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I)etermination of rnvariants in Connection with Examination of Long
Fipelines with Air Chambers

Nomenclature

§ - spot coordinate along the pipeline,
c - velocity of the liquid in the pipe,

' - time; t:0 at the beginning of exa-
mination,

p - density of liquid,
p'- pressure,
g - acceleration of gravity,
e - coordinate of height,

D, d, d" - diameters of pipes.
}, - wave velocity,

Ę - reduced elastic modulus of the pipe
and the liquid in it,

l, - length of the elastic pipe,
,t - friction coefficient in the elastic pipe,

W, - gas volume in airchamber,
z - polytropic exponent,

Indices

0 - starting condition,
* - dimensionless quantity.

tsor reduction ofpre§sure oscillations duringtransient processes in pipelines, air chambers
built in downstream of the pump are often used. The movement of the liquid level in the
ąir chamber can only be traced by solving the mathematical model made for the particular
elastic sYstęm. Since in this case a modei of distributed parameter system may be
used, this leads to a quasiłinear hyperbolic boundary value problem. To solve this only
nurnerical methods can be suggested for which, however, spęcial computer programs are
needed. On the b-asis of the mathematical model it is expeilient to look for such invariants
which are charactęristic for the dimensionless systom. With the adequate choice of the set
of, values of the invariants the solutions of cases expected in the design practice can be
Produced, lf the number of invariants wefe large their bandling would again make the
Procedure complicated. Therefore it is advisable to strive after production of possibl}_fewest,
i.e, oPtimallY chosen invariants. One method of achieving this is simplification of the model
to such an extent which is still allowable. .

For an air chamber protecting the system against the ,pressure oscillation starting in
consequęnce of the current storage of the pump the simplified model as shown in Fig. 1

can be used. Before starting of ttle ęxamination the system was supplied by a pun:p at the
Paint A in steady-state conditions, At the instant of startirg the e xamir_aticn rŁe supply

* Department of Hydraulic Machinery, Technical University, Budapest,
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206 L. Tónczos, O. Frlzy

ceases and only the air chamber is connected to the point,4 through i'throttling. Z is a long
pipeline at the .B point of which constant pressule is set as a boundary condition.

The point-coordinate along the pipeline is s. '?

Fig. 1

It will also lead to the reductiorl of the number of invariants if we state in the sarne
form the invariants equally characteristic for the two essential elements:

l) for the long elastic pipeline and,
2) for the boundary conditions describing the air chamber,
Let us start from the long elastic pipeline with the following constraints:
a) the cross section and wall thickness of the pipe is constant,

. b) the density of the liquid filling the pipe is the function of the pressure only, p:
: p(p),

Equations characteristic for the pipe:

0c ac 10n dz )"..
u+' ar*, 

^*nar* -lclc:o,
(1)

(2)

continuity
0Do
_j +^ (pc):g0t ds

and the velocity ofwave propagation 
r'

dp 0p dpóp 0c
--,-JrC: ^ łP -^ :U
dp at dp 0s as

from whict upon substitution of (3) we get the equation

(3)

The simplifying conditions b)and c) lead to the following form of the continuity equa_
tion

ldpl-:w:
',l_dp

(4)

; o,0

(5)
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Determination of rnvatiants in Connection...

Let us make the variables of equations (1) and (5) dimensionless in the following way:
Let us denote the dimensionless quantitięs with a§terisk, subscript 0 denoting the quantity
making them dimensionless

(6), (7)

(8), (9)

The dimensionless time

*S*P§'::-l p-':-.
Lo Po

^*_ 
P _*_ C

Y --, c :_,
Po co

is t*:tlto, rilhere

1

ł _r l d'*
Lo:1,o l --;-Ea.- -J w(s')

o

Hence the dimensionless wave velocity

,*:a,
}|o

,Lo

Wo:-- ,

lo

(10)

(1 1)

where

Substituting the above into equation (1) results in the'dimensionless equation of motion

+'#-**#-k}#*n##-;*}"*k*|:o (l2)

After converting identically and arranging the terms

'#l#-;(.-H-#ulull -i#-,#=o. (13)

In equation(13)
CoWo 9o Co

Po wo|

ald )v as well, are invariant§. i

It can be seen that equation (5) brings no more invariants. Making equation (5) dimen*
sionless yields

#(' #-T,-3")-,. t,-u#:o. (16)

After converting the terms we obtain

(17)

(14), (15)

#(#*-ćH)* o-uuĘ:o,
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To solve numerically equations (13) and (17) we dętermine the division of independent

variables in such a way that

/s*:w*/t* . (1 8)

From this and from equations (13) and (I7) at the point -4 the following condition can

be obtained for the pręssure and the velocity

p*+ep*w*c*:P§,, (19)

(see [2]), wherd P§ is a known function which ca4 be calculated from data originated

for time, earlier by /t*. For equation (19) at the point A the air chamber gives the

further boundary condition prescriptions.
Supposing a polytropic gas change of state for the Wn gas volume of the air chamber

we have

PnW{:Ko,

liquid volume flowing through thę F throttle is

(20)

