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MILOS RUZICKA

Czechoslovakia*

Mathematical Method of Designing a Reaction Turbine Cascade
in Transonic Flow

List of symbols

z; — flow inlet angle, velocity vector on the pressure profile
z- — flow outlet angle, side,
i — parameter characterizing the pressure M — local Mach number,
profile side in the hodograph plane, M,; — inlet Mach number,
¢ — parameter determining the difference M, — outlet Mach number,
between the maximum and the minimum x, y — profile point coordinates in the physical
value of the azimuth angle of the plane,
Kk — isentropic exponent.

1. Introduction

No reliable and effective mathematical methods have been developed so far that would
2low designing the turbine type blade cascades with reaction profiles which in the last
wazes of steam turbines of great output operate already in a transonic flow region. The
=iperience gained from a wide experimental material rather than a mathematical theory
« wtilized for their design. We have taken up, at suggestion of the staff of the Skoda-works
Turhine Factory at Pilsen, a development of the calculation method for designing tur-
»me cascades in the transonic flow region. The method of hodograph for the subsonic
s=zon (including the sonic line) supplemented with the method of characteristics for the
woersonic region proved to be the suitable for calculations.

It is necessary, if this paper is to have a purpose from the mathematical point of view,

sssume — for the time being — that the flow at the blade cascade in the transonic re-
~om is determined uniquely in the physical plane; the logical conclusion that an indirect
sronlem for the transonic flow region is sensible results only from the knowledge that
“ere exists the unique solution of the direct problem. Otherwise (should the solution of
- f-=ct problem be not uniquely determined) the blade cascade — designed on the basis
¢ 2= indirect problem — might represent a flow field in the physical plane the image of

% uch in the hodograph would be different from the assumed one. The fact that there exists

* National Research Institute for Machine Design, Béchovice.
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526 M. Ruzicka

the unique solution of the direct problem for the transonic flow region is one of our basic
assumptions.

We also assume within the whole paper that the flow field is of a two-dimensional type
and that the passage of the ideal gas is adiabatic (isentropic); we neglect the heat transfer
between the blade surface and the flowing medium.

2. Lemmas

The hodograph plane is the most suitable for the formulation of an indirect problem
of the plane reaction blade cascades in the subsonic flow region. We have chosen the so
called Bergman’s hodograph plane [1] for the problems solved in the branch of the applied
mathematics in the National Research Institute for Machine Design

=3, (21

5 [1+(1 =M1 —1(1—M>*]V2
2 =A=MY+ 20— MO
where § is the azimuth angle of a velocity vector with axis x, M — the local Mach number
and A=[(x—1)/(x+1)]"'%. It should be pointed out that n is real in the subsonic region

and purely imaginary in the supersonic one.

We also assume the flow function y as the function of variables ¢, 7: this function
will be marked with symbol w (&, 7). The local Mach number is assumed as the function
of variable #; this function will be denoted with symbol M (); its actual expression results

from equation (2.2) by means of an inversion. The stream function in Bergman’s hodograph
plane corresponds to the equation

Oy SyEm x+l M) v,
o8 o' ' 2 [I-M’@FE on
The mapping of the hodograph plane in the physical plane (x, ) is given by the equation:
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The Jacobian of the transformation (2.4) equals to

1 i B ow (€, M\ [(Ow (&, n\> . -
—{H—K— Mz(n)} [( L ")) +< e ’”) ]{1—M mE. 23
" 2 on o¢

The form of the equation (2.5) shows that the limit curves (on which the Jacobian
equals to zero (2.5)) may exist only in the supersonic flow region; when choosing the sui-
table course of (0w (¢, n))/dn for n—0 (i.e. M(y)—1) it is possible to achieve the Jacobian
(2.5) different from zero on the sonic line.

Let us choose a domain D in the plane (&, #) so as to fulfil the following conditions:

1) inequality

n>0 (2.6)

1s fulfilled for all points (&, #) placed inside domain,

|
Fig. 1. Mapping of subsonic region in : ’7=0
hodograph plane . |

2) the boundary g of the domain D is formed of a simple Jordan curve and a part of the
“oundary g is formed of a line segment (non-zero length) placed exactly on the axis 7=0
see Fig. 1).

