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WITOLD DRABOWICZ

Gdanisk

Symmetry-Adapted Wave Functions for Crystal Surface®

The character tables and the symmetry-adapted wave functions have been détermined'in a syste--
matic way for non-symmorphic two-dimensional space group for x—y surface of white tin lattice. Ac--
tual calculations in the present work have been confined to four wave vectors of the two-dimensional

Brillouin zone.
These functions may be used for calculations of the electronic properties of thin or thick films by:

means of multiple-scattering method.

Nomenclature
SUC  — surface unit cell, k* — wave vector,.
AS — atomic segment, . E, I — identity and inversion: operators,
T — non-primitive translation, C,oc  — rotation and reflection operators,.
G* — two-dimensional space group, w(?) — wave function,
BZ — Brillouin zone, Ph., PP — projection operators..

1. Imtroduction

In the band structure calculations, concerning both the bulk and the surface of crys--
tals, it is necessary to know wave functions transforming according to the irreducible:
representation of the corresponding space group. In this work we are interested in the-
construction of such functions for white tin crystal surface which is treated within a slab:
geometry.

The preponderance of works analysing surface electronic structures- are based on a
slab geometry rather than on a semi-infinite geometry.

In the latter case the symmetry is reduced, because there is no reflection symmetry
in the plane z=0 (Fig. 2), and in some cases there is no inversion symmetry..

The value of this simple model is that calculations of surface properties can be per--
formed for simple metals, semiconductors, transition metals and for surface conditions

* The paper has been completed as part of the research program ,,Fundamentals of Power Machi--
nery and Equipment Design’’ (Problem No. MR. I. 26, group 09).
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112 W. Drabowicz

such as clean, reconstructed, relaxed and chemisorbed systems [1]. Its weakness lies in
the fact that the computational effort grows considerably with the increasing number of
layers. .

In considering surface properties of white tin we assume that the surface in question
is a natural face of the bulk crystal. For labelling of the symmetry operations in this paper
‘the Schoenflies notation is being used. We shall follow the notation of Cracknell in
labelling the two-dimensional point and space groups.

2. Group analysisb of the surface region

The white tin bulk structure is shown in Fig. 1. It may be considered as a body-centered
“tetragonal lattice with two atoms per unit cell [2].

A group theoretical analysis for the symmetry of the white tin had been presented
-earlier [3-5].

Fig. 1. Crystal lattice of white tin Fig. 2. The surface unit cell

The space group of lattice, besides the primitive translation, contains a set of 16 cover-
ing operations, which are pure rotations and reflections, as well as rotations and reflec-
tions followed by a non-primitive translations.

Now consider a film of white tin lattice with three atomic layers parallel to the x—y
plane. The film which is periodic in two dimensions may be divided into surface unit
cells (SUC) as shown in Fig. 2. Such division is used in the multiple-scattering technique
[6-8]. :
The coordinate system is oriented so that z is normal to the surface, whereas x and y
are parallel to it. The SUC in two dimensions is spanned by two shortest lattice vectors
@=ai and ¢=cj which are parallel to the surface. The quantities & and ¢ denote the struc-
ture constants of crystal lattice, and i 3 denote the unit vectors.

Along the z axis the SUC is extending over certain number of empty layers. The SUC
and its translated counterparts fill the entire space.

The part of SUC to which atoms are confined is called the atomic segment (AS)
which we denoted by letters ABCDEFG H as shown in Fig. 2. The AS of the SUC contains
‘two atoms from every atomic layer. Each of the six atoms which belong to the AS are
denotéd by arrows as shown in Fig. 2.
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The presence of two atoms per atomic layer introduces some symmetry operations
involving the non-primitive translation 7 =1/2 (a_i)+1/4 (c—]') connecting the two atoms.
Since the film has translational symmetry in two dimensions in the plane of the surface
instead of three dimensions, the symmetry of the two-dimensional space group G° is re-

ky

<
e
>

Fig. 3. The two-dimensional BZ

duced when compared with the symmetry of space group G of the bulk crystal. It can
be seen in Fig. 2 that the two-dimensional space group besides translational symmetry
contains four symmetry elements which leave the lattice invariant.

