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A Critical Review of the Outlet Flow of Supersonic Turbine Nozzles

Nomenclature
a — sonic velocity,
— force coefficient (s. eq. (4)), w — velocity,
= — blade force, p — flow angle (measured against cascade
M — Mach number, front),
W+ — dimensionless velocity w/ae* (related to x — ratio of specific heats,
the critical velocity of sound)=critical v — Prandtl-Meyer angle,
Mach number, ¢ — velocity coefficient (s. eq. (10)).
N — blade force component perpendicular to
the rear suction surface, Suffixes
» — pressure,
S — blade force component in axial direction, 1 — uniform inlet condition,
s — entropy, 2 — uniform outlet condition,
T — blade force component in direction of the A — condition behind trailing edge,
rear suction surface, B — uniform condition at nozzle inlet,
¢ — pitch, b — base condition,
U — blade force component in circumferential h — homentropic,
direction, tot — total condition.

1. Introduction

Within stators of steam turbines the thermal and pressure energy of the steam is conver-
ted into kinetic energy, and transformed in the following rotor into mechanical work on
the turbine shaft. This energy transfer in the rotating wheel can be accompanied by a
further static pressure reduction (reaction-typ) or can take place at the same static pressure
level (action or Curtis type). To achieve a high work output per stage it is necessary to
operate with a high pressure drop across both wheels. Parallel to the augmented pressure
ratio the steam velocity increases rapidly, too, and therefore it is the highly loaded lattice
row where the supersonic velocities occur for the first time.

* Deutsche Forschungs- und Versuchsandstalt fir Luft- und Raumfahrt E. V., Institut fiir Luft-
strahlantriebe, Porz-Wahn.
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Already at the beginning of this century, supersonic velocities were observed in operating
steam turbines. At the very beginning they occured at the exit of the first high pressure
turbine nozzles and velocity stages, used to lower the flow temperature and to reduce the
thermal charge of the following stages. But soon afterwards velocities greater then the speed
of sound were found in the outer part of the last low pressure stages of high output condensa-
tion steam turbines too. In the latter, the relative supersonic velocities are commonly entailed
by the great outer diameters of the blades, necessary to get high performance, if the rotation-
al speed it limited by a direct coupled generator. The great radii then lead to a high circum-
ferential and therefore high relative inlet velocity. Beside the application of supersonic
velocities in steam turbines, they are also used in turbines and supersonic compressors of
air breathing engines, in the outer part of propellers, in compressors of refrigerating
systems and in small turbines of very high rotational speed used for example as power
unit of rocket fuel pumps.

In steam turbine applications especially the transonic turbine flow is of interest, accelerat-
ing the incoming subsonic flow to supersonic velocities at the exit. The behaviour of the
supersonic downstream part of such turbines is therefore of major interest here, at design
and off-design conditions. In this paper the associated phenomena are analysed using an
inviscid flow model and an idealised straight oblique nozzle as supersonic part of the blade
row. In the final part of this contribution a critical review is given, as much complete as
possible, showing the history of the tremendous effort of scientists to understand the com-
plex nature of the' different flow configurations in transonic turbines.

2. Idealized flow in supersonic turbine nozzles

In the discussion of the supersonic flow out of turbine nozzles, some simplifying as-
sumptions are made, as this has also be done in most of the so far published papers, dealing
with this subject.

1. The classical gas dynamics shall be valid, that means the flow is inviscid, without
heat convection and radiation and also external forces are not present. On the other hand
shock losses and entropy rises are included. From this follows that the Reynolds number
does not occur as a parameter. Besides this the flow shall be almost homoenergetic which
means that the total temperature T, is constant in the whole flow field (energy equation).

2. The flow shall be plane or at least two-dimensional. In turbine rotors and stators
this leads to an axisymmetric flow on cylindrical stream surfaces.

3. The flow shall be stationary.

4. The fluid shall be a caloric and therefore thermal 1dea1 gas of constant specific
heats.

Besides these principal simplifications it is further proposed that in the cross-section
(4 — B) of the blade passage, normal to the suction surface contour at point B (see Fig. 1).
a uniform supersonic flow with respect to Mach number (M, p=const) and flow direction
" (Bg=const) exists. There the flow direction Bp shall be identical to the suction surface
contour angle at point B and the suction surface downstream of this point up to the trailing
edge E shall be straight with the same direction D

In this paper only the flow field in the triangular area (4—B—E— 4) and downstream
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Fig. 1. Cascade nomenclature

of the cascade is discussed. The inlet flow conditions (M, ff,) far ahead of the cascade
are of no interest here, because it is not relevant in what manner the uniform flow field
(Mg, Bp) at B has been generated. All exit flow quantities are therefore related to the flow
conditions in the section (4 — B). In the following this triangular part of the nozzle is normal-
Iy called straight oblique nozzle or straight backed blades and the flow conditions (Mg, Bz,
1) at the inlet of this area therefore are sometimes called nozzle inlet state. The supersonic
flow at the nozzle inlet may be generated for instance from a subsonic inlet condition
(transonic turbine) by a blade passage shaped as a Laval nozzle (see e.g. Ohlsson [43]
and Neilson et al. [42]). However, it must be pointed out that the exact calculation of
these transonic blades is difficult especially in the transitional flow region (see e.g. Griepen-
trog [18], Lawaczek [30], Rhomberg [46], Rigaut [47], Sampson [48], Sieverding
[49]). Besides this, supersonic exit flow conditions out of cascades can also occur if the
inlet flow is already supersonic (supersonic turbine or compressor).

