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JAROSŁAW KACZMAREK1

Internal variables in description of martensitic transformation in
a single crystal

The Problem of kinds of internal state variables which shou]d be used in modelling dissipation
for materials urrdergoing martensitic trarrsformation is discussed. This problem is consid"ered Jn two
levels of description. The first olre (L1) is connected with a small volume of averaging. In this instance
detailed Phenomenainvolvedin the martensitic transfor:rnation me taken into acco.rrit. -{ g,,orrp of interna]
rzriables is_suggested for this lev_el,of description. The second one (L2) is related to a ńrger volrrme of
averaging. However, it is assumed that the Ll-description should be used as a theoretical f}amework for
L2-models. As a result one defiles an internal variatle for which the evolution equation could base on
Ll-model.

1. Introduction

The martensitic transformation exhibits a complicated form of microstruc-
ture. On the other hand this phenomenon can appeal as a very well organized
transformation with a high degree of reversibility. This is observed, for initance,
in shape memoTy alloys [1], 16].

In order to give a detailed mechanical description of this phenomenon it sho_
o]d be first considered in a single cTystal. Then, the description can be related
to a small volume of averaging (Ll-models) or to a larger volume of averaging
il2-models). In the first instance we distinguish sepaTate phenomena ,rr.ń u.
martensite variants, interfaces between them, internal rotations and so on. A me-
chanical model of this kind has been considered in [2], [3].The models suggested
tn_PaPerS [4], [5] could also be seen as those with the sma11 volume of averaging.
The L2-models carry out averaging through the composition of martensite vi_
riants. Then, for instance, previously mentioned interfaces are not studied. The
Ll-models could be deemed a theoretical basis for L2-models.

The aim of the present paper is to discuss kinds of internal variables whereby
the dissipation process could be modelled on both L1 and L2 levels.

1Department of Machinery Dynamics, Institute of FIuid-FIow Machinery, ul. Fiszera 14,
80-952 Gdańsk
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An internal variable pertaining to martensitic transformation is considered
in the literature [7+10],[19+20] for L2- description. In these papers the internal
state variable stands for volume fraction of components connected with marten*
site variants.

A new variable for description of dissipation ol L2-levei related to the marten-
sitic transformation is suggested in the paper. The construction of this variable
is adjusted to using Ll-model as a theoretical framework.

2. The Ll-model and internal variables related to it

During averaging through a sma11 enough volume we can take into account
detailed phenomena involved in martensitic transformation. We can distinguish
fifferent martensite variants, interfaces between them and between martensite
and austenite, the motion of interfaces, interna1 rotations which appear during
creating martensitic structure matches with austenite or other martensite va-
riants, shuffies which play a role in differentiation of variants.

The small volume of averaging is introduced with the help of the free energy.
This fact is expressed by the rrumber of fields which are considered and detaiis
which are taken into accorrnt in a suggested form of the free enelgy.

The free energy [2] depends on Green strain tensor §1 relative displacement
vectors W^, ) = 1,. . .,N - 1, where l{ stands for the number of relative displace-
ment vectors considered and variable a related to internal rotation of martensite
toward a habit plane. The Green straifr tensor describes the dominant part of de-
formation connected with martensitic transformation. The shuffies are described
by the relative displacement vectors. These vectors are important in description
of creating martensite variants.

In our considerations we assume that deformation-temperature configuration
takes the form

b = (ę,Jyr,*, T,E) , (1)

where T is absolute temperature and g stands for gradT. For simplicity, higher
gradients of deformation are neglected in comparison with [2].

In the papel [3] the constitutive relations are involved with the following func-
tions: free energy V, the stress tensor j, forces related to shufles f ,, entropy 

^9

and heat flux q. The martensitic transformation is characterized by significant
dissipation which appears during creation of martensite and motion of interface
[1 1].

Creation of martensite is involved in shuffies [2]. Shuffes described with the
help of relative displacement vectots means relative motion of atoms 1ying in diffe-
rent simple sublattices of the crystal. This motion is generated by micro-homoge-
neous deformation described by the Green strain tensor. This relative motion of
atoms evidently generates heat. Thus, a gloup of internal variables c shouid be
distinguished in order to describe this kind of dissipation.
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1[.he =econd soulce of dissipation is associated with a jump through a poten-
m, t,a;ier during the transformation. Then considerable accelerations act on the
nornisró" lattice and as a resuit heat is generated. We assume that the group of
runłmlLa,l lariables a is connected with this form of dissipation.

