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On the Potential Boundary Load in the Nonlinear Theory of Thin Shells*

The formula for the work of a stationary force field loading the lateral boundary surface of the shell
has been derived. The transformation rules for the resultant boundary force and the resultant boundary
static moment as wel1 as the general form of the external virtual work have been given. Finally, the simi-
lar transformation rule for the boundary moment of forces and the formula for the work performed by
this momęnt on the rotation of the boundary element have been derived.

1. rntroduction

Variational forrnulation of the theory of thin elastic shęlls is founh to be convenient
in the theoretical respect as well as in the numerical one. Howevęr, derivation of the appro-
priate variational functionals requires the knowledge of the strain energy function [1]
and of the explicit form of potentiałs of the external loads applied to the middte surface
and the lateral boundary surfbce of the shell.

Usually dętermination of such a potential for given external middle-surface load (or
the proof for its nonęxistence) does not cause any trouble. On the other hand external boun-
dary loads appear in thę shell theory in the form of resultant boundary forces and mo_
rtents acting along the boundary curve. While determination of thę potential of the resultant
boundary forces consists in integratioń of the potential of external boundary loads (if it
exists) across the shell thickness the same task for the resultant boundary moment acting
along the deformed boundary curve is not so trivial. This is so because its definition makes
it dependent on the total finite rotation of the boundary element. Therefore, in the case of
unrestricted rotations the potential of the resultant boundary moment has to depend on
the deformation of the shell and its definition ought to be connected with the potential
of the resultant boundary forces, as both these potentials result from the potential of tlre
external continuous loads acting on the lateral boundary surfaces of the shell.

When restricting considerations to at most moderate rotations, thę resultant boundary
rnoment induced by constant external boundary load may be treated (within the error of the

1heory) as independent of the boundary deformation [16]. In such a restricted case it is

;ustified to assume a simple form of the potential of the moment, in analogy to the one

* Praca wykonana w ramach problemu węzłowego O5,12 ,,Wytrzymałość i optymalizacja konstruk_
§ji nraszynowych i budowlanych".
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assumed in the linear shell theory. This a§lows tó dęrive a set of appropriate functiomls
[2] ena-bling to formulate different,varibtional principłbs..

In the shell literature the question of existence of, the resultant boundary moment
potential has not been discussed for thegsrreral case ofunrestricted rotations. For instanoc".

Simmonds and Danielson [3, 4]i assumed-a priori the existence of such potential wiffiout
grving its explicit form. rn papers [5* 9]. only incremental, fór,ms of the work performed,b,y

boundary forces and moments in the Eulerian descripti.on were given, but without pnĘsen-

ting a formula for the total work of these quantities dunirłg the process of dęformation.
In [10] the work of the resultant boundary moment was assumed as a product of ths mo.
ment and a boundary rotation,parameter, but it was not stated what additional conditions

had to be imposed on the external continuous boundary,lkaads to ensure correctness o,§ such

a simple formula.
In the present paper a general form of the potentiał has been derived for the resnltant

boundary forces and moments equivalent to the externał gontinuous boundary loads acting
upon the latęrał boundary surfaces of the shell. The: boundary loads are assumeń to be

constant during the deformation process, In particutrar, appropriate transformation rules
for the resultant force and thę resultant static momęnt of the boundary loads haxe bęęn
exliressed in terms of those resultant quantities. A transformation rule for the rmultanJ.

boundary moment, such that the assumption about the constancy of the boundary loads
during dęformation is satisfied, bas been determined. The work of the resultant rnoment.

has also been derived by direct integration of the appropriate incremental expressiion. The
formula obtained in such an alternative way coincides with the one obtained by integrati.on

across the slrell thickness of the elementary works of the boundary loads. Tha paper is
supplemented by an appendix dealing with the work performed by a momęnt of a force
field in the rotational motioir of a rigid body, where an analogy betwęen the finite rotation
of the shell boundary element and thę rigid body rotational motion has been disoussed.

2. The lateral shell boundary surface and its deformation

The notation used in what follows coincides with that used in [8, 9, 11]. The quantities
associated with the dęformed shell configuration are provided with overbars.

