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- JURAND RYTERSKI

Gdarisk*

Solutions of Certain Plane Problems of Stationary Vibrations of Elastic
Body

In this paper we consider the plane problem of stationary vibrations of an isotropic homogeneous
elastic body. We take into account solutions in the sense of distribution theory. In the introduction we
explain the idea of a vector distribution and using the theory we find the equivalents of Green formula.

The solutio « method of these problems is based on the idea presented in paper [2]. It allowed us to:
obtain the closed form solutions of some specific problems in the unbounded domain.

The similar problems were considered in papers [3] and [4] where other methods were applied.

1. Some remarks about vector distributions

Let 9=9, be the space of test functions, and 9’ =9/ be the distribution space. De-
note ;=9 xPx P and D5=9' x @' x 9’ the test vector space and the vector distribution
space, respectively. When u is a vector distribution i.e. u e 5 then we can represent it as:

u=i1u1+i2u2+i3u3,
where i, i,, i3 are versors of the coordinate system, and u,e P (p=1,2, 3).
The value of the vector distribution u for the test vector 0=110; +1,0, +i305 is defined
by the equality:
(u, )=(uy, p)+(uz, )+ (us, ¢3)
Voeds <=V p,e2 (p=1,2,3)

Let us proceed to the definition of fundamental differential operations
1. Let fe &', grad f'is defined then as a vector distribution, and the following equality
is valid:
(gradf7 ¢)=_(f5 div (0) V(/)E‘@3 : (A)
2. Ifu e 95 then:

divuea’

\
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112 J. Ryterski

(divu, p)=—(u,gradp) Voe, oo (B)
rotue; i
(rotu, p)=(u,rotp) VoeP, (©)

In the plane case the vectors have obviously two components, and definition (A), (B) and
(C) are valid.

2. Fundamental formulas for the plane case

We deal with two types of plane problems in the theory of elasticity — the plane strain
problem and the plane stress problem. The equations of motion in both these cases have the
same mathematical form. For the plane state of strain the motion equations are as follows:

oty Ot 0% o0t,, Ot 0% ; : ~
16 12_ 21, _1§+_22=p_22, (1)
at axl axZ 5t i

-t g

0%, - 0x5
where 7,,(i, k=1, 2) denotes the component of the stress tensor, v,(i=1, 2) — the com-
ponent of the displacement vector, p — density, x;(i=1, 2) — the point coordinate, ¢ —
time. :

There exist following relations between the stress tensor component and the displace-
ment vector component:

’ ov ov, |
T =420 —+i—,
Oxy  0x, ,
O0vy  0vy\
= —t+—1, 2
e ”(6x2 axl) ()
ov ov
Ty =A—+(A+2p)—.
‘ 0x, 0x,

In the case of stationary harmonic vibrations it is assumed that:

UGk %s D=1y (%) %) e

_ (3)
va(X15 %5, =us(xy, X;)€"
and respectively
TialX1, X2, =05(x, x,) € )
(j, k=1, 2) where @ is the vibration frequency. .
From (1), (2) and (3) we obtain the basic system of equations :
Lu=(A+p)grad 0+ pdu +0*u=0, (3)
where u= (u, , u,) denotes the displacement vector,
0 3
B=dituo Sit
Xidx,

and p=1 is assumed for simplicity.
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Each distribution u=(u, , u,) which fulfills the condition*
(Lu, 9)=0 VYgeg,,

where 9, =9 x & indicates the test vector space, is called the solution of Eq. (5).
Using the formula
gradf0=Au+rotV

. [Ou, ou,
where V=rot u=1i, ——
oxt= Gy

o Oafi0un 5 Uyl LD f0uc bu,
0%\ QX105 0x4 \0x5 0%

we can write equation (5) in the form:

and respectively

(A+p)rot V+(A+2p) du+0*u=0. (6)

It is easy to see that likewise the three-dimensional case, the vector function ¥ and the
scalar function @ satisfy the equations:

pAV +0?V =0, (7
(A+2p) 40 + 0*0=0, (8)

Ou, Ou
and since V=isv; =1, (5—2——6—1), also pdvs +w?v; =0.
Xy 0Xy

In order to define the differential operations on the two-dimensional vectors we intro-
duce the concept of a simple layer and a double layer.