The restriction of: this paper on the nozzle exit flow with a uniform condition along
(4A—B) and a straight suction surface along (B—E) leads to an essential simplification
of the flow calculation and understanding of the principle flow phenomena. The differences
in relation to the general case with nonuniform inlet flow and curved suction surface are
only of quantitative nature. On the other hand, the assumption of inviscid flow is much
more restricting. In reality very often local or complete flow separations from the blade
surfaces can be observed, especially if strong shock waves are present. Under these circum-
stances the real flow may be completely different from the inviscid solution. But at the mo-
ment a universally valid method is not available to solve also these real flow phenomena
znd therefore the presented results may be taken as first approximation only, if strong
separations cannot be avoided.

Normally the two-dimensional cascade flow model is used to describe the flow in stators

-

1 rotors of axial turbomachines. Thereby the two-dimensional cascade must be infinitely

nz and the flow has to be periodic with respect to the blade spacing. Hence, to get com-
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parable results, the flow behind the straight oblique nozzle has to be assumed to be periodic,
too.

After these preliminary remarks the supersonic flow in the turbine nozzle exit area will
be discussed under the above described assumptions. It will be shown that it is important
whether the axial component wy-sin B of the velocity in the section (4— B) is larger or
smaller than sonic, i.e. if My sin fi; is larger or smaller than 1. This is equivalent to the
question whether the left running Mach line, representing the constant condition (Mg, Bp),
emanating in 4 meets the suction surface (point Cin Fig. 1) or runs downstream of the trailing
edge E. At first the axial subsonic flow case is considered, where the point C is upstream
of E.

2.1. Axial subsonic flow at the inlet of the straight backed blades

In Fig. 2 a flow example is shown having an axial subsonic velocity component in the
section (4 — B). The axial component of the Mach number My is M-sin fz=1.4-sin 150°=
=0.7<1 and therefore the Mach line associated to the flow condition M p emanating
in A4 meets the adjacent suction surface at a point C upstream of the trailing edge E. The
undisturbed flow downstream of (4— B) is undoubtedly one possible exit flow solution
(Fig. 2). In this case all streamlines behind the cascade are parallel to the suction surface
(B—E) and also the flow velocity is everywhere the same. This uniform flow field extends
infinitely far behind the cascade and it follows M, =M 8> P>=pp and from this p,=pp
and py,; 2 =pyo - Because the axial component of the velocity in (4 — B) is subsonic, the axial
component of the exit flow (M, -sin f,) must be subsonic too. Physically this means that
disturbances downstream of the cascade can reach the turbine nozzles although the flow
is supersonic. It is equivalent to the fact that all left running Mach lines downstream
of the Mach line (4—C) have to come from infinity downstream out of the uniform
exit flow region. '

Fig. 2. Adapted outlet flow configuration
My=14, Bz=150°
M,=1.4, B,=150°
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In gzas dynamics it is well known that it is possible in supersonic flows, for instance in a
_wval nozzle, to vary the exit flow without any change of the inlet condition. This indepen-
“wmee of the inlet from the exit flow is naturally limited to a certain range and it is called the:
weked condition of the nozzle. In accordance to this, also the cascade flow shall be called

ved if the exit flow can be varied without any influence on the inlet flow; that is why

Ihe back pressure is a free parameter. (This definition of cascade choking, see Lawaczeck

1 zoes beyond the usual definition of subsonic cascade choking).

Fig. 3. Underexpanded flow pattern
Mz=1.4, Bz=150°
M= 11638 — 14572

When now in the flow case of Fig. 2 the back pressure or the flow angle f, just behind

% trailing edge are changed (both methods are equivalent), then the associated disturbances
w=ach the nozzle area (4 — B— E). In Fig. 3 such a flow configuration is shown with a reduced
nack pressure and therefore a reduced trailing edge flow angle 8, too. The flow at the entry
4 — B) of the nozzle area (4 — B— E) remains unchanged because the flow downstream of
¢ left running Mach line (4 — C) through 4 only can be influenced from behind. Due to
e flow turning from B to B4, a centered Prandtl-Meyer expansion occurs at the trailing
«ize pressure side. Thereby the first left running wave is identical to the Mach line (4 — C),
which belongs to the flow condition in the section (4 — B). The last expansion wave of the fan
: marked as (4 — D). With the exception of the first one all the Mach lines of the expansion
“an are partly curved, because near the suction surface they are crossed by the reflected
waves starting from the straight surface along (C— D). Only when this surface would have
seen shaped like a streamline in the expansion fan, these reflections could have been avoided.
In the proposed case, however, the flow at the trailing edge suction-side has still the direc-
won fBp. On the other hand the flow downstream of the trailing edge has a reduced flow
wezle B, due to the expansion fan. As a result an oblique right running shock wave is ge-
serated which starts at the trailing edge E and propagates downstream of the cascade.
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Downstream of E the flow angle must be equal to f,. This condition follows from
periodicity requirement, that is, the flow must be completely periodic with respect to
spacing. In case of single nozzles or limited numbers of blades this condition is not al
satisfied in the whole backward flow field.

