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JURAND RYTERSK]

. Cdańsk *

Solutions of Certain Plane Problems of Stationary Vibrations of Elastic
Body

In this PaPer ,we consider the pla[e probłem of stationary vibrations of an isotropic homogeneous ,-

elastic body. we take into account solutions in the sense of distribution theory. Ił the introduction lve
explain the idea of a vector distribution and using the theory we find the equivalents of Green formula,

The solutio , method of these problems is based on the idea presented in paper [2]. It allowed us to
obtain_ihe closed form solutions of some specific problems in the unbounded dotnain.

The similar problems węre considered in papers [3] and [4l where other methods were applied..

1. some remarks about vector distributions

Let 9--9, be the space of test functions,afld 9':9', be the distribution space. De.
notę 93:9 x 9 x g and 9\:9' x g' x g' thętest vector space and the vector distribution
§Pace, ręSPectively. When a is a vector distribution i.ę. u e 9\ then we can represent it as:]

u:illłlłi2ur*i3u3,
where li, ir, i, ate versors of the coordinate system , and upe 9' (p:1 ,2,3).

The value of the vector distribution u foi the te§t vector Q:iOt*i2rp2*Ąrp3 is defined
by the equality:

: (u , 9):(ur, ql)ł(uz, Ez)ł('uł, qz)

Y rpe9rĘY Qpę9 (p:1,2,3)
Lęt us proceed to the definition of fundamental differential opełations
1. Letfe 9', gradf is defined-then as a vector distribution, urrł th. following equality

is valid:

(gradf . q1:-(f .div q) Yęeg, (A)

2. lf u e 9', then:

d iv tt eg'

* Technical University of Gdańsk.
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I12 J. Ryterski

{divu, p):-(u,gradrp) YcpeD, , (B)

In the plane case the vectors have obviously two components, and definition (A), (B) and
(C) are valid.

2. Fundamental formulas for the plane case

We deal with two types of plane problęms in the theory of elasticity - the plane strain
problem and the plane stress problem, The equations of motion in both these cąses have the
same mathematical form. For the plane state of strain the motion equations are as follows:

Ttr, _ltr, _ ^łu, 
0rr, _0tr2 _ ^ó'r, lń*ń:eil;, ń-ń:r-#, (1)

where z;p(i, k:|,2) denotes the component of the stress tensof, ar(i:I,2) - the com-
ponent of the displacement vector, p - density, xi(i:l,2) - the point coordinate, t -
time.

There exist following relations between the stress tensor component and the displace-
ment vector component:

In the case of stationary harmonic vibrations it is assumed that:

uz(xt, x2, t):yr(;t, xz)ęi't
and respectively

T ir,r(x r, x r,' t) : a jlr(x t, x r) ę'''

U, k:l , 2) where łr is the vibration frequency.
From (1), (2) and (3} we obtain the basic system of equations

7 g : (),ł F) gtąd 0 + plu + tll2u =0,

whefe u- (ur, ur) denotes the displacement vector,

p:div ,:!*?0xl 0xz
pnd p:1 is assumed for simplicity.

0o, Eu"t,r:(7+2p);j+,1;j,
oXt oXz

/0u, óur\,rr: lr\Ę+ a*r)'

. dUt .. . duztzz:A=:*{l+Zp) ^ .
oXt dxz

(2l

(3)

(4l

l j)



Solutions of Certain Plane Problems ...

Ęach distribo,ior, 7:(rtr, ar) which fulfills the condition:

(Lu, cp):g Y cpeg2, .

where 9 r:9 x 9 indicates the test vector space, is called the solution of Eq. (5).
Using the formula

crada:lułrotV

where y:rctr:i, (a:-Ł')
\dx, oxz/

and respectively

rot V :,, :ł'# _i-) -,, :_(y _Ł)'dxr\dx, 6xz/ óx, \dx, dxJ
we can write equation (5) in the form:

(ź+p)rot V +QL+zp) lu*azu-O . (6)

It is easY to see that likewise the three-dirrtensional case, the vector function Zand the
scalar function 0 satisfy the equations:

ltlY +@2V:0,

Q"+2p)l0+oł20:o,

and since V:iłs:'re_*), ulro p/ur+a2ur:$.
\oxl oxz/

In order to define the differential operations on the two-dimensional vectors we intro-
duce the concept of a simple layer and a double layer.

