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~ Calculation of End-Wall Flow in Turbine Cascades

Introduction

This paper is concerned with the application of three calculation methods to the end-
wall flow in turbine cascades. Each of the methods is described, the principle assumptions
reviewed and, where possible, example calculations with experimental comparisons are
included.

The first two methods, following the classical approach of dividing the flow into an
‘nviscid mainflow and a boundary layer, compute the development of the boundary layer
when the mainstream flow is known; whereas the third method solves for the entire flow
Seld.

The first, an annulus wall boundary layer method has received much development
:13], [16], especially for low deflection cascades and here only brief details of the method
of Lindsay [18] are reported with calculations for a guide vane and an impulse turbine
cascade. j '

The second, starting from a three-dimensional boundary layer method for unbounded
“ows (Smith [25]) is developed into a method suitable for the bounded boundary layer
= 2 blade row. Application to a turbine stator cascade is discussed.

The third, a three-dimensional inviscid calculation method due to Stuart [26] was
#iapted so that it could be applied to an impulse turbine cascade of moderately high
wspect ratio. The method is described, the difficulties in using it recorded and some results

¢ the calculations presented.

1. An annulus wall boundary layer method

1.1. Introduction

This theory is concerned with predicting the development of turbulent annulus wall
“oundary layers in turbomachines. The intended application is that of providing values
- mainstream displacement, work variations and losses in the end-wall regions for use
n s=viscid through flow or streamline curvature calculations. Measurements in linear and
unmular cascades provide experimental data for comparison with the theory. For com-
wioility with the axisymmetric models of the mainflow (Marsh [19], Novak [22]) and

=
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to achieve a practically desirable simplification, two-space variable equations must be
used. Thus passage-averaged or axisymmetric boundary layer equations are used (Fig. 1).
Additionally a momentum integral approach is followed and the equations which are
solved are therefore ordinary differential equations. These methods have been the subject
of much research at Cambridge and the most recent summary is that of Horlock and
Perkins [16]. Some other references are [13, 15, 16, 18, 5].

1.2. The method

The details of the method presented here is that of Lindsay [18] and the equations
used are given in Appendix A. Here the principle steps are noted. The coordinate system
used, and the notation are illustrated in Fig. 2.

1.2.1. Passage-Averaging

All quantities in the equations of motion are written as the sum of their mean value

across a pitch plus a perturbation e.g.
b

: Sl :
g=q+q  where qzb— f qdy. (Fig. 1)
—a

a



Calculation of End-Wall Flow in Turbine Cascades SHal

These equationé are then either averaged across the pitch and integrated through the
boundary layer to form momentum integral equations or integrated in a streamline co-
ordinate system and then averaged across the pitch. :

Two problems arise. The first concerns the terms involving the products of perturba-
tions from the mean. These can be neglected if the blade loading is low. The second con-
cerns the presence of the blades which are represented by a ‘body force’ or distributed
pressure field in the averaged flow. This pressure field can, and must, vary with distance
from the wall, unlike in an unbounded boundary layer. Secondary flow analysis is used
to obtain expressions for the terms involving this variation [10, 14].

1.2.2. Physical assumptions

Additional assumptions have to be made to close the equations.

A Coles profile [3] is assumed for the streamwise velocity profile.

A conventional shear stress relation (Coles’) is assumed for the wall shear stress aver-
aged over a blade pitch.

A simple entrainment law (Head [11]) is used.

A cross-flow profile is modelled on the Johnston profile with an additional term re-
presenting the effect of the blades in restricting the crossflow. This was derived by Horlock
[14] (see Fig. 3). The angle A4 is determined from the secondary flow analysis and the apex

< Cs D z=
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S

p p
So A €o -0
o 10 o -
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JOHNSTON CROSS-FLOW PROFILE FOR CROSS-FLOW PROFILE FOR BOUNDED BOUNDARY LAYER
U*/BOUNDED BOUNDARY LAYER (REFERRED TO poo)

Fig. 3. Polar plots of the cross-flow profile

neight is allowed to vary with its minimum value being that suggested by Johnston [17].
Thus both the streamwise and the crosswise profiles are described by two parameters;
the first by ¢, and /17, the second by ¢, and z,.

1.3. Solution procedure

Five equations are formed for the quantities: § — the boundary layer thickness,
v=c./Cy=1,/pC? — wall friction velocity ratio, IT — Coles wake factor, ¢, — cross-flow
srofle parameter, z, — cross-flow profile peak. These are integrated simultaneously by a
#unge-Kutta technique which is of fourth-order accuracy.

Computation times are small, being less than two seconds for forty steps on an IBM
165 (10-20 points within a blade row would be typical) and storage requirements for
ch a run are also modest (68 k-bytes).
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1.4. Results

The first calculation attempted is of a set of 52 degrees deflection guide vanes with
experimental measurements performed by Gregory-Smith [9]. The mainstream velocity
and flow angle (input to the calculation) are shown in Fig. 4. The computed boundary
layer parameters are shown in Fig. 5, with the experimental values superimposed. As can
be seen, although the method does manage to calculate through the blade row the com-
parison with experiment is not favourable.

The second calculation is for an impulse turbine cascade of 72 degrees deflection.
This was the cascade used by Armstrong [2]; however, no boundary layer measurements
are available for comparison. The input data and the computed boundary layer para-
meters are shown in Figs. 6 and 7.

