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NomencIature

Br - diameter-independent thru§t loading
coefficient,

Ba - diarrreter-independent power loading
coefficient,

Zńzyt 73

R- * radius of an axia1 cylinder on the

side surface ol which centres of the
tip vortex singularity are distributed;
assumed radius ol the slipstream far
behind the plopeller,

7 - thrust of screw propeller,

/o - undisturbed flow velocity,
1} *, u, L) o - axiai, radial and circutlferential com-

poneĄts of induced velocities,
lu - óeviation from mean values,
Z - number of tip vortices; also number

. of propeller blades,

B - pitch angle of the helix of tip vortices,
1-- velocity circula(ion,

_ nl,- tg P*óo:_ _._ ': - parameter characterizing,
Ioo

cavitation singularities of vortex
co res,

ry - propellet efficięncy,

}": Vo - - advance coefficient,
@g l(

3, p,7, - integral discrinrinants of the induced
velocity field,

6, - cavitation number,
cog - angular velocity of sctew propeller,

TADEUSZ KORONOWICZ

Gdańsk

Hydrodynannic characteristics of systems of Helical vońices
with yońex cores of Finite Dirnensionsx

Starting fron-r tlre basic equations of the fluid mechanics ręlations between the velocitY field in-

duced far behind the propeller and external forces tepresenting a screw propeller generating this field

have been derived in the paper. The model adopted for calculations has been based on a sYstem of

concentrated vortices with cavitation singtrlarities of a.vortex core.

The ręlations derived make it possible to determine ideal hydrodynan-tic characteristics of a sclelv

propeller. Exemplary charactęristics for selected vortex systems in various coordinates sYstems have

been presented in the paper.

Ca - thrust loading coefficient,
Cł - Powef loading coefficient,

.r: Vo 
- advance coefficient,

lłD
/c- - coefBcient ol contraction of slip-

stteam,
K7 - thrust coefficient,

r2łn,,: - dimensionless circitl-
4IlVo R* tg §-

ation of helical vortices, related to
the pitch of helix; also relative mean
value of the axia1 component of
veiocities induced in the slipstreanr,

p - pressure,

Q - screw propeller torque,
Rr:-- - relative radius,
l?-
R"r-:--' * relative radius of 1he axial voltet' R' singtllarity,
-R, - propeller radius,

subscript 1 - refęrs to a cfoss-sectton far ahead of the screw propelier,

subscript 2 - relers to the scfew disk cross-section,
subscript 3 or co _ relers to a cross_section far behind thę screw propeller.

$ Praca wykonana w rarnach problemu międzynarodowego MR.I.26, glupa tematyczna 04,

t93]



94 T. Koronowicz

, 1. lntroduction

Derivation of relations between extefnal forces representing a propeller, and the velocity
field induced by tlrese forces constitutes one of principal problems to be solved by the
vortex theory of screw propellers. To this end appropriate vortex m,odęls of the propeller
blades (§ystem of bound vortices) and the slipstream (system of free vortices) are being
developed. For several tens of years a model with undeformable vortex surfacę has served_
as a dorninating vortex model for the system of free vortices. As a rule, in this nodel
semi-infinite vortex lines have been regarded as regular heilces.

It follows from a number of theoretical works, and especially from expei-iments, that
Yortex sheets flowing off propeller blades are unstable, and wind up relatively quickly
forming a concentrated form of vorticity. Fog practical purposes it can be assumed that
already at a distance of one propeller radius behind the propeller a concentrated form
of vorticity is representative for the vorticity in the slipstream. A systern of Z tip vortices
in thę form of helices together with a single axial voltex with cavitation singularities of
vortex cores may be taken as a modęl for calculations.

For several years theoretical as well as experimental inyestigations of suclr a vortex
model of the propeller wake have been carried out at the Departm,ent of Ship Fropellers
of the Institute of Fluid-Flow Machinery, Polish Academy of Sciences. The velocity
field induced by systerns of concentrated vortices has beerr calculated and presented in a
ProPeI waY [3, 4], a deŁailed analysis of tlris field has been made [6]. The present paper
constitutes a final, §o to say completing, part of the cycle. Formulaę and diagrams pre-
sented in the paper render it possible to relate characteristics of a screw propeller to the
vortex systen, and hence to thę velocity and pressute field induced far behind the pro-
Peller. This is a result especially important in connection with the design and analysis of
tandem co-rotating and contra-rotating propeller sets.

The complete cycle of papers on tlrę voltex model of the propeller wake having a forrn
of concentrated vorticity constitutes a new quality in the propeller theory. It makes possibto
carrying out investigations of a vortex model of highly loaded screw propellers in the vicinity
of the propeller bladęs and over. the blades themseives.

