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calculation of End-wall Flow in Turbine cascades

Introduction

This paper is concerned with the application of three caiculation methods to the end_
;.all flow in turbine cascades. Each of the methods is described, the principle assumptions
:eviewed and, where possible, example calculations with experimental comparisons are
,:r-,1uded.

The first two methods, following the classical approach of dividing the flow into an
:l-iscid mainflow and a boundaty layer, compute the development of the boundary layer
;:en the mainstream flow is known; whereas the third method solves for the entirę flow
_:]d.

The first, an annulus wall boundary layer method has received much development-1-:;. 
[16], especially for low dęflection cascades and here only brief details of thę method

:: Lindsay [18] are reported with calculations for a guide vane and an impulse turbine
_.icade.

The second, starting from a three-dimensional boundary layer method for unbounded
:-;s (§6i16 [25]) is developed into a method suitable for the bounded boundary layer
- r blade row. Application to a turbine stator cascade is discussed.

The third, a three-dimensional inviscid calculation method due to Stuart [26] was
l:,':ted so that it could be applied to an impulse turbine cascade of moderately high
",:t;l ratio. The method is described, the difficulties in using it recorded and, some results

' 
:.-,: calculations presented.

1. An annulus wall boundary layer methołl

1.1. Introduction

,,--is theorY is concerned with predictirrg the development of turbulent annulus walll - -:3IY layers in turbomachines. The intended application is that of providing values
--.:nstream displacement, work variations and losses in the end-wall regions for use

l -'.:sg-id through flow or streamline curvature calculations. Measurements in linear and
-n: --"r cascades provide experimental data for comparison with the theory. For com_
"._ : .lv rvith the axisymmetric models of the mainflow (Marsh [19], Novak |22]) and

* ::_:lneering Department, Cambridge University, Cambridge.
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to achieve a practically desirable simplification, two-space variable equations must be
used. Thus passage-averaged or axisymmetric boundary layer equations are used (Fig. 1).
Additionally a momentum integral approach is followed and the equations which are
solved are therefore ordinary differential equations. These methods have been the subject
of much research at Cambridge and the most recent summary is that of Horlock and
Perkins [16]. Some other references arę [13, l5, 16, 18, 5].

1.2. The method

The details of the method presented here is that of Lindsay [18] and the equations
usęd are given in Appendix A. Here the principle steps are noted. The coordinate system
u§ed, and the notation are illustrated in Fig. 2.

1.2.1. Passage-Averaging

A1l quantities in the equations of motion arę written as the sum of their mean value
across a pitch plus a perturbation e.g.

bIrwhere s: . l sd) .

b-a J

sTREAMWlsE PRoF|LE

q:ą+q' (Fig. 1)
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These equations arę then either averaged across the pitch and integrated through the

boundary layer to form momentum integral equations or integrated in a streamline co-
ordinate system and thęn averaged across the pitch.

Two problems arise. The first concerns the terms involving the products of perturba-

tions from the mean. These can be neglected if the blade loading is low. Thę second con-
cerns the presence of the blades which are represented by a 'body fofceo or distributed
plessule field in the averaged flow. This pressure field can, and must, vary with distance

from the wall, unlike in an unbounded boundary layer. Secondary flow analysis is used

to obtain expressions for the terms involving this variation [l0, l4].

1.2.2. Physical assumptions

Additional assumptions have to be made to close the equations.
A Coles profile [3] is assumed for thę streamwise velocity profile.
A conventional shear stress relation (Colgs') is assumed for the wall shear stre§s aver-

aged over a blade pitch.
A simple entrainment law (Head [1l]) is used.

A cross-flow profile is modelled on the Johnston profile with an additional term re-

presenting the effect of the blades in restricting the crossflow. This was derived by Horlock
[i4] (see Fig. 3). The angle l is determined from the secondary flow analysis and the apex

Cnl.
vs

57I
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Polar plots of thę cross-flow profile
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Fig. 3.

:ei_ńt is allowed to vary with its minimum value being that suggested by Johnston [17].
l1us both the streamwise and the crosswise profiles are described by two parametęrs;
::e tirst by c, and II, the second by eg and zr.

1.3. Solution procedure

Five equations are formed for the quantities: ó - the boundary layer thickness,

"--:.'C":trf pC! - wall friction velocity tatio, II - Coles wake factor, so - cross-flow
:i::le parameter, z, - cross-flow profile peak. These are integrated simultaneously by a
i -:ge-Kutta technique which is of fourth-order accuracy.

f.lmputation times are small, being less than two seconds for forty steps on an IBM
.:, i65 (10-20 points within a blade row would be typical) and storage requirements for
, _:,:_ a run are also modest (68 k-bytes),

(cs/ca)P AND
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I-4. Results

The first calculation attempted is of a set of 52 degrees deflection guide vanes wiń
experimental measurements performed by Gregory-Smith [9]. The mainstream veloci4-
and flow angle (input to the calculation) are shown in Fig. 4. The computed boundary
layer parameters are shown in Fig. 5, with the experimental values superimposed. As can
be seen, although the method does manage to calculatę through the blade row the com_
parison with experiment is not favourable.

The second calculation is for an impulse turbine cascade of 72 degtees deflection.
This was the cascade used by Armstrong [2]; however, no boundary layer measurements
are available for compatison. The input data and the computed boundary layer para-
meters are shown in Figs. 6 and 7.

The method has been applied successfully to cascades of low turning [16] but difficul§
is expected in high turning blade rows due to the large variation in flow conditions acloss
a pitch and the importance of extra terms in the momentum equations. This difficulty
normally takes the form of the sum of the mainstream angle a and cross flow angle at
the wall e6 approaching or attempting to exceed 90 degrees. This causes the peak shown
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.:. -_!e results of Fig. 5. If the force defect D, (see Appendix A) becomes larger than pre-

:::ed by the secondary flow analysis at high turning then this would tend to overcome
:_, ś problem but the evidence to proVe this contention is lacking.

