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JAROSŁAWMIKIELEWICZ, EUGENIUSZ IHNATOWICZ, STANISŁAW GUMKOWSKI"

Gdań§k

An Analysis of the Pressure Gradient Effect on the Film Flow and it§
StabiliĘ*

An analysis of the pressure gradient effect on the thin liquid film flowing over the chąnnel wąl}l
:.i< been carried out. waw film flow and the pressure gradient effect on the film breakdown have also"

tea considered.

Nomenclature

4 - wave ąmplitude, thermal difrusivity, .ł - wave length, thermal conductivityo,
l - cross-sectional area of the channęl, p - dynamic viscosity,
c - wave velocity, y - kinematic viscosity,
c, - isobaric specific heat, p - density,
d - chąnneldiameler, . 6 - surfaceten§ion,
E-totalmechanicalenergy, r-shearstress,
e - mechanical energy per unit width, 9 - function defined by eq. (30)",

G - mass flow rate, c) - wave frequency,
/ - integral, function of the parameter d6 Ntt - Nusselt number,
ł - wave number, Re - Reynolds number,
K - parameter defined by eq. (22), Pr * Prandtl number.

P - Pr€ssure' subscriptsR - rivulet radius,
,Ł - gas constant, e - equivalent diameter,
s - distance between rivulets, / - film,
9 - mass flow rate per unit width" 0 - Eas,
l - time, i; liquid-gasinterface,
r-temperature, n-n-thapproximation,
l - velocity, 0 - equivalentvalue,
U - channelperimeter, p - pre§sure,

: :,z - coordinates, r - rivulet,
X - parameter,dęfined by eq. (44), .r * surface,
e - beat transfer coefficient, * - rnean value,
ó - water film thickness, + - nondimensional parameter.

do - contact angle,

' The paper has been completed a§ paft of the research program ,,Fundamentals of Powęr Ma-
:l:ery and Equipment Design" (Problem No. MR I. 26, group 0Q.
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26 J. Mikielewicz, E. Ihnatowicz, §. Gumkowski

1. Introiluction

Research on flOw, stability and heat transfer of shear driven thin liquid films has been
carried out at the Institute of Fluid-Flow Machines for several year§ [1+4].

The purpose is to learn the mechanics of the water film flow in the last stearn turbine
_§t€es. Knowledge of the phenomena connected with motion and stabitity of water films
in the last stages of steam turbines is expected to allow effective measures to be taken against
erosion of turbine bbbes. It may also help to solve many other technical problems involving
thin iiquid films occurring in various devices. Earlier work was mainly concerned rvith the
simplest modęl of the film motion, i.e. a fil"m driven by shear stress at the interface. In the
case ofa steam turbine blade channel there occur substantial variations ofthe cross-sectio_
nal area, resulting in strong pressure gradients. The subject of this paper is an analysis of
the pressure gradient effect on the film flow and its stability. The paper is a summary of
,[th results obtained recently at thę Department of Thermodynamics and Heat Transfer
5e ,7!.

2. Gas-Phase Flow in the Channel

In the literature the liquid film flowing over the channel wall is g5Ilellr considered
§eparately from the gas-phase flow. Both phases are coupled onty by conrin,,iĘ- of shear
stress at the interface. In this paper both phases are considered jointly. A posn.ble simplifica-
tion of the model is indicated in subsequent analysis.

Let us consider the channel shown in Fig. 1 with the gas phase floxing through the
.channel and a liquid film moving along its walls. At a given cross section A(x) flovł paru-

lpo #p
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Fig. 1. Scheme of the gasłiquid film flow in the channel
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meters are ug, To,po, u1 and Tr. At x+ dx łhe area is A+ dA. 'We allow momentum and heat
transfer betweęn gas and liquid film and assumę further:

1) mass transfer between gas and film is negligible,
2) the flow is adiabatic,
3) energy dissipation in the gas phase is negligible,
4) flow is one-dimensional in the gas phase,

5) the gas obeys the perfect gas law,
6) film properties are constant,

. 7\ thedisplacement effect of the liquid film on the gas phase is negligible,
'8) filrn flow is laminar.
The abovę assumptions 1ead to the following equations:

. - continuity equation for the gas phase
' 'Gn: prunA,

- continuity equation for the liquid film

G7: l1U161LI

- combined momentrrm equation

-'dp:Orfu*r*G,*,
of

- combined energy eqLlation

o, (,, r, +ń) + e, (, * r, *ń1: const .

