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HANS-JURGEN LICHTFUSS, HANS STARKEN

Federal Republic of Germany+

A Critical Review of the Outlet Flow of Supersonic Turbine Nozzles

Nomenclature

L--

_ę-
T_

sonic velocity,
force coefficient (s. eq. (4)),

blade force,
Mach number,
dimersionless velocity u/a* (related to

the critical velocity of sound):critical
Mach number,
blade force component perpendicular to
the reaf suction surface,
pres§ure,

bladę force component in axial direction,
entropy,
blade forcę component in direction of the
rear suction surface,
pitch,
blade force component in circumferentiai
direction,

w - velocity,
P - flow angle (measured against cascade

front),
rc - ratio of specific heats,
v - Prandtl-Meyer angle,
p - velocity coefficient (s. eq. (10)).

Suffix es

1 - uniform inlet condition,
2 - uniform outlet condition,
,4 - condition behind trailing edge,
,B - uniform condition at nozzle illet,
ó - base condition,
ł - homentropic,

tot - total condition.

1. Introduction

within stators of Steam turbines the thermal and pressure energy of the Steam is conver-

ted into kinetic energy, and transformed in thę following fotor into mechanical work on

ihe turbine shaft. This ęnergy transfęr in the rotating wheel can be accompanied by a
iurther static pressure reduction (reaction-typ) or can take place at the same static pressure

level (action or Curtis type). To achieve a high work output per stage it is necessary to

operate with a high pressure drop acros§ both wheels. Parallel to the augmented pressure

ratio the steam velocity increases rapidly, too, and therefore it is the highly loaded lattice

row where the supersonic velocities occur for the first time.

* Deutsche Forschungs- und Versuchsąndstalt ftir Luft- und Raumfahrt E. V., In§titut fiir Luft-
strahlantriebę, Porz-Wahn.
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492 H.-J. Lichtfuss, H. Starken

AlreadY at the beginning of this century, supersonic velocities were observed in operating
steam turbines. At the very beginning they occured at the exit of the first high pressure
turbine nozzlęs and velocity §tages, used to lower the flow temperature and to reduce the
thermal charge of the following stages. But soon afterwards velocities greater then the speed
of sound were found in the outer part of the last low pressure stages of high output condensa-
tion steam turbines too. In the latter, the relative supersonic vęlocities are commonly entailed
bY the great outer diameters of the blades, necessary to get high performance, if the rotation-
al sPeed it limited by a direct coupled generator, The great radii then lead to a high circum-
ferential and therefore high relative inlet velocity. Beside the application of supersonic
velocities in steam turbines, they are also used in turbines ancl supersonic compressors of
air breathing engines, in the outer part of propellers, in compressors of refrigerating
sYstems and in small turbines of very high rotational speed used for example as power
unit of rocket fuel pumps.

In steam turbine applications especially the transonic turbine flow is ofinterest, accelerat-
ing the incoming subsonic flow to supersonic velocities at the exit, The bęhaviour of the
suPersonic downstream part of such turbines is therefore of major interest here, at design
and off-design conditions. In this paper the associated phenomena are analysed using an
inviscid flow model and an idealised straight oblique nozzle as supersonic part of the blade
row. In the final Part of this contribution a critical review is given, as much complete as
Possible, showing the history of the tręmendous effort of scientists to understand the com-
plex nature of the'different flow configurations in transonic turbines.

2.Idezlized flow in supersonic turbine nozzles

In the discussion of the supersonic flow out of turbine nozzles, some simplifying as-
sumPtions are made, as this has also be done in most of thę so far published papers, dealing
with thi§ subject.

1. The classical gas dynamics shall be valid, that means the flow is inviscid, without
heat convection and radiation and also ęxternal forces are not present. On the other hand
shock losses and entropy rises are included. From this follows that the Reynolds number
does not occur as a parameter. Besides this the flow shall bę almost homoenergetic which
means that the total temperat'ure Tro, is constant in the whole flow fięld (energy equation)_

2. Thę flow shall be Plane or at least two-dimensional. In turbine rotors and stator\
this leads to an axisymmetric flow on cylindrical stream surfaces.

3. The flow shall be stationary.
4. The fluid shall be a caloric and thćrefore thęrmal ideal gas of constant speciic

heats.

Besides these Principal simplifications it is further proposed that in the cross-section
(A- B) of the blade Passage, normal to the suction surface contouf at point 3 (see Fig. 1 l.
a uniform supersonic flow with respect to Mach number (Mr:const) and flow directioą
(/ł:const) exists. There the flow direction /o shall be identical to the suction surface
contour angle at Point -B and the suction surface downstream of this point up to the trailir;
edge E shall be straight with the same direction §l.

In this paper only the flow fleld in the triangulat area (A- B- E- A) and downsttean
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\\\\

-/
Fig. 1. Cascade nomęnclature

nf the cascade is discussed. The inlet flow conditions (Mr,fr) far ahead of the cascade
are of no interest here, because it is not releyant in what mannęr the uniform flow field
, fIs, §n) at ,B has been generated. All ęxit flow quantities are therefore ręlated to the flow
conditions in thę section 4 - a> In the following this triangular part of the nozzlę is normal-
i1 called straight obiique nozzle or straight backed blades and the flow conditions (Mu, Bo,
_:u) at the inlet of this area therefore are sometimes called nazzle inlet state. The supersonic
flow at the nozzle inlet m'ay be generated for instance from a subsonic inlet condition
ttransonic turbine) by a blade passage shaped as a Laval nozńe (see e.g. Ohlsson [43]
and Neilson et ąl. [42]). However, it must be pointed out that thę exact calculation of
these transonic 6ladęs is difficult especially in the transitional flow region (see e.g. Griepen-
trog [18], Lawaczek [30], Rhoqberg [46], Rigaut [47], Sampson [48], Sieverding
[-t9]). Besides this, supersonic exit flow conditions out of cascades can also occur if the
inlet flow is already supersonic (supersonic turbinę or compressor).

The restriction of.this paper on the nozzle exit flow with a uniform condition along
ti 1- B) and a, straight suction surface atong (B - E) leads to an essential simpliflcation
of the flow calculation and understanding of the principle flow phenomena. The differences
in relation to the general case with nonuniform inlet flow and curved suction surface are
.rnly of quantitative nature. on the other hand, the assumption of inviscid flow is much
more restiicting. In reality very often local or complete flow sępafations from the blade
surfaces can be observed, especially if strong shock waves are present. Under these circum-
stances the real flow may be completely different from the inviscid solution. But at the mo-
:ent a universally valid method is not available to solve also these real flow phenomena
::d therefore the presented results may be taken as first approximation only, if strong
.eparations cannot be avoided.

Normally the two-dimensional cascade flow model is used to describe the flow in stators
}:,j, rotols of ańal tutbomachines. Thereby the two-dimensional cascade must be infinitely
i:,:: ald the flow has to be periodic with respect to the blade spacing. Hence, to get com-
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Parable results, the flow behind the straight oblique nozzlehas to be assumed to be periodic,
too.

After these preliminary remarks the supersonic flow in the turbine nozzlę exit area will
be discussed under the above described assumptions. It will be shown that it is important
whether the axial component wu.sin l, of the velocity in the section(A- B) is larger or
smaller than sonic, i.e. if Mu,sinBu is larger or smaller than 1. This is equivalent to the
question whether the left running Mach Iine, representing the constant condition (Mr, §r),
emanating in,4 meets the suction surface (point C in Fig. 1) or runs downstream of the trailing
edge E At first the axial subsonic flow case is considered, where the point C is upstream
of E.

2.1,, Axial subsonic flow at the inlet of the straight backełt b|ades

In Fig. 2 a flow example is shown having an axial subsonic velocity component in the
section (A-B). TheaxialcomponentoftheMach numbetMuisMu.sin/ł:1.4.sin150.:
:0.7<1 and thereforę the Mach line associated to the flow condition MB emanating
in ,4 meets the adjacent suction surface at a point C upstream of thę trailing edge E The
undisturbed flow downstream of (A-B) is undoubtedly one possible exit flow solution
(Fig. 2). In this case all streamlines behind the cascade are parallel to the suction suiface
(B-E) and also the flow velocity is everywhere the same. This uniform flow flęld extęnds
infinitely far behind the cascade and it follows Mz:Ma, §z:fa and. from lhis pr:p,
and Prń z:Pot. Because thę axial component of the velocity in(A- B) is subsonic, the axial
comPonent of the exit flow (M2.sin §) must be subsonic too. Physically this means that
disturbances downstream ofthe cascade can reach the turbine nozzles although the flow
is suPersonic. It is equivalent to the fact that all left running Mach lines downstream
of the Mach line (A-C) have to come from infinity downstream out of the uniform
exit flow region.

