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WOIJCIECH PIETRASZKIEWICZ .

Gdansk

Simplified Equations for the Geometrically Non-Linear T hin Elastic Shells*

The Lagrangean and canonical forms of geometrically non-linear shell equations have been simplified
under various restrictive assumptions. The simplified equations contain an error introduced by the
approximate constitutive equations only.

1. Intreduction

In the geometrically non-linear thin elastic shell theory it is important to choose
the appropriate quantities as independent variables well suited to the problem solved.
The obvious choice — three displacements or three stress functions — leads to extremely
complicated sets of equations which are hardly readable and difficult to use in a general
discussion. The fully Lagrangean shell theory as proposed recently by Pietraszkiewicz
[1] contains explicitly some deflection and displacement components, while the set of
equations proposed by Simmonds and Danielson [2] is expressed in terms of finite
rotation and stress function vectors. All these quantities are not so easy to handle in gene-
ral shell discussions.

More promising for many shell problems and equally general seems to be the so
called intrinsic approach suggested in the pioneering work of Synge and Chien [3], in
which the strain or the stress measures were suggested to be taken as independent variables.
For appropriate boundary conditions the solution of a non-linear shell problem can be
divided into two steps. The problem for stresses and strains is solved first' and displace-
ments, if necessary, are obtained by a direct integration of the strain-displacement re-
lations. : :

Using stress resultants and changes of shell curvatures Danielson [4] derived a new
set « I six intrinsic shell equations. For the first approximation small strain theory these
cguations were simplified with the help of Koiter’s [5] estimates of the accuracy of two-
Simensional shell constitutive equations. Recently Koiter and Simmonds [6] intro-
“uced. with the help of additional estimates for the stress derivatives in shells as obtained

:r D

Praca wykon ana w ramach problemu resortowego PAN-19, grupa tematyczna 2. Byla przed-
“wnoma przez autora na konferencji GAMM Annual Meeting w Géttingen w kwietniu 1975 1. (Pre-
wmies 2t the GAMM Annual Meeting, Géttingen, April 1 -5, 1975).

[165]



166 W. Pietraszkiewicz

by John [7], some modifications to Danielson’s equations and obtained what they called
a ,,canonical form of intrinsic geometrically non-linear shell equations™.

In this note we discuss some of the possible simplifications of the Lagrangean and
the canonical shell equations for some important classes of the shell problems. Following
essentially the arguments used by Koiter [8] we restict here independently the following
parameters: the ratio between the bending and membrane strains, the ratio between the
length of deformation pattern and Gaussian curvature of the undeformed shell middle
surface, as well as deflections of the shell middle surface. Using the order-of-magnitude
estimates for all terms we assume it to be possible to omit all terms of the same order
as those omitted because of approximate character of the shell constitutive equations.
This simplifying procedure is somewhat different from that used by Koiter [8], where
the terms omitted were supposed to be small with respect to other terms in a particular
simplified equation. Our simplifying procedure does not introduce any other error to the
basic equations beyond that introduced already by approximate constitutive equations.
Thus the solution obtained from the properly simplified equations has the same accuracy
- as that obtained by solving the full unsimplified set of equations.

2. Basic relations

In this note we will follow the system of notation used by Koiter [8] and Pietraszkie-
wicz [1, 9, 10]. With the undeformed shell middle surface, defined by the position vector
r(9%, a=1, 2, we associate the standard surface base vectors a,=r,, the metric tensor
a,,=12, a;, the unit normal to the surface nz%eapaaxaﬁ and the curvature tensor b,z=
=a, ;n. Similar geometrical quantities associated with deformed shell middle surface
will be distinguished by a dash, for example a,, @,p, 1, by, €7 etc.