The method has been applied successfully to cascades of low turning [16] but difficulty
is expected in high turning blade rows due to the large variation in flow conditions across
a pitch and the importance of extra terms in the momentum equations. This difficulty
normally takes the form of the sum of the mainstream angle « and cross flow angle at
the wall &, approaching or attempting to exceed 90 degrees. This causes the peak shown
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» the results of Fig. 5. If the force defect D, (see Appendix A) becomes larger than pre-
Licted by the secondary flow analysis at high turning then this would tend to overcome
©= problem but the evidence to prove this contention is lacking.

2. A three-dimensional boundary-layer method
2.1. Introduction

Since in a high turning blade row there are large variations in flow quantities across a
“uie passage we may wish to turn to a three-dimensional boundary layer method, as

© passage-averaged equations.

Such a calculation should give insight into the complex effects of inlet boundary layer
Wokness and turning on end-wall total pressure loss caused by the large cross-flow and
of the boundary layer as it is swept across the passage. It }night also give an
of the amount of low total pressure fluid which passes onto the suction surface
== blade passage and it may provide information on the nature of the essentially new

o
k.
ey §
alC
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boundary layer on the end-wall at exit from the blade row. One method was described
by Dring [6] but this was subject to a profile family restricted to ensure the parabolic
nature of his differential equations. Also his solution, as he points out, was essentially
for a duct, not a cascade. :

The method suggested here is based on the three-dimensional momentum integral
method of Smith [25] for compressible flow, which was developed from that of Myring
[21] for incompressible flow.

2.2. The method

The type of calculation region is shown in Fig. 8, bounded by ABCDEFGA. The physic-
al flow is fully three-dimensional, consisting of an inviscid core, an end-wall boundary
layer, two blade boundary layers ‘and their interactions in two corner flows. Since the
end-wall boundary layer is usually much thicker than the blade-grown boundary layer
(while still being thin compared with the pitch or span of the blade) it is possible to cal-
culate the development of the end-wall boundary layer under the action of the blade-to-
-blade pressure field.

UPPER BOUNDARY

“\\\“““llllll.",".QQ.Q”

- i

5 R

Fig. 8. Calculation region for three-dimensional boundary layer method; a) main cal-
culation grid, b) inlet section calculation grid
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The corner flows can be represented by the treatment of the boundary conditions on the
pressure and suction sides of the passage (BC, EF) provided the flow out of the end-wall
boundary layer is assumed to be turned onto the blade surface and any inflow is assumed
to be determined by the flow towards the corner from the blade boundary layer (Fig. 9).

4;&
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END WALL BOUNDARY LAYER 3 Zy//
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A A, L LA P72 o'

SCHEMATIC CROSS-SECTION a-a OF BLADE PASSAGE
SHOWING REGIONS

Fig. 9. Illustration of corner flow model

In this model the corner regions are regarded as being small (of the same order as the
end-wall boundary layer thickness) and as having the same skin friction and other pro-
perties as the adjacent end-wall boundary layer. This should be reasonable when the end-wall
soundary layer is thin compared with pitch and span, where there is no separation on the
end-wall itself and where secondary flow generated by turning of the primary shearflow
Zominates the flow. It should be noted that this last assumption is supported by the view
°f Perkins [23] that the turbulence induced secondary flow will be much smaller than the
secondary flow due to even small to moderate turning.

A strong flow of fluid out of the end-wall boundary layer (due to the secondary flow)
= expected along FE and an initially weaker inflow is expected along BC (Fig. 8). At FE

“5e suction surface side of the passage) the outflow is allowed to take place unimpeded and
« regarded, physically, as leaving the calculation region and collecting on the blade surface.
“% =dge BC (the pressure surface side of the passage) the boundary layer may be assumed
~iateral (Dring [6]) or, preferably, the inflow can be related to the blade boundary layer
“zs. 9, 10). See 2.3.3 and Appendix B.

In the boundary layer calculation [25], the solution of the momentum integral relations,
“2ch are written in general curvilinear coordinates, proceeds by marching downstream
= initial values along AG. Since the equations are hyperbolic in nature the numerical
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method takes the characteristic directions into account in evaluating derivatives. Also,
boundary values must be provided along all the edges of the calculating region where
characteristics enter (such as BC).

Conditions along the upstream boundaries must repeat due to the periodicity of the
cascade and one grid on which this condition can be applied simply is that with y grid lines
parallel with the pitch. However this type of grid cannot be used throughout the whole
region as local values of &, (the crossflow angle at the wall) may exceed the angle between
the grid lines, causing the calculation of fail. This tends to occur near the leading edge or on
the lower boundary. Thus the calculation grid is chosen so that the local direction of integra-
tion (x) is approximately along a streamline and the other grid lines (y) are approximately
normal.

SPANWISE
SECONDARY
VELOCITY

W, AT A
DISTANCE z=5
FROM THE
WALL

| SUCTION
20 40 60 80 SIDE
°/o PITCH

Fig. 10. Variation of the spanwise velocity at the edge of the boundary layer across
a blade passage

To achieve periodicity upstream of the cascade a separate inlet section calculation is
performed on the grid PORS shown in Fig. 8 and here the derivatives with respect to y
on the boundaries PQ and RS can be expressed in terms of the values within the region.
The results of this cascade solution are then used to provide the correct boundary values
for the main calculation along the edges AB and GF.

2.3. Solution procedure

The steps in the solution procedure are given briefly here. More details can be found
in Appendix B.