T\e er-olution equations for the above suggested variables are assumed in a
ryn,"ra- form of

E = A(Ł,E,Ś) ,

P,= B(Ł,€,ś),

mlbfłre Ł stands for deformation-temperature configuration (1) and { stands for
.Ń -naining used internal variables.

ltientification of a deta.iled form of evolution equations (2), (3) with the help of
qrrnęńments seems to be rather difficult. Perhaps calculations based on methods
w 1:onon mechanics or molecular dynamics will be helpful in this instance.

],faterial can undergo different forms of heat treatment. In the case of shape
ilł{nor}- the heat treatment can cause stabilization of martensite [12+1a]. The
w"milization of martensite influences temperatures of transformation Mr,, M1,
{.,- _-l;, [14]. Internal friction accompanied with the martensitic transformation
m::ngly depends just on these temperatures [14]

In Fig. 1 the dependence of internal friction on temperature during the first

iig_ 1. Dependence of internal friction Q-1 o. temperature for CuZnAl for first cycle of heating-cooling

:_vcle of heat treatment is shown. Considerable difference between the positions
of internal friction mańma related to the pTocess of heating and that of cooling
1s observed. During the second cycle of heating and cooling this difference decays
Fig. 2).

This temperature dependence of the internal friction maxima is explained by
the process of stabilization of martensite connected with vacancy density. The
.tabilization of martensite is a complicated phenomenon in general. Ilowever,
lhe motion of vacancies is probably a predominant source of this phenomenon'.I2+14],

We assume that during a mechanical process the material can undergo aJso

(2)

(3)

]10
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Fig. 2. Dependence of internal friction Q -1 on temperattrre for CuZnAl for second cycle of heating-cooling

large tempela,tule cha,nges and these temperature changes can initiate proces-
ses accompanied with eyolution of vacancies density. Thus, as a conse!łuence of
stabiłzation of maltensite, the vacancies density has a significant impact on trans-
formation temperature and internal friction. Consequently, the vacancies density
ó can be seen as an internal state variable. Evolution of point defect density is
described in the literature with the help of first order differential equations [15].
Let us assume that the evolution equation for variable ó takes the form

ó: D(b,ó,€) , (4)

where variables Ł and € pl.y the same role as in (2) and (3).
Howevet, mechanicil theory of point defects shows an important role of non-

local interactions [16]. Accordingly, the evoluticn ecluation for variable 6 should
follow from assumptions on nonlocal interactions. Thus, a way of generalisation
of (4) shoulcl be found in order to incorporate nonlocal effects. The expedient way
for this generalisation is a form of evolution equations suggested by Perzyna in
[17] whiclr in the case of variable ó can be expressed as

ó : L6 + r(b, ó,ć) , (5)

where Z is a linear operator connected with space variables. The internai variable
should satisfy suitable boundary conclitions in order to avoid control of ó by
external interaction [17],

The operator Z can describe rronlocal effects. If these effects are neglected the
evolution equation takes a classical forrnulation (4) [1B].

Constitutive ecluations for the rnartensitic transformation in a single crystal
have been studiecl in [2+3]. Here, we consider their general form only.

In the papel [3] the constitutive relations are involved with five functions
previously mentioned, For tlre sake of simplicity we assume that R stands for these
five functions 7? = (V, !, (t.i, ,9, q). Funct ion R depends on deformation-tempera-
ture configuration given by (1). Furthelemole the constitutive function R should
be piotted with internal state variables introduced in the papel.
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Let p stancls for triple (q, 13, 6). Then, the general fornr, of constitutive relations
,.:^n be expressed as

R=R(Ł,Ę),
_:le evolution ecluation for p can be assrrmed in the generalized form

Ę= fu+ M(Ł,Ę) ,

(6)

(7)

':iere Ć is a linear operator related to space variables and contains operator
. lrom (5). The form of ć makes it possible to incorporate nonlocal effects in
,,,lrrection wit} a]l variables *,§, 6.Negiecting nonlocal interactions we obtain
,":rrctio,n M only in (7), This frrnction encompass functions A,B,D from (2) (3)
,,: ct (4).