2. A three-ilimen§ional boundaryłayer methoil

2.1. Introduction

S:nce in a high turning blade row there are large variations in flow quantities across a
ł;l ,j PoSS&ge \ile may wish to turn to a three-dimensional boundary layer method, as
,l_l3ested by Dunham |7), to provide a more detailed description of the end-wall flow
ll;L.-- lassage-averaged equations.

S-ch a calculation should give insight into the complex effects of inlet boundary layer
il| _1:ess and turning on end-wall total pressure loss causedby the largecross-fl.owand
]i. 1:::1_g of the boundary layer as it is swept acro§s the passage. It might also give an
*;,=31e of thę amount of low total pressure fluid which passes onto the suction surface

l-r 'llade passage and it may provide information on the nature of the essentially new

o,2 o.4
AxlAL

I

},
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boundary layer on the end-wall at exit from the bladę row. One method was described
by Dring [6] but this was subject to a profile family restricted to ensure the parabolic
nature of his differential equations. Also his solution, as he points out, was essentiaĘ-
for a duct, not a cascade.

The method suggested here is based on the three-dimensional momentum integral
method of Smith [25] for compressible flow, which was developed from that of Myring
[21] for incompressible flow.

2.2. Tbe method

The type of calculation region is shown in Fig. 8, bounded by ABCDEFGA. The physic-
al flow is fully three-dimensional, consisting of an inviscid core, an end-wall boundar.v
layer, two blade boundary layers and thęir interactions in two corner flows. Since the
end-wall boundary layer is usually much thicker than the blade-grown boundary layer
(while still being thin compared with the pitch or span of the blade) it is possible to cal-
culate the development of the end-wall boundary layer undet the action of the blade-to-
-blade pressure field.

UPPER BCUNDARY

LOWER BOUNDARY

Fig. 8. Calculation region for three-dimensionai boundary layer method; a) main cal-
culation grid, b) inlet section calculation grid

a)

Î
IL->X

b)
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The Óorner flows can be represented by the treatment of the boundary conditions on the
Pre§sure and suction sides of the passage (BC, EĄ provided the flow out of the end-wall
boundary laYer is assumed to be turned onto the blade surface and any inflow is assumed
to be determined bY the flow towards the corner from the blade boundary layer (Fig. 9).

BLADE BoUNDARY LAYERs-\

CORNER REGIONS

scHEMATlc cRoss-sEcTloN
sHoWlNG REGloNs

0-0 OF BLADE PASSAGE

Fig. 9. Illustration of corner flow model

In this model the corner regions are regarded as being small (of the same order as the
=d-lvall boundarY laYer thickness) and as having thę same skin friction and other pro-
-nies as the adjacent end-wall boundary layer. This should be reasonable when the end-wall
NundarY laYer is thin compared with pitch and span, where there is no separation on the
=,j,-rvall itself and where secondary flow generated by turning of the primary sheańow
::rrinates the flow. It should be noted that this last assumption is supported by thę view
:i Perkins [23] that the turbulence induced secondary flow will be much smaller than the
!ś:landary flow due to eyen small to moderate turning.

-\ Strong flow of fluid out of the end-wall boundary layer (due to the secondary flow): :\pected along FE and an initially weaker inflow is expected along BC (Fig. 8). At FE-:e suction surface side of the passage) the outflow is allowed to take place unimpeded and
s ::earded, PhYsicallY, as leaving the calculation region and collecting on the blad,e surface.
ł: §ge BC (the Pressure surface side of the passage) the boundary layer may be assumed
:,llreral (Dring [6]) or, Preferably, the inflow can be related to the blade boundary layer
. +. 9, l0). See 2.3.3 and Appendix B.

I: the boundarY laYer calculation [25], the solution of the momentum integral relations,i:ci are written in general curvilinear coordinates, proceeds by marching downstream*'-- initial values along AG. Since the equations are hyperbolic in nature the numerical
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method takes the characteristic directions into account in evaluating derivatives. Also,
boundary values must be provided along all the edges of the calculating region where
characteristics enter (such as BC).

Conditions along the up§tream boundaries must repeat due to the periodicity of the
cascade and onę grid on which this condition can be applied simply is that with y grid lines
Parallel with the pitch. However this type of grid cannot be used throughout the whole
region as local values of eo (the crossflow angle at the wall) may exceed the angle between
the grid lines, causing the calculation offail. This tends to occur near the leading edge or on
the lower boundary. Thus the calculation grid is chosen so that the local direction ofintegra-
tion (x) is approximately along a streamline and the other grid lirres (y) are approximately
normal.

sPANWlsE
SECONDARY
VELoclTY
w5ATA
DISTANCE z=6
FRoM ,.THE

WĄLL

sUcTloN
slDE

Fig. 10. Variation of the spanwise velocity at the edge of the boundary layer across
a blade passage

To achieve periodicity upstream of the cascade a separate inlet section calculation is
Performed on the grid PQR.S shown in Fig. 8 and here the derivatives with respect to.1,
on the boundaries PQ and R,S can be expressed in terms of thę values within the region.
The results of,this cascadę solution are thęn used to provide the correct boundary valu€s
for the main calculation along the edges AB and GF.

2.3. Solution proceilure

The stePs in the solution procedure are given briefly here. More details can be found
in Appendix B.

2.3.1. Blade-to-blade potential §olution

A method, such as that of Smith|24]canbe used to provide the values of the free stream
velocities (U, V) at all calculation points as well as the blade pressure distribution. For
consistency with the secondary flow analysis of the bounded Lroundary layer (see section 2.2)
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ihe velocities (U, V) which apply to the midspan of the cascade (tan-l VlU:p*l should
oe corrected by cor, the secondary flow velocity normal to the streamline at the edge of the
loundary layer. The modified velocities atę V1 and U!, where tan-lv'la':póand cnó

can be obtained from the analysis of [14].

].3.2. Two-rtimensional blarte bounitay Iayer solution

If the boundary condition along edge BC of the channel is to be related to the blade
roundary layer then a calculation must be made of the displacement thickness óf of the
'rlade boundary layet. The method of Mellor [20] is suitable.

