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PRACE IN§TYTUTU MA§ZYN PRZEPŁYWOlYYCII
?ffilE'

WOJCIECH PIETRASZKIEWICZ

Gdań§k

Three Forms of Geometrically Non-Linear Bending Shell Equations*'

The shell deformation under Kirchhofi-Love constraints is decomposed into a rigid,body transla--

tion, a pure stretch along principal directions of strain and a rigid-body rotation. Some formulae for'

the finiie rotations are givon. ihe shetl equilibrium equations, geometric boundary conditions and"

energetically compatible with them static boundary conditions are derived in terms of Lagrangean"

qouo-titi.. and consistently simplified under small elastic strains and bending theory. The basic shelf

equatioos are expressed iil terms of either strains and changes of cuwature, or strains and §nito rota--

tions, or displacements only.

1. Introduction

The basic set of equations for the first-approximation geometrically non-linear theory

of thin elastic shells may be presented in terms of various quantities cho§en as indePen--

dent variables.
The most appealing way is to formulate solution of a shell problem in terms of the

displacement vector u of its middte surface. The vector describes completelY the de-

formation of the shell space, since within an elTor of the first-approximation theorY it is
permissible to a§sume the Kirchhoff-Love constraints on the shell deformation. However"

ihe change in shell thickness during deformation should be taken into account in the',

constitutive equations. The resulting set of such three Lagrangean displacemental equili-

brium equations become extremely complex tl - 3].

Two other general fornrs of shell equations have recently been proposed. Danielson'

[4], Koiter and Simmonds [5] and the author [2] discussed various forms of shell equa-

tions ty using as independenl variables differenil} defined internal stress resultants ]VoB

and changes of curvatures rno. Simmonds and Panielson [6,7] derived a set of shell,'

equations in terms of finite rotation and stress filnction vectors Q and F as indePendent

variables.
These three forms of shell equations differ in the reductio! procedures used in thE

process of derivation, which depends upon the chosen independent variables. In [2, 3] we

ieduced consistently the relations between the strain measlrres and displacements and onlY'

* paper presented at the "VilI International Congress on Applications of Mathematics in En-
ginoering". Weimar, Jlne 26 - July 2, 1978.

t?9l



80 '!V. Pietraszkiewicz

-tbm ń€ dĘlacemental shell equations were obtained from the virtual work principlel
In ń€ reduction Procedure used in |4-7]it was assumed to be permissible to'omit-'oi
rB([Ę- in ńe shell equat,ions some terms, which were of the same order as the error already
inirodgced into the equations by the approxirnate constitutive equations. Besides, in |5,2!§§3€ 

'iTor 
estimates derived bY John [8J were taken into consideration. It is also interes_

"Ę to note that in the three forms of shell equations the component relations were ob_
t8iDed from the aPProPriate vector relations by resolving thep in different surface bases:
in ń€ reference basis [1 - 3], in the deformed basis 14, 5,2] and in an intermediate basis
[6" fl which was the result of a rigid-body rotation of the reference basis by the finite ro_
tarion vector. Therefore, ,it seems atnost impossible to compare the three forms of shell
oquations for the general case of geometrically non-linear tleory of shells.

RecentlY it was shown in [9] how to decompose analyticatiy the deformation of a
aeigbbouńood about a Point of the shell middle surface ńto three separate steps: a ri_
gid-bodY,translation, a Pure stretch along principal directions of strain and a rigid-body
rotation of the PrinciPal directions. This decomposition and the theory of łinite iotations
in shells as develoPed in |ż,3,9] allows to discuss here, within one general scheme, three
sets of shell equations: in terms of the shell strain measure§ yop urró rcog, interms of ńe
surface strain tensor ToB and the finite rotation vector O or in-ierms of the displacement
vector rr. These three sets ofequations are constructed here for a special case ofth^e bending
theory of shells in which the small strains in the shetl space caused by the stretching and
bending of its middle surface are assumed to be of comparable order,in the whole internal
shell region

The reduced-bending shell equations in terms of the strain measures presented here
agree with those obtained by Koiter [10] in differently defined changes of curyature§.
The aPProPriate deformational boundary conditions are derived here by consistently
reducing the deformational quurr'lties given in [1l, 2]. We present here also the appropriate
statical boundarY conditions; which are energetically compatible with the deformaiionat
ones.