,'\

\

Fig. 2. Adapted outlet flow configuration
Ml:l.4, /r: l50"
Mz:|.4, Bz:t!Q"
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__ 3as dynamics it is węll known that it is possible in supersonic flo\ils, for instance in a
- ,- :-,.zzle, to vary the exit flow without any change of the inlet condition. This indepen-
,: :,-. ]a the inlet from the exit flow is naturally limited to a certain range and it is called the

.,:: condition ofthe nozzlę. rn accordance to this, also the cascade flow shall be called
: l .; lf the exit flow can bę varied without any influence on the inlet flow; that is why
: ::.Ń pressure is a free parameter. (This definition of cascade choking, see Lawaczeck
_ ;_,es beyond the usual definition of subsonic cascadę choking).

/lii///./,(7'

Fig. 3. Underexpanded flow pattern
Mn:7.4, §n:15o"
Mz:1.6, §z:145.7,

\\-hen now in the flow case of Fig. 2 the back pressure or the flow angle Bn justbehind
:,, :raiiing edge are changed (both methods are equivalent), then the associated disturbances

-:,.;h the nozzle area(A- B- E).In Fig. 3 such a flow configuration is shown with a reduced
, 
":.;k pressure and thęręfore a ręducęd trailing edge flow angle Ba, too. The flow at the entry
. - B) of thę nozńe atea (A- B- E) remains unchanged because the flow downstream of
:,: left running Mach line (A- C) through A only can be influenced from behind. Due to

,::; flow turning from Bu to Bn, a centered Prandtl-Meyer expansion occurs at the trailing
::_:ć pressure side" Thereby the first left running wave is identical to the Mach line (A- C),
,, ,:ch belongs to the flow condition in the section a - B). The last expansion wave of the fan,

, :rarked as (A - D). With the exception of the first one all the Mach lines of the expansion
^l: &l€ partly curved, because near the suction surface they are crossed by the reff,ected

l:l,es starting from the straight surface along(C-D).Only whenthissurface would have
:ren shaped like a streamline in the expansion fan, these reflections could have been avoided"

In the proposed case, however, the flow at the trailing edge suction-side has still thę direc-
,: Pr. On the other hand the flow downstream of the trailing edge has a reduced flow

;Je /a due to the expansion fan. As a result an oblique right running shock wave is ge-
:sruted which starts at the trailing edge E and propagates downstream of the cascade.

rź

Y
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Downstream of E the flow angle must be equal to Bo. This condition follows from
periodicity requirement, that is, the flow must be completely periodic with respect to
spacing. In case of single nozzles or limited numbers of blades this condition is not
satisfied in the whole backward flow field.

Downstream of the cascade exit plane U-E) the right running oblique shock
are attenuated by the reflected expansion fans, whereby the nonuniformity of the
field also decreases with increasing distance away from the cascade. Infinitely far bebj

only one Mach line remains uncancelled, which represents the uniform exit flow conditi
(Mr, §r). This unique Mach line (dashed-dotted in Fig. 3) is the asymptotic positi
of the oblique shock wave and is also called the neutral cascade outlet characteri

It must be pointed out explicitly that the flow in the exit plane (A- E) is non-
and that the uniform exit flow does occur only infinitely far behind the cascade w
the latter is not identical to the flow condition (M,ł, /J just behind the blade trailing
Due to the shock waves, total pressure losses are generated in thę downstream flow
although an inviscid fluid has been proposed. This leads to p..tzślt.'u. The amount
total losses, which the mass flow through one blade pas§age has to suffer, isjust as large
the integrated shock loss along one shock wave starting in E and continuing to i
downstream, This follows from an investigation performed by Klapproth |ż9l for
analogous supersonic cascade inlet flow. However, due to the shock wave curvature
integration along one shock wave is very laborious and therefore generally the met
described in chapter 4 using the conservation laws is applied to calculate the unif
downstream flow and the associated total pressure losses.

Flow cases, as described in Fig, 3 are called "underexpanded", in analogy to the
Laval nozzle flow. The static pressure p u at the upstream side of the trailing edge,
ponding to the Mach number Mu, is higher than the pressure p/ at the trailing edge
stream side, so that there the flow expands further in an expansion fan. (The flow case s

in the preceding example is called an adapted flow condition, presuming that neither e
,compression nor an expansion occufes at the trailing edge pressure side). i

One important fact of the example under consideration is, that the last Mach line of tb ]

expansion fan is still within thenozzle, i.e. point D is in front of E. On the other hanąl
all the following left running characteristics have to come again from the uniform outlcl
condition infinitely far do'wnstream. Hence the axial outlet flow component must be again
subsonic for the same reasons as in the preceding example.

, It is theręfore possible to reduce further the back pressure or the flow angle Ba. Howevtr,
a special singular point is reached ,when the last Mach line of the expansion fan just passil
through the trailing edge E of the adjacent blade and thęrefore point D coincides with f
(limit loading). The corresponding flow pattern is shown in Fig. 4. Againthe Mach number
M, remains unchanged. When in this example the uniform outlet flow is calculated" it
results that the axial velocity (component) is just sonic, i.e. Mr.sin f z:I. This ls also tłr
physical rea§on, why no further reduction of the back pressure is -possible, because m
disturbances can travel upstream in the axial direction and can influęnce the nozzlę flor-
This is also obvious from the position of the Mach lines in Fig. 4, where the expansior
fan would move behind the cascadę at any lower back pfessure, but the blade pressure
distribution remains unchanged. Above all,.such,expansion fan behind the cascade wouE
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r] ,lćl:* :Lę periodicity condition, The exit flow pattern of the axial sonic flow case is prin-
ulrrurll,, :__le §ame as in the preceding example, only the shock losses are still higher. In chapter
_ \ ,i .no§,n that the losses have in this limiting case a relative maximum.

Fig. 4. Flow pattern at limit loading
Mn:7.4, 8s:15o"
Mz:7.68, Bz:143.4"

In all examples discussed so far the back pressure setting has been lower than the pressure
- ,6ę 1ozzle section (A-B). However, it in (A-B) supefsonic velocity exists, also flow
:::,figurations are possible where ?zżpa or pe>§a.Such a flow is presented in Fig. 5

i;:,in for the sarne condition (Mr, f ,) in the nozzlę. Upstream of the trailing edge ,4 the
i ln, ąlg|ę at the pressure surface is equal to Bu , whereas downstręam of,4 the increased flow
.:3:le Ba shall occur at the pressure side. Therefore an oblique left-running shock wave
,;rts in l, is reflected at the suction surface of the adjacent blade, and funs downstream
, _t of thę cascade. Due to the periodicity condition, a centered Prandtl-Meyef expansion
-:th right running Mach lines is necessary at the suction surface trailing edge, which at-
:;luates thę shock wave until far downstream the uniform outlet flow (Mr, §r) is achieved.
lrere the shock wave is completely cancelled and is changed into the neutral characteristic

-; asymptotic position. Fig. 3 and 5 can be considered as equivalent flow cases where ex-
:,:rsion fan and shock wave are interchangeable. Becausę now the back pressure p, is
ź:,qef than pu and owing to the shock wave this flow case is called "overexpanded" (again

" ;nalogy to the usual Laval gozzle flow).
Ilthe back pressure is furthęr increased, at a cęrtain point sonic velocity occur§ locally

a-ż- IJtP z. żo-vz

497
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i
1

\\\.
'.i\.,
'\Nt.

in the triangulat nozzle section. This occurs first at the suction surface where the obliqrr
shock wave is reflected. At any further increased back pressure a regular shock reflection
is impossible and the so called Mach type reflection occurs (Fis. 6). Consequently the

Fig. 5. Overexpanded flow pattern
Mn:1.4, f s:150"
Mz:1.25, §z:l51,9"

\r.\o\,
\

Fig. 6. principal flow configuration with local subsonic velocities in the exit region
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:reas of the subsonic flow are formed within lhe nozzlę. A qualitative flow pattern of this
:1.,pe is shown in Fig. 6, With increasing back pressure this local subsonic flow field en-

__lrges and thę associated normal shock is extendęd. The maximum pressure rise is obviously
:eached when the normal shock wave crosses the whole nozzlę section and decelerates the

\o.,
\
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Fig. 7. Flow pattera at maximum back pressure (normal shock)
Ms:1.4. Ba:150"
M,:0,7, frz:15O"

i. .:, (Mg,Bu) without turning, that is lJz:Fl, down to subsonic velocity (see Fig. 7).

:,:;ause in the adapted flow case (Fig. 2) as well as at.maximum back pressufe the flow
.r_::!ng ó: !]s- §, between the nozzlę inlet (A-B) and infinitely far down is equal to zero,

l! :3treas in the intermediate range negative values are obtained, there must be a maximurn
rr_:.:,tive turning somewhere in bętween (see also chapter 4). In the flow configuration with
:,, ::tive turning (Fig. 3 and 4) a positive maximum value is reached at the limiting axial

" :,c condition. Negative turning angles arę of coursę only possible if M B> 1. If this condi-
t , : is not satisfi.ed, for instance at M3:1 in section (A-B) any small increasę in back
lr-:§sure would ręach the sonic line, thereby altering the inlet flow, and the sonic condition
r .he throat would disappear.

