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WOJCIECH PIETRASZKIEWICZ

. G<lańsk

Simplifrerl Equations for the Geometrically Non-Linear Thin Eiastic Shells*

The Lagra;rgean and canonical forns of geonretrically non-linear shell equations have been simplified
tlnder various restrictive assunrptions. The sinrplified eqtlations contain an error introduced by the
approximate constitutive equations only.

l. lntroduction

In the geometrięlly non-linear thin elastic shell theory it is impoltant to choo§e
the appropriate quantities as inclependent variables węll suited to the problern solved.
The obvious choice - three displacements or three stress functions - leads to extremely
complicated sets of equations which are hardly readable and difficult to use in a gęneral
discussion. The fully Lagrangean sheli theory as proposed recently by Pietraszkiewicz
[l] contains explicitly sorne defiection and displacement components, while the set of
equations proposed by Simmonds and Danielson [2] is expressed in ternrs of finite
rotation arrd stress function vectors. All these quantities are not so easy to han,dle in gene-
ral shell discussions.

More promising for many shell problems and equally general seerns to be the so
called intrinsic approach suggested in the pioneeringwork of Synge and Clrien [3], in
',r hich the strain or the stress measures were suggested to be taken as independent variables.
For appropriate boundary conditiorrs the soiution of a non-ljnear shell problem can bę
dirided into two steps. The problen for stresses and strains is solved first and displace-
-_ents: ii necessary, are obtained by a direct integration of the strain-displacement re-
':.itrllS.

Using stress resultants and changes of shel] culvatures Danielson [4] derived a new
r; f sir intrinsic shell equations. For thę first apploximation small strain theory th,ese
:;._",:icns rvere sigrplified with the help of Koiter's [5] estimates of,tlre accuracy of two-
-:::,:n.ionai shell constitutive equations. Recently Koiter ąnd Simmonds [6] intro-
:-;*;. rrith the irelp of additional estirrrates for the stress derivatives in shells as obtained

' P'..i'.'.rlkonana w ramaclr pI,oblenru resoltov,ego PAN_I9, grupa tenratyczna 2. Była przed-
;-i] .:: ]iz3z autofa na konferencji GA,MM Anntlal Meeting w Góttingen w kwietniu l975 r. (Pre-

t,il, 1] !] ::_l, G.ĄMM Annual Meeting, Góttingen, April 1-5, 1975).
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by John [7], some modifi.cations to Danielson's equations and obtainęd wlrat they calied
a ,,canonical form of intrinsic geometrically non-linear shell equations".

In this note we discuss §orne of the possible simplifications of the Lagrangean and
the canonical shell equations for some important classes of the shell problems. Following
essentially the arguments used by Koiter [8] we restict here independently the following
parameters: the ratio between the bending and membrane strains, the ratio between thę

length of deformation,pattern and Gaussian curvature of the undeformed shell middle
srłrface, as well as deflections of the sbell middlę surface. Using the order-of-magnitude
estiurates for all terms we a§suEle it to be possible io omit all terms of the samę order
as those omitted because of approximate character of the shęll constitutive ecluations,

This simplifying procedure is somewhat diffęrent from that useci by Koiter [8], where

thę terms omitted węre supposed to be small with respect to other terms in a particular
simplified equation. Our sinplifying procedure does not introduce any other error to the

basic equations beyond that introduced already by approximate constitutive equations.

Thus the solution obtained from the properly simplified equations has the same accuracy
as that obtainęd by solving the full unsimplified set of equations.

2. Basic relations

In this noię rre will follow the system of notation used by Koitęr [8] and Pietraszkie-
wicz [1, 9, 10]. With the undeformed slrell middlę surface, defined by the position vector
r($n), a:1,2, we associate the standard surface base vectors ao:t,, the metric tonsor

znp:żo.ap, the unit normal to the surface a:tĆPaoxau and the curvature tensor Óor:
:zo,il. sirnilar geonretrical quantities associated with deforrned shell middle surface

wi1l be distinguished by a dash, for example 6n,Zop,ń,6oB,ć"a etc.