The bending shell equations in terms of 7op and O follow directly from the equations
in terms of strain measures by expressing Kąby means of o. The appropriate k#;;ń
boundarY conditions are obtained here by róducing those given in [1i, zi. we present here
also the aPProPriate statical boundary conditions, which are .o"rg"ti"utty 

"o*putitń 
*itn

the kinematical ones.
Finally, we discuss here also a displacemental form of bending shell equations by ex-

Pressing all quantities appearing in the previous two set§ of sheli equations in terms of
disPlacements. The appropriate geometrical and statical boundary conditions are those
given in [2].

rn effect, the solution of any geometrically non;linear bending shell problem is divided
into three steps. In the fust step the strains and chaqges of curiatures (and therefore the
stresses within the shell space) are obtained. In the second step the finite rotation vector
is found from the known strain measures. The displacement neia is calculated in the third
steP from the finite rotations and strains. However, in many shell problems it is the stress
field that is sought for and aftęr the first simple step the solution oi the shell problem may ,óe postponed.
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2. Notation anil preliminary relations

Let r(.9'):7ct(.9)i1 and 7(.9):it191Ę, k:!, 2, 3, be position vectors of a surface in
the reference and deformed configurations, respectively. Here ff, a,:1, 2, is a pair of thE

surface convected coordinates and xk and ik afe components of r and 7 in a common
cartęsian frame. with the reference surface ł/{ we associate stŁndard surface covariant
base vectors an:f'l covariant components of a metric tensor ai:&łdp with determinant
a=lar'l, a unit vector normal to "ł! , n:le"qanx a6 and covariant component§ of the cur-

vature i"oao, b,p:ao,p.ll,where eof are contravariant components of a permutation tensor.

Similar geometric quantities associated with deformed surface .dl arc marked by a dash:

do,d,B,ft,Tog,ćP. Other details of the notation used in tbis paper are given in [2, 10].

The basic vectors of the deformed surface can be expressed in terms of the geometry of
.& and a displacement vector u:T-|:una"+wn by

- an:llna^* pon, ń:nea^łnn, (2.1)

where
lnp: arp*Srp. bJąF,

8nr:$(uop+u9p)-bnpw, ąn:w,o+b!ux, Q.2)

rrsop:!(uBp-uop): lny 9, q*$e"PU p1o,

n,:ĘłPexrqollo, ":+ ł+r'Pąul!,l!r. (2.3)

The components ofthe Lagrangean surface strain tensor Tdpand ofthe tensor ofchange
of surface curvature K,p &tE defined by

lo.:ź(a,p- g,p):3"u+|{S!,- o1)(3^r- uu)+Łp,qs, (2,4)

rc,r: -(Eou-bą): -Ln(qąe+U'6t^,1+n^(l.Ą,lr-b} rł,)-b,r7. (2.5)

They satisfy the following compatibility conditions

t"9 tlł|rcp7lr*d"'(b*l,.- K*l)Tnpp7=O , 
Q.6)

Kyf; + tn§ łP|y ap1 p l - b a p rc B l + $(rc, r rc p ;, * 6"' T *n r ! n p l)7 : 0,
where 

L,TłppźTłplptTlp|p-Tptł|v Q,7)

3. Decomposition of shell deformation

The geometry of deformation of a thin shell and its boilndary has been discussed in
detail in [2]. Here we remind some basic results.