Ąfter the discussion of the characteristic nature of the supersonic flow in the triangular
:, .,_ :egion of a turbinę nozzlę under axial subsonic conditions (Mr.sin §o<1), in the fol-
. ,,,,n_g chaptef the axial supersonic flow case is covered.

2,2. Axial supersonic flow at the inlet of the straight backed blailes

-: Fig. 8 a cascade is shown which is characterized by a larger geometric area ratio
,hr""N-n (A-B)and thę throat. Because of the proposed subsonic inlet flow velocity this is
:* . ah, way to increase the Mach number in (A-B).In other words, thęte exists only one

_. 

, .'. super§onic flow conditior (Ms, Br) for each cascade geometry. (In this considera-
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tion thę Small amount of sonic line variation is neglected, occurring if the subsonic inlęt flow
angle Brand Mach number Mrarevaried along the chokingline. In this case also the uniform
flow assumPtion in (A*B) is no longer possible because each supersonic parallel flow
requires a different shaped Laval nozzle.) If, however, the inlet flow velocity is alread1.
suPersonic (as for instance in compressor cascades) then the flow Mach number in (A_B)
can be varied continuously at a flxed geometry by changing the inlet flow velocity. Duę to
the ProPosed axial supersonic velocity component in the cross section (A-B) the respective
left running Mach line emanating in l leaves the blade passage and does not interfeie with
the adjacent btade (Fig. 8). If the flow downstream of the trailing edge A is not deflected
at all (adaPted flow) a uniform flow fięld within and downstream of the cascadę devełops
which is surelY one possible periodic flow solution. Also the uniform outlet flow musr
havę in this case an axial supefsonic flow component. Therefore, the flow con_figuratioo
of Fig. 8 must be associated with the minimum back pressure because any further ręduction
of p2 cannot propagate upstream into the cascade. This can also te ręalizęd" at once from
Fig. 8, where all Mach lines in the blade exit plane do begin at suction and pressure surfaces
and not from thę downstream flow. Even the wholę flow area behind the cascade is covere,l
comPletelY bY Mach lines originating in thę cascade. This results directly from the infinite
length of the cascade. Those Mach lines extending from (A-E) do cover a certain range
behind the cascade, repeating itself periodically in the tangential direction at the distancs
of pitch t.

Although it is now impossible to decrease the back pressure below thę value of the abol,e
examPle, an increase is possible because shock waves can propagate upstream againx
an axial suPersonic flow. This leads to back pressures p, and trailing edge flow angles p.
(just behind l) higher than thosę in Fig. 8. Such a case is shown in Fig, 9. A great similariry
exists between this flow configuration and that of Fig. 5, especially all teft running Macl
Iines behind the trailing edge shock wave (A-D) do come from inflnity d,ownstream, tvhici
mean§ thatthę related outlet flow must have anaxial subsonic velocity component.

\ !,

_--lt-

-\\
Fig. 8. AdaPted flow configuration at axial supersonic outlet velocity (unique deviation)

Ms:2.6, Bs:150"
Mz:2.6, l]z:l50,
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Fig. 9. Overexpanded flow pattern
Ms:2.6, §s:150"

. Mz:2.03, Bz:t61,o"

Fig. 10. Flow pattern at limit loading (axial subsonic limit)
Ms:2.6, fł:150,
Mz:2.2, Bz:159.2"

_Ąt any furthęr incręased back pressurę there is in principle no difference to the above
flow cases of Fig. 6 and 7 . Again sonic velocity occurs first downstream of point

* a certain back pressure setting; At higher static downstream pres§ure local subsonic
riń Mach leflęctions do occur and finally a normal shock wave crosses the whole
(A_B). On the other hand the flow bęhaviour at a reduced back pressure is completely

because at a certainvalue of p, thę left running trailing edge shock wave just meets
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the trailing edge of the adjacent blade (i.e. point D coincides with ą Fig. 10). Thę relatęd
axial comPonent of the uniform outlet flow velocity is still subsonic. Any further con-
tinuous reduction in back pressure is impossible for periodicity reasons. The left running
shock wave cannot extend downstream in case of an infinite cascade. The above shown
bound in back pressure is thęrefore again named limit load. Only the above described
single axial supersonic flow solution (Fig. 8) is additionally possible. Between the latter
and the limiting case of Fig. 10 a discontinuous and non periodic transition exists. That the
flow configuration of Fig. l0 must be a limiting case can already bę stated by the fact
that the blade pressure distribution does not change at all during this transition to axial
supersonic outlet flow velocities.

3. Cascaile exit flow for blailes of thick trailing erlges

In the preceeding chapter the nozzlę flow has been idealizęd assuming a partly straigh:
suction surface and a chamfered trailing edge. These assumptions shall be dropped now anc
a qualitative description of the fl.ow field in the vicinity of trailing edges of finite thickness
is given.

In the flow configuration shown in Fig. 11 the Maclr number at the edge point P shall
be high enough so that the related Mach line through P leaves the cascade and does nc:
crossthetriangular dęadah region(P-ź'-S) of the adjacent blade. For a prescribed flo,..
in the cross-section (A-B) thebladesurface pressures can therefore be calculated. In orde:
todeterminetherestof the flowfield, the static pressure in the dead air region (P-,E-5
(base pressure) must be prescribed too. Assuming a constant base pressure p, in the dea:
air region where the fluid is assumed to be fully at rest the upper and lower boundar1- ,:,

this finite area can be accurately constructęd as lines of constant static pressure (freejet l i:
approximated as straight linęs. With the aid of these assumptions the design of the cascac:
exit flow field is rendered possible. Two oblique shock waves start at the closure poin: i
and extent downstręam of the cascade. At tlre point ,E the static plessure is the same u:-
stream of both shock waves whereas the Mach number may be differenf. Downstre.-
of the shock waves the static pressuręs have to be again equal (pr) and a common florv an;..
P" exists. However, generally thę Mach numbers downstream of the shocks are difi-e:c
and a sliP-line emanating from ,E has to be taken into account. The shock waves and . -

pansion waves cancel eaclr other downstream of tlre cascade and at infinity a unit-..-:-
flow condition (Mr, /r) exists. Because in this case no Mach lines of the uniform _., ,

{Mr, l3r) do reach the plane (E - E) the axial velocity component of the outlęt flow has l :,,

suPersonic. The quantitativę resuits of M. and l}, depend essentially on the ma_gn::_:,
of tlre base pres§ure pu.Inthe above description this pressurę was chosen arbitraril1 . :_.
due to thę axial supersonic outlet flow it cannot be influenced from behind, so that it .*-
to ęxist a contradiction. R.egardirrg the supersonic flow around single profiles or axisymi:-,=:* ,

bodies of finite trailing edge thickness this ostensible difficulty vanishes at once. There :

well known that the base pressure is defined completely by the inlet flow and the :: ,- ,

geometry and cannot be influenced from backwards. Transferring this result to the c".-_ _ ,

flow with supersonic axial outlet velocity components, also there the amount,_.i:,.,,
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:rśsure cannot be chosen arbitrarily, but is prescribed by the inlet condition and the blade
:li!S.

UŃortunatelY a bfoad and satisfactory quantitative solution is not available so fat even
- the flow cases of single profilęs and bodies.

\slipline
sllpllne \\,\\,

:;g. 11. Principal wave pattern at blunt trailing
edges for axial supersonic outlet velocity

Fig. 12. Principal wave pattern at blunt trailing
edges for axial subsonic outlet velocity

If the axial velocity component of the outlet flow is subsonic left running Mach lines
.:nanating in this uniform flow field cross the plane (E- E) (Fig. 12). In these cases the back
:ressure P2 ot the flow angle Bu, which mainly determines this back pressure, is a free
:3rameter (s. chaPter 2). But in contrast to the axial supersonic flow now a chosęn base
:ressurep, does not fix the flow angle BE (s. Curtis et al, |9l, Meyer [40a)], so that the
:etermination of the unknown base pressure is again not possible within the inviscid
:.lrv model. The detailed calculation of the nozrle exit flow itself has to be performed
-:erativelY. This is neces§ary because the shape of the triangular dead air region depends
-'n the suction surface Mach number distribution, which itself is influenced by the base
:ressure and the position of the point E. Again thę conditions of the same static pre§sure
-*. and same flow direction Bu on both sides of the slip line emanating from E have to be
rlfilled.