2.3.1. Blade-to-blade potential solution

A method, such as that of Smith [24] can be used to provide the values of the free stream
velocities (U, V) at all calculation points as well as the blade pressure distribution. For
consistency with the secondary flow analysis of the bounded boundary layer (see section 2.2)
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the velocities (U, V) which apply to the midspan of the cascade (tan—! V/U=g_) should
be corrected by ¢,;, the secondary flow velocity normal to the streamline at the edge of the
boundary layer. The modified velocities are ¥ and U*, where tan~V'/U'=pu; and ¢,;
can be obtained from the analysis of [14].

s
W
o
=

1 blade boundary layer solution

If the boundary condition along edge BC of the channel is to be related to the blade
boundary layer then a calculation must be made of the displacement thickness 7 of the
blade boundary layer. The method of Mellor [20] is suitable. ‘

21.3.3. Boundary condition calculation

Using the approximate analysis of Horlock [14] the spanwise secondary velocity
i estimated at the edge of the end-wall boundary layer (Fig. 10). Then, assuming approxim-
ately colateral flow in the blade boundary layer the mass flow into the corner W, 0% =mass
Zow out of the corner= — C6; end wall.

L34 End-wall calculation

Using the information from steps 1 and 3 above the momentum equations are integrated
subject to the additional assumptions of profile form, skin friction and entrainment (see
“opendix B) for the variables @,,, H and ¢,.

2.4. Results

The computer program for the P. D. Smith boundary layer procedure has been
modified to include the boundary conditions detailed in 2.2 and is being applied, as a test
suse. 1o the turbine stator cascade shown in Fig. 8. The results of the blade-to-blade solution
were kindly made available by Dr. D. J. Smith of the National Gas Turbine Establishment.
% 36 11 grid is employed for the boundary layer calculations (11 points across the pitch)
unt storage requirements are 120 k-bytes with computation times of around 12 seconds

w an IBM 370/165.

In Fig. 11 is shown the distribution of the parameters @, H, &, across a pitch at three
wesitions in the calculation. The distortion of the boundary layer caused by the blade
messure field upstream of the blade is quite considerable and it seems desirable that the
“ucade condition should be included. The tremendous thinning of the boundary layer
takes place has two causes: firstly the acceleration of the mainstream and secondly
condary flow out of the boundary layer at the suction side of the passage. These are
& ‘mportant in this high reaction blade, but in an impulse blade the former would not

Teace IMP z. 70 -72
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Fig. 12. Calculated distribution of skin
friction coefficient on the end wall ( x 10°)

This thinning of the boundary layer requires consideration of whether relaminarization

might take place. The criteria quoted in [16] are:

(a) shape factor H=43/0,, should be less than 1.3,

v de,
€ 0s

(b)

So5

In this particular case these are not satisfied anywhere in the flow field.

Figure 12 shows the calculated distribution of skin friction coefficient on the end-wall.
The local maximum on the suction side of the passage is a result of the acceleration of the
boundary layer there before thickening has taken place due to secondary flow.

The overall enhancement of the skin friction is the result of the thinning of the boundary
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layer and the direction of the contours at exit from the blade is strongly influenced by the
skew there.

It should be noted that the calculated value of H (shape factor) varies quite considerably
over the region considered and the use of a method, where H is constant (e.g. [6]) would
be questionable. In the case of an impulse blade this variation might be smaller.

3. A three-dimensional inviscid calculation method

3.1. Introduction

Both the previous methods are of limited application when the boundary layer becomes
comparable with the span. However the third method which was developed by Stuart [26]
2nd reported in its basic form by Stuart and Hetherington [27]is of general application,
the main limitations being the assumption of inviscid flow and the resultion which is pract-

cal on existing computers. In general terms it can be used to study the effect of any signi-
“cant geometric or aerodynamic change on the movement of the low total pressure fluid
= its complex three-dimensional motion in the blade passage. Such features as the accumula-
“on of the boundary layer downstream of the blade row can be seen in the results. A cal-
culation of the transport of the boundary layer across the passage was performed by Ehrich
ind Detra [8] using a simple secondary flow.analysis. However in their case no variation
= the mainstream velocity could be allowed due to excessive turning of the Bernoulli
arfaces, and moreover such a variation violates the assumptions leading to the secondary
“ow stream function. All such limitations are removed in this full finite difference form
¢ the equations of motion.

Comparisons can, of course, be made with simplified secondary flow analyses as a check

© the method and to check on the assumption of methods 1 and 2. Due to the somewhat

“eiperimental” nature of three-dimensional calculations the solution procedure will be

“escribed in more detail and the experience gained in getting the program working and
s subsequent use will be discussed. '

3.2. The method

The method is for the numerical solution of fully three-dimensional inviscid internal
The equations are written in general curvilinear coordinates specialized to flows

-5 are steady relative to a cascade which may be of arbitrary shape. These calculations
merformed on a fixed grid; a typical grid is shown in Fig. 13 and consists of a series of
‘s (usually parallel with the pitch) which contain coordinate lines / and 2, and coordinate
# which connect these planes. As in two space variable streamline curvature methods
sguations are written in terms of one component of velocity (v) along the curvilinear
"iinate 3; (which is not a streamline, through it may be roughly streamwise). The other
~omponents are scaled by it (u=21,v, w=1,0). As a result of manipulations the basic
squations (1 continuity, 3 momentum) is replaced by the set (1 continuity, 2 momentum,
«rmoulli) where the momentum equations are along the coordinate lines 7 and 2. Since
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either of these momentum equations can be solved for an estimate of vif 2; and 4, are known
throughout the field (e.g. from a previous iteration of the solution) then two estimates of
v (called vy, v(,)) are provided. This is the key to the solution method. To create a numerical
procedure which will produce identical solutions for v from both momentum equations,
a term proportional to the magnitude of their difference is introduced into the continuity
equation (which can be written for either vy, or v(y)). This extra term is f*|v2) =) -
where f is a (dimensional) number called the source-sink strength whose value is limited

i/
CARTESIAN GRID

Fig. 13. Curvilinear grid showing coordinate lines

by stability considerations and has to be adjusted to obtain convergence. As the procedure
converges and both momentum equations are identically satisfied the extra terms tend to
zero and the continuity equation is aiso satisfied.

