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JAROSEAW KACZMAREK!

Internal variables in description of martensitic transformation in
a single crystal

The problem of kinds of internal state variables which should be used in modelling dissipation
for materials undergoing martensitic transformation is discussed. This problem is considered on two
levels of description. The first one (L1) is connected with a small volume of averaging. In this instance
detailed phenomenainvolved in the martensitic transformation are taken into account. A group of internal
variables is suggested for this level of description. The second one (L2) is related to a larger volume of
averaging. However, it is assumed that the L1-description should be used as a theoretical framework for
L2-models. As a result one defines an internal variable for which the evolution equation could base on
Li-model.

1. Introduction

The martensitic transformation exhibits a complicated form of microstruc-
ture. On the other hand this phenomenon can appear as a very well organized
transformation with a high degree of reversibility. This is observed, for instance,
in shape memory alloys [1], [6].

In order to give a detailed mechanical description of this phenomenon it sho-
uld be first considered in a single crystal. Then, the description can be related
to a small volume of averaging (L1-models) or to a larger volume of averaging

L2-models). In the first instance we distinguish separate phenomena such as
martensite variants, interfaces between them, internal rotations and so on. A me-
chanical model of this kind has been considered in [2], [3]. The models suggested
in papers [4], [5] could also be seen as those with the small volume of averaging.
The L2-models carry out averaging through the composition of martensite va-
riants. Then, for instance, previously mentioned interfaces are not studied. The
L1-models could be deemed a theoretical basis for L2-models.

The aim of the present paper is to discuss kinds of internal variables whereby
the dissipation process could be modelled on both L1 and L2 levels.

!Department of Machinery Dynamics, Institute of Fluid-Flow Machinery, ul. Fiszera 14,
80-952 Gdarisk



66 Jarostaw Kaczmarek

An internal variable pertaining to martensitic transformation is considered
in the literature [7+10],[19+20] for L2- description. In these papers the internal
state variable stands for volume fraction of components connected with marten-
site variants.

A new variable for description of dissipation on L.2-level related to the marten-
sitic transformation is suggested in the paper. The construction of this variable
is adjusted to using L1-model as a theoretical framework.

2. The Ll-model and internal variables related to it

During averaging through a small enough volume we can take into account
detailed phenomena involved in martensitic transformation. We can distinguish
different martensite variants, interfaces between them and between martensite
and austenite, the motion of interfaces, internal rotations which appear during
creating martensitic structure matches with austenite or other martensite va-
riants, shuffles which play a role in differentiation of variants.

The small volume of averaging is introduced with the help of the free energy.
This fact is expressed by the number of fields which are considered and details
which are taken into account in a suggested form of the free energy.

The free energy [2] depends on Green strain tensor e, relative displacement
vectors w,,A = 1,..., N — 1, where N stands for the number of relative displace-
ment vectors considered and variable a related to internal rotation of martensite
toward a habit plane. The Green strain tensor describes the dominant part of de-
formation connected with martensitic transformation. The shuffles are described
by the relative displacement vectors. These vectors are important in description
of creating martensite variants.

In our considerations we assume that deformation-temperature configuration
takes the form

h= (§7WA7§7T>§)7 (1)

~

where T is absolute temperature and g stands for grad T. For simplicity, higher

gradients of deformation are neglected in comparison with [2].

In the paper [3] the constitutive relations are involved with the following func-
tions: free energy W, the stress tensor t, forces related to shuffles f,, entropy §
and heat flux q. The martensitic transformation is characterized by significant

dissipation which appears during creation of martensite and motion of interface
[11].

Creation of martensite is involved in shuffles [2]. Shuffles described with the
help of relative displacement vectors means relative motion of atoms lying in diffe-
rent simple sublattices of the crystal. This motion is generated by micro-homoge-
neous deformation described by the Green strain tensor. This relative motion of
atoms evidently generates heat. Thus, a group of internal variables ¢ should be
distinguished in order to describe this kind of dissipation.
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T second source of dissipation is associated with a jump through a poten-
W darrier during the transformation. Then considerable accelerations act on the
soetal lattice and as a resuit heat is generated. We assume that the group of
wiernal variables ¢ is connected with this form of dissipation.

