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MAREK SZWABOWICZ

Gdansk

On the Potentiél Boundary Load in the Nonlinear Theory of Thin Shells*

The formula for the work of a stationary force field loading the lateral boundary surface of the shell
has been derived. The transformation rules for the resultant boundary force and the resultant boundary
static moment as well as the general form of the external virtual work have been given. Finally, the simi-
lar transformation rule for the boundary moment of forces and the formula for the work performed by
this moment on the rotation of the boundary element have been derived.

1. Introduction \

Variational formulation of the theory of thin elastic shells is founld to be convenient

in the theoretical respect as well as in the numerical one. However, derivation of the appro-

priéte variational functionals requires the knowledge of the strain energy function [1]

'~ and of the explicit form of potentials of the external loads applied to the middle surface
and the lateral boundary surface of the shell. :

Usually determination of such a potential for given external middle-surface load (or
the proof for its nonexistence) does not cause any trouble. On the other hand external boun-
dary loads appear in the shell theory in the form of resultant boundary forces and mo-
ments acting along the boundary curve. While determination of the potential of the resultant

* boundary forces consists in integration of the potential of external boundary loads (if it
exists) across the shell thickness the same task for the resultant boundary moment acting.
along the deformed boundary curve is not so trivial. This is so because its definition makes
it dependent on the total finite rotation of the boundary element. Therefore, in the case of
unrestricted rotations the potential of the resultant boundary moment has to depend on
the deformation of the shell and its definition ought to be connected with the potential
of the resultant boundary forces, as both these potentials result from the potential of the
external continuous loads acting on the lateral boundary surfaces of the shell.

When restricting considerations to at most moderate rotations, the resultant boundary
moment induced by constant external boundary load may be treated (within the error of the
theory) as independent of the boundary deformation [16]. In such a restricted case it is

justified to assume a simple form of the potential of the moment, in analogy to the one

* Praca wykonana w ramach problemu weztowego 05.12 ,,Wytrzymato$¢ i optymalizacja konstruk-

¢ji maszynowych i budowlanych”.
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assumed in the linear shell theory. This allows to derive a set of appropriate functlomls
[2] enabling to formulate different variational principles.. :

In the shell literature the question of existence of the resultant boundary moment
potential has not been discussed for the general case of unrestricted rotations. For instange,.
Simmonds and Danielson [3, 4] assumed a priori the existence of such potential witfout
giving its explicit form. In papers [5— 9] only incremental forms of the work performed by
boundary forces and moments in the Eulerian description were given, but without presen-
ting a formula for the total work of these quantities dumimg the process of deformation..
In [10] the work of the resultant boundary moment was assumed as a product of the mo--
ment and a boundary rotation parameter, but it was not.stated what additional conditions
had to be imposed on the external continuous boundary leads to ensure correctness of such
a simple formula.

In the present paper a general form of the potentiall lras been derived for the resnltant
boundary forces and moments equivalent to the external continuous boundary loads acting
upon the lateral boundary surfaces of the shell. The boundary loads are assumed: to be
constant during the deformation process. In particular, appropriate transformation rules
for the resultant force and the resultant static moment of the boundary loads hawe been
expressed in terms of those resultant quantities. A transformation rule for the resultant :
boundary moment, such that the assumption about the constancy of the boundary loads
during deformation is satisfied, has been determined. The work of the resultant moment
has also been derived by direct integration of the appropriate incremental expression.. The
formula obtained in such an alternative way coincides with the one obtained by integration
across the shell thickness of the elementary works of the boundary loads. The paper is
supplemented by an appendix dealing with the work performed by a moment of a force
field in the rotational motion of a rigid body, where an analogy between the finite rotation
of the shell boundary. element and the rigid body rotational motion has been discussed.

2. The lateral shell boundary surface and its deformation

The notation used in what follows coincides with that used in[8, 9, 11]. The quantities
associated with the deformed shell configuration are provided with overbars.