:._i.3. Boundary condition calculation

Using the approximate analysis of Horlock [14] the spanwise secondary velocity
_. estimated at the edge of the end-wall boundary layer (Fig. 10). Then, assuming approxim-
::eh, colateral flow in thę bladę boundary layer the mass flow into the corner Pl§:mass
-:-,r, out of thę corner: -C"óI end wall.

:-' r Eld-wall calculation

L sing the information from steps 1 and 3 above the momentum equations are integrated

-r_]ect to the additional assumptions of profile form, skin friction and entrainment (see
!.::ęndix B) for the variables @rr, E and e6.

2.4. Results

Tle computer program for the P. D. Smith boundary layer procedure has been
::,:::ed to include the boundary conditions detailed in2.2 and is being applied, as a test
"]l!ć. lu,\ the turbine stator cascade shown in Fig. 8. The iesults of the blade-to-blade solution
,, ::: ]iindly made available by Dr. D. J. Smith of the National Gas Turbine Establishment.

' ;a 11 grid is employed for the boundary layer calculations (11 points acfoss the pitĄ
-rT ] :]t1I39€ requirements are 120 ł-bytes with computation times of around 12 seconds
- .:. IBM 3701165.

_ = Fi_e. 1 1 is shown the distribution of the parameters @ ,r, H, €g &cfoss a pitch at ńree
r ,: :.:]s in the calculation. The distortion of the boundary layer caused by the blade
,-, j":: -]ć field upstream of the blade is quite considerable and it seems desirable that the
::u.-i condition should be included. The tremendous thinning of thę boundary layer
, :l, _ - ::kes place has two causes: firstly the acceleration of the mainstream and secondly
, r ,.. - : ndary flow out of the boundary layer at the suction side of the passage. These are

. :_ 
=ao.'urr' in this high reaction blade, but in an impulse bladę the former would not

- , : i :_],rP z. żo -72
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x

x\
,/\/\

x

Fig. 11. Resultsofthe three-dimensional boundary layer
calculation

Fig. 12. Calculated distribution of skin
lriction coefficient on the end wall ( x 103}

y acs

ąa,(b)

This thinning of the boundary layer requires consideration of whether relaminarization
might take place. The criteria quoted in [16] are:
(a) shape factor H:ó{/@r, should be less than 1.3,

>2,5 x 10-6

In this particular case these are not satisfied anywhere in the flow field.
Figure 12 shows the calculated distribution of skin friction coefficient on thę end-wall.

The local maximum on the suction side of the passage is a result of the acceleration of the
boundary layer there before thickening has taken place due,to secondary flow.

The overall enhancement of the skin friction is the result of the thinning of the boundary,

--- 
sTARTING l-1rue(ps-FlGB )

-X- JUST UPSTREAM oF
LEAD,NG EDGE

-.- 
JUST UPSTREAM oF
TRA|LING EDGE
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layer and the direction of the contours at exit from the blade is strongly influenced. by the
skew there.

It should be noted that the calculated value of}l(shape factor) varies quite considerably
over the region considered and the'use of a method, where l1 is constant (e.g. [6]) would
be questionable. In the case of an impulse blade this variation might be smaller.

3. A three-dimensional inviscid calculation method

3.1. Introduction

Both the previous methods are of limited application r,vhen the boundary layer becomes
: lmparable with the span. However the third method which was developed by Stuart [26]
.:d reported in its basic form by Stuart and Hetherington [27] is of general application,
:-:e main limitations being the assumption of inviscid flow and the resultion which is pract_
:al on existing computers, rn general terms it can be used to study the effect of any signi-

:.--ant geometric or aerodynamic change on the movement of the low total pressurę fluid
. :ts complex three-dimensional motion in the blade passage. Such fęatures as the accumula-

" , n of the boundary layer downstream of the blade row can be seen in the results. A cal_
- __ation of the transport of the boundary layer across the passage was performed by Ehrich
--:Detra [8]usingasimplesecondaryflowanalysis.Howeverintheircasenovariation
- :re mainstream velocity could be allowed due to excessive turning of the Bernoulli
-::aces, and moreover such a variation violates the assumptions leading to the secondary

'i ; stream functign. A1l such limitations are removed in this full finite difference form' ::,}e equations o[ motion.
Comparisons can, of course, be made with simplified secondary flow analyses as a check

- ::e męthod and to check on the assumption of methods 1and2. Due to the somewhat
: :€rimental" nature of three-dimensional calculations the solution procedure will be

, :,-:::bed in more detail and the experience gained in getting the program working and
: :. subsequent use will be discussed.

3.2. The method

*:: 
method is for thę numerical solution of fully three-dimensional inviscid internal

The equation§ are written in general curvilinear coordinates specialized to flows
- "re steady relative to a cascade which may be of arbitrary shape. These calculations
,r::ormed on a fixed grid;atypical grid is shown in Fig. 13 and consists of a series of

-, r j : l:ually parallel with the pitch) which contain coordinate lines 1 and 2, and coordinate
_: .',iich connect these planes. As in two space variable streamline curvature methods

l _ _;:ions are written in tęrms of one component of velocity (o) along the curvilinear
': -]ie .J; (which is not a streamline, through it may be roughly streamwise). The other

: -- -:1tions (1 continuity,3 momentum) is replaced by the set (1 continuity, 2 momentum,
:_]i) where the momentum equations are along the coordinate lines 1 and 2. Since
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either of these momentum equations can be solved for an estimate of u if ),1 afud )"2 are kno§I
throughout thę field (e.g. from a previous iteration of the solution) then two estimates t'f,

u (called,ugl,uę1) areprovided. This is the key to the solution method. To create a numerical

procedure which will produce identical solutions for u from both momentum equationi

u t"r- proportional to the magnitude of their difference is introducęd into the continuiq

equation (which can be written for either uę.1 ot łlz1). This ęxtra tęrm is B,|u,2,,-t-6, ,

where B is a (dimensional) number called thę sourcę-sink strength whose value is limited

Fig. 13. Curvilinear grid showing coordinate linęs

by stability considęrations and has to be adjusted to obtain convergence, As the procedure

"o.rn".g", 
and both momentum equations are identically satisfied the extra terms tend to

zero and the continuity equation is also satisfied.

