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TADEUSZ KORONOWICZ

Gdansk

Hydrodynamic Characteristics of Systems of Helical Vortices
with Vortex Cores of Finite Dimensions *

Starting from the basic equations of the fluid mechanics relations between the velocity field in-
duced far behind the propeller and external forces representing a screw propeller generating this field
have been derived in the paper. The model adopted for calculations has been based on a system of
concentrated vortices with cavitation singularities of a. vortex core.

The relations derived make it possible to determine ideal hydrodynamic characteristics of a screw
propeller. Exemplary characteristics for selected vortex systems in various coordinates systems have

been presented in the paper.

Nomenclature

By — diameter-independent thrust loading

coefficient,

By — diameter-independent power loading
coefficient,

Cr — thrust loading coefficient,

Cx — power loading coefficient,

Vo ;

s s . — advance coefficient,

nD

ks, — coefficient of contraction of slip-
stream,

Kr — thrust coefficient,
5 2

— dimensionless circul-

o
4nVoRew t8 fuw

0,
|

radius of an axial cylinder on the
side surface of which centres of the
tip vortex singularity are distributed;
assumed radius of the slipstream far
behind the propeller,

Y thrust of screw propeller,

Vo undisturbed flow velocity,
vy, 0,,0, — axial, radial and circumferential com-
poneats of induced velocities,
deviation from mean values,
number of tip vortices; also number
. of propeller blades,
B— pitch angle of the helix of tip vortices,

|

|

Av —
Z

|

I'— velocity circuia\tion,
ation of helical vortices, related to Mow 18 Beo .
the pitch of helix; also relative mean do= o — parameter characterizing,
value of the axial component of i > =
velocities induced in the slipstream, cavitation singularities of Yortex
p — pressure, Sores, -
O — screw propeller torque, - n ~ propeller efficiency,
vr=i — relative radius, A=—=- — advance coefficient,
T wo R :
R, 3, p, 7 — integral discriminants of the induced
= — relative radius of the axial vortex velocity field,
Re singularity, o — cavitation number,
R, — propeller radius, o — angular velocity of screw propeller,
subscript 1 — refers to a cross-section far ahead of the screw propeller,
subscript 2 — refers to the screw disk cross-section,

subscript 3 or oo — refers to a cross-section far behind the screw propeller.

* Praca wykonana w ramach problemu miedzynarodowego MR.1.26, grupa tematyczna 04.

[93]



94 T. Koronowicz

1. Introduction

Derivation of relations between external forces representing a propeller, and the velocity
field induced by these forces constitutes one of principal problems to be solved by the
vortex theory of screw propellers. To this end appropriate vortex models of the propeller
blades (system of bound vortices) and the slipstream (system of free vortices) are being
developed. For several tens of years a model with undeformable vortex surface has served
as a dominating vortex model for the system of free vortices. As a rule, in this model
semi-infinite vortex lines have been regarded as regular helices.

It follows from a number of theoretical works, and especially from experiments, that
vortex sheets flowing off propeller blades are unstable, and wind up relatively quickly
forming a concentrated form of vorticity. For practical purposes it can be assumed that
already at a distance of one propeller radius behind the propeller a concentrated form
of vorticity is representative for the vorticity in the slipstream. A system of Z tip vortices
in the form of helices together with a single axial vortex with cavitation singularities of
vortex cores may be taken as a model for calculations.

For several years theoretical as well as experimental investigations of such a vortex
model of the propeller wake have been carried out at the Department of Ship Propellers
of the Institute of Fluid-Flow Machinery, Polish Academy of Sciences. The velocity
field induced by systems of concentrated vortices has been calculated and presented in a
proper way [3, 4], a detailed analysis of this field has been made [6]. The present paper
constitutes a final, so to say completing, part of the cycle. Formulae and diagrams pre-
sented in the paper render it possible to relate characteristics of a screw propeller to the
vortex system, and hence to the velocity and pressure field induced far behind the pro-
peller. This is a result especially important in connection with the design and analysis of
tandem co-rotating and contra-rotating propeller sets.

The complete cycle of papers on the vortex model of the propeller wake having a form
of concentrated vorticity constitutes a new quality in the propeller theory. It makes possible
carrying out investigations of a vortex model of highly loaded screw propellers in the vicinity
of the propeller blades and over the blades themselves.

