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- furrctions (eq. (18)),

- velocity of sound,

- absolute velocity,

- specific heat,

- quantity defined by the formula (27),

- mass force generated by the blade
action,

- mean friction force,

- total rothalpy (eq. (7)),

- enthalpy,

- mass flow,

- pressure,

- individual gas constant,

- cylindrical system co-ordinate§,

- radius of the curvature of the meri-
dional stream-line,

- entfopy,

- temperature,

- circumferential velocify, circumferen-
ce co-ordinate,

- relative velocity,

- position of absolute velocity angles
vector and position of relative velo-
cities angles vector,

- surface angles for r:const,

Zęszyt 70 - 72

angle of §'2 surface inclination re-
lative to the radius direction,
coefficient of the flow losses,
isentropic exponent,
density,
coefficient of the perfectness of process
contraction of flow coefficient (con-
traction of section),
angular velocity.

pertaining of the consecutive point of
the streamJine,
pertaining of the consecutive stream-
line,
pertaining to the direction along the
merid ional stream-li ne,
pertains to the section with known
parameters i.e. to the rim in|et,
pertains to components in the system
of co-ordinates r, 9, z,
(above sign) pertains to §tagnation
conditions.
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JOACHIM J. OTTE
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A Method of Analysis of the Axi-Symmetrical Flow in the Blade
channels of Turbines
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l. rntroduction

]onstant growth of the heat turbines output and the increasing requirements
:,]:i their efficiency make the problem of the adequate flow description an inrmensely
,:e. Along with comparatively high efficiences obtainable at present, the further
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598 J. J, Otte

increase of the efficięncy is at present possible only through a deep comprehension of :-,
nature of phenomena taking place in the blade channęls. One of the factors enabl,. :

such a comprehension is a constant development of calculating techniques.
In a situation where the special structure of the stream in a turbine depends ofl źl \::

number of geometrical and kinetic factors as well as on the flow properties, oniy the ":-
plication of digital computers enables the researcher to carry out a full analysis of a1l :",
processes involved. Apart of the experiments the numerical experiments become at pre..1.

an important means of carrying out research. The method presented in this p&per ma,. -t

in practice utilized fully only with the help of a digital computer.
The flow through a turbine stage,is largely indetermined one having besides a ti]:,l-

dimensional character. Hence the problern of its theoretical description is usually set i.-,]
withsomesimp1ifyingassumptionstaken.Inthemajorityofworksthebasicsimp1iflc:.:
concerns the restriction of the theory of the flow in the turbines to the description c,: .l,,

motion of the liquid within the inter-rim areas. One may point out the methods based or. " , *

assumption of the form of stream-lines in the meridional cross-section. In the reference : -*
pers [17, 20], for instance, the solution is achieved by choosing the stream-lines adequ;..
to the geometry of the surface limiting the flow channel.

Among various possibilities the hypothesis of tlre sinusoidal shape of the stream-, - l
as exemplified in the works of Bammert and Fiedler |2,3l has proved to be a ,,.-

useful one.
The basic shortcoming ofl these methods lies in determining the stream-line shape :

the basis of the distribution of flow parameters in the inter-rim areas while it is knoy,n _ : ."

a greater part ofthe turbine flow developes within the blade rim areas. The bladę influ. .:

has been partly taken into account in papers 14, D].
The contemporary methods of analysis of the flow in blade channels of the fluid-, .

machines have been originated by Wu [23] whose concept is based on reducing 8 ti.-::
dimęnsional problem to a set of two two-dimensional onęs, A similar point has been i:,, .,

precisely presented by Sirotkin [l6]. Another method basęd on the three-dimensi _-;
character of flows, which describes however the incompressible fluids only, is the singi,.--
points method [14]. Despite the attempts to apply [11] the Wu's method in practic.
may be stated that the suggested- procedures are very complex and ineffectivę, even with ,: :

application of contemporary digital computels. Therefore, the problem of prepa: ,,_

adequate and fast methods of analysis that would take into account all factors character,,, _

for the real flow-is still actual. The present considęrations aim lies in solving the ab. ,

problem.
There arę known contemporarily the methods of solving the so called quasi th:.,,

dimensional problem |], 18,20,22], where the flow clescription is being obtained as a re: -,

of the two-step solution:
a) assuming that the flow is axially symmetrical thę flow on the surface S| is Ł,. ,-

determined,
b) the flow round the palisade proflles, is analyzed on the stream rotational sul:._::

(surface Si).
The presented work leads to the solution of the so called primary problem of the .:-

hydrodynamics, consisting in solving the first problem of the quasi three-dimension:. -
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-rL:ll}*jlis i.e. the axial-symmetrical flow on the surface Si (Fig. 1). A model of a generalized
_ lii!"_-svmmetrical flow suitable to the case of a great blades number can be obtained with
- :::siderable accuracy [l8, 20].