Downstream of the cascade exit plane (4 — E) the right running oblique shock was
are attenuated by the reflected expansion fans, whereby the nonuniformity of the &
field also decreases with increasing distance away from the cascade. Infinitely far behs
only one Mach line remains uncancelled, which represents the uniform exit flow condits
(M,, B,). This unique Mach line (dashed-dotted in Fig. 3) is the asymptotic posits
of the oblique shock wave and is also called the neutral cascade outlet characterists

It must be pointed out explicitly that the flow in the exit plane (4 — E) is non-unift
and that the uniform exit flow does occur only infinitely far behind the cascade wheress
the latter is not identical to the flow condition (M, B,) just behind the blade trailing edas
Due to the shock waves, total pressure losses are generated in the downstream flow fieh&
although an inviscid fluid has been proposed. This leads to p » <Pyt - The amount &
total losses, which the mass flow through one blade passage has to suffer, is just as large &8
the integrated shock loss along one shock wave starting in E and continuing to infinss
downstream. This follows from an investigation performed by Klapproth [29] for the
analogous supersonic cascade inlet flow. However, due to the shock wave curvature &8
integration along one shock wave is very laborious and therefore generally the methas
described in chapter 4 using the conservation laws is applied to calculate the uniforss
downstream flow and the associated total pressure losses. :

Flow cases, as described in Fig. 3 are called “underexpanded”, in analogy to the normst
Laval nozzle flow. The 'static pressure pj at the upstream side of the trailing edge, corress
ponding to the Mach number Mg, is higher than the pressure p, at the trailing edge dows‘!a--1
stream side, so that there the flow expands further in an expansion fan. (The flow case shows’
in the preceding example is called an adapted flow condition, presuming that neither &

 compression nor an expansion occures at the trailing edge pressure side).

One important fact of the example under consideration is, that the last Mach line of the
expansion fan is still within the nozzle, i.e. point D is in front of E. On the other hand
all the following left running characteristics have to come again from the uniform outlet
condition infinitely far downstream. Hence the axial outlet flow component must be again
subsonic for the same reasons as in the preceding example.

It is therefore possible to reduce further the back pressure or the flow angle . However,
a special singular point is reached ,when the last Mach line of the expansion fan just passes
through the trailing edge E of the adjacent blade and therefore point D coincides with £
(limit loading). The corresponding flow pattern is shown in Fig. 4. Again the Mach number
My remains unchanged. When in this example the uniform outlet flow is calculated, &
results that the axial velocity (component) is just sonic, i.e. M, -sin f,=1. This is also the
physical reason, why no further reduction of the back pressuré is possible, because na
disturbances can travel upstream in the axial direction and can influence the nozzle flow.
This is also obvious from the position of the Mach lines in Fig. 4, where the expansion
fan would move behind the cascade at any lower back pressure, but the blade pressure
distribution remains unchanged. Above all, such expansion fan behind the cascade would
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\w= the periodicity condition. The exit flow pattern of the axial sonic flow case is prin-
Woly the same as in the preceding example, only the shock losses are still higher. In chapter
~ . = shown that the losses have in this limiting case a relative maximum.

Fig. 4. Flow pattern at limit loading
Mgz=1.4, pz=150°
M,=1.68, B,=143.4°

In all examples discussed so far the back pressure setting has been lower than the pressure
= the nozzle section (4-B). However, if in (4—B) supersonic velocity exists, also flow
sonfigurations are possible where p,>pg or B,> 5. Such a flow is presented in Fig. 5
szain for the same condition (My, Bg) in the nozzle. Upstream of the trailing edge 4 the
fow angle at the pressure surface is equal to B, whereas downstream of 4 the increased flow
ingle f, shall occur at the pressure side. Therefore an oblique left-running shock wave
tarts in A, is reflected at the suction surface of the adjacent blade, and runs downstream
sut of the cascade. Due to the periodicity condition, a centered Prandtl-Meyer expansion
with right running Mach lines is necessary at the suction surface trailing edge, which at-
‘=nuates the shock wave until far downstream the uniform outlet flow (M,, f8,) is achieved.
There the shock wave is completely cancelled and is changed into the neutral characteristic
s asymptotic position. Fig. 3 and 5 can be considered as equivalent flow cases where ex-
sansion fan and shock wave are interchangeable. Because now the back pressure p, is
arger than pg and owing to the shock wave this flow case is called “overexpanded” (again
1 analogy to the usual Laval nozzle flow).

I the back pressure is further increased, at a certain point sonic velocity occurs locally

Beace IMP z. 70-72
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Fig. 5. Overexpanded flow pattern
Mp=1.4, Bp=150°
M =1 2556 — 151 9%

in the triangular nozzle section. This occurs first at the suction surface where the oblique
shock wave is reflected. At any further increased back pressure a regular shock reflection
is impossible and the so called Mach type reflection occurs (Fig. 6). Consequently the

Fig. 6. Principal flow configuration with local subsonic velocities in the exit région
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areas of the subsonic flow are formed within the nozzle. A qualitative flow pattern of this
tvpe is shown in Fig. 6. With increasing back pressure this local subsonic flow field en-
larges and the associated normal shock is extended. The maximum pressure rise is obviously
reached when the normal shock wave crosses the whole nozzle section and decelerates the

Fig. 7. Flow pattern at maximum back pressure (normal shock)
Mz=1.4. Bz=150°
N0 0150

v (Mg, Bp) without turning, that is f,=f5, down to subsonic velocity (see Fig. 7).
Secause in the adapted flow case (Fig. 2) as well as at maximum back pressure the flow
urning 0= fiz— f3, between the nozzle inlet (4-B) and infinitely far down is equal to zero,
whereas in the intermediate range negative values are obtained, there must be a maximum
wesative turning somewhere in between (see also chapter 4). In the flow configuration with
wesitive turning (Fig. 3 and 4) a positive maximum value is reached at the limiting axial
wmic condition. Negative turning angles are of course only possible if Mz > 1. If this condi-
wom is not satisfied, for instance at Mz=1 in section (4-B) any small increase in back
sressure would reach the sonic line, thereby altering the inlet flow, and the sonic condition
1 the throat would disappear.