Under Kirchhoff-Lovę constraints deformation of a shell is entirely described bY,

deformation of its middle surface. Complete information about deformation of neigh-

bourhood of any particle at the shell middle surface is contained in the shell deformation
gradient tensor G wlrich has the form

G:d'@a"+fi@n, G-L:ao@t*z@z. (3.1)

6 Frapp Ił!P, a 91
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BY aPPlYing the polar decomposition theorem the tensor G can be represented by
G:RU:VR, G'I:II'IR*RTY-I, ę.2)

where f,Iand Y arethe right and left stretch tensor§, respectively, and.R is a finite rotation
tensor. DecomPosition of G in terms of U is compatible with Lagrangean description,
in terms of Y it is compatible with Eulerian one.

BY the formulae (3.2) the deformation of a neighbourhood about a particle of thó
shell middle surface is decomposed analytically into a rigid-body translation, a pure
stretch along principal directions of strain and a rigid-body rotation of the principal
directions. Lagrangean and Eulerian descriptions differ hęre only by different orders of
these elementary deformations.

It follows from (3.t) and (3.2) that

ón=Ri,n- |/fio, t:Ra, ć:Ró":y-rŹ",
where

Ón: Uao, do: If tan 
,

ón:Ran, ź"=Rą".
The first intermediate basis Ę, z is obtained by stretching the reference basis an, n

along the principal directions of U. The second intermediate basis is obtained by a rigid_body
rotation of the refęrence basis with the help of rR.

By using (3.3) and (3.4) we obtain

U:óo@a"+n@n, R:d,@ó"+ń@ł. (3.5)

ln what follows it is convenient to define some Lagrangean strain tensors co-axial
with Ór. Besides the strain tensor y:+(U2 - l)with compo-n.ot. 1Z.ł; we shall also use here
the modified strain tensor 1i defined by

i : II_ 1:ł l +Zy - l:Y.u ao@ap ,

2yor:żi,Błiłirp, ó,:(ó!+i!) a1,

where /:cn@ą"+n@n is the metric tensor of a thróe-dimensional Euclidean space cal-
culated at ,// . Note thut yop are quadratic in terms of displacements, but many geómetrical
relations containing ł ąo ur" non-rational in terms of Tnp. On the other hand, we define
f,p to dePend uPon displacements through the complicut.d ooo-rutional relation (3.Q,
but then the geometrical relations containing ł ąo a""o^e polynomials in iop. within
tbe small strains hB and i,p coincide.

The general formula for .R in terms of displacemepts follows from (3.5), to be

R : łP (an+ u,,) @ (a r * ip l al'S + 7n n a" + n n) @ n . (3.7,)

The proper orthogonal tensor R describes an axis of rotation in space defined by a
unit vector e and an angle ofrotation co about the axis ofrotation. The rotational part of
deformation may also be described by nrbans of an equivalent finite rotation vector o:
:sin c)e, which is defined uniqueĘ by the ten§or,R. The general formula for O in terrrs of
displacements takes the form

(3.3)

(3.4)

(3.6)

d2 : Łefu ,7nĄ - łP ęa!+ib ę B7 aP + łP (ó!+łł) tln r} . (3.8)
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The action of O on Ę is calculated according to

7o:ó,+{2xó,* *!ąr{2x({2xó") (3.9)

and the same formula relates i to n and Źnto a,.
Differentiation of ś2 along surface coordinate lines follows from the rule derived by

§hamina [12] for three-dimensional case to be

83

where &p is a vector of change of curvature of the coordinate lines. For tbe vector łp we

obtained the following formula
7

k p : ś2,p + #, t2ś2,, 
x d2 + a,ptg a|2 ś2 :

:Elrl(rc 
r l * bi i J ó, + (y p plł.- *i ii * ld n7 .

The integrability condition of (3.10) takes the form

łF(kBp+ŁkoxkB):0.

The component forrn of (3.13) with (3.12) with respect to the reference basis is equivalent
to the compatibility conditions (2,0.

Taking,into account that

d2,p:cosrakp*lQ xka--vj -r.lrtl x(t2 x kp),

2at : -:: (v x7-, + t x i,) + n xa,
ł 1ł2y,,

i,7ź^:(6!,*\!)ą^al

we are ablę to invert (3.12) and obtain

(3.t0)

(3.11)

(3.12\

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

K op 
: *E* l|@ź + \b k r+ (ó; + \;) k,7. 