Def. 1. Let L be the contour, and u(x) be the piecewise continuous function on L.

The distribution #6, defined by the rule

(udy,, ¢):=I§u(x)rﬂ(x)ds Voeg, )

where & is the test function space, will be called the simple layer with the density x on the
contour L.
Remark 1. For x € L we have ud, =0 in view of the inclusion

supp [uo J<L.
Def. 2. The double layer with the density v(x) on the contour L is the distribution
0
—E)«(V(SL) defined by the rule
n

) dp :
——0(0), 9o )i=Qvx)—ds * YVpe9, (10)
on an

L

where v(x) is the piecewise continuous function defined on L.

8 Prace IMP, z, 8



114 : J. Ryterski

) ' :
Remark 2. For x ¢ L we have —a—(véL)=0 in view of the inclusion
n

0
supp(—a—n(véL)>CL.

Remark 3. Let n always denote an external normal versor. ;
If fe C*(D) n C*(D’) then by definition of the derivative of a distribution we obtain

g={g}+[f]LCOS("xi)5L (i=1,2), (11)
ox; |0x

‘where {af/@x,-} denotes the classical derivative in case of its existence while

[f1.,=lim f(x")— lim f(x’) VxeL,

20 = X%
x'eD’ x'eD

where D is the domain bounded by the contour L, and D' =R?\ D . Hence
grad f={grad f}+[f1.nd;. 12)
Assuming that f=0 for x € D' we have
grad f={grad f} —fnd, (12a)

since the external boundary value of the function £is equal to zero.
In the same way we obtain

divu={divu}+[u].nd,, (13)
rotu={rotu}+(nx[ul.)é,, (14)
and respectively :
divu={divu}—(un)d,, (13a)
rotu={rotu}—(nxu)d, : (14a)

in case when the external boundary value of the vector u is zero.
By differentiating formula (11) we have

o*f o’f 0 of
6xi3xj={M} +a—x—j([f]Lcos(nx,~)5L)+[{a—)€i}lcos(nxj)5L, (15)

where fe C? (D) n C2(D") is assumed. - =
We assume furthermore that u € C3(D) n C3(D’) and u=0 for x=(x,, x,) € D'
For the mentioned above vector u we have

ou a
Au={Au}— —6;,——(ud;). 16)
s die cg e L) (
Taking into account formulas (5), (12), (13) and (16) we obtain

Lu ={Lu}—{ugg+(i+u)0n} 5L—u(%(u5L)—(A+;L)grad[(u n)é.], 17y
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where the second component: of the right side of formula (17) denotes the simple layer,
the third component — the double layer, and the fourth component is the distribution de-
fined by the rule

(grad[(un)s,]1, p)=—((un)éy, dive)=— §(un)diveds YV peD,.
L

Formula (17) is “the equivalent of Green formula, since if follows from
(Lu, 9)=(u, Lp)= [uLgpdx
D
that
dg :
f(uLp— gLu)dx= u5—+(/1+u)nd1v¢ u—
D . n
v L

a 5
_< a—u+(/1+u)0n>¢]ds Voed,. (18)
n

Taking advantage of the equality
| {grad 0} pdx= § {0} nepds— [ {0}divpdx
D L D

formula (18) can be rewritten as

JL((A+p)graddiv g+ pd o+ o’ p)u—(pdu+ w*u) pldx=
A ;

o : du .