2. Velocity and pressure fields

The theoretical models of flow as adopted in this paper for the determination of hydro-
dynamic characteristics of screw propeller can be characterized as follows:

a) an open space filled with an inviscid and weightless liquid will be taken into ac-
count in the considerations; the liquid is incompressible for pressures equal to or higher
than a certain value characterizing the critical pressure Dxr» While below this value it changes
into gas producing cavitation bubbles;

b) far ahead of the propeller the velocity field is a steady-state uniform and rectilinear
one;

¢) the screw propeller represents all external forces acting on the liquid;

d) the screw propeller rotates at a constant angular velocity @, =const, with directions
of vectors @, and ¥, coinciding;
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e) far behind the propeller the whole vorticity of the flow is concentrated within a very
narrow wake and distributed evenly around cavitation singularities of the concentrated
form of vorticity;

f) the velocity and pressure fields far behind the propeller are represented by a vortex
system in a concentrated form having cavitation signularities consisting of Z tip vortices
forming regular helices and a straightlined axial vortex.

Basic equations of fluid mechanics in the integral form [1] will be used as a basis for
the calculations of the resultant thrust and resultant torque of the propeller. In these
calculations a control surface S will be selected, consisting of a surface S, confining the

_\ e
S 0%
.

o

>
e

Fig. 1

set of external forces acting on the liquid (screw propeller), and a surface located suffi-

ciently far from the propeller to allow neglecting a direct influence of the propeller over

this surface. The latter surface will be composed of (Fig. 1):

S, — surface located far from the propeller axis of rotation, and forming a stream
surface (stream tube),

S; — part of a plane situated far ahead of the propeller, perpendicular to the axis of
rotation and contained within the surface S,, :

S; — part of a plane situated far behind the propeller, perpendicular to the axis of rotation
and contained within the surface S.; singularities of the concentrated form of
vorticity excluded.

Calculations will be made for a cylindrical reference coordinate system moving with
the rotating propeller. The x axis of this system is in line with the axis of rotation of the
propeller.

In the cross-section far ahead of the propeller the components of induced velocities
on the control surface S; are equal to zero in agreement with the assumption on the selec-
tion of this surface

51 = I70 :

On the control surface S; in the cross-section far behind the propeller the velocity

and pressure field will be characterized by a system of vortices in a concentrated form.
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This system can be defined unequivocally (within the frames of the model adopted) using
the following quantities:

a) number Z of tip vortices,

b) pitch tgf, of tip vortices,

¢) radius R, of the axial cylinder on the side surface of which the tip vortices' are
distributed,

d) circulation of the vortex system I'=Z-I..

Velocity field for the vortex system defined in such a way has been characterized and
described in detail in References [3, 4, and 6]. Below will only be quoted some formulae

10 T
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A=l 48,204
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05 :
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describing the induced velocity field, which may be useful when calculating hydrodynamic
characteristics. ‘
The components of induced velocities can be presented conveniently in the form

Be 0 (2.12)
Vo

Po & B gﬁ“’ (A +4v), (2.1b)
V. r

&—m v, (2.1¢)
Vo

where Av, 4v, are deviations from mean values [6], and A is a quantity depending on
the location of the point under consideration, having the following values:

A=1 for radii below the singularities of the concentrated form of tip vortices,

A=0 for radii above the singularities of the concentrated form of tip vortices,

A=1/2 forr—1.

For radii crossing the singularities of the concentrated form of tip vortices 4 adopts

values between 0 and 1. An example of function A(r) for a vortex system of Z=3 and
several values of pitch tgfB., has been shown in Fig. 2.
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According to the assumption adopted the whole vorticity in the flow far behind the
propeller is concentrated in a restricted region around cavitation singularities of the con-
centrated form of the tip vortices and the axial vortex. A potential flow exists outside
of this very confined region and therefore the relation between the velocity field and the
pressure field in an absolute reference system is given by the Cauchy-Lagrange integral.

According to the hypothesis of Joukovski a steady-state flow picture will be obtained
in a system associated with a propeller operating in a uniform and steady-state liquid
inflow (Vo——const) In a moving system the Cauchy-Lagrange integral takes the form 2]

U2

>

@l

-7 +£-u=const,
P
where 7,=w, xR is the transport velocity.
The following relation between the velocity field and the presure field will be obtained
on the ground of assumptions as specified previously

- LR a8 ) 02 v
el TN T TR B Gy @2)
30V Vo Vo Vo Vo 2.V

where A, = Vo/(wo Ry) is the advance coefficient related to the cross-section of slipstream
far behind the propeller.