After the discussion of the characteristic nature of the supersonic flow in the triangular

: region of a turbine nozzle under axial subsonic conditions (My-sin fz<1), in the fol-

wing chapter the axial supersonic flow case is covered.

2.2. Axial supersonic flow at the inlet of the straight backed blades

In Fig. 8 a cascade is shown which is characterized by a larger geometric area ratio
ween (4—B) and the throat. Because of the proposed subsonic inlet flow velocity this is

: only way to increase the Mach number in (4-B). In other words, there exists only one
sussible supersonic flow condition (My, Bp) for each cascade geometry. (In this considera-
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tion the small amount of sonic line variation is neglected, occurring if the subsonic inlet flow
angle #; and Mach number M, are varied along the choking line. In this case also the uniform
flow assumption in (4-B) is no longer possible because each supersonic parallel flow
requires a different shaped Laval nozzle.) If, however, the inlet flow velocity is already
supersonic (as for instance in compressor cascades) then the flow Mach number in (4-B)
can be varied continuously at a fixed geometry by changing the inlet flow velocity. Due to
the proposed axial supersonic velocity component in the cross section (A4-B) the respective
left running Mach line emanating in A leaves the blade passage and does not interfere with
the adjacent blade (Fig. 8). If the flow downstream of the trailing edge A4 is not deflected
at all (adapted flow) a uniform flow field within and downstream of the cascade develops
which is surely one possible periodic flow solution. Also the uniform outlet flow must
have in this case an axial supersonic flow component. Therefore, the flow configuration
of Fig. 8 must be associated with the minimum back pressure because any further reduction
of p, cannot propagate upstream into the cascade. This can also te realized at once from
Fig. 8, where all Mach lines in the blade exit plane do begin at suction and pressure surfaces
and not from the downstream flow. Even the whole flow area behind the cascade is covered
completely by Mach lines originating in the cascade. This results directly from the infinite
length of the cascade. Those Mach lines extending from (4-E) do cover a certain range
behind the cascade, repeating itself periodically in the tangential direction at the distance
of pitch ¢

Although it is now impossible to decrease the back pressure below the value of the above
example, an increase is possible because shock waves can propagate upstream against
an axial supersonic flow. This leads to back pressures p, and trailing edge flow angles £,
(just behind A4) higher than those in Fig. 8. Such a case is shown in Fig. 9. A great similarity
~ exists between this flow configuration and that of Fig. 5, especially all left running Mach
lines behind the trailing edge shock wave (4-D) do come from infinity downstream, which
means that the related outlet flow must have an axial subsonic velocity component.

Fig. 8. Adapted flow configuration at axial supersonic outlet velocity (unique deviation)
Mgp=2.6, fr=150°
M>=2.6, f,=150°
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Fig. 9. Overexpanded flow pattern
CMp=—26, Bp=1502
M,=2.03, §,=161,0°

Fig. 10. Flow pattern at limit loading (axial subsonic limit)
Ms—26" f:— 150
M. —2 20 8 — 1592

"

41 any further increased back pressure there is in principle no difference to the above
wwrihed flow cases of Fig. 6 and 7. Again sonic velocity occurs first downstream of point
| & = certain back pressure setting. At higher static downstream pressure local subsonic

Wees with Mach reflections do occur and finally a normal shock wave crosses the whole
= (A-B). On the other hand the flow behaviour at a reduced back pressure is completely

ent because at a certain value of p, the left running trailing edge shock wave just meets
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the trailing edge of the adjacent blade (i.e. point D coincides with E, Fig. 10). The related
axial component of the uniform outlet flow velocity is still subsonic. Any further con-
tinuous reduction in back pressure is impossible for periodicity reasons. The left running
shock wave cannot extend downstream in case of an infinite cascade. The above shown
bound in back pressure is therefore again named limit load. Only the above described
single axial supersonic flow solution (Fig. 8) is additionally possible. Between the latter
and the 11m1t1ng case of Fig. 10 a discontinuous and non periodic transition exists. That the
flow configuration of Fig. 10 must be a limiting case can already be stated by the fact
that the blade pressure distribution does not change at all during this transition to axial
supersonic outlet flow velocities.

3. Cascade exit flow for blades of thick trailing edges

In the preceeding chapter the nozzle flow has been idealized assuming a partly straight
suction surface and a chamfered trailing edge. These assumptions shall be dropped now and
a qualitative description. of the flow field in the vicinity of trailing edges of finite thickness
is given.

In the flow conﬁguratlon shown in Fig. 11 the Mach number at the edge point P shall
be high enough so that the related Mach line through P leaves the cascade and does not
cross the triangular dead air region (P — E—S) of the adjacent blade. For a prescribed flow
in the cross-section (4 — B) the blade surface pressures can therefore be calculated. In order
to determine the rest of the flow field, the static pressure in the dead air region (P—E— S}
(base pressure) must be prescribed too. Assuming a constant base pressure p, in the dead
air region where the fluid is assumed to be fully at rest the upper and lower boundary of
this finite area can be accurately constructed as lines of constant static pressure (free jet) or
approximated as straight lines. With the aid of these assumptions the design of the cascade
exit flow field is rendered possible. Two oblique shock waves start at the closure point £
and extent downstream of the cascade. At the point E the static pressure is the same up-
stream of both shock waves whereas the Mach number may be different. Downstream
of the shock waves the static pressures have to be again equal (p) and a common flow angle
P exists. However, generally the Mach numbers downstream of the shocks are differemst
and a slip-line emanating from E has to be taken into account. The shock waves and ex-
pansion waves cancel each other downstream of the cascade and at infinity a uniform
flow condition (M,, f3,) exists. Because in this case no Mach lines of the uniform fiow
(M, B,) doreach the plane (E — E) the axial velocity component of the outlet flow has to be
supersonic. The quantitative results of M, and 8, depend essentially on the magnitude
of the base pressure p,. In the above description this pressure was chosen arbitrarily, but.
due to the axial supersonic outlet flow it cannot be influenced from behind, so that it seemms
to exist a contradiction. Regarding the supersonic flow around single profiles or axisymmetris
bodies of finite trailing edge thickness this ostensible difficulty vanishes at once. There it &
well known that the base pressure is defined completely by the inlet flow and the profile
geometry and cannot be influenced from backwards. Transferring this result to the cascade
flow with supersonic axial outlet velocity components, also there the amount of b