, 2. YelociĘ and pressure fields

The theoretical rnodels of flow as adopted in this paper for the determination of hydro-
dynamic characteristics of screw propeller can bę charactęrized as follows:

a) an oPen sPace filled with an inviscicl and weightless liquid will be taken into ac-
count in thę considerations; the liquid is incompressible for pfessure§ equal to or higher
than a certain value characterińngthe critical pres§ulepłr, while below this value it changes
into gas producing cavitation bubbles;

b) far ahead ofihe propeller the velocity field is a steady-statę uniform and rectilinear
one;

c) the screw propeller represents all external forces acting on the liquid;
d) the screw propeller rotate§ at a constant angular velocity Óo: colst, with directions

of vectors Ó6 and Żo coinciding;
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e) far behind the propeller the whole vorticity of the flow is concentrated within a very

narrow wake and distributed evenly around cavitation singularities of the concentrated

form of vorticity;
f) the velocity and pressure fields far behind the propeller are represented by a vortex

system in a concentrated lorm having cavitation signularities consisting of Z ttp vortices
forming regular helices and a straightlined axial vortex.

Basic equations of fluid mechanics in the integral form [1] will be used as a basis for
the calculations of the resultant ihrust and resultant torque of the propeller. In these

calculations a control surface S wili be selected, consisting of a surface §, confining the

Fig. 1

set of external forces acting on the liquid (screw propeller), and a surface located suffi-

ciently far from the propeller to allow neglecting a direct influence of the propeller over
this surface. The latter surface will be composed of (Fig, l):
§, - surface located far from the propeller axis of rotation, and forning a stream

surface (stream tube),
,S1 - part of a plane situated far ahead of the propeller, perpendicular to the axis of

rotation and contained within the surface ,S,,

§, - part of a plbne situated far behind the propeller, perpendicular to the axis of rotation
and contained within the surface §,; singularities of the concentrated form of
vorticity excluded.

Calculations will be made for a cylindrical reference coordinate system moving with
the rotating propeller. Thę x axis of this system is in line with the axis of rotation of the
propeller.

In the cross-section far ahead of the propeller the components of induced velocities
on the control surface ,S1 are equal to zerc in, agreement with the assumption on the selec-

tion of this surface
ót:Żo

On the control surface 
^S. 

in the cross-section far behind the propeller the velocity
and pressure field will be characterized by a systenr of vortices in a concentrated form.

95



96 T. Koronowicz

This system can be defined unequivocally (within the frames of the model adopted) using
the following quantities:

a) number Z of tip vortices,
b) pitch LgB* of tip vortices,
c) radius R* of the axial cylinder on thę side surface of which the tip vortices are

distributed,
d) circulation of the vortęx system f:Z,F..
Velocity field for the vortex sy§tem defined in such a way has been characterized and

described in detail in References |3,4, and 6]. Below will only be quoted some formulae

u35 1!a u5 , ąo

|ig, z

describing the induced velocity field, which may be useful when calculating hydrodynamic
characteristics.

The comPonents of induced velocities can be presented convenierrily in the form

Ę
,- Yo

Y:'',,*(A+/r),

m'-tB§* 
(A+/u),

r-

Ę:m"-luo,
rvhere lu, /u, are deviations from mean values [6], and Ais a quantity depending on
the location of the point under consideration, having the following values:

l:l for radii below the singularities of the concentrated form of tip vońices,
A:0 for radii above the singularities of the concentrated form of tip vortices,
A:1l2 for r:1.

For radii crossing the singularities of the concentrated form of tip vortices ,4 adopts
lalues between 0 and 1. An example of function A(r) for a vortęx system of Z:3 and,
several values of pitch tgB* has been shown in Fig. 2.

uQ

{2.ta)

(2.1b)

(2.1a)

Vo
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According to the assumption adopted the whole vorticity in the flow far behind the
ProPeller is concentratedin a restrictedregion aroundcavitation singularities of the con-
centrated form of the tip vortices and thę axia] vortex. A potential flow ęxists outside
of this verY confined region and therefore the relation between the velocity field and tire
Pressure field in an absolute refęrence systęm is given by tlre Cauchy-Lagrange integral.

According to thę hypothesis of Joukovski a steady-state flow picture will be obtained
in a sYstem associated with a propeller operating in a [niform and sieacly-state liquid
inflow (%:const). In a moving system the Cauchy-Lagrange integral takes the ro.rotł

u'p
ż -D.t,"*-p -tl:const,

where Ę:Óo *ń is the transport velocity.
The following relation between the velocity field and tlre presure field will be obtained

on the ground of assumptions as specified previously

W:(;_)'-(i.)' -(';,)' -,(Ę- Ir ń), Q.2)

where Ź*:Ygf(algR-) isthe advancę coęfficient related- tothe cross-section of slipstream
far bęhind the propeller.