-T 
_:e present work concerns a general stream structure. Hence the flow is generally a vor-

,j -aJ\\,and the presence ofthe ęnthalpy and entropy gradients is accounted for. The aver-
.,;s: eflects offluid viscosity have been introduced and therefore the real character of the
: v :as been indirectly considered.

2. The formulation of axial-symmetrical ffow through the blałle array

Tr rvhat follows a certain axial-symmetrical flow along a mćan surface ^S! of the blade
: lalnel rotating with a constant angular speed co will be considęred (Fig. 1). In thę first
i::roximation, with a practically sufficient accuracy, the mean geometrical blade surface
, :egarded as a surface ,Si. The consecutive approximations requiie an earlier solution
:' :he second problem of the quasi-three-dimensional flow.

Stream surfaces ,S'. and ,Si in the quasi-
three-dimensional flow models

_':lder the assumption that in a cylindrical rotating system of co-ordinates (r, ,9 z) the
;-"l;e equation §! may be represented by the function S:f, (r, z) and, assuming Śub-

,, " i l.'::il}, that z: const and r: const, the geometry of the §urface is determined by the angles
- -_. t\yo mutually perpendicular surfaces (Fig. 2)

*]'u 
:iiTl€ angles may be determined by components of the vector ń@,, flu,fl,) normal

ds
te.6 : r

dr

- il,
tgó: _ 

,
nu

dS
ctg Br: r ,az

n-
ęte§p: - ń

(1)
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The ,Si surface is the stream surface, therefore thę vector of the relative flow velocity w
must lie on a tangent plane i.e.

ń.ń:0. (2)

The components of velocity vectors have been presented in Fig, 3. Angles of inclination
of the stream-lines as well as of the flux on the axial-symmetrical stream surface are des-
cribed as follows:

, t gy:Y, ."gp:w" .Wż W-

Using relations (1) and (3) in the equation (2) one obtains

and consequently

Wu:W,tgÓ+w" ctg§,

ctp B : glg B rcos 7 * tg ó sin 7 .

After averaging [18] the surface forces of the blade action change homogeneously (on
the circumference) into the field of the mass forces ,F-, . A mean friction force / is also being
introduced. Hence, with the omission of the terms referring to the pulsation of the para-
metęrs (assumed as small) the equation of fluid motion can be written in the Crocco form

' 
-*w xtotw*2ax lrl:TVs-Vn* +Fr+.7. (6)

In above ł* indicates a total enthalpy of the relative motion. Wu [2a] suggested for h*
the term "total rothalpy", which has been accepted for the present considerations. In
reference [6] the term of "total generalized enthalpy" has beęn used.

(3)

(4)

(5)

Fig. 2. Typical meridional section of a stage. Biade geometry

Under the assumption of the flow adiabaticity (i.e.
betweeń the fluxes) the total rothalpy does not change

Fig. 3. Velocity vectors

when there is no heat exchange
on the streamlinę:

h-:i+Y:_{:constl,a;,22 (7)
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, :,.:e L/: m(r)lńo. The formula (7) expresses the principle of the enęrgy conseryation along

ts i:ne of stream (dh*ldt:0). The flow cqntinuity equation has a form

div(tpw):O (8)

"",i:.: is the quantity characterizingthe contraction of the flow channel caused bY the

li:śness of the blades. The condition that the vector F, is ortogonal to ,Si may be

, ..::en aS:

ńxFr:g. (9)

!.!:ltiplying equation (6) by t]re vector of relative velocity w and taking into account that

, vł*:0 as well as that w.Fr:g, one obtains the reiation which determins the friction

f: _w'^ o'. 
(10)

w2 dt'

It is obvious that regarding the flow through the blading system as a flow during which

_::tain losses occur; it becomes necessary to take into account thę term deflned in equation

: as a force} since otherwise the equation could not be fulfilled. It is necessary to emPhasize
- 
": the friction force f is hęre a consequence of introducing the flow losses into the conside-

-::l r-)n.

The changes of the entropy along the streamlines result from taking into account mean

:'l.-ls of the real fluid viscosity which combine the dissipation of the enefgy resulting
-, r the friction and mixing. For a quantitative formulation of this process a certain

._ .;lion is being introduced. It represents the entropy increase i.e. the so called coefficient

' :re perfectness of process o.

From the equation of the first principle of thermodynamics there is

r as_ai-L dp
p

l: :he equation of the state

p:pRT

]r ::ains the equation of process

601

(1 1)

(12)

(13)

]l ,,-:i .af an isentropic process (s:const) the coefficient o is equal to 1.

;._.tions(2),(6),(8),(9),(l1)and(12)constituteaclosed setoftheequations(withnine
::t, , 1 , .ł Ds) describing the introductory basic problem of the aerodynamics (fr, F r, P, P, T),

" ._.llr.. instead of the equation of motion (6), equation (7) is considered, whereas

|ł ,L , = il1) is substituted by an equivalent equation (13).