The Lagrangean surface strain tensor y,; and the Lagrangean tensor of change of
surface curvature ., are defined by

Vs =3(Aop—ap)s  Kpp=— (Eaﬁ —b,p) (2.1

and they satisfy the following compatibility conditions [8, 9]

e apu+ a8 (ber—c2) Gopput Vouts = Voun)1=0
Kyt + e“"’e"‘[ywm,l— Boutcps+3 {16,105, +
+ 8" P+ Vonjo— Vo) Poppat Hoapp—Voap)31=0.  (2.2)
In what follows we shall use, instead of x,4, the modified tensor p,; defined by
Pap="0p+3(byVip+ b Ve (2.3)

the linear part of which is exactly the measure supposed by Budiansky and Sanders
[11] to be the ,,best” for the linear shell theory.

The fully Lagrangean equilibrium equations, expressed in terms of the Lagrangean
symmetric stress resultants N*# and stress couples M*, have been derived by Pietraszkie-
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wicz [1] in the form

(Q¥1+ Q)= b(Q% 91+ Q%) + 1" =0, @.4)
(09, + 0%, +b,5(Q1, + 0°n") + p=0,
where
aﬁ: @B 17« kf__ 178 aK
O " =N¥+1b M*" —Lb; M**, 2.5)
Qq:Mapl,B+aay(yvl[p—i—))vu[l_ylujv)MML
and the other quantities are defined by the relations
a,=1%a.+¢,n, n=n“a,+nn. (2.6)

Danielson [4] showed that it is possible to express the Eulerian équilibrium equa-
tions derived by Koiter [5] in terms of Lagrangean quantities only, to obtain

N°

1+Eﬂ#(2y Ala ™ Vaa )NA“_%(Eﬁan_'E%MKﬁ) R—Elfing oz+
ua| 4 = |
T a -
— B (24— Vaap) MP+ J = =0, @D

p=0.

s | sl

Maﬁlali - [azu(27ullﬂ —‘Vlﬁ[u) Mlﬁ]la i Eaﬂ N +\/

This form of equilibrium equations is particularly suitable in the intrinsic approach.
The approximate constitutive equations for thin isotropic elastic shells undergoing.
small strains have the form [5, 6]

1

e A=) [(1 ~)7* +va®?y{]+ 0 (Ehne?).
2.8

M“‘“=D[(1—v)p°‘”+va“ﬂp§]+O(Eh21782), ¢ );

or
Vap=A[(1+9) N,y —va0s N5 +0 (%), (2.9)
2

parﬂ D(l [(1+V)Mmﬂ vaaﬂMKJ+O< h )

where

. 1 - Eh?®
“Ehe - (1Y)

A
- Ao e (2.10)
e (L d \/R J") *

and £ is the constant shell thickness, R — the smallest principal radius of the undeformed
middle surface curvature, L — the minimum length of deformation pattern, d — a distance
from the shell boundary, 7 — the maximum value of strain and the symbol O( ) means
,,the order of”.
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In the order-of-magnitude estimates we will use the following estimates for the various
parameters

1 @)
= Nl’ brx G i 5
- g Ghny
1 2<<1 ‘ <1 <1 : (2.11
‘I: S § > 11‘ £l 2 )
where
h : =
L (L, 4, ViR, ). (2.12)
e \/”

Following the line suggested by the works of Danielson [4] and Koiter and Sim-
monds [6] it is possible to considerably simplify the compatibility (2.2) and the equili-
brium (2.7) equations and obtain the following canonical shell equations

me—Pﬂﬁ%(lJrv)A(biNﬁ—bf{Ni)m—AbﬁNier

4
= ne
+(L+9) A (N i+ P4 Nj) =VAPE Npju—24(1 = )(ba )pﬁzo(h)’

- (’f:) (2.13)

a[,B 1(1—v)D(b; pf— b;,Pa)[/z —Db;, PAm“‘D(PaP). 15BP§P:);¢3+2A(N£N€)|3_

AN:‘B ﬂ

— b5 ps—1p5 pa 300}

. 84
—34[(1=v) NiNGHWNIN] o+ 24 [(149) Nop,~ vN3p ]+ +yﬁ)ﬁa=0(Eh nT) ,

s
o o o = rle
DP&iﬁ+(bﬂ—P3)N§+p=0(Eh2 TZ> :
e

These equations differ from those presented in [6] by the sign convention for p,; and
by taking into account the surface forces p, and p.