The constitutive relations discussed here undergo constraints imposed by the''_ausius-Duhem 
inequality [18] in the following form

- !-paŁv)Ę+;I{f^-nao v)ł,)-(aT\ł +ilr_.a|"v{.t l,+M(Ł,4)}_.Ł9g > 0

(B)
::łre it is assumed that the free energy !F does not depend on gradients of tem-
: łrature.

}. An internal variable pertaining to more averaged description

lh" previously considered model with the small volrrme of averaging (L1) co-
--'i be applied for calculations related to rather smali pieces of monoĆrystal or
,_-l1d be used a,s a theoretical basis for more avelaged clescription,

\{ore averaged description means the averaging through the composition of
l,ąrtensite variants and parent phase. Then many problems appear. In general-'e detailed form of the free enelgy is not krrown in this instance. What tiod of
:_:ernai vałiables should be used for description of dissipation.

In the literature we can come acToss the internal variable r which means rro_

^ne fraction of martensitic structure related to the total volume of this part of
_:_aterial on wlrich the averaging is carried out.

In the papeT an internal variable for which the evolution equation could lle
_etermined with the aid of Ll-model is suggested.

Let us assume that the composition of martensite variants consists of different
..;inds of variants and different kinds of interfaces pertaining to it. The kinds of
.lterfaces are presented in Fig. 3 irr the case of CuAl alloy for which martensite
i)peals in self-accomodating forms [6].

In Fig. 3 a schematic representation of a martensitic plate gToup with nota,-
-,ons from [6] is shown. One self-accomodating gloup comprises four martensite
;ariants. These variants create different types of interfaces. There are habit type
:lterface, twin type interface and different types of interfaces between austenite
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Fig. 3. Schematic representation of a martensite plate group

and martensite. Considered interfaces have different mechanical ploperties. This
fact should be taken into account in mechanica1 description.

Let us consider a complex of volume V on which averaging takes place. Let
x_ stand for coordinates of the center of the complex. Furthermore, \Me assume
iliat each kind of interfaces is exactly oriented wit^h the help of a unit vector n*
perpendicular to it, where m stands for index related to this kind of interfaceJl

Let us consider also a system of coordinates with the origin in point {.. Let
Ę*j be the position of a point which lies on 7-th interface of ]rind nz, Thón we
can introduce the variable

z^j = (Ę*i - ł.)l- = \*jŁ- (9)

Let as consider an axis in direction n which contains the point x . Then
the variable zmj means a coordinat" on tfrfi axis as a point of intersectiJi of the
interface and the axis. Let furtheremoTe smj be the area of mj-th interface in the
complex.

We can assume that many ciifferent interfaces exist in the complex. They are
marked by indices mj . The mj-th interface has a position determined by z*i and
area given by s-j. However s-j depends on positior1 zmi and geometry of the
complex. Assuming approximately the constant geometry of the complex we can
notice that s^i = s^j(z^j).

The interfaces can appear and vanish in the complex. It is due to the influx
from the outside or effiux into the outside of the interfaces. we consider aiso the
case when the interfaces can be created or anihilated in the complex owing to
the the deformation. We assume that a new value of j is assigned to each new
interface. Let us also introduce the function c*i which is equal Lif mj-thinterface
is present in the complex ar.d c^i: 0 if that is not satisfied. Then we can define
the interna1 variable for L2-1eve1 in the form

T=+ DtI c*iz-is*i).
' m€M .ięJ

( 10)
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Tiris variable means the sum of products of coordinates of interfaces and their
::eas within the complex of volume V. The rate of change of this variable is
:elated to the velocities of iłterfaces. values of the velocities and the area of
.:ltelfaces are just responsible for the amount of dissipation in the complex.