H-'r;:"^,(-,#):"
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3, Equations of the axial-symmetrical flow through the blade system of the heat tur.bim,

Because of the axial SYmmetry of the stream surflace onIy flow cross-seclions paraIlel to r
meridional Plane wiił be considered in the further part of tńis paper. Indicating the co-ordr,
nate along t]re meridional stream-lin e by m (Fig, 2), the followin! set of the relations can be
wrilten:

dm : dr : dz: crr: cf : cz,

aaa
^,..:sln7 " 

+cos7.om ar dz
tĄ0oa,l,:C, 
^ 

łC, ^ 
:C- 

^-aI 0r dz "'dm (16)

For analYtical PurPoses a number of characteristic areas in the flow system of a turbine
Gig, a) maY be distinguished. These are: the area of the stator blades (II) andrunner blades
(1), the inter-rim area (IIĄ and the inlet and outlet areas QV) ot the flow system. Further
considerations will include equations describing the axial-symmetrical flow in the respective
areas and the method of solving the equations.

(1-1 l

(15 l

The Presented equations offlow are ęxpressed in the form based on the notion of the
curvature of the metridional streamJine [8, 13]. Although the method is known for a long
time, its Practical aPPlication became possible after contęmpolary d_ata processing systems
have been develoPed. Particularly difficult were problems concerning the determination
of the radius of the curvature of the meridional line of the stream (Fig, 2). The magnitude
of the curvature is described by the expression

" |='ęii',
,/)Q

-r z Fig. 4. Turbines flowing system-scheme

' : _u,
rk 0m

(I7 l

Taking into accourrt the sPecific character of the calculations carried out by a computer.
the basic unknown wi11 be c,n, i.e. the meridional component of the velocity.

This quantitY aPPearS on the meridional plane of all the specified areas which allows
a more universal PreParation of calculating programs. Because of'the complex character
of the flow equations the following notation has been accepted for the axial-symmetric
flow:

, c^!! *,łrr^* Bc*ł C:0 ,or

where l, B, C indicate certain functional expressions.

r,rlz)

(18)



If the equations of the fluid motion were written in a scalar form the following would
be obtained:

-r"' '(::"'*r.(* -u!,\- rrr,:, 
d^'_-ah:+ F2,+f,. (t9)

r Or \dZ ór/ ar or

On the basis of the formulae (l5) and (l7), the angular component of the rotation can be

written as

?.r, _ór,: ' l "rf,". !r, _."ri\_ !,uri1.
óz ór cmcosyl''\ą7.- ą) 

'ŃJ
The above expression together with a relation wu:c-ctgB allows to transform the equa-

tion (19), giving

L 1cj ,( siny óc^, cos} . I óctg2 0 , ctg'f\
rsin2Bdr*'-\-; a^*-io*2 a, --, )-

ós ah*
l2ac^ctgB:-' u* u_Fr,_f,, (20)

Transforming the equation of motion (6) in the analogous way one obtains

,:,(u'u';U *!".""';*., (",*+2c;sin r):r,,*f,. (2L)

The relation between the components of the mass force F, can be obtained fiom the con-
:ition of ortogonality (9):

F z,: -tEó F z,. Q2)

-:. r,ierv of (13) the equation describing the change of entropy along the stręam-line can be
L:::ten as

A Method of Analysis of the Axi-Symmetrical Flow...

'-' -c, ln o,

-.rin_u into account the expressio" (; 
'

22
;_l't, U (,
|-ll -T 

2-2sinżP

1e lay determine the friction force in terms of the kinematic quantities obtaining

(23)

(24)

f:r,':^u (u *'r' - r,iłrB)r:^'
(25)

- ,l-_§ the relation (22) and considering simultaneously the formulae (5), (23), (25) the basic
]:Jllltć-_:on for the axial-symmetrical flow in the b]ade chamber (area I on Fig. 4) can be

"tlł..:ed from equations (20) and (21). In accordance with the accepted notations this
::lij: -an remains given by (l8) where:



J. J, otte

A = sin2f 
[l {rio l + tg ó ctg p) + 

qqs Y - +'3#,,"tg!Ć!!ao:! _

-,rł!E! - rł, n(ł'ł- ł-|{,in,+,ga ",rru#f,
B:2asin} B ctg Bo,cosy , . ,. :

c ; sin 2, 
{- # - (" -+)l+ br, - T *sin 2 

B ( si n 7 + r r, 
", 
r rŁf\

ln above

^_ 1 ac^u:--=-,
cm om

Taking into account the relations (l5) and (l7) one obtains from equations (8) and

o=9a"*1a('32+'+-Y. (28)rkróramOm
The form ofthe ah plÓ function can be recovered from the equation ofthe process (13),
giving

01n p rc ólno _. / l ^acą2 B , cm óc. 2, _: \ń:o-1 óm -''(r'ń a-^'-*rinl'B u,--u'rsin^t),
where the local velocity of sound is determined by the formu_la

a:ł rcRT .

The final form oF expression (28) becomes:

o=( t_ . 
.;. 

