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WITOLD DRABOWICZ

Gdańsk

Symmetry-Arlapted Wave Functions for Crysta} §urfaee*'

The character tables and the symmetry-adapted wave functions have been dEtermined'in a syste*
matic way for non-symmorphic two-dimensional §pace gf,oup for x*y surface of white tin latticę. Ac-
tual calculations in the pre§ent work have been confined to four wave vector§ of the two-dimensional
Brillouin zone,

These functions may be used for calculations of the electr<rnic properties of'thin or tbick films by'
means of multiple-scattering rrethod.

Noiendatura

surfqce unit cell, k3 - wave v€§tor,.
atomic segment, Er I - identity and inversion, operator§,
non-primitive translation, C,o - rotation and reflection operators,
two-dimensional space group, yG) - wave function,
Brillouin zone, Po^,, P' - projection op€rator§,.

1. Introduction

In the band stnrcture calculations, concerning both the bulk and ńe surfuce of crys-
tals, it is necessary to know \ryave function§ transforrning according to tłie irreducible
representation of ńe conesponding §pace group. In this work we are interested in ńe,
construction of such functions for white tin crystal surfac€ which is treated within a slab,
geometry.

The preponderance of works analysing surface electronic structures-are ba§ed on a

slab geometry rather than on a semi-infinite geometry.

In the latter case the symmetry is reduced, because there is no reflection §ymmetry
in the plane z:0 (Fig. 2), and in some cases there is no inversion symmetry.

The value of thi§ simple model is that calculations of surface propeńes can be per--

formed for simple metals, semiconductors, Ęn§ition metals and for surface conditions

ł The paper has been completed as part of the research progfirm,,Fundamentals of'Power Maehi-
ncry and Equipment Design" (Problem No. MR I. 26, group 09).
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such as clean, recon§tructed, relaxed and chemisorbed systems [1]. Its weakness lies in
the fact that the computational effort grows considerably with the increasing number of
layers.

In considering surface properties of white tin wę a§sume that the surface in question
is a natural face of the bulk crystal. For labelling of the symmetry operations in this paper
the Schóenflies notation is being used. We shall follow the notation of Cracknell in
tabelling the two-dimensional point and space group§.

2. Group analysis of the surface region

The white tin bulk §tructure is shown in Fig. 1. It may be comidered as a body-centered

tetragonal lattice with two atom§ per unit cell [2].
A group theoretical anal}sis for the symmetry of the white tin had been preseuted

,earlier [3-5].

,k- ---,*-=r- -ź'I-|i
=-iJ_*'

a

1

Fig, l. Crystal lattice of white tin Fie. 2. The surface unit cell

The space group of lattice, besides the primitive translation, contains a set of 16 cover-
ing operations, which are pule rotations and reflections, as well as rotations and reflec-
tions followe§ by a non-primitive translations.

Now consider a film of white tin lattice with three atomic layers parallel to the x-y
plane. The fitm which is periodic in two dimensions may be divided into surface unit
cells (SUC) as shown in Fig. 2. Such division is used in the multiple-scattering technique

tG8].
The coordinate system is oriented so that z is normal to the surface, whereas x ald y

are parallel to it. The SUC in two dimensions is spanned by two shortest lattice vectors
ó:ńandi:f which are parallel to the surface. Thę quantities a and c denote the struc-
ture constants of crystal lattice, and i, j denote the unit vectors.

Along the a axis the SUC is extending over cęrtain number of empty layers. The SUC
and its translated counterparts fill the entire space.

The part of SUC to which atoms arę confined is called the atomic segment (AS)
which we denoted by letters ABCDEFGH as shown in Fig. 2.The AS of the SUCcontains
two atoms from every atomic layer. Each of the six atoms which belong to the AS are
denoted by arrows as shown in Fig. 2"
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The presence of two atoms per atomic layer introduce§ some symmetry operations
involving t}e non-primitive translation ? :!p(Ó+lpf) connecting the two atom§.

Since the film has translational symmetry in two dimensions in the plane of the surface
instead of three dimensions, the symmetry of the two-dimensional space group d is re-

c5

I D

A x

Fig 3. The two-dimensionąI BZ

duced when compared with the §ymmetry of space group G of the bulk crystal. It can

be seen in Fig. 2 that the two-dimensional space gróup besides translational symmetry
contains four symmetry elements which leave the lattice invariant.

They are:

tt3

kg

kx

d2.t\

and An-{Cr,|ł} reflection

in plane zx and rotation ńłough łt about 0g fołlowed by a non-plrimitiw translatłDpv€s-
tor ?.