The Lagrangean surlace strain tęnsot yo, ałd the Lagrangean tensor of change of
surface curvaturę Kdy ate defined by

!og:Ź(aop- aop) , rc*p: -(b"B-b"p)

and they satisfy the following compatibility conditions [8, 9]

(2.L)

enqe^P|rcgxlr* a"u(b*^- rc*^) (l,ąp]-|,ula- ypo|")] :0 ,

Ky!+ e"PeĄ'Llap|sl,- b,rrc9lł ź {tc6rrcpl*

.ł a"n{Y*o1u* !*p|o-l/op|*)(!nąl,ł!,l"19-}prt")}] :0, (Ż,2}

In wlrat follows we shall use, instead of rcor, thę modified tensor /,B defined b5l

p,p - lc op * $(b|y * p * b§ l "")
(2.3)

the linear part of which is exactly the rneasure supposed by Budiansky and Sanders
[11J to be the ,,best" for the linear shell theory.

The fully Lagrangean equilibrium equations, expressed in terms of the Lagtangean
syrnmetric stress resultants .liof and stress couples M"P,have been derived by Pie traszkie-
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wicz [i] in the form

(Qę^t|^+ Q"nf)F-b!(Q*,p^+Q'n)+ p§ :g, 
(2.4)

ą2' ? rp 

^ 

+ Qqn) p * b,p(Q'^ l\ + Qo nf ) + p : o,
where

Q"f :Nęp+źEiM"f -trb!lvt'*, (2.5)

Qq : M'§ 
l 
p + ł" (Y, 

^l 
u * Y u 11 l,- T 41,) M ^

and the other quantities are defined by the relations

a,:Ii,a.* epon, ń:n"a*łnn, (2.6)

Danielson [4] showed that it is possible to express the Eulerian equilibrium equa-
tions derived by koiter [5] in terms of Lagrangean quantities only, to obtain

N "Pl, + aB u(2! 
p1,1o- T 1,op) N * 

- +@§- M:" -6ż M"u) l,- u! u":|-+

-W'(2yu^l*-l u) u^' + rfV iP :0, (2.7)

M,, !,, -f |a" 
p 
(2y 

u 

^1, 

: y 

^ 

ą ) M^ f J 
1 
o ł E op N o fl + Jł' 

:,

This form of equilibrium equations is particularly suitable in the intrinsic approach.
The aPProximate constitutive equations for thin isotropic elastic shells undergoing

small strains have the form [5, 6]

*"o : rfą[(1 - v) 7'P + v a'§yi]+ o (Eh4t2 1 .

M"0 =D|(l_v) p"P +va"P płf +O (Eh2qe2), (2'8)

or

!op:A(r+v)ł"]- va,pNif+o(qe2), 
Q.g)

o,, : rlfi.|(l + v) M., - v a,p Mif -, (r),
where

1 Eh3A:-. D-Eh' " - l41_Ą'

t=max(L.! ln -\
\r d 

,J 
R ,J'), (2,10)

and ł is the constąnt shell thickness, R - the snallest principal radius of the undeformed
middle surface curvature, .L - the minimum length of deformation pattern, d - a distance
from the shell boundary, ry - the maximum value of strain and the symbol o( ) means
o,the order ofo'.
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In the crder-cf_magnitudę ęstimate§ w€ 1v-i11 rise the following estimates for tlre various
paralneter5

wherę

aop-I, u*-*, ( ),"-?,
/ h.\' il(zJ"', R,|, Ę{|,

l: h,:^i,(r, o .-'r* . 
Jr)

t2.tI)

(2,I2)

(2.t4)

Following the linę suggested by the works of Danielson [a] and Koiter and Sim-
monds [6] it is possible to considerably simplify the compatibility Q2) and the equili-

brium (2.7) ęquations and obtain the following canonical shell equations

plw - p§l 
"+ 

ź(1 + y) A (bł N u^ - u'^ t,l ł) w - n! x ),, +

+ {1, + y) A(p! N !,u + pp^ N !,-) 
* v A ni NErl"_2A{l -r@s"- pbb,:o (:),

(2.I3)

Nf 
re - * (1 - tĄ n (b! p! - u| p';1,o - n u| otr,, + n 61 pi,- źaB" ptr" pł), 

u + z,ł (N ł N i) p -

- + A l(l- v) Nf N| + v N: N }7 |- 
+ 2 A L(1 +,) N łp 

^ 

- v ]{ },p,f + (l + yl)b. : o (*Ę),

D pi|l)p + @fr - px) r,ł.+b : o ( ,r' Ę\ .