The evolution equations for the above suggested variables are assumed in a
gmeral form of

¢ =A(h,q,f), (2)

B=B(h,5,9), (3)

wiere h stands for deformation-temperature configuration (1) and ¢ stands for

w! remaining used internal variables.

Identification of a detailed form of evolution equations (2), (3) with the help of
swperiments seems to be rather difficult. Perhaps calculations based on methods
o phonon mechanics or molecular dynamics will be helpful in this instance.

Material can undergo different forms of heat treatment. In the case of shape
wemory the heat treatment can cause stabilization of martensite [12+14]. The
wabilization of martensite influences temperatures of transformation M, My,
‘.. Az, [14]. Internal friction accompanied with the martensitic transformation
“mongly depends just on these temperatures [14]

In Fig. 1 the dependence of internal friction on temperature during the first
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“iz. 1. Dependence of internal friction Q@ ~! on temperature for CuZnAl for first cycle of heating-cooling

-ycle of heat treatment is shown. Considerable difference between the positions
of internal friction maxima, related to the process of heating and that of cooling
is observed. During the second cycle of heating and cooling this difference decays
Fig. 2).

This temperature dependence of the internal friction maxima is explained by
the process of stabilization of martensite connected with vacancy density. The
stabilization of martensite is a complicated phenomenon in general. However,
the motion of vacancies is probably a predominant source of this phenomenon
12+14).

We assume that during a mechanical process the material can undergo also
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Fig. 2. Dependence of internal friction Q@ —! on temperature for CuZnAl for second cycle of heating-cooling

large temperature changes and these temperature changes can initiate proces-
ses accompanied with evolution of vacancies density. Thus, as a consequence of
stabilization of martensite, the vacancies density has a significant impact on trans-
formation temperature and internal friction. Consequently, the vacancies density
6 can be seen as an internal state variable. Evolution of point defect density is
described in the literature with the help of first order differential equations [15].
Let us assume that the evolution equation for variable ¢ takes the form

5:D(}3761§)’ (4)

where variables h and ¢ play the same role as in (2) and (3).

However, mechanical theory of point defects shows an important role of non-
local interactions [16]. Accordingly, the evoluticn equation for variable § should
follow from assumptions on nonlocal interactions. Thus, a way of generalisation
of (4) should be found in order to incorporate nonlocal effects. The expedient way
for this generalisation is a form of evolution equations suggested by Perzyna in
[17] which in the case of variable § can be expressed as

6= L8+ D(h,6,8), (5)

where L is a linear operator connected with space variables. The internal variable
should satisfy suitable boundary conditions in order to avoid control of § by
external interaction [17].

The operator L can describe nonlocal effects. If these effects are neglected the
evolution equation takes a classical formulation (4) [18].

Constitutive equations for the martensitic transformation in a single crystal
have been studied in [2+3]. Here, we consider their general form only.

In the paper [3] the constitutive relations are involved with five functions
previously mentioned. For the sake of simplicity we assume that R stands for these
five functions R = (¥,t,(f,, 5, q). Function R depends on deformation-tempera-

ture configuration given by (1). Furtheremore the constitutive function R should
be plotted with internal state variables introduced in the paper.



Internal variables in description of martensitic transformation ... 69

Let p stands for triple (o, 3, ). Then, the general form of constitutive relations

can be expressed as
R = R(}ln{f) ) (6)

The evolution equation for 4 can be assumed in the generalized form
i = Lo+ M(h, ) (7)

where L is a linear operator related to space variables and contains operator
L from (5). The form of £ makes it possible to incorporate nonlocal effects in
-onnection with all variables q, 3, §. Neglecting nonlocal interactions we obtain
function M only in (7). This function encompass functions A4, B, D from (2) (3)
and (4).