Together with the equation of state of the gas phase

p: pgRgTg

fronr eq. (t)+(5) one obtains the following differential relationships

(4)

27

(1)

(ż')

(3)

(5)

(6)

RgTg dA _o, ( _lrt^ D_Rnor!u! + 
A 

u_nur\dun A dx Gn\ cpo odx cpg dx U61 'dx/dx 
",(,-*-T)

dTn_Tg dA _Gf un A dut_., drr(1 _To\, (7)
dx- A dx-ą 

^ł, 
u ń-" d-\Ę-ą/'

Ł:. o (LdTg_ Tg dA _ŁYr\. (8)
dx "''-a\Auo dx Azuo dx Auzu dx )

The above relationships together with equations describing liquid phase motion allow the
numerical computation of the two-phase gas-liquid flow when the liquid flows along wall.

In the case of Gf:O, eq. (6)=(8) reduce to thę standard relations of one-dimensional
gas dynamics
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T- ilA
iR'a* ,(9)ńł

dx

",(,-*,-T)
*:ŁY-,"*(I_ł\, (10)
dx- A dx "odx\no 

"Ż)'

!:^^o"(}_fr_ŁY_3jk) (11}
ilx "e'e 

\Auo dx Azuo dx uzn AdxJ

If the gas flow is further considered incompressible eq. (1) and (3) give

ąnd

1 dp dtlo

--: -u------:-pgdx 'dx

dun Gg 1 dA
a:-ĘT d*'

(12>

(13)

while eq. (13) and (12) yield the relationship for the pressure gradient

; 1dp G? dA

;,ft: r7TE (14}

which suggests that the pressure changes appear only as a result of the variable channel
area.

. 3. §mooth F',ilm FIow

The momentun equation of a thin liquid film flowing along the channel wall may be
written in a form

0u, . 0u, 0'u*
u* 

ar*u, ay=Yl ayl

and the continuity equation is

'r au-uy:-|łdY,, JOx
because ur:Q f61 y-s. 

0

Introducing es.(1ą into eq. (l5) one obtains

10p

P1 0x

0'u, 1 0p

(15)

(16}

0u, 0u, f 0u, 
"

"-Ń- ,, ] a*ol:" ^'0y- PlOx
(17}
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The boundary conditions are

for y=g u"]O
0U, tri .\

for y:ó, ay:ń,
for x:0 il":Uo, 61:67o.

Equation (17) and the boundary conditions may also be.rewritten:
y

,,*ff:,..u#-u#I*dr*ł*, (1s)

0

for y:6 , Urr:O ,

dL|*, T1

for y:§, dy:ń,
for x:0 l1,r:Iłg s 61:67o.

, The form of eq. (18) allows solution through succesive approximations. The index n

stands for the number oi th" upp.o*imation, each of which must satisfy the ąbove boundary
\conditions.

Assuming the zerotłr approximatioo cf1,6=0 one obtains the first approximation to the

velocity profile within the liquid layer in the form

1itpyz |t1 tdp"\_."-,:i#;-G-;ńu,), (19)

Putting the mean film velocity

ó1 -

a,:łI,.o,=h#,l-G-ł*rĄY:*'# (20)

0

into oq. (19) yields , 
,

u-=Łffi'*r,*-1)(il, ę1')

where the parameter :#, (22)

€xpresses the ratio ofthe shear forces to those due to the pressure gradient.

When the pTes§ure gradient is negligibly small eq. (l9) results in the known velocity

profile of a shear driven film

u,tźŁ y. (23t
llr
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Further aPProximations oithe solution of eq. (18) have a complicated analytic form and
are presented in [5].