By the boundary surface 0? of the undeformed shell we undęrstand a rectilinęar surf'aee

which is orthogonal to the middle surface ft Óf the sheli along the boundary curve C. Its
arbitrary point Pe 0? aan be locatęd by a position vector

p(s, a):r(s)*3n(s),
hh

-r<5<r, (2.1)

where r(s)is a position vector of the curve Cn(s) * a unit vector orthogonal to łt along C,

5 - distance from C in the direction of n, and s denotes the length lneasure along C.
After deformation compatible with K-tr constlaints the position vector of thę dęfor-

med lateral boundary surface takes the fornr

F6, e):F(§)+3n(ś),, , (2.2)
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and ,between the length mea§l}res s and s along C and ą respectively, the following relation
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iholds true ,

dś:,ąr&s., gr:ł I*4*, -ltt:Toplotq 
,

V:Rrv, t:Rrt, ń:Rrn,

1R,::- (Ę8v+a,@t)+ń8n.

rri,kere yop stands for the corrrylonents o,f the strain tensor of the surface .ł{.
'{Mith the boundary currc C wę fiiay associaie an orthonormal triad ł,t,n, where

.drć: 
d§ 

, v:txn-

lS"fter the deformation of tfu iboundary lhe tangent unit vęctor t is transformed to the
non-*rnit, but still tangent to lhe curve ć, vector a,:dilds with components [9, ll]

at:cav+ctt+cn'. (2.5)

§inrilar orthonormal triad v, t, ń, associated with the curve Ć is defined by the ręlations

_ t_ i_ - 1*v: =- ą: _ - Itxn, t: - ?t.at {łt at
(2.6)

-Ttiis may also be writtęn in a rnuch shorter way with the aid of the total rotation tensor
R, of tlrc boundary e]ement

(2.3),

(2.4\

(2.7)

(2.8)

(2.9)

(2.10)

,Qt
Suń dęformation of the lateral boundary surface

ment fieldv determined by
implies the existence of a displace-

tł,here

u:i-r:ruv łurt*wn
denotes the displacement field of the middle surface of the she1l along the boundary curve C
and 1 stands for the metric {en5or of the three-dimensional Euclidean §pace defined by

1 : v@v+ t@t*n@n: v@r+t@t+ń8ń . (2.1I)

On the surface 0? (or ół) we may now specify a family of straight lines, determined by
the equation§ §:const (or s:const) and parametrjzedby 5,, and a family of curves C*

'(or c*; equidistant from the curve C (or C), determined by the equations e:const, whose
Parameters are denoted by s'k (or i*). Generally, the parameters s* (or s*) are not measures
of length for the cirrves C* (or Ć*;. These two families may be treated as curvilinear co-
ordinates on a? @r a91.

The area element of the surface a3,bouid,ed by the curyęs s*:colstl s**ds'!,:const:
ó:§onst and 5,+dT:const, is determined by

dA* : dA*v*:ds* x oas:(, + a ft * 
)a, 

ar, (2.12)
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where we have employed the following relation

4"* _ 4r*r* _( rtn\

rn the same wa! we wi1l find the area element of the deformed surface ó? to W

aE-:(-+aff"a)o,or:$.*r#-' dsdl. t2.14)

i
W'e will take advantage of these relations in thę following parts of this paper.

M. §zwabowicż

3. External boundary load

Let f =f(s, 5, v) denote the external boundary load acting on the surface 03 and męas-
ured per its unit area.

Let us introduce a function
ldńl
|a,+5 , xńj
l ćls 

I

a---,/r--i|vł3, xni
ldsl

describing the change ofarea during the deformation ofthe lateral shell boundary surface.

Then the force acting on the area element dA* canbe determined by the formula

dS*:idA*:igdA*. . (3.2)

Henceforth, wę will make the following assumption abou_t the fleld f:

during deformation of the boundary,surface from the undeformed configtration _0ł
to the deformed configuration 0O, described by the displacement field v, the field f of
the external boundary loads varies in such a manner that the force dS* acting on the area
element dŻ* remains always constant. This may also be formulated in the following way:

dS*:igdA* :fdA*:const, (3.3)

f:fg:fl"=o:const (3.4)

of the external bgundary load at the beginning ol the deformation pro-

Employing the notion of gradient we also have [13]

d(fg) _,,
dv

The field fcan be characterized by certain quantities, resultant with respect to the bound-
ary curve Ć, namely the resultant boundary force and the resultant boundary static mo-
ments of arbitrary orders. Within the K - L type theory of shells only the resultant boundary

dA*
g (s', 5): dA*:

(3.1 )

(3.5)

where

,denotes the value
cesS.
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force and the resułtant boundary static rnoment of the first order aie taken into considęra-
fion, i.e.