A general limitation is that the equations are singular if u is zero. Thus stagnation Points

are singulatities and cannot be reproduced and recirculations are excluded. The basic

equations and a further description of the method of solution aię contained in APPendix C.

In short, after manipulation thę equations are written in terms of the_variables alr;, uę,;M)

(M istheMach No), ir,1",}1o (the stagnation enthalpy) A:e-"lgJcu (entropy function),

and the solution proceeds iteratively after the geometry of the cascade has been worked

out and the various relaxation factors specified.

3.3. Practical consiilerations

For stability reasons some of the various quantities @ę1, ?)ęz1, Ho, A) are related against

their previous values as the solution proceeds. These relaxation factors must be specifiec

in aaaitioń to the source_sink strength f. Also, in a cascade solution a rępęat boundary

condition factor (a) (see Appendix )must be specified. Guidance for thęse is obtained fro=

the stability analysis of Stuart |ż6l and thę factors are automatically scaled accordingli,

Thus the numbers which are specifled in the range ]0, 1[. Further variation is necessarl':s

both B and ą have an important effect on tlre ability to converge. In practice it is found trć:

the valuęs of the relaxation factors for ulr;, Dę., Ho and A afę not too critical,

-lz

\
y\

cARTEslAN GRlD
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y,L

Fig. 14. Unit curvilinear cube showing aspect ratios and storage of variables

In general, like two-dimensional streamline curvatuie methods conyergence is not good

ir high grid aspect ratios i.e. when lxllz or lyllz is large (Fig. 1a). Sincę lz can only

:e increasęd by reducing the number of computing planes and hence the attainable ac-

:i]racy, and lx or ly catt only be reduced at the expense of increased storage and com-

:uting time, there is a limit on the pitch and span of a cascade which can be easily computed.

Tłe factors which make the solution more dfficult (i.e. more iterations required, mofe cafe

:;quired in choosing the values of ą and B) arc:
(a) the grid aspect ratio, normally related to the cascade asp€ct ratio (space/chord);

łb) the distortion of the grid which may be required in order to resolve a thin boundary
r:, er;

(c) the degree of non-uinformity of the inlet flow.
The worse thesę factors are, the lower ą and / must be and computing times to converg,

:1:e are correspondly increased. These are:
,a) the root mean square difference between ulr' and uę1 at any given iteration (RMS).

, .-,s is a mea§ure of overall convergence.
, b) the root mean squarę difference between the values of A, on the boundaries which

- 
_ uld repeat (RRMS). This is a measure of the accuracy with which the cascadę condition

, :,eing fulfilled. Within moderate limits ą does not affect RMS though B affects both RMS
, : RRMS. To obtain good convergence or even any convergence at all some trial and error
,,.:;h with a and B was found to be necessary, and as an example thę first case which was

- :::-rpted will be taken.
The computer programme (in its original form) was provided by Dr. A. Stuart of

; _R. (1971) Ltd., and certain adaptations and alterations had to be made before
:s compatible with the Cambridge computer system. The calculation which was then

- :1pted was for a cascade of impulse turbine blades tested by Armstrong [2] with a
- ;nd a thick inlet boundary layer. The thin inlet boundary layer case. being the more

,: :i3 t€st, was attempted fi.rst. The span olthe cascade is 18 inches and by assuming the

' ..-l be syąmetric about mid-span the spanwise size of the region to be computed is
" -::3s. A grid of 9 points spanwise, 8 points pitchwise with 19 planes was chosen giving
. ]-_puter storagę requirement of 180 ł-bytes and a time per iteration of about 3.5

::s on an IBM 3701165. Seven planes werę used within the blade row and target RMS
..: 3,RMS values were set at 1,0% and 0.08/o respectively. The spacing ratio, which
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X-----X

'--'
o-o

F=t,o,

F=ro

F= o,s

ą-|,O,

ct= io

o( =o,1l
speclŃe

sPc=oż
sP'c=o,5

(o.3.o5l

70 8o 90
lTERATloN NUMBER

Fig. 1 5. Convergence behaviour of Stuart and Hetherington procedure for Armstrong cascade

RRMs

X--x F= 1,o, o(=|.o, spc=o,2

B = l o, oa=|,o spc =o.5

o-o p=oą c{=oll, sPAclNG=o,3RADIALLY
o.5 TANGENT|ALLY

lU z9 30 4a 50 óo 
'o ,rr"or§* N'MB9;

Fig. 16. Stuart and Hetherington procedure - Armstrong cascade

fixes the ratio of the smallest distance between grid points to the largest (in the y ry, plane)
was Set at 0.2. This concentrates the grid points near the walls of the blade row, providing
calculation points within the (thin) boundary layer, With ana o{ 1.0 and a P of 1.0 the beha_
viour of the RMS and RRMS quantities can be seen in Figs. 15, 16. Lowering the distortion

rrł
5o
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Table 1

Results of Stuart and Hetherington procedure for 90' bend

Radius (in)

13.22
1,3.67

t4.1l
14.56
15.00
l5.44
1 5.89
t6.33
1,6.78

calculated Mach
No.

0.1019
0.0985
0.0954
o.0925
0.0897
o.0872
0.0847
o.0824
o.0802

FROM FREE VORTEX
soLUTloN
As CALCU|-ATED BY
STUART AND
HETHERlNGTON
PROCEEDURE

Free vortex Mach
No.

0.1019
0.0985
0.0954
0.0925
0.0898
0.0872
0.0847
o.0824
0.0803

o.1l

; l ]-

,,.,3=R {M)

o,1o

o,o9

: aa:

:i the grid by increasing the spacing fatio from 0.2+0.5 improved the convergence but
lód an advefse effect upon the resolution. After somę more trials it became apparent
-,:.at the spacing mechanism had to be altered and this was done so that different spacing

=tios were possible in the spanwise and pitchwise directions. Also the type of spacing in
--:e spanwise direction was altered so that higher values of the spacing ratio could be used
rnd still tesolve the boundary layer. Five more trials using spacing ratios of 0.3 (spanwise)
ind 0.5 (pitchwise) and various values of a and B then produced the desired accuracy in
3 computer run 96 iterations in length (see Figs. 15, 16).