\ l./

These eqllations differ from those presented in [6] by the sign convention for pou and

by taking into account the surface forces pn and p.
It is inrportant to point out here that thę seiection of 1{of and pop as the indepęndent

shell variables introcluces the smallest erf,of into the intrinsic equations. If we decide, lor
example, to eliminate i{od from equilibrium equations (2,'l) the error introduced to

Q,T, by (2,8). happens to be O(Ehqezil) ancl all terms, except the first one, should be

omittęd within the same accuracy,
The approxirnate constitutive equations (2.8) and (2.9) may also bę used to simPlifY

the tr agra,ngean equilibrium equationsQ.Ę.Thus afterelinrination of M"F andT,Bftom(2,5)
we obtain

aN !!fi + uft, p!- lr1 pi - ź p,ń pu- + ź pI p§ + A(1 + Ąi'|,:' ę),

Q'P : N'8 + *D (l - l,) {bi p' 8 - b!,. p"" ) + O (Ehr1 ta),

/ _,,i\.
Qo:DpX|"+O|Eh'T J'

which simplifles considęrably the equations (2.4).

Tlre relations (2.13) or (2.4) with (2.14) contain only an error introduced by

the approxirnatę constitutive equations. However, there are many shell problerns for
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which the type oi solution expected can be predicted in advance. If for a particir]ar shell
problem we restrict at the beginning the domain of some properly chosen parameters,

then tlrę solution can be obtained with tlre §ame accuracy fron a consideiably simplified
set of equations. In the following chapters some possibilities oi this kind will bę discussed,

3. Restrictions on the strain ratios

Let y be the rnaxi$um value of extensional strains and p tire $aximum valuę of cilange

of curvature at certain shell point on the middle surface. Then ph|y describes the ratio
between bending and membrane defori:rations.

In respect to the restrictions put on the rulto phly it is possible to distinguish thę foi-
iowing types of shell problems:

oh
a) : §e' mernbrane shell theory.

?
Iohb) ś- śc bending shell theory,ó|
oh1

c) 
-ż- 

inextensional bending shel1 theory.
Ia

For the membrąne shell theory order-of-rnagnitude estimation of al1 tęrms with poo

allows to omit in (2.13) a łot of terms of the same ołder as the error of thę equations,

and the canonical shell equations can be simplified to thę form

p§_tp- pfil,+ź{I+y) A(b:Ni-' t |Nh - Ab\Nh§-zA{L+y)b:i§:off) 
,

d,N i|§ + a (I + v) p" i,: 9 (F)
N!,u + 2A (NA NB^) w - łA[(1 - r) Ni r\ri + vNx Nl] |" +

(3.1)

+ 2A |(1 + v) N ip 
^- 

v N:" p 
"7 

+ {L + y';) p 
"

It is easy to see that the membrane equilibrium equations (3.1)u,n can be solved in
tęrms of /y'op without any reference to the co$patibility. Because of that thę membrane

shell problems ale sometimes called staticaily determined. The additional independent

equation (3.1)2 to be satisfied by NoE shows thai withił geometricaliy non-iinear shell

theory thę meprbrane state can occllf under particuiar circłlpstances only. The most

interesting ręsult to be notecl here is that under the error ol canonical equations it is ne-

ce§sary to take into account thę linear as well as the qua-dratic terrrrs in 1f 'P.

For the inextensianąl bending theory order-of-magnitudę estirnation of a1l tęrms i','ith

Jy'olallowsto omit in (2.13) a lot of terms of the sarnę orcler as ttrre error cf the equations,

:o(unĘ),
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and the canonical shell equations can be sirnplified to the form

plln- pgp|":o(*\
\hA J

ufr p! * uł p§ - źpfi p! + ź pź ń : 
: ę)'

N lt p - * (1 - v) D (b! pĘl - u8^ p!1,, - o tX o},1 p +

rn analogy to membrane equations it is easy to see that compatibility equations (3.2)r,,
can be solved here in terms of popwithotlt any reference to the equilibrium. Because of
that, the inextensional bending shell problems are sometimes called geometrically deter-
mined. The additional independent equation (3.2)nto be satisfied by p"p shows that within
geometrically non-linear shell theory the inextensional bending state can_ occur under
particular circumstances only. It is also interesting to note that under the error of canonical
equations it is necessary to take into account the linear as well as the quadratic terms in pop.