It is important to point out here that the selection of N * and Pap s the independent
shell variables introduces the smallest error into the intrinsic equations. If we decide, for
example, to eliminate N* from equilibrium equations (2.7) the error introduced to
(2.7); by (2.8); happens to be O(Ehye?/)) and all terms, except the first one, should be
omitted within the same accuracy.

The approximate constitutive equations (2.8) and (2.9) may also be used to simplify
the Lagrangean equilibrium equations (2.4). Thus after elimination of M * and y,, from (2.5)
we obtain

Q?=N*+1D (1—v)(b% o™ — bl p™*) + O (Ehrie*),

2 2.14
Q“:Dpzluo(Ehzﬂ;), e

which simplifies considerably the equations (2.4).
The relations (2.13) or (2.4) with (2.14) contain only an error introduced by
the approximate constitutive equations. However, there are many shell problems for
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which the type of solution expected can be predicted in advance. If for a particular shell
problem we restrict at the beginning the domain of some properly chosen parameters,
then the solution can be obtained with the same accuracy from a considerably simplified
set of equations. In the following chapters some possibilities of this kind will be discussed.

3. Restrictions on the strain ratios

Let y be the maximum value of extensional strains and p the maximum value of change
of curvature at certain shell point on the middle surface. Then ph/y describes the ratio
between bending and membrane deformations.

In respect to the restrictions put on the ratio ph/y it is possible to distinguish the fol-
lowing types of shell problems:

ol
a) — <&” membrane shell theory,
b

1 . ph :
b) ?57 < ¢ bending shell theory,

il
<) %27 inextensional bending shell theory.
g

For the membrane shell theory order-of-magnitude estimation of all terms with pg,
allows to omit in (2.13) a lot of terms of the same order as the error of the equations,
and the canonical shell equations can be simplified to the form

4
- i ne
me‘ﬁgm‘f'%(l +v) A(b)NY — ng:)m“Angim“ZA(l +V)bgpﬁ=0(m“> :

2
a=0<nfz ) > (3‘1)
20

NEp+24(NLND) ,— 1AL —v) NS NE+YNENG] o+

ANYG+ A (1 +9)P"

“ 4
= = = fe
+24[(1 +v) Nip,—vNip. ]+ +yf{)p,x=0<Eh 7> :
2
" = ne
bﬁNﬁ‘i‘p:O(EhZ?)-

" It is easy to see that the membrane equilibrium equations (3.1); 4 can be solved in
terms of N* without any reference to the compatibility. Because of that the membrane
shell problems are sometimes called statically determined. The additional independent
equation (3.1), to be satisfied by N* shows that within geometrically non-linear shell
theory the membrane state can occur under particular circumstances only. The most
interesting result to be noted here is that under the error of canonical equations it is ne-
cessary to take into account the linear as well as the quadratic terms in N*.

For the inextensional bending theory order-of-magnitude estimation of all terms with
N allows to omit in (2.13) a lot of terms of the same order as the error of the equations,
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and the canonical shell equations can be simplified to the form

4

8 8 e
— 051,=0 )

palﬁ pﬂ]a ( hi

2
a a [v4 a 118
bipe—bips—3p;pi+3pip=0 <7> ;
\
um 3(1—-v)D (b} ph— bgpi)]ﬁ“Dbng{m'f'