After substition of formulae (2.1) for the velocity components into the above formula,
and basing on the formula defining the pitch of the helix of tip vortices [3]

Ux() ’nvoo
1+7 - = (1+24v,)
el O (2.3)
1 oo Il m tof.
S e = e R T

1 2

one obtains the final formula relating the pressure field to the field of velocities induced
by the vortex system far behind the propeller

2
Z‘;V;;mim [(A + Ap)? (1 +tgrf°°>+dvz+(A+Av)(1 +tg? B)(1 +2Avo)] . 24)
In what follows a quantity characterizing the cavitation singulgrity of the axial vortex
is used. This is a dimensionless singularity radius r=R,/R,. Making use of equation
(2.3) one can associate this quantity with parameters characterizing the vortex system
and with the cavitation number characterizing the undisturbed flow ao=(p—p)/( 1p V3.
It follows from an analysis of the velocity field [4] that for radii r<0.3 values of the devia-
tions 4v and Av, are negligibly low, so that the pressure in the point of location of the
axial vortex can be determined from a much simpler form of equation (2.4), namely

= 1 24v
Y e ap - 2.5)
Vs r sin? f,,

The radius of cavitation singularity of the axial vortex can be determined within the
frames of the computational model under consideration from equation (2.5), if it is as-

i Prace IMP, z. 75
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sumed that for the radius equal to r, the pressure p has the value of the critical pressure
Prr. The left-hand side of equation (2.5) becomes then equivalent to the cavitation number o,

After some transformations one arrives at a formula defining the radius of the axial
vortex singularity

2 te B ;
Moo g ﬁoo B 0 (26)

r,= )
24v 24v
2 et - \/1 il = 4
\/60+’nvw g ﬂoo +sin2 ﬁw - (0] +Sill2 ﬁm

where do=(m, tgﬂm)/\/ ;7; is a parameter giving a good characteristic of the vortex
singularities in the concentrated form (o is the radius of cavitation singularity of an
isolated straight-lined vortex).

3. Thrust and power of external forces
Based on an information on the velocity and pressure fields on the outer control surface
(S—S,) the total thrust and torque of external forces (screw propeller) confined within
the outer control surface S, can be determined from the momentum and angular mo-
mentum equations presented in the integral from [1].
For the assumptions made in Chapter 2 integral momentum and angular momentum
equations will take the form
$ po(3-n)dS=~ § pnds, (3.12)
5 5 :

§ p(POxT)(5-7)dS=— § p(PO x 1) dS, (3.1b)
S S

where 13—0> is the radius vector, and 7 is a vector normal to the control surface and directed
outwards.

The closed control surface S can be divided into two parts: S, — a surface confining
the set of external forces and the singularities of the concentrated form of vorticity, S—S,=
=S,+S,+S; — the remaining, outer part of the control surface S.

In resolved equations (3.1) integrals taken over the control surface S, will represent
in the momentum equation the resultant of external forces §w, and the resultant moment
of external forces M f in the angular momentum equation

S,= [ pt (@-n)dS+ [ pndS,
s 5a
5 e —
Mo= [ p(POx0)(v:n)dS+ [ p(POxn)dS.
SP SP

To determine S, and M, from the above equations would be a very difficult task.
However, the same quantities can be determined much simpler from the terms of equa-
tions (3.1) that concern the outer part of the control surface (S—S,)

S,=— [ pp(@-n)dS— [ pndS,
5-S, 5-5,
- e S e s
My=— [ p(POx3)(®-n)dS— [ p(POxn)dsS.
s-§ s-s, :

P
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For the determination of hydrodynamic characteristics of a screw propeller it is es-
sential that the thrust, that is the component of the external forces taken in the direction
of the x axis, and the torque relative to the x axis (the axis of the propeller rotation)
be known. Therefore in the momentum and angular momentum equations only the
components of the respective terms of equations taken in the direction of the x axis will
be taken into account

j p(3),0-ndS+ { p(m),ds, . (3.2a)

=8, S=5,

-
j" (PO x7),0-ndS+ j p(POxn) as. (3.2b)
- s-s,

An appropriate choice of the control surface makes it possible to reduce to zero a num-
ber of terms in equations (g._%) and to substantially simplify these equations.

Namely, the quantity (PO x i), is equal to zero over the entire outer surface (S—-S,)
consisting of a stream surface, which at the same time is a surface (S,) and of two planes
perpendicular to the axis of rotation. Thus the second term on the right-hand side of equa-
tion (3.2b) becomes equal to zero.