The two-dimensional Brillouin zone (BZ) and the irredlucible seg$€,!xt for x-y surface
of white tin are shown in Fig. 3 t9l. Th€ rńBctors specif}ing the direct agd tbe reciprocal
lattices are

,{1:{Eio}

łłr: {a*|0}

Ar:{a)i}

the identĘ operation,

reflection in plane ye,

R.:fit ałń2€,

ć,:ltBr+rrrEr,
(?.2)

(2.3)

**łe m1 s /ll2, łl19 ll2 utE integers and B, , i, are reciprocal lattice vectof§.
For an3 diś_tin§t §/Br.e y€ctor Ź", th"r" is a group of synrmtry operelions-which are

denoted bJ r([). For a given twodimensional space group d the group P(iJ consists
of all these point group operations R, for which

Rji":E"+ą, {2.4)

where ł,|i is contairred in G".
For the wave vectors labelled by r, X, I and S there are the follorving symme§y ele-

ments of the group P(/c) [9]:

8 Prace IMP, z. 80

{r}, t"J, {o,}, {Cr,} . (2.5)
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Thę coordinate§ of the symmetry points are ,l"(0, 0), X(nla,O), F(0, nlc) and S(nla,
nlc).

The film has inversion §ymmetry but inversion is not a member of the group of the
two-dimensional wave vector i" except at the point l- of the two-dimensi ona| BZ.

In view of the three-dimensional character of AS and the inversion synmetry of the
film there are eight symmetry operations for k*":0 at the point 1-.

'al:{Elo}, Br:{Cr,|o}, r.:{o"|0}, Bn:{a,|o}, 
(2.6)

B5:{l|ź}, .a6:{or|?}, ri:{Cr,|ł}, Br:{Cr,|ł},

where the point group symbols used have the following meaning: E, I-the identity and
the inversion operations; Cr, Cr,, Cr, - rotation through rr about 0y, Oz and 0x resp-
ectively; o,, oz, o, - reflection in plane yz, yx and zx.

Now we consider the points X, Y and S. Bloch wave functions at these points may
be written [4, 10]

v!x:exp(ixn|a)u*(}), Vr:exp(iyx|c)ur(}) (2,7)
and

ą:exp[ź((n|a)x+(n|c) r)] u.(i;, (2.8)

where u,(i), łr(i) and ł"(i) are periodic functions with period ą and c.

All transformations of the form ir:Qmpi,m"Ći) are represented by the unit matrix

1r|ł} sinolexp(i[j,ł):t_anś the transformationsir:|(żm1+1)ai,mrłj\are represen-
ted by {E|r2} where exp(iki,tr):-1.

At the point X the operator l! must be included in the group of this wave vector.
l! commuteq with every element of the group given by (2.1), Thus the group of this wave
yector is of order 8 and has the following symmetry elements:

cI:{rlł} , Cr:{o*|ir}, cr:{or|i+ir}, Co:{cr,|ł+ir\, 
(ż.g)

cr:{r,|ir}, Cu:{o*|łr} , cr:{crił+ir\ , cr:{cr,|ł+i"} .

By means of similar analysis we obtain the elements of thę groups D and F of the
wave vectors I and § respectively

DL:{rli}, Dr:{o,|ir}, n.:{or|i+ir}, nn:{cr,|ł+ir}, 
(2.10)

Dr:{Eił} , ,D6:{""lŁ} , Dl:{ar|ł+i*}, D8:{Cr"|;+;4}, '----'

where i3:(n rai,4*rłiY and io: |mrai, @mr+D łj1.

Fi:{E|;J}, F,r:{o)i!}, FL:{arP+7;1, F,n:{cr,|ł+i;}, 
1z.tt1

F,s:{E|;ć\, Fć:{.łłć}, r,r:{orl;+i;\, F":{cr,|ł+ić}

or an eqivalent set symmetry elements 
:

F,ł :{E|;ś,}, r,i:{a,|ł!,}, r'! :{or|ł+i;} F';:{cr,|ł+i,5,}, (2.t2)
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where rj : (2 lfl 1 ai, 4m 2 cj), t ! : |(2m 1 ł t) al, 4m 2cj] and

i'r' : y1z^, +' ń, 4 (m, * D r .jJ,i ź' : |2m 1 ai, (łm, + t) ij| .