A general limitation is that the equations are singular if v is zero. Thus stagnation points
are singularities and cannot be reproduced and recirculations are excluded. The basic
equations and a further description of the method of solution are contained in Appendix C.
In short, after manipulation the equations are written in terms of the variables vy, vy M=
(M is the Mach No.), A1, 4,, Hy (the stagnation enthalpy) 4 =e %lg”’% (entropy function),
and the solution proceeds iteratively after the geometry of the cascade has been worked
out and the various relaxation factors specified.

3.3. Practical considerations

For stability reasons some of the various quantities (vay» ey> Ho> A) are related against
their previous values as the solution proceeds. These relaxation factors must be specified
in addition to the source-sink strength . Also, in a cascade solution a repeat boundary
condition factor (&) (see Appendix )must be specified. Guidance for these is obtained from
the stability analysis of Stuart [26] and the factors are automatically scaled accordingiy.
Thus the numbers which are specified in the range 10, 1[. Further variation is necessary 5
both f and « have an important effect on the ability to converge. In practice it is found thas
the values of the relaxation factors for vy, 02, Ho and A are not too critical.
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Fig. 14. Unit curvilinear cube showing aspect ratios and storage of variables

In general, like two-dimensional streamline curvature methods convergence is not good
for high grid aspect ratios i.e. when Ax/4z or Ay/Az is large (Fig. 14). Since 4z can only
be increased by reducing the number of computing planes and hence the attainable ac-
curacy, and Ax or Ay can only be reduced at the expense of increased storage and com-
puting time, there is a limit on the pitch and span of a cascade which can be easily computed.
The factors which make the solution more difficult (i.e. more iterations required, more care
required in choosing the values of o and f) are:

(a) the grid aspect ratio, normally related to the cascade aspect ratio (space/chord);

(b) the distortion of the grid which may be required in order to resolve a thin boundary
ayer;

(c) the degree of non-uinformity of the inlet flow.

The worse these factors are, the lower « and 8 must be and computing times to converg-
znce are correspondly increased. These are:

(a) the root mean square difference between v(;, and v, at any given iteration (RMS).
This is a measure of overall convergence.

(b) the root mean square difference between the values of 1, on the boundaries which

~ould repeat (RRMS). This is a measure of the accuracy with which the cascade condition
: being fulfilled. Within moderate limits o does not affect RMS though f affects both RMS
:2d RRMS. To obtain good convergence or even any convergence at all some trial and error
warch with « and § was found to be necessary, and as an example the first case which was
wzempted will be taken.

The computer programme (in its original form) was provided by Dr. A. Stuart of
% R (1971) Ltd., and certain adaptations and alterations had to be made before

as compatible with the Cambridge computer system. The calculation which was then
wempted was for a cascade of impulse turbine blades tested by Armstrong [2] with a

1= and a thick inlet boundary layer. The thin inlet boundary layer case, being the more
wuere test, was attempted first. The span of the cascade is 18 inches and by assuming the

+ to be symmetric about mid-span the spanwise size of the region to be computed is

nches. A grid of 9 points spanwise, 8 points pitchwise with 19 planes was chosen giving

omputer storage requirement of 180 k-bytes and a time per iteration of about 3.5
~onds on an IBM 370/165. Seven planes were used within the blade row and target RMS
wi RRMS values were set at 1.09 and 0.08 % respectively. The spacing ratio, which
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Fig. 16. Stuart and Hetherington procedure — Armstrong cascade

fixes the ratio of the smallest distance between grid points to the largest (in the y,y, plane)
was set at 0.2. This concentrates the grid points near the walls of the blade row, providing
calculation points within the (thin) boundary layer. With an o of 1.0 and a 8 of 1.0 the beha-
viour of the RMS and RRMS quantities can be seen in Figs. 15, 16. Lowering the distortion
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Table 1

Results of Stuart and Hetherington procedure for 90° bend

Radius (in) Calculated Mach | Free vortex Mach
No. No.
13.22 0.1019 0.1019
13.67 0.0985 0.0985
14.11 \ 0.0954 0.0954
14.56 0.0925 0.0925
15.00 0.0897 0.0898
15.44 0.0872 0.0872
15.89 0.0847 0.0847
16.33 0.0824 0.0824
16.78 0.0802 0.0803

*f the grid by increasing the spacing ratio from 0.2—0.5 improved the convergence but
nad an adverse effect upon the resolution. After some more trials it became apparent
that the spacing mechanism had to be altered and this was done so that different spacing
=zti0s were possible in the spanwise and pitchwise directions. Also the type of spacing in
“he spanwise direction was altered so that higher values of the spacing ratio could be used
znd still resolve the boundary layer. Five more trials using spacing ratios of 0.3 (spanwise)
znd 0.5 (pitchwise) and various values of « and f then produced the desired accuracy in
= computer run 96 iterations in length (see Figs. 15, 16).