)-'[tsl*cosl, d(r}eń*a_lrr_*J ólno _--\' a'sin2B) Lro r ar óm rc- | óm

(26)

(27)

(27)

(29)

-r-'('^ r'.UĘB_r,rriny)l. (30)
\ż 0m /J

The equation (18) and the expressions (26) contain two unknowns: the velocity c_,
and the angle 7. The angle / is determinecl by the relation (5); the remaining functions are
assigned.

The closing equation of the system is the equation of continuity rewritten in the integral
form

ńo:2ni" rpr."oryd, . (31)
r|9

Equation (26) is consistent with the blade channel rotating with the speed al. To determine
the sought for quantities in a system of rest,also, it is necessary to have adequate formulae
of "transition". The transformation formula for determining energy in a system at rest
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can be obtained by putting into the lothalpy equation (7) the known relation w2:c2 łu2 -
-2u cu. There is

l,,*:r+l -u",.

Considering that the total enthalpy is determined by the formula

.,. c'l+|+2

one obtains the final form of the transformation formula

Using the above relations it
of sound

h*:i* =ucu. (32)

is easy to formulate the equation determining the speed

ą'rcRTi'

(33)

(34)

al rcRff 
'3'

ConsideriĘ (32); the following relation can be reached

,:,,{r* 
?r4L,*-# u-r,r,),]}r 

.

Analogously the ręlation determining the medium density can bę obtained

#:,n- {, 
-#b, u, - .*- 2 (,ń,f\

To obtain equations describing the axi-symmetrical flow through stator rims (area

11on Fig. 4) it is necessary to put o:0 in the equations (26), (30), (33) and (34), and change
the indexing putting lJ-ą, §o-ąr, h*--+i*.

Considering the range of the validity of the first approximation, there arises the problem
ofl dętermining the'stream angles while passing from the areas I and II, to lhe zonę IIL
In reality thó blade angles B' and the stream angles B differ froń each other by a so-called
deviation angles óz. In this situation there are two ways of treating the problem:

1 . To assume that at the blade outlet i.e. during paśsing from the areas 1(or II) to III,
,_:e stream angle is equal to the blade angle. The velocity component c, will thus be:

c',z:chctg/''+u' ,

:: the area III with the assumption Fr:g, r:l, i:O, o: l, one obtains the equation

a (rc,) :0
0m

(35)

Itr:[rad of equation (2).In the case however the work performed by rotor blades will differ
n:r: the actaally performed work.
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2. To assume that at certain distance behind the rotor, the value of circumferential
velocity is in agreement with the actual value, given by a relation

cur_c-ctgB+u:cmctg(B'-ór)+u. (36 l

In this case the value of the performed work is also in agreement with reality. As a conse-
quence of the flow angle discontinuity along the stream-line the discontinuity of the energ1,
will apear. This is understandable if one considers the enthalpy at the point of the areas
joining using the equation (32). This enthalpy discontinuity occurs only on the boundaries
of particular areas, where its values can be considered as the boundary conditions for the
area. One cannot then speak about mathematical inaccuracy. In the present paper the
problem of the axi-symmetrical flow in the space between the blade rows is being solved
in the second fbrmulation i.e. with the stream angles B determined either by empirical
equations or on the basis, of palisade investigation. In passing from one area to the other.
the circumferential component of absolute velocity can be determined by the equation (36 t

applying the transformational formula (32). The inaccuracies, presented above, connected
with the angte discintinuity along the stream-line, disappear while solving the flow on the
surfaces Si.

Equations for the axi-symmetrical flow in the inter-rim areas (area III) are being ob_
tained from the systems of equations (6), (8), (I2) and (l3) with the assumption that F, :0
and r: 1.

For the area beyond the runner rim for example the flow equation (18) have the follo-
wing shape parameters

A= sin2tr 
[l,in 

l +Ta - +'!P -+ _ * iGH -
I ólno I ólnol+_ -_sin.u._ l., 

2sin2 B ór 2 ".'' I d* )'
B:Za sin P cos B ,

ólno ^ dlno\l
- 6,. 

tsin'pri", ń_)).

For determining the D quantity the derivative ó ctg Blamhas been used in a form resulting
from the equation (2l)

,=( t _'ł )-'['rr+,o,} 
dtltgy)* * _!: _ą_, cos, B( h* _u' _ ,|, \ _":\'- o') L "o 

- r a, - n_7 ań -" !U5 P\" * 2-2rin'p)"

*dY +o-'rini('i.1*' B+c,Z,,cLgr+r'r)]. (38)

The axi-symmetrical flow of fluid in areas IV (no blades) (Fig. a) depends mainly on the
edge condition at the inlet or outlet cross-section, and on the character of the flow in the
neighbouring runner rim. In these areas the flow equations are being obtained, from the

(37)

ósn

0r
c : sin2,|-' 

# - (n- +t rz')(;
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general system under a§sumption that Fr:O,r=0, t:l, o:1, An adequate equations
tor the outlet area will read:

,ł = sin, §|o,in l + 3"l1 + +':# -r+ - #(; fJ]
B: ful sin B cos |} .

c=sin2 u|-'::*(,- * +) :,'ł]

cosl, , ,'r_j.),A:Dsin'* io'-, ( cp or /
B:0,

c=-dj* -(;#)

(39)

,=(,- ';) '|'T*9j' '!P -o-,,i,.,l.('Łg'P *r,,^.,sn*,,.)]. tłoi

The angle B canbe determined from the condition (35), which, for a definite line of stream
:aking the intersection points of the streamJine with straight linęs K-K and ,n/-1/ (Fig. a))
_,ecomes

(rc-ctg B)r: (rc*ctg B)K-| a (r2*- r2*) ,

,i here the Parameters indicated by the subscript K are known from the solution of the
:orr in the precedingaręa.