After substition of formulae (2.1) for the velocity components into the above formula,
and basing on the formula defining the pitch of the helix of tip vortices [3]

(2.3)

one obtains the final formula relatirrg the pressure field to tlrę field of velocities induced
by the vortex system far belrind tlre propeller

ffi ,: 
*', *|r a + n>' (' *'ź-!'\ + l u2 + {A + A u) (I + tgz p .,,) (I + 2 / u o) ), Q. 4)

In what follows a quantity characterizing the cavitation singu#rity of the axial yortex
is used. Thisis adimensionless singularityradius r":R,lR*, Making use of equation
(2.3) one can associate this quantity with parameters characterizing the vortex system
and rvith the cavitation number charaptęrjzingthe undisturbed flow oo:(p-pł)t( źpvil.
It follows from an analysis of the vęlocity field [4] that for radii r < 0,3 valuęs of the dęvia-
tions Au and lu, are negligibly low, so that the pressure in the point cf ]ocaiion of the
axial vortęx can be determined from a much simpler form of equation (2.4), namely

Po-P ft_,_2lr"1
+pVł = 

lll;* 
'g" 

f- 
L r, 

- | - rir' fr*|.
(2.5)

The radius of cavitation singularity of the axial yortęx can be dęterrnined within tlre
frames of the computational modetr under consideration from equation (2.5), if it is as-

? Prace IldP, z. 75



98 T. Koronowicz

sumed that łor the radius equal to r, the pressure p has the value of the critical pres§ure

pp.Theleft_hand side of equation (2.5) becomes then equivalent to the cavitation number oo.

After some transformations one arrives at a formula defining the radius of the axial

vortex singularity
m2r*tgz P- óo

(2.6\

(3.1a}

(3.1b)

where óo:(7fiu*ts§*llł"" is a pararneter giving a good characteristic of the vortex

singularities in the concentrated form (óo is the radius of cavitation singularity of an

isolated straight-lined vortex),

3. Thrust anil power of external forces

Based on an information on the velocity and pressure fields on thę outer contro1 surface

(,s-,sn) the total thrust and torque of ęxtęrnal forces (screw propeller) confined within
the outer control surface Ę can bę determined from the momentum and angular mo-

mentum equations presentecl in the integral from [1].

For the assumptions made in Chapter 2 integral momentum and angular momentum

equations will takę the form

§ pnró.ń)as:- § pńas,
§§

$ p(FÓ"óXó, ń1 as : - § p rń xń1 ds,
s§

where PÓ is the radius vector, and ii is a vector norrual to the control surface and directed

outwards.
The closed control surface § can be divided into two parts: Sn - a surface confining

the set of external forcęs and the singularities of the concentrated form of vorticity, ,S-,§n:
: & +,S1 ł Ss - the remaining, outęr part of the control surface §.

In resolvęd equations (3.1) integrals taken over the control surface Sn will represent

in the momentum equation the resultant of extenral forces Ę, and thę resultant moment

of external forces Żf, in the angular momentum equation

ś,:Jpó6,baS+tpńaS,
jsp

M o: ! p(Po x D)@. ń) dS + I p(ńx il;as.
§p Sp

To detęrmine Ś* and _f1o fro* the above equations would be a very difficult task.

I{owever, the same quantities can be determined much simpler from the terms of equa*

tions (3.1) that concęrn the outer part of the control surface (,S-,Sr)

Ę:- Ipóró,ń)ds-Ipńas,
§-§o §-§o

Ńo: - I p(ń xilG,ńlas- I pQóxń)ds.
§-§o §-§,
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For the determination of hydrodynamic charccteristics of a screw propeller it is es-
sential that the thrust, that is the component of thę external forces taken in the direction
of the x axis, and the torque relative to the x axis (the axis of the propeller rotation)
be known. Therefore in the roomentunr and angular momenturn equations only the
components of the respective terms of equations takerr in the direction of the x axis will
be taken into account

§-So

(3.2a)

(3.2b)
§-§,

An appropriate choice of the control surface makes it possibie to reduce 1o zero a num-
ber of terms in equations (Ę) ana to substantially simplify these equations.

Namely, the quantity (POxń), is equal to zero over the entire outer surface (^§_§r)
consisting of a stream surface, which at the sarne tine is ą surface (Ę) and of twoplanes
PerPendicular to thę axis of rotation. Thus thę second term on the right_han<l side of equa_
tion (3,2b) becomes equal to zero.