The constitutive relations discussed here undergo constraints imposed by the
Jlausius-Duhem inequality [18] in the following form

|

ol > . 1 '
E*paF\I')E‘l_; § :(f,\_pamm)‘y,\_(aT\II"'S)T_au‘I’{ﬁ/i‘!'M(},& ﬁj)}_p—ng =0 .
- > =
(8)

Here it is assumed that the free energy ¥ does not depend on gradients of tem-
perature.

()

An internal variable pertaining to more averaged description

The previously considered model with the small volume of averaging (L1) co-
:id be applied for calculations related to rather small pieces of monocrystal or
ould be used as a theoretical basis for more averaged description.

More averaged description means the averaging through the composition of
martensite variants and parent phase. Then many problems appear. In general
‘he detailed form of the free energy is not known in this instance. What kind of
aternal variables should be used for description of dissipation.

In the literature we can come across the internal variable 2 which means vo-
‘ume fraction of martensitic structure related to the total volume of this part of
material on which the averaging is carried out.

In the paper an internal variable for which the evolution equation could be
‘etermined with the aid of L1-model is suggested.

Let us assume that the composition of martensite variants consists of different
sinds of variants and different kinds of interfaces pertaining to it. The kinds of
mterfaces are presented in Fig. 3 in the case of CuAl alloy for which martensite
appears in self-accomodating forms [6].

In Fig. 3 a schematic representation of a martensitic plate group with nota-
tions from [6] is shown. One self-accomodating group comprises four martensite
variants. These variants create different types of interfaces. There are habit type
nterface, twin type interface and different types of interfaces between austenite
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Fig. 3. Schematic representation of a martensite plate group

and martensite. Considered interfaces have different mechanical properties. This
fact should be taken into account in mechanical description.

Let us consider a complex of volume V on which averaging takes place. Let
x_stand for coordinates of the center of the complex. Furthermore, we assume
that each kind of interfaces is exactly oriented with the help of a umt vector n -
perpendicular to it, where m stands for index related to this kind of interfaces.

Let us consider also a system of coordinates with the origin in point X, Let
X i - be the position of a point which lies on j-th interface of kind m. Then we

can mtroduce the variable

Zmi = (Zy = BBy = Xy (9)

Let as consider an axis in direction n_ which contains the point x,. Then
the variable z,,; means a coordinate on this axis as a point of intersection of the
interface and the axis. Let furtheremore s,,; be the area of mj-th interface in the
complex.

We can assume that many different interfaces exist in the complex. They are
marked by indices mj. The mj-th interface has a position determined by Zm; and
area given by s;;. However s,,; depends on position z,; and geometry of the
complex. Assuming approximately the constant geometry of the complex we can
notice that ;= 505(2m; -

The interfaces can appear and vanish in the complex. It is due to the influx
from the outside or efflux into the outside of the interfaces. We consider also the
case when the interfaces can be created or anihilated in the complex owing to
the the deformation. We assume that a new value of j is assigned to each new
interface. Let us also introduce the function ¢,,; which is equal 1 if mj-th interface
is present in the complex and ¢,,; = 0 if that is not satisfied. Then we can define
the internal variable for L2-level in the form

Z (Z Ch i Sy (10)

mGM J€J
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This variable means the sum of products of coordinates of interfaces and their

areas within the complex of volume V. The rate of change of this variable is

related to the velocities of interfaces. Values of the velocities and the area of

interfaces are just responsible for the amount of dissipation in the complex.
Next let us consider the time derivative of this variable

ik 0z d5r: 1 Q%
== 3 [Zcmj—_](smj +ij—]f)] == [Zcmy‘flmj—i] :
VmEM i€J - 0zm; " meM ~jeJ o
(11)

The quantity A,,; can be calculated from geometrical considerations related
‘o the translation of surfaces in the given complex. In general the range of sum-
mation in (11) can vary. It is due to the previously mentioned fact that interfaces
wan be created and anihilated during the deformation as well as they can flow out
and flow into the considered complex.