"^ 
- + (b łł ̂

e 

+ bił ń .

This relation, together with (3.11), gives an exact expression for rcop in terms of Q and iop.
With the reference boundary cuwę G defined by .9":.9"(s), where s is the length para-

meter, we associate the unit tangent t=drlds and the outward unit normal y:rxź. The
orthonormal triad l, l, z does not coincide, in general, with the principal directions of
strain. The rotation of the triad from the reference to the deformed configuration is des-

cńbed by a total finite rotation vector O,, which is the result of superposition of a finite

rotation of the principal directions of strain on a finite rotation due to a pure stretching
along the principal directions. The exact formula for d2rin terns of displacements follows
from the superposition rule for finite rotation vectors |2,3for directlyfromtherelation

where
,dv

o,r: -_-:dot", dr:rt, 7j2 .
cls

' Dcformation of the shell lateral boundary is described by derbrmation of the triad
v,t,n.Thedetaileddiscussiongivenin Ul,z|showsthatinordertoestablishthedeformed
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lateral boundary each of the following three groups of geometric quantitie§, defining three
different tlPes of geometric boundary conditions, may be assumed given at the borlndary:

l) displacemental b.c,: ł and B,:9:Ż o: 6 ę.7+2y,, 
gL a'

2) kinemdtical b.c.; {2, and yn:yort"tP at G,
3) deformational b.c,: k, and y, at €.
The vector of change of boundary curvature Ę is calculated according to

kr: _ krrv*krrt-krrn,

-k*:-::(or-rcr)-cr,
ł 1+2y"

where
(3.18)

krr*
łl+4, (3.19)

4. Ęuilibrium equations anłt statical boundary conrlitious

The non-linear shell equations can bc presented either in Eulerian or in Lagrangean
descriPtions. We Prefer here to use the Lagrangean approach, since in this case all qrruotiti.,
are related to the known geomętry of the reference shell middle surfacę ,/{.

I"et a shell with simply connected middle surface be in equilibrium under the surface
folcel, per unit area of .ń, and under the boundary force F and boundary couple Ę per
unit length of the reference boundary €. Thęn for any additional virtual displacement
field Ól subject to geometrical constraints there are symmetri cLagtangean stress and couple
resultant tensor§ N:N"gąo@ąp ar'd M:M"ąao@ap such tnat ttre Lagrangean virtual work
principle IVIV=EVW takes the form [2]

Ęr-U*rUop- 
Knp) t B

-k,,:+ ^ ,P@,-r-a*^!^opf tP1-.*,,
y L+zyft | ą

and or, Tt, Kt ate the nor,mal curvatureo the geodesic torsion and the geodesic curvature of
?, respectively.

!_l (W"P óy 
", 

+ Mą órc,r) dA: j.[ p . 6u d A ł ! @ . óa + K, ód2,) cl s .,Jr,nłę
By applying the Stockes' theorem we obtain

(4.1)

- II GNP)w.óudA+ l7r".aa+Ń""(at.6ś2)f ds+ L /Ń,"ęń.6u1:
JłęMł

: {Jo.óadA+ Jt.R.ół+Ę(a,.6a)7ds+ | lx,lń.aas, @l,nłęń

YE:97qao+QBn, ar. ó{2r:J 112y,,5P,,

Q"8 : 17"F -$711u, QĘ : M"F|.+ ąP*(2T*Ąu_y lpp) M^*,

where
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W6

R:F* 
^(KrD,

Ń,,:ńrĘu'or,rr, Ń,, : łi,,M" 
P (ół + 2y!) t,.v u,

1_1K,:- 17.6,, Kr: _T . ^ K-ar,' 1+2yr, 1+2y,,

and at all corners M1 of G Labelled by s:s;, i:I, 2, ... , .nr we have

d Ń r: Ę"(s, + 0) - M,"(s, - 0), A Er: E,(s; + 0) - K-,(§i - 0) .

