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LASZLO TANCZOS, OLIVER FUZY

Budapest*

Determination of Invariants in Connection with Examination of Long
Pipelines with Air Chambers

»

Nomenclature
s — spot coordinate along the pipeline, E, — reduced elastic modulus of the pipe
¢ — velocity of the liquid in the pipe, and the liquid in it,
t — time; 7=0 at the beginning of exa- L — length of the elastic pipe,
mination, A — friction coefficient in the elastic pipe,
p — density of liquid, W, — gas volume in airchamber,
P — pressure, n — polytropic exponent,
g — acceleration of gravity, ;
z — coordinate of height, Indices
D, d, d. — diameters of pipes, 0 — starting condition,
w

— wave velocity, ¥ — dimensionless quantity.

‘For reduction of pressure oscillations during transient processes in pipelines, air chambers
built in downstream of the pump are often used. The movement of the liquid level in the
air chamber can only be traced by solving the mathematical model made for the particular
elastic system. Since in this case a model of distributed parameter system may be
used, this leads to a quasi-linear hyperbolic boundary value problem. To solve this only
numerical methods can be suggested for which, however, special computer programs are
needed. On the basis of the mathematical model it is expedient to look for such invariants
which are characteristic for the dimensionless system. With the adequate choice of the set
of values of the invariants the solutions of cases expected in the design practice can be
produced. If the number of invariants were large their handling would again make the
procedure complicated. Therefore it is advisable to strive after production of possibly fewest,
i.e. optimally chosen invariants. One method of achieving this is simplification of the model
to such an extent which is still allowable. . .

For an air chamber protecting the system against the pressure oscillation starting in
consequencé of the current storage of the pump the simplified model as shown in Fig. 1
<an be used. Before starting of the examination the system was supplied ty & pump at the
point A in steady-state conditions. kt the instant of startirg the examirzticn the supply

* Department of Hydraulic Machinery, Technical University, Budapest.

[20 5]



206 L. Tanczos, O. Fizy

ceases and only the air chamber is connected to the point 4 through F throttling. L is a long
pipeline at the B point of which constant pressure is set as a boundary condmon
The point- coordlnate along the pipeline is s. :

o |

ln

= Fig. 1

It will also lead to the reductiorf of the number of invariants if we state in the same
form the invariants equally characteristic for the two essential elements:

1) for the long elastic pipeline and,

2) for the boundary conditions describing the air chamber.

Let us start from the long elastic pipeline with the following constraints:

a) the cross section and wall thickness of the pipe is constant,

b) the density of the liquid filling the pipe is the function of the pressure only, p=
—p(p), ,
c) we disregard the transversal changes.

Equations characteristic for the pipe:

deill deiilhidplidz i) ”
LBt —+—lele=0, (1
L S T (D
continuity
dp
— + 0 2
5 (pC) ()

and the velocity of wave pr_opagation
__w __'. o 3)

‘The simplifying conditions b) and c) lead to the following form of the continuity equa-
tion
dpdp dpop “dc

L oy 4
o @)

from which upon substitution of (3) we get the equation

L i 0
—2(—€+c—p)+p~£=0. (5)
w S e
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Let us make the variables of equations (1) and (5) dimensionless in the following way:
Let us denote the dimensionless quantities with asterisk, subscrlpt 0 denoting the quantity
making them dimensionless

i e (6), (1)
L, Po
p*=ﬁ, = B (8), (9)
Po €o

The dimensionless time is 7*=t/¢,, where
(1,

ds*
L f e (10)
0

Hence the dimensionless wave velocity

w

Wo
where
LO
Wo= -—E .

Substituting the above into equation (1) results in the dimensionless equation of motion

Gy 00" eh ,oet 1 op* az* x -
OSR  R  Det (12)
ty gt i, os* poLop” 0Os L po 0Os* L 2D*
After converting identically and arranging the terms
CoMoPo 0c” . lics [ wlet ki sl Eopt i dET
—— et +5—=t+g—u=0. 13
Do [6t* wo( 5s* 2D*C 71 p* dp* TR 1)
In equation (13) :
sudofes “=£‘1‘ (14), (15)
Po Wo

and A as well, are invariants.

It can be seen that equation (5) brings no more invariants. Making equation (5) dimen-
sionless yields ;
1 (Po op* +Co Po « op* ) Co ac

L SR e 16
Wi i ot T o OLop os™* 16)

After converting the terms we obtain

1< (8p® ap* oc*
—-§<F-+occ* *a;g)ﬂ'p*as—*=0 (17)
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To solve numerically equations (13) and (17) we determine the division of independent
variables in such a way that

As®=w A1, 28 (18)

From this and from equations (13) and (17) at the point A the following condition can
be obtained for the pressure and the velocity

pr+ep*wict =P, (19)

(see [2]), wheré Pg is a known function which can be calculated from data originated
for time earlier by At*. For equation (19) at the point A the air chamber gives the
further boundary condition prescriptions.