The groups of the wave yectors r and I are of order 8. Each operation forms a class

by itself and the classes are non-degenerate.
The groups of the waye vector X and,S are also of order 8 and contain five classes.

There are four non-degenerate and one doubly-degenerate states.

For example, the classes of the group of the wave yector X are as follows:

at:Ct, t2:C5, 83:C2*C6, e+:Cs*Cl , t5:CałCg, (2,13)

3. The calculation of the character tables

The first step in the calculation of the character,table is the determination of the class
multiplication coefficients Ci;". The product of two classes can be expanded as linear
combinations of classes in the following way:

,, r;: 
ł 

Crj" r" .

The replacement of classes by their characters leads to the formula

(3.1)

hihiNiXi: X, I Cii"h"X",

where ź;, h;, h" delote the number of elernents of symmetry in classes i 7, s respectively,
and 7i, |i, Xs denote the corresponding characters, wheraes ;p is the character of the
rnatrix defining the identity operation.

A quantity Ę is introduced by the equation

XiXn:hiXi. (3,3)

Equation (3.2) expressed in terms of Ę took the form given in [l0]

115

(3.2)

(3.4)
t

I (C,;"_X;ór")Ą:0.
s= 1

For fixed 7 the condition for the existęnce of finite solution is

|Cql_Xi Cgz ... Ctj, 
I

|Cr, Crir-Xi ... Crj, 
i

| .....|:o
|C,it.. ....C,i,-Xil

(3.5)

The number of classes is denoted by r, and therefore for each class there are r roots.
The r determinantal equations solution of which for each7 provides values of X;. From
these values of X, it is necessary to derive the corresponding characters ;, from the equa-
tion (3.3). The orthogonality relations are needed to get the'proper sequence of charac-

f.
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Table 1

Character system for the point l-

ters down a given vertical §olumn. The order in which the rows occur in the character
table is arbitrary or conventional,

For all irreducible representations of a group one must take into account the ortho-
gonality relations [12].

In tables l ald 2 are given the character tables for the two-dimensional space group
of white tin and for wave vectors referring to the ]- and X points in the two-dimensional
BZ,

For the representations X5 and §5 which arę two-dimensional, instead of characters,
all the irreducible matrices have been evaluated. Since all the matrices of the point gfoup

Table 2

Character system associated with tbe point X

commute with eacb other, a single transformation matrix S can be found such that
each matrix undergoing a similarity transformationby ,§becomesdiagonal. Thus łve havę
considered tables for irreducible representations for a given wave vector i".

These representations can be used to provide a scheme for labelling the electronic
states, as well as to identify any essential degeneraces and to simplify the calculation of
band structures. The analysis for other wave vectofs can follow thę same linę.

r tEl0} {Cr,l0} {a*lO} to,10} {1l;} {"łł } {C,"lł } {C,,lł }

rI
r2

r3

fą

{s

Td

r1

J-s

1

1

_1

*1

1

1

*1

_l

1

_|
_1

1

l
_1

*1

1

1

-1
l

_1

I

-t
t

-1

l

l

I

1

-1
-1
_l
_1

l
I

_1

-1
-1
_1

I

l

l
_t
_1

t

-1
I

1

-1

l
_1

1

_l
*1

1

-1
1

{c",|ł+ł,

1

_1

-1
1

(l;)

tz}

)

ł+

1

1

-1
_t
01
10

l"ł

(_

{o-|7,}

1

_1

1

-1

(;_?)

tz}

l
1

1

1

_l)

{EI

1

0(-

}Ii+i,

1

-1
_t

1

-;)

{Cr,,+11 }

1

1

_1

-1
-;)

{o,1

fi (-l

{Elt,l

1

t

1

I

6?)

{"*lir}

1

-1
1

*l

-1
01

X

Xt

Xz

Xs

X*

X5
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4. The generation of §}mmetry-adapted functions

Having determined the character tables, we are now able to find all possible symmetry-
adapted functions that belong to each ofthe representations. These functions have cQrrect
propefiies required by the representation under transformation by the group elements.
The operators which accomplish this process are known as projection operators and ar§
defined as [11,13-15J

llT

and

p'^,: exp (iić .ir,r) tol s' r'(RX" p(R)
R

pp: exp(ilł . t'r,r) l ri 0 E r"(n)*r{n).
R

(4.1)

(4.2)

We form such operations ,which belong to each irreducible representation. For the
generating functions we take spherical harmonics for /-o:{. In order to proceed further
we need also expressions for RY-(i).