In the sćrme paper an analytic solution has been
ptessure gradient along the channel.

presented for the case of a constant

4. Heat Tlansfer between the Gas and the tiquirt Film

Hęat transfer betweęn the gas arrd the film is by convection nature. For turbulent gas
flow the heat transfer Óoefficient may be determined from the well-known Dittus-Boelter
correlation [8]

(24)
where

are resPectivelY, the Nusselt and Reynolds numbers, based on the hydraulic channel dia-
metet d":ĄĄlU and Pro:vnfar.

The simplified energy eqrration for the liquid layer takes the form

dTt aU (T-Ę) (25)

and with the aid of eq. Q4)

Na : 0,023-R eon,8 Pron,4 ,,

Nr:o!" , p",:!&
Ag Yg

ff : o,orr^e},s rr|,4 #k (Tt - T) . (26}

Equation (26) together with eq. (1):(8) and eq. (20) determine the parameters of the
two-Phase liquid-vapor flow. Their numerical integration proceeds iteratively. The gas
flow in a given channel is solved first assuming no liquid film on the walls. Then the liquid
Phase flow is deternrined. In turn tbe influence ofthe liquid phase flow on the gas flow is
computed.

The aPProPriate shear stress is determined from standarcl, dry-wall, friction coefficient
correlations and the locai gas velocity.

5. Liquiel Filłn with Small-Arnpliturle Waves

Tlre influence of the interface shear stress and of the pressure gradient on the flow qf a
thin wavy liquid film will now be considered. The solution of such a flow has been obtained
with the aid of a method proposed by Kapica [9]. Eartier discussions of the wavy thin
liquid film flow concentrated nrainly on a gravitational flow |g - 121.

In order to predict the wave length of the wavy film a snnall-amplitude wave (Fig. 2}
has been considered. The mornentum.equation of thę unsteady filn flow, taking into account

dx Glcpt
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Fig. 2. Scheme of the wavy liquid film flolv

the capillary forces at the interfacę and making use of the continuity equation is

0u, . ;lu, ('r ar,, \óu" o d36, 1, 0p , ^, 
ó2u,

i *u, 
ar, -U E o' 

) ń:ńav- ,rń+|t ar, 
,

0

The continuity equation yields further
61

(27}ll

(28},

The unknown velocity profile u*is a functiń of the coordinates r and y and of the time r""

Since the length of the waves considęred is taige in comparison with the filrn thickness

Ę e9.Q7), (28) may be averaged over the film thickness ór.

Introducing the velocity profile eq. (21) into eq. Q7), (28) and assuming the mean filrn

velocity i,:i,(x, t) one obtains after the averaging with respect to y

, ał_ 3i- "- di-
tł +(x- tll T+:3; t*+i(r- r)+;(K- 1),] ; :' '- at 3K-z -'" " ox

3K_2d36, ,zvri, 1 3K-2 _ t1o:6 
: 

_--i- -:-:;- Li. ,-r}-pt 3 dx' ó} ptót 3K

It is further assumed that for the snrall amplitude waves the film thjckness may be expressed

aS

ó1 : óyo * óy o rP : ó ro(l + cP), (30}

where dyo - rnean thickness of the wavy filnr, ó1o p * deviation of thę filrn surface from

the mean thicknęss.
The dependence of the filrn thickness ó1 and of the nrean velocity D, on the argument

x_ct (wave disturbance propagation) is also accounted for in the analysis.

The first approximation to the fi.tnction p has been obtained from the continuitY and,,

monrentum equations in the form

o ^ 3K-2 d3 łp

ń 
u,o T 7;. - 

(c - u ł {Łr* + ł(r - 1) + 3(K - 1)'f -,tł + (r - łl\ ff "
+*r" n. ,..,2'Iuo ' -'\='",:o, (31)

ó',a -3uo)q*Tł-ń, Jl(

ó6, a /r .\ a(i,6r)J__-l l lr rlr,|__--.-il a*\J 
*--'J 

0x
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where a9 is the nean velocity of the equivalent smooth film of a thickness equal to the mean
thickness of the wavy fibn ó;o. Equation (31) is a third order linear differential equation.
For a periodic undamped solution of this equation to exist, the free term and the coefficient
of p must vanish. The first condition is met when