3.4. Results

The results of three calculations are presented. The first is an example calculation for
= simple flow; that in a duct of square cross-section with a 90 degree bend and a uniform
alet flow. The duct is 4 inches x4 inches (square), 15 inches mean radius. A 9x8x 18

ol
ACH FROM FREE VORTEX
/=S2R (M) SOLUTION -
ete AS CALCULATED BY
SIoE; & o STUART AND
A HETHERINGTON
X\ PROCEEDURE
X
009 P
\X
\X
| \X
E [ )
008} _
E ——u
SCAL = 5
CHORD 6" PITGH 6"
DO71- . - ruh i e eI e .rL
i3 14 Is 16 17 e
RADIUS (INCHES)
& 7. Results of Stuart and Hetherington proce- Fig. 18. Details of Armstrong cascade

dure for 90 degree bend
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Fig. 20. Contours of total head (trailing edge plane), Armstrong cascade, thick inlet boundary layer

grid is used (symmetrically spaced) and after 25 iterations the RMS value was 0.17. The
solution, as expected, is symmetric about the 45° plane and essentially two-dimensional
(there is no secondary flow). The solution for the velocity in the 45° plane is compared
with the theoretical free vortex solution.

(VR=a constant) in Figure 17*

* Thanks are due to Dr. A. Stuart for providing the results of this computation.
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Fig. 21. Calculated contours of total head, Armstrong cascade, thin inlet boundary layer

The second case is the flow in the cascade tested by Armstrong which was mentioned
above, with the thick inlet boundary layer (Figs. 18, 19). /

An o of 0.08 and S of 0.20 gave convergence in 80 iterations (a spacing ratio of 1.0
was used in both directions). Contours of total head as fractions of the mid-span inlet
dynamic head are shown for the trailing edge plane in Fig. 20. The latter should be compared
with the experimental contours (from Armstrong [2]). The blade boundary layers are,

Fiz. 22. Experimental contours of total
Sead (half chord from trailing edge), Arm-
sirong cascade, thin inlet boundary layer

26"+ / CONCAVE SURFACE
¢ RS S
2
2 CONVEX SURFACE
24" -
o ¢
22"
< |
207k NK/\/W\—/
o \ ﬁ-
| | L 1 i o S e
7 " 6" 8"

DISTANCE FROM WALL
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of course, not represented, but the predictions of positions of the contours in the passage
are reasonable.

The third case is the same cascade with a thin inlet boundary layer. Contours of total
head, on a X2 scale in the spanwise direction are shown for (a) the inlet plane (b) a plane
!/ chord downstream of the trailing edge (Fig. 21). This should be compared with the
experimental measurements (again from Armstrong [2]) shown in Fig. 22. In this case

z, w (NORMAL TO SURFACE)

SECTION OF
BODY SURFACE

GENERAL VIEW

Y.V

<l
mnmaanen
e
=
<

EXTERNAL
STREAMLINE!
s,U | DIRECTION |

:
\L

u, e VIEW NOR A &
MAL TO SURFACE
Fig. 23. Coordinate system for Mellor and Fig. 24. Notation for three-dimensional boun-
Herring method; a) coordinate system, b) des- dary layer calculation

cription of velocity and total enthalpy profiles

a number of factors have combined to give a poor comparison with experiment, although
the transport of the inlet boundary layer across the passage seems to be represented quite
well. These are:

a) the resolution of the thin boundary layer is not as good,

b) the secondary flow is strong and the number of planes in the stream direction may
not be great enough,

¢) when the secondary flow is strong the transport of blade boundary layer and dis-
sipation within the end-wall boundary layer (generation of new low stagnation pressure
fluid) are large, neither of which is accounted for in the calculation.

In conclusion it can be seen that the Stuart and Hetherington calculation procedure
can be applied to a moderately high aspect ratio turbine cascade.
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The results for the flow in an impulse turbine cascade with a thick inlet boundary layer
compared favourably with experimental results but with a thin inlet boundary layer were
not as good. Both might be improved by the inclusion of a mechanism for dissipation and
work on this is in hand. The prediction for the thin inlet boundary layer might also be
improved by the greater resolution permitted by larger computing grids.

Conclusions

None of the methods presented here is able to represent all aspects of the flow which
takes place at blade ends. However, each of the three has its advantages and all should be
capable of further development.

Of the three methods the annulus wall boundary layer theory has the most practical
interest due to its speed and simplicity. However, before it can be used for large deflection
turbine cascades more work is needed on the non-axisymmetric terms in the equations.
The type of correlation proposed by Daneshyar [4] for the force deficit integral (D,)
may be of use though the theoretical formulation of Lindsay has better foundation.

The three-dimensional boundary layer approach avoids this problem but at the expense
of extra computation. Here experimental results are needed for comparison with the cal-
culations. Then the effect of the various physical assumptions (such as the skin friction
=quation) and the assumptions of the model (such as pressure transmitted through the bound-
ary layer) could be assessed.

The third method does not make the boundary layer assumption and attacks the problem
© the three-dimensional nature of the flow. However, this is achieved by discarding the
ssually) turbulent, viscous nature of the end-wall region and it is of obvious importance
> attempt to include these in a simple approximate way.

Acknowledgment. This work has been carried out with the support of the Procure-
ment Executive, Ministry of Defence.
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Appendix A

The Equations of the Annulus Wall Boundary Layer Method

A.1. Passage — averaging

The passage-averaged momentum integral equations as derived in [4] and given in [15] are

dst dOs’V dﬂé * *
—tg us +(QSS—QNN)_“ +P(2@ss+5s)—Q(203N+5N)=
dx o dx
1 COS &g COS D,sin2 Dxcos2
=T 02 /l5+ v 2ﬂ6+ - ﬂfs, (A1)
pCs 2C¢ s
d@ys d@ y; du
V—tgus | — 208, — |+ P 205~ 1g f1s (O — Oy +05) 1+ 0 (O + 5F — Onn) =
dx dx dx
=rwsin£0cosu5 Dycoszﬂ,;_stinZua, (A2)

pC; (65 (64
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where Dy=Dy,+ Dy, + Dy,, Dy,=D, +D,,

&

Dn:f(Fytgﬁ;fytgl)’) .