Also thę second tęrm of equation (3.2a) can be substantiatly simplified

I_pńdS: l pońdS+ l poidS+ I piaS: I po ńdS+ ! (p-pJńdS-
§-§n §1 §" 53 §-Sp+S3"" .§:

- ! pońdS,
§: o_.

§ p (ń), as: [ (p- pg) dS - óT .
§-§o §ż

Over the surfacę Ę - which surface is a stream surface - al] terms of equation (3.2)
containing the scalar product i.ń beconre equal to zero.

The following is valid on the surface ,S,

ó.ń: -yo, 1ń*i;,:g, (ńxi1,:|pox(-;i. /o)],:0,
while on the surface ,S.

ó,ix:(Yo+u*) , (ń xń1-:O , (?o xó)*:Ią. u, ,

wherę R is a radius vector beginning at the axis of rotation x.
Taking into account the above mentioned simplifications together with formul a (2.2)

and the continuity equation (for the §tream tube formed by the surface Ę)
! 1vo+u;as: I yodS: Zo Sr

§3 §r

one arrives at a relatively simple formulae expressing the thrust and torque

where ó7: - _I poaS (for the meaning of this quantity see Chapter 4).
§sos

I.

T*i: I p(ł),ó.ń dS + t p(ń),ds ,
§_§o §-§o

Q*i: I p€oxi:l*ó.ńas+ I p€bxńl,ds.

r,, : łvł t.{Ę (, 
- Ę) - +lĘr)' - (Ę)' - e)]- ł, - n ł} o, * u,ó,^,

a..,:ovł 
!;Z(+Ę)as,

(3.3b)
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(3.5)

Here 5, X, p are integral discriminants of the induced velocity field concerning the axial,

circumferential and radial induced velocity component [6], respectively, and v, p, ( ate

After substitution of (2.1) and (2.3) into (3,3), and some transformations formulaei

for the thrust Ę, and the power absorbed by the propeller are obtained

T,.: pVjnRz**,*|{r+ m,*)|I-r|l+T'*Ę' §: s+o * *,* t ),

+t:::lgz P*sol+ar, (3.4a)|-,2 "_j.- )

N;:9"i .uo: pVjttRirr':.- *,-l(, *m,*)(l -r',s+'!::'}' 
P* 

,*{, **,- p)),

where.91 is a quantity chatacterizing the pressure field induced by the vortex system far

behind the propeller, given by the formula

1 2Aun(l -r?) l +zluo 1

sł:2ln ,,- )k+x+il+G-r:)+ łiB. '+ 
,t"T; v- 

tg, B-F-Ć.

- 0.10

r
F

9

-o.05

i

I

I

tgle-=ąz

ł3F-=ol

//

./
Ą

Fig. 3

quantities resulting from a substitution of the actuai form of ,4

vortex singularity (Fig. 2).

These quantities arę of the following form

for radii within the tip

(3.6a)

(3.6b)

! *t-2
v:2 l Ardr+Z

1

7*t*2

F:ż l Azrdrł
1

1*r*2
f ,drt,:2 l A" -+2'Ir
1

o*d

1

I r,ł-l)rdr,
1-1*t

1

2 I (A2 -L)r.dr ,
1-r*r
7

r-drl (A" -I)- ,

Jr
7-'n,



Hydrodynamic Characteristics of Systems...

where r*, , f,2 ałe radii of the tip vortęx singularity as measured inwards and outwards,
respectively (a vortex singularity has, in general, the cross-section differing from a circle).

An exemplary diagram of coefficients y, ll and { for a vortex system consisting oł Z:3
tip vortices has been presented in Fig. 3.

The subscript l in the symbols designating the thrust, torque and power has been added
to emphasize that these quantities had bęen determined with viscous forces and a wake
in the velocity and pre§sure field over the surface ,S., associated with these forces, omitted.

4. Correction for the pre§sure field induced at the propeller hub

The ProPeller thrust as given by formulae (3.4a) and (3.5) is related to external forces
outsidę of the singularities of the system of concentrated vortices. Thetefore, if the screw
ProPeller under consideration has a hub, at one end of which the pressure will be close
to the undisturbed flow pressure po, while at the other end a cavitation singularity of
axial vortex is attached, having inside the pres§ufe of critical yalue po,, than an additional
force acting on the hub will appear. The force, which is not taken into account in formulae
(3.4a) and (3.5) is opposite to the propeller thrust; it can be expressed as

101

lTL: - _l po, dS + óT : l po, dS *ór : J (pw- po) dS ,
§po, S:o. §l*

lTr: *nP,z (po- pr): - pvłrRlźoor? . (4.1)