Also the second term of equation (3.2a) can be substantially simplified

| prdS= [pondS+ [ pondS+ [pndS= | pondS+ [ (p—po)ndS—
S=5, S S S3 S3

S=8 45,
e J‘ po n dS,

S30s

Over the surface S, — which surface is a stream surface — all terms of equation (3.2)
containing the scalar product v-7n become equal to zero.
The following is valid on the surface S,

bii=—V,, (POx7),=0, (POxB),=[POx(~7-Vy)].=0,

while on the surface S3’

=

= = &= — &
U'n=(V0+vx) » (Poxn)x=0: (POXU)X=R'U¢,

where R is a radius vector beginning at the axis of rotation x.
Taking into account the above mentioned simplifications together with formula (2.2)
and the continuity equation (for the stream tube formed by the surface S.)

I(VO'}_Ux)dS: j‘ VodS= Vo Sl
S3 S1

one arrives at a relatively simple formulae expressing the thrust and torque

1 2 2 2
oo [ (LG G o e
J Vo Vo 2 Vo Vo Vo /13 (33)

o2l 5 (3.3b)
Wil

S3
where 07=— | podS (for the meaning of this quantlty see Chapter 4).

3os

7*
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After substitution of (2.1) and (2.3) into (3.3), and some transformations formulae
for the thrust T,; and the power absorbed by the propeller are obtained

s 2g~g»w abybm, )k

— pVETR?, mm[<1+mm><1—rf>+

m, it 3
e 2g i Sk]+5T, (3.42)

(1+n7uoo)(1_ r)+‘_‘

:
g m[ ””f ﬁ°°5+(v+mmu>],

where S, is a quantity characterizing the pressure field induced by the vortex system far
behind the propeller, given by the formula

2Avs(1—72) 1+24p, 1

= - Yera

sin? B, sin’ff. . B
Here 3, 1, p are integral discriminants of the induced velocity field concerning the axial,
circumferential and radial induced velocity component [6], respectively, and v, u, & are

1
Sk:21nr,—?(g+x+p)+(1—rf)+ p—_E. (3.5)

-Di0 i
5
v e -0, e
= = =
/ﬁ
L~ —
—_
~0p5 - e
=
i
/
2
g
2=
¥
- 0 040 020 & I

Fig. 3

quantities resulting from a substitution of the actual form of A4 for radii within the tip
vortex singularity (Fig. 2).

These quantities are of the following form

1+rw2 s
) f Ardr+2 f (A Drdr, (3.6a)
1—rw1
14T
=2 j A*rdr+2 j (Az—l)idi (3.6b)
1-rwi
T rae 1
dr dr e
=2 'f A1) f (4*-1n—, (3.6
r r
i 1=rwi
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where r,,,, r,, are radii of the tip vortex singularity as measured inwards and outwards,
respectively (a vortex singularity has, in general, the cross-section differing from a circle).
An exemplary diagram of coefficients v,  and ¢ for a vortex system consisting of Z=3
tip vortices has been presented in Fig. 3.
The subscript i in the symbols designating the thrust, torque and power has been added
to emphasize that these quantities had been determined with viscous forces and a wake
in the velocity and pressure field over the surface S5, associated with these forces, omitted.

4. Correction for the pressure field induced at the propeller hub

The propeller thrust as given by formulae (3.4a) and (3.5) is related to external forces
outside of the singularities of the system of concentrated vortices. Therefore, if the screw
propeller under consideration has a hub, at one end of which the pressure will be close
to the undisturbed flow pressure p,, while at the other end a cavitation singularity of
axial vortex is attached, having inside the pressure of critical value p,,, than an additional
force acting on the hub will appear. The force, which is not taken into account in formulae
(3.4a) and (3.5) is opposite to the propeller thrust; it can be expressed as

ATy =— | p,, dS+0T= | p,,dS+0T= [ (p—Dpo)dS,

pos 3o0s 3os
AT1=—TcR,z(po—pk,)z—pVoanfo%aorf. (4.1)

The term 40,77 can be determined directly from formula (2.6). Hence the additional
force acting on the hub can be determined with the aid of the same parameters that describe
the propeller thrust and torque in formulae (3.4) and (3.5)

Moo 18° B (

1—r}— 2‘A1270r,2) '

sin® 8,

If the conditions are such that an axial vortex may develop (e.g. in model investigations
of free propeller in a cavitation tunnel with the water inflow from the propeller shaft
side i.e. with the propeller mounted as a pushing one), and the more so if such a vortex
has been observed during investigations the above mentioned thrust correction must be
applied. .