Inside the domain D there is a single point (¢,, 7,) which corresponds to infinity before
e cascade.

The following lemmas are valid:

Lemma 2.1: Let D in the hodograph plane be schlicht L; let L be a simple enclosed
‘wdan curve located within the whole domain D so that it fulfils the following two con-

¢ the complete curve L is located in the subsonic region of the domain,
stream function y(&, #) is regular inside and on curve L.
Then the enclosed curve K in the physical plane corresponds to the curve L.
~cmma 2.2: Let D in the hodograph plane be schlicht; let L be a simple enclosed Jor-
..... ¢ curve completely located in the domain D so that it fulfils the following conditions:
part of the curve L is located in the subsonic region of the domain and part of it
temtical with the sonic line,
the stream function w(¢&, #) is regular inside the curve L and on such section of it
1 1s located in the subsonic region,
‘or 7—0 the stream function w(&, ) can be written in the following form

w (& mM=h+n*f(O)+Z(&,n), 2.7
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where lim#y~*Z (&, #)=0 (whereby 72/3 is the real non-negative variable for #—0). Then the
n—=0

enclosed curve K in the physical plane corresponds to the curve L.

Note: An assumption concerning the behaviour of the stream function in the neigh-
bourhood of the sonic line different from (2.7) results in a degenerated image in the physical
plane.

‘Lemma 2.3: Let D be such a domain that the conditions 1) and 2) are fulfilled; let then
L be a simple enclosed Jordan curve completely located in the D domain so that the follo-
wing conditions are fulfilled:

a) curve L is completely located in the subsonic region,

b) the stream function w(¢, #) is regular everywhere inside (with the exception of a point
(¢, n) located inside L) and on curve L,

c) the following is valid for the stream function y(¢&, #) in the neighbourhood of the
point (£, #) (with the exception of the components of higher orders in variables

(&), (-0

1 M 1 i 1 o = - ) 2
epes s MOERG L e e e

2 { K—IMZ
{ aF ) (’71)}

M cos =
— (ny)cos¢, T arcctg 3 f+... (2.8)

o=l -

Then the open curve K in the physical plane corresponds to the curve L whereby the below
equations apply to the initial point (x;, y,) of the curve K and the terminal point (x,, ¥.)
of the curve K:

xz—x1=0, (2.9
Yo—y1=—2m. (2.10
Also the following is valid
4w e 21
P 3
{1‘*‘7 Mz(ﬂl)}
K
M i -
S () sin &, = 2.12
el 2
{1‘!‘ 5 M ('11)}
K

The following assertions apply also in the physical plane in the neighbourhood of the
point (x;, y,) corresponding to the point (&, #;):
1) X1 0 if (éb 17)'_)(619 771)'
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2) On the streamlines for x— — oo the following applies:

dy
d—x_)tg e

We do not submit the proofs of lemmas 2.1 - 2.3 as they are given elsewhere [2].

3. Suggested subsonic section of the profile for a blade cascade

Let us deal with the problem of a design of the subsonic section of a profile for the
inlet angle 3(— o0)=0a, and for the outlet angle 9(c0)=a,. Let us have the Mach number
at the inlet (i.e. in the infinity before the cascade) amounting to M,. Then it is evident
(from equation (2.1)) that

1=y, &=a,. (3.1
The following results from equation (2.2)
1 (1+(1-MD[1-A(1—MH*]UA
e L SR ) (32)
2 1-A-M7)*| 1+ A1 —-M?)* _

From the condition of the continuity for the plane blade cascades

M,cosé&; i M,cosé&, (3.5)

! gt i = e

we determine value M,>1, as we tacitly assume that the constants oy, &, and M, are
=osen so that the equation (3.3) has a solution. The equations (3.1) and (3.2) determine
“2= position of a point (&, #,) corresponding to the infinity before the cascade. Then we
“hoose a simple Jordan curve which intersects the sonic line on two different points A4 (a, 0),
#5.0), b>a. We shall derive the limitation for the choice of values a, b later on.