&

6 o e
D,,= f — (CP—ci)dz,
ox

0

e[GO

P f(F_—f) b
p

(0]

and f,=(p,—pp)/(b—a) etc.

6

o o
D,,= f;— (CLCi—cic))dz
ox

(1]

From secondary flow theory D= D, + D,,+ D.,=0 and we assume D,,=0, and from the analysis
of [18]

8 d

== = k5 2 s
D,,1=C:4\/3( )5? (1—55_53)55'3 ”EE

g COS U5

if we take the cross-flow referred to the flow direction at z=dJ (defined as po=
=constant) and g; is known by experiment or '

— 44/30
D,,=C2(26—-5%) —‘l— secil, —
gCos Ux

where £, is known from analysis and x, can be calculated using

o G ARt

A.2. Profile assumptions

Coles profile:

where W(z/d)=(1 —cos mz/J) and ¢, = \/Z,/_p
Cross-flow profile (Fig. 3):

Cy
—=tg&o, e
S
= dC o) rene .
7 S0 Gl
where k= \/ o Cha— —2\/3 .
gcosu g COS s

[This reduces to cy/C,=A(l — ¢,/ Cy), the Johnston profile, as d/g cos 1s—01.
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From secondary flow analysis
173
2 [ du
A=Ajnee+A’, Wwhere A’=2C, o

s
iy

Then an equation is formed for z, from the definition of the crosswise and streamwise profiles at
z=z,, which is differentiated to obtain -

dJo z, 00, d [Ho Z do d A dfcre S 2
S R S s MR e s e e i e (A3)
dx |10.4 v dx |04 ) dx dx|A+tgeo| dx|Ci(A+tg &)

A.3. Other assumptions

Skin frictions: w=f,(H,, Reg)=f>(IT, Re;) by assumption: 1/ = lnw/0.4+ (1/0.4) In (Re;) +211/0.4 =
+5.5 from the Coles profile at z=4 this can be differentiated and written

1do 2dIE {1 04Ndo: o _
G +(; F)Eﬁad—x:"- 3
Entrainment:
s [Cs(d——éf)]=E(HE)=E( —53)20.0306(111;—3)“"“3
C.ds Oy
or
£ 3 *
d—“; (6—6?)+tgu.sd—j%coiﬂﬁE(HE)—(é_c‘is) Zis—géis. (A.5)

Equations (A.1), (A.2), (A.3), (A.4) and (A.5) are the five equations which are solved for (3, I, &0, zp, ®)-

Appendix B

The Equations used in the Three-Dimensional Boundary Layer Procedure

B.1. Blade to blade potential flow

Ref. [24] describes a method to solve the inviscid blade-to-blade flow. The equations used are those
for steady, reversible flow in relative framework.

Continuity:
V- (pW)=0,
Momentum:
20X W—W X (VX W)=VI— TVS,

Energy:

DI

—=0,

Dt
Entropy:

DS

T v (95

State (perfect gas)

1 s

p=p(h, s)=Amhe_i.

These equations are solved in finite difference form by a band matrix method. The output is values of
the velocities at all grid points.
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B.2. Blade boundary layer solution

The equations to be solved, for the compressible two-dimensional boundary layer are (see Fig. 23)

Continuity:
e e
= pru % rp)=0.
Momentum:
__8ﬂ+__ ou dU+ 1 8(r7)
U= V=P EE s — .
& ox . oy 2 dx - r 0y
Energy: - 7
S 8h0+__3h0 i G
U— G ut)l,
£ ox 2 dy r dy q

where r(x, ¥) =r.(x)+ ¥ (cos a(x)); lower case letters denote values within the boundary layer and

where

U
Ve= Ve (‘E 5 Rea*> 5 Veg= Veg(ve > -PrT) s

v.=effective viscosity, v,,=effective conductivity which assume their laminar values in a laminar flow.
These equations are solved on a finite difference grid using an implicit numerical scheme.

B.3. Secondary flow velocity

A brief account of the analysis of [14] is given. Assuming the following profiles for the secondary
velocities

w - —
st o5kl 4

_WO)s . Vs(») [s’ _Sz]

where s is the distance from the passage centreline, s’=(b—a), Fig. 1) and satisfying continuity and the
du

sorticity equation §S=Ad— averaged across the pitch an expression for W, (where W; is the spanwise
Y

w=locity component) can be obtained:

il GfO=L) _ ko :
Wes=— ————— | [0+ L)],
S =
where
o 5

u u
LE)= | {1-=])ePdy, LE)=|(1-=)e ",
1(0) f( U) y 2(9) f( U) y
0o 0
2 Wes
k=_|—, W.=
G %

r 0 and ko=4/12 3]s’ is small e=*—1—kd and Wean(6)= W= —124U5*k5]s".

3. 4. Three-dimensional boundary layer calculation

The coordinate system used is shown in Figure 24 and a typical calculation region in Figure 8.
The momentum integral equations for the compressible (turbulent) boundary layer in general coordi-

mate are [25]
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ns of the metric coefficients of the coordinate system used.

In the method these equations are used together with the following empirical assumptions
a) streamwise velocity profile (Spence)

Cs zZ L
Cs_ Zg :

N=N(H) in incompressible flow z/z,=z/6 and H=06%/0,:,
b) crosswise velocity profile (Mager)

Sl 2L
] —_—— 8 B
C. 3 gé&o

¢) skin friction (along &, to streamline) (Ludwieg-Tillman)

6, —0264(Reg)t v

d) entrainment function F=0.025 H—0.022, where H is the transformed (compressible) shape

parameter.