The principle @.2'1gives us the Lagrangean equilibriurn equations

{GNp7*1p:0 itt łlt,

By differentiating (4.9)

d

B,:B,(O)-VxFu,

and (4.10) we obtain

the Lagrangean statical boundary conditions

Po:R, Ń,,:R, on ę (4.6)

and the conditions /Ń*:7Ę, to be satisfied at each comer tr,Ir. i

When expressed in components along deformed basis ó,, ń the relation (4.5) gives

the following three equilibrium equations

Q*P|g*al"y**Q^F -6bł + (4.7)

Qq|r+6"ug"§ +
a:F:0,
a

where

F: p:p"a"+Vrl (4.8)

is a surfacę force per unit area of the deforned shell middle surface.

Let F, and Ą(O) be a total force and atotal couple, with respect to an origin O in
space, of all internal stress and couple resultants acting at the part of the ńell bounda,rY.

By using the Lagrangean description these vector§ are defined by

M

Ą:F"o+ l r,ds, B,(o):B9(o)+ l (M,,a,+ r* P,)ds ,
Mx Mo

łłr:o,

(4.3)

t4.4)

(4.5)

(4.9\

(4.10)

a
-=
a

where .Fno and r|(O) are initial values of Ę and B:(O) u1 14:Mo.
The total couple B,(II4)=B, with respect to a current point i4 of deformed boundarY

is calculated as follows

d, 
Fo: Pn,

n_
i B,:M,,v,-vrx F,. (4.11)
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Let us also differentiatę Óu ald 3{2, with respect to §and take into aceount that ff:
-ł{Ęoa", which gives

(4.12)

(4.15)

d,-

^ 

óś2,:ri 1+Zyrr6k,,

d
7;6u:6itta,+ ó{2,xĄ.

Here ók, is the vector of virtual change of the boundary curvature and 6yo:óf,r^j"|§:
,I:I;ąóy", Tvhere 6yo=6yąt"l8 .

Now it is possible to transform the line integral in (4.2)1as follows
M

.r= J tą . 6u+ Ń-@,.óo)] ds:
I{o

M

- il*r", 
6Ą - r", *(óu1 + Ń,,(d,. on,{ a, :

Mg

M

: 
!|r*,""u,-ż,x 

F"). óa,- #+ anfa, + r,. 6,1#". (4.13)
Mo

By introducing (4.1l). and (4.12)1into (4.13) we also obtain
M

r: - J |t 
*u,r,.6k,*:LL,a*fas+ r,.6u|y,+ B".óa,l#". (4.14)

Mg

It follows now from (4.13) and (4.1,4) thatsome statical quantities work on variations
of geometrical quantities which establish the deformed lateral boundary. Therefore, to
each of geometrical boundary conditions at € lbere corresponds an energetically com_patible statical boundary condition expressed by the fotlowing quantities:

t)

2)

tr+, Pr, §r* Mr",

d2r*fr,udr- ĄxF,, a" F'
Tn* -|1Ę'

3) k,*- -ł7+ńB,, ltt€ -*
L l ŁJtt

The constant terms appearing outside the integration in (4.13) and (4.14) are responsible
for discontinuities of boundary values at the corner points of G andshould also be takeninto account.
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5. Beniting shell equations in tcrms of strain measures

The various shell relations discussed in § 2 - 4 have a purely geometrical character,

which follows from the assumption of Kirchhoff-Love constraints on deformation proce§s

ofthe shell. The relations still contain unrestricted §trains and rotations and do not depend

upon the shell material properties.

In what fol|ows we shall discuss the simplified sets of shell equations in the case of a

thin shell composed of an isotropic elastic material under the assumption that strains are

small everywhere in the shell.
within the small strains we are allowed to use the estimates

*:' * o (rń ; óop: cląp* O (ą), -ćF : a'P + O (q),
(5.1)

i np: ! n5 * O (,l1, inp: t,p + O (t1),

where r7<1 is the largest strain in the shell space.