e
|

2 |

AL il B g
a
|

Fig. 2. Mapping of subsonic region in
hodograph plane

‘2 what follows we denote a line segment 4B (see Fig. 2) with a symbol . We choose
“= zaclosed curve I'+y so that the point (£, #,) is inside the enclosed curve I'+ 7.
“e=n we choose any continuously derivable function (&) in the range <{a, b, which
the conditions:
M, cosé,

h(a)=0, h(b)=—21tﬁ—qz-
el )=
{1+_2 Ml}

(3.4)

M IMP 2z, 70 - 72



530 M. Ruzicka

Further limitation for the function /(£) will be mentioned below. It is evident from the
considerations included in the next paragraph that the function A(¢) is given by the selec-
tion of the surface velocity on the supersonic part of the profile; therefore, we may con-
sider it in this paragraph as a given one.

Now we stipulate the solution w (&, ) of equation (3.3) fulfilling the following con-
ditions:

a) it fulfils the condition (2.8) in the neighbourhood of a point (v,

b) w(¢*, n*)=0 for points ({*<¢,) of curve I,

) e, =2
{1 i M f}
d) for ¢ from the range <a, b), 7=0 there is (¢, 0)=A(S).

In this way the problem is mathematically formu-
lated for the subsonic part of the profile; the problem
a) is solved according to the paper [3].

The function plotted during the solution of the
problem a) does not fulfil the conditions b), ¢), d).
The equation (2.3) is linear; therefore, we may fulfil
] X the conditions b), ¢), d) when adding the suitable
solution of equation (2.3) which is regular inside the
above defined domain. Germain-Bader’s paper [3]
indicates that the solution of equation (2.3) fulfilling
the above mentioned a), b), c), d) always exists and is
g uniquely determined. We denote this solution yw*(<, 7)-
We ascertain by an easy analysis in the neighbour-
{ hood of the sonic line that the solution w*(&. 7}
fulfils even the condition (2.7).

The function w*(¢,#) fulfils therefore all the
conditions of the lemmas 2.1 - 2.3. This means that

is for points (£*>¢) of curve I,

Lio=g

3=O

Fig. 3. Mapping of subsonic region in physical plane

certain open and periodical curve K with period equal to 2r in the physical plane (&
corresponds to the contour I'+y (Fig. 3). On the left hand side from this curve there
is the subsonic flow field, corresponding to the physical reality.

4. Design of the supersonic part of the profile

When designing the supersonic part of the profile one should distinguish between twa
cases:

1
a) M,<- b M
COS 0, cos o,
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B ()
Fig. 4. Mapping of supersonic region in physical Fig. 5

plane

We shall describe in detail only the case a). The case b) should be investigated in the same
way. :

In the case a) the course of the flow field characteristics in the neighbourhood of the
trailing edge is illustrated in Fig. 4 whereby on characteristics O'C’, 8=9,, M=M,.
It is sufficient for the continuity of the solution of the subsonic and supersonic parts to
determine the sonic line as shown in Fig. 4. (More usual case occurs when the sonic line
has the position illustrated in Fig. 5 while the characteristics are reflected several times
n the channel between: the blades. This case is then solved quite analoguously and, there-
fore, we are not dealing with it in this paper.) But then

M>

M2—1
a<E— _\/—1 M, (4.12)
M(1+K—M2>
2
i
=
B (4.1b)

ol

“wuztions (4.1a, b) determine the extreme points of the segment line which in the hodo-
smen plane corresponds to the sonic line crossing the channel between the blades.

1

s
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We can easily see from the theory of characteristics that the following is valid: if we
choose the distribution of the surface velocity U(s) at the supersonic part D'C’ (see Fig. 4)
in such a way that U(s) increases with the increasing arch of the swept side, we are able
to supplement easily the missing parts of the pressure and suction sides.

It is, therefore, sufficient to choose the function %(¢) in equation (2.7) so as to have
it decreasing with the increasing ¢. If we choose the function A (&) in this way and determine
the values of parameters a, b from equations (4.1, b), we are able to supplement easily

Fig. 6 Fig. 7

the missing parts of the pressure and suction sides. It is only necessary to modify the
methods of characteristics so that the parts of the characteristics are not replaced with
straight lines but with the parts of the appertaining osculatory circles. The computing
sequence for this method is illustrated in Figs. 6 and 7.

