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Comparison of the Method of Belotserkovski and the Method of Jacobi
Quadratures Applied to the Discrete Vortex Method in Nonlinear
Problems of Unsteady Fluid Mechanics

The paper presents a comparison of accuracy of Belotserkovski and Jacobi quadratures method of
numerical solution of Cauchy type singular integral equation of the first kind which is the base for
a solution of nonlinear problems of unsteady flow about thin profiles by means of discrete vortex
approach. The comparison of accuracy of the methods was made for the case of steady flow about a flat
plate and the flow about a plate with stationary vortex in the wake. The accuracy of the solution of
singular integral equation of Cauchy type with the aid of Gauss- or Radau-Jacobi quadratures is much

better than in case of the Belotserkovski’s method.
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Notation

weight coefficients of quadrature,
lift coefficient,

moment coefficient,

constant,

searched function in a quadrature,
segment of profile,

integers,

coordinates of leading and trailing
edges of a profile,

open arc of surface vorticity on
a profile,

open arc of free surface vorticity,
normal to profile,

number of abscissae and control
points, degree of Jacobi polynomial,
pressure,

Jacobi polynomial of the first kind of
the N degree,

radius,

velocity of fluid,

normal component of velocity on
a profile surface,

w(x)
w
Wo

Zp=(x, y) -
ZW=(C: '1)_

X
o B
Yr

Yw
r
1"[

weight function,

liquid particles motion velocity,
relative velocity of liquid particles
motion,

point on the profile,

point on free vortex surface,
abscissa on a flat plate,

parameters of Jacobi polynomials,
intensity of surface vorticity on
a profile,

intensity of free surface vorticity,
velocity circulation around a profile,
intensity of a vortex in the wake of
a profile,

angle,

difference, relative error,

gradient,

velocity potential,

distance of the first discrete vortex at
a free vortex surface,

coefficient,

coefficient,



28 Z. Wiercinski

Suffixes
v — index of a singular integral equation, —, + — refer to upper and lower surface of
&P (x) — Jacobi polynomial of the second kind a profile,
of the N degree, i — refers to i-th point,
& — control point on a profile. k — refers to k-th point,
a — refers to a known analytic solution.

1. Introduction

Methods of surface vorticity on open arcs are often used to solve nonlinear
problems of unsteady fluid mechanics. Numerical version of the surface vorticity
method is often called the method of discrete vortex. The work [1] is wholly |
dedicated to solution of the nonlinear problem of unsteady flow about thin profiles
by inviscid fluid with the aid of the surface vorticity method. In [2] the surface |
vorticity method was applied to the description of flow about flat vibrating plate in
inviscid fluid. Cauchy type singular integral equation of the first kind (CSIE) is
a basic equation for solution of nonlinear problems of unsteady aerodynamics of thin
profiles. The methods of solution of CSIE can be divided into indirect and direct
ones. The indirect methods consist in transformation of CSIE by regularization
process into Fredholm’s integral equation or in the application of various ap- |
proximations of the integrand. Direct methods consist in application of suitable
quadratures and this way changing the integral equation directly into a set of linear
equations. Accuracy of the direct methods strongly depends on the distribution of
the vortex and control points on the open arc.

The attempts to find more precise numerical method of solution of CSIE which
can be applied to solution of nonlinear problems of unsteady flow about thin profiles
should be considered desirable as the methods used recently, that is the method of
uniform distribution of vortices and control points on arc (Belotserkovski’s method)
and its small modification (Gorelov’s method¥), is rather inaccurate just in the
vicinity of the leading edge and the trailing edge. For a stationary flow about a flat
plate the error of determination of the value of vorticity reaches — 11.3% at the
leading edge and 2.3% at the trailing edge for the amount of vortices displacement
points equal to N=20 [9]. According to Gorelov and Kulyaev [10] the accuracy of
Belotserkovski’s method for N— oo equals 11.2% for the first point at the leading
edge and 32.9% for the last point at the trailing edge. In this paper the accuracy of
Belotserkovski’s method [8] and the method of Gorelov [10] for the flow about flat
plate with vortex behind the trailing edge is examined. The Jacobi quadratures
method is different from the Belotserkovski’s method and the Gorelov’s method
mainly because of the nonuniform distribution of vortices displacemet points and
control points along the segment (—1, 1).