The term $oor! can be determirred directly from formula (2.6). Henge the additional
force acting on the hub can bę determirred with the aid of the same parameters that clescribe
the propeller thrust and torque in formulae (3.a) and (3,5)

lT,: _ pv]"R?_4::' r- (,-,, #;) (4.2)

If the conditions are such that an axial voftex may develop (e.g. in model investigations
of free Propeller in a cavitation tunnel with the water inflow from the propeller shaft
side i,e. with the propeller mounted as a pushing one), and the more so if such a vortex
has been observed during investigations the above mentioned thrust correction must be
applied,

If the water inflow is from the side opposite to the propeller shaft side (a pulling pro_
Peller - typical case of open water investigations in a tank) there are two possibilities:

a) the radius r. of the axial vortex singularity is sma]ler than the,propeller shaft radius
r-: R.f R*,

b) the radius r, of the axial vortex singularity is larger than r*.
If r->r, than the radius r" of tlre axia] vortex singularity shou]d be substituted in for-

mulae (3.4) and (3.5) by the propeiler slraft radius r*; the additional suctr<ing force lT
at the propeller will be equal to zero.

If r.<r, formulae (3.4) and (3.5) remain unchanged, and the additional sucking force
at the hub will diffęr fuom lT, by a quantity taking into account the ,,dead" cross_section
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area

(4.3)

Very often such bodies as rudders or streamlined hub extensions disturb, due to their
location directly dolvnstream of the propeller, the mechanism of formation of tlre system

of vortices flowing off the propeller at the hrrb into a single axial hav-ing a concentrated

form with a cavitation singularity.
If this is the case then a systern of Z yotticęs distributed over a cylinder having the

radius approximately equal to the hub radius wouid be a more adequate modetr describing
the pressure field at the hub. As a rule the pitch of helices of the vortex systen at a hub
is very large, Therefore a system of straightlined vortices [5] can describe the pressure

field for §uch system fairly well. The correction for an additional force acting on thę hub
can bę sugested based on the results of analysis of the velocity and pressure fields for a
straightlined vortex system [5]. Namely the radius r, of the axial vortex singularity in
formulaę (3.4) and (3.5) should be substituted by the hub radius ro:Rrf R-; besides,

thę tęrm 21nr,in formula (3.5) should be substituted by

z n (,, +6 }) - ż 
|, 

- 

&7",,?2
The problem of accurąte determination of the sr,rcking forcę on the lrub is of high im-

portance in the propeller theory as well as in the domain of model investigations. This is
ęvident especially in a comparative anaiysis of results of mode} investigations carried out

for various positions of the propeller shaft ręlative to the direction of thę water inflow
to the propel[er.

If a typical way of mounting a propeller modei on shaft for open-water investigations
in a tank (pulling propeller) is regarded as the standard piopelier mounting than the results

of investigations obtainęd in a cavitation tunnel with a model mounted in a different manner
(pushing propeller) ought to be corrected. Thę difference of the propeller thrust will be

obtairręd fronr a comparison of corresponding lorces acting on the hub.-For r,<r. the

correction is

2nRo
lĄ: tr I @o_ ńRd,Rdrp+nR:' tpo- p,,,)-

OR"

2r Rp

- .[ lfuo-p)R dR dq-n(Rj-R?)(po_p), (4.+1
0fi"

/T2: -It(R? - n',)tpo- p*,): A,I,t(, -'r;)

lT,:ltpz.7ro- pł,): pvś**ż':, 'r.r r' :(':,'t' ,r,

A Tu : py] nRzYi 4t!:- z trn lL + l Tl .

For r >r*".

(4"5)
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Comparative investigations have been carried out in order to determine how large
are differences in the thrust value for different methods of mounting a model on a propeller

shaft. Model propellers have been tested each for two differęnt ways of mounting on thę

shaft (as a pulling propeller and as a pushing one). The same rig for open-water tests in
tank has been used. In order to reduce possible disturbances of thę water inflow to the

propeller, and also to maxinrizę thę thrust difference value the tests have only be_en made

for the inflow velocity equal to zero (bollard condition tests). For propellers having large

pitch coefficients (P/D:1.5) differences up to 15 per cent of the value of thrust coefficient

K7 ltave been observed, with the torque coefficient Kq of practically constant value. Cor-
Iections as specified aboye proyed to bę adequate qualitatively as well as quantitatively.

It is evident that the value of the additional forcę at the hub depends strongly on the

value of the radius r, of the axial vortex singularity; thus it also depends indirectly on

the cavitation number value.
Very often model investigations in a cavitation tunnel are being carried out at cavitation

103

0§

Kf

'l0 Ką

0!