5. Conclusion

The paper describes the method which enables solving an indirect problem of the
theory of the blade cascades with reaction profiles for a transonic flow region and for a
certain type of a velocity distribution on the surface of the swept profile, when the velocity
increases both on suction and pressure sides of the supersonic part. The method was
tested during the designing of the profile for the turbines produced in Skoda-works. N. E.
in Pilsen. The method may be adapted even to the design of the root and nearly impulse
profiles with the subsonic inlet and outlet and with a small supersonic zone i.e. also in
the case when the supersonic zone is closed by a shock wave. This method may be similarly
modified also to the case of the compressor type blade cascades with a supersonic inlet
and with a simple shape of the face shock wave.

The rounding of the inlet blade edge with the subsonic inlet can be easily achieved
when adding a suitable source multipole in the vicinity of the inlet edge inside the blade
in the physical plane. However, this is not the subject of this paper.
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Matematyczna metoda projektowania palisady turbiny reakcyjnej
dla przeplywu transsonicznego

Streszczenie

Do chwili obecnej nie opracowano pewnych i skutecznych metod matematycznych umozliwiajacych

o cktowanie palisad topatkowych o profilach reakeyjnych, pracujacych w ostatnich stopniach turbin

sowych duzej mocy w obszarze przeptywu transsonicznego. Palisady takie projektuje sie na podsta-

ynikéw badan eksperymentalnych, nie za§ metodami matematycznymi. Najbardziej odpowiednia
czen jest metoda hodografu dla strefy poddzwiekowej (wlaczajac w to linie dzwieku), uzupehiona

oda charakterystyk .dla strefy naddzwickowej.

Z punktu widzenia matematyki musi by¢ spelniony warunek, ze przepltyw w palisadzie topatkowej
oszarze transsonicznym jest jednoznacznie okre$lony w plaszczyznie fizycznej. Jezeli jest inaczej
naczy, jezeli rozwiazanie zagadnienia bezposredniego nie jest jednoznacznie okreslone) wowczas
“a fopatkowa zaprojektowana metoda posrednia moglaby reprezentowaé pole przeplywu w plasz-
¢ fizycznej, ktorego obraz w hodografie roznitby sie od zalozonego. Fakt istnienia jednoznacznie
nego rozwiazania zagadnienia bezposredniego dla obszaru przeptywu transsonicznego stanowi
z zalozen podstawowych.
+ artykule zaktada sig rowniez, ze pole przeptywu jest dwuwymiarowe i Ze przejscie gazu idealnego
1S zbatyczne (izentropowe); pomija si¢ wymiang ciepta pomiedzy powierzchnia topatki a przeptywa-
medium.
vsiepie rozwazono zagadnienie projektowania poddzwiekowego przekroju profilu dla kata wloto-
*. 1 kata wylotowego a,. Liczbe Macha na wlocie (to jest w nieskoriczonosci przed palisada)
mo przez M;.
W 5rano krzywa Jordana I” przecinajaca linig dzwieku w dwoch roznych punktach A4 (g, 0), B(b, 0),
v czym segment 4B oznaczano przez y. Z kolei wybrano krzywa zamknieta I'+ y w taki sposob
Z:. 771) (odpowiadajacy nieskonczonosci przed palisada) lezal wewnatrz krzywej zamknietej
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I'+y. Nastepnie postuzono si¢ dowolna funkcja malejaca 4 (&) z przedziatu {a, b) spetniajaca warunki

M, cos oy
R

Z kolei okreSlono funkcje pradu w (&, #) spelniajaca nastepujace warunki:
a) spelniony jest warunek osobliwosci w sasiedztwie punktu (&;, #71),
b) w(&*, n*)=0 dla punktow (&*< &) krzywej I,

M; cos oy
o) v, n*)=-2=n

h(a)=0, h(b)=-2n

. oz dla punktow (&*> &) krzywej I,
1+52—Mf

d) dla & z przedzialu <a, b>, n=0 jest w(&, 0)=h(&).