* The modification consists in displacing the distribution of points applied in the method of
Belotserkovski, especially in the vicinity of the leading and trailing edge of a profile.
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In the method proposed by Belotserkovski and Nisht [1] the uniform
distribution of vortices and control points on arc are used. It is well known that the
accuracy of calculation in this method is not the best one [3, 4, 5]. To improve the
accuracy of calculations in the vorticity surface method on open arcs the Jacobi
guadratures method of CSIE solution is proposed [5]. In this method the
distribution of vortices and control points are nonuniform, and are found as roots of
appropriate Jacobi polynomials. The Jacobi quadratures were first used by N. L
Ioakimidis and P. S. Theocaris [7] to solve problems of cracking in solid
mechanics. The accuracy of the Gauss- and Radau-Jacobi quadratures to solution of
a CSIE is by several orders better than the accuracy of the method given in [1, 2].
The accuracy comparison was made in [5] for the stationary flow about flat plats
with vortex in its wake, which is a pattern flow of discrete vortex methods for
unsteady flows past a thin profile. Wishing to improve the accuracy of their method
Belotserkovskiand Lifanov have proposed in their new book [8] a nonuniform
distribution of vortex and control points by means of Chebyshev quadratures.

2. The Nonlinear Problem of Unsteady Flow About a Thin Profile by an Inviscid
and Incompressible Fluid

It is well known that the flow of perfect fluid past a thin slightly curved profile
can be described by two dimensional equations. Let’s introduce the set of
coordinates in which fluid far upstream and far downstream of a profile is in motion
at a velocity U, see Fig. 1. For a slightly curved profile we can assume, without loss
of generality, that a profile can be substituted with its chord x € {l;, I,)>. Most often
,=1,and I, =—1 or [, =0 [8, 10]. What refers to a profile we shall assume that it is
in rest or in harmonic motion according to a predetermined rule around a central

i
(T LD

4 =

Fig. 1. Thin profile L, and free surface vorticity Ly in its wake

position (for example, a profile can perform flexural or torsional vibrations). In case
of a vibrating profile we assume that the motion started at time t=0. We assume
then that the motion of fluid about the profile and its wake is potential. In this case,
there is a velocity potential and it fulfils the Laplace equation
62 @ 62 )
g, 1
x> ay? @
The boundary conditions for Eq. 1 assume
1) equality of normal components of profile velocity and the velocity of fluid on
the surface of a profile L, n — normal to the profile

Vo—U)-n=0 for zp=(x, y)€L, 2
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2) vanishing of the velocity disturbances for large distances r from the profile
Vp—-0 for r-owo, 3)

3) fulfilment of the Kutta-Joukovski condition referring to flow at the edge which
leads to the condition of zero pressure difference between two sides of the profile at
the trailing point (sign+and —correspond respectively to the upper and bottom
surface of the profile), |

Ap=p,—p_—0 for zp=(x, y)=1l,, )

4) continuity of pressure and normal component of velocity in the direction
vertical to the wake

4dp =0

V(p'n=0} for zp=(x, y)€Ly. %)

The boundary conditions are complemented with an initial condition which states
that for time t<0

Ly=0 and U-n=const (6)

i.e. the profile started an unsteady motion at time t=0. The problem defined above
reduces to the Neumann’s outer problem for Laplace equation.

From the three basic solutions of two-dimensional Laplace equation (source,
vortex and dipole), as it was mentioned above, the continuous distribution of vortices
was chosen as the most suitable to unsteady flow about a profile with varying lift.
The choice of surface vorticity leads to simple relation for lift and moment as
a function of vorticity distribution on a profile and is satisfactorily accurate to
calculate initial values of lift and moment as well as the shape of wake. A thin profile,
as it was mentioned above, is replaced with a continuous distribution of surface
vorticity on the segment {—1, 1) and the wake is replaced with an also continuous
distribution along line Ly,. Its shape is not known and depends on conditions of flow
about the profile. As Laplace equation is a linear one, each superposition of basic
solutions fulfils it. This statement applies also to the flow fields generated by
a continuous distribution of surface vorticity along lines L, and L, see Fig. 1.
Owing to the condition of impermeability of a thin profile we reach the following
equation of vortex distribution on surface along lines L, and L:

i J?P(x' 1) dx_*_i J‘ ’)’W(x. t) dx+v(¢, t)=0, U

2n x—¢ 2n Zp—Zy
Lp Lw
where zp, x and £ € L,, zy € Ly, and t denotes time.
The first component in Eq. 7 describes the velocity component normal to th
profile by the continuous distribution of surface vorticity on the profile, the second
component of the equation describes the velocity component normal to the profil
and induced by free vortices in the wake. The third component of the equatio
describes also the velocity component normal to the profile. This component can
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due to some external reasons, for example the existence of other profiles or free
vortices whose origin is not always connected with the profile under consideration.
Of course, in the case of a quasi-stationary flow the second term equals zero, whereas
both the vorticity distribution on the profile surface y,(x, t) and the function v(¢, 1)
remain time-dependent. In the case of a stationary flow the dependence on time
disappears and Eq. 7 reduces to CSIE, that is

1 fyp(x o) o
o x-__édx——v(f)- ®)

The cases of stationary flow about a flat plate will be used for checking and
comparing the accuracy of Belotserkovski method and that of Gorelov and Kulyaev
with Gauss- and Radau-Jacobi quadratures as applied to solution of a CSIE.

Dynamic characteristics of profile motion (pressure distribution, lift and moment
acting on a profile) are received from the Cauchy-Lagrange integral

s L OO
pP=w Wo 2 ot ) (9)

where w — liquid particles motion velocity, w, — relative velocity of liquid particles
motion.

Cauchy-Lagrange integral if applied to the bottom and upper side of a profile
gives nondimensional pressure differences

0
Ap=p,—p_=wh,—wjs_—2 a—t(¢-—<p+) (10)
" and after suitable conversions
or
sl ay
where
Wo, +Wo_
W0t=~0_2_L’
W, —W
'}’P= 04+ 2 0-
and
F'=gp_—¢,.

The lift coefficient C, and the moment coefficient C,, are calculated from the
following formulae

C.= [ p(¥) ndx, (12a)
Lp

Cy= [ p(x) x dx. (12b)
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The nonlinear problem of unsteady flow about a thin profile by inviscid andH
incompressible fluid reduces to finding the solution of Eq. 7 and particularly to
finding the intensity of surface vorticity y,(x, t) on the profile, the value of intensity
of free surface vorticity yy ({, 7, t) and its shape, that is to finding the points z, =
=((, ). The solution is searched for by means of the discrete vortex method, ie. the
method of discretization of surface vorticity intensity and discretization of time [8,
9]. For each time step j, N values of surface vorticity intensity on the profile y, (i, j)
and the value of free surface vorticity intensity v, (1, j) at the first point behind th
profile is searched. The remaining j—1 values of free surface vorticity intensity were!
already determined in preceding time steps. In the following time steps j—1 ne
positions of vortices which form free surface vorticity are calculated. The position o
the first vortex in the free surface vorticity is a free parameter of the whole method o
solution. In this way the problem is reduced to that of solving the set of N equations
with N+1 unknowns, as one searches for N+1 values of intensities of surfac
vorticity at points x; and {,, and the boundary condition is checked in N contro
points lying on the profile. The lacking N + 1 equation is found from the condition o
conservation of the whole system circulation. The most important factor determinin
the accuracy of solution of the problem of flow about a single profile is the accurac
of determining the intensity of the surface vorticity y, (i, j) and yy, (1, j). The accurac
of yp (i, j) and yy (1, j) evaluation affects indirectly the accuracy determination of the®
free surface vorticity shape, ({, 7). In the next time step the accuracy of y, (i, j) and
7w (1, j) calculation is also affected. It is because the errors of the surface intensitie
evaluation add to each other in the following steps, that’s why the accuracy of y, (i, j)
and 7y (1, j) determination is so important in the whole method. Hence, it is
advantageous to consider the accuracy of CSIE (8) solution in different methods a
dependent on the number N of points x, and ¢, and their position on the profile.