By the boundary surface ¢ of the undeformed shell we understand a rectilinear surface
which is orthogonal to the middle surface .# of the shell along the boundary curve C. Its
arbitrary point Pe 02 can be located by a position vector

i

Tk h ,
; p(s,3)=r(s)+zm(s), - <g e 2.1)

where r(s)is a position vector of the curve C,n(s) — a unit vector orthogonal to . along C,
3 — distance from C in the direction of m, and s denotes the length measure along C.

After deformation compatible with K— L constraints the position vector of the defor-
med lateral boundary surface takes the form

p(s. 3)=r(s)+30(s). v oY
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ang between the length measures 5 and § along Cand C, respectively, the following relation
tholds true

ds=ads, G=v1427,; = o=y, e

‘where 7,, stands for the components of the strain tensor of the surface ..
With the boundary curve € we may associate an orthonormal triad v, t,n, where
‘ | dr )
= =txa. (2.4)
ds
After the deformation of the boundary the tangent unit vector t is transformed to the
non-unit, but still tangent to the curve C, vector a,=dr/ds with components [9, 11]

a,=c,victten. 2.5)
‘Similar orthonormal triad v, ¢, m, associated with the curve C is defined by the relations

i 1

a,=—axn, t=—a,. (2.6)

;’= =
ayg ay a,

‘This may also be written in a much shorter way with the aid of the total rotation tensor
R, of the boundary element

v=R,v, =R/, #=R.n, 2.7)
v 5 - -

R=— (a,Qv+a,®t)+nX@n. (2.8)
a, :

Such deformation of the lateral boundary surface implies the existence of a displace-
ment field v determined by

v(s,3)=p—p=u+z(m—-n)=u+3R~Dn, (2.9)
where
U=r—r=u,v+ut+wn (2.10)

denotes the displacement field of the middle surface of the shell along the boundary curve C
and 1 stands for the metric tensor of the three-dimensional Euclidean space defined by

1=vRV+tRt+n@n=vRv+tt+n®@n . (2.11)

On the surface 02 (or 02) we may now specify a family of straight lines, determined by
the equatlons s=const (or s=const) and | parametrized by 3, and a family of curves C*
“(or C¥) equidistant from the curve C (or C), determined by the equations 3=const, whose
parameters are denoted by s* (or s*) Generally, the parameters s* (or 5*) are not measures
of length for the curves C* (or C*). These two families may be treated as curvﬂmear co-
ordinates on 02 (or 0%).

The area element of the surface 02, bounded by the curves s* =const, s* +ds* =const,
g=const and 3+ dz=const, is determined by

d
dA*_=dA*v*=ds*><nd5=(V+§%Xﬂ)d”g, (2.12)
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where we have employed the following relation
: d : : :
ds*=ds*t,*=(t+g ;i—ll) ds. b (2.13)
)

In the same way we will find the area element of the deformed surface 2 to be

L T o e
dA"=|v+3—xn|dsdz=la,+3 —xn)dsdz. (2.14)
. ds X ds

We will take advantage of these relations in the following parts o{" this paper.

3. External boundary load

Let f=1(s, 3, v) denote the external boundary load acting on the surface 0% and meas-
ured per its unit area.
Let us introduce a function

e dn -
| o sl b .
9(s, 3) e e (3.1)
V+3—— XN
ds

describing the change of area during the deformation of the lateral shell boundary surface.
Then the force acting on the area element dA* can be determined by the formula

dS* =fdA* =fgd4*. , (3.2)

Henceforth, we will make the following assumption about the field f:

during deformation of the boundary surface from the undeformed configuration 0%
to the deformed configuration 62, described by the displacement field v, the field f of
the external boundary loads varies in such a manner that the force dS* acting on the area
element dA* remains always constant. This may also be formulated in the following way:

dS*=1gdA* =fdA* =const,' (3.3)
where
f—fg—1l - const (3.4)

.denotes the value of the external b?undary load at the beginning of the deformation pro-
cess. :
Employing the notion of gradient we also have [13]

d(f
(g)=0
dv

3.5)