Dęf. 1. Let tr be the contour, and, p(x) be the piecewise continuous function on I.
The distribution p6a defined by the rule

0lór, q\: § p(x) rp(x)ds Y rpeT , (9)

where 9 is the test function space, will be callęd the simple layer with the density p on the
contour,L.

Remark 1. For x e Z we'have p6r:Q in view of the inclusion

supp [pó"] c1.. l

Dęf . 2. The double layer with the density v(x) on the contour L is the distribution
o

- *(v6) defined by the rule

l13

/1l 0 \ l- ao
(-a;(na.l , ,p 

)|: f 
,t"l;; ,', y rpe9 .

L

where l(x) is the piecewise continuous function defined on Z.

8 ,Piace IMP, z. 8§
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lt4 J. Ryterski

#,:{#}*"'*os(nx,)ó1, (i:I, 2),

where |afl\x,} denotes the classical derivative in case of its existence while

["f]ł:l,fu f (x')- 
)tm 

f (x') Vxe-L,
. x'eD' x'eD

where D is the domain bounded by the contour L, and D':Rz\D. Hence

gtadf: {grad/} + lIft nót .

Assuming that/=0 for x e D'we have

grad/: {gradf } -fn6,
since the external boundary value ofthe function/is equal to zero.

In the same way we obtain

and respectively

6iy4: {divu} +Yuf 
"nó",

1glu : {rotu} + (n x luJ") 6 

",
61y1: {divu } -(un)ó;,
tatu:{totu} -(nxu)ó1

in case when the external boundary value of the vector u is zero.
By differentiating formula (l l) wĆ have

Re m ark 2. F orx f .L we t uu" - j- 1oór) : 0 in view of the inclusion
on

/a\
supp( -:(vó.) )c1.

\dłl /
Remark 3. Let n always denote an external normal versor.
lf feCllD\ nCl lD'; then by clefinition of the dęrivative of u dirt.ib.rtion we obtain

(11}

(l2}

(l2a\

(1 3}

(14)

(l3a)

(1aa}

where/e C'(D) n C2(D) is assumed.
We assume furthermore that ł e C3(D) n C.(r') and ł:0 for x:(xl , x2) e D'.
For the mentioned above vecto1 a wę have

aua4lt:i/ui- *ó"- *(u6). (16)

Taking into account formulas (5), (l2), (l3) and (l6) we obtain

try:{Ltt}-{r!*u*rlor|a,_1r!@6")_(1+p)grad[(u n)órJ, (l7)
Lon
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where the second component of the right side of formula (17) denotes the simple layer,

the third component - the double layer, and the fourth component is the distribution de-

fined by the rule

(gradt(u n)6lf , ,7: -((un)61, diu, q): - §(un)div qds Y rpe?2.

Formula (l7) is the equivalent of Green formula, since if follows from

(Lu, q):(! , LQ): ! uLq dx

that

I @L,p- tpLu)dx: 
§"W';-r)"+ 

p)naiv ,ł),-

-Q'#*r^*rr*)Ąo, y łpe,,, (18)

Taking advantage of the equality

J {grad0} łpdx= § {0}nrpds- l {0}div rpdx

formula (l8) can be rewritten as

J [((,t+p)gr addiv rp+ plę+rl'rp)u-(plu+riŻu) Q)dx:

: 
f (, §*ę^*rl,u* ,)"- ru#r)o,-t^*r) ! ldtv rpdx - (19)

L,,J

Let us denote, as in paper [2]

óo

' r:r, urł 
),n div q + p(n x rot q),

0toNr: 
an-ndivqłnxro1 

q.