They are:
A,={E[0} the identity operation,

A,={0,|0} reflection in plane yz, Q.1
A;={o )t} and A,={C,[7} reflection '

in plane zx and rotation through 7 about 0z followed by a non-primitive translation vec-
tor 7.

The two-dimensional Brillouin zone (BZ) and the irreducible segment for x—y surface
of white tin are shown in Fig. 3 [9]. The vectors specifying the direct and the reciprocal
lattices are

-

Rm=m1_d+mzz, (2.2)
G,=n; by, +n,b,, . (2.3

where m,, m,, n,, n, are integers and 31 5 52 are reciprocal lattice vectors.
For any distinct wave vector k°, there is a group of symmetry operations which are

denoted by P(%’). For a given two-dimensional space group G° the group P(K®) consists
of all these point group operations R; for which

Rk*=E+G,, (2.4)

where R;|t is contained in G°.
For the wave vectors labelled by I', X, Y and S there are the following symmetry ele-
ments of the group P(k°) [9]:

{E}. {o.}, {o,}, {Cai} (2.5)

8 Prace IMP, z. 80
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The coordinates of the symmetry points are I'(0, 0), X(zn/a, 0), Y(0, n/c) and S(n/a,
zfc).

The film has inversion symmetry but inversion is not a member of the group of the
two-dimensional wave vector k° except at the point I of the two-dimensional BZ.

In view of the three-dimensional character of AS and the inversion symmetry of the
film there are eight symmetry operations for k~°=0 at the point I.

B} ={EIO}’ B2={C2y|0}’ B3={axlo} ’ B4={azl0}’
Bs={It}, Be={o)|t}, B:={Cu.|t}, Bs={Cul7},

where the point group symbols used have the following meaning: E, I-the identity and
the inversion operations; C,,, C,,, C,, — rotation through = about Oy, 0z and Ox resp-
ectively; g, o0,, g, — reflection in plane yz, yx and zx.

Now we consider the points X, ¥ and S. Bloch wave functions at these points may
be written [4, 10]

(2.6)

wo=exp(ixn/a)u,(7), w,=exp(iyn/c)u,(F) @.7)
and

ws=exp[i((n/a)x+(n/c) y)]ulr), ' ; (2.8)

where u,(7), u,,(-r") and u/(r) are periodic functions with period a and c.

All transformatxons of the form ;1=(2m1af , m,cj) are represented by the unit matrix
{Elt } since exp (ikS:1 t)=1 and the transformations t,=[(2m, +1) af, mycj] are represen-
ted by {E[tz} where exp (ikS-1,)=—1.

At the point X the operator 43 must be included in the group of this wave vector.
A3 commutes with every element of the group given by (2.1). Thus the group of this wave
vector is of order 8 and has the following symmetry elements: =

C1={E|;1}, Cz={0x|;1}, . C3={’7y|'?+;1}, C4={C2z|?+;1}5
C5={EI;2} ; C6={0‘ l;z} C7={0'yi%’+i’2} C8={C22|‘?+;2}

2.9

By means of similar analysis we obtain the elements of the groups D and F of the
wave vectors Y and S respectively

D,={Elt:}, D,={a]ti}, Di={o,Ji+5}, D.={C.[i+8},

. 3 (2.10)
Ds—{E|‘4} Ds—{"x|t4} Di={o,[i+t}, De={Co.fi+t},
where 13—(m1az 4m2c1) and t4--[m1al (4my+1) ¢jl.
Fi={El}, Fi={ofi}, B={ofivil, R={Gfi+i}, o))
Fi={Efi}, Fim{ofid, Fi={ofi+i, Fom{Cpfi+it)
or an eqivélent set symmetry elements A .
Fy={Elty}, Fi={o|ts}, Fi={ofi+ii} Fi={C,,[i+2}, @.12)

={Elt}, Fi={oJie'}, Fi={oJi+i}, Fi={Coli+5}
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where 17=(2m, ai, 4m,cj), t¢=[@2m,+1)ai, 4m,cj] and
17 =[@m,+1)ai, 4(my+1) &1, 1 =[2m, ai, (4my+1) 1.
~ The groups of the wave vectors /" and Y are of order 8. Each operation forms a class
by itself and the classes are non-degenerate.
The groups of the wave vector X and S are also of order 8 and contain five classes.