The equation for the axi-symmetrical flow on the inlet (where the angle usually has
::e ralue ą:90") will have the following form:

(4I)

o =( l _ i)- '|-'ry 
* 

cov a (lts l)l . G2)\ o'/ Lro r ór ]
l:e egde conditions on the inlet and outlet are set along the straight lines o _ o and

- 
" 

lFig. 4). The layout of thesę edges is (in the atea IV) determined while calculations
" '' :ć :g carried out, and the limit position is detęrmined as a position, beyond which

]]' ,":'] :i the distancę of at least one scale unit from the blade rim, which results from the
,ilfuil: l t,.: iorv disturbancies fade rapidly with the increasing of the distance from the source
,ilitr]l'- i,:ilately like the function e-'[t8]). The edgeconditionsinequations for the whole

', ," _-:i as shown in Fig.4 are as follows:
- t"f ass flux ń6 is given and it is smaller from the limit flux.
- S-Jaces AC and BD arę stream surface.
- r,,. flow parameters along ,4B are assigned. They must fullfil the equation of' con-

lłlL,,, _: j l and the equation of eqrrilibrium of the radius (41).
ł.,ln,q CD the disrribution of angles 7 and the curvature of the stream-line are

,ilMl 'a,]" 
-
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- Inareas IandIIthę functions ąp, §p,ó,T,o, coareassigned.

- In areas III the functions d, lJ, o are assigned,,
In combining the solutions on the edges of the particular areas it is necessary to ensu::

their continuity and the continuity of their first derivativas. The above presented a:, -

symmetrical flow equations are derived with the assumption of a total ideality of the *s:,

Spreading the validity of those equations upon the reał gases (steam) description does ::,
present any serious obstacles. In the case ofthe semi-ideal gases, it is possible to introdu:.
in accordance with suggestions contained in papers [17] and [21] the averaged expone:--_

of the isentrope. With greater inaccuracy the model of a real gas (steam) can be introdu;;:
fulfilling, in the place ofequation (l2), the equation of state in the form |20,211

p:zpRT,

where z is the compressibility number (coefficient of gas ideality [21]). The applicat:.
of digital computers enables to consider thę more precise equations of the state of the _:.

(steam) [1].

4. The problem of łletermining the ffow losses

In the frame of the accepted model of a non-viscuous fluid, the considering of its re:,
properties reduces to determining the mean effects of viscosity of the real fluid
every particular flux. These effects (in the form ofentropy increase) result from all kir.:,
of flow losses, For the assessment of the characteristics of a flat cascades, the profile li,,
coefficient (, is generally accepted. It presents the ratio of thę waste energy in the casca:,
and the real energy of the flux at the outlet [l0], In the turbine blade rims the special ci.""
racter of the flow causes that the radial loss gradient is being influenced not only by prol*.
losses but also by those occurring outside of the profile.

The choicę of an adequate distribution of the losses (particularly across the axi-symn.-
trical flow channels) is verytroublesomę as it is impossible to assume similar lossęs for a n.-. -

-l,iscous fluid urrder consideration which allow for much greater gradients. Because of ::,
necessity of limiting them it is suggested to accept a loss gradient of a radial character i: -

the profile lossęs simultaneously considering all remaining losses as distributed evei _

at the height of the blades. Hence, the coefrcient of enthalpy losses in the flow ma), :,:

written in a form:

qę):(,(r)+ f i, ('

where fi is the mean value of the outside profile losses. Taking into account that the e.

thalpy losses in the flow througlr the rim are determined by the formula

/i:(źw2,

the entropy growth along the stream-line will amount to ([2, 8])

(jr

(]
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whereas thę coefrcient of the perfectness of the process may be calculated from
mula

the for-

(47)

Because of the fact that the values of the loss coeffcięnts are determined on the basis
of the measurement§ carrięd out at a given distance beyond the cascade (e.g. 0.5 of the
length of the profile chord [5]) it is necessary to assume that the quantities (, w, i,in formula
{47) are to be regarded as referring to a certain section ofthe rim outlet. In the multi-stage
Systems it may be assumed that this section coincides with the inlet edges of the subsequent
blade rim. In the process of looking for the solution the flow parameters w and i ought
to be determined upon the basis of the previous approximation. To obtain a relation des-
cribing the changes of the entropy along the streamJine between the inlet edges of the con-
secutivę rims (distance mnin Fig. 5) it is enough to assign the distribution of the loss coe-
frcient along the stream-line segment under consideration.