The constitutive equations of the isotropic elastic shell bave the following form

N"': C [(1 - v)ynL + van P ytrf + o (rhq92),

Mol : D[(1 - v) rc"P * v a"P rc)f + o (Ehz 4S2),

Eh Ehl
C:-. P-- 1-y' 'nG-Ą'

where

(5.2)

(5.3)

Here 9 is the small parameter defined in [5, 2], ł is the small shell thickness, .E and Y are

the Youngs modulus and the Poisson's ratio, respectively.

When the small strains in the shell space caused by stretching and bending of it§ middle

surface are of comparable order in the whole shell region, the errors indicated in (5.1)

and (5.2) allow us to reduce also othęr shell relations. We assume here that it is permissible

to omit in all shell relations such terms which are of the same order as the error terms

introduced to these relations from the approximate constitutive equations (5.2). As a
result, the equilibrium equations (4.7) and the compatibility conditions (2.Q are reduced

[2' 10] to 
c1(l-v)7f|p+ yy9p|"f+p,_oę,+),

/ ,ąS'\
orci|fl + C (bft- rcfr) t(l - v) ń + vó!,yjf + p : O 

ęh2 ź ),
(5.4)

where )":hl$ is a large parameter L5, 21.

The geometrical boundary conditions are expressed in terms of the strain measures bY

using deformational variables k, and,7n. Under small strains for the bending shell theorY

rc![p_rcff|,:o(rY;,

yllft * ylllr - (u! rcfi - bi rcPp) + ż (rc2 ń - rc? Ą) : o W),
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(3.19) reduce to

P,: P,,i ł Proż + Pnnfra O (Ehą92) ,

P",: C(ynn* vyr) + O (Ehą92),

P ro : C (1 - v) y,, * O (EhĘSr),

',, 
: r| 

ąb,+ " E + 2 G _ v ) *Ą +

+ D (1 - v) [rc,(ru" - rc,,) + 2rc, rc,,f + O (Eh49g),
. ' a,: tł O (q) , M,,: M 

"u+ 
O (Eh3492) , i[r,: Mr,+ o (nh2tt$2).

Therefore, for the statical boundary conditions (4.15)3 we have

B,]=ro(o)+ 
llo{*""*rrc,,)7+Vx p,f ds..vx f ",or,Mo Ńo

hI
t.Fr:r,Foo+i. loP"ds,

Where Ą is defined by (5.0 and (5.7).

n,,:*,* off), k,,:rc,i+, (+),
n 
" 
:'* - *,ł 2rc, y 

" 
* t,(y_ _ l,o) *, (',F)

' The aPProPriate statical boundary conditions may be obtained from the consistentreduction of quantities aPpearing in (a.la). Under smalirtrains r*,łr" bending shell theorywe obtain

(5,5)

(5.6)

(5.7)

(5.8) ,,

(5.9)

The relations (5.4) form a set of six equations for six strain measu tes |op and rnp 1obe solved within "{t, All the formulae for components of Ą as well as those containingstatical variables at the shell boundary are linear in the strain measufes. This shows thatthe structure of the relations for geometrically non-linear bending theory of shells is re_markably simple. vr Juuro IJ '9'

. BY solving the sęt of equations (5.4) with appropriate boundary conditions we obtainthe strain and stress distribution within the sh.ll ń"". u;;;rl;; to the constraints as_sumed and with accuracY of the first-approximatiin theory. iri-e position of the shellin space is established with the accuracy up to a rigid-body motion in space.

6, Bending shell equations in terms of finite rotations and strains

The finite rorafion vector and its derivatives are decomposed in the reference basisan,l as follows

§l:ś)nco +śłn,
(Dop:ś)op- bopś2 ,

§2,r:ib^raĄ+óun,

łDi.:ś),p*bfiQ". (6.1}
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For the vectors ł, defined in (3.12) we obtain

k9:klBar* kpn,

1
kpp:ó|p* 

,-ił-rpt^F(ś) ,(Dp- iD4{ż)+ co,rtgo|żQp ,

1
k p : Q p * 

2 cosż a lze^l' 
ó 

^p 

ś2 uł a,ptg a f 2Q,

(6.2),

(6.3}

(6.6}

Since the rotations are allowed to be arbitrarily large here the relations cannot be sinr-"
plified.