= f—+@A+p)ndive ju—p— ¢ |ds—(A+p) f 0divedx. (19)
on an D
J L {
Let us denote, as in paper [2]
o9 3
Tgo=2,uéf+/1ndlv o+ u(nxrotg),
n

bg:
Nq;:a—-—ndlv p+nxrote.
n

It is possible to present equation (19) in the form:

JL((A+p) grad div ¢+ ud o+ o* 9) u—(pdu + w’u) pldx=
) :
ou ;
= §[(T¢—;4N¢)u-—uav ga:lds—(/l-l-u) [odivpdx=
n : p)
L

= SH:(T(o)u—u(Nu +%%> ¢:|ds—(/1+ll) [6divedx (20)

since
$uNpds= § pNuds.
L L

8 L



116 J. Ryterski

After replacing equation (5) by equation (6), we obtain
[ H((A+p)rotrot p+(A+2p) Ap+w?p) u—((2+2p) du + 0*u) @ldx=
D 3

0 :
= §[(T¢+1N¢)u—(},+2y)£ ¢:|ds+(l+u))j§ rotutot gdx. (21)
»

The distributive form of formula (21) is as follows

Aui=(A+p)rot V+(A+2p) du +o’u=

={Au}—{(l+u)(n x V)+(z+zu)Z—:‘§ 5u-

a
—(A+p)rot[(nxu)d,] —-(l+2,u)5;n— (udy).

3. The fundamental solutions for the plane case

-

At the beginning we consider the equation

Au=—(A4+2p)grad d(x—x,)  where x=(x;, x,)
otherwise

(A+p)rot V+(A+2p) du+ o’u= —(A+2p) grad 6 (x —x,)
where V=rot u.

We shall look for a particular solution of this equation in the form of

u=gradfe;, f=f(x;,x,)
which means that
' V=rotu=rotgrad f=0c %}
since
(rotgrad f, p)=(grad f, rot )= —(f, divrot p)=

=—(f,0)=0 Ve,
rules (A) and (C) applied here.

(22)

(23)

(24)

Putting (24) into (23) we conclude that the equation will be satisfied when the distribu-

tion fsatisfies the equation
Af+K*f= =8 (x—xo),

2
)
where k%=

i

(25)

On the basis of the formulas given in paper [1], page 165, we find that the particular so-

lutions of (25) are the functions

(e N LU S
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- where
HP(2)=Jy(2)+iY(2),
H§?(2)=Jd(2)=iYo(2),
Jo(2) and Y,fz) denote Bessel functions of the first and second kind, respectively, while

H" and HS» are Hankel functions.
If we put

i ‘
uzzgradﬂg”(kr), where r=|x—x,| =V —x) 7+ (x,—x9)?

then
Au=—(A+2p)grad d (x—x,).

Hence, for each smooth function ¢ with supp ¢ <D, in case of Xo € D, we obtain
(Au, p)=—(A+2u)(grad6(x—x,), @)=(A+2u)(d(x~x,), div p)=
=(2+21)div g (xo) (26)
and (4 u, p)=0 when x, ¢ D.

On the other hand in view of formula (22) for ¢ we have

0 0
(Au, 9)=(udp)= — §{[(2+u)(m x 10t ¢)+(2+2u)£}u-—()»+2ﬂ)£ qp} ds. (2]

By comparison of formula (26) with (27) we obtain
—(A+2p)div o(xg)= § [(T(p +ANg@)u—(A +2u)gg (,a:l ds (28)
AL
wheni xq € D,

du
= §[(T¢+2N¢)u—(l+2u)a— go]ds (29)

: n

s .

provided that x, ¢ D.

Using the formulas for the derivatives of Hankel functions we have
oH (k —x?
_M=_kH§1>(k,,)’f:_ﬁ (i=1,2)

0x; r
whence formula (28) can be written as

ik X=X
di =—— @O |(To+iNo) H (hr)—° -
iv 9 (xo) 4(l+2u)3€[( ot L e
L

—“(+2p) q);ﬁ (Hg“(kr)’f_rﬁ’)] ds (30)

when x, € D. -
In case of x, ¢ D we obtain zero at the left side of (30) in the same way as in (29).
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In order to find the formulas for the components of the vector ¢(x) We proceed as fol-
lows:

Assuming that the distribution § =div u is known we represent the value of the operator L
for the vector distribution u=(u,, u,) in the form

Lu=(A+p)grad6+pBu,

where B=A+k%, ki=o?/u.
Now for the test vector we have

(Lu, p)=(u, Lo)= [[(A+w)graddivp+udp+o’pludx 3D .
D

and respectively

(Lu, p)=(A+p)(grad0, ¢)+p(Bu, p)=—(A+p)(0, div o)+ pu(Bu, p)=

0 0 :
= —(A+u)({0} —(un)é,, div (p)+u<{Bu}—a—u 0 ——(ud;), go):
n on
= fﬂ(du+kfu)¢dx+ §|:(#i¢—+(/l+u)ndiv¢>u—u@ qo]ds—-
on on
D i ;
~(A+p) [0divedx. (32)

Now we assume that the test vector satifies the equation Lg=0 and the vector distri-
butions u=i,u, satisfy the equations

Bup=—5(x—x0), . (33)

where i,(p=1, 2) are the versors of the coordinate system.
By these assumptions the right side of the formula (31) is equal to zero, and the right
side of (32) has the value

dp e ou
é; [(u 3;+(l+u)(ml,)d1v qo)up—/,c 67" qu]ds—
L

- 3 _)no,(xo) when x,€D, .
(l+”)f0”dlv¢dx_{ 0 when x,eD'=R:D.
D

We know that functions of the form
i i
= H e [x—=xo]), 7= = HE (ks [x—x])
satisfy equation (33) (see the solution of equation (25)). Thus if we put

1 (Vg :
upzl,l;, )=-—4-H0 )(,"1 IX—XOI).



Solutions of Certain Plane Problems ... 119

the following formula can be obtained

i Qo) A+ oo a
o § [(-5—ng+ —M—(mp)dlv qo)Hﬁ,”(k1 [x—xo)— (op%Hf})(kl Ix—xol):,ds—
L

it 0
e A ) e e )
4u 0x,
D

0 when x,eD’.

4. The exact solutions of certain plane problems

Formulas (30) and (34) are also valid for the unbounded domains if the vector func-
tion ¢ satisfies some adequate radiation condition.

Using the above formulas we can easily get the exact solutions of some problems for a
half-plane. Now we consider the half-plane x,>0 and we find the regular solution of the
plane dynamic problem satisfying one of the following boundary conditions;

1) there is given a tangent component of the displacement vector ¢ and a normal com-
ponent of the stress vector T

f/’1|x2=o=f1(x1), (T¢)2|x2=0=g2(x1)’ (By)
2) there is giveh a normal component of the displacement vector ¢ and a tangent com-

ponent of the stress vector T

¢2lx2=0=f2(x1)3 (T¢)1|x2=o=g1(x1)- (B2)

In the problems considered, the outside-normal vector n=—1i,, therefore olon=
= —0/0x,. ;

Let x, belong to the upper half-plane. If we put in formula (30) the point X§ symmetric
to x, with respect to the x; axis as an external point, we obtain

+ o
: ik (xy =23 i, — x5
dive (o) =15 f [(qu AN e

Iy

9 L oy, ooy
3 oo (H(ll)(kr (g —x7) iy +(x2 xz)’z)
i ¥

]dX1, (35)
x2=0,

(= x)iy +x31; ‘

Iy

i —x9)i +x3)i
£ o (H(ll)(kr*)(xl x1)11‘:(x2 xz)’z)
0x, r

+ o0
ik
0=——— | | (Te+AN@)H{ (K
s | | oo L)

]dxl, (36)
x2=0

where

h |x-x0| =\/(x1 —xD)?+(x,—x3)%, 7‘*=Ix—x§f=\/(x1 —x9)2+(x,+x9)*

”0="]x2=o=’”*]xz=o=\/(x1—x?)2+(xg?-
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In case of conditions (Bl) being fulfilled we subtract equations (35) and (36) and taking
into account the condition