Thę

The pressure at the bottom-point of the

in Fig. 1 can be expressed as:

o:ry Ql)-dt

air chamber in case of positive direction given

(2ż)Ko .8 |aw"|aw,t dlwg4l
'n:w+Pg=-|łPla,-| dt ł-P' dtr;ł'

[n the equation (7) let po be the pressure in the air chamber in case of steady operation.
Lęt us introduce further

Making equation (22) dimensionless according to the above, making use of (24) and sub-

stituting all the invariants introduced so far we have ]

* 1 .pozo7 ** ,e (Won\2 a *|awflawfP'ł:r;'+ p" P Z -L;\r;/ łd*4P Iat-, ał -

Wf:WnlWoł, z*:z|zo,

pgW[o:K6,

{23)

(24)

t, za 4 d2wg (25)
L3o d Lo d*zi dł2

(ż6)

Wał

The velccity in the pipe

Making it dimensionless

is cqual

4 dwg

di r tlt

an,d substituting the invariants introduced yields

,*:!?n o4 l dWł
' -7.o *Ę 

6*ź 4r*'
(27)



Determination of Invariants in Connection... żo9

Substituting equations (25) and (27) into (19)

Po 0Zo P^e,xu.- Po

Po Po

t -W?o 
a'' Ą#+*ftf*- ń#:rr (28)

Ą a Lg rcd*|

Ifp6 is the pfessurę for the steady-state operation and zo is the level height in the air chamber
then the term ofthe equation (28)

# -,# p*,* - c : (W| *^ r|#l# -

PA"tu"
-1:Pj",..-1 (29)

Po

needs not be regarded in consequance of (29) as a new invariant.
From equation (28) we have now the invariants needed to characterize the system
* € see equation (14),

- o( see equation (15),

- ź friction factor in the elastic pipe,

- ( drag coefficient of F throttle,

- Kl:WonlL3,
- Kz:ZolLo,
- n polytropic exponent.
At thę Department of Hydraulic Machinery of the T. U. Budapest investigation is

made currently in order to reduce further the numbers of the above invariants for particular
series of calculations and to achieve better understanding of their influence.
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Wymaczanie niezmienników dIą badania ilługich rurociągów z komorami powietrnymi

stres zczen ie

Artykuł poświęcony jest badaniu zachowania komory powietrznej w czasie trwania nieustalonych
procesów hydraulioznych. Opierając się na równaniach róźmiczkowych, charakteryzujących zjawisko,
szuka się niezmienników chrirakteryzujących procesy przejściowę.

Traktuiąc przyjęte niezmiennikijako parametty prowadzi się badania poró&nawcze uproszczonego
modelu układu (w postaci nieskończenie długiej rury połączonej z komorą powietrzną) i symulaoję
numerycz1ą dokonywaną na podstawie nieuproszczonego układu równań róż:niczkowych. Celem tego
porównania jest określenie czynników pozwalającYch ua wyalaczenię,ptąl' danych wartościąob nie-
zmienników, wymiarów komory powietrznej na podstawie uproszczone8o modęlu układu.
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OnpeAe.uenne Hoa'aprra'T IJIfl ucc,le.ĄoBannfi AJItrHHhD( ITydotrpoBo.ąoB
c Bo3Ayu[rbnm KaMepaM|

, ., )

Pegroue

Crarrx llocBrtrIeĘa uccJIeAoBźtH]łp IIoBeAeEWI Bo3Ąrlnuofi (aMepbl Bo,B_peMrI aeycTalloBmlup1cfi
rEĄra3,IE{ecI{ID( IlPoqeccoB. Ha ocrrone,ry$$epenparonsx ypaoueaufio xapaKTep43yloqlrx 3To fiBnegtre.
BeĄyTc, trotrcKtr EoBBaptraET onpeAeJlrKrqp( trepexoAEBle qpoqeccbl.

IlPmnrłax EoEBaPtraHTbr B BEAe trapaMeTpoB BeĄncfi cpalBEtrTeJIBEbIe accJIeAoBaEE 5mpoqemofi
MoAeJrr cIłcTeMbI (n rlopve 6ęcmogeqno 4rrmofi rpy6rr, coeArtremoź c rosg]rrrmofi rauepofi) E trpo-
BoEr:rcfi I{ECJIeEEźuI cENrynf],Je' ocEoBźtEEilrI Ęa EeJmpolqeEEolt cnc:reue ppi[tfepern4narnrrrx ypaBEet
Fnfi. I|elrto 9Toro cPaBEeIfirł ffi:Rifteler, oqpeAenerłe ifuxropoa IIo3BoJuIIoqffi o4pęAeJIETb, uptr AaEEEIX
3EątłeHRfl( E:IBaPnaEą Pa3M€PLI OOS,rgmnofi KaMepBI, rra ocIIoBe yupoqenaofi MoAeJrn cycTeMbl.
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