The further computation of the downstream flow fięld does not impose any principle
::fficultY and therefore the exit flow (Mr, B) can be calculated as a function of the pro-
:,:sed flow angle Bu and the associated base ptessure pr. The limiting condition at mini_
-:um back Ple§sure at axial subsonic velocity (limit loading) is reached, when the left
-,,-::ng shock wave starting in E just passes through the point E of the adjacentblade.:e descriPtion of the flow along rounded trailing edges can be performed in quite
|-l ::]i'lć waY aS for the blunt blades, only the centered Prandtl-Meyerexpansion, huu"

:t i:bstitufed bY an exPansion around the trailing edges down to the ptofile coord.inates
o"r-_, :le base pressule pb occurs.

,/,
:-:_\
\§
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4. Calculation of the łlownstream flow by application of the conseryation law§

rn section 2 the method of characteristics has bęen used. to determine the supersonic flon-
field within and behind the nozzle. By this treatment a dętailed description of the floq
field is obtained. on the other hand the determination of the uniform outlet conditions
infinitely far downstream is very tedious in using this flow fięld construction, because the
calculation has to be continued up to such downstream plane where the flow nununi-
formities have become small enough. Now a method witl be described allowing the calcula-
tion of the uniform outlet flow conditions by application of the conservation laws between
two cross-sections without knowing accurately the flow field from the nozzlę inlet to the
infinite outlet plane. The flow restrictions are the same as before, but additionally subsonic
exit flows can be calculated too.

Fig. 13, Scheme defining the control volume and the blade force components for the method of conserva-
tion laws

The consęrvation laws are applied to a conttol surface as shown in Fig. 13. The upstream
bound coincides with the cross-section (,4 - B) perpendicuJar to the straight suction surface
(.B- E). The flow conditions at this place are uniform and indicated by the letter (Mr, Bu,pu),
where Bu is the angle of the suction surface (B_ E) measuredagainsttheexitfront (A_E).
The uPPer and lower boundaries are formed by the periodic stagnation streamlines through
the trailing edges l and E. At infinity downstream that part (G - F)of a parallel to the exit
front acts as control surface which is cut offby the two boundary streamlines. At this plane
againa uniform ff,ow condition exists (Mz, f z, pz). The forces acting on this control volume
atę:

a) the static pressure 1B nofmal to thę upstream boundary,
b) the blade force .t exerted by the flow on the rear part (B - E)of the suction surface,

\
\
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cr:0. (6)

_:iroducing equation (6) and (5) into equation (2) and (3) and combining them in such
.',. that the force component c, is eliminated, the following equation can be found:

505

c) the uniform static pressure p , notmal to the downstream plane (G - f'). The pressure
lorces at both of the two streamlines (E - F) and (A - G) are cancelled, due to periodicity.

Under these assumptions the continuity equation can be written as follows:

I!yl:! _ rłr1'"" " M|"inpr:[l*'._rxrl'''"-" rtrsinpu, (l)
P,o,.u|rc-l _.1 Llc- t _l

_11*, named as critical Mach number, is a dimensionless velocity. But due to the assumed
:lrmoenergetic flow (Ę".:const), here it is a unique relation of the Mach number.

The application of the momentum equation in axial direction (perpendicular to the
::scade front) yields:

&" [1*] -rł,1'''-- "{5' Ii!) _p,1,]+u!,rin, n"}:p,o,a|rc-L ' j ł2rc |rc-L--z _]"''' ""'"'J

:["-* -'x'f "{T!|i1-,rl*u;,},i", §o+,, (2)

::d applying the momentum equation in a direction parallel to the cascade front yields:

': ['1 _r:r1'"- " Mlr rinBr"osBr_l-K* 
I n,*r1'''"-"

,.*L"J-IYI 
2 

J 
1vlz slILP2co'l":[rc_l-lvlB 

1 
x

-{-| [1* : - u7l+,łzfi'}cosBus in [},-.c,. (3)
|2rc|rc-| 

,-D],,"J__

The first Parts within the parentheses designate the pressure forces acting on the up-
:,-,j downstream boundaries, whereas c" and c, are dimensionless coefficients of the axial
;;n .S and the circumferential component {I of the blade force i'. n e definition of the force
_ ,:frcients reads:

rcł| /rc-l)l/l"-"__F 
ę)'o:-2* (e,/ -Etp,o,u

" :._ / as blade pitch and B as width normal to the considered flow plane.
Betrveen the force components U and S and the components i/ perpendicular and T

:.,--"ilel to thę suction surface (B-E) the following geometrical relation holds:

cu:cusinBo+c"cosPu, cT: * cucosBB-lc5sinBu. (5)

3ecause in this paper inviscid flow is presumed, the force component T, due to frictional
:':::.. in direction of the suction surface has to vanish. Hence:
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'r:L=- rr,]'''" " {+|#- rr]sin § s + urź2 sin B, cos (§, - r,)\

This equation could be derived also direćtly applying the momentum equation in direction
of the suction side (,B-E).

EliminatingptoelptotBz in equation (1) and (7) yields after some conversions (s. Lawa-
czeck [31]):

Mź :*{r* 
[.', 

r, cols (B u 
_ B,) _*,^, 

u 
Ą| 

-' 

{rm' 
+ 1) sin B, +

x ] rur' + I)2 sinz B, _Yr@- -Ą} r-l

N
@- 155

l
l

[rJ
Joz{ tso

=o)
l,L

F

; lłs

P6 = l5o'

0.5 1.0 1.5 2.o 2s

ExlT MACH NUMBER *M2
Fig. 14. Outlet flow angle in dependency of the outlet flow Mach number
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' ,_:_e 
_eeometricalangle Buandthe critical flow Mach numbęr M$ are prescribed, equa-

!t allows the calculation of the critical outlet Mach number M! for each chosen

J __.: d ow angle B r. Intsering this compute d M| into equation (1) or (7) finally also yields
"::.-talpres§ure tatio prorrf protB, a measure of the shock losses occurringbetwęen the inlęt

,:,,- : outlet control plane. The free selection of the far downstream flow angle B, is justi-

l:: .}t supersonic inlet conditions bęcause the back piessure is an independent parameter
,, :,-h can be varied without alteration of the inlet condition. It is possible, of course,

:lescribe B, instead of p2, as for each flow angle also the critical Mach number and the

:_:i pressure ratio can bę determined by equation (8) and (i) and so the associated back
: -:>sure is fixed by l3r, too. Due to the double square root sign, two solutions M! are cal-

" _,:ed for each outlet flow direction Br. Both of them can be physically relęvant. On the
-er hand the decision which of the two actual solutions is valid, cannot be given by means

.:.e above equations expressing thę conservation principle, but only by a fully two-di-
* 

: -.:ional flow consideration. To get a correct solution it is therefore necessary to combinę
, : _:bove solutions with the limiting conditions derived in chapter 2,

Iil Fig. 14 the results given by equation (8) are plotted for one nozzlę inlet flow angle

l, lut different Mach numbers Mu.The four strong lines through the point 7are the li-
' ::llg conditions for minimum or maximum back pressure and therefore equation (8) will

0.5 1.0 1.5 20 2s

EXiT MACH NUMBER r M2

Fig. 15. Nozzle tota1 plessufe ratio in dependency of the outlet flow Mach number
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lead to physically relevant results within the above mentioned bounds. At the lower limit
line the flow conditions lead to an axial sonic condition. All throttle curves (Ma:const)
ending on this line belong to flow configurations having an axial subsonic component
(Mu,sin/łś1) in the control plane (A-B), and at the boundary itself thelastMachline
of an expansion fan just connects two adjacent trailing edges (Fig. 4). The upper limiting
line can be calculated, applying the oblique shock ręlations to such configurations, at which
the flow conditions in front of the discontinuity have the uniform values (Mr, Pr), and
additionally the shock wave itself coincides with the cascade exit front, An example of such
an operational mode is shown in Fig. 10. This limit represents the lowest possible back
pressuie at axial subsonic outlet conditions. The limiting line going to the right repfesents
the single flow configurations with axial supersonic outlet components. Here, in the case
of simple straight oblique nozzles with constant conditions (Mu, l]), the respective limit
conditions arę identical with the inlet conditions of the control volumę (trivial solution
Mz:Ma and Br:Pr). To be in accordance with the supersonic compressor or turbine
nomenclature this single solution is called unique deviation. Betweęn the upper and the

+
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o-5
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right boundary no periodic solutions are possible. The left running boundary-line ręsults
from the relations of a normal shock, ńth B2: l3u and rępresents.the maximum possible
back pressure as long as MB is constant.