The field f can be characterized by certain quantities, resultant with respect to the bound-
ary curve C, namely the resultant boundary force and the resultant boundary static mo-
ments of arbitrary orders. Within the K — L type theory of shells only the resultant boundary
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force and the resultant boundary static moment of the first order are taken into considera-
tion, i.e.
ih

Fds= jfdi*, Hds=

h

B

f3d4% , 5 A

h

N =

The assumption (3.3) or (3.5) implies the followmg transformatlon rules for F and H

during the deformation
ih +h

Fds=Fa,ds= [ fdd*= [ fdA*=Fds,

—%h = !
ih Lh g (37)
Hds—Hatds— | f3dA*= _ffgdA*—Hds ;

—4h —ih

or g 5 /
Fo.=F,  Ha,=H; (3.8)

where F and H are the corresponding resultant quantities at the beginning of the deforma-
tion process, defined with respect to the curve C.

4. The work of external boundary loads and its variation

The work L of the external boundary loads, performed during the deformation process
may be determined as an integral

L= § Wds= § W ds, (4.1)

where W and W denote the work per unit length of C and C, respectively. The relations
{4.1) and (2.3) imply that {
; W=Wa,. : 4.2)

On the other hand, by virtue of the definition of work, the following holds true:
P
Taking into account the assumption (3.5) we may perform partial integration in (4.3) with

-respect to displacements, which leads to the formula

L= ([v-fdd*= J[v-faa”. (4.4)

ag*

Then, after substitution of Eq. (2.9) into (4.4) we obtain

Obw<

fda*-av= (f ffdA*-dv. ] (4.3)

92 0

h

L= §§[u+g(n n)]-fd4*= § [u-F+m—n)-H]ds= § [u-F+(n—n)-H]ds. (4.5)
¢ ot - < :

s
This 1mphes the following expressions for W and W
W=u-F+@—n)-H=u-F+(R,—1) (H®n), (4.6)
W=u F+(m—n)- H=u'F+(Rt—l)-(H®n), 4.7
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where the dots in the last terms denote scalar products in the tensor space. For the second-
order tensors A and B the scalar product is obtained according to the rule A -B=tr [A"B]
=A4"B;;. The scalar product operation should be performed after completing the tensor
multiplication, i.e. AB-C=(AB)-C.

The scalar form of (4.7) is as follows

W=u,F,+u,F,+wF+n,H,+nH,+(n—1)H. (4.8)

The function — W may be interpreted as a potential of the generalized boundary forces F
and H in a six-dimensional space of states (u, n—n) describing the deformation of the sur-
face 0. In this sense the generalized forces F and H may be called the potential forces,
since the following is satisfied '
ow ow ow ow ow ow :
el el s P o H e e g T L 4.9y
Ju, du, aw on, - On, on
In the K—L type shell theory four independent parameters:.only describe completely
the deformation of the surface 0. As was shown in [11], Yor the Lagrangian shell theory,
Uy, u,, w and n, are these parameters, while the remaining two can be expressed in terms
of them by the relations

n=— i (c,cvnv+c\/at(1—n§)—c;),
(4.10)
nz—%l—(cc n.oiva (I-n})—cl)
,Ct2+02 v ity t t v 1 ]

After substitution of (4.10) into (4.8) W becomes dependent on four parameters only
The variation 6/ may be obtained directly from (4.8), after substitution of (4.10) in
there, but it will be much easier to make use of the relations derived in [11]. We obtain

OW =F,ou,+F,éu,+F5w+H, on,+H,on,+ Hon, (4.11)
where
el d i - d
5n,=dv5uv+d,()u,+d0w+f5nv-|—gv—5uv+g,—5u,+gg5w,
ds ds ds.