W ten sposob sformutowano matematycznie zagadnienie dla poddzwiekowej czeSci profilu. Jal
pokazano w artykule Germain-Badera funkcja pradu spetniajaca powyzsze warunki (a - d) istnieje zawsz
i jest jednoznacznie okreslona.

Dla zapewnienia ciagto$ci pomiedzy rozwiazaniami dla cze$ci nad- i poddZzwickowej wystarcz:
zatozenie linii dzwieku specjalnego typu. Z tego zatozenia oraz charakterystyk pola przeplywu w pobliz:
krawedzi splywu mozna wyznaczy¢ wartosci a i b.

Na podstawie teorii charakterystyk tatwo stwierdzi¢ stuszno$¢ nastepujacego stwierdzenia: jezel
h(&) jest malejaca funkcja zmiennej &, to predkosé U(s) dla czesci naddzwiekowej na powierzchni pod
ci$nieniowej jest rosnaca funkcja zarysu omywanej strony; podobnie jak dla naddzwiekowej czesci n:
powierzchni nadci§nieniowe;.

Otrzymane profile topatkowe maja ostre krawedzie natarcia i splywi. Zaokraglenie krawedzi natar
cia mozna uzyska¢ dodajac odpowiednio wybrany wielokrotny biegun Zrodia.

MaTtemaTn4ecKuii MeTO NPOEKTHPOBAHMS TYPOMHHON PeaKTHBHOM
pemeTKH s CBEPX3BYKOBOr0 Te4eHHs

Pe3rome

o HACTOSIIEro BPEeMEHH HE pa3paboTaHbl BEPHBIE W (D (HEKTUBHBIC MATEMATHYECKHUE METOABI, O3
BOJISIONIAE IPOEKTUPOBATEH PEIIETKU JIONATOK PEAKTUBHOTO Ipodwuiis, paboTaromme B IOCICAHUX CTY
TIEHSIX TAPOBBIX TypOHH GOJIBIION MOIIHOCTH B 0GIACTH CBEPX3BYKOBOTO TeUCHHUS. Takme PEIreTKH OOBIYEH:
MPOEKTHPYIOTCS HA OCHOBE PE3YNBTATOB 3KCIEPUMEHTANBHBIX UCCIEHOBAHMIL, & HE C WCIIOIh30BAHME]
MaTeMATHYECKUX METOLIOB.

Hau60J1ee IPUrOAHBIM 15 PACYETOB OKA3HIBACTCS METOJ TOLOTpada s JO3BYKOBOU 30HB! (BKIIE
4asi B 3TO JIMHMIO 3BYKA), IIOIIOJIHEHHBIH METOIOM XapaKTEPHCTHK JIsl CBEPX3BYKOBOY 30HBEL.

C TOYKH 3peHHs] MATEMATHKH JOJDKHO OBITH HCIIONIHEHO YCIOBUE, YTO TEUSHNE YePe3 PEIIeTKY JIOTATO!
IJIs. CBEPX3BYKOBOIL 30HBL OJHO3HAYHO ONpenelsercs B dm3mueckoii miockocta. Ecim nemo apyroe (T.e.
€CIK pelIeHue IPSIMOM 3a1a49U HE SBISETCS ONHO3ZHAYHO ONMPEIeIIEHHBIM), TOTAA PEIIeTKa JIONATOK, 3aIpPe
€KTHPOBAHHAS NOCPEACTBEHHBIM METOIOM, MOTJIA GBI IPEACTABIIATE [TOJIC TeYCHHS B (PU3MYECKOM IITOCKOC
TH, KApTHHA KOTOPOTO B rojorpade oTimyanack Obl OT MPEANON0KEHHOM. PaKT CyIEeCTBOBAHUS OMHC
3HAYHO ONPENENICHHOIO PEUIEHHUS MPSMOM 3amaym AJis 30HBL CBEPX3BYKOBOTO TEUEHMSI SBISETCH OJIHH!
W3 OCHOBHBIX TPEITOJIOKEHHH.