3.4. Results

The results of three calculations are presented. The first is an example calculation for
r simple flow; that in a duct of square cross-section with a 90 degree bend and a uniform
:]et flow. The duct is 4 inches x4 inches (square), 15 inches mean radius. A 9x8x18

- "'l{ -"-ą 15 ló 17

RADIUS {lNcHEs}

*xF _- Results of Stuart and Hetherington proce-
dure for 90 degree bend

scALE o+--t_tx
cHoPD ó" P1,11:H 6"

SPi\N l9' {= +loo

Fig, 18. Details of Armstrong cascade



with the theoretical free vortex solution. ,i

),

(VR:a constant) in Figure 17x

- 

LOtiĄlER BLADE PASSAGE

--- UPPER BLADE.PASSAGE

&t=35o R=4,ox lO5

=={"-

* Thanks are due to Dr. A. Stuart for providing the results of this computation.
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3.5

3,o

ż5

aU-oz
J
J

=

o
L
tuzś
6

o
HALFCHORD DOWNSTREAM OF

TRAIL|NG EDGE

Fig. 2t, Calculatęd contours of total head,

6.0 o
|NLET PLANE

Armstrong cascade, thin inlet boundary layer

ó,o

The second case iS the flow in the cascade tested by Armstrong which was mentioned

above, with the thick inlet boundary layer (Figs, 18, 19),

An ł of 0.08 and B of 0.20 gave convergęnce in 80 iterations (a spacing ratio of 1,0

\§as used in both directions). Contours of total head as fractions of the mid-span inlet

Cynamic head are shown for the trailing edge plane in Fig. 20. The latter should be compared

qłth the experimental contours (from Armstrong [2]). The blade boundary layers are,

Fig. 22. Experimental contours of total
nead (half chord from trailing edge), Arm-
*:ong cascade, thin inlet boundary layer WALLD|5TANCE FRoM
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of course, not lepiesented, but the predictions of positions of the contours in the passage
are reasonable.

The third case is the same cascade with a thin inlet boundary layer. Contours of total
head, on a X 2 scale in the spanwise direction are shown for (a) the inlet plane (b) a plane
lf ,chord downstreamof the trailing edge (Fig.2l). This should be compared with the
experimental measurements (again from Armstrong [2]) shown in Fig. 22. In this case

z,w To SURFACE)

GENERAL VlEiv

(NoRMAL

\r /-

f exrreruł,_ l
lsTR=AMLlNE]
Icln=crlol _,]

Fig, 23. Coordinate
Herring method; a)
cription of velocity

n, he

system for Mellor and
cocirdinate system, b) des-
and tota1 enthalpy profiles

VlEw NoRMAL To SURFACa

Fig. ż4. Notation for three-dimensional boun-
dary layer calculation

a number of factors have combined to give a poor comparison with experiment, although
the transport of the inlet boundary layer across the passage seems to be represented quite
well. Thęse are:

a) the resolution of the thin boundary layer is not as good,
b) the secondary flow is strong and the numbęr of planes in the stream direction may

not bę gfeat enough,
c) when the secondary flow is strong the transport of blade boundary layer and dis-

sipation within the end-wall boundary layer (generation of new low stagnation pfessure
fluid) are large, neither of which is accounted for in the calculation.

In conclusion it can be seęn that the Stuart and Hetherington calculation procedure
can be applied to a moderately high aspect ratio turbinę cascade.
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The results for the flow in an impulse turbine cascade with a thick inlet boundary layer
compared favourably with experimental results but with a thin inlet boundary layer were
not as good. Both might be improved by the inclusion of a mechanism for dissipation and
rvork on this is in hand. The prediction for the thin inlet boundary layer might also be
improved by the greater resolution permitted by larger computing grids.

, conclusions

None of the methods presented here is able to_represent all aspects of the flow whiclr
takes place at blade ends, However, each ofthe three has its advantages and all should be

capable of further development,
Of the three methods the annulus wall boundary layer theory has the most practical

interest due to its speed and simplicity. However, before it can be used for large deflection
turbine cascades more work is needed on the non-axisymmetric terms in the equations"
The type of correlation proposed by Daneshyar |4] for the force deficit integral (Dr)
nay be of use though the theoretical formulation bf Lindsay has bętter foundation.

The three-dimensional boundary layer approach avoids this problem but at the ęxpense

.l| extra computation. Here experimental results are needed for comparison with the cal-
:ulations. Then the effect of the various physical assumptions (such as the skin friction
:iuation) and the assumptions of thę model (such as pressure transmitted through thę bound-
:- layer) could be assessed.

The third method does not make the boundary layer assumption and attacks the problem
: :he three-dimęnsional nature of the flow. However, this is achięved by discarding the
_.,.rally) turbulent, viscous nature of thę end-wall region and it is of obvious importance
,: ittempt to include these in a simple approximite way.

,\cknowledgment. This work has beęn carrięd out with the support of the Procure-
T::.i Executive, Ministry of Dęfence.
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Appendix A

The Equations of the Annulus Wall Bounłlary Layer Methorl

A.1. Passage - averaging

The passage-averaged n-}omentum integral equations as derivęd in [4] and given in [15] are

d ?, _ rg o,|9 * r r., _ o 
" 
ń !:'f+ p( 2@", + óI) - Q Qo,* 1 5fi1 :dX LdX dx]

_zwCoSsoCoS/a , Dysin2p, , Drcos'pu /A l\--pC:- - 2C1 - ą ' \^"/

T -rro,LT*r","'*]*, [2oN,-tgp,;(@,"- @,"*óill+ o (@""+ói- @""):

_ r- sin eo coslta -D:2!!: -D:§"1!,. (A.2)--ić:* ą ---e-, \^,!,
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where Dr: P- L+ Dxz+ Dr5, Dr: Drr* Dr,