If the water inflow is from the side opposite to the propeller shaft side (a pulling pro-
peller — typical case of open water investigations in a tank) there are two possibilities:

a) the radius r, of the axial vortex singularity is smaller than the propeller shaft radius
Ly = Rw/ R B

b) the radius r, of the axial vortex singularity is larger than r,,.

If r,,>r, than the radius r, of the axial vortex singularity should be substituted in for-
mulae (3.4) and (3.5) by the propeller shaft radius r,; the additional sucking force AT
at the propeller will be equal to zero.

If r,,<r, formulae (3.4) and (3.5) remain unchanged, and the additional sucking force
at the hub will differ from A7 by a quantity taking into account the ,,dead” cross-section

(4.2)

AT1= ~pVomR,
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arca

”"2‘) 2 o
ATZZ—T[(Rf*szv)(pO—pkr):Airl (1—7> : (4.3)

Very often such bodies as rudders or streamlined hub extensions disturb, due to their
location directly downstream of the propeller, the mechanism of formation of the system
of vortices flowing off the propeller at the hub into a single axial having a concentrated
form with a cavitation singularity.

If this is the case then a system of Z vortices distributed over a cylinder having the
radius approximately equal to the hub radius would be a more adequate model describing
the pressure field at the hub. As a rule the pitch of helices of the vortex system at a hub
is very large. Therefore a system of straightlined vortices [5] can describe the pressure
field for such system fairly well. The correction for an additional force acting on the hub
can be sugested based on the results of analysis of the velocity and pressure fields for a
straightlined vortex system [5]. Namely the radius r, of the axial vortex singularity in
formulae (3.4) and (3.5) should be substituted by the hub radius r,=R,/R,; besides,
the term 2In r, in formula (3.5) should be substituted by

% Jo

21 ’+5° +2 B 1
in{ r — —_— n .
e < 50>2 3

rp+—Z~

The problem of accurate determination of the sucking force on the hub is of high im-
portance in the propeller theory as well as in the domain of model investigations. This is
evident especially in a comparative analysis of results of model investigations carried out
for various positions of the propeller shaft relative to the direction of the water inflow
to the propeller.

If a typical way of mounting a propeller model on shaft for open-water investigations
in a tank (pulling propeller) is regarded as the standard propelier mounting than the results
of investigations obtained in a cavitation tunnel with a model mounted in a different manner
(pushing propeller) ought to be corrected. The difference of the propeller thrust will be
obtained from a comparison of corresponding Forces acting on the hub. For r,<r, the
correction is

2nR,
ATy= ff(l’o p)RARdp+mR} (po— pir) —

0 R,

2n R, -

—f § (Po—P)RdRdp—n(R; =R} (po—Pi)>  (44)
5 s rfv 1 > Ly 2
AT3=7TRw(P0_Pkr)=PV0”R§o7*2‘0'0 i - AT, .
For r >r,

a8 T (4.5)

_' F

AT, =pVZnRZ
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Comparative investigations have been carried out in order to determine how large
are differences in the thrust value for different methods of mounting a model on a propeller
shaft. Model propellers have been tested each for two different ways of mounting on the
shaft (as a pulling propeller and as a pushing one). The same rig for open-water tests in
tank has been used. In order to reduce possible disturbances of the water inflow to the
propeller, and also to maximize the thrust difference value the tests have only been made
for the inflow velocity equal to zero (bollard condition tests). For propellers having large
pitch coefficients (P/D=1.5) differences up to 15 per cent of the value of thrust coefficient
K, have been observed, with the torque coefficient K, of practically constant value. Cor-
rections as specified above proved to be adequate qualitatively as well as quantitatively.

It is evident that the value of the additional force at the hub depends strongly on the
value of the radius r, of the axial vortex singularity; thus it also depends indirectly on
the cavitation number value.