Thus three equations are written for the variables @, H, &, which are hyperbolic in nature. They

are integrated in the x direction (Fig.

24). Derivatives in the x-direction are taken at the mid point of the

step (implicit) and y derivatives are evaluated explicitly with the direction depending on the limiting cha-
racteristic disrections. The size of the x-step is determined by stability considerations.

Appendix C

The Stuart and Hetherington Three-Dimensional Inviscid Procedure

C.1. Basic equations (in cartesian tensors)

Continuity:

Momentum:

wea b))
S e b (C.1)
p Dt
Dui 1 6 Ginsiooid) (C2
—+4+— p,;=0 (inviscid), .2)
Dt pp
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Energy:
Ds L e
-th=0 (inviscid and adiabatic), (C.3)
State:
p=pRT (perfect gas), (C.4)
h=c, . (C.5)
Second law of thermodynamics:
dp
—=dh— Tds. (C.6)
p

Here the variables u!, p, p, s, T, h are functions of x* and # where x' is a fixed (inertial) cartesian
== Now consider the curvilinear coordinates yi=y!(xi, ) (an inverse is assumed). These co-ordina-
. 2= chosen so that the boundaries of the computing region are coordinate planes (e.g. y, =constant,
— -onstant) and the choice is limited to those that rotate about a fixed axis with a constant angular
~+v. Using the transformation, introducing the source-sink term into the continuity equation,
'« =guations become, after some manipulations
Momentum:

(1= M>) [*2 (g5 A)si— (g5 A7) i} + 204 Ey,

+3(H R) T@S 1fa(2) el o
—(Ho—R)— T ———f-— )| —vgui | —= )
o oys 20 0y i \/g (\/9’1)’1

Continuity:
(0" Jgv (i1 4" go@) 1) 2+ P g0 (D)5
VNP e N B (o)
(PPN g+ (" P02 g )2+ (0P g0 @).s
=B(p*Pv(2)\/g—p""\Jgv(D). (C.10)

Sy : (C.11)
Bernoulli:
D 2 ~2
— (Ho—4r'Q2*)=0, (€@ 12
Dt

ez ¢(1) is the solution to (C.7) and p"m is the associated density distribution, v(2) is the solution

and p"® its associated density distribution

o=y and =1,

op e
R=%r"Q, (= (—) , f=gudd,
opls
ex' oxt
. = P E—y" (the relationship between the co-ordinate systems) ,
laxi 5
15| ! 8yj
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These equations can be solved in turn as follows; all the other quantities being kept constant during
each integration

using 4, 4, : (C.7) is integrated for v(1) along all lines y2 = constant, »3 =constant,

using A1, A2 : (C.8) is integrated for »(2) along lines ' = constant, y* = constant,

using (1), v(2), A : (C.9) is integrated for A, along all lines 2 =constant, y> =constant,

using v(1), v(2), 4 : (C.10) is integrated for 1, along all lines y!=constant, y°=constant
subject to the boundary conditions on »(1) and v(2)

I

”‘”\/ng(l)dy - f P gty 1(2)dy . (C.13)

J

v(z)\/gUN(Z)dy = [p"‘“\/gu,,(ndyz, (C.14

where the subscript 7 refers to the interaction number # and the walls are specified by ¥1=0, IG; y,=0,
JG (Fig. 13). The boundary conditions for 2! and 4% are A*=0 at y' =0, IG; 22=0 at =0, JG (walls)
or if a repeat (cascade) condition is being applied an additional iteration is used to compute the value
of 1, at the boundary:
iy Ok
53=a‘3+a(ULN—URN)9
where vy — velocity at boundary approaching from left
vgy — Velocity at boundary approaching from right j
and o is the repeat boundary condition factor; an adjustable constant whose value is so chosen that
convergence is obtained.

itn

C.2. Method of solution

The variables (v(1), v(2), M?, A1, 12, Hy, A) where o(1)= p\/g v(1) and similarly for v(2) are stored
at the centre of the faces of the unit cube in the curvilinear coordinate system in the following manner
(see Fig. 14).

Atponts 124, gii, 021, 951, \/y,

At points 2 : 4%, g12, 922, ga2, \/g,

At points 3 : o(1), v(2), M2, Ho, A, gs3, \/g, R

With this storing arrangement the next important derivatives can be expressed simply in first order
centred finite differences and the boundary conditions can be applied directly without calculating deri-
vatives normal to the surfaces. The momentum equations (C.7), (C.8) written in finite difference form.
are solved for v(1) or v(2) starting from an estimate of the velocity at the mid-point of the line along which
the equation is being integrated. If the boundary condition (C.13), (C.14) is not satisfied, the velocity at
the mid-point is adjusted. The most up-to-date value is always used and for stability reasons new values
are always relaxed e.g. vN(l)—r,,(I)vN,(I)—I-(I—r,,(l)) vy-1(1), where r,, is the relaxation factor for
v(1), vx(1) the solution at the N*" iteration and v(1)y; the initial (unrelaxed) estimate. Similar relaxation
factors are used for v(2), 4 and H,. These vary with the grid shape and size, being scaled according
to the results of the stability analysis.

N.B. the boundary conditions, as stated in (C.13), (C.14) apply to 5(1)y not o(1)x; and hence for
v(1)y; We can write

JG JG

fENJ(l)dyl f[UN 1(2)—(1 = ryy) on - 1(1)]dy .
Ty(1)
0

The far downstream boundary condition applied to the momentum equation is av(1)/oy® = ov(2)/dy*> =0.
This is correct for the secondary flow approximation and is used in lieu of a better idea in all cases.
In practice the downstream boundary layer appears only to affect the last few planes of the solution.