Using equation (8) it can be shown that the axial sonic Line Mr.sin B":1 (lower limit)
3t the same time is a line of maximum circumferential velocity or cirtical Mach number

-Mj.cos Br. Moreover by application of equation (l) and (8) it is possible to prove,
ńat the total pressure rątio ptotzlptots will become an extremum, if

r 2 M:2 sinz B,1sin(§"-B)l1- , '. '"|:0'"'l rc-l rcł l ,- l

L "-, 
-M;'J

li ful_fi.lled. This condition holds if either

a) 2l@ - t) Mt' stn2 B,l(@ + I) l@ - I) - Mź') : I

tlr if
b) §r:§u.

oxiol supersonic

solution
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exit lront
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.r0

I
d)

lt
|o ,5

tIo

z
9-5
()
t!
J
lL l^
tlJo

=9 -l5
tL

-20
o 0,5 ,,0 1,5 2p ?§ 3.0

oUTLET MACHNUMBER --------> M,
Fig. 18, Nozzle deflection angle for three different nozzle inlet flow angles fu
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The relation a) again means axial sonic condition, so that the lower limiting line is aiso
an extremum of the total pressure ratio, whereas the relation b) inserted into equation
(8) yields the two solutions Mi:ME and M|:llM§. The fi.rst is fulfitled for the trivial
axial supersonic limiting line and the second holds for the normal shock wave, hence on the
left running boundary line.

In Fig. 15 the total pressure ratios p,o, zlptotn, associated to the flow cases of Fig. 14.

are plotted as function of the outlet Mach number. Additionally the above discussed li-
miting lines are included in the fi.gure. In Figs. 16 and 17 the same results are shorłl
for other variables. In these diagrams 6: §s- l], is the flow deflection of the oblique nozz]e
part; prlp ro,o is the ratio ofthe static outlet to the total inlet pressure and can be expresseć
as:

p,lo^,,:ffi1)"'--"(*r,",J[,.-* -ryf"'' iy,

The velocity ratio is defined as:

q:wzl(w)n and is here equa1 to rp:U!l(U!)o.

In this equation w, is the outlet velocity and (wr)o is thę idęalized homentropic oul,*
velocity, respectively the homentropic critical Mach numbet (M!)o, occurring at the sa=r
static outlet pręssure p, if the flow would be homentropic. The square of this velL\::]
ratio can be expressed as:
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In the following Figs. 18 and 19 the deflection ó and the total pressure ratio ptotzlptotx
::e shown as functions of the outlet Mach number. Now also the suction side angle /o is
-,,aried, but only two different Mach numbers M, are included.

5. Historical review of the different steps in the development of supersonic turbine nozzle
flow calculation methods

By the foregoing considęrations the fundamental statements of the flow within and bę_

-.i development shall be shown in its essential feature. Of course this review cannot be
-:nplete and thefewith objective, because the diversę contributions will not be included
; -lportionally to the effort of the different countries,

The supersonic flow deflection in straight-oblique turbine nozzles at exit to inlet pressu_
-: latios lower then the critical one wele propably flrst observed by Lewicki [33]. Owing

,his discovery the interest of numerous engineers and scientists in many countries awoke
- : is still present to study in detail the complex nature of all the associated flow phenome_
-. In the following a short and critical compendium wilt be given, showing the historical
..;,.elopment of this special part of the general fluid dynamic research.

.\ first detailed experimental investigation on various single and multiple nozzles was
-.-ried out by Josse [26] and Christlein [7], Both used a test apparatus in which the
' 

- lŻe parameters are deduced by measuring the reaction force (momentum flux) of the
" :zle and the mass flow rate (in regard to some measuring errors §ee Stodola [51])., ,:eriments with similar testing machines were carried out later on also by Warren and
,..enan [57] and Wewerka et al, |59].

Thę frrst theoretical determination of the deflection ang\e ó:pr-B2 was given by
: .:r[3],using the continuity equation in conjunction with the homentropic (p,o, z:ptota)
,":rorimation, but he did not see anylimits in theexpansion process (i,e.pr--+0).rnamo-
-::l form his re]ation is given by equation (1).

Ąt the same time Loschge [38] calculated the same problem by means of the simple
".:dtl-Meyer corner expansion in which one of the two Mach line families are straight
-:. olconstant flow condition. Due to the fact, that he took the flow properties of the
, :-lraracteristic of the expansion fan as outlet value (index 2) he could use the following

..:,]n. in which v represent§ the Prandtl-Meyer angle:

§u- Fr:|z-ln. (1 1)

]:e influence of the nonhomentiopic natule of the real flow he incorporated in using
: -',troPic exponent n instead of rc in the homentropic relation of the ideal gas. He was
l -:st who recognized the existence of a lower bound in the outlęt static pressure in the

l , ] tlvo-dimensional flow. Within his approximation (straight Mach lines of the fan)
ł - : 3d this limit correctly as that condition, where the last straight expansion chaructę-

-ere also a line of const pressure) coincides with the nozzle exit plane. In his paper
.:ditional remarks are included, concerning the qualitative description of thę flowii :,,:k Pressure is lower than the above mentioned limit and if the flow is no longer

'ł -.:sional behind the nozzle exit.

511
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In a next step Fliigel [14] calculated the deflection ó and the velocity coeffcient (,

(expressing irreversibility) by means of the equation of continuity and botlr momentum
equations (equivalent to equations (1) - (3). He did not neglect frictional effects, so tha:
he had to introduce an approximate relation for the friction force Z acting in the directior:
of lhę nozzlę surface (B- E).To simplify the calculation a uniform static pressufe 12 \\,as

assumed in the ęxit plane (A-E). He called as limit condition the minimum pręs§ure |:
at which in his method the above condition can be fulfilled together with the continuit;.

equation. Also the difference between the arrangement of a single and of multiple noz7le:

were described qualitatively but supposed to tle of small influence.
To determine the expansion flow in a turbine nozz\e Zetkowitz [60] used both mc-

mentum equations, but made no use of the continuity equation. Because he did not elim.-

nate tlrę unkown pressure force ly' normal on the straight nozzlę surface, he could on,_,

give qualitative results. He also used a uniform pressure pritthe exit area as approxirr.-
tion and lris limit condition coincides witlr that of Loschge [38]. If the pressure behi::
thę nozzlę is lower than tlris limit one, an additional expansion (still 2-dimensional) occu:,
outside thę nozzlę and he calculated this also by the momentum equations. Thę _sir.-
results show tlrat for this outer ęxpansion a divergence of the two stagnation streamlir-c,
through A and,E occurs. For this rea§on periodicity is no longer possible and the t\\,o-:-
mensional outer expansion is therefore only feasible for a single or at least finite noa:
arrangement. To avoid the failure, introducęd by the assumption of straight Mach L:_::

in the expansion fan, he proposed a special contoured nozzle, in which tlre suction s.::
(B - E) is formed by the respective streamline of the simple Prandtl-Meyer corner expansi,: :-,

He also mentioned the possibility of pressure ratios p2f pu greater than I, if at the il,::
(A- B) of the oblique part of thę nozzlę supersonic velocities appear.

In two short contributions Fliigel [15] and Zęrkowitz [61] disputed the applicaŁ,:_ :

of the above mentioned contoured nozzlę in a blade row.
A summarizing description of tlre supersonic outlet flow in oblique nozzles was _s.-,::t

by Wewerka [58]. He also made use of both momentum equations without eliminl:.:_l
the blade force Ą which he has to take from experiments. He used for the first time " : -

mensionless velocity (equivalent to the critical Mach number M'r) b become indeper.:.:l
of absolute values and dimensions and he also first recognized the equivalence bet,,,.:,.r

an axial sonic outlet velocity and the condition that the last Mach linę of the expal,..:
fan falls into the exit plane (A-E).If the exhaust pressure is iower than this limit. , :,:l

called(pr)^r) another expansion is allowed for, But to ensure periodicity Wewerk: .--:,-,

to give up the assumption of two dimensional flow. Behind the exit plane, in which ; -:i -
form flow of axiai sonic conclition (i.e. (Mr)_,n.sin (/z)_i.: 1) is assumed, the stream s::i l:;
out symmetrically normal to the considered flow plane surrounded by the ambient pIś:: ;r:
pr, (s.Fig, 20). In this outer region thęn the following ręlation holds:

M! cos B, : (M:) 
^^*cos 

(Br)-," .

The final flow angle /, is given as:

LcOz:I8(§zl.," 
l 

[{n+ 
,r-;;^,,,f
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nl a third papef Zęrkowitz [62] made irse of the continuity equation (as Baer had

om.m 5elore), but he now interpreted these results by using centered straight isobares.