3. CSIE Solution by Means of the Method of Belotserkovski and the
Method of Gorelov and Kulyaev

As it was mentioned at the beginning, the method of Belotserkovski as well as the
method of Gorelov belong to direct methods of CSIE solution. Their main ide
consists in dividing the {(—1, 1) segment into N equal parts of 2/N length and
finding the positions x; and &, of discrete vortices and control points, respectively
Use is being made of the following formulae

x;=li+{+up)h
&=li+k+v)h

In case of the method of Belotserkovski the coefficients p; and v, are constant an
equal 4=025 and v=0.75, respectively. In case of the method of Gorelov and
Kulyaev the coefficients are variable and take different values in the leading an.
trailing edge vicinity as well as in the middle region. Moreover, these coefficients tak
different values in case when one needs precise calculation of surface vorticit

}i, k=1,2,3,..,N, h=2/N. (13
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intensity on a profile [2], that is to calculate the values of the integrand, and slightly
different values when the precise calculation of the value of the integral is needed [4].
For such a set of vortices and control points the integral equation of Cauchy type
reduces to a set of N linear equations
N

s 228 o one): (14)
=1 %i— &

The accuracy and convergence of the CSIE solution by means of the Belotserkovski
method was examined and shown in [3]. As it was mentioned above the accuracy of
this method of surface vorticity intensity determination is particularly small for the
points close to the leading and trailing edge and practically it does not increase with
rising N [2]. According to [2] for a stationary flow about a flat plate for N— o the
relative error of determination of the surface vorticity intensity equals — 0.112, and
the error close to the leading edge equals 0.329.

In order to reduce the error of determination of the surface vorticity intensity in
the vicinity of the edge of a profile D. N. Gorelov and R. L. Kulyaev [2] propose
nonuniform distribution of points of vortices displacement and control points.
However, they remain the division of a profile into N equal segments. According to
[2] the accuracy of determination of the value of surface vorticity increases
significantly. For the presented case of a stationary flow about a flat plate the relative
error of the surface vorticity determination, assessed basing on an analytical
solution, lies for the whole length of the profile within the range of 1 —2%. In [2] D.
N. Gorelov and R. L. Kulyaev present the values of coefficients p; and v, for
N=15+20 with the accuracy of two positions after the decimal point with the
smultaneous restriction that the more precise values of the coefficients y; and v,
should be used to N> 20.

4. CSIE Solution by Means of the Method of Jacobi Quadratures

Jacobi quadratures (Mehler) have been used for many years in calculations of
regular integrals [18]. However, only recently one managed to apply them to
calculate singular integrals and in particular to calculate integrals of Cauchy type
_15+=17]. The basic difference that distinguishes the method of Jacobi quadratures
from the method of Belotserkovski and the method of Gorelov is a nonuniform
distribution of points of vortices displacement and control points on a profile, and in
case of Jacobi quadratures such a non-uniform distribution of points is a typical
fzature of the method. A set of most important formulae and definitions referring to
Jacobi quadratures and their application to solution of CSIE will be presented now.

The basic feature of Jacobi quadratures is the fact that they are associated with
the weight function w(x)

w(x)=(1—x)* (1-x), (15)

where the coefficients « and f are greater than —1. For some special values of the
z and B coefficients the Jacobi quadratures reduce to some other well known
guadratures — in this way for = =0 we obtain the Legendre quadrature, and for
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a=f=+1/2 the Chebyshev quadrature is derived. In the case of interest,
a=—f=+1/2, this is the Gauss-Jacobi quadrature. The quadratures mentioned
above belong to the so-called open quadratures or the quadratures without
pre-assigned abscissae. Another type of quadratures are the quadratures in which
one or two abscissae are pre-assigned, i.e. pre-determined. Most often this refers to
one or two ends of the integration region. In case of choosing one ending point as
a pre-assigned abscissa, the quadrature is called a semi-closed one or Radau
quadrature, and in case of both ending points being chosen as pre- assigned abscissae
a closed quadrature or Lobatto quadrature is obtained. In our considerations we
shall consider only the open Gauss-Jacobi quadrature and the semi-closed Ra-
dau-Jacobi quadrature, whereas the pre-assigned abscissa coinciding with the
trailing edge of a profile, that is point +1. It is also possible to consider
Radau-Jacobi quadrature with a pre-assigned abscissa —1, but in case of fluid
mechanics it does not seem to be so useful as the Lobatto-Jacobi quadrature.
Radau-Jacobi quadrature with abscissas + 1 can be valid in fluid mechanics in so far
as the fulfilment of Kutta-Joukovski condition about flow in the edge is assumed as
usual in case of flow about a profile. This condition can be reduced to
pre-assignment of zero value of intensity of surface vorticity at the trailing edge. In
case of the weight function being used the integrand is