Calculation of End-Wall Flow in Turbine Cascades 5G5

The continuity equations (C.9), (C.10) are integrated for A' and A2 along the lines (¥2, ¥3) and (3!,
using the fixed or repeat boundary condition as appropriate. The equation for the stagnation enthalpy
.24 entropy are solved by tracing streamlines back to the initial plane and interpolating there, using a li-
zar interpolation. This prevents values creeping into the solution which are outside the initial range
1t to prevent degradation of gradients this cannot be done in every plane.

Obliczanie przeplywu przysciennego w palisadach turbin

Streszczenie

Artykut dotyczy zastosowania trzech metod obliczania przeptywu przysciennego w palisadach tur-
"= Kazda z metod opisano, omowiono jej zalozenia i, tam gdzie mozliwe, podano przyktadowe obli-

smia 1 poréwnano ich wyniki z doswiadczeniem.

W pierwszych dwoch metodach, wykorzystujacych klasyczne podejscie, polegajace na podziale
iywu na nielepki strumien glowny i warstwe przyScienna, oblicza sie rozw0j warstwy przysciennej
« znanego przepltywu gltownego. W trzeciej metodzie prowadzi si¢ obliczenia dla calego pola przeptywu.

Plerwsza metoda, metoda warstwy przy$ciennej przy Scianie pierscieniowej, zostala rozwinieta na
versytecie w Cambridge w odniesieniu do palisad z malym odchyleniem; w artykule podaje sie jej
“ii opis, wraz z obliczeniami dla topatki kierowniczej i akcyjnej palisady turbinowe;.

Druga metoda, pochodzaca od metody trojwymiarowej warstwy przyéciennej dla przeptywow
craniczonych i opracowana w Royal Aircraft Establishment, Bedford, zostala przystosowana dla
padku ograniczonej warstwy przysciennej w ukladzie topatkowym. Omowiono jej zastosowanie
salisady topatkowej kierownicy w turbinie.

Metoda trzecia, obliczen tréjwymiarowego nielepkiego przeptywu, opracowana na Uniwersytecie
“sion, zostala zaadaptowana do obliczen palisady turbiny akcyjnej o umiarkowanie duzym wydtu-
. Opisano te metode i przedstawiono trudnosci z jej stosowaniem oraz podano niektore wyniki

Pacuer mpucreHnoro Tedenusi B TYPOMHHBIX pelIeTKax
Pe3rome

_TAThbs KACAETCS MPUMEHEHHsI TPeX METOAOB PAcyeTa IPUCTEHHOTO TE€YEHUS B TyPOMHHBIX PEIIETKAX.

501 M3 METOMOB ONHUCHIBZETCSI. OOCYKAAIOTCS UX MPEANOJIONKEHNS, @ B CIIyYasx, TAE OTO ObLIO BO3-

WS, IDHBOISTCS MPUMEPHBIE PACYETHI, & MX PE3YJIbTATHI CP2BHUBAIOTCS C PE3yJibTaTaMuU SKCIIEPUMCHTA.

TEDBBIX IBYX METOAAX MCIOJIB3YETCs KIIACCHYECKUIL TOAXOM, COCTOSLLUM B TOM, 4TO IIOTOK pa3ie-

LS =2 HEeBSI3KMU OCHOBHOW IIOTOK M IPUCTEHHBIA CIIOM, & MOTOM ONpPENENIIETCs Pa3BUTHE IPUCTEHHOTO

"% M3BECTHOTO OCHOBHOTO ITOTOK2. B TpeTheM MeTone pacueT npoBOAUTCS [JIs IETIOTO MOJIs TeUSHMUS.

S0BBIH METO., T.€. METOA IPUCTEHHOTO CJOs I KOJLIEOOPa3HOM CTEHKM, CEPLE3HO Da3BEPHYT

izepcutere B KeMOpUIK OTHOCHTENBHO Ci1ab0 OTKIIOHSIOMMX PEIIETOK. B cTaThe meaTcsi ero KpaT-

THCEHNE BMECTE C PACUCTOM U1 HAIP2BIISIOLIUX JOMATOK ¥ PENIETKA AKTUBHBIX TyPOHHHBIX JIOMATOK.

DOH METO[I, PA3BUTLIA Ha OCHOBE TPEXPa3MEPHOI TEOPUHM NPUCTEHHOTO CIOsl [IJIs HEOTPAHUYEH-

c=mii, paspaboran B Posmbs Opkpadt Scrabrumment B Bendopae u mpucnocobiaen mis ciaydas

{HOTO NPHUCTEHHOTO CJI0S B PEIIETKe JIonaTok. OOCyknaeTcss MPUMEHEHNE METOI2. OTHOCHTEILHO
e % HaNpaBIISIOIIAX JIOMATOK B TypOUHE.

JSTHIL METOH, T.€. MCTOH, PAacyeTa. TPEXPa3MEPHOTO HEBABKOTO TEYCHUs, pa3paboTaHHbld B VHU-

7¢ 8 ACTOH, GBI IPUCIOCOBICH [JIsi PACYETOB 2KTUBHOM TypOUHHOM PEIIETKY yMEPEHHO YATUHEH-

i C4H METOJ| U MPEACTABIICHBI 32TPYAHEHNS B €r0 MPUMEHEHHH, & TaKXKe HEKOTOPBIC Pe3yIbTaThl