łu i-nn't loading (1z:minimum), that condition ts lis indicated wherę the last isobare coinci-

i lm m:rh the exit plane (A- E),

/1
l- ,( )l /7\V'

V}n,-r/:|
. '-*:rrl!Jl-Lu,]ćl

|t t /( E l

+B(o)l\iF-B,,2mln -] |l E-

Ęr.r-F-"
iW+ ri. Scheme defining the flow configuration
[,łn ru:easing flow area norma7 to the flow
: plane (after-expansion)

Ą great deal of these early investigations is summarized, supplemented and compared
t ortn and other experiments in the famous and well-known book of stodola [51].i"ĘłtT o§t,n anct othel experlments rn the tamous and well-known book of Stodola |51].

i 3 u s e ma nn [6] determined the supersonic nozzle flow (not necessarily straight nozzles)
iqmrci the aid of the method of characteristics, developed by himself. He only calculated
lo. tcJe nozzlę and assumed a constant ambient plessure outside of the nozzlę (i,e. behind
]i,fi,,::ś eńt(A-E\). Under thesę circumstances the periodicity condition can not be ful_

§l =-.ce I]lłP ż- 70-72
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filled, so that these results can not be applied to blade rows. The same method was also
proposed later by Ferri [13] and Shapiro [50].

To calculate the supersonic homęntropic flow of a straight oblique turbine :nozzle
Szewalski [55] made use of the momentum equation applied in the suction surface di-
rection (B-E) in combination with the continuity equation. Using the variables of this
paper, a combination of equation (1) and (7) (both withp,o, z:?rctu) yields:

cos(Bu- |}r):
,łrI|=-rr'7'''

(1- ,

Inthisequation the flow deviation ó:Fu-§, is independent oflthe nozzle direction,.i,
(also Loschge's simple Prandtl-Meyer relation (11) does not depend on l]d. On the othe:
hand thęre is no reason why this equation (17) should have more relevance than the co:-
tinuity equation (1) or the momentum equation (7) alone, because both equations are a].:
sufficient (due to the assumptionp,o,:const) to detelmine a relation P,:J'(M|) betrlec:
thę outlet parameters B, and M!.

Strauss [53] (see also Oswatitsch [44]) investigated the purely supersonic fl...
through infinitely thin flat plate cascades. The outlet flow of these cascades is complete__,

thę same as that of supersonic oblique turbine nozzles, under the scope of view in ti_,,
paper. Strauss showed for the fi.rst time the fully periodic flow pattern behind such c.i-
cades. But due to his essential interest in wave drag and lift-to-drag ratio (gliding numL,e:
calculated from pressure forces on the plates, he did not study the downstream florł,. es:,:-
cially the limit conditions, in detail.

Using the homentropic flow model in conjunction with the continuity equa::. :

Betz |4] could calculate throttle lines Pr:(M:), if the cascade inlet conditions ,.,,.-l

prescribed without any additional information of the blade geometry.
Keenan [28] measuredthe nozzle behaviour in picking-up the momentum flux al:J :,ł:

mass flow rate. Theoretically he used the fully one-dimensional homentropic flou r-__,::
(this accords with the flow in a normal nozzle), without regard to any flow dęflection ,,,, : - r

he only allows far behind the tozzlę exit. In case of a compression within the nozz'.= ,.:,l

above calculation is ęxtended such that a normal shock (no deflection) can be .rlą|.,;:t,l.
within thę nozzlę. This shock is situated in such a manner, that the whole exit regior - : -:

normal to the nozzle axis) is filled with gas at the prescribed exhaust pressure. A 1:. 
,, ,

attained when the shock reaches the exit plane. At lower exhaust piessures the florr ,.,. -" :

the nozzlę is assumed homentropic. A next bound is attainęd when the lowest ć],...-

Pressurę occurs at which the exit can be fully fllted with flow. Beyond this press_ . , 
l:

conditions within the nozzlę remain constant.
Hauser et aI. |22] compared cascade measurements with six diffęrent calc_._

methods:
1. The dęviation of the homentropic flow is calculated by the continuit1, ec__
2. It is assumed, that the circumferential velocity component - }|.cos/ ren:" ".,:

changed between the nozzle inlet (,4-B) and exit (A-E), and the flow is hone:..: :

* [=- ,Yf "L,l,*l1--;:|*_rrl(/ k-1)
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:i in this case the continuity equation shows that an aręa increase normal to the flow
jne has to occur,

_]. They made the same assumption (*łł.cos B:gonst) as under 2, but instead of
:rentropic flow the losses were chosen such that continuity is fulfilled.
1. The expansion takes place in a simple centered Prandtl-Meyer expansion. Where

: nrst Mach line of thę fan hits the suction surface (point C) a flow separation occurs
-1 a separation bound formed by a stream line of the expansion fan through point C.
j. The supersonic flow is calculated by the method of characteristics with the assump-
. that everywhere in the wake the exhaust pressure acts. This method is therefore iden-

.__ to that of Busemann and Shapiro who used it for single nozzlęs only. Nevertheless
_:ser applied it to cascade flows where the periodicity condition is valid. For low ex-

, *.i pressures he recognized crossing of streamlines behind the cascadę which he could, interpret physically.
, As done by Zerkowitz [60] both momentum equations are used to determine the

- :: flow, but again the blade force Nis unknown. For this reason Hauser applied this
,,.-.-,d only for the data reduction of his experiments.

Ąs limit condition he statęd the condition. of axial sonic outlet velocity though he found
- . experiments a continuous transition to axial supersonic values. For real turbines
;":ed that this would only be possible if the hub-to-tip diameter ratio is increased.
_ a sęcond paper Hausęr et al. [23] investigated, above all, the supersonic cascade
:: flow at lim|1 loading (i.ę. pr:minimum). Applying continuity and momentum

.,, .ln in tangential direction he deduced that this limit with maximum circumferential
- .\, occurs if the trailing edge shock hits the trailing edge of the adjacent blade. In his
_lnstruction for blades having finite trailing edges, he assumed the final trailing edge

, , :0 staft at thę same point P (see Fig. 12) in which the expansion fan develops.
- a contribution, concetning mostly thę flow adjustment of several stages, Fliigel
::scribęd qualitatively the supersonic outlet flow of straight backed blades up to a li-
:ding with an axial sonic outlet velocity component. Additionally he allowed an

' ..,pansion beyond limit loading. For this flow condition hę held the circumferential
- :', component constant. But it is shown above (see discussion of Wewerka's paper)

-:se flow configurations are only possible if thę downstream annul aT area can in_

; . 3f H. [41] describes the flow pattern within and behind the nozzlę by means of
. :-:istics and shock wave pattern, but made the wrong assumption that already

":::nd the trailing edge (point A) thę uniform downstream pręssure is attained. In
' ,,, nstream flow field therefore shock waves vanish inside of the flow. In a compari-

" . . ;, een the application of continuity and simple Prandtl-Meyer expansion he could
' .,.t the latter will lead to flow deflectiorr angles greater than observed in reality.
: 1, easy applicable and exact method, valid for the inviscid flow in a straight obli-
_:_: at uniform supersonic inlęt velocities was developed by Traupel [56], Using
.,:itln of continuity and momentum in the direction of the straight nozzle part

, _ 
"alculate 

the uniform downstrearn flow values including the entropy rise produced
, :lpression shock fronts within and behind the cascade. Due to the onę-dimensional
.- ..f his derivation he couid not estimatę the boundaries up to which his method
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is useful. This can only be decided by a two-dimensional consideration, but he supposed

that a limit occurs if the losses show a relative maximum at low back pressure. Except

this restriction and the fact that he could solve the equations only in an iterative mann€r,

the calculation method used in section 4 of this paper is identical with Traupel's j

In detailed papers about cascade flow Deich et al. |lO, 12] also described the supersoni

outlet flow of turbine nozzles. As simplest kind he used the equation of continuity in
to calculatę the deflęction of a homentropic flow. Theręby the maximum expansion
place if the last Mach line hits thę nozzle trailing edge. A second method, originating

Stepanov, also includes shock losses and is quite the same as the Traupel
With the aid of Schlieren photos and associated characteristic flow pattefn constructi

he explained the different operational modes. As limit loading for cascades of finite trai

edges he described the configuration with an oblique shock wave connecting the trai

edges of the blades, however, he allowed a further continuous accęleration to vań

axial supersonic outlet velocities. The respectivę base pressure for axial sub- and

sonic velocities he took from experimęntal results. Onę of his examples shows a

expansion at an infinitely thin trailing edge, which is limited by a shock wavę ema

from the expansion origin, which is not a quite .correct assumption. Linnecken
compared in his paper the methods of Baer, Zerkowitz, Szewalski and Busema
The latter he found to be too complicated for practical applications and in Zęrkovłi
method the unknown pressure forcę makęs it us§less, so he preferred the use of conti

introduced firstly by Baer. On the other hand the formula of Szewalski seemed q

nable to him becausę a fl.ow dęflection can be computed by it also for the case of a

nozńe, which is indeed impossible. But his contradiction vanishes at once if the

is applied in combination with the nęcessary limit conditions, as it is necęssary for ail
one-dimensional methods.

The work of Strauss was continued later on by Brieden [5] who investigated

influence of the entropy rise duę to shock waves. Additionally hę calculated the

conditions far downstream by means of the continuity and momentum equations,

between thę inlet plane far upstream and thę outlet plane far behind the bladę row_

blade force introduced in the momęntum equation, he had to calculate separately at

back pressure setting from the static pressurę on both sides of the blades.