A'/oo, ą,o
P/o = &a

" - dł=o,ea

u -dł=ołl

numbers of largely differęnt values without observing any signs of cavitation on the propeller
blades, but with the size of thę cavitationa.l singularity of the axial vortex distinctly changed.

A thrust correction corresponding to this effect can be dęterminęd basing on the difference of
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thę value of the force on the hub for two values of r,
2F Ro

lT5: I I (po-ńRdRd9+nR!r(po-p*)-
oR"

T 
"!'@o- 

ńRdR.drp*nR?r(pr- po):
O R"z

: p.vo2nR*'!r:'n - 
[r," |"'* r, i,-,:ł * 3+f . ęs}

lTr= pyrżnR, 
m3*tgf * 

u 
o, 

,
2o,

It has been proved in many experiments that such correction must be applied to the
results of tunnel investigations. Fig. 4 shows characteristics of a propeller tested in a
cavitation tunnel at the Institute of Fluid-Ftow Machinery, Polish Academy of Scięnces
(pushing propeller) at two significantly different cavitation numbers (ołl:0.66, ałz:0.17}
but still with no cavitation on the propeller blades observed. Differences in the value of
K. as resulting from, the measurements are in a good agreenrent with values calculated
from formula (4.6):

I17v@

ts B-
lK,

L

l

l

]-
I

0.80
l

i

l

i

i

v
nD

l0.50 l

l

*oi T

o.29o i

0,0085

0.60 
]

l

0.657
0.300
0,0060

0.70

0,444
0.3l0
0,0044

0.239
0.315
0.0025

The męthod of calculation of m,*, tg §- and R- will be presented in the subsequent
pań of this paper.

5. Hydrodynamic characteristics

The above presented formulae canbe used as a basis for the determination of hydrodyna-
mic characteristics of a screw propeller operating in an open space filled with an invlscid
liquid. Yortex Systems in a concentrated form with cavitational singularities constitutę the
characteristic representątion of the velocity and pressure fields inducęd far behind this
propelIer.

Dimensionless power loading coefficient Cr., and thrust loading coefficient C73;, zs
well as the advance coefficięnt ź., each related to the cross_sęction rRŻ* of the circular
cYlinder, ovęr the side of which cęntres of the tip vortex singularities are distributed, rnay be
obtained directly from formulae (3.4), (3.5) and (2,3)

^ 
^/l .tEB* l-__ m,.^E2 §- lrt- nsi: l*y;nĄ: 

ż -tr *,r,-|{| + tn,".)(l -r,') *'!'-*'ł P*,*1r * nt,* ul 
), 

(5.1)

Ti )* mł*t|' §* ^vrli:2plĘnRi:Ęr*CNsi* ,:-:'o, (5.2)
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,Yo
- ćon R-

tg§*
(5.3)

I+Y;2G+Ę2 §-)(l+z/uo)

T,vo crri )* [- ^,-tE] §: so ląF Nt c*': w,.-L' 
-,,-,^u, 

_,;%ĘĘ**,,_r,_J
The quantity 

^S1 
is given by (3.5) with a corręction, if necessary, for an

sucking force at the hub lT.

(5.4)

additional

,l0

Crsi

9

Fig. 5
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When a system of concentrated vortices characterized by certain parameters (Z, t9 §*,
R*, w,-) is defined, the cavitation nurnber oo chatactęrizing the undisturbed flow is known,
and known arę coemcients, corresponding to this vortex system, characteńzing nonuni-
formity of the induced velocity field (5, X, p, |, p and Ę) as well as thę proper velocities

0.1 0,2 0.3 0_4 0.5 0§ 
^_ 

0.,

Fig. 6

żuo of the tip vortices, then hydrodynamic characteristics of the vortex systęm, and,

indirectiy hydrodynamic characteristics of the propeller it§elf, can be determined for various

sęts of values of C73i, CNsi, ryi and ),*.

Examples of such characteristics have been presented in Figures 5 through 8.

Figs. 5 and 6 show examples of hydrodynamic characteristics for a system of Z:3
vortices in coordinates systems Crrr(),*) and Cry3,(ź_), with tgf_:const, łi:const and

Źuo : COOSt,
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The same results have bęen presented in Figs. 7 and 8 in a logarithmic scale. Tlris is
the system in which, as a rtlle, functions Crr{)) and Crdż) have been-piotted, for 4,:g6n51,
for systems of fręę vortices cleveloped into a helical surface of constant pitch and radial
circulation distribution complying with the Betz postulate (Kramer diagraurs).