&
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swessure cannot be chosen arbitrarily, but is prescribed by the inlet condition and the blade
shape.
Unfortunately a broad and satisfactory quantitative solution is not available so far even
= the flow cases of single profiles and bodies.

\slipline

slipline

Fig. 11. Principal wave pattern at blunt trailing  Fig. 12. Principal wave pattern at blunt trailing
edges for axial supersonic outlet velocity : edges for axial subsonic outlet velocity

!

If the axial velocity component of the outlet flow is subsonic left running Mach lines
smanating in this uniform flow field cross the plane (E— E) (Fig. 12). In these cases the back
pressure p, or the flow angle fz, which mainly determines this back pressure, is a free
parameter (s. chapter 2). But in contrast to the axial supersonic flow now a chosen base
pressure p, does not fix the flow angle S5 (s. Curtis et al. [9], Meyer [40a)], so that the
determination of the unknown base pressure is again not possible within the inviscid
Zow model. The detailed calculation of the nozzle exit flow itself has to be performed
teratively. This is necessary because the shape of the triangular dead air region depends
on the suction surface Mach number distribution, which itself is influenced by the base
pressure and the position of the point E. Again the conditions of the same static pressure
7¢ and same flow direction f§; on both sides of the slip line emanating from E have to be
fulfilled.

The further computation of the downstream flow field does not impose any principle
difficulty and therefore the exit flow (M,, f3,) can be calculated as a function of the pro-
posed flow angle fi; and the associated base pressure p,. The limiting condition at mini-
mum back pressure at axial subsonic velocity (limit loading) is reached, when the left
“imning shock wave starting in E just passes through the point E of the adjacent blade.

The description of the flow along rounded trailing edges can be performed in quite
= same way as for the blunt blades, only the centered Prandtl-Meyer expansions have

“e substituted by an expansion around the trailing edges down to the profile coordinates
Wiexe the base pressure p, occurs.



504 H.-J. Lichtfuss, H. Starken

4. Calculation of the downstream flow by application of the conservation laws

_ In section 2 the method of characteristics has been used to determine the supersonic flow
field within and behind the nozzle. By this treatment a detailed description of the flow
field is obtained. On the other hand the determination of the uniform outlet conditions
infinitely far downstream is very tedious in using this flow field construction, because the
calculation has to be continued up to such downstream plane where the flow nununi-
formities have become small enough. Now a method will be described allowing the calcula-
tion of the uniform outlet flow conditions by application of the conservation laws between
two cross-sections without knowing accurately the flow field from the nozzle inlet to the
infinite outlet plane. The flow restrictions are the same as before, but additionally subsonic
exit flows can be calculated too.

Fig. 13. Scheme defining the control volume and the blade force components for the method of conserva-
tion laws

The conservation laws are applied to a control surface as shown in Fig. 13. The upstream
bound coincides with the cross-section (4 — B) perpendicular to the straight suction surface
(B—E). The flow conditions at this place are uniform and indicated by the letter (Mg, 5, pg)-
where fj is the angle of the suction surface (B— E) measured against the exit front (4 — E).
The upper and lower boundaries are formed by the periodic stagnation streamlines through
the trailing edges 4 and E. At infinity downstream that part (G— F) of a parallel to the exit
front acts as control surface which is cut off by the two boundary streamlines. At this plane
again a uniform flow condition exists (M, f8,, p,). The forces acting on this control volume
are:

a) the static pressure pp normal to the upstream boundary,

b) the blade force F exerted by the flow on the rear part (B— E) of the suction surface,
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¢) the uniform static pressure p, normal to the downstream plane (G — F). The pressure
forces at both of the two streamlines (E— F)and (4 — G) are cancelled, due to periodicity.
Under these assumptions the continuity equation can be written as follows:

0 oo 1(x=1) . S 1/ Ge=1) e
Dot 2 |:K . _M;<2:| M; sin B, = ;_C_T ——M;Z M; sin Bz, (@)
Ptot B = ¥

A*, named as critical Mach number, is a dimensionless velocity. But due to the assumed
fomoenergetic flow (7},,=const), here it is a unique relation of the Mach number.