The formula (11) can be a starting point for determination of the evolution
=quation for variable . The internal variable 7 is constructed on the complex thus
' is a more averaged variable than p. On the other hand, the evolution equation
‘or this variable should depend on a deformation measure expedient for 7.

Thus, let us assume that the complex deforms homogeneously. Then its defor-
mation can be described by the Green strain tensor e as an averaged deformation
relative to Ll-field of deformation. Evidently in view of all complexes which are
-onsidered in the body and assigned to them tensors e we define by approxima-
tion the field of deformation e(X).

Let Vi, Va, Wi, Wy be spaces of functions h, (h, H)’ h, n correspondingly which
are defined on the complex K related to a more averaged model. We assume that
there exist functions G: V4 — Wy, G(h) = h, L : V; — Wy, L(h,p) = n. The h
and 7 are counterparts of h, u for L2-model. The time derivative of z,,; in (11) is

just this quantity which could be calculated on the basis of the L1-model [2+3].
In general we can assume that

Qo
W 5 Z(}b/’f) . (12)

The geometrical quantities A,,; also depend on (h, p), therefore, we can assert
the general dependance

il 32
(7 3 X sy 2228 ) = H () (13)
meM jeJ
Then the evolution equation can be expressed in a general form
= H(G'(h), LG (k),n)), (14)

where L1 is carried out assuming h to be constant. In practice we can build up
the exact form of (14) with the help of numerical calculation on L1-level.
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In order to fully describe dissipation within the frame of the L2-model first
the free energy should be obtained from L1 description and next this free energy
and the remaining constitutive functions should be plotted with variable 7.

Let ¥, t, S, q stand for the free energy, stress, entropy and heat flux for
L2-description. Then the evolution equation for 7 and constitutive relations sho-
uld determine the amount of dissipation equal to the total dissipation described
by the L1-model. It means that

1 et 1 3 5
/ (;(E —Paglp)]f: + ; Z/\:@A _pasz W)W)\ ~{(0 W +5)T — 85\II{£& + M(h, E)}_

i daidd A Sugel e L oiL = ki
_p_qu) dv = v(;(g ~ pOp O)E — (8, ¥ + 5)T — (9,7 ~ ng)) . (154

4. Final remarks

In the paper a group of internal variables which can describe the dissipation
process for Ll-level of description is discussed. However detailed identification of
their evolution equations creates new rather difficult problems. It is suggested that
more advanced methods for calculations perhaps on a yet more fundamental level
should be used. In turn, the solution of this problem gives a chance for calculation
a dissipation during the martensitic transformation. Then more simple models on
L2-level could be constructed and also describe the dissipation.

Manuscript received: November 3, 1994
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Zmienne wewnetrzne w opisie martenzytycznej przemiany fazowej w
pojedynczym krysztale

Streszczenie

W pracy rozwaza si¢ typy zmiennych wewnetrznych, ktére powinny by¢ uzyte do zamodelowania dys-
sypacji w materialach podlegajacych martenzytycznej przemianie fazowej. Problem rozwazany jest na
dwu poziomach opisu. Pierwszy z nich (L1) zwiazany jest z mala objetoscia usredniania. W przypadku
takim rozwaza sie szczegélowe mechanizmy towarzyszace przemianie martenzytycznej. Na tym pozio-
mie opisu wprowadzono trzy typy zmiennych wewnetrznych. Drugi poziom opisu (L2) zwiazany jest z
wiekszym stopniem uérednienia. Zalozono przy tym, ze model L1 bedzie stanowil teoretyczna podstawe
dla modelu L2. Definiuje si¢ zmienna wewnetrzna zwiazana z opisem L2, dla ktdrej réwnania ewolucji
moglyby by¢é okreslone za pomoca modelu L1.