ż.3
d6",(.o

h=0.7

In order to compare so different vortex systems from thę standpoint of the efficiency
diagran-rs of Cr; plotted versus l, based on Kramer diagrams have been shown in Figs. 7
and 8. The comparison shows that vortex §ystens fulfilling the Betz postulate seem to
have at higher loads poorer performance than a concentrated form of velocity. This fact
calls for a revision of commonly adopted opinion as to thę optimum bad distribution
over propeller blades.

l07

Cłsi

2a,0

4E!

12.9

,0.0

6.0

q0

4,0
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The thrust loading coefificient C7i anó the power loading coefficient C", do not.depend
explicitly on the rotative speed of the propeller, cr;', Sometimes this may be convenient,
however more natural coefficients charaętęrizing the operation of a screw propeller are the
thrust coefficient K, and torque coefficient Kn. Hydrodynamic characteristics of a propeller
may be presented in terms of K7 and Kn in the whole range of operating conditions of
the propeller, including the bollard conditions tests. There is a strict relation between the
coefficients C7 and K7, and C* and Kn, respectively

(5.5a)

(5.5b)

In tlre system of coefficients K, and Knit is also convenient to relate the quantity ln,,*,
characterizing the vortex system circulation, to the circumferęntial velocity, but this will
result in łrr.,* loosing its physical interpretationasa relativemean axial component of tire
velocity induced in a slipstream far behind the propeller

r2*'*: 4nn*.rn;€p.:*,- ),,, (5,6}

After having taken into account the abovę presented relations one obtains the following
formulae for tlre thrust coefficient Krri, torque coefficient K9.; and advancę

1- -3xrr,: 
rr)L|:'' 

Crr,),I,

O-. 7t3xor,:;łłoi_: 
lo 

C^.",Ł ,

coefficient ź.
fi3 

,|l^-* r,-11l - rj|+'"'-'t;' §- 
3łQ),-**,* u)f,Kqri:-3 tE§-mno

. fj. *r., l
*,,,:"i 

l, rł' --' -':? -, r].

, Jl:ftl*:" 
[rrr* 

-ry(l+tg2B*)( I+2/uł],

(5.7}

(5.8)

15 q\

.. Kr,, J, ,- |-,* _^;-'r':-Ę l (5.t0)ąt: Kutń: te§*L' 
*," 

**^y, _rlr*-^-? ń 
3ł(v7** *,,- r)l 

()'tUJ

There also will be a slight change of the formula for the axial vortex singularity radius

m,n tE§ n

,f 
o!-+ *,,* rr, B* (, - ,ij';_)

(5.11) t

r+a3 (r - 
"3#ź;)

o Po- Pl*
o i*: 

trp ęoo R *)z: 
O o /,-- '

where

(5.12)
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Examples of hydrodynamic charactęristics ol vortex systems, plotted in the above
Iefei,ence system, lravę been presented in Fig. 9.

Nearly all of the above pfesented formu]ae have a slight shortcoming, consisting in a
dependence on the dimensions of a cross-section of slipstream far bęhind the propeller.
In order to fully make use of these formulae one shou]d know the relation bętween the
radii of cross-sections of slipstrearu far behind the propeiler, R* , artd at the screw disk,
-Ro. Here the concept of a coefficient of contraction (narrowing) of slipstreanl k,[7] may
be of use.

The coefficient ko of contraction of slipstream is dęfined as a ratio of cross-section
areas far behind the propellet, nR2-, and at thę screw disk, nRfr, With the aid of this

109

ln

krsi

B.8

coefficient one can obtain
basing on those related to

geonretricai quantities characterizing
the size ol slipstream far behind the

, ftR'* /R- \'r': nĘ:(, 
^; 

l

thę screw propeller itseĘ,
prope l!er

(5,13)
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1v.
la'-l-^w Nzt- 

+p1łftR1- 
ea vlv3i: (5.14)

(5.15)

(5.16)

(5.17}

(5.18)

Crzi:
-^d 

vT 3i)
źpYŚnR'o

J r:łĘ J r,
7',Krzi: , ^n:ki Krli,

pn-Dó

Q, -) /,
K ar,-- rntp, 

: ki i k o K r.oi,

The propeller efficiency as given by formulae (5.4) and (5.10) is independent of the
geometrical dimensions,

Operating parameters of the propeller and the ]oad distribution over the propeller
blades strongly affect tlre coefficient of contraction of slipstreamkd.In order to strictly

L-" j

X2 0§
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determine ko one should solve the pfoblem of flow on tlre propeller itself and in its vicinity,
taking into account the process of developnrent of a concentrated form of vorticity.