T, 3K- 2uo:-j- * Ujr. (32)
Ftot

,Comparing eq. (32) with the mean velocity of a non-wavy fiIm (20) one obtains

Ug:U*. (33)

It follow§ that in the first approximation the mean thickness of a wavy film ó1o is equal
to that of the smooth film ó/. The second condition implies that the wave propagation
velocity

c:3Uo. (34,

Taking into account the above conditions and the relationships (33, 34) the function p is
obtained in the form

ę:a sin(kx*(rt),

where k is thó wave number given by

.and is slightly larger than for the gravitationat film. Thę con§tant in eq. (3ł equals 4.2
for a gravitational filn and takes the value,of 4.66 io thę case under consideratipn.

Relationship (36) may also be written

(35)

r 6 35K2 -45K+14 "3 
prlr . (36)o:L' --TK-_ry- ń)

'When the parameter K described by eq. (22) tends to infinity, which corresponds to the
:shear driven film flow, the wave nunnber & is given by

,._ |+-@i,^-V 
"ó,o

(37)

ł:|l(Ę"?u]o*-L ,ą 1
,§ome values of the functionf (K) are listed in the Tąble 1.

(38)

Table 1

K 0 10 100 1000 10 000

f (K) 4.2 4-6898 4,6689 4.6669 4,6667

The wave number predicted frorn eq. (38) allows one to calculate the wave length

2n)":ł. (39)
k
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It follows from the Table 1 that moderale pr€§sure gradients affect the wave number and

consequently the wave length onty slightly. In technical calculations the influence of tbe

6. Effect of the Pressure Gradient on the Film Breakilown into Rivulets

References 11,2, 4,13] consider the breakdown of shear driven films into rivulets. For
that case the velocity profile within the liquid is given by eq. (23).

Let us consider th;fln breakdown under substantial pressure gradients, when the film

velocity profile.is described by eq. (19) or (2l). The mechanical energy of the system shovm

in Fig. 3 consists ofthe kinetic energy and the surface energy of all the physical srrrfaces,

The total mechanical enefgy per unit width of the filrn before breakdown is given by

Tho mass flow rate in the film per unit width before breakdown is

t+K-i]ói. (41)

Assuming the §urfac€ ten§ion alrto be con§tant and ncglecting gravity efects the rivulct

forme a gcctor of a circle as shown in Fig. 3. The §ector i§ determined by thc central angle

2 06, whcrc 0q is tbe €ontsct anglą
The velocity profile in a given cross section of the rivulet of thickncss Ó,(z'1 is assumed

identicd to thet h a film of constant thi*npee ó,(z). This assumption was justificd ia [l3I.
In gencral, thc tiwlet velocity profilc may bc writtcn as a fun§tion uk, y). llence tbo

}

F_*s

E1

", =? :? 
I r^' d1| * o 

"1 
* a 1o='ł k(?J r*, - *" + !K":1 6'i + a o, + o,,, (40)

61

ł :!,- ł t I,,<rl 
o, :ofi|ł_

a)
I

8 Hace llMp. rL lt

Fig. 3. a) Unbrokęn film, b) Ruptured filn
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rivulet mass flow rate per unit width of the film i§

r zt 6.(z)

n-?:'+ 
[ I"*,, 

ila,al,:Ł!n.Pr (f,)r,-+r.],
00

where

0o

I z: I(cos 0 - cos 0o)2 cos 0 d0 : sin 0 o -} sirr3 0o * 0o cos 0o
o

66

l.: 
d 

(cosO-cos0o)3 cos a d0: -Źcos3 0o singo-f cos0o sin0o-j0o sin'eo+d90o.
o

The total mechanical energy per unit width of the film is given by

__ zt Ę(z)

,,:+:* 
I I"rrr, 

y)dzdy+!-[2Ro1o sin06 +2R/"qarr*(s:2R sin09)o"r]-
0o

zt 3.(z)

_Pt l l ..r,_ 1 .: 
,, J J ";tr, 

y)dzdy*-(2R0o+cos09-R sin26o)alu*c6: (43)
oo

:'ńę)' R' 
[+1, 

- *" (* 
) 

l" + *r'] + 1 (2R0o + cos 0o _ R sin 20 g) o 1, ł o 3.

