radii. This situation causes additonal discrepancies in results
based on different definitions. In Table 2 there are presented vaiues of the jump
radius obtained by different authors. The values ro given in the 1 and 2 rowi
vrere calculated assuming that the jump radius is determined by the locus where
the fl]rn thickness is equal to hof 2. The data given in the last row wele obtained
as singular points of trq. (2.44). The left hand side of the equation is zero for

x - Exp"ti.entel data

- 

JNu.erical rcsults
I
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Table 2

Values of radius rr.I03m

No. The author QI^u /"]
I.22.Io-5 l z.sz .to-s

1 Craik et al. [4] -31 51

2 SeIf investigations 30 Ea

3 Stevens and Webb [7], (2.50) 21.5 42.5

4 Nakaryakow et al. [2], (2.52) 43

5 Olsson and Turkdogan [12], (2.51) 46-49

6 Relation (4.1) ż7-29 42-46

Fr : 1lłĘ. comparing therefore the left hand side to zero, we obtain after
transformation an expTes§ion for the jump radius

(4.1)

Values of the jurnp radius given in Table 2 differ from each other significantly,
especially for greater values of Q. Calculated values tend to be much 1ower than
the experimental ones. However, even the experimental correlation of Stevens
and Webb, trq, (2"50), is not better than the approach of Nakoryakov et al. - Eq.
(2.52) nor the relation (a,1). Distributions of the experimentui dutu of the film
thickness in the subcritical region are virtually uniform in the investigated Tange
i.e. uP to radius r = 160 mm. Calullated values depend on the assumed formula
for the friction coefficient Cy. Two calculating formulae have been taken into
account for this lange. The flrst one is based on the relation (2.43) and holds for
the case where the boundary layer thickness is equal to the ńh thi.kness. The
second approach is completely different. It is assumed there that immediately
after the jumP the boundary 1ayer is formed and its thickness increases along
the Plate. In this case it is possible to use the Blasius formula to evaluate thó
friction coefficient in the same way as for the external flow over the plate. Then
the friction coefficient is described as [13]

0.664
l,r - 

-

" J R"łl, 
,

where: Re, * U(r - rr)lu
Results of calculations of the water film thickness presented in Figs 3+5 to-

gether with the experimental data show that better consistency is achióved when
relation (a.2) is used for the friction coefficient. Distribution oi thu film thickness

,,= (#)=, (+)"" (#u)''- -

(4.2)
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is virtuailY flat in this case and differs by approximately 12 Ta from measured
values and given in Figs. 3 and 5. The discrepancy is a little greater in the thir,d
case presented in Fig. 4. Some difficulties are encountered in determination of
the fllm thickness due to the surface waviness. The point of contact ofthe needle
with the surface is fiffused. This is aggravated by tńe surface tension force whiclr
decreases or increases the liquid meniscus during the movement of the needle.

5. Conclusions

In the present rvork, the problem of radial liquid stream spread has been
analysed both theoretical}y and experimentally. Tlre influence of various velocity
Profiles on the fllm thickness has been analysed. For the supercritical region (be-
fore the hydraulic jo-p) the discrepancies between calculated and expeiimental
v,aiues are not large. The differences ate greater in the subcritical region (after
the jumP) and depend on the formula used for calculations of the fłiótion'coef-
ficient. The biggest problem is, however, in determination of the hydraulic jump
radius. None of the approaches existing in the literature returns satisfactoiy re-
sults. Therefore, it seems to be necessary to conduct further investigations in order
to determine the position of the hydraulic jump and the parameters influencing
it more precisely. \Mhen plates of large dimension are used, the behaviour of thó
liquid film is dependent on the surface condition like surface tension or wetting
contact angle- The influence of the latter parameter has been least investigated
so far.

Manuscript received December 19, 1994
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Badania rozpływu cieczy przy napływie na poziomą płytę

streszczenie

W pracy poddarro analizie teoretycznej oraz badaniom eksperymentalnymrozpływ filmu cieczolvegona
poziomej płycie, powstały w wyńku pionowego napływu strugi, Przea.rra§zowano zmiany grubości fiLmu
dla różnych obszarów przepływrr, obejmujących również zjawisko uskoku hydraulicznego, przyjmłrjąc
do obliczeń trzy różne profile prędkości. Szczególną uwagę zwrócono na zagadnienie lokalizacji uskoku
hydraulicznego. Opisarro starrowisko eksperymentalrre, sposób porniaru oraz przedstawiono wyniki badań.
Wmtości obliczeniowe grubości filmu dość dobrze zgadzają się z wartościarni eksperymentalnymi.