,.,:i(*Tr),,,
ó

rao-,: 
J 

j;{c'"-c'-1a"
ou

o-":+ !lff)-(H)]", 
a

aa,dfy:(po-p)l(b-a) etc. 
6

r /F.,_f"\D,,:_ | |'r_-|dz,
sl \ p l

.ó ra _Dr,: | ; (C'- Ci- c', c'r) dz,

. !o,
FromsecondaryflowtheoryD*:D,,łD,"*D'.:0andweassufneD,,:o,andfromtheanalysis

of [18]

n,,: Ę +,fl (r#,) a: (i a-a:),,"' pu!!

if we takę the , cross-flow referred to the flow, direction at z:6 (deflned a§ Po:
:constant) and p5 is known by experiment or

ą^lia! " dp*
D,,:Cj(z6-ó-) rffi sec' l- *,

where 4- is known from analysis and p6 canbe calculated using

c nd : - C 
" 
2Jióf;ę - tko/ł 

"os 
1,1,

A.2. Profile assumptións

Coles proflle:

;:a n (."1-; , (i)-' ',
svhere W(zló):(l -cos nz|ó) aldc":Jffi.

Cross-flow profile (Fig. 3):

ż:teeo, z 1zp
Ls

Zn:A(C"-c,)+ćnreo'u-", zżzp

,l n ,_ AC"óle-ku
whereł:' . ćl- Ą l1--

gcosp 'a--a!" gcorpu

ffbis reduces to cx I C ": Ą(! - c J C 
"),the 

Johnston profile, as óig cos la+0],
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From secondary ffow analysis

A:Anl"lł A,, where o,:rr:T !.JC:
Then an equation is formed for z, from the definition of the crosswise and streamwise profiles atz:zp, which is differentiated to obtain

*W- (o=) 
] 
r :.[H, G)]- ^ # : *lH- *Lffi] (Ąs,

A.3. Other assumptions

,SkinfrictionŚ:a:fl(H",,Re):fzGI,,Re5)byassumption: lla:lnalo.A*(1lo,4)ln(Rea)+2nlo.4+
*5.5 from the coles profile at z:ó this can be differentiated and writtęn

I4*'ł *{1-+) +-:Ę:o. (A.4)

Entrainment: 
ó dx' dx '\r' ,'l ar'Ć, dr-"'

_ ld - /ó-ół\

or ': *a, tC"(Ó-ÓI)1:r(H):E (o;)=o.or061flu-3;-o,o"

!_(ó-ól)+tgp, #:*,r(,",)_Ęą ff-nux. (A.s;

Equations (A,1), (A.2), (A.3), (A.4) and (A.5) are the five equations which are solved for (ó, II, tg, zo,a)_

Appendix B

The Equations useil in the Three-Dimensional Boundary Layer Procedure

B.1. Blade to blade potential flow

_ Ref, [24] describes a method to §olve the inviscid blade-to-blade flow. The equations used are thosefor steady, reVersible flow in relative framework.
Continuity:

Momentum: 
Y'(PW\:,'

Energy: 
20 X W- Wx(Y x W):y I_ TyS ,

DI
Dt:O '

Entropy:

rDJ:g.
Dt

State (perfect gas) 
1 ś

P:p(h,s):n't-t7"- a.

These equations are solved in finite difference form by a band matrix method. The output is values ofthe velocities at all grid points.
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B.2. Blade boundary layer solution

The equations to be solved, for the compressible two-dimensional boundary layer are (see Fig. 23)

Continuity: aa
*(oru)+ ,(rpu):g.

Momentum:
__ai __au dU 1 aUż)
PuŃ+PDTr:r.U d*-; a, ,

Energy:
__ ańo __ aho l a ,_
Du -i+ ei ń 

:;, Ir(a + ut)l,

n.here r(i, y)_ r*(i)+ y (cos a(x)); lower case letters denote values within the boundary layer and

Ł=r"':, Ł=,**,poypoy
ęhere

'":r" (ł, ^",-), 
v"n:v"n(v", Pra),

l.:efiective viscosity, y"s:effective conductivity which assume their laminar values in a laminar flow.

These equations are solved on a finite difference grid using an implicit numerical scheme.

B.3, Secondary flow velocity

A brief account of the analysis of [14] is given. Assuming the following profiles for the secondary

r elocities
lĘ,(vls ,_V,(Y) f".'_ "rlly: :: , V:77z La-']

l,here s is the distance from the passage centreline, 3':{$-d), Fig. 1) and satisfying continuity and the

,..nicity equation 
'":Uraveraged 

across the pitch an expression for W"ś (whete Vll"is the spanwisó

tlocity component) can be obtained:

6AU f ęo'6-" -e-ró1Wń: - ź |r:;="-] [1,(ó)+ I,(d,l],

Tfere 
ó ó

1,(ó): 
r (r-!)ł,a, ,"(il: I(,-#) e-kydy,

,,_ lu *__o'"uo:V;, , 
2

l I+ co and k6:Jń ó/s' is small e-o1-1 - k6 ald W*^rr(6): W": -llAUó*kóls'.

l tr. Three-dimensional bounłlary layer calculation

The coordinatę system used is shown in Figate 24 and a typical calculation region in Figure 8.

]ie momentum integral equations for the compressible (turbtrlent) boundary laYer in general coordi-

i *. are [25]

h

}
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i'# - 
" " |ę-P nLu# 

* 
+ *(ł) - r,1- *'#

*,, 
" |T# #,# - 

+ ł (*) - r,]- * Irh'# - T1
- o, |rhT -T -T]* 

",, 
t, :!,

-*9: * @., |(Ł fuI') 

t'# - 
+ *]#) -,.] - #'#ht 0x --L h1

*,,, |#,# - 
+ *ę) -,,1- o, lła,# -,+ -,+]

-^,lłn"#-la+ o" l,:?,
where the quantities k1, l1ate functions of the metric coęfficients of the coordinate system used.

In the method these equations are used together with the following empirical assumptions
a) streamwise velocity profile (§pence)

ł:ł(ą in incompressible flow z|zu:21.5 and H:6Il@u,
b) crosswise velocity profile (Mager)

c) skin friction (along eg to streamline) (Ludwieg-Tillman)

ct:0.264(Ree)- o'268 
,

d) entrainment function F:0.025 E-0.0ZZ, where .F1 is the transformed (compressible) shape
parameter.