Indicating the distance from the inlet rim by m, the last exigence can be satisfied by
assuming that

(48)

'.rhere the exponent ź must be adequately chosen (most often n:l+2). Assuming that
'.ihen the'oimpaQt" losses at the inlet are omittęd the greatest amount of the waste of the
.rergy ręsults from the outlet losses, Sirotkin suggested that n havę to be equal to 2. That
::oblem .however requires further investigation.

Fig. 5. Turbine blading with co-ordinates
network

Ii is necessary to point out that the assumption that the flow is an adiabatic one is fully
- ' : -ied for the systems of a limited number of stages. The existence of the phenomenon of
-' .nergY levelling may lead to some discrepancy of the results particularly at the rim

5. The method of solving the flow equations

- :: lreSented axi-symmetrica] flow equations constitute a non-]inear system of ditre-
1 ._.:ations. When chosing the solution method such factors as: brief time of calcula-

-,,,lt simplicity,high precision of the results andthe capacity of the available com-

" , ]:.= z.70-72

o-""o(-ś **)

((r,m):((r)ę),
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puters, have been considered. The proposed method is based upon the concept of solvin_e
differential equations using the "straight lines" [12] method.

The nucleus of this method lies in substituting the derivatives with respect to one of
the variablęs by the approximating finite differences.

The system of co-ordinates for the axi-symmetrical flow is constituted by the radial
straights and the meridional lines of stream. Expressing the derivatives with respect to the
co-ordinates directed along the meridional stream-line by the quantity determined on the
basis of the previous approximation, it is possible to proceed from equations with partial
derivatas to a system of ordinary differential equations. The functional expressions in
equation (18) become then the functions of the radial co-ordinatęs only. The equation
(18) itself bęcomes an ordinary Abel's differential equation of the second kind [9] which
can be"solved numerically. The process ofsolving this equation requires a procedure of itera-
tion.

Within this procedure it is particularly important to determine the angle of the incli-
nation and the curvature of the stream-line standing upon the data obtained in the course
of the former approximation. Among many existing and ascertained methods [15] the most
advantageous onę seems to be the mean quadratic approximation. The approximate poly-
nomials obtained by this method smooth well all errors, giving the solution in the form
of an even curve. For a polynomial of thę third order (determined for the five points oflthe
7 - stream-line r-2i, r_Ii, fgi, rti, r", obtained from the previous approximation at a
con§tant distance lz:const (Fig, 5)) the valuę of derivatives in the middle point follows
the formulae:

,6 : :;l*,.,, -.- ; + ! @, i -, -,,)),

,s : #|_ +,,, - + 
(r,, + r _,,) ł ] <,,, +, _,,>].

(49)

(50)

S/ith the number of points increasing the polynomials ofl higher orders cąn be obtained
and used.

The inclination angle and the curvaturę (meridional) of the stream-lines can be calcu-
lated after thę formulae

y : arctg(r') ,

Irł
Ę: {t+""1''

(51)

and, therefore are known when the derivatives (49) and (50) are detęrmined.
Some singularities entering the calculation of D (27) from the formulae (30), (38) (40) and

(42) require the additional explanation. Thęse singularities arise when velocity w ot c
in thę blade rim area reaches the velocity ofsound. The system ofequations should be then
changed from elliptic into hiperbolic one. The same is true for c_in the intef-rim areas.
In the range of the transonic velocities (i.e. when the stated formulae fail) one may calculate
derivative ac*f 0m by interpolation formulae or using the assymptoting polynomials.

Equation (18) has the form suitable fof numerical calculations:

d'^:
dr -|l ę,), -+, (,) *T7= F (r, c-) . (52>
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The above equation will be solvęd by means of the trapezium męthod [l2]. Because of
various reasons, however, it may be more profitable to use other numerical methods (e.g.

the Runge-Kutta method). Integrating procedure is carried out in such a Ńay that the parti-

cularnodes ..,rj_t,fi,f i+1...&Iaplacedon theconsecutivestreamlines ...j-l,j,j+L,...
(Fig. 5). As a result of integrating the equation (52) between nodes ri and r;11 otl€ obtains

lt_
c mj + t: r-j + ; lF (, i, c,,;) ł F (r i + l, c-j + t)f ,

rlhere /z is the step of the integration

It:rj+t-l.j.

The ł value determined from the equation of continuity by dividing all the

iiio into adequate streams /ń
/ń:nh|(ptc-cosyr) ił (ptc-cos7i'); * r] .

Taking the above into consideration, the process of consecutive approximations proceeds,
jving

,ti**'ł: r^;+0.5 h@|r 7r, , c^,) + F (r!|'}, , c!!]*,')1 (56)

-! to the Point when 
k!łń,)-rłil lśe,,

'..ere 
u is the number of the steps needed for the quantity c. to achieve the degree of the

: , :ctngss equal to e , whose small magnitude is assigned in the frame of the approximation.