There are four non-degenerate and one doubly-degenerate states.
For example, the classes of the group of the wave vector X are as follows:

£,=C;, &=Cs, &=C+Cs, &=C3+C;, &=C4+Cs. (2:13)

3. The calculation of the character tables

The first step in the calculation of the character table is the determination of the class
multiplication coefficients C;;,. The product of two classes can be expanded as linear
combinations of classes in the following way:

ggy= 3 Cipe /(3.1)

The replacement of classes by their characters leads to the formula 7 v
hhygix;=xe 2 Cijshsis, - G

where h;, h;, hy denote the number of elements of symmetry in classes i, j, s respectively,
and y;, x;, Xs denote the corresponding characters, wheraes yjp is the character of the
matrix defining the identity operation.

A quantity X is introduced by the equation

Xite=h¥;- (3.3)

Equation (3.2) expressed in terms of X; took the form given in [10]

Zl (Cijs~Xj5,~s)Xs=0. ‘ (3.4)

For fixed j the condition for the existence of finite solution is
Cljl__Xj Cljz “ee Cljr

Cljl CZ]Z_X] can Czj,.
................... =0. (3.5)

The number of classes is denoted by r, and therefore for each class there are r roots.
The r determinantal equations solution of which for each j provides values of X;. From
these values of X it is necessary to derive the corresponding characters y; from the equa-
tion (3.3). The orthogonality relations are needed to get the proper sequence of charac-

o
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Table 1
Character system for the point I"
s {E|0} {Cy[0}  {0:[0} {o.|0} {7} foed  ea)e) 0.5
1y 1 i 1 1 S 1 1 1
r, 1 1 -1 -1 1 . 1 —1 -1
r 1 =1 - 1 1 2 it -t
1y 1 -1 1 —1 1 —1 1 —1
s 1 1 1 1 -1 -1 -1 —1
15 1 1 -1 —1 —1‘ -1 1 1
r, 1 —1 -1 1 -1 1 1 =1
Iy 1 -1 1 -1 -1 1 -1 1

ters down a given vertical column. The order in which the rows occur in the character
table is arbitrary or conventional. ‘

For all irreducible representations of a group one must take into account the ortho-
gonality relations [12].

In tables 1 and 2 are given the character tables for the two-dimensional space group
of white tin and for wave vectors referring to the /" and X points in the two-dimensional
BZ.

For the representations X5 and S5 which are two-dimensional, instead of characters,
all the irreducible matrices have been evaluated. Since all the matrices of the point group

Table 2

Character system associated with the point X

X {Eh} {odn}  ff+n}{CLTHLY (B[R} (odf)  {o)T+0) (CultHi)

X 1 1 1 1 it 1 1 1
X2 i = 1 = 1 =l 1 =1
X3 1 ; 1 —1 = o 1 o -
X, 1 = =1 1 1 =1 - 1

- B ENe L o G

commute with each other, a single transformation matrix S can be found such that
each matrix undergoing a similarity transformation by S becomes diagonal. Thus we have
considered tables for irreducible representations for a given wave vector k.

These representations can be used to provide a scheme for labelling the electronic
states, as well as to identify any essential degeneraces and to simplify the calculation of
band structures. The analysis for other wave vectors can follow the same line.
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4. The generation of symmetry-adapted functions

Having determined the character tables, we are now able to find all possible symmetry-
adapted functions that belong to each of the representations. These functions have correct
properties required by the representation under transformation by the group elements.
The operators which accomplish this process are known as projection operators and are
defined as [11, 13-15]

Pr,=exp(ik*1; ) L,lg ¥ T*(R)i,P(R) (4.1)
R
» and

P?=cxp(ik**11,2) ,/g T LRP®). (4.2)

We form such operations which belong to each irreducible representation. For the
generating functions we take spherical harmonics for /_,,=4. In order to proceed further
we need also expressions for RY;.(7).

The projection operators (4.1) and (4.2) applied to the one-dimensional representa-
tions at I"and Y and to two-dimensional representation at X and S give the linear combina-
tions of basis functions for a particular representation. The results are shown in table 3.