Within the first-approximation theory of shells the tensor of change of curvature is
defined with an ertot O(q}2lh), L2,, t3]1. Terms of this order added to (or subtracted from}.
rcop do not change the accuracy of the approximate strain energy function [14]. Since
ke-OQtlh) it follows from (3.15) that

rc * = $ @, 
^ 

k! 9 + 8 p *:,) + o(+) (6.4},

This gives the representation of rcnp entirely in terms of the finite rotations.
If we introduce (6.4) and (6.3) into the set of equations (5.4) then it becomes expressed,,l

entirely in terms of y"p and śtr.

The geometrical boundary conditions may be expressed in terms of 7op and O by.
using kinematical variables ś2, and ytt atę. Under small strains but arbitrarily large ro*
tations we obtain [9]

- ó.-o
Q,:Ó,"o"' a* 12+ ś2+!d2+ "i2,-#;Frd|+ +o74żl:a+Ofu), (6.5).,

where

Ór: -y*n*Oęlu), cas2 a* 12:1(tr6+1),
g2* : }eiP{[(2 +,9) 9 l- ?* t$*a- a*l)f ar+ a xr n\ .

Therefore within the bending theory for geometrical boundary conditions it is allowed to.
assume values of CI and y* at €,

The appropriate statical boundary conditions in terms of O and yop follow from the
ieduction of quantities appearing in (a.t3). Under small strains and bending theory we
should assume at 6 thę following qualtities

M,,l -ż x Fn: M,,1 -lx (rg + f 
',Or1,

(ó.7},
_ż.F,: -i.(rl+ J r"as;.

Mg

Here for Ą we should use (5.6) and introduce there (6.4) and (6.3) in order to expres§

rnp in terms of O.

Eo
M
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The resulting set of the Lagrangean shell relations is quite complex witb respect to o.
Note that according to (3.11) and (6.3) the vectors kp depend upon O tńrough trigono-
metric functions. Thus, the resulting shell relations will also contain trigonometric de-
pendency upon O.

It seems to be more rewarding to divide the solution into two steps. First we may solve
the shell Problem in terms of strain measures as suggested in § 5. This allows to calculate
the vectors łp according to

(6.8)

'The vector O maY be found in the second step by integrating the two vector differential
,equations (3.10). Note that the structure of equations (3.10) is the sąme as that known in
analYtical mechanics of rigid-body motion about a fixed point, where the time derivative
of a ffnite rotation vector is calculated in this way from an angular velocity vector. The
solution methods developed in analytical mechanics may then be helpful in solving the
shell problems in terms of f,).

BY solving the set of shell equations with respect to O and Tnp theposition of the shell
ńs establi§hod with accuracy up to a rigid-body translation in space.

7. Bentling shell equations in terns of itisplacenents

Within an error of the first-approximation theory the formula (2.4) for Tap ca11not be
simplified. In tbe formula (2.5) for Kog ,wa are able to simplify n and no accbrding to

n : [1 + 9[ + ł(.9:)' - ł9; 9ł+ ę2JLt - ń,+ o (417,

nu : [- (1 - 9[) ? n+ q^lS ru- a a)Jft + O (ą)f ,

ytr:sł+ *słS!+ |q1 9 x+ q2 .

ln effect rnp becomes a fifth-order polynomial in terns of displacements and their de_
łivatives.

If we introduce (2.4) and (2.5) with (7.1) into the equilibrium equations (5.4)r,2 they
'become exPressed entirĄ in terms óf displacements. Two equations (5.4)1 are quadratic
,and the one (5.4)" is of the seventh-order polynomial in terms of un, w and their derivatives.

The displacemental boundary conditions are those given in (4.15), where now Ą:
--9o|v"*O(ł)]. When applying the statical boundary conditions we should express
Ą and M," in terms of displacements by using the constitutive equations (5.2) and the
strain_displacement relations Q.4) and (2.5) with (7.1).