[t is possible to present equation (l9) in the form:

l [((ł + p) !r ad div rp * pl q + a2 9) u - (p,/u + a2 u) a7 d x :,
D

_Ir _ 0u -l
:r.ll (rp-pNę)u-11"^.' łp|as-Q,+1l) J 0aiv Qdx:JL, d, ) ' 

Ó

' 
,l-.- .: 
§lO rr", rF" -Y) r)o,-r^* r) ! 0 div q dx (20)

since 
§uNęcls: § ęNuds

LL

8ł , {ł
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Aftbr replacing equation (5) by equation (6)" we obtain.
' 

fL(J + rlło,t rot ę + (A + ? p) l 9 + a2 rp) u -(qł. + z p) z u + a? u) v}dlx =

' : 
$[r., 

+lN ę)u-Q.*r,Du#,r]ar+ri+r$ ratwtŃ,ędx - {2l)

The distributive form of fotmula (2l) is as follows

ag ; : (). ł F) rot V + (^+ 2p) lu + tl2 u :
( óu-I: {Au\ _ 
Ą(1+ p}(n x v) +(}"+z4:l Sx_-( ón}

-(1+ ll)rót[(n x u)ó"f -Q.+2uĘ{u,a">- {22,)

, .|

3. The fundamental solrrtions for the plałe case

At the beginning we consider the equation '
ag: -(1+21.1)gradó(x-x9) whęlg )c=(x1, x2)

otherwise

Q+1,1)rot1+(7+2p)lu+wzu:-(7+2tt)gradó(x-xo), Q3)
wherę V:rot u.

v/e shalt look for a particular solution of this equation in the form of

u:gtaó, f ć a|, f :f (xr, xr) (24) '

which means that
V : tot u : rot grad f :O e g'l

since
(rotgtad.f , p)-(gtad,f ,rotę):-(f ,divtotrp): 

l

: -(/,0):0 Y peg,
rules (A) and (C) applied here.

Putting (24) irfio (23) we conclude that the equation witl be satisfled when the distribu-
tion / satisfies the equation

a lf+k2f- -ó(x-xo) , (25)

where k2: @'

),+2p
On the basis of the formulas given in paper [1], page 165, we find that the particular so_

lutions of Q5) are the functions

fr: f,u$uęł|x-xo|), fr: -f, ng)lł|x-xo|;,
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where

Hf)ęz1:1ulz)+ iyok),

nf;)ę1:1oęz)-iyo@),

lo|z) aŃ Yr{z) denote Bessel functions of the first and second kind, respectively, while
Ęt) and .l'Ij2) are Flankel functions.

If we put

i

then

1 y : _ (A +2p) grad ó (x - xo).

flence , for each smooth function rp withsupp p . D, in case of xo e D , weobtain

{Au, E): -(^+\r}(gradó(x-ło) , q)_(^+zp)(ó(x*xo;, div p)-

-l 
):płZp)div q(x) Q6)

and (A u, ę):O when xo t' D.
On the other hand in view of formula (22) tor p we have

(Au , ę):(uAq): _ 
f {[tl-rltn 

x rot ,pl+1s,+zp1!,], -r,*rur'r:4r,. l27)
L

By comparison of formula (26) with (27) we obtain

_()"+21Ąd,iv q(xo):$ 
[rrr*r" ęlu-(Ą+2pr'ó:Ąr, (28)

when.xo e D,

o: 
$ [trr* 

7N,ł')u-t;,+zu>a! Ąa, (2D)

providedthatxoćD. 
L 

]

using the formulas for the derivatives of Hankel functions we have

ailr)kr) x,-x9__;]: _ kH\|)G Ą":___: Q:l, 2)oXt r

whence formula (28) can be written as

div łł (x ł : oj|rr{ [,r, 
* r, d a\'\ęł< r1!_J: _

a / -., ,x-x^\l
-|^+ 2p) 9 a- \H\-,lkr)_---: )fs (30)

when xo e D. 
:Q.+,p1 9łr("rXo,;7)]r;''' rro,

Ioc"are of xqf Eweobtain zeto atthe left sideof (30)inthesamewayas in(29).
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rn order to find the formulas forthecomponents of the vector qa(x) r$e proceed as fol-
1ows:

Assuming that the distribution d: div z is known we represent the value of the operator_L
for the vector distribution u:@r,, u2) in the form

ar:Q.+ u)Etad9 + pBu ,

where -B:/+ kl, k?:r'lp.
Now for the test vector we have

(Lu, rp):(u,LQ): ILQ.+Deraddiv rp+pltp-la2rpfu dx (31}

and respectively

(Lu, rp):()"+ p,)(grad9 , ń+ p(Bu , q): -(),+ p)(0 , div E)+ p(Bu , Q):

: - (,t + p) ({ 0} - (un) 6,, aiv,ł) + u ({aą -#u, - .*@ D, q) :
ć rf/ órn \: 
J 

u { l, + k I u) E d x * 
§lń ?, - Q, + ll) n div r) 

" - r'ł, rfo, -
L

-0+ńlOdivędx. (32)

Now we assume that the test vector satifies the equation Lo:O*j 
'n" 

vector distri_
butions u-ioun satisfy the equation

Bur:_57*_,o,, (33)

where io(p: 1,2) are the versors of the coordinate systern
By these assumptions the right side of the formula (31) is equal to zer.o, afid the right

side of (32) has the value

fl\* 
-(ż + p)(ni,) d,, 

Ą,,- r*,ł,fa, -
r _f pqr(*ł when xg e D ,-(l+p) | 0,div tpdx.\--l f,, 
l"r-,,'"-"-1 

0 whetr xoeD':R2\D.

we know that functions of the form

ut':Źrt (k, |x-xo|), ,tr': -tuf)(ł, |x-xo|)

satisly equation (33) (see the solution of equation (25)), Thus if we put

u o: uNl : ! uf; l ęt r|* - rol),
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the following formula can be obtained

+ §lW - Ł! 6 r o) ai,,p) ru{, r*,| x _ x, 
| ) 

_ v, lnp g"|, _ 

" 
I 
l] a, _

L

-,+ Io* 
rur*Ht)(k| |x-xo|;dx:{"$,' ;ffi X:Z?,. (34)

D

4. The exact solutions of certain plane problems

Formulas (30) and (34) are ałso valid for the unbounded domains if the vector func-

tion g satisfies some adequate radiation condition.
Using the above formulas we can easily get thę exact solutions of somę problems for a

balf-plane. Now we consider the half-plane xrżl and we find the regular solution of the

plane dynamic problem satisfying one. of the following boundary conditions;

1) there is given a tangent component of the displacement vector rp and a nor]rral com-

ponent of the stress vector T

Qt|,,=g:f 1(x1), (T Q)zl,,=o: gz(xt), (Br)

119

2) there is given a normal component of the displacement vector E and a tangent com-

ponent of the stress vector TE

Qz|*,=o:fz(x), (Tq)rl,,=o:gt(xt). (Br)

In the problems considered, the outside-normal vector n:-iz, thereforę 0|0n:
: - ólOXz.

Let xo belong to the upper half-plane. If we put in formula (30) thę point x§ symmetric

to xo with respect to the x1 axis as an Óxternal point, we obtain

+@

div tp (x,\ : 
o a *!Ę) t |rr, 

* 
^ 

* r) u ł1 
) (k r d 

"+=
* rŁ("1,,1ł,/-,--i)',*(-,--Sll)| 1o*,, (35)

dxz\ r /l*,=o)

^ ik Tr lxr-x?)ir+x2i, 
*o: 