Table 3

Symmetry-adapted functions at I" and Y

1 2 ¥ ' Basis functions
0 Iy Y Yoo
o gt ¥ Yio
1 r, Y, 1\/2(Y1-1+ Y1)
2 Iy Y, 1//3(Ya0+ Yooz + Ya2)
2 s Ys 1//2(¥2 -1+ Y21)
3 Is Ys 1/{/3(Yao+ Y32+ ¥32)
3 Iy Y, 1JA4(Ys -1+ Y1+ Y33+ ¥s3)
4 I, Y, 1/\/5(Yao+ Ya_z+ Yar+ Ya_at Yaa)
4 Is Ys 1/\J4(Ya_ s+ Yar+ Ya_s+ Ya3)

The representations X5 and S; have dimension greater than 1, which arises when
the symmetry group contains non-commuting elements leading to the possibility of de-
generacy. In this case we obtain two independent sets of symmetry-adapted functions
which form bases of this representation. These functions are given in table 4.
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: Table 4
Symmetry-adapted functions at X and §
! X S Basis functions
0 X Ss Yoo
1 X Ss Yio
1 X; S2 1/\/2(Y1_1 % Y11)
2 X5 55 U Tar Yt 5
2 X3 S5 1J2(¥ 21+ Y21)
3 x S3 1\/3(Y30+Y5_2+Y32)
3 X g 1/\/4(Ys_1+ Y31+ ¥3_5+ Y33)
4 X; S5 1y/5(Yao+ Yaiot Yao+ Yaout Yas)
4 Xs 83 1J3(¥ a1+ Yor+ Ya_s+ Ya3)

We see that nothing goes with I, Iy, I's, I's and Y,, ¥,, Y, Y as well as X;, X,
X3, X, and similarly with S;, S,, S; and S,.

We have evaluated the functions #,,(7) which are linear combinations of spherlcal
harmonics of angular momentum /, with argument the angular coordinates of *. These
combinations are chosen such that they transform under the irreducible representations
of the symmetry group of wave vector &°. They are normalized, real and mutually ortho-
gonal,

Instead of expandxng the wave functions around each center j, within the AS, in ordinary
spherical harmonic we can expand them in linear combinations of functions Y (7).

1

'//(;)= =2 (])Rl( )@lm(;j)a J=1’ 36 : (43)

which are basis for the various irreducible representations. This can be used to simplify
the form of () and reduce the number of structure constants which appear in calcula-
tions of the band structures by means cf multiple-scattering method.

Received by the Editor February 1980.
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Symetryczne funkcje falowe dla powierzchni krysztalu
Streszczenie

W niniejszej pracy przeprowadzono analize grupowo-teoretyczng powierzchni (100) krysztatu bia-
tej cyny. . :

Na podstawie odpowiednich obliczeri wyznaczono tabele charakteréw oraz funkcje falowe trans-
formujace sie zgodnie z reprezentacjami nieredukowalnymi dla grupy wektoréw odpowiadajacej czterem
punktom I', X, Y i S dwuwymiarowej strefy Brillouina.

Funkcje te stosowane sa do analizy iloSciowej struktury pasmowej powierzchni krysztatu traktowa-
nego w ramach modelu cienkiego filmu.

Basucabie BOJIHOBBIE (DYHKIA /19 HOBEPXHOCTH KPACTALIA

Pe3ome

Tabrmuel XapakTepoB, a Takke Oa3WCHbBIC BONHOBHIC (GYHKIWH, OBUIM PacYHTaHBl I IBYMEDHOM
HecMMMOPdHO TPOCTPAHCTBEHHOR I'PYHIEI COOTBETCTRYOMIEH MoBepxHOCTH (100) Geroro onosa.

PacueTsl GbuTM OrpaHHYEHBI IS Y€THIPEX BOJIHOBBIX BeKTOPOB I, X, ¥V m S HOBEpXHOCTHOH 30HEI
bpummrosHa. :

BasucHble OYHKIAH MOTYT OBITH HCIIOJIB30BAHBI ISl PACYETOB JICKTPOHHBIX CBOMCTB TOHKHX H TOJI~
THIX KPACTAJUTAYECKUX GHIIEMOB METOAOM MHOTOKPAaTHOTO paccesHusl.