Yp(X)=w(x) g(x). (16)
The formulae of Gauss-Jacobi quadrature for singular integrals of Cauchy type
are as follows [6]
1

o g(x) ISP
f 537 d‘,g"‘ —E PR

F@+Ey, x#¢&, 17
-1

where A, and x, are the weight coefficients and abscissae of Gauss-Jacobi quadrature

respectively and are given with the following formulae

2n(1—x)

= 2N+1° (18)
2mi

X;=C0s <2N+1> (19)

and N — the number of abscissae. The abscissae x; are the roots of the Jacobi
polynominals P§+# (x) with the same parameters as the weight function w(x) and Ey
is the approximation error. The approximation is accurate for the functions f(x}
being the polynomials of degree 2N [6]. In case of integral equation which describes
the flow about thin profile it is possible to prove that a=1/2 and f= —1/2, and the
CSIE index v is equal zero. And continuing after [6] the equation for IT{? (x) tak
the form

P (x)=I (@ I'(B) Pi=5~P (), (

where I' — gamma function.
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If a condition is formulated that the control points are chosen as the roots of the
Jacobi polynomial P *~#(x), then the Cauchy integral can be reduced (if Ey is
neglected) to the following sum

1

w(x) g(x) g(X.)
J———x_ ¢ Z. A; it (21)

=1

and CSIE is reduced to a set of N linear equations,

N

2 Aiﬂ= —o(&): (22)

= L
It is possible to prove that the roots &, of the Jacobi polynomials P§.%~# (x) have
the sign opposite to the roots x; of Jacobi polynomial P§# (x) [11]. In this way we
have finished a brief presentation of Gauss-Jacobi quadrature for CSIE. It may be
advantageous to remind that in case of Gauss-Jacobi quadrature the points x; and &,
are determined very easily as it can be done from Eq. 19.

In the following section we shall consider Radau-Jacobi quadrature briefly for
the case of one pre-assigned abscissa, ie. xy=1. Radau-Jacobi quadrature reduces
CSIE to a set of N-1 linear equations (22), but the abscissae x; and the control points
£, are the roots of the following Jacobi polynomials:

=P (g=0, (23)
Py 3218 (x)=0, 24
and the formulae for weight coefficients A4; are different [10], that is

2 IT(N+a) TIN+P) 1+x;
TINFD!(N+@) T(N+at+f+1) [PEED (x)]2

where P§-%) (x) is also the Jacobi polynomial of N—1 degree. However, as it can be

proved [11], only N-1 roots of the Jacobi polynomial, Eq. (23), lie within the (—1, 1)
range. Hence, we shall have finally only N —1 linear equations. That is why the N-th
equation must be searched for from another physical condition. In [7] N. L
Ioakimidis proposed a technique of determination of the lacking equation. This
technique will be discussed below. In case of CSIE of the first kind it reduces to
solving the following equation:

(25)

N
> Aig(x)=F, (26)
i=1

where F is constant and equals

1
F= [wl(x) g(x) dx. (27)
-1

Integration is performed here with the aid of Radau-Jacobi quadrature.
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Table 1
Values of weight coefficients 4;, abscissae x; and control points ¢, for the
Radau-Jacobi quadrature at N=20