-+h -+h
(3.6)

rules for r and HThp assumption (3.3) or (3.5) implies the following transformation
during the deformation 

ra;:rĘas: 
ni 

łoz- :r! rou* :r, o,r,
-+h -+h

źh_ _ +h

Hdś:Hatds: l r7ał : l f1,dA*:llds
, -źh -+h

Fa-r:p, Hą:H;
where F and H are the corresponding resultant quantities at the beginning of the deforma_
tion process, defined with respect to the curvę C.

4. The work ofexternal boundary loads and itsvariation :

The work i of the external boundary loads, performed during thę deformation process
rnay be determined as an integral

L:§Wds:§Wdś, (4.1'
.cć

wherę II/ and Ź denote the work per unit length of C ahd C, respectively. The relations
(4.1) and (2.3) imply that i

W:Wą, (4.2)

On the other hand, by virtue of ihe definition of work, the foIlowing holds true:

Yt: JJ IidA*.ar: II Itd.ł".ctv.
aqo ago

+h +hpdr: J fAe*, rra;: t i1,ttA*.

, W:u,F+(ń-n).H:u.F+(n,- r;.(H6ln),

W :a,F'+(n -n). H: u. F+(R,- r). (H8n),

(3.7)

(3.8)

Taking into account the assumption (3.5) we may perform partial integration in (4.3) with
respect to displacements, which leads to the formula

r: ll v.IdZ* : _[j" .fdA*. (4.4)
,, uó ag

Then, after substitution of Eq" (2.9) into (4.4) we obtain

': § 
rf 

[u+a(ń-n) f -ldA*: 
$ [u. F+(ń-n). H] a;: $ tu. F+(ń-n). H] ris. (4.5)

ć-+h ć c

This implies the following expressions for }Ł and W

(4.3i

(4,6)

(4.7}
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where the dots in the last terms denote scalar products in the te.nsor space. For the second_
order tensors A and B the scalar product is obtained according to the rule A-B:tr [ATB}
-AijBij. The scalar Product operation should be performea arter completing thę tensor
multiplication, i.e. AB. C = (AB) . C.

The scalar form of (.7) is as follows

W : u, F,ł u, F r+ wF a n, H, + nrHr+(n - 1') H . (4.8,}

The function - Ił may be interpreted as a potential ofthegeneralized,boundary forces F
and H in a six-dimensional space of states (u, n - n) describing the c{§formation of ńę sur-
face 0?.In this sense the generalized forces F and H may be,called the potenti,al f,orces,
since the following is satisfied

óW_o aW * aW _ aW dW dW
dun: 

l'" i;-:'" ,,w: 
F , ń: ',* ń: o, , :ft: m, , G,9}

In the K-L tYPe shell theory four independent parameters,.only describe completely
the deformation of the surface 03. As was shown in [1l],for the Lagrangian shell theory,
Ily)lłt,w andnn are these Parameters, while the remaining two can be expressed in terms
of them by the relations

l
'', 
: - fi7 (c, c 

" 
łt, + c J -+t;ą;- 

"'S 
.

l,: - ń? (c., r, -.,.y/i,[ -, j; - ą'; .

(4.10}

After substitution of (4.10) into (4.8) 7/becomes dependent on four paranaeters only
The variation ÓW may be obtained directly from (4.8), after substitution of (a.10} in

there, but it will be much easier to make use of the relations derived in [11]; \Me obtain

6W : F, 6un* F, óurł Fów * H, 6n,+ H, ónr* Hón,
where

ón,:d,óu,ł d,óu,* dów *fón,ł gu ft Uu,* n, L óu,+ g * rr,

6n : h, óu, * h, 6u, + llów + kar., + r, ft óu, * r, !- ór,+, * U, .