The simplified sets of equations (3.1) and (3 2) are not suppo§ed to be used for
solving problems of shells with §ngular rniddle surface points, because in such problems
they occasionally may lead to inadequate results. For example, if we apply the membrane
equation (3.1) to a fiat męmbrane, for which ó9:0, then equation (3.1)n becomes indefi-
nite. The similar problem appears also within the linear theory of shells, where as typical
thę following singular surfaces were noted: plate, infinite cylinder, cone, toroid. However,
the simplified equations are not supposed to be applied even to shęlls with points near to
singular such as very long cylinders or very shallow shells.

4. Restrictions on the length of deformation pattern

In the first approximation shell theory it is possible to solve problerns in which the
length of deformation pattern is at least one order of magnitude greater than the thickness
of the shell (2.11). For some problems it is stilt desirable to.put an upper bound on the
length of deformation pattern by the relation [8]

|x|Lz 5e' . (4.1>

This type of deformation is typical for bending shell problems for which we do not
need to use ]y'of and poras independent variables and so high accuracy in (2.13)1,3. This
allows us to reducę thę canonical equations. If we admit thę use of other quantities then
the error introduced into the equations (2,13) from constitutive equations Q.8)1and(2.9)2
is larger than indicated in (2.I3), and equilibrium (2.13). and compatibility Q.l3),,
equations reduce to

opi|p,+p:o(*,F)

+ p (pP, ptr - źó,, pi p},-+ (1 + yjp,: o (*+) , (3.2}

pF,lB-nPą,:Oę)'
(4.2)
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Now it is possible to use the fact that under (4.1) the order of the surface covariant
differentiation is approximately inrmaterial. Thus it is possible to introduce a curvature
function W and a stress function F by ihe relations

p',:wlu,-"ę), Nr:óX;F|ł+p0,+o(Ehqil @3)

the sa,me error. The remained equations Q.13)r,nwhich satisfy the equations (4.2) within
have, in terms of W and Ą the form

AF|:!o - 6frł(bf - źw|:) w|x+ ,ł rp;!ź - tt + Ą rfi|!]: o ę) ,

Dw|xi+ófił(tł,-w|b r|;+@ft-wl\ rx + e:aęh'#),
and these are, with a€uracy up to different sigrr conventions, the quasi-shallow shęll
equations as obtained by Koiter [8].

5. Restrictions on deflections

In the general case the deforrnation of the shell middle surface can be divided into
three successive steps: rigid body translation, rigid body rotation, and pure deformation.
Geometry of the surface deformation with the use of the finite rotation vectof has been
discussęd by Simmonds and Danielson [2]*). Here we usedeflections rather than
finite rotation vector components, since they are already included in our Lagrangean
equilibrium equations (2.4).

For the shell deformation we have [8, 9]

where
lop:aoB*Snp-@oE, ęo:w,n*bfuo,

S op : t (u nlp ł u 
B1o) - b op w,

a op 
: Ż (U Ąn- U o1p) 

: eop Cll,

aud uo, w are the Lagrangean components of the displacement vector,
I-et rp be the greatest deflection of the normal to the shell middle surface and o be the

greatest rotation about the normal. For the small finite deflection shell theory we use the
estimates

171

0)-t, Q-e
which leads to the following estimates

T,p:SoF++(aoraz + ęo qi+O(qe),

(4,4)

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

@o*

-1

b;PoB : - Ż (r!o1, + ę ą.* b! a p** )_+o,G)

+a(d.no:_Qn-cp^au*O(qe),

*) GenęraltheoryoffiniterotatiopsinshellshasbeęndevelopedrecentlybyPietraszkiewicz[12].
Consult also [I3, 14].
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With the help of (2.I4), (5.4) and (5.5) the simplified Lagrangean equilibrium equations
,{2,4) can bę obtained in the form

|N"LIPI++D (1- ll)(bi p"L - b} p"Ls@|- a\'olu^) - Dpł|"(,pu + rp^a^P))t"-

-b:{N"ŁE^+Dpi|\+ ps :" (rrĘ), (5.6)