The solution of a shell problem in terms of displacements gives us the complete informa.
tion about the shell behaviour within the accuracy of the first_approximation theory.
Unfortunately, even withiu the bending theory the resulting set of shell relations in dis_
,placements is still quite complex and nobody, as yet, has tried to solve such displacemental
,equations without any additional simplification.

k f : eĄu(rc p l ap* T ,,oll n) : (+)

t7.1)
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For some shell problems the displacement field may be obtained by dividing the solu_
tion process into three steps. In the first step the strains ua6[ gfoange§ of curvatures are,
calculated according to § 5. In the second step the finite rotation vector is found from the
knownstrainmeasure§ as §uggested in § 6. Taking into account that cn:ąnarr,oandusing
(3.9) we obtain

u,o=fnp a"+(6ł+lź)|o*r^*#ąr,ox(o"d], (7.2)

or within the first-approximation theory 
.

1-a,6:TaEć+axą+T;&@l2Ox(Oxar)! (7.3>

These are the first-order differential equations for rr to be found in the third step from
known dl and yop.

Roccived by thg Editof, April 1979.
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Trzy postacie równa]ń geometrycznie nieliniowej zgięciowej teorii powłok

, streszczenie

Deformację powłoki z więzanli Kirchhoffa-Love'a rozłożono na sztywne przesunięcie, czyste
rozciągnięcie wzdłuż głównych kierunków odkształcenia oraz obrót skończony kierunków głównych.
Podano ogólne wzory na obroty skończone w powłokach. Równania równowagi powłoki wyra!żono
pcptz§z, wielkoŚci Lagrange'owskie. Skonstruowano trzy warianty geometrycznych warunków brze-
gowych otaz ęaetgetycznie spójne z nimi warianty §tatycznycb warunków brzegowych. Podstawowe
równania teorii powłok konsekwentnie uproszczono przy załoi:eńu mafuch sprężystych odksźałceń
oraz teołii zgięciowej. Te podstawowe zależności wyrażono poprł.ę.ztrzy grupy zmiennych niezależnych:
odkształcenia i zmiany krzywizn, odkształcenia i obroty skończone lub przemieszczenia.

Tpn nn6r y1}aBnennfi reoMeTtlr.r€cna H€JIIrHefuof, nrrndnofi Teopnn odofloł€K

PesrcMe

ArSoPłraIpx o6ołow<u co cBr3sMlr Kapxroóóa-Jlpa pa3noxcena Ea xecTroe nepeMelqexge, qgcToe
pacTfrKeEue B,ĄoJIB TJIitBEbD( ocei AeÓopMaIFfi q ronesrrBlfi noBopoT gTm rnaBEbrx oceż, flo.rry.reEr
o6qPe 1PoPrrły.rsr Ałx KoEeqEbD( troBopoToB n o6onoqre. BlneAenrr ypaBaeltu, paBgoBecn I o6onow
BBIpćDI(eEEbIe vepeo Jrarparrx<enrre BąIIEqIIEBI. CfiopuyrmporaEbl TpIr BapEaHTEt reoMeĘrruecKm rpaeBED(
ycnoanfi a 3HepreTFlecKE cornacoBatHE6le c HEMtr BaptrźlETBI cTaTE{ecKEx KpaeBbx ycnoBd. Ocgonllblc
3aBtrcEMocTr TeoptrE o6oIotleK ]łrpoqesl qpE llpeIFonoxeEua MaJIirx ytrpyrlD(,{eóopMaqEfi u nsrn6xofi
TeoPuI{. 3rx ocnosmre ypaBlrertrfi qpeAcTaBIeEbI qepea Tpa rpyI[IBI He3aBEcI{MbD( trepeMeg§Llx: Ae_
ibopMaqrg o asln{elreEtr' rpEBE3EbI, .qeiDop\,raĄm{ E KoEeqEbIe uoBopoTEI EJIE llępeMeqeEar.