Determining at every step, c.;a1 andh and calculating from the relation (54) the co-
-:inate /..1+1 o1l the subsequent stręamłine one can proceed analogously for all the lines.

- -: meridional velocity c^6 oll the ro radius (which is the integrating constant of integra-

- . is being chosen from the condition, that the co-ordinate of the last line should coin-

. :. iiith a required accuracy with the edge r", i.e.

|.o +(' h)- r,|<e, (r,).
.J

- -: similar way one has to proceed along all the chosen straight lines in all of the flow-
. - jJe - rim-areas it is recommended to accept at least two straight lines. The calcula-
- :]ć to bę carried out in the direction of flow,

-_,,.ng acquired the solution, the new co-ordinates of the stream-lines can be dętermi-

_ -: ,-onsequ ently the next approximation can begin. The course of the stream]ines in
. - - .;mation is obtainęd by dividing the f,eld of the flow in the tfansverse sections into

_ . ::e equal areas. This is the consequence of assuming a constant męridional velo-
- :.:h section.
, . ::L)cedure continues up to the point when the co-ordinates of the streamlines and

- : - ] lln81 velocities from two consecutive iterations will futlfil the following inequali-

lr::;') - r::)lś es (c,n) ,

|r!1 
*' l - r!,ll 

1 
ś eą (r,),

(53)

(54)

mass flow

(55)

j
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where quantities e., eo determine the assigned accuracy of the convergence and v indicatcr
the number of the approximation.

In the cases in which the acquiring of an adequate convergencę of the iteration procei§
is difficult, it is advisable to determine of the quantities pertaining to the next approxima_
tion, employing the so called relaxation coefficients, Anadequate formrrla for determining
the new co-ordinatęs ofthe streamlinęs has a form

r.:r:i+^i(rjn+1)- rt15, (j *

where ,1, is the relaxation coęfficient (which value is determined by a numerical experimeni,
and v is the approximation number.

6. Concluiling remarks

The presented equations permit to analyze the axi-symmetrical flows in the blade chan-,

nels and in the inter-rim areas ofheat turbines. These equations can be regarded as generai
ones when the non-viscuous fluid is considered. They take indirectly into the account thc
viscosity of the medium, by considering the entropy gradient along the stream-line and hence
the resulting mean friction forcę,

In posing the theoretical problem together with the mathematical difficulties there
appear also many physical problems connected with determining the edge condition_.;
to overcome them the adequate empirical data are neęded. Hence aiming at the acquisititrn
of great accufacy of the solution is justifled only when the sufficiently exact edge condition_.
can bę determined.

A further development of the presented method of the analysis of the axi-symmetrical
flows in the blade system of the heat turbines may be expected aftęr an iterative coupling
of the quasi three-dimensional flow solutions with thę solution resulting from the boundary
layer theory will be achieved.

Thę author is grateful to Prof. K. Kutarba for his kind advise and help in completiog
this paper.
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Metoda Lnalizy o§iowo-§ymetrycznego przepływu w kanałach
łopatkowych turbin cieplnych

streszczenie

"\'1'korzYstując 
załoŻenia teorii quasi-trójwymiarowego przepływu, w pracy przedstawiono metodę, -r- osiowo-symetrycznego przepływu czyntika Śc.iśliwego i nielepkiego w układach łopatkowych,- -_ cieplnych.

?:zejŚcie od zagadnienia Przestrzennego do zagadnienia osiowo-symetryczne1o uzyskano ptzez, ',-',ianie oPeracji uŚrednienia wszystkich funkcji względem czasu i współrzędnej obwodówej.' 
' 
" :ku tego, oddziałYwanie łopatek na strumień płynu zamienia się na jednorodne wzdłuż obwodu
-.sorvych sił Ę.
: ::n PrzYbliŻonego uwzględnienia rzeczywistych własności płynów, w ramach modelu płynu

' i 'j:-. okreŚlono w kanałach łopatkowych uśrednione efekty iepkości w postaci gradientu entropii, ::i prądu. w równaniach ruchu pojawia się przez to uśredniona sjła tarcia.
: : .:1' uwzględniono najbardziej ogóIną stIuktuIę strumienia. Zgodnje z tym przepływ płynu jest
* ;rzYPadku wirowY, charakteryzujący się gradientami entalpii i entropii. Stosunkowo zwięzłe
:,: -:arrionego zagadnienia było możliwe dzięki zastosowaniu ,,metody krzywizny linii prądu",
: :il najdokładniejszych spośród metod obliczeń przepĘwów.