All the coefficients appearing in equations (4.12) were explained in [11]. After.substi_
tution of (4.12)into (4.11) and some transformations we get the following expression for óW

(4.11}

(4.Iż}

!; {u,ł,+ n,,)fao,+

+

aw :|r, + n, d, + H h, - d+ 
(H, g, * H r,)l r, 

" 
* 
[ł 

* H t d t + H h t -
+|i + n, a + r^ - * @,s + IIĄ]6w + rH, + H,f + Hkf ón,

d
+ 

^ 
l(H, a, + H r,) ó u n + (H, g, * H r r) 6 u, * (H, g + H r) ówf , (4.13)
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rvhich may be expressed in a more compact form

6W:p* .óu+ M*ónn+-1 (r*.oo).
ds

Making use of the above relations we can easily find the expression for the external virfuan
work

Evw : lt v a"ae+$ 
[-- 

. 6a+ M*6n,+{ {n-.aol] a,:
-4t c

: !!p"óudA+ J [p* .óa+M*6n,]ds+ Ś ri(s,)'óu;(s;), (4,14)
"iłci

where now p denotes a conservative middle-surface dead-type load and the last term des-
cribes the variation of thę work performed in points of discontinuity of the boundary
forces or in the corners ofthe boundary curve C. The structure ofthe expression for EVW
is ,analogous to that of the internal virtual work [l1].

5. The resultant boundary moment

In the theory ofthin shells the continuous boundary load, acting on the lateral bound-
arY surface, is usually described by the resultant boundary force F and the resultant bound_
arY moment k, both measured per unit length of the deformed boundary. I is defined as the
following yector product !

+h

Fdś: J 1nxidl*:ńxHas.
-+h

This yields the relation
ka,:nxH,

(5.1)

(5.2)

After completing the vector multiplication in (5.1) we also get

k: -H,v+fl,i. (5.3}

It can be observed from the above relations that during deformation the vector I g.nu*
rally varies in magnitude as well as in direction.

Let us find its transformation rule. We are searching for such a tensor X that

[:xtr, (5.4).

rrhere k denotes the appropriate resultant boundary moment in the underformęd state of
the shell. Then we mav write

I
_ (nx l)H:X(nx l)H.
Lll

The cross product, applied to tensors, denotes vęctor multiplication performed on thę
base vectors nearest to it, e.g. for two second-order tensors A and B we have

AxB:(,4"'8;8sr.) x (Bu'go8g.): Aij qllBk-gi@g'Eg,, .
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Since the vector H is arbitrary we obtain

-1k:* (ń x 1)(n x 1)- lk
at

,or

(n x 1)- lkDr:(n x 1)- 1k:const.

Thesę relations ęstablish the transformation rule for the vęctor of boundary moment i,
corresponding to the continuous boundary loads satisfying assumption (3.5), during the
deformation process.

The vector I may be regarded as an axial vector of a skew-symmetric moment tensor,
.denoted by K (see [13, 14]). Then the relations between the vector and the tensor are a§

follows
K:k x 1,

(5.7)
E:ł(1 x 1).K.

At the same time (2.8) and (3.S) imply the following transformation rule for the tensor K:

AB. Cr:A. (Bc)': 1. (ABC)

(5.5)

(5.6)

(5.8)

(6.1)

the incremęnt dW*

1, (6.ż)

(6.3)

where §)a denotes the skew-symmetric part of a tensor T, Apparently, so defined tensor
,is a tensor Ór (ł.S) type as derived in the Appendix.

6. Work of the resultant boundary moment

In what follows we shall make use of the following tensor identity: for three arbitrary
,second-order tensors the formula

altz" : (n8H)1. [(r/RJ) R,] .

From (A.4) we know that (dRJ)R is a skew-symmetric tensor (and the scalar product
of antisymmetric and symmetric tęnsors is zero). This, together with (3.8) and (2,7), allows
us to write

is true.
Taking into account (A.6) and (5.7) we obtain the'formula for

of the part of work resulting from rotation

dWR : @RT )R, . R,(n @H) : (dRJ) . RJĘ(n@H) = (n@H) . dRJ.

_1
d,Wu:; Ę(n8H). t(ć'łJ) R,]

at

Now, accord ing to (4.ż) and (6.1), we can make the following transformations:

(6.4)
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1As the tensor (naĘ is constant during deformation we may integrate (6"4) to obtain
RJ

Wa: I (n8H). dRJ:(RJ- 1).(n@H) :1n-n).H .