where

.0g
/ł : .f (cos 0 - cos 0 g)a cos 0 d0 = - 2 cos3 0o § sin 2do +0o) +(sin 99 - | sin3 0o) x

x (+6 cos2 6o;-4 cos 0o($0o +} sin299*$ sin406),
0g]

Is: l (cos 0-cos0o)5 cosOdO:eo(*+Łq cos' 0o +$ cosa0o)+
o

- sin Ooff cos 0o + fr cos3 ao + } coss 0n1 "

Let us introduce the wetting parameter X

x :2R sin 0o . u4}
§

The total energY of the film broken into rivulets is then a function of tlrat parameter.
The following conditions of film breakdown have been formulated:
- fitn mass flow rate and mechanical energy per unit width of the film remain constanto
- new flow structure (riwtets) is stable.
These conditions may be expressed as

(42,}
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9!:a,
§ §.

]

".: 
€l'J

' de- 02e-, -0 --..'.->0dX aX,
for ł<l.

From the energy balance eq. (4ą there results

(45)

(46)

(47)

" (#;-'o, oo)- tl - cos 06)

(ł)': (48)

rt- f,r +!x, -Ń [*n - *" (*) o - +"' (*)

where

u;:tr#,,(?)'7'''u,

On the other hand from eq. (47)

(

Ją= ]*,. (*)-*" (ŁJ ln+!x"€' I3+x# 
[;* (fl u-

.i.,o.€'["-" 
'3-- 

\ R) '"''-

ą,

- lI, - x2 I,(+n} - (**; - *. r,) : o (49)

and from eq. (45)

Putting eq. (50) into eq. (48) one obtains an equation for the dimensionless film thickness

at the moment of breakdówn

(ói)5:

śI.-/il,eR)

(f,)i;-",
(50)x

sin do

(S)i; -, (0 g - +, sin 20o) * ( 1 - cos u,>P,, - *r, (Ł* )]
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Another relationship results from eq. (49) and eq. (50)

-(*)' {'o-źsinzeo) [r,

- n 1. r, * (*) (!t, t,K + *K/3 /4 ) - *K'("J' I 2 I 4+ źK3 (*r r, r.

_5,,(*)J
(ói)5: (52)

Ęuations (51) - (52) form a set of two equations with the unknowns d} and (órlR).
This allows the determination of the dimensionless film thickrcss at breakdown ó} as a
function of the parameter K and the contact ąngle 0g,. Calculations of ó} are presented
in Fig. 4. A special geometrical procedure is necessary to find the value of d1 from Fig. Ą
since ó; occurs in both ó} and K.

Fu. { Dimcpsionlc§§ tblctrcso of tbc brokcn filn di rłcrruc lfi prranct€r for dJffcrent vąluoc of lbo
contact rnglo

It follows from the definitions of r( and ó}. that ó7 is directly proportional to d} and to
the reciprocal of ł(. For given physical properties, pres§ure gradient and shear §tre§§ at
the interface it is possible to calculate the factof§ ofproportionatity. In turn, one can draw
a line from the origin (ój, UĄ and crossing the curve corresponding to a givou contact
angle 06.

Forthat point one finds the values ofóf and Kand, in consequence, the required film
thickness ó1.

t-lq



An Anatysis of the Pressure Gradient Effect...

7. Conclusions

Relationships describing gas phase,and tiquid phase flow in a channel of variable area

are presentea ii tnis paper.

Variable channel area affects mainly the gas phase parameters resulting in variable

pressure gradients along the channel axis and in variable shear stress Ót the interface.

iariable pr"r.or" gradients and shear stress at the interface drive the liquid Phase assumed

to be incompressible. Wavy fibn flow and its breakdown into rivulets have also been

considered. The resulting formulas allow an analytic solution under substantial simpli_

fications only.
rn more general cases nunerical tecbniques are neces§ary. Therefore, general conclusions

are not available. However, the influence of the pressure gradient on filń flow in channels

of technically important geometries can be studied. Detailed assumptiou concerning the

channel profile ate then necessary.