Very often model investigations in a cavitation tunnel are being carried out at cavitation

i 05 — 1
Kr
Z=3
10Kq /45/AD= 080
04 Ab = 100
° 6,066

\A\ A= 6,,*= 047
wl

- Ny
NooN

04 08 08 10 ==

Fig. 4

numbers of largely different values without observing any signs of cavitation on the propeller
blades, but with the size of the cavitational singularity of the axial vortex distinctly changed.
A thrust correction corresponding to this effect can be determined basing on the difference of
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the value of the force on the hub for two values of r,

2nR,

ATs= | j(PO_P)RdRd¢+7th21(Po—Pkr)—

0 R,y

2n R,

——jl f(p() p)Rde(o Tl:er(po pkr)_

r2

mm tgf., R, 24v,
oV, R - [2 lnﬁf+(r'22_r’21)+sin2ﬁ C (46)

rl (e}

ma . tgB.,

SEae N

Gz

ATs= pVirR%:

It has been proved in many experiments that such correction must be applied to the
results of tunnel investigations. Fig. 4 shows characteristics of a propeller tested in a
cavitation tunnel at the Institute of Fluid-Flow Machinery, Polish Academy of Sciences
(pushing propeller) at two significantly different cavitation numbers (6),=0.66, 07,=0.17)
but still with no cavitation on the propeller blades observed. Differences in the value of
K as resulting from the measurements are in a good agreement with values calculated
from formula (4.6):

] 1% ‘ |
J=— 0.50 0.60 0.70 | 0.80
nD ’ |
Mo 1.004 ‘ 0.657 ‘ 0.444 ! 0.239
tg fo 0.290 0.300 0.310 | 0.315
AKr 0.0085 0.0060 1 0.0044 0.0025

The method of calculation of m,,,, tg f,, and R, will be presented in the subsequent
part of this paper.

S. Hydrodynamic characteristics

The above presented formulae can be used as a basis for the determination of hydrodyna-
mic characteristics of a screw propeller operating in an open space filled with an inviscid
liquid. Vortex systems in a concentrated form with cavitational singularities constitute the
characteristic representation of the velocity and pressure fields induced far behind this
propeller. :

Dimensionless power loading coefficient Cys; and thrust loading coefficient Cy5;, as
well as the advance coefficient 1., each related to the cross-section nR2 of the circular
cylinder, over the side of which centres of the tip vortex singularities are distributed, may be
obtained directly from formulae (3.4), (3.5) and (2.3)

CN3i=Wi=27;mm l:‘(l—i-mm) (1—r,2)+—2_ z+-(vtm,, w1, 30
T; A mZ tg® B

C = ——c =___°0 C .+_—‘uoo OOS 5 5.2

T3i %pVgﬂRio tgﬁm N3i 2 k ( )
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v t
e &h , (5.3)
COORoo My 0
1+—2—(1+tg Bo) (1 +240,)
mmtgzﬁws
e = '
y,i=___°=£= 2ol 5 =B (5.4)
Ni CN31 tgﬂoo vootg ﬁoo

- m
(1+mvco)(1_rf)+T 3+(V+mvoo I'L)

The quantity S, is given by (3.5) with a correction, if necessary, for an additional
sucking force at the hub A7.
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When a system of concentrated vortices characterized by certain parameters (Z, tg .,
R, , m,.) is defined, the cavitation number g, characterizing the undisturbed flow is known,
and known are coefficients, corresponding to this vortex system, characterizing nonuni-
formity of the induced velocity field (3, x, p, v, & and &) as well as the proper velocities
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Av, of the tip vortices, then hydrodynamic characteristics of the vortex system, and -
indirectly hydrodynamic characteristics of the propeller itself, can be determined for various
sets of values of Cysz;, Cyas, #; and A,.

Examples of such characteristics have been presented in Figures 5 through 8.

Figs. 5 and 6 show examples of hydrodynamic characteristics for a system of Z=3
vortices in coordinates systems Crsi(J,) and Cyzi(Ae), With tg B, =const, 7;=const and

m, ., =const.
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The same results have been presented in Figs. 7 and 8 in a logarithmic scale. This is
the system in which, as a rule, functions Cy,(2) and Cy;(4) have been plotted, for 7;=const,
for systems of free vortices developed into a helical surface of constant pitch and radial
circulation distribution complying with the Betz postulate (Kramer diagrams).
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In order to compare so different vortex systems from the standpoint of the efficiency
diagrams of Cy; plotted versus 4 based on Kramer diagrams have been shown in Figs. 7
and 8. The comparison shows that vortex systems fulfilling the Betz postulate seem to
have at higher loads poorer performance than a concentrated form of velocity. This fact
calls for a revision of commonly adopted opinion as to the optimum load distribution
over propeller blades.
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The thrust loading coefficient Cy; and the power loading coefficient Cy; do not-depend
explicitly on the rotative speed of the propeller, w,. Sometimes this may be convenient,
however more natural coefficients characterizing the operation of a screw propeller are the
thrust coefficient K and torque coefficient K,. Hydrodynamic characteristics of a propeller
may be presented in terms of Ky and K, in the whole range of operating conditions of
the propeller, including the bollard conditions tests. There is a strict relation between the
coefficients Cy and Ky, and Cy and K, respectively