The contraction coefficient may be, in general, presented in tlrę form of a product [7]

ko: k,k, .

where k^ expresse§ the narrowing of an assumed boundary of the slipstream and is re-
lated to the rise of the axial component ofinduced velocities. It can be defined by nreans of

0.3

Fig. 11-

the same formula as used for an ideal propeller (Z:m) for which a radially constant
circulationdistribution is assumed

111

Fry)G-"")k'^:
(I+m,-)(1-r2,)

(5.19}
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The quantity ł) expresses the narro,wing of vortex lines caused by the dęformation
(coiling up) of thę vortex surface and dbvelopment of a concentrated form of vorticity.
Difficulties arising in connection with attempts to determine k, are responsible for the
difficulties in the determinatiorr of k,. l

CłzL
t0.0

8,0

6,0

4p

3a

2p

Fig. 12

Taking into accoultt a contraction ofthe slipstream results in an alteration ofhydrodyna-
nric characteristics of a propelier. This may be observed by letting ko:k*.

Figures 10 through 14 show hydrodynamic characteristics related to the screw disk
cross-section area through the relation (5.19) that have been plotted for the §ame vortex
systems as presented in Figs. 5 through 7. From these figures it is evident that leaving the
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contraction of sliPstream otrt of account (which is the common practice in the propeller
theorl maY lead to quite large errors in the ęvatruation of the induced velocity neto as
corresPonding to external forces creating this fietd. Such errors will also affect the evalua_
tion of relations between the respective coefficients charactęrizing the operation of a screw
ProPeller. The errors and discrepancies would be even more clearly marked if the quantitył, has been taken into account.

The formulae and ręlations as presented above can not be fully utilized in the theory
and for Practical PurPoses because a complete quantitative information on /c, is unavailable.
Howevet, in the theorY of propellers there are quantities that chara ctęrize the propeller

Krzi

0p

i
Z.3
6n, |9

|r= 0t

(5.20)

(5.21)

loading but do not contain terms characterizing the geometry of propetler wake, These
are so called diameter-independent power loading and. thrust loading coefficients.

The coefrcients may be dęrived from one of the sets of coefficients, kr, kgand, J, orCr, Clł and)", bY elimination of the radius or diameter of propeller or slipstieam

K. Tnz
7: rą:s?'

Cn Tnz;i:8r _:8nBN.r'.' P Yo'

I

. mnn-ałł

Fig, 14

8 Prace IMP, z. 75
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Such coefficients, Ę an<1 K!, used by authors from the Soviet Union have the forrn
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Also Taylor's coefficients may be used (n'l[r.p.m.], /fr [knots], PD, PT IHPD
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The diarneter-independent coefficients can be u§ed to charapto,rize the propelleropefa_
tion if the value of the propeller radius or the slipstream radius is nrnknown; it is srfficięnt
to know only:

- velocity tr/o of undisturbed flolv,

- angulal, r,e]ocity cu6 (or the rate of revoluiion lt:ulolLx),

- power ly' or thrust I.
Examples ol hydrodynarnic chańcteristics based on the dianreter-independent thrust

and power coemcients, B, atd,B*, respectively, have been showrr in Figures l5 through 18.

They have been plotted for systems of vortices in concentrated furrn characterized, by the
helix pitch tg §*, number of vorticęs, Z:3, cavltation number 6o:4 and af : ł;.and dif-
ferent mounting on the propeller shaft,

If two quantities which do not depend directly on the radius o,f'propeller or sĘstream,
such as Bv, and Ęi. at Bpi and qr, are known, then diagranrs o,f, this kind may bc used fon,

l

nb- ąc| ć-3
6i-lp
l|p'.Żii

b lnt
Fig. i8

the determination of parameters of a vortex system far behind the propeller tg B * and mu-
(ot m,,*), together with the advancę coefficient ź.. Hence the vortex system far behind
the propeiler and the corresponding field of induced velocities ancl pressure can be determ-

ined unequivocally.

Recęived by Editol, lłdarch 19'17.
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charakterystyki hyrlrodynamiczne układów wirów śrubowvch
o §kończonych wymiarach jąłlra wirowego

s t reszczenie

Na podstawie rórvnań mechaniki płynów, określono zależnościpomiędzy polenl prędkości induko_wanl'ch daleko za Pędnikiem, a siłani zewnętrziryrni pola wywołanego pęjninem śrubowynr. ModelobliczeniowY oPiera się na tlkładzie wirów skupionych z osobliwościami kawitacyjnymi jąclra wirowego.'Vl/Yzttaczone zalęŻnoŚci unroŻliwiają określenie idealnych charakterystyk hydrodynamicznych.pędnika
śrubowego, w pracy podano przykłady takich charakterystyk dla wybranych układów wirów śrubo_wych. charakterystyki przedstawiono w różnych trkładaclr odniesienia.
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