The application of the momentum equation in axial direction (perpendicular to the
cascade front) yields:

o V=1 (1 Fret1 ,
Ptot 2 alliad Ve et —M3? |+ M3 sin® B, =
Pt K—1 2ot

K+1 ChEE e :
=[__1_ M;Z] {*_ |:~——M§Z:|+M§2}sin2 Bstes (2
o

and applying the momentum equation in a direction parallel to the cascade front yields:

-7 reell Y : K+1 Ll
i‘ e [———K . ——MZ‘Z:I M3? sin f,cos ﬁzz[“x 1~M§2 X
tot B = s

—1[rx+1
2 {K__ [K = §Z:|+M§2} cos fgsinfy—cy.  (3)

2k | k—1

The first parts within the parentheses designate the pressure forces acting on the up-
ind downstream boundaries, whereas ¢g and ¢y are dimensionless coefficients of the axial
mart S and the circumferential component U of the blade force F. The definition of the force

moefficients reads:
Kl e et :
CF:g e cEes (4)
2k \x+1 Bip,o: 5

wiih 7 as blade pitch and B as width normal to the considered flow plane.
Between the force components U and S and the components N perpendicular and 7
serallel to the suction surface (B—E) the following geometrical relation holds:

cy=cySin fz+c5C08 Py, cr= —cycos P+ cgsinfy. ©)

Because in this paper inviscid flow is presumed, the force component 7, due to frictional
“iects, in direction of the suction surface has to vanish. Hence:

CT=0. (6)

Introducing equation (6) and (5) into equation (2) and (3) and combining them in such
¢ way. that the force component ¢y is eliminated, the following equation can be found:
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Dotz | K1 e e ed] ; o
pt = [KTl—M;H:I o ;——I—M;” sin B+ M3 sin B, cos(,[i,g—ﬁz)‘1 =
tot B o

k+1[rx+1 >
o

Lj(c=—1)
o B] Mt ismp,.

This equation could be derived also directly applying the momentum equation in direction
of the suction side (B—E).

Eliminating py.»/P.os Z in equation (1) and (7) yields after some conversions (s. Lawa-
czeck [31]):

e {Mﬁ [sin B, c05 (By—Br)— " Lsin ﬁ]} {(M? +1)sinf+
4x 2K

8 k—1
" \/ (ME? £1)%sin® B, — %M;“ sin I:sin Br0os(By—P)—— —sin ﬁB]} =
K K
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Fig. 14. Outlet flow angle in dependency of the outlet flow Mach number



A Critical Review of the Outlet Flow... 507

I the geometrical angle 5z and the critical flow Mach number M} are prescribed, equa-

= (%) allows the calculation of the critical outlet Mach number M3 for each chosen
wtiet flow angle f8,. Intsering this computed M5 into equation (1) or (7) finally also yields
e total pressure ratio pu/Pi 5> @ measure of the shock losses occurring between the inlet

wnd outlet control plane. The free selection of the far downstream flow angle /5, is justi-
fed at supersonic inlet conditions because the back pressure is an independent parameter
which can be varied without alteration of the inlet condition. It is possible, of course,
prescribe f8, instead of p,, as for each flow angle also the critical Mach number and the
wal pressure ratio can be determined by equation (8) and (1) and so the associated back
sulated for each outlet flow direction f,. Both of them can be physically relevant. On the
ther hand the decision which of the two actual solutions is valid, cannot be given by means
¢ the above equations expressing the conservation principle, but only by a fully two-di-
mensional flow consideration. To get a correct solution it is therefore necessary to combine
= above solutions with the limiting conditions derived in chapter 2.
In Fig. 14 the results given by equation (8) are plotted for one nozzle inlet flow angle
!, but different Mach numbers M. The four strong lines through the point I° are the li-

mting conditions for minimum or maximum back pressure and therefore equation (8) will
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Fig. 15. Nozzle total pressure ratio in dependency of the outlet flow Mach number
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lead to physically relevant results within the above mentioned bounds. At the lower limit
line the flow conditions lead to an axial sonic condition. All throttle curves (Mz=const)
ending on this line belong to flow configurations having an axial subsonic component
(Mp-sin f5<1) in the control plane (4 — B), and at the boundary itself the last Mach line
of an expansion fan just connects two adjacent trailing edges (Fig. 4). The upper limiting
line can be calculated, applying the oblique shock relations to such cbnﬁgurations, at which
the flow conditions in front of the discontinuity have the uniform values (Mj, f5), and
additionally the shock wave itself coincides with the cascade exit front. An example of such
an operational mode is shown in Fig. 10. This limit represents the lowest possible back
pressure at axial subsonic outlet conditions. The limiting line going to the right represents
the single flow configurations with axial supersonic outlet components. Here, in the case
of simple straight oblique nozzles with constant conditions (M, ), the respective limit
conditions are identical with the inlet conditions of the control volume (trivial solution
M,=Mpy and f,=pp). To be in accordance with the supersonic compressor or turbine
nomenclature this single solution is called unique deviation. Between the upper and the
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Fig. 16. Nozzle deflection angle in dependency
of the nozzle static outlet to total inlet pressure
ratio
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right boundary no periodic solutions are possible. The left running boundary-line results
from the relations of a normal shock, with f3, = ff; and represents the maximum possible
back pressure as long as My is constant. :

Using equation (8) it can be shown that the axial sonic line M, -sin 8, =1 (lower limit)
at the same time is a line of maximum circumferential velocity or cirtical Mach number
— M7 -cos ff,. Moreover by application of equation (1) and (8) it is possible to prove,
that the total pressure ratio piy; /P p Will become an extremum, if

2v ME%sin® B,

sin (53— -2 1=0
Gl e

s fulfilled. This condition holds if either
a) 2/(c— 1) M3? sin® B, /(e + 1)/ (x— 1) — M3?)=1

or if
b) .82 =ﬁB-
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Fig. 18. Nozzle deflection angle for three different nozzle inlet flow angles fiz
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The relation a) again means axial sonic condition, so that the lower limiting line is also
an extremum of the total pressure ratio, whereas the relation b) inserted into equation
(8) yields the two solutions M= M} and M%=1/M3. The first is fulfilled for the trivial
axial supersonic limiting line and the second holds for the normal shock wave, hence on the
left running boundary line.