B craThe npuHEMAETCs TakKe, 4TO MOJIe TeYECHHs ABYXPAa3MEPHOE U YTO PACIINPEHNE HAEATBHOIO ra3
MPOUCXOIUT aarabaTHYeCKu (M3PHTPOIMYECKH); NMPEHEOperaeTcs TEmI00OMeHOM MEeXIY IOBEPXHOCTEE
JIONATKY W MPOTEKAFOIIEH CPEeOif. :

Cravana paccMaTpHBaeTCs IpoOiieMa MPOSKTUPOBAHUS [O3BYKOBOTO CEUeHMS NPOduUis Al BXOZ
HOTO YIJIA 0y ¥ BBIXOOHOTO ,. Ymciio Maxa Ha Bxoze (T.€. B GECKOHEYHOCTH IEPEN PEIIETKOM) 0003Ha
ueHo M;.
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Bri6pana kpusas Mopaasa I, HepeceKaromas IMHUEO 3ByKa B IBYX PA3MYHBIX TOUKAX A(a, 0), B(b, 0),
b~0, mpuueM cerMeHT 4B 06o3HaveH y. 3aTeM BHIOpaHa 3aMKHyTas kpusas I'+ p Tak, 41068 TOUKA (&1, #71)
(oTBevaromas GECKOHEYHOCTH Mepel PeIIeTKOoM) HaxOIMIIach BHYTDH 3aMKkHyTOM Kpusoit [+ y. IMocne
STOrO IPHHSTA TPOM3BOJIBHAS yOBBalomas dyrkuus A () B maTEpBATE {a, b), vcronHAOmMAs YCIOBIA

M, cos g

-
1_+_K__1M2
2 1

3atem ompenenena @yHKuEs Toxa ¥ (£,7), MCHONHSIOMAS CIENYIOMIC YCIOBAL:
a) yCIIOBHE OCOOCHHOCTH B OKPECTHOCTH TOYKH (Cosmd)s
6) w(&*, n*)=0 nya Touek (£* < &) kpuBoit I,

M, cosa
A n
{é+TMf}

) ms & ms uurepsana {a, by, =0y (&, 0)=h(L). :

TaxuM CIoco6oM MATEMATHYECKH (hOPMYyIUPYETCs 3amaya Jjs NO3BYKOBOM dYacTu npodmisa. Kak
moxasaHo B craThe JKepMmen-bBanmepa, GyHKIES TOKA, MCHONHAIOWAs BBIIICYKA3AHHBIC YCIOBHA a), 0), B)
% I), BCST/IA CYIIECTBYET M SBIIACTCS OJHOZHAYHO ONPEACICHHOM.

st obecredenus HeNPEPHIBHOCTY DPEINEHus Iy TO3BYKOBOW M CBEPX3BYKOBOW 30H [TOCTATOYHO
DDEATOTIOKEHNE JIMHAM 3BYKa CHEUHanbHOro Tuma. C 9TOro HpEIONOXKEHHS 1 C XapaKTepucThK moJIst
scTeyeHns BOIM3Y BHIXOMHON KPOMKH MOXHO ONpEENATE 3HAYCHHUS a U b.

Ha OCHOBE TEOPHH XAPAKTEPHCTHK MOXHO JICTKO JOKA3aTh MPABHIBHOCTH CIENYFOLIEIO CyXCHHMs:
ecom (&) suseTcst yobiBarolel GyHKIUEHR epeMEHHOR &, 10 ckopocTh U(s) ISt CBEPX3BYKOBOIM 30HEL
=2 BaKyYMHOI IOBEPXHOCTH SBJISIETCSI BO3PACTAIOMIEH (YHKIMEH KOHTYpa 06TEKAEMOM CTOPOHBL; TOXOXKHES
“ABHCAMOCTH MMEIOTCS IJI CBEPX3BYKOBOM 30HBL HA IOBEPXHOCTH MO JABJICHACM.

TToNy4eHHBIE TONATOYHBIE PO XaPAKTEPH3YFOTCS OCTPHIMU BXOAHBIMA A BHIXO/HLIMH KPOMKAMH.
OspyrieHne BXOTHOM KPOMKH MOXHO PEANn30BaTh HOOaBIsis COOTBETCTBCHHO Mo06pAHHBI MHOTO-
S DATHBIM ITOJIFO C UCTOYHHUKA.

h(a)=0, h(b)=-2rn

st Towex (&> &) xpusoit I,