6X1 |x2=0

with the assumption of sufficient regularity of the boundary conditions we have
+ o0 :

; ik ((Tg,+2fi x3

divp=——— —

A2 1,

HWD X3 o % g,
2 1 +f17—(xl_x1)~“ ‘-—-Iil dxl. (3‘7)
0

drg\r,
In case of conditions (B,) adding equations (35) and (36) we obtain respectively
+
ik =M% = x2 580E fdler 1
divo—— |12 /2 ¥H§”+f2(—2)—_ —H® 4 f, —HP |dx, . (38) -
2 AR2ne o, Fo dbo \ o A o

— 0

Having found div ¢ we can start the construction of the displacement vector ¢ using for-
mulas (34). Similarly to the above procedure we can apply the symmetric-point method
to obtain the formulas for displacements.

In case of boundary conditions (B,) these formulas are of the form

+ o0 a +oo
ik %0 1 e 1
01(%0)=—2 | fi HP — dx; + ik, dxy | | —H ey r)~
2 o 4n r
- o0 0 S

[}

1 :
_THgl)(kx "*)](xl —x7)div pdxy,
r

i (%) + a0
lk - 1 j.+ 5 X —-xo
0:0i0)= — == || fi=—go JHSdx, + ik, 2 | gy, | | 22" F2 g ¢
2 jZ 4n F

e 7 : J J

+xf
2 H Yk, r*)]div pdx, .

r

In case of the conditions (B,) we have respectively

@

o g + 00
ik , ey 1
¢1(Xo)=27tlf(91 +uf2)H§)1)dx1+zk1 Z;dezj\[7Hgl)(k1 r)4
= (1] == 00

1
+—H{(ky r*):,(xl =xNdiv pdx, ,
r

+ w0 ao + w0
ik 1 oAt Xp—X3
#2(x0) = f R, f dx; f [% “H{ (ki )~
0
= 0 =0

0
Xyt X5 4 - :
- ——;*——H‘ll)(k, ™) |div gdx, .
Received by the Editor, January 1982.
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Rozwiazania pewnych zagadnien plaskich drgan ustalonych osrodka sprezystego
Streszczenie

W pracy rozwaza si¢ zagadnienie plaskich ustalonych drgan izotropowych jednorodnego osrodka-
sprezystego. Problem rozpatruje sic w zakresie teorii dystrybucji. Na wstepie poswieca sie uwage dys-
trybucjom wektorowym i znajduje odpowiedniki wzoréw Greena. Zastosowana metoda rozwigzywania
zagadnien teorii sprezystosci bazuje na idei przedstawionej w pracy [2]. Pozwolito to na uzyskanie roz-
wigzan w postaci zamknietej pewnych zagadnier szczegblnych w obszarach nieograniczonych.

Pemenus HEKOTOPLIX BOHPOCOB IVIOCKMX YCTOWYMBBIX KOJIeOammMii YEpyroii cpeant
Pesrome

B pabote paccyxmaercs miockas 3amaua YCTOHYMBEIX KOJeOaHMIt H30TPONHOMK OMHOPOIHOU yHpyroi
¢penpl. Bompoc PacCMaTpUBACTCA B TIepefenax TeopuH IucTpuOyruu. Bo BCTyUieHmE cocpenoTayd-
BACTCs. BHUMAaHWE Ha Npo6JeMe BEKTOPHBIX AHCTPHOYLHH W HaxXomATCs SKBHBANEHTHL (opmysr I'pmaa.
TIpuMeneHHbI METO penTerns 3a1a4 TEOPHH YIIPYTOCTH OCHOBBIBACTCH HA HIEH IIPEACTABIICHHOM B TPy Le

[2]. Oro no3BomMIO MoONYYHTH penreHES B 3aMKHYTOH (opMe HEKOTOPBIX OCOOEHHBIX 3a7a¥ B Heorpa-.
HHYEHHBIX 00JIacTsAX.