Thus three equations are written for the variables @rr, Ę eo which are hyperbolic in nature. They
are integrated in the x diręction (Fie. 2q. Derivatives in the x-direction are taken at the mid point of t&c
step (implicit) and 7 derivatives are evaluated explicitly with the direction depending on the limiting cha_
racteristic disrections. The sizę ofthe Jr-step is detęrmined by stability considęrations.

Appendix C

The Stuart and Hótherington Three-Dimensional Inviscid Procełlure

C.1. Basic equations (in cartesian tensors)

Continuity:

";,+L ff:o, (c.l)

Momentum:
Dul 1

^ -| -p,r:0 (inviscid),Dtp

Z:(*)-,

r:(,-f)',,*,

(C.]l
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Energy:
Ds

-:0 (inviscid and adiabatic),

Srate:
p:pRT (perfect gas),

h:cn T,
Second law of thermodynamics:

do::dh- Tds.
p

Here the variables ui, p, p, s, T, h are functions of x' and l where xi is a fixed (inertial) cartesian
,o;lrc::. Now consider the curvilinear coordinates y':y'(x',r) (an inverse is aśsumed). Thęse co-ordina-
ł_* ł:e chosen so that'the boundaries of the computing region are coordinate planes (e.g. ./r:constant,
: =:cnstant) and thę choicę is limitęd to those that rotate about a fixed axis with a con§tant angular
r€ilć":ll. using the transformation, introducing the source-sink term into the continuity equation,

[rĘ śquations become, after some manipulations
\(omentum:

(1 - M") 1u' ),'11-gro ),Jl,r- (g,, )uJ),*} + 2u^j Er*

0 0s 1 a "1 " ,l-1 -+ ał@o_R)- r ńr-;f Ń(,')]-u'g,ri' Lu,;<łv^'l,,

C--atinuity:

(ł"" J o r0) l'),r+(p"" 1f o uQ) 1'),,+(p"" J s ru)).,

: B(p""rO)łi- p""uQ)łi), (c.9)

(p" ", G) ł i ;.'),, + (p' 
(' \ 

u (2l ł i i"), 
" 

+ (p' 
(') 

.rf i u (2)\,,

: B(p'(z'u(2) J n- r"'' /orrt1;. (C.l0)
=-rg1,:

ułwr,= :ł1) is the śolution to (C.7) and pu<') is the associated density distribution, u(2) is the solution
,_ : i, arLd pu(') its associated density distribution

u)" :u' and 7' :1 ,

t Ąo\
ą=412ś)2, "':l":| , 1:g,rl,iij,

.i^i \o?l"
cx ox

l_.: 
- 

]* (the relationship between the co-ordinate systems) o(), oy
l ^ 12. lOXil

: - gt]|- 1:; l

Iay" I|.I

fi 'ał]€ ll'P z- 70 -?2

lu' li l
-z?l'fł+łO"]:O,

k:l : (C.7)
k:2: (C,8)

(c.3)

(c.4)

(c.5)

(C.o;

(c.1l)

(C.l2)
3emoulli:
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These equations can be solved in turn as follows; all the other quantities being kept constant dur::.
each integration

using,11, )"z: (C,7) is integrated for u(1) along all lines.y2:66115tant, y3:g6n5ląr1,
using Ź 1 , )"2 : (C.8) is integrated for a(2) along lines y 1 : constant, .y3 : constant,
using r'(1), u(2), ), : (C.9) is integrated for ź1 along a11 lines /2:constant, /3:constant,
usinga(1), u(2),),: (C.10)isintegrated for ),2alongalllines./1 :constant,_/3:constant

subject to the boundary conditions on u(l) and zl(2)

IG

l n#') J i,*0) d,y
IG

' = I ł'łlrtr n ux -t(2) c]yl, (c,13

(C. t.l
JG

I p'ł" ł s r*Q) ,ti : I tł" ]i ,n{D as,' ,

where the subscriPt n refers to the interaction number z and the walls are specified by yr:0, IG; yr:;.
JG(Fig. 13).Theboundaryconditionsforź1 and ),2are),1 :0aty1 _0, IG|),2:0aty2:0,JG(wal]>
or if a rePeai (cascade) condition is being applied an additional iteration is used to compute the va]u;
of )., at the boundary:

ąą2 ^.2OĄn O/,n _ t

Ń: -i'* a(alp-uory),

whete uary - velocityatboundaryapproachingfromleft l ..,n ..
u"" - velocityatboundaryapproachingfromright J lY ltn

and a is the rePeat boundary condition factor; an adjustable constant whose value is so chosen tha:
convergence is obtained.

C.2. Method of solution

The variables (Ó(1),Ó(2), M', A' , tr', Ho, l) where ó(1|: p ,f g ill and similarly f or ó(2) are storec
at the centre of the faces of thę unit cube in the curvilinear coordinate system in the following manne:
(see Fig. 14).

At points 1 : ).1, g11, orr, orr, alo,
At points 2: L2, g12, s"", srr, ł$
At points 3:a(1),t:(2), M', Uo, e. gfi, \f g, n.
With this stoling arrangement the next important derivatives can be expressed simply in first orde:

centred finite differences and the boundary conditions can be applied directly without calculating deri_
vatives normal to the surfaces. The momentum equations (C.7), (C.8) written in finite difference form.
are solved for u(1) or u(2) starting from an estimate of the velocity at the mid_point of the line along which
the equation is being integrated, lfthe boundary condition (C.13), (C,14) is not satisfied, the velocity a:
the mid-Point is adjusted. The most up-to-date valuę is always used and for stability reasons new values
are alwaYs relaxed e,g. 

'il(l):/,(r;ur,(1)+(1 
-r,111) uy-1(1), where r,111 is the relaxation factor for

o(1), Dł(1) the solution at the Ntł iteration and D(1)"; the initial (unrelaxed) estimate. Similar relaxation
factors are usęd for Ó(2), A and -Flg. These vary with the grid shape and size, being scaled according
to the results of the stability analysis.