4
K s ne
+D(p£p2—%55pﬁpx),ﬁ+(1+y§)pﬁ=o(Eh - ) (3.2)

D9315+?=0(Eh2182>
In analogy to membrane equations it is easy to see that compatibility equations (3.2); »
can be solved here in terms of p,; without any reference to the equilibrium. Because of
that, the inextensional bending shell problems are sometimes called geometrically deter-
mined. The additional independent equation (3.2), to be satisfied by p,,; shows that within
geometrically non-linear shell theory the inextensional bending state can occur under
particular circumstances only. It is also interesting to note that under the error of canonical
equations it is necessary to take into account the linear as well as the quadratic termsin pgg.
The simplified sets of equations (3.1) and (3 2) are not supposed to be used for
solving problems of shells with singular middle surface points, because in such problems
they occasionally may lead to inadequate results. For example, if we apply the membrane
equation (3.1) to a flat membrane, for which b?=0, then equation (3.1), becomes indefi-
nite. The similar problem appears also within the linear theory of shells, where as typical
the following singular surfaces were noted: plate, infinite cylinder, cone, toroid. However,
the simplified equations are not supposed to be applied even to shells with points near to
singular such as very long cylinders or very shallow shells.

4. Restrictions on the length of deformation pattern

In the first approximation shell theory it is possible to solve problems in which the
length of deformation pattern is at least one order of magnitude greater than the thickness
of the shell (2.11). For some problems it is still desirable to put an upper bound on the
length of deformation pattern by the relation [8]

|K| P sé. (4.1
This type of deformation is typical for bending shell problems for which we do not
need to use N* and Pap as independent variables and so high accuracy in (2.13); 5. This
allows us to reduce the canonical equations. If we admit the use of other quantities then
the error introduced into the equations (2.13) from constitutive equations (2.8); and (2.9),
is larger than indicated in (2.13), and equlhbrlum (2.13); and compatibility (2.13);

_equations reduce to
2
4 =0
Paip=Pha ( i A)

2
N£I5+.I;¢=O(Eh %) .

4.2)



Simplified Equations for the Geometrically... 171

Now it is pbssible to use the fact that under (4.1) the order of the surface covariant
differentiation is approximately immaterial. Thus it is possible to introduce a curvature
function W and a stress function F by the relations

2
&
pr=wlt +o<”7> ,  NE=OUSF|+P.+0(Ehne) (4.3)
which satisfy the equations (4.2) within the same error. The remained equations (2.13),,
have, in terms of I and F, the form

AP|h— 55 (bE— 3 W[5 s+ A [P s

,f;—(1+v)P;|§]=0(Tz),

4.4
ap alc1 B B K i a B 2;782 ( )
DW /i +65u(bE —W|8) F|5+(b5— W|5) PL + =0 Eh )

and these are, with accuracy up to different sign conventions, the quasi-shallow shell
equations as obtained by Koiter [8].

S. Restrictions on deflections

In the general case the deformation of the shell middle surface can be divided into
three successive steps: rigid body translation, rigid body rotation, and pure deformation.
Geometry of the surface deformation with the use of the finite rotation vector has been
discussed by Simmonds and Danielson [2]™. Here we use deflections rather than
finite rotation vector components, since they are already included in our Lagrangean
equilibrium equations (2.4).

For the shell deformation we have [8, 9]

Lp=0,+8,5—,p, @,=w,.+biu,, (5.1)
where
‘9a3=%(ua[ﬁ+uﬁ|a)— b:zﬁ w,

5.2
waﬁ=%(”p|a—ua|ﬁ)=eaﬁ(0, o

and u,, w are the Lagrangean components of the displacement vector.

Let ¢ be the greatest deflection of the normal to the shell middle surface and  be the
greatest rotation about the normal. For the small finite deflection shell theory we use the
estimates

w~e, @g~e (5.3)
which leads to the following estimates

yaB = aff +% (aaﬂ wZ + Py (Bli) +0 (’18) 3
(5.4)

x x ([ 1e
Pop™= —%(%;,g+ ¢BI“+M+O (—I) 5

n'=—o*— p*w,,+0(ne), n=1+0(). (5.5

® General theory of finite rotations in shells has been developed recently by Pietraszkiewicz [12].
Consult also [13, 14].
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With the help of (2.14), (5.4) and (5.5) the blmphﬁed Lagrangean equilibrium equations
{2.4) can be obtained in the form

[Jvau.l D (1 = V)\ba KA b} pkl) (5,8_ aﬁﬂwul) Dpxly((ﬂﬁ +o, wlﬁ)]]a___

4
— bB(N* g, +Dpl|)+p* =0 (Eh ”j ) (5.6)

2
ol Ko o ne
N ]¢l|a+Dp1clzx+btzﬁN l(ag—a_m‘ﬂ%)"‘pzo(.ﬁ‘hz—l—z) .