(4.12)

: =d d d
on=h, ou,+h, ou,+how+kon,+ry — Su,+r, — Su;+1r — Sw.
ds ds ds

All the coefficients appearing in equations (4.12) were explained in [11]. After substi-
tution of (4.12) into (4.11) and some transformations we get the following expression for oW/

d d
5W=[F,,+H,dv+Hhv——d— (H,gv-i—Hrv)] 5uv+[Ft+H,d,+Hh,-—d— (H,g,-l—Hr,)]iéul—i,-
; s s z
d
+[F+H,d+Hh— T(H,g-!—Hr):, ow+[H,+H,f+ Hk]on,+
s

d
-+ E[(H,gvv+Hr‘.) ou,+(H,g,+Hr,)ou,+(H,g +Hr)ow], (4.13)
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which may be expressed in a more compact form
% c sk d *
oW =P -6u+M‘5nv+7 (F*-oun).
s

Making use of the above relations we can easily find the expression for the external virtual
work

; d
EVW= pr-éudA—i- ff;l:P*-éu+M*5nv+-J—(F*-5u)] ds=
s
M (e

i

= [[p-oudA+ [[P* Su+M*on,]ds+ i F; (S, ou,(S)), (4.14)
M € i

where now p denotes a conservative middle-surface dead-type load and the last term des-
cribes the variation of the work performed in points of discontinuity of the boundary
forces or in the corners of the boundary curve C. The structure of the expression for EVIW"
is analogous to that of the internal virtual work [11].

5. The resultant boundary moment

In the thebry of thin shells the continuous boundary load, acting on the lateral bound-
ary surface, is usually described by the resultant boundary force F and the resultant bound-
ary moment k, both measured per unit length of the deformed boundary. k is defined as the
following vector product / ‘

S f gnxfdA*—ands 5.1y

W‘l

This yields the relation :
ka,=nxH. : (5.2)

After completing the vector multiplication in (5.1) we also get
k=—H,v+H,t. (5.3)

It can be observed from the above relations that during deformation the vector k gene-
rally varies in magnitude as well as in direction.
Let us find its transformation rule. We are searching for such a tensor X that

k=Xk, (5.4)

where k denotes the appropriate resultant boundary moment in the underformed state of
the shell. Then we may write

;(ﬁx DH=X@mx1)H.

The cross product, applied to tensors, denotes vector multiplication performed on the
base vectors nearest to it, e.g. for two second-order tensors A and B we have

A xB=(4"g,Rg;) x (B"g,®g,)=A" ¢, B""g,0g' D, -



106 : - M. Szwabowicz

‘Since the vector H is arbitrary we obtain

l_<=—al~(ﬁ>< D@mx1) "k 55y

Or ;
(@x1)” 'ka,=(nx1)"'k=const. (5.6)

‘These relations establish the transformation rule for the vector of boundary moment k,
corresponding to the continuous boundary loads satisfying assumption (3.5), during the
deformation process. .

The vector k may be regarded as an axial vector of a skew-symmetric moment tensor,
‘denoted by K (see [13, 14]). Then the relations between the vector and the tensor are as
follows

(5.7)

At the same time (2.8) and (3.8) imply the following transformation rule for the tensor K:
[ 1 -
K=2(H®n)"= ;_l;[(H®n)RtT— R,m&H)], (5.8)
i :

‘where (T)* denotes the skew-symmetric part of a tensor T. Apparently, so defined tensor
is a tensor of (A.8) type as derived in the Appendix.

6. Work of the resultant boundary moment

In what follows we shall make use of the following tensor identity: for three arbitraryr
second-order tensors the formula

AB:-C"=A-(BC)"=1-(ABC) (6.1)
is true.

Taking into account (A.6) and (5.7) we obtain the formula for the increment dWg
of the part of work resulting from rotation

AW =@RH)*[(dRDR,]. (6.2)

=4

From (A.4) we know that (JR7)R is a skew-symmetric tensor (and the scalar product
of antisymmetric and symmetric tensors is zero). This, together with (3.8) and (2.7), allows
us to write '

- 1 ; -
AWy= ROl e [(dR)R,]. e (6.3)

Now, according to (4.2) and (6.1), we can make the following transformations:

dWy=(dR,)R, R, (n@H)=(dRy) R/ R,(0®H) =(n@H) dR. (64)
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( As the tensor (n®H) is constant during deformation we may integrate (6.4) to obtain

RT
W= [(n®H)-dR{ =(R] —1)-(n®@H)=(n—n) -H . Laan (68
1

The ;'esult obtained coincides with that obtained in (4.5) from the integration across the
shell thickness. :

The above considerations lead to the conclusion that within the K — L shell theory the
resultant boundary force F and the resultant boundary moment k, which obey during de-
formation the transformation rules (3.7) and (5.5), respectively, are formally equivalent
to the continuous boundary surface loads f satisfying the assumption (3.5). This assumption

* may also be treated as a transformation rule for f.