In Fig. 15 the total pressure ratios pi, ,/P. 5> associated to the flow cases of Fig. 14,
are plotted as function of the outlet Mach number. Additionally the above discussed li-
miting lines are included in the figure. In Figs. 16 and 17 the same results are shows
for other variables. In these diagrams = ;— f8, is the flow deflection of the oblique nozzle
part; p,/p 1 15 the ratio of the static outlet to the total inlet préssure and can be expressed

as:
N N | B
(k-1 _*—M*Z 5 (9.
Pz/PtotB <K+1> <PtotB>[K—1 2]

The velocity ratio is defined as:

p=w,/(w,), and is here equal to p=Mi/(M3),.

In this equation w, is the outlet velocity and (w,),, is the idealized homentropic outles
velocity, respectively the homentropic critical Mach number (M75),, occurring at the same
static outlet pressure p, if the flow would be homentropic. The square of this velocits:
ratio can be expressed as:

£
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In the following Figs. 18 and 19 the deflection ¢ and the total pressure ratio p,o »/Pio 5
are shown as functions of the outlet Mach number. Now also the suction side angle f; is
varied, but only two different Mach numbers M are included.

5. Historical review of the different steps in the development of supersonic turbine nozzle
flow calculation methods

By the foregoing considerations the fundamental statements of the flow within and be-
aind the oblique part of a turbine nozzle are concluded and in this final part the histori-
zal development shall be shown in its essential feature. Of course this review cannot be
-omplete and therewith objective, because the diverse contributions will not be included
oroportionally to the effort of the different countries.

The supersonic flow deflection in straight-oblique turbine nozzles at exit to inlet pressu-
=e ratios lower then the critical one were propably first observed by Lewicki [33]. Owing

» this discovery the interest of numerous engineers and scientists in many countries awoke
znd is still present to study in detail the complex nature of all the associated flow phenome-
=2. In the following a short and critical compendium will be given, showing the historical
“evelopment of this special part of the general fluid dynamic research.

A first detailed experimental investigation on various single and multiple nozzles was
carried out by Josse [26] and Christlein [7]. Both used a test apparatus in which the
rozzle parameters are deduced by measuring the reaction force (momentum flux) of the
rozzle and the mass flow rate (in regard to some measuring errors see Stodola [51]).
“xperiments with similar testing machines were carried out later on also by Warren and
“.cenan [57] and Wewerka et al. [59].

The first theoretical determination of the deflection angle d=/f,—f, was given by
“zer[3], using the continuity equation in conjunction with the homentropic (p,, =0
spproximation, but he did not see any limits in the expansion process (i.e. p,—0). In a mo-
tern form his relation is given by equation (1).

At the same time Loschge [38] calculated the same problem by means of the simple
“randtl-Meyer corner expansion in which one of the two Mach line families are straight

2es of constant flow condition. Due to the fact, that he took the flow properties of the
«t characteristic of the expansion fan as outlet value (index 2) he could use the following
wation, in which v represents the Prandtl-Meyer angle:

ﬁB_ﬁz=sz—VB- ‘ (1D

The influence of the nonhomentropic nature of the real flow he incorporated in using
solytropic exponent 7 instead of x in the homentropic relation of the ideal gas. He was
¢ Grst who recognized the existence of a lower bound in the outlet static pressure in the

¢ of two-dimensional flow. Within his approximation (straight Mach lines of the fan)

“ted this limit correctly as that condition, where the last straight expansion characte-
. Sere also a line of const pressure) coincides with the nozzle exit plane. In his paper
e additional remarks are included, concerning the qualitative description of the flow
| back pressure is lower than the above mentloned limit and if the flow is no longer
Wiwlimensional behind the nozzle exit.
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In a next step Fliigel [14] calculated the deflection J and the velocity coefficient @
(expressing irreversibility) by means of the equation of continuity and both momentum
equations (equivalent to equations (1) - (3)). He did not neglect frictional effects, so that
he had to introduce an approximate relation for the friction force 7" acting in the direction
of the nozzle surface (B—E). To simplify the calculation a uniform static pressure p, was
assumed in the exit plane (4—E). He called as limit condition the minimum pressure p»
at which in his method the above condition can be fulfilled together with the continuity
equation. Also the difference between the arrangement of a single and of multiple nozzles
were described qualitatively but supposed to be of small influence.

To determine the expansion flow in a turbine nozzle Zerkowitz [60] used both mo-
mentum equations, but made no use of the continuity equation. Because he did not elimi-
nate the unkown pressure force N normal on the straight nozzle surface, he could only
give qualitative results. He also used a uniform pressure p, in the exit area as approxima-
tion and his limit condition coincides with that of Loschge [38]. If the pressure behind
the nozzle is lower than this limit one, an additional expansion (still 2-dimensional) occurs
outside the nozzle and he calculated this also by the momentum equations. The gives
results show that for this outer expansion a divergence of the two stagnation streamlines
through 4 and E occurs. For this reason periodicity is no longer possible and the two-&=
mensional outer expansion is therefore only feasible for a single or at least finite nozzie
arrangement. To avoid the failure, introduced by the assumption of straight Mach lines
in the expansion fan, he proposed a special contoured nozzle, in which the suction side
(B—E) is formed by the respective streamline of the simple Prandtl-Meyer corner expansios.
He also mentioned the possibility of pressure ratios p,/py greater than 1, if at the inks
(4 — B) of the oblique part of the nozzle supersonic velocities appear.