The analysis of the wavy liquid fiIm reveals only a slight influence of the pressure gra_

dient on the wave motion. This influence may be neglected in engineering calculations.

Numerical calculations of film breakdown also indicate only a slight influence of the pressure

gradient on the film breakdown process.

Rec€ived by the Editor, January t9Eo
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Analiza wpływu gralrientu ciśnienia o' przepływ filmu i jego stabilność

§treszczenie

W PracY Podano zależnoŚci opisujące ruch fazy gazowej i fazy ciekJej w kanale o zmienaym prze_
kroju. Zmiana Przekroju kanału wpływa głównie na parametry fazy gazowej, co prowadzi oo ,ł"n_
nYch gradientów ciŚnienia,wzdłuż osi kanału oraz zmiennych naprężeń stycznych na granicy rozdziała
międzY fazą gazową a ciekłą. Zmienne gradienty ciśnienia oraz naprężerria styczne ou eIaoicy rozdziala
faz Powodują ruch fary ciekłej, którą traktowano jako nieściśtiwą. Rozważóno ruch falowy otaz pę-
kanie filmu cieczowego na strugi. Opracowane zależności tylko przy dużych uproszczeniach p.orn"d"ą
do rozwiązań analitycznych. W przypadkach bardziej ogólnych wymagają zastosowąnia numerycznych
1ęPhnik obliczeniowYch. Analiza ruchu falowego filmu cieczowego płyn|cego po ściance kanału wy-
kazuje, Że wpływ gradientu ciŚnienia na ruch falowy jest niewielki i w obliczeniach inżynierskich może
bYĆ nie uwzględnianY. Wpływ gradientu ciśnienia na proce§ pękaŃa filmu wydaje się również
niewielki.

Ananus BJmflHf,rł rpagaexTa .ąaBnetrtrfl
Ha Teqenue nJIenKil xx,qKocTtr tr ee ycTof,tlEBocTb

Pesro}re

B Pa6ore 0PeAcTaBJreHbt 3aBnclłMocTrł onqcLrBaloĘEe .EBHxeEue la3oBofi n xcuAxoń rlas r ranało
aePeMeEEoro §IIeHE-fi. Ilsuexegrre trouePeqxoro ce{ęHafi xaEana BJrEleT B ocEoBIIoM }Ia napaMeTprl ra-
soaofi t[asrr, tITo nPIrBoAuT r trepeMenxbrM rpaAileaTaM AaBJIeHtr BAoJIb ocn KaEaJIa, a TaĘxe K trepe_
MęEEbIM KitcŹtTeJIbEbIM EaTDKeIłĘrM Ha rpaElrrłe pa3AeJIa ragoBofi u xnrofi Qas, flepelrermlre rpaAaeETbr
.qaBJIeEtr tr (acaTeJIbEBIe EaTgxeEBfi Ha rpalrErle pa3Aena (!as rrrsrrsaroT ABrlreEEe xu4roft $asrr, xoro-
PYK' IIP'{ILTo emrarr rrecxnrrłaełroŻ. PacclrarPmaeTcq BoIEoBoe ,BE KeEEe r pa3pBIB xum(ocfiłoź [;1eE_
xE Ea cTPYE. Brraegerłxrre saBIIcEMocTE ToJIBKo npa 6oalrnlx yfipoqenlóD( Bę.qyt x auarmruł'ecxnrł pege-.
roxłr, B dorree odrqnx clYqarx ueo6xo.qruo qptrMet TB slłarlemrJalo paclreTĘĄo Tex§uKy. Asa1us soJr_
EoBoro lPExeHa' xEmocTEofi IIIeHKI{, reryqefi lto cTeHI(e raIIaJIa AoKa3BIBaeT, qTo B:rłflrrlre rpaĄfieETa
AaBJIeEE' Ea BonEoBoę l{BEx(eEIte EeBeJImo tr B EE)KeEepcKIrx pacqeTa( fipeEe6pexxrrło. B.rrumne rpa,4uen_
Ta ,ąaBJIeHufi IIa Epoqecc pa3phlBa TIJIeĘKII xaxęTc, 6grrr raxxe Iłę3IłaqETeJBFEIM.
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