Appendix

Let us discuss a rigid body in a rotational motion around a fixed point 0. Let us also associate with
it, at the beginning of the motion, an orthonormal triad vo, to, N, attached to the point 0. Then the
position of the body after arbitrary time 7 may be established with the aid of the triad and the rotation
tensor R(zr) : :
v=Rvy, t=Rt,, n=Rn,. & (A.1)

Let us consider an arbitrary position vector r, of the body particles, having its origin at the point 0.
During the motion its end-pomt will move along a certain curve r(t) The velocity of this point is given
by the formula

dr  d(Rrp) . ;
Lode P (A2
Tan g 4 (22
On the other hand we have
v=0xr=mx(Rr,), (A.3)

where o is an instantaneous angular velocity vector of the body. In the face of arbitrariness of r, we
may write [4]
oxR=R
or : 4
0x1=RR", o=-—}(1x1)-RR"", (A4)

where @ x 1 is a skew-symmetric tensor called the spin tensor of a rigid body.
Let the body be subjected to a moment vector k(z) varying in time and attached to the point 0.
Then an increment of work performed by this moment can be defined by the formula

dL =K(t)-@(t)dt. (A.5)
After substitution of (A.4) to (A.5) we get
dL = —1k [(1 x 1)-(RRT)Tj dt= ——%(k)-(dRRT\)T, ' : (A.6)

where kx 1=K denotes a skew-symmetric moment tensor.

Now let us assume that the moment tensor represents a skew-symmetric part of a tensor which
changes during the motion according to the following rule

T=RT,, : (A7)
where Ty denotes a certain constant tensor, i.e. dTo/dt=0. Then we can write:

K=T'=4 [RT,—TsR"]. (A.8)
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After substitution of (A.8) to (A.6) we obtain the following relation for the elementary work:
dL = —3T*-(dRR")" = — 1T - (dRR")", (A.9)
which, after making use of forinula‘(6.1), may be transformed to the form

dL = —iR"T-dR" = —iR"RT,-dR" = —1T,-dR"..

After integrating
R (1)

L=~ [ TodR'=—ATo"(Rs—Ro) (A.10):
R (t0)
we obtain the formula for the work in the rotational motion performed by a moment of the form of’
(A.8).

Thus all moment tensors of the form of (A.8) may be regarded as potential tensors. In particular,.
in the nonlinear theory of shells, the tensor of the resultant boundary moment, obtained from the
external boundary loads satisfying (3.4), belongs to this class.

As an example of application of these relations let us consider a rigid body with one point fixed '
(let it be the point 0), subjected to a force field f, which depend only on the point of the body and do not
depend on time. Let us assume next that we know the history of this motion, i.e. the function R=R(z):
such that R(zy)=1. :

Due to the lack of translatory motion the only quantity performing work is the moment of forces f,.
determined with respect to the point 0.

The moment tensor is defined by the formula [5]

K= [[[ [f@r—refldV,

where Q denotes the domain of the body, dV — the element of its volume and r=Rry=r,R” its position:
vector with the origin at the point 0. Then we may write

K=—2[[f[r@fdV "
Q
and thus the moment tensor K belongs to the class (A.8). In this case

To=-2[[[ re®fdV,
2
and the work is given by the formula :
~ . L=R-1)-[[[f@rodV .
Q

The tensor —%T, may be interpreted here as the static moment of the force field f with respect to:
the point of fixation, determined in the initial instant of the motion.