4, Xy &
1 31387091E 00 —.99691348
—. 98767294
2 .31001018E 00 —.97233535
—.95099528
3 .30238380E 00 —.92378429
—.89087015
4 29117955E 00 —.85245579
—.80877804
3 27667331E 00 —.76010619
—.70674031
6 25922227E 00 —.64900944 .
—.58726949
7 23925614E 00 —.52190111
—.45330732
8 21726655E 00 —.38191103
—.30815241
9 .19379495E 00 —.23248621
—.15537894
10 .16941930E 00 —.77305986E-01
.12513035E-02
11 .14473980E 00 .79808599E-01
15788157
12 .12036414E 00 23498888
31065513
13 96892524E-01 38441381
45581020
14 .74902900E-01 52440411
58977265
15 .54936712E-01 65151281
70924397
16 .37485569E-01 .76261024
81128264
17 22979113E-01 .85496121
89337684
18 11774324E-01 92629311
95350809
19 41459084E-02 97485713
99022319
20 29470850E-03 1.00000000

Another problem is caused by determination of the roots of Jacobi polynomials,
Eqgs. (23) and (24), and particularly their accuracy. In order to determine the roots of
Jacobi polynomials the method presented in [12] for orthogonal polynomials and
the finite procedures for calculation of eigenvalues of tridiagonal matrix is used. In
Table 1 the values x;, £ and A; for Radau-Jacobi quadrature for a=1/2 and
p=—1/2 and N=20 are presented.




Comparison of the Method of Belotserkovski... 37

5. Comparison of the method of Belotserkovski and the method of Jacobi quadratures

As it was mentioned before both methods were checked for two cases of flow
about flat plate, ie. the stationary flow about flat plate and the flow about flat plate
with stationary vortex in the wake. All the comparing calculations were performed
for the number of abscissae equal to N=20. Relative error of the method is
determined according to the formula

0 (xi)z)’P(xi)—'Ya(xi)’ (28)

ya (xi)
where yp(x;) and y,(x;) — the values of the surface vorticity intensity at a point
x previously determined by numerical method and the known analytical solution.

The calculations by the method of Belotserkovski and the method of Gorelov
and Kulyaev were performed for the stationary flow about a flat plate. In this case, as
it is known, v(x)=sin 6, where & is the angle of inclination of a profile to the
oncoming velocity. In the case of Belotserkovski method the results were the same as
in [3], i.e. for i=1 the error of determination of intensity of surface vorticity equals
Ay(1)=—0.113 and for i=—20 the error 4y(20)=0.023, in all of the remaining
points the error was below 4y (i)=0.01. Unfortunately it proved to be impossible to
reach the same accuracy of calculations for the method of Gorelov and Kulyaev
as that obtained in [2], that is, the error below 1+2% for all of abscissae. The results
received are as follows: for i=1 the error A4y(1)=0.153, for i=19 the error
A4y (19)= —0.034 and for i=20 the relative error of intensity 4y(20)=0.144. At the
remaining 17 points the error does not overcome 1--2%, in fact. One may suppose
that the authors [2] used the more precise values of x; and &, then it was presented.
Such a possibility of increasing the accuracy of calculation of the surface vorticity is
presented in the paper by the authors themselves [2].

Very accurate results were obtained in case of Jacobi quadratures. For the
Gauss-Jacobi quadrature the error of surface vorticity determination does not exceed
10713 for all i values. Thus the value of surface vorticity was determined with
accuracy practically equal to the accuracy of the computer calculations. A little less
accuracy was obtained in calculation of the surface vorticity value in case of
Radau-Jacobi quadratures method. However, also in this case it was very good, as
the error of determination of surface vorticity for all of the abscissae was smaller then
107°. This accuracy is better than that of the Belotserkovski or Gorelov and
Kulyaev methods. The difference in the accuracy of both methods of Jacobi
quadratures results, as one may suppose from the accuracy of determination of x;
and ¢, points, because in the method of Gauss-Jacobi quadratures they are given in
simple formulae, whereas in the method of Radau-Jacobi quadrature the points are
determined with the aid of special programs and additional procedures.

Let’s discuss the results of comparison of the flow about a flat plate with
stationary vortex in the wake. In fact this is the basic flow pattern used by
Belotserkovski and Kulyaev [2] for solution of the nonlinear problems of unsteady
flow about thin profile by means of the discrete vortex method. In both papers the



38 Z. Wiercifiski

authors use N vortices on a thin profile and one vortex in the wake. Its intensity is
unknown, but its position is determined and placed behind the trailing edge.
Whereas in [2] a rule for placing this first free vortex in the wake is given, in [1] no
such rule is given. That is why the examination of the above methods of CSIE
solution for several positions of vortices & =102, 1.03, 1.05, 1.1 and 1.15 was
performed.