The projection operators (4.1) and (4.2) applied to the one-dimensional representa-
tions at,l-and 7and to two-dimensional representation at Xand S give the linear combina-
tions of basis functions for a particular representation. The results arę shown in table 3.

Tąble 3

Symmetry-adapted functions at l'and Y

Basis functions

0

1

1

2

2

J

J

4

4

rI
r5

r7

r1

fz

r5

r7

rr
-j-s

YL

Y5

Y1

Y1

Y3

Y5

Y?

Y1

Y3

Ioo

Yro

llłź(Y,-,+ Y,,)

llJ5Q,"+ Yz-z* Yzz)

tlłź(Y,-,+ Y,,)

llł3{I"o+ Yz-z* Ysz)

tił4gr-r+ Ęr ł )ie-a* I,se)

llłŚG4o+ Ył*z* Yąz* Yą-ą* Yąą)

l |,l4(Yn -, * Ył * f+- s ł Yłc)

The representations X, and ^S, have dimension greater than l, which arises when
the symmetry group contains non-commuting elements leading to the possibility of de-
geileracy. In this casę we obtąin two independent sets of symmetry-adapted functions
which form bases of this representation. These functions are given in table 4.
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Table 4
Symmetry_adapted functions at X and §

X Basis functions

o

1

X:
X!
X3

X:

X3

Xł
X?

X:

X3

si
ś,l

s3

^s;

si
sŚ

s3

sś

s3

Yoo

Yn
liłż(v,_,+ vr,,)

1lłlG""+ Yz-zł Yzz)

1lłź{Y 
"-,+ 

Y",)

tlJślY ro+r a -złY sz)
1lł4g"-r* Ęr* Ę-s* Yag)

tlłśg*+ Yą-z* 7'łz* Yą-łł Yąą)

tlJ4lYn-r* Ya* Yą-s* Yłs)

1

ż

2

J

J

4

4

We see that nothing goe§ with .Tr, /|ą, fa, f a aud Y2, Yą, Ya, ts6 as well as X7, X2,
Xs, Xł and similarly with §1 , §z, §l and ,S4.

We have evaluated the functions a!fu(}) which are linear combinations of spherical
harmonics of angular momentum /, with argument the angular coordinates of i. These
combinations are chosen such that they transform under the irreducible representations
of the symmetry group of wave vector f". Th"y are normalized, real and mutually ortho-
gonal.

Instead of expanding the wave functions around each center7, within the AS, in ordinary
spherical harmonic v/e can expand them in linear combinations of functions ur^G),

v/G)= I cf*n,(")U,,(ił), j:1,..,,6
'=o

which are basis for the various irreducible representations. This can be used to simplify
the form of y(i) and reduce the number of structure constants which appear in calcula_
tions of the band structuręs by means cf multiple-scattering method.

Rccivęd by thc Bditor February 1980. :
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Symetryczne funkcje falowe dla powierzchni kryształu

streszczenie

W niniejszej pracy przeprowadzono aoalizę grupowo-teoretyczną powierzchni (100) kryształu bia-

Na podsta\ryie odbowiednich obticzeń wyzraczono tabele charakterów oraz funkcje falowe trans-
formujące się zgodnie zreptezentacjami nieredukowalnymi dla grupy węktorów odpowiadającej czteren
punktom r, X, Y i § dwuwymiarowej strefy Brillouina,

Funkcje te stosowane są do analizy ilościowej struktury pasmowej.powierzchni kryształu trakto\ila-

aego w ramach modelu cienkiego filmu.

Bagrrcnrre Bo.lrnoBble Splnqnn .{JIn noBepxnocTa I{pRcTaJIJIa

Pegrołre

!
Ta6łrqrr xaparTepoB, a Taxxe 6asNcnrte BortnoBble óymqrr, 6lrrrn pacyrragbl AJIfi lFyłrepsofi

recnrłrrłop$rofi npocTpancTtsemrofi rpymrr cooTBeTcTByloqeń nosepxxocrn (100) 6enoro ołosa.
Pacserbr 6rrrz orpanrve!łbl A;r, qeTbrpex BoJIEoBbIx BeKTopoB r, X, Y n § uorepxuocrxofi sothl

Eparrrrrosua,
Eagucmre óvncłm ruoryr 6rrrr trctroJlb3oBallbl .ąrr paclreToB 3nerTpoEEED( croEctg ToE(Ex E ToIr-

TEB KpIlcTźlltJIFIecKD( (lrrnvoo MeToAoM MuoroKpaTnoro paccefiilłr.