/ _ ł€2\Nil q^,o* Dp:i:+ b"p N"^1ó!- aq'au)1- p: o( rh' :,,, 
) 

,

\ ",/
,If we use a more restrictive assumption os - e2 together with rp - 2 then all underlined terms

may also be omitted.
Equations (5.6), can be simplified even furthęr for probleFrs which are supposed to

.tę solvęd in displacements. In such a casę the coirstitutive equation (2.8)1 introduces
ł2:

an error O (rł'^'|and equations (5.ó), become
\ 

^]
LN, ^ 

(61 - {.2!l]l. + p' : o ( *+\
\ ",/

Q-€, Q)- 6ż , |rc|t 1e' .

u " .4ł
---E l po ś Eh - .DA

,under which

Top:Sopl lw,ow,u+ O {rleŻ),

p.B: -w|"pł"ff\, (5.9)
\L/

.and the classical non_linear shell equations may be shown to have the.known form

AFi:i + ói!ęa! + źw|b *|; : o ę),

(5.7)

Finally, introdrrcing (2.8),, (5,2), (5.4) and (5.5) into (5.7) and (5.6)z we obtain the

set of equations for small finite deflection shell theory to bę solved in displacements.

It is worthwhile to point out at the end that the classical von Karman-type non-linear

shell theory is based on simultaneous restrictions of the fo1lowing quantities

These equations, called also the shallow slrell equations, are

.in the up-today litęrature.

]Received by the Editor, November 1975.

(5.10)

used rnost frequently

(5.8)
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Uproszczerrie równań geom€tfycznie nieliniowej teorii cienkich porvłok §Pręą'§tY§h

stręszczerrie

W pracy rozwazono możliwości uploszczeń iórvnań podstarvov.,ych, geóni.trycznie trieliniowej

teorii cienkich povlłok sprężystych. Uproszczeń dokonalo przewidr:jąc charakter Rieznanego rczvrią,

zatia, a w szczególaości stosu§ek mięrizy odkształcepiem menrbtanowym i giętnYm, długoŚcią fali

deformacji i krzywizlą Gaussa powłoki, a takżę rrżylvając lóżaych ograniczeń ąa oblotY otoczenia

por",,ierzchni środkowej powłok. W każdym szczególnyrrl przypadku, równania rii}roszcz0.le uzyskano

pomijając rcaŁe człony rzędu błędu żawsze wpfowadzanego do rówrrań pod§tawcwYch rv PrzYbliŻonej
po§t*ci rówpań konstytutyvlnych.

Vnpoqenne ypaBxieu(ń reołIeT,irll{t€crcll H€JI!{H€fiEofi TeopWr T'e§Kidx

yflp}Tr.{x o6oło"ieK

Pegrorue

B paoore paccMaTplrBanTc_s Bo3MoxHocrrł 1łrporqenafi ocĘoBH6Ix ypaB}reH'Iń reoLł€Tpił{ecK4 He-

nulreił;oń Teopna ToHi{ffx yfipyrEx o6ołoqęx. Ynpor4eniłx [poBoLEJ-T]4cT, EpelRlIAbIBax xapatTep Heu3-

Be€THoro penelilrl;l! a B oco6errrrocra oTilofieHllll Mex,qy r,łeu6pa.naoł1 lł lrgrrł6rroź 4e$opri,taq'uaurł,,umrooŹ

§eóopnraqlłoH$oż BoJIHbI Ii KplE|l43rioń faycca o6o:roq.K!r, a TaKiEe IlctjlI,3yficb pa3JlilirFli,i1\,il{ orpaHtr-

qe6idsnpi ua o§oporur o{pecTuocTŁ cepeAlł.t{rr(jź lloBepxuocTfi o6oncrxił. B rłaxłĄolt oT.{€J-ltlEoM Clrysae

ynpc1I{ęT{EBIe ypaBllenff{ rro:Tyqa]rrłcl, npenedperax MŁĘj,lN4Ł yner:iaMrl noprlAi(a fiorpęlrliiocTr1, BcerĄlt

gpołEl,{ofi B ocF{oBHbIe ypaBHe}rx, rr3 ilpl{6nir;Keliooił $optł,rr X{}-ła€TląTJ,'TrelibD( ypaBIreT{I1}"I.