Suitable formulae (here only cited) for the distribution of surface vorticity on
a thin profile and the total circulation around a profile can be found in [13]. The
distribution of the surface vorticity is given according to [13] by the following
formula

P 1 +H1
29
%)= 21: Cl—x \/1+x (-1’ 23
where I'" — intensity of the vortex, {; — distance from the vortex to the middle of the

profile.
The total circulation of velocity around a profile is given by the following

formula
r\ _ [{+1 :
B iy Gpealiopts

In order to determine the relative errors of the surface vorticity intensities
calculation and those of the calculation of velocity circulation around a profile with
the aid of different methods, Eq. (28) was used. In Fig. 2 the accuracy of calculation
by means of Belotserkovski method of surface vorticity on thin profile with
stationary vortex at the distance {,=1.02, 1.03, 1.05, 1.1 and 1.15 from the profile
centre, ie. at the distance 0.02, 0.03, 0.05, 0.10 and 0.15 behind the trailing edge is
presented. In Figs. 3+5 the accuracies of surface vorticity calculation for the
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Fig. 2. Relative error 4y (i) of the surface vorticity ~ Fig 3. Relative error 4y () of the surface vorticity

intensity determination in the method of Belotser- intensity determination in the method of Gorelov

kovski for different distances of free vortex in the  and Kulyaev for different distances of free vortex in

wake of a profile; {;=1.02, 1.03, 105, 1.10, 1.15 the wake of a profile; {,=1.02, 1.03, 1.05, 1.10,
1515
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Fig. 4. Relative error 4y (i) of the surface vorticity  Fig. 5. Relative error Ay (i) of the surface vorticity

intensity determination in the method of intensity determination in the method of Ra-

Gauss-Jacobi quadratures for different distances of dau-Jacobi quadratures for different distances of

free vortex in the wake of a profile; {,=1.02, 1.03, free vortex in the wake of a profile; {; =1.02, 1.03,
1.05, 1.10, 1.15 1.05, 1.10, 1.15

parameters as in Fig. 2 are shown. They refer to the method of Gorelov and Kulyaeyv,
the method of Gauss-Jacobi and the method of Radau-Jacobi quadrature, respec-
tively. Table 2 presents the accuracy of the calculation of velocity circulation around
a thin profile calculated with the four methods mentioned above and the distance of
vortices as in Figs. 2+5. From the analysis of Figs. 25 it is clear that the
determination of the accuracy values 4y (i) is highly dependent on the position of the
¢, point. The greatest relative errors in determination of Ay (i) occur in case of
¢,=1.02, and the smallest for {, =1.15. This rule is being observed in all discussed
methods.

Table 2

Relative error 4 (I'/I") of the velocity circulation determination around

a profile for different distances of free vortex in the wake of a profile

(¢,=1.02 1.03, 1.05, 1.10, 1.15) and for different calculation methods:

B — method of Belotserkovski, G & K — Gorelov and Kulyaev method,

G &J - Gauss-Jacobi quadratures method, R&J — Radau-Jacobi
: quadratures method

A(I)T)

& G&J R&J B G&K
1.02 —62E04 | —75E-04 | —0.163 —0.132
1.03 —10E-04 | —42E-04 | —0103 —0.082
1.0 —59E06 | —8.1E06 | —0052 —0.041
1.10 —14E07 | —78E07 | —0018 —0014
1.15 —11E07 | —10E-09 | —0009 —0007

In case of Belotserkovski method the error of the intensity 4y (i) determination is
not constant for all i, the greatest value is reached for i=1. For {;= 1.02 the error
4y (1) is equal —0.24, and for {;(1)=—0.12. In the middle region of a profile the
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A4(I/I")=—0.163 and —0.132 in the method of Belotserkovski and the method of
Gorelov and Kulyaev, respectively. While for the vortex distance ¢, =1.15, the error
of velocity circulation determination brought by the method of Belotserkovski and
the method of Kulyaev decreases below 1%, whereas it equals —1.1-10~7 and
—10-107° for both methods of Jacobi quadratures, respectively. Thus the
differences in accurcies should be considered very high.