. i 5 2
KTSizrlzD‘«, =‘§ Criid, (5.52)
Qxi TC3 3 :
KQ3i=;nTD; =E Crsite - (S'Sb)

In the system of coefficients Krand K, it is also convenient to relate the quantity m,.,,
characterizing the vortex system circulation, to the circumferential velocity, but this will
result in m,, loosing its physical interpretation as a relative mean axial component of the
velocity induced in a slipstream far behind the propeller

I 2
= A
4TCROOCOO Roo tgﬁoo

mnoo =5

(5.6)

After having taken into account the above presented relations one obtains the following
formulae for the thrust coefficient Kyj;, torque coefficient Kp;; and advance
coefficient A,

Tt3 noo o0
KQ31—>_ tgﬁoﬁ roo [(Aw_fﬂmnoo)(l—’r)_"* zg*‘ﬁ* —i"(V/1 +mnoo:u)jl (57)
; K
753 ;CS Q3i mz t 2
B sk = Sy |» (5.8)
4 L tgh,, 2

S li=ni =T [tgﬁw—

], (5.9)

7 m =
P2 R ¢
KL e
R - 5140
KQ3i 27[ 1"gﬁco noo g ﬁw

(/Iw -+ mnoo) (] B2 7'3)‘]"

There also will be a slight change of the formula for the axial vortex singularity radius

My, tgﬁoo 50

o o - = (5.11)
24v 24v
e Tl e \/1+52 e
\/ g h sin? 8, . sin B,
where
e mes (5.12)

Zp (wo co)



Hydrodynamic Characteristics of Systems... 109

Examples of hydrodynamic characteristics of vortex systems, plotted in the above
reference system, have been presented in Fig. 9.

Nearly all of the above presented formulae have a slight shortcoming, consisting in a
dependence on the dimensions of a cross-section of slipstream far behind the propeller.
In order to fully make use of these formulae one should know the relation between the
radii of cross-sections of slipstream far behind the propeller, R, , and at the screw disk,
R,. Here the concept of a coefficient of contraction (narrowing) of slipstréam k, [7] may
be of use.

The coefficient k, of contraction of slipstream is defined as a ratio of cross-section
areas far behind the propeller, nR2, and at the screw disk, TRZ. With the aid of this

03
Fig. 9

coeflicient one can obtain geometrical quantities characterizing the screw propeller itself,
basing on those related to the size of slipstream far behind the propeller

nR2 R\
(), 519
TR R,
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i
N2i= ass o ky Crsi,
2pVo TR,

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

The propeller efficiency as given by formulae (5.4) and (5.10) is independent of the

geometrical dimensions.

Operating parameters of the propeller and the Joad distribution over the propeller
blades strongly affect the coefficient of contraction of slipstream k,, . In order to strictly
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determine k, one should solve the problem of flow on the propeller itself and in its vicinity,
taking into account the process of development of a concentrated form of vorticity.
The contraction coefficient may be, in general, presented in the form of a product [7]

ka = km ky >

where k,, expresses the narrowing of an assumed boundary of the slipstream and is re-
lated to the rise of the axial component of induced velocities. It can be defined by means of
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the same formula as used for an ideal propeller (Z=o0) for which a radially constant
circulation distribution is assumed

(1 +@5'2> (1—12) ‘
e : (5.19)
T demo) (=)
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The quantity k., expresses the narrowing of vortex lines caused by the deformation
(coiling up) of the vortex surface and development of a concentrated form of vorticity.
Difficulties arising in connection with attempts to determine k, are 1espon81ble for the
difficulties in the determination of k,.
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Taking into account a contraction of the slipstream results in an alteration of hydrodyna-
mic characteristics of a propeller. This may be observed by letting k,=k,,.

Figures 10 through 14 show hydrodynamic characteristics related to the screw disk
cross-section area through the relation (5.19) that have been plotted for the same vortex
systems as presented in Figs. 5 through 7. From these figures it is evident that leaving the
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contraction of slipstream out of account (which is the common practice in the propeller
theory) may lead to quite large errors in the evaluation of the induced velocity field as
corresponding to external forces creating this field. Such errors will also affect the evalua-
tion of relations between the respective coefficients characterizing the operation of a screw
propeller. The errors and discrepancies would be even more clearly marked if the quantity
k, has been taken into account.