Received by the Editor, January 1981.
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O potencjalnym obciazeniu brzegowym w nieliniowej teorii cienkich powlok
Streszczenie

Artykut dotyczy problemu okreslenia potencjahu zewngtrznych obciazen brzegowych w nieli-
niowej teorii powlok doznajacych skonczonych obrotow. :

W pierwszej czesci artykutu wyprowadzono wzor na prace pola sit obcigzajacego boczna powierzch-
ni¢ brzegowa powloki. Zaklada sie statosé pola sil podczas trwania procesu deformacji. Wielkosciami
wystepujacymi we wzorze sa wypadkowa sila brzegowa i wypadkowy moment statyczny na brzegu, od-
niesione do jednostki diugoscei nieo dksztalconej krzywej brzegowej. Podano réwniez reguly transfor-
> macji, ktérym podlegaja' zmiany tych wielkosci podczas odksztalcenia. Otrzymany wynik postuzyt do
wyprowadzenia ogolnej postaci zewnetrznej pracy wirtualnej. .

W drugiej czesci artykulu wyprowadzono podobna regule transformacji dla wypadkowego brzego-
wego momentu sit dla pola sit brzegowych spelniajacego zatozenie podane wyzej. Podano wz6r na prace |
wykonywana przez ten moment przy obrocie elementu brzegowego. Otrzymany wynik jest zbiezny z wy-
nikiem podanym w pierwszej czesci pracy. :

Artykut uzupeiniono Dodatkiem dotyczacym pracy momentu sit wykonywanej przy ruchu obroto-
wym ciala sztywnego.

O norennmanbHOl KpaeBoit RarpysKe B HeMHEHHOI TEOPHH TOHKHX 000.104eK
Pezrome

Crates kKacaeTcs TPOGIeMBI HAXOKICHHAS MOTEHUMANA BHELIHEH KPacBOH HATPYy3KH B HEIHHCHHOMN
TeOpHH OGOMIOYER TONBEPTasdIIUXCA KOHEYHBIM 000pOTaM.

B nepeoii wacTu craTeu BeiBeneHA GOPMYIA Ha PaGOTy MOJIS CHIT HArpyxaromero 60KOBYIO Kpaeryio
MOBEPXHOCTL 0607104KH. IIpeAnonaraeTcs MOCTOSHCTBO TOMSL CHIT BO BPeMsI mporecca medopManim.
BenmuynaaMi BHICTYNAOIIAMH B (DOPMYITE SABISEOTCS: PE3YIbTUPYOUIAS KPaeBasl CHITA 1 PE3YIIbTAPYFO NI
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CTATHYECKAN MOMEHT HA Kpae, OTHECEHHBIC K CIUHWIE MJIMHBI Heae(hOpPMHUPOBAHHOM KpaeBO#W KpPHBOM.
Jlane! Taxxe MPUHIMIL TPAaHCHOPMAIWH, IO KOTOPBIM MPOUCXOAAT M3MEHEHMS STHX BEJIAYMH BO BPEMS
nedopmaiun. TTonyyeHHBI Pe3yNBTAT MOCITY KU Ui BhIBeIeHUA 00mell GopMbl BHEHIHEH BAPTYa bHOM
paboThl. )

Bo BTOPO# ¥YacTH CTATHH BBIBEIEH MOXOXWHA NPUHIMI TpPaHChHOPMAIMH IS DPE3YJIbTUPYIOLICTO
KPaeBOro MOMEHTA CHJI IUIS TTOJISI KPaeBbIX CHII COOJIIONAONIETO BBINICOMPENEIIEHHOE MPEAIOIONKECHHE..
TIpencrasnena Gopmyna Ha paGoTy NPOU3BOIUMYIO ITHM MOMEHTOM IPH 000pOTe KPaeBoro NIEMEHTA..
TTomyveHHbIH PE3YJIETAT CXOOHM C Pe3ylnbTaTOM IpPEACTaBISHHBLIM B HEPBOW 4aCTH CTATHU.

CraThs MONOJIHAETCS MPUIIOKEHNEM KaCAIOMMMCS paboThl MOMEHTA CHII, IPOU3BOAMMON IPH Bpala—
TEIBHOM IBUXCHUM TBEPIOIO Tena.