6. Conclusions

The solution of a CSIE of the first kind is the base for solution of the nonlinear
problems of unsteady flow about a thin profile by an inviscid and incompressible
fluid. The methods of solution used hitherto brought significant numerical errors.
The aim of this paper is to propose the methods of Jacobi quadratures for solution of
CSIE. The reason is accuracy of these methods being by several orders of magnitude
better than that of the method of Belotserkovski and its modification — the method
of Gorelov and Kulyaev, both of them having been used until now. In order to
compare different methods of CSIE solution the known analytical solutions of
stationary flow about a flat plate and a flat plate with a vortex in the wake have been
applied. The second example is particularly important as it is the basis of the method
of discrete vortices, generally applied for solution of the nonlinear problems of
unsteady flow about thin profile by a perfect fluid. Due to the simplicity of abscissae
x; and control points &, determination, the Gauss-Jacobi quadrature is easier to use
than the Radau-Jacobi quadrature. The application of the Radau-Jacobi quadrature
gives a little worse accuracy of surface vorticity intensity determination for the cases
under consideration than the Gauss-Jacobi one because of the greater error of
abscissae and control points determination. The Radau-Jacobi quadrature is
a semi-closed one which has the advantage of one of the abscissae coinciding with
the trailing edge. That feature may be of some significane in fluid mechanics.

Received by the Editor, June 1987.
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Poréwnanie metody Bielocerkowskiego i metody kwadratur Jakobiego
w zastosowaniu do rozwigzania nieliniowych probleméw nieustalonej mechaniki
plynéw metoda dyskretnych wiréw

Streszczenie

W pracy poréwnano dokladno§é zastosowania metody Bielocerkowskiego i metody kwadratur
Jacobiego w zastosowaniu do rozwigzania nieliniowych probleméw nicustalonej mechaniki ptynow.
Stwierdzono, ze doktadno$é metody kwadratur Jacobiego do obliczen rozktadu wirowosci na cienkim
profilu metoda dyskretnych wiréw jest o kilka rzedow lepsza niz dotychczas stosowanej metody
Bietocerkowskiego. Zasadnicza réznica odrézniajaca obie metody polega na zastosowaniu nieréwnomier-
nego rozktadu punktéw polozenia wiréw i punktéw kontrolnych na profilu (kwadratura Jacobiego)
w miejsce rozkladu roéwnomiernego (metoda Bietocerkowskiego).

Cpasuenne metona BemonepkoBckoro m mMeroga keanpatyp SlxoGu B mpuMeHeHHH
K pelleHHAM HeJMHEHHLIX npol/ieM HeCTAIHOHAPHOH MeXaHHKH JKHIKOCTel MeToI0M
JHCKPETHLIX BHXPei

Pesrwome

B paboTe cpapHEHa TOYHOCTH MPAMEHEHAS MeToda BeonepkoBckoro H MeTona kBanpatyp Skoba
B DNpPAMEHEHHH K PpEIICHHSM HEJMHCHHRIX OpoOIeM HECTANMOHAPHON MEXAHHAKA XHAKOCTEH.
Jloka3uBaeTCs, 9T0 TOYHOCTh METOAA KBaApaTyp SKoOH s pacuéToB pacHpeneeHns 3aBEXPEHHOCTH
Ha TOHKOM mpoduire MeTONOM MHCKPETHRIX BHXPEH HA HECKOJBKO MOPSJKOB Jydlie YeM TOYHOCTH
IPEMERSEMHOTO 0 CHX TMOop meTona Benonepkosckoro. OCHOBHAS Pa3HANA OTIHYArOMAs 06a METOM
33KIOY4eTCS B NPHMEHCHHH HEPABHOMEPHOTO DACIpENeNeHHs TOYEK PACOJNOXEHHS BHXped
H KOHTPOJHHHX IYHKTOB Ha mpodmuie (xBamparypa SIkobOm), BMECTO PaBHOMEPHOTO DaCHpEHesICHHS
(meton BemouepkoBckoro).