The formulae and relations as presented above can not be fully utilized in the theory
and for practical purposes because a complete quantitative information on k,is unavailable.
However, in the theory of propellers there are quantities that characterize the propeller
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loading but do not contain terms characterizing the geometry of propeller wake. These
are so called diameter-independent power loading and thrust loading coefficients. :

The coefficients may be derived from one of the sets of coeflicients, Kr, K, and J, or
Cr, Cy and 1, by elimination of the radius or diameter of propeller or slipstream

K: In
0
or .
c Tn
Tf=8n —2=8nBt, (5.21)
- P¥o

8 Prace IMP, z. 75
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Such coefficients, K, and K, used by authors from the Soviet Union have the form

e (5.22)
\/n T \/BT
Vo , loVs 1
Ko i/ Bl qse. (5.23)
\/n N \/BN
Also Taylor’s coefficients may be used (n*[r.p.m.], Vg [knots], Pp, Py [HP])
n*~/P;
=R — 3R (5.24)
(1]
n*P,
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The diameter-independent coefficients can be used to characterize the propeller opera-
tion if the value of the propeller radius or the slipstream radius s unknown; it is sufficient
to know only:

— velocity V, of undisturbed flow,

— angular velocity w, (or the rate of revolution n=w,/2n),

— power N or thrust 7.

Examples of hydrodynamic characteristics based on the diameter-independent: thrust
and power coefficients, By and By, respectively, have been shown in Figures 15 thnough 18.
They have been plotted for systems of vortices in concentrated form characterized by the
helix pitch tg B, number of vortices Z=3, cavitation number g,=4 and oF =1,.and dif-
ferent mounting on the propeller shaft.

If two quantities which do not depend directly on the radius of propeller or slipstream,
such as By; and #;, or By; and #;, are known, then diagrams of this kind may be used for
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the determination of parameters of a vortex system far behind the propeller tg f., and m1,.,
(or m,), together with the advance coefficient 1,,. Hence the vortex system far behind
the propeller and the corresponding field of induced velocities and pressure can be determ-
ined unequivocally.

Received by Editor, March 1977,
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Charakterystyki Vhydrodynamiczne ukladéw wiréw Srubowych
o skoniczonych wymiarach jadra wirewego

Streszczenie

Na podstawie réwnan mechaniki ptynéw, okreslono zaleznosci pomiedzy polem predkosci induko-
wanych daleko za pednikiem, a sitami zewnetrznymi pola wywotanego pednikiem Srubowym. Model
obliczeniowy opiera sie na uktadzie wiréw skupionych z osobliwoséciami kawitacyjnymi jadra wirowego.
Wyznaczone zaleznosci umozliwiaja okreslenie idealnych charakterystyk hydrodynamicznych pednika
Srubowego. W pracy podano przyklady takich charakterystyk dla wybranych ukladéw wiréw srubo-
wych. Charakterystyki przedstawiono w roznych uktadach odniesienia.

Dunpommmamimeckne xapaxTepncTukn BHHTOBLIX BHXpeii
XapaKTEPUIYIOMUXCsl KOHEYHBIME PA3MEPAMH BHXPEBOro snpa

Pesrome

Ha ocHoBe ypaBrenwuii Mmexanmiu HKHUJKOCTCH BBIBEEHB! 3aBUCHMGCTH MEXIY MOTEM CKOpOCTeH HMH-
AYLUHDOB2HHBIX NAJICKO 32 BHHTOM ¥ BHEITHUMH CUIAMH TIOJNS BBI3B2HHOTO BHMHTOBBIM JBHIXUTEIIEM,
Pacyernas Mopens ocrosana ma crcrene COCDEMOTOUCHHBIX BUXPEH ¢ KABUTAHHOHHBIMYE OCOGEHHOCTSIME
BUXPEBOTO sA/pa. BEIBETEHHEIC 3aBUCHMOCTH TO3BONSEOT ONPENEUTh UIECANLHBIE THAPOIUHAMUYECKIE
XapaKTEpPUCINKU BUHTOBOTO NBIDKATENS. B paGoTe mamb TOPUMEDHBIC XaP2KTEPUCTHKY MI7isi W3GPAHHEIX
CHCTCM BHHTOBBIX BUXPEH. XapaKTepHCTHKY TPENCTABICHEL B P237MYHBIX CHCTEMAX OTHECEHUS.