I
Thę result obtained coincidęs with that obtained in (4,5) from the integration across the

,shell thickness.
The above considerations lead to the conclusion thatwithin the K-L shell theory the

ręsultant boundary force F and the resultant boundary moment [, which obey during de-
formation the transformation rules (3.7) and (5.5), respectively, are formally equivalerrt
[o the continuous boundary surface loads f satisfying the assumption (3.5). This assurnption
rnay also be treated as a transformation rule for f.

Appendix

Let us discuss a rigid body in a rotational motion around a fixed point 0. Let us also associate with
it, at the beginning of the motion, an orthonormal triad V9, t9, Il9 attached to the point 0. Thęn the
position of the body after arbitrary time , may be established with the aid of the triad and the rotation
tensor R(l)

v:Rvo, t:Rt6, n:Rn.. (A.1)

Let us consider an arbitrary position vector rg of the body particles, having its origin at the point 0.
During the motion its end-point will move ąlong a cettain cutve r(l). The veloćity of this 'point is given
by the formula

(6.5)

(A,2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7i

(A.8)

on the other han d we have

dr d(Rr")v:_:: : ::Rro.
dt dt

t:orXr:crx(Rro),
where ro is an instantaneous angular velocity veotor of the body. In the face of arbitrariness of ro we
may write [4]

or x R:R

ol x l:ńRT, ro: _ł(1 x 1;.fiłnr;r,
where c,r x 1 is a skew-symmetric tensor cąlled ,the spin tensor of a rigid body.

Let the bodY be subjected to a moment vector k(l)'varying in time and attached to the point 0,
Then an increment of work performed by this moment can be defined by the formula

dL :k(t).@(t) dt .

After substitution of (A.4) io (A.5) w e g§t

dL : _*kt(l x 1). (ńRT)' ) at : -+(lr). 1anni",
where kxl=K denotes a skew-symmetric moment tehsor.

Now let us a§sume that the momeilt tensor represents a skew-symmetric part of a tensor T which
changes during the motion according to the following rule

T:RTo,
where T6 denotes a certain constant tensor, i.e. dToldt:0. Then we can write:

K: T/: ł [RTo - tł RrI .
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After substitution of (A.8) to (4.6) we obtain the following relation for the elenrentary work:

dL: *+TA.@F.R')': _+T.(dRRr)r, (A,9)

rvhich, after nraking use óf formula (6.1), may be transformed to the form

.Ąfter integrating 
2' : - +nrT'dR": - +RTRT' , ć/R': - 4To , dR' ,

R (rr)

L:-+ J rodR':_+To.(Rl_Ro) (A.10),
R (lo)

we obtain the formula for the work in the rotational motion performed by a moment of the form of-
(A.8).

Thus all moment ten§ors of the form of (A.8) may be regarded as potential ten§ors. In particular,.
ią the nonlinear theory of shells, the tensof of the resultant boundary moment, obtained from the,
external boundary loads satisfyinc (3.4), belongs to this class.

As an example of application of these relations let us consider a rigid body with one point fixed
(let it be the point 0), subjected to a force field f, which depend only on the point of the body and do not
depend on time. Let us assumo next that we know the history of this motion, i.e. the function R:R(l)
such that R(ro;:1.

Due to the lack of translatory motion the only quantity performing work is the moment of forces Ę.
determined with respect to the point 0.

The moment tensor is defined by the formula [5]

K: JJJ tfar-raf]./r,

whereOdenotesthedomainof thebody, dV - theelementof itsvolumeandr:Rro:rqRrits position,
voctor with the origin at thę point 0. Then we may write

K: *2 I!!! $trłv 1"

and thus the moment ten§or K belongs to the class (A,8). In this case

To: -2 lIlr"@tdV ,

and the work is *:o", Or the formula
' L:(R-l).fiJ'f@r6tlV

The tensor -.tTg may be interpreted here as the static moment of the force fieldf with respect to,
the point of fixation, determined irr the initial instant of the motion.