N.B. the boundary conditions, as stated in (C.13), (C.14) apply to 
'(l)N 

not D(l)r, and hence for
u11)", we can write

The far downstream boundary condition applied to the nromentum eqrtation is 7uQ)laf :0t(2)lay3:0,
This is correct for the secondary flow approximation and is used in lieu of a better idea in all cases.
In practice the downstrean boundary layer appears only to affect the last few planes of the solution.

JG JG
talF

l ór.,(1)dy':-]- l Ii*-r(2)-(| - ru,l,\ól1 _1l)lctyI .J r,ll\ Jo0
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The continuity equations (C.9), (C.10) are integrated for ź1 and L2 alongthe lines (y', y') and (yI,
lsing the fixed or repeat boundary condition as appropriate. The equation for the stagnatior-r enthalpy

, - : cntropy are solved by tracing streamlines back to the jnitial plane and interpolating there, using a Ii-
:.: interpolation, This prevents values creeping into the solution which are olltside the initial range
_. io prevent degradation of gradients this cannot be done in every plane.

Obliczanie przepływu przyściennego w palisadach turbin

streszczenie

.\rtykuł dotyczy zastosowania trzech metod obliczania przepływu przyściennego w palisadach tr.rr-

Każdą z metod opisano, omówiono 1ej założenia i, tam gdzie możliwe, podano przykładowe obli-
. i porównano ich wyniki z doświadczeniem.
\\' pierwszych dwóch metodach, wykorzystujących klasyczne podejście, polegające na podziale

::l}-rvu na nielepki strurnień główny i warstwę przyścienną, oblicza się rozwój warstwy przyściennej
_-.:nego przepływu głównego, W trzeciej metodzie prowadzi się obliczenia dla całego pola przepływu.
P_erwsza metoda, metoda walstwy przyściennej przy ścianie pierścieniowej, zastała rozwinięta na
.:rsytecie w Cambridge w odniesieniu do palisad z małym odchyleniem; w artykule podaje się jej

, 
" : opis, wraz z obliczeniami dla łopatki kierowniczej i akcyjnej palisady turbinowej,
)ruga metoda, pochodząca od metody trójwymiarowej warstwy przyściennej dla przepływów
.-:eniczorrych i opracowana w Royal Aircraft Establishment, Bedford, zastała przystosowana dla
:"dku ograniczonej warstwy przyściennej w układzie łopatkowym, Omówiono jej zastosowanie
:..:sady łopatkowej kierownicy w turbinie.
],1etoda trzecia, obliczeń trójwymiarowego nielepkiego przepływu, opracowana na Uniwersytecie

,,._-n. została zaadaptowana do obliczeń palisady turbiny akcyjnej o umiarkowanie dużyn-r wydłu-
_ Opisano tę metodę i przedstawiono trudności z jej stosowaniem oraz podano niektóre wyniki

Pacqer rrpllcTellnoro TeqeHIłfl B Typd[IIHbIx peuleTKax

PesrcN4e

_ -;:lg racaerc, [pIłMeHeHI,L Tpex MeToAoB pacqeTa IIpucTeHHoro TeqeHilq n ryp6nuHr,rx pemeTKax.
:: ]a }l3 MeToAoB onIlcBIBaeTc{. o6cyx4ałorcfl uX fipe,qEoJloxeHltr, a B cIyrta.rx, rAe 3To 6luio eo:-

, -f IlBoArTc' nplrMepHbre pacqeTbl, a llx pe3y.]IbTaTbl cpaBHIzBa.IoTc, c pe3yJ,IbTa,Ta.MIi 3KcnepItMeHTa.
: ,::sllx AByx MeToAax I4clloJlb3yeTc-rl rIa.ccłt.recxłłŻ [oAxoA, cocro_arqzŻ B ToM, qTo noToK pasAe-
, l -n HeB-rI3KI4fi ocrroeHoŹ IIoToK I{ nprłcrenHrrft cfuoń, a,I]oToM onpe,4enreTc, pa3BI4TI4e npŁcTeHHoro

.] - ' il3BecTHoro ocHoBHoro floToKa. B rperr,eu ueroAe pacqeT npoBoAlrTc, AJlfl IIeJIoro noJL TeqeH1łr.
:::i,ń Meto4, T.e. MeToA [pl4cTeHHoro cJ.Io, An, xonr,qeo6pa:Hoż creHr<u, cep},e3Ho pa.3BeprlyT

, :"::,altTeTe n Kev6p1,14x oTHocI{TeJ]bHo cla.6o orxrrorrrlolullx peIIIeToK. B cra"rr,e AeaTc, ero Kpa.T-
:i-lile BMecTe c pacqeToM AJ], Hanpa.Bnrloqltx JIonaToK lł peIteT(It aKTIrBHnx ryp6lrunrrx JlonaTolt.

l - :ofi węrc.q, pa:nnrrrź Ha ocHoBe Tpexpa3MepHoź Teop[lł [p]4cTenHoro cnog AJL HeorpaHllyeH-
]-:.:rrl"l, pa3pa6oran s Pog.nr 3pxpa.$r 3cra6nurrnłerrr r Be4(Pop4e lr nprłcnoco6:reH An, clryqa_fi
l ;:iHoro [pllcTeHHoro cJIo' B pelileTKe IonaToK. o6cyx4aerca npuMeHeHlĄe MeToAa. oTHocIlTełbHo
: . -enpaBnr}ou]Irx JIoIIaToK r ryp6nHe.
":-..'-I \4eToA, T.e. MeToA pacrłeTa. Tpexpa3MepHoro HeBr3xoro TeqeHI4r, paspa.6oraHHlrfi s VHl{-
: -; 3 _ĄcToH, 6rrn npzcnoco6:reH głx pa€qęToB axnrerroź ryp6nHHoił per[eTxIł yMepeHHo yAJrtrHe}l-

:tril \{eTo/tr I npeAcTaBJIeHbI 3aTpyĄHeHr4, B ero npŁMeHeHiłIl, a TaKxe HeKoTopbte pe3yJllTaTbl