Using the'method of characteristics Hausenblas [19, 20, 2l) calculated the

a straight oblique nozzlę and in addition also in a special designed curved one

vortex-source as basis. Especially hę deścribed the attęnuation of thę nonuni
behind the cascade, without being able to calculate them. He had also difficulties in
mining the maximum possible deflection. For this he referred to Wewęrka $gf llłr{
homentropic formula (17) of Szewalski up to pr:0. On the other hand he stated"

the results of Wewerka had only been proven for single nozzlęs and that for
another boundary nray exist.

Grętler [17] compared shallow-watet' experiments with calculations of the e

nozzlę flow. As limitłoading he stated such confi.guration where thę last fan Matt
or in case ofa finite trailing edge, the trailing edge shock hits the rear point ofthe
profile. Axial supersonic velocities he allowed for but only in sęmi-infi.nite
rearranging the Traupel equations he could solve them explicitly for the deflectitn
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: óf u- l3r. Using these formulaę he proved that thę condition of maximum losses (d(llr.rr)|
r(pr)):0lęads to axial sonic outlet conditions, so that for these flow cases the assumption
:l Traupel is correct. Without proof he also supposed that the maximum circumferential
,,elocity * }r2.cos P, is atŁained at the same point.

Independently, using the simple centered Prandtl-Meyer expansion, Cordes [8] could
,:row that the assumption of Traupel leads approximately to the flow configuration where
. Mach line connects two adjacent trailing edges. He ręduced thę inaccuracy, introduced
:;. the straight Mach lines, combining Prandtl-Meyer formula with continuity. Calculating
::e outer expansion behind thę nozzle exit, he derived quite similar ideas and formulae

-. Wewerka.
The axial supetsonic flow behind flat plate cascades was treated by Albring [1],

::suming homentropic flow and small disturbances.
Stratford et al. |52] (see also Horlock [24]) investigated, experimentally an,d theore-

:.cally, the cascade outlet flow at axial subsonic velocities especially he verified the flow
::ilection by changing back pressure. The uniform outlet conditions he calculated by means
: simplif,ed conservation laws. He noticed thę disturbances of the periodicity in his expe-

: nents due to the lower endwall but he assumed them to be small in comparison to the
--:ott]e effect, at least near design conditions.

In a further contribution Deich et al. [11] showed experimental results of supersonic
:_lbine cascades. In this article viscous effects and boundary layer separation at moderate
],lach numbers are placed in the foreground. By observation he found the foltrowing mar-
, 
=d boundary layer effects: a) The generation ofa shock wave at the transition point ofthe
.rinar boundary layer on the suction surface, b) local laminar separation on the suction
, :e induced by the trailing edge shock, and c) turbulent suction side separation due to this
.::er shock front. To avoid the local laminar separation he proposed a special profile,
_ n\-ex kinked at the suction surface. The experimęnts verified these ideas but showed a
::ong influence of kink position and operational Mach number.

The difficulties in realizing a periodic supersonic flow pattern behind the blades in a cas-
_;.je wind-tunneł is shown by Sieverding [49], who also investigated the transition from
_:sonic to supersonic flow, using side wal1 static pressure taps.

Lawaczeck [30, 31, 32f analyzed in detail the flow in transonic turbine cascades of
":.-ambered, sharp but very thick profiles. Besides the accompanied experiments he calcu-
..:ed the supersonic flow part. The sonic line is established in a simplified manner and the
i_:llexęd supersonic field up to the cascade exit is constructed, using the method of chara-
-:::istics. In order to get tlre uniform outlet conditions he made use of the four conserva-

::i laws, established between the cascade exit front and infinitęly far downstream. The
:, :licit solution of this method, exact in an inviscid, homoenergetic flow was developed
: {mecke [2].

Rhomberg [46] utilized the shallow-water flow through cascades for the determina-
, .: of the sonic line which he is obliged to know as initial corrdition for calculating the
;.:ęrsonic flow region. Moreover he compared the results of computation and water
: . measuremęnt. Within thę nozzle exit region he allowed a maximum expansion up

e axial sonic outlet condition. But due to a dead-water rąion at the profile ręaI an
: ::,lnal expansion to axial supersonic conditions takes place. His principal flow-pattern
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of this configuration is quite the same as in section 3 of this paper, but he admits various
axial supersonic outlet conditions in changing continuously the base pressure, which is in
contrast to the fact, that at axial supersonic exit flow this base pressure is completely fixed
by the inlęt condition. Shadowgraphs of tests in a rotating cascade test bank showed si-
milar shock wayę pattern as the hydraulic analogy and theory. In his rotating cascacie

wind-tunnel he could observe a ring s}rock belrind the cascade, parallel to the cascade exit
front. The stated equivalence of this ring shock to the shock wave, emanating from the

conjunction of the lowest trailing edge with the lower end-wall in a plane cascade wind-
tunnel, cannot be accepted because the latter is only a result of the flnite dimension of sucł:

tunne]s and the lowest trailing edge shock is in general neither parallel to the blade fron:
nor is the flow periodic behind it, see for instance Lichtfuss and Starkęn [3a].

Another description of the transonic turbinę flow is given by Kźippeli [27] who susta:-

ned his considerations mostly on those of Rhomberg.
For simple geometric blades P a u l o n et al. |45l treated the fully supersonic flow throug:

a ca§cade, theoretically and experimentally. Throttling could be achieved either by char-
ging the inlet condition or by rotating the whole cascade relative to the nozzle flow. Horre-
ver, this latter setting also varies the infinite cascade inlet flow condition.

Meyer J. B. [39, 40] measured the flow behaviour in different distances behind tl:
cascade and compared these results and the associated uniform outlet conditions rr:::
those obtained by the method of charactęristics. Additionally he could explain the 

=:

called overpressure (increase in total pressure) as errol in the measur€ment of the star.ll
pressure, which has to be determined very accurately to get a correct conversion from me-
sured pitot into total pressure.

By the method of characteristics Lichtfuss and Starken [34] calculated the unsepa:r
ted supersonic flow through cascades of sharp cambered profiles. He also showed ir
existance of the discontinuous transition from axial subsonic to the single axial supers..:,łl
outlet condition. In addition he described in detail the difficulties to obtain a perio;llc
supersonic exit flow and established'a method to get, at least theoretically, a periodic l":,u

area also at axial subsonic outlet flow components.
The supersonic flow through alatticę row ofinfinitely thin flat plate cascades is tre;,ąfr

by Lichtfuss and Starken [35]. The rear part of this flow is quite the same as the su3r-
sonic flow of the straight oblique turbine nozz7e as discussed in sęction 2.

The axial subsonic outlet flow of cascades having a finite trailing edge thickness, łlx
investigated in detail by Curtis et al, |9]. The ideas leading to the flow paltęrn of Flg "-
are based on this paper.

Surugue and Fabri [54] described in a simplified manner the supersonic florr- beąmrń

the flat plate cascade and compared the qualitative results with those obtained in an a*:urbp
cascade wind tunnel.

In a survey of the supersonic cascade flow, Lichtfuss and Starkęn [36] used t:3 TMF
hod of Traupe1 also for the subsonic outlet conditions of transonic turbine nozzles. i::lmŃ
the special mode of a normal shock was realized already by Gretler.

Janssens and Guyot [25] investigated the supersonic exit flow of flate plate c;":a,un*
too, butespeciallyundertheview to establish a uniform supersonic inlęt flow fo:.':ilbn*
wing test blade row in an annular cascade tunnel.
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6. Summary

In order to describe the supersonic outlet flow of transonic turbine cascades the gas
=orv in a simple oblique nozzle, bounded by straight lines is investigated. The fluid is assu-
:led to be inviscid but shock waves yielding entropy risęs are allowed for. Additionally
::e flow at thę nozzle inlet has to be uniform.