Ręceiyęd by the Ediior, Janrrary 198l.
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O PotencjalnYm obciążeniu brzegowym w nieliniowej teorii c*enkicń poyrłok

s treszcze nie

ArtYkuł ,d.otYczY Problemu okręślenia potencjału zewnętrzrłych o,bciążeń brzegowych w nieli-
niowej teorii powłok doznających skończonych obrotów.

W Pierwszej częŚci artykułu wyprowadzono wzór na praę pola sił obciążającego boczną powierzch-
nię brzegową Powłoki. Zakłada się stałość pola sił podczas trwania procesu,deforrnacji. Więtkościami
wYstęPującYmi wę wzorze są wypadkowa siła brzegowa i wypadkowy lhorilerrt §tatycz[y na brzegu, od-
niesione do jednostki długości nieodkształconej krz}wej brzegowej. podano.rówłieź regrrly transfor-
macji, którYm Podlegająlzmiany tych wielkościpodcras odtsłałc""iu.-Ót.ri-uily wynik posłużył dovwłl9ylazelia ogólnej postaci zewnętrznej pracy wirtualnej,

W, drugiej częŚci artYkułu wyprowadzono podobną regułę transformacji dla wypadkowego brzego-
\łego momentu sił dla Pola sił brzegowych spełniającego założenię podane wyźej. podano wzót napricą
wykonywaną pt.zezten moment przy obrocie ęlementu brzegowego, otfzymany wynik jest zbieżny zwy-
nikiem podanynr w pierwszej części pracy.

ArtYkuł uzuPełniono Dodatkiem dotyczącym pracy momentu sił wykonywanej przy ruchu obroto_
wym ciała §ztywnego.

O norerrqnałruofi . fipa€BOft . Hsrpy3xe B HeJlnrr€fi Hofi reopnn ToEKIrx o6o.uoqer

Pe3IoMe

Crarsg KacaeTc9 npo6netmr Haxox(AeHĘff tloTeHqnafla sHeurHefi rpaenoil ffarpy3KH s Hej|fiHefittox
Teoplu o6orroqex troABeprareqĄxc, Kor{€qxblM o6oporarł.

B nePaoŻ qacT}t cTaTbR BbIBeAeHa (|opliłyła rra pa6ory rroJl clll Harpyxaron{ero 6or<oeyro KpaeBylo
[oBePxEocTb o6ołoqxrł" flPegnorraraercc FocTolHcTBo no.'r, cI{JI Bo BpeM, npoqecca 4e$oplraqur,
EerrnquxaNm BbIcTYnaPu[ł§{fi sSopłryrre 

'BmroTcr: 
pe3yJ,Tbflłpyroula, xpaeBa, cllfla rł pe3yłbTIrpyrclrltrfr
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c1arrqecr}tfi M9MeIIT IIa rpae, oTlrebenfible K e,qfiEtrIle 4rrrłxrr rrege$opMlrpoBauuoft rpaenofi (plłBofi.

.Ąamr raxxe trpullr1rłIlbr rparłct[opuaqrłł, no XoTopbIM npoflcxoArT ft3MeHeHR' 3Tfx BeJIIłrtIłH Bo BpeM'
,ueóoplrłarrm. floxyqerułrń pe3yr6TaT IIocJIyxIłJI AJL BBIBeAeHIłx odIqeft Popurr Buemeź rrłpryarrruof,
pa6orsr.

Bo rropoź .racTu cTaTLE BblBeAeH noxoxuó Trplł}rrl}rrr rpaucÓoprvtauun Afl' pe3yJIbTapyroqero

xpaeBoro MoMeHTa cnrr AJIĄ noJlff KpaeBblx crłrr codrrro4arolqero BsImeonpeAeJIeEIIoe rrpeATloloxentre:,

flpe4crar.rrena $oprrłyna na p66oTy IIpoIł3BoAI(Myro 3TtrM MoMeETołr npu o6opore KpaeBoro 3JIeMeIITa*

florryyexnlrń pByJIbTaT cxoAtrM c pe3yJIbTaToM IIpe.ucTaBJIeEHrrłr n nepnofi qacT}I cTaTbu.

Crarrx troIIoJIIłrłeTc, npnnoxenneM KacarcIqlłMc, pa6orrr MoMeEt'a cI{JI, [poIł3BoAFMofi npulparqa-
TeJIbHoM .qBffKeHlłtr TBepAoro Tena.

j