Supposing a polytropic gas change of state for the W, gas volume of the air chamber
we have

P Wy =K. (20)
The liquid volume flowing through the F throttle is r
; aw, ;
o=—2 @1

The pressure at the bottom-point of the air chamber in case of positive direction given
in Fig. 1 can be expressed as:

aw,
] dt

aw, 1. d*W, 4 1
W D

Pa=" +pgz—C 2p (22)

Wn

In the equation (7) let p, be the pressure in the air chamber in case of steady operatlon
Let us introduce further ‘

WL "(23)
Po Woy=Kp - : (24)

Making equation (22) dimensionless according to the above, making use of (24) and sub-
stituting all the invariants introduced so far we have ;

L potod s (T8N
S 15 oid | Ay e
¢ 3 gz 2 N ;
Lus leodieliii mo s
it dTAde
The velocity in the pipe is cqual o
o el (26)
d’m dt
Making it dimensionless and substituting the invariants introduced yields
Woy 4 1 dW)
F=-2y o (27)

L3 Wl de
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Substituting equations (25) and (27) into (19)

_}_+pogz0 . C— KV% 8 - dW*{dW’*
W Po 257 mldht oo get

W, 4 dwy
ook, md™ dt*2 OCL gp*w*d*z ar* =P00 0 (38)

If p, is the pressure for the steady-state operation and z, is the level height in the air chamber
then the term of the equation (28)

Po9Zo _pA stac pO pA stac

Do Po Pbo |

—1= P: stac 1 (29)

needs not be regarded in consequance of (29) as a new invariant.

From equation (28) we have now the invariants needed to characterize the system

— & see equation (14), )

— « see equation (15),

— J friction factor in the elastic pipe,

— ({ drag coefficient of F throttle,

- K= WOg/LOJ

— K,=2z4/L,,

— n polytropic exponent.

At the Department of Hydraulic Machinery of the T. U. Budapest investigation is
made currently in order to reduce further the numbers of the above invariants for particular
series of calculations and to achieve better understanding of their influence.
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Wyznaczanie niezmiennikéw dla badania dlugich rurociagéw z komorami powietrzmymi

Streszczenie

Artykut poswigcony jest badaniu zachowania komory powietrznej w czasie trwania nieustalonych
proceséw hydraulicznych. Opierajac si¢ na rownaniach rézniczkowych, charakteryzujacych zjawisko,
szuka si¢ niezmiennikéw charakteryzujacych procesy przejciowe.

Traktujac przyjete niezmienniki jako parametty prowadzi si¢ badania poréwnawcze uproszczonego
modelu uktadu (w postaci nieskonczenie dlugiej rury polaczonej z komora powietrzna) i symulacjg
numeryczna dokonywana na podstawie nieuproszczonego uktadu réwnan rézniczkowych. Celem tego
poréwnania jest okreSlenie czynnikow pozwalajacych na wyznaczenie, przy danych wartosciach nie-
zmiennik6w, wymiaréw komory powietrznej na podstawie uproszczonego modelu ukiadu.

14 Prace IMP z. 83 -84
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Onpenenienne HOHBAPHANT A/ MCCICAOBAHUS JIHHHBIX TPyGONpOBOI0OB
¢ BO3YHIHBIMH KaMepamu

Pesrome

Cratbsi DOCBAIIEHa WCCIEOBAHUIO IOBEIERUS BO3IYIIHOM KAMEDEI BO BPEMS HEYCTAaHOBMBLIAXCSH
THpaB/IMIeckux mpoueccos. Ha ocHose mudidepeHpanbHEX YpABHERHIA, XapaKTEPA3YIOMEX 3TO SIBJICHHE,
BEAYTCA MOMCKA HOHBAPUAHT OMPEHCIITIOMNX IIEPEXOIHBIE HPOMECCHL.

Tlpreavvas HORBADHAHTHI B BHIE HAPAMETPOB BEMYTCA CPABHETCIBHBIE MCCIEIOBARMS YIPOIICHROK
Mozieny CHCTeMbI (B hopMe GECKOHEUHO MIMHHOM TPYObI, COCMHEHHOM C BO3AYLIHOM KaMepoif) ® mpo-
BOJMTCA HHCICHHAS. CHUMYyJIALHAs OCHOBAaHHAsi HA HEYNPOIMEHHOW crcTeMe aubdepeHIHaTBHEX ypaBHe-
HHi, Ilebro 2TOro cpaBHEHHA SBISETCA oUpeenenne haKTOPOB MO3BONIOMTX OIPEAENUTD, IPA JAHABIX
SHAYCHHS X HOHBAPUAHT, Pa3MEPEI BOSNYMHOM KaMEpEHI, HA OCHOBE YNPOINEHHONW MOIENM CHCTEMEL.