If we use a more restrictive assumption @ ~ &2 together with ¢ ~¢ then all underlined terms
‘may also be omitted.

Equations (5.6); can be simplified even further for problems which are supposed to
be solved in displacements. In such a case the constitutive equation (2.8); introduces

2
an error O (Eh 77;) and equations (5.6); become
ne’
[N“’“(éf{ = aﬁuwul)]w +pﬁ =0 (Eh 7) > (5.7)

Finally, introducing (2.8);, (5.2), (5.4) and (5.5) into (5.7) and (5.6), we obtain the
set of equations for small finite deflection shell theory to be solved in displacements.

It is worthwhile to point out at the end that the classical von Karman-type non-linear
shell theory is based on simultaneous restrictions of the following quantities

p~e, ~E, IK]ngsz,
2
u & 5.8
—~e, p‘g,sEhn—— 4
v A

wunder which
’J)acﬂ = Smﬂ & %W,a w,ﬁ s 0 (ﬂgz) 3

&
Pap= —Wlaﬁ+0<n7> ’ SE

.and the classical non-linear shell equations may be shown to have the known form

ne’
AF|Z§+5 (bf+%w!£)w|’,{=0< . >,

82
D538 +wl) Fls=p+o( ER2 7). 1
B B 22

These equations, called also the shallow shell equations, are used most frequently
iin the up-today literature.

“Received by the Editor, November 1975.
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Uproszczenie réwnan geometrycznie nieliniowej teerii cienkich powlok sprezysiych

Streszczenie

W pracy rozwazono mozliwosci uproszczen réwnan podstawowych, geometrycznie nieliniowej
teorii cienkich powlok sprezystych. Uproszczen dokonano przewidujac charakter nieznanego rozwia-
zania, a w szczegblnosci stosunek miedzy odksztatceniem membranowym i gietnym, diugoscia fali
deformacji i krzywizna Gaussa powtoki, a takze uzywajac réznych ograniczefi na obroty otoczenia
powierzchni §rodkowej powlok. W kazdym szczegdlnym przypadku, réwnania uproszczone uzyskano
pomijajac male czlony rzedu bledu zawsze wprowadzanego do rownan podstawowych w przyblizonej
postaci rownan konstytutywnych.

Vupoienne ypaBHeHHI TeoMeTpHYecKH HeJWHEHHOH TEOPHH TOHKUX
yupyrux ofosoder

Pe3zoMme

B paboTe PACcCMATPHUBAIOTCS BO3SMOXKHOCTH YHPOIIEHWM OCHOBHBIX YPaBHCHWI IEOMCTPUHYCCKH HE-
JmREiHOl TeOpWH TOHKHX YIPYTEX O5O0YCK. YIPOLICHMS NPOBOMMINCE MPE/IBEABBAST XaPAKTED HEU3-
BECTHOTO PENIeHHs, & B OCOGEHHOCTH OTHOINEHHST MeX Ay MEMOPaHHOM 1 w3TAGHOM fedopMaAnESIMA, TITIMHOR
edOPMAIMOHHON BOJIHEL ¥ KpuBHM3HOM I['aycca 060NOUKH, & TAKKE IIONB3YACH DASIMYHBIME OTDAHM-
vepusMm HA 06OPOTHI OKPECTHOCTH CEPENUHHOY MOBEPXHOCTH 000MOYKH. B KaXOOM OTACILHOM CIyIae
YIPOMIEHABIE YpABHEHUs! TOJYYAIACE MPEHEOpETas MalpiMp WICHAMA HOPAAKE IOTPEINHOCTH, BCEIZHa
BBOJHMON B OCHOBHBIE YPABHCHUS H3 IPUOIIDKCEHCH (OpMBI KOHCTHTYTHBHBIX YPaBHEHUH.