' - j' :Lrdano równania osiowo-symetryczfiego przepływa dla wszystkich charakterystycznych
, :.:iorvych turbiny, to jest dla obszarów wieńców łopatkowych i dla przestrzeni bezłopatko-
- - :ozrviązania zaproponowano metodę opartą na koncepcji tozńązywania równań róż-

' :etodą Prostych". Metoda ta pozwala przejść od równanja o pochodnych cząstkowych
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do układu równań róŻniczkowYch zwyczajnych. Ogólna forma zapisu tych równań przedstauia s4
następująco:

ac-
c* 

**Ac'^+Bc-+C:o -

Rozwiązanie tYch równań uzyskuje się na drodze kolejnych przybliżeń. opierając się na formule ,,trattsŁ
zów", w PracY Przedstawiono Procedurę obliczeń, łatwą do zapfogramowalia na maszyny cyfroue.

Mero4 aIIaJII,I3a ocecrlMMeTpl{qecKolo TeqeEI{f B JToIIaTottHbIx
KaHaJIax TeIIJToBbIx Typ6I{H

PesrcN4e

VlcnolssYlfiPe.ąnoJloxenlrflTeopw KBa3l'Tpexpa3Mepnoro Ter.eHIł, IIpeAbrBJIrIeTc, MeToł aHźL]"3&
oCeCltIvIMeTPrłqeCKorO TeqeHIłg CxlłUaeuOŹ fi rregq:roń cpe,{bl B JIoIlaToqHbIx clłcTeMax TetrIoBbIx rypóx=

flePexog oT IIPocTPaHcrseuHoż 3aAaqlr K ocecEMMeTpIł.IecKoż AocTI4THyT IIyTeM IIptrMeHeHą, oDś_
Pal{lrn ocPeAHeHIłfi Bcex SYHrqIrź oTIłocIłTeJIbHo BpeMeHI{ rł oxpyxrroń Koop,qIłHaT6I. B pesynrrare :rc,t
ollePaqfftr nosAeŹcrrue JIonaToK Ha IIoToK cpeĄbl 3alleafieTc, Ha o1ropoAiloe rro o6pyxgocTlł no;1e \1ą*_
co""x cur Ą.

C qernlo rrPrł6rrrłxeiłrroro yveTa 1eftcrrure.nsrrrrx cBożcrs cpe,q, B paMl{ąx MoAeJ]Ir ilAęaIL11oł ,izi
KOCTE, B JIOIIaTO{IibDĘ KaHa[aX OnPeAeJI{IOTC-fl OCPeAHeHHBIe s@(|errrr Bf3KocTIł r $oprrłe rpaAlreĘiż
3IiTPoIMIł BAonL JIIiHEI4 noToKa. TaxrłU o6PaSoM B ypaBHenlĄrx ABIłxeHIłfi [orBJIreTc, ocpe.qgeglla, cL1s
TpeHur.

B Pa6ore YqIlTEIBaeTc-{ rłarł6ołee o§rrlax crpyrrypa IIoToKa. Cornacrro c 3TIłM TeqeHI4e xz,DxocTl
r o6rqev clryqae .flBJIseTc' BI{xpeBbIM, xapaKTeplł3ylon7wMcfl IpaAI{eHTaMII gHTaIbmIl rł srrrponrłv. Orxl--
c[TeJIbHo nPoCToe rPeACTaBJIeHT,Ie nocTaBJIeHHOź 3aAa.rlr 6rrrro sosNłoxHo 6rrarogapx 11ptrMeHegg}s
,,MeToAa KPfiBE3HBI JItrHIłIl ToKa", xoroprrż nP[IIaAnexTłT J{ Harł6orree roqrłrrM 113 cylĘecTBylotrItx MeTo]lri
pacqeTa TeIłeHłfi.

B Pa6ore nPe,qcTaBJIeHbI ypaBHeHIł{ ocecl4MMeTplłqecxoro TeqeHIł.{ .łlL Bcex xapaxTepHblx oonacreż
ryp6nurroŻ ,ronaroqrroń cilcTeMbl, r.e. s o6,'Iacr.{x lonaToqHbx BeHIloB ł r 6er.ronaroqH6x ITpocTpŁ:_
crra-x. Ąrrx ux PeIIIeHI{{ trPeAJlaraeTc' MeToA, ocl{oBarrrrrrż rra xonqenqltll pemenll"fl próóepenquarrrm;r
YParnerruŻ ,,MeToAoM rrPxurrr<". 3ror rrłeroA llo3BonfieT rrepeżTrł oT ypćtBI{eHI4, c qacTHbIMI,1 11po6}
BoAIłBIM]ł x ctrcTeMe odł,rrrroseEnrtx .qESÓepeHqilaJTLIIlIx ypaarrerłrłń. O6qax $opwa :anacz 3TIlx ypa}
HeHuft cJleAyrcular:

óc-c, 
?;+Aci,+ 

BC,+C:0,

Peuerłrłe 3TIlx YPaBHeHiłfi npoucxo4ur [yTeM oqepe.łrrrx nprł6rrrłxeHrż. B pa6oTe IIpeAcTaBneHa n3a
ueEYPa PacqeToB, ocHoBaHIIą' 

'Ia ÓoPMYne,,rPaneqłfi", ner*o IIPorPaMMIĄPYeMa' Ha 3BM.