Already with this simple model all the different flow configurations at the exit and
-ehind transonic turbine cascades can be explained, except of those effects of course,
.lich are generated by viscous effects. It is shown that the axial velocity component at the
:,et of the nozzle are one essęntial parameter. At axial subsonic components both expan_
, ]n or compression is possible within the nozzle, For such operational mode the highest

",;'ansion 
occurs if the last Mach line of the expansion fan connects bothnozzlę end_points

-:l the associated uniform downstręam velocity just reaches a sonic axial component.
'the inlet flow possesses an axial supersonic component no expansion, at a7l is possible

--d the minimum back pressure at axial subsonic outlet flow occurs if the trailing edge
,-.'ck falls within the exit front. Only one single lower back plessure with an axial super_

:.ic outlet component is additionally possible.
The supersonic flow in case ofa trailing edge offlnite trailing edge thickness is described

; -:iitatively. Again the outlet flow behaviour is different for sub- and supersonic axial
: '--: comPonents. By application of the conservation laws it is possible to calculate the uni-

--n downstream flow directly without information of thę flow pattern inlęt and outlet,
"-:: also the associated subsonic solutions can be calculated. on the other hand, the limit
- :ditions up to which the above method is valid havę to be established by consideration

" :he two-dimęnsional nature of the flow.
Last, but not, least, a critical and historical review shows the transonic turbine and

: :z]e invęstigations carried out since the beginning of our century.
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Krytyczny przegląd zagadni€ń przepływll na wylocie naddźwiękowych dysz
w turbinach

streszczenic

Celern opisania naddźwiękowego przepływu na wylocie z transsonicznych paiisad łopatkoli..::
w turbinach, zbadano przepływ gazu w dyszy skośnej, ograniczonej liniami prostymi. Założono, że 3:::-
pływający płyn jest nielepki, dopuszczając istnienię fal uderzeniolvych powodujących wzrost ent:i:
Dodatkowo założono, że przepŁyw na wlocie dyszy jest jednorodny.

JLlż ten prosty rnodel pozwolił na wyjaśnienie różnorodnych konfiguracji przepływu na \,.-\,_:,_:J

i za transsonicznymi palisadami łopatkowymi turbiny, z wyjątkiem oczywiście tych efektów, które ,.l 
:l

kają z istnienia iepkości. Pokazano, że istotną rolę odgrywa osiowa składowa prędkości na wlocie c_,i.:
Stwierdzono, że dla poddźwiękowych składowych osiowych mozliwe są w dyszy albo ekspansja. : :,,

sprężanie. Najsilniejsza ekspansja zachodzi wówczas, gdy ostatnia linia Macha w fa7i rozrzedz.i,_:.-, ]j

łączY oba końcowe punkty dyszy, azwiązana z niąjednorodna prędkość w kierunku przepłyu,u z.': - i g
osiąga w kierunku osiowym składową plędkości równą prędkości dźwięku. Jeżeli w przepływie na ;,. .,_ n

występuje naddŹwiękowa osiowa składowa prędkości, to ekspansja w ogóle nie jest możliwa. Nlin::-,.li :g

PrzeciwciŚnienie dla osiowego poddźwiękowego przepływu na wylocie występuje wówczas, g.] 'J;
uderzeniowa przy krawędzi spływu znajduje się na wysokości frontu wylotu. Wówczas mozji,,: _,l*
tylko jedno niższe przeciwciśnienie dla osiowej składowej naddźwiękowej na wylocie.

W dalszym ciągtr podano jakościowy opis przepływu naddźwiękowego dla skończonej E:_:,.L
krawędzi spływu. W tym przypadku własności przepływu na wyiocie są różne dla pod_ i nadc;, _.l. *

wYch składowych osiowych na wyjściu. Wskazano, że stosując prawa zachowania można bezpc_.:": r,_,,

obliczyĆjednorodnyprze|ływ na wylocie, bez informacji o obrazię przepływtl pomiędzy wlote:: . r-"
lotem; moŻna również znaleźć rozwiązania poddźwiękowe. Ustalęnie granicznych warunkórr 1:.:j, ]lś;
tej metody wymaga rozważetia dwuwymiarowego charakteru przepływtt.

Na zakończenie dokonano krytycznego i historycznego przeglądu badań transsoniczn;,;:. ,_*r,oc

i dysz od początku naszego stulecia.

Kpururecrcltń npocłrorp BoĘocoB Terlenus Ha BbIxoAe
I,I3 cBepx3ByKoBhlx coIIeJI B TypduHax

Pesroue

C qenrro orrlrcalurl cBepx3ByKoBolo TeqeHIl, I{a BHXoAe Ił3 cBepx3ByI(oBLIx peltreTox .-]c]l:: . i, j - Lt
6nnax, nPore4eHbl l{ccne.qoBanur'Te.r'elnurl ra3a B co[,qe c KocLIM cpe3oM, orpaErIqeHHo}l 1;!1.:, ,] ,w

}l.llg}./łI. IlPrłrrrłvaercx, qTo IlpoTexaloĘa, x].rAxocTb łBIIrteTcfl rreex:xoź, o,łHaro, AoĘ.c(ae:-;: .- ::l]l]]]:
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1iBarrląe yAaplrblx BoJIH, BbI3bIBaIoI]dIrx pocT 9lrTpoflrłrł. flo6aeo.rrro rlpt4nlłMaeTcr, liTo Ha BxoAę B coIIJIo

:.9eHRe oAHopoAHoe.
Yxe era npocra, Mo.{e{b IIo3BonreT BLIrcEIłrr rce pasuoo6pa:rrsre r<on$urypaqfi[ Teqeutr, IIa BsIxoAe

a 3a cBepx3ByKoBLIMIł peIIIeTKaun rypoullrsx JIoIJaToK, KoHeqHo, 3ą LlcKflIogeHI{eM Tex 9Ó$erroe, roropsre
::e],vloT vlg r'aIlłrlxfr Br3KocTIł. floxasano, qTo cyqecTBeHIrrIM IIapaMeTpoM .rBlreTc-fi aKcIlaIIEHafi coc-
: j3"'Irliollła-' cKopocTl{ Ha BXo.Ąe B coIIJIo. flpr gosnyr<oeux 3HaqeEl4rx aKcIĄaIbHbIr( cocTaB.IIrIoIuI4x B conJle
],!]rłieT flpol{3ożrn pacmłrpeuve ralIr cxaTlłe. B raxolł pexI,IMe pa6oTT,I rrarł6orree crIJIsHoe pa.cufirpeHlre

:NEcxo,ĄIłT TorAa, KorAa fiocJleAHfifi jII4HI{, Maxa B pa3pexarcqeŻ gonHe cBr36IBaeT o6e xpaenrre rorł<u
:.:u_]a, a cBlt3ał:aafi, c rłeft o4rropo4na, cropocTr, B HanpaB]IeHI,{R Teqenllf eApa .EocTIłfaeT B at<cua;IbnoM
. jpaBIIeHIłIł 3HaqeHI{, cocTaBnarorqefr cxopocTtr, paBlrrrclqeźc-x cropocTlł seyra. Ecnrł a noToKe Ha BxoAe
]l}leeTc, cBepx3ByKoBa, aKcIłaJIbHa, cocTaBJIfloqa., cKopocTrI, TorAa paclllEperrue roooule HeBo3MoxHo,
i rrIlHąMaJIbHoe IIpoTtłBo.ĄaBJIeHI{e AJL aKcI{aJI},Horo cBepx3ByxoBoro TeqeHrl' Ha BLIxo.qe I,IMeeTcfl TorAa,

i_-r_]a yAapna;l BoJTHa y srrxoAlrofr (poMKIł HaxoAIłTc, Ha ypoBHe ł|porrra BbIxoAa. BogIrłoxHo ToJIbIto

.:iio [poTIlBoAaBIeEI{e Ałf aKcIłaJTEHoń crepxrnyrconoŻ cocrantgroĘeń Ha BbxoAe.
flpegcraarrerło KaqecTBeHHoe onvcaHlłe cBepx3ByroBoro Teqenlł-fl AnrI cnytla, roneqnoż ToJIIqIłHrI

i,;r<ogrroż r<poMKIł. 3gecr raxxe cgoftcrBa Teqen].l, Ha BBIxoAe pa3JTnqaloTc, AJlx Io3ByKoB6Ix tt cBepx-
.3_.IoBED( aKcI{aJIbIIrIx cocTaB.]IrtoĘtrx Ha B6IxoAe. flpzIrłeHax 3aKoII coxpaHeHlłq Moxno HenocpeAcTBen-
.i _\ paccgtrTaTb oAHopoAEoe TeqeHIłe HenocpeAcTBelrHo 3a BbIxoAoM, 6es rłrr(lopuaqlrfi o cTpyKType Teqe-

:a_fl MexĄt BxoAoM Ił BbIxoAoM. Moxrło Tarxe npoI{3BecTIł pacqeT Ao3ByroBoro TeqęHIlr. C łp}T oż
]:LrpoI{bL rłeo6xo4łlło 3AecE oIIpeAeJIIłTE npeAenbH}>le ycJIoBł, npaBIlJIbHocTIl 9Toro MeToAa. 3To
::peAeneElłe AoJIxHo ocHoBblBaTbc.s Ha aHaIII{3e AByxpa3Meplroro xapa(Tepa TeqeHI.{-{.

B sarłIoqenlil4 llpol{3BoAtrTc, rcprłrrłłecr<iłit rł IłcTopI/FIecKrłfi npocuorp rłccrreAosał{nź cBepx3By-
r -.=r,x ryp6urr I4 colleJl, flpoBeEeltHbrx oT Hagalla Halrero cToJreTI{q.