ą?*rr7 1 |r"*,ł"r)fi(,1)(łro;\ ro

* rł_(a1,11ł.-1@)l_,=.]r",. (36)

where

1 : |x - x6| : ł G;T+ 6-8, r* : |x -,,f; l 
: Jtą:iS' + t*, +iF

r 6 : r|,,= o -r* |,, = o : JGF$' + (r!t' .
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rn case of conditions (B1) being fulfllled we subtract equations (3§) and (36) and taking
into account the condition

ff!,,_":r,r*,,
with the assumption of sufficient regularity of the boundary conditions wę have 

/

(37}div rp : +' !I?# * rr" *,,*,", - ", *(*ą,,)] r-,

xn case of conditions (Br) adding e{uations (35)'and (36) we obtain respectively
+@

div q :* 
I _lr;#*' ;*'o,,, 

* r,'# *ę #)*r, * 
u;,,fo.^,. (38}

Having found div P we can start the construction of the disptacement vector p using for-
mulas (34). SimilarlY to the above procedure we can apply the symmetric-point -łhod!o obtain the formulas for displacements.

rn case of boundary conditions @r) these formulas are of the fornr

Q {xo):#- i rrl,, ą| 
dx1 ł ikl+i*, 

i_[+ 
a| )1k, 11 -

0 -a

- * rr"ro,"-;]c, - xT) oiv Q dx,,

@ +@

- ł n,) rr)dry + ik tTł 
I 

r-, IL+ n\l)ęk, 11 +

o -:@-

*ĄŹ n\"rł , ,*)]oiu Q dx, -
rn case of the conditions (B2) we have respectively

qz6o): +I0'

+@

Received by the Editor, January 1982,

@+ó

Q t(x a) : * ! _*, 
+ pfi) H § 

} d x 1 * i k 1+ 
[ 

o -, 
! _lł "! 

ulł, r) +

* * r\'ro,.-)]i*, -x|;aiv g dx,,

_+a @ +@

,?,(x J =i+ 
I 

r, * 
H|D d x, * it,\! 

[, 
-, ! _Pł 

u\,) 1k, 11 -

-:z!ł u\')(ł, r-łdiv p dx,.
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Rozwiązania pewnych zagadnień płaskich drgań ustalonych ośrodka §prężystego

streszczen ie

W PracY rozwńa się zagadnienie płaskich ustalonych drgań izotropowych jednorodnego ośrodka,
§PręŻYstego. Problęm rozpatruje się w zakresie teorii dystrybucji. Na wstępie poświęca się uwagę dys-
trybucjom wektorowym i znajduje odpowiedniki wzorów Greena. zastosowana metoda tozwiązywania
zagadnień teorii sPręŻYstoŚci bazuje na idei przedstawionej w pracy [2]. pozwotiło to na uzyskanie roz_
wiązań w Postaci zamkniętej Pewnych zagadnień szczególnych w obszarach nieograniczonych.

Peurennł HeKoTopblx BonpocoB nJloclt''x ycTofiq'rBhlx Ko"T€da'ufi ynpyrofi cpeA§I

Pesroue

B pa6ore paccyx.qaeTc' IIJIocKa-fi saAa.ra ycrofiłserrx xofie6aHłft usorponrrofi oAHopo4łrofi ynpyroE
cPegrr, BonPoc PaccMaTPEBaeTcfi B llepe.qenax TeopIlE .4łcrpn6yquł. Bo rcrynrenlłu cocpeAoTat1ł-,
BaeTc' BIIIłMźIIMe Ha nPo6łelre BeKToPHhIx arłcrprł6yquft E Haxo,4rl]c, 3KBIłBaJIęET_6I tloprrłył ppłna.
fiPnuerreHarrit MeroĄ POrueHIUI 3aAaII Teopm yfipyrocTll ocI{oBbIBaeTc, rła ł.4eI4 npeAcTaBJIeHEoź B TpyAe
[2], 3ro IIo3BoJtrłJto tIoJryqtrTE Pemerrn{ a saIlmłryroż $opue xexoroprrx oco6erłrrrrx 3a.łaq , ,ra*pu*
Hrrlenxblx o6:racrRx.