Next let us consider the time derivative of this variable

i=-!DlY.r^,
' męM L.ieJ Ęł"-, * z*j*,]= } I |r,*,^*,*f7 J ' m€MLjęJ

(11)
The quantity A*j can be calculated from geometrical considerations related

" . :he translation of surfaces in the given complex. In general the range of surn-- ._tion in (11) can valy. It is due to the previously mentioned fact that interfaces
-.:_ be created a,nd anihilated during the deformation as weil as they can flow out
r:_,j flow into the considered complex.

The formula (11) can be a starting point for determirration of the evolution
-:'lation for variable ą. The internal variable 4 is constructed on the compiex thus
- :s a more averaged variable than p. On the other hand, the evolution equation
: tlris variable should depend on Jd"for-ation measure expedient for q.

Thus, let us assume that the complex deforms homogeneously. Then its clefor-
'-:tion can be described by the Green strain tensor e as an averaged deformation
'".-ative to Ll-field of deformation. Evidently in vieiv of all complexes which are,:lsidered in the body and assigned to them tensors e we definó by approxima--.ln the field of deformation ę(X).

LetVl,V2,Wl,Wzbe spaces of functions Ł, (b, t1),Ł,n correspondingly wlrich
i:e defined on the complex 1( related to a more averaged model. We assunle that
'._ere exist functions G; V1 - Wt, G(Ł) = Ł, L : V, - Wz, L(Ł,tr) =17. The I
,rd 1are counterparts of Ę, p,fotL}-model. The time derivative of z^i in (11) is
,:st this quantity which could be calculated on the basis of the Ll-model [2-3].

_:, general we Can assume that

+: z(Ł,Ę). (12)

TIre geometrical quantities A*i also depend on (b,p), therefore) we can assert
:he general dependance

G Z"Ę,,-iA-i+)(Ł,4) = H(Ł,Ę).

Then the evolution equation can be expressed in a general form

T = H(G-l(Ł),L-r(G-r(b),ł)) , (14)

wlrere J-1 is carried out assuming Ł to be constant. In practice we can build up
:lre exact form of (1a) with the hólf of numerical calculation on L1-1eve1.

(13)
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In order to fully describe dissipation within the frame of the L2-model first
the free enelgy should be obtained from L1 description and next this free energy
and the remaining constitutive functions should be plotted with variable r1.

Let V, t, S, Q stand for the free enelgy, sttess, entropy and heat flux for
L2-description. Then the evolution equation for z7 and constitutive relations sho-
uld determine the amount of dissipation equal to the total dissipation described
by tlre Ll-model. It means that

f ll l_
/ (;(! - plrv)Ę+. L(!^ _ P7*,v)Ł - (aTv +,5)T - 0ul(/ {Lp + M(\, Ą}-

1r(lc
- |,r9.Ę)t},\':l ,,

4. Final remarks

( 15)

In the papeT a gloup of internal variables which can describe the dissipation
pTocess for L1-level of description is discussed. However detailed identification of
their evolution equations creates new rather difficuit problems. It is suggested that
more advanced methods for calculations perhaps on a yet more fundamental 1evel
should be used. In turn, the solution ofthis problem gives a chance for calculation
a dissipation during the martensitic transformation. Then more simpie models orr
L2-level could be constructed and also describe the dissipation.

Manuscript received: November 3, 1994
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Zmienne wewnętrzne w opisie martenzytycznej przemiany fazowej
pojedynczym krysztale

streszczenie

dla modelu t2. De6niuje się zrrrienną wewnętrzną związaną z opisem L2, dla której równałria e

mogłyby być określone za pomocą modelu L1.

!\I prac5r rozważa się typy zmienrrych wewnętrznych, które powinny być rrŻyte do za.modelowarria c

sypacji w rnateriaładr podlegających martenzytycznej przerniałrie fazowej. Problem rozwaŻany jest
dwu poziomarh opisu. Pierwszy z nich (L1) związarry jest z małą objętością uśredliarria. W p*ypu,,
takili roz;ważla §ę szc,zegółowe rnec}ranizrny źowałzyszące przemiarrie martenzytycznej. Na tym pozi
mie opisu trzy typy zmiennych wewnętrznych. Drugi poziorn opisu (L2) związałry jest
większ5rm stopniem uśrednienia. Założolo ptzy t;rm, że model L1 będzie stanowił ieoretyczną podstan