In two short contributions Fliigel [15] and Zerkowitz [61] disputed the applicabilits
of the above mentioned contoured nozzle in a blade row.

A summarizing description of the supersonic outlet flow in oblique nozzles was gives
by Wewerka [58]. He also made use of both momentum equations without eliminating
the blade force N, which he has to take from experiments. He used for the first time a &=
mensionless velocity (equivalent to the critical Mach number M*) to become independess
of absolute values and dimensions and he also first recognized the equivalence betwess
an axial sonic outlet velocity and the condition that the last Mach line of the expansiam
fan falls into the exit plane (4 — E). If the exhaust pressure is lower than this limit, (hess
called (p,)mi,) another expansion is allowed for. But to ensure periodicity Wewerka S
to give up the assumption of two dimensional flow. Behind the exit plane, in which a s
form flow of axial sonic condition (i.e. (M) i, Sint (85) in=1) is assumed, the stream spreass
out symmetrically normal to the considered flow plane surrounded by the ambient pressuss
D2, (s. Fig. 20). In this outer region then the following relation holds:

M; Cos BZ =(M>2k)max Cos (ﬁz)min' ! :'ml

The final flow angle f, is given as:

i ‘ |
tgfr,=1g (ﬁz)min *E [(K +1)— P2 ] 13 1

(p 2 ) min
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milh 2 associated area ratio of:

L LA
Kbl M2 et
E_ Piot 2 K—I i tgﬁZ ; (14)
B, (Dot 2)min | ¥ ‘—“ 1 o (Mg)rznm t2 (B2) min
"¢ mazimum expansion is finally reached for vacuum as exhaust pressure <i.e. =l
B xl o
M= ~;>, yielding:
x—1
Kk+1
tg ﬁzthg (B2)min (15)
B v
= (16)
B,

' a third paper Zerkowitz [62] made use of the continuity equation (as Baer had
Lume before), but he now interpreted these results by using centered straight isobares.
4 tmt loading (p, =minimum), that condition is indicated where the last isobare coinci-
jis wnith the exit plane (4 —E).

2

I

o o)
~N

" 20, Scheme defining the flow configuration f
W mcreasing flow area normal to the flow it
plane (after-expansion)

!Ii

% great deal of these early investigations is summarized, supplemented and compared

Wit own and other experiments in the famous and well-known book of Stodola [51].
Susemann [6] determined the supersonic nozzle flow (not necessarily straight nozzles)

Wik the aid of the method of characteristics, developed by himself. He only calculated

% wagle nozzle and assumed a constant ambient pressure outside of the nozzle (i.e. behind

2 exit (4—E)). Under these circumstances the periodicity condition can not be ful-

o Prace IMP z. 70 - 72
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filled, so that these results can not be applied to blade rows. The same method was also
proposed later by Ferri [13] and Shapiro [50].

To calculate the supersonic homentropic flow of a stralght oblique turbine nozzle
Szewalski [55] made use of the momentum equation applied in the suction surface di-
rection (B—E) in combination with the continuity equation. Using the variables of this
paper, a combination of equation (1) and (7) (both with py; » =Pior 5) Vields:

k+1[x+1 ey Wit e/=1)
L L S T
an

J k| 2k k|
COS(ﬁB_ﬁ2)= K+1 1/(x—1)
M; M’;[ —M§2:|

In this equation the flow deviation d=f,— 8, is independent of the nozzle direction fz
(also Loschge’s simple Prandtl-Meyer relation (11) does not depend on fg). On the other
hand there is no reason why this equation (17) should have more relevance than the con-
tinuity equation (1) or the momentum equation (7) alone, because both equations are alse
sufficient (due to the assumption p,,=const) to determine a relation f,=f (M%) between
the outlet parameters 8, and M.

Strauss [53] (see also Oswatitsch [44]) investigated the purely supersonic fiow
through infinitely thin flat plate cascades. The outlet flow of these cascades is completely
the same as that of supersonic oblique turbine nozzles, under the scope of view in this
paper. Strauss showed for the first time the fully periodic flow pattern behind such cas-
cades. But due to his essential interest in wave drag and lift-to-drag ratio (gliding number ..
calculated from pressure forces on the plates, he did not study the downstream flow, espe-
cially the limit conditions, in detail.

Using the homentropic flow model in conjunction with the continuity equatios |
Betz [4] could calculate throttle lines B, =(M?3), if the cascade inlet conditions wese

prescribed without any additional information of the blade geometry.

Keenan [28] measured the nozzle behaviour in picking-up the momentum flux and e
mass flow rate. Theoretically he used the fully one-dimensional homentropic flow mode
(this accords with the flow in a normal nozzle), without regard to any flow deflection which
he only allows far behind the nozzle exit. In case of a compression within the nozzle the
above calculation is extended such that a normal shock (no deflection) can be establishet
within the nozzle. This shock is situated in such a manner, that the whole exit region (heme
normal to the nozzle axis) is filled with gas at the prescribed exhaust pressure. A limit &
attained when the shock reaches the exit plane. At lower exhaust pressures the flow withus
the nozzle is assumed homentropic. A next bound is attained when the lowest exhaus
pressure occurs at which the exit can be fully filled with fiow. Beyond this pressure i
conditions within the nozzle remain constant.

Hauser et al. [22] compared cascade measurements with six different calculzting
methods: :

1. The deviation of the homentropic flow is calculated by the continuity equatwm

2. It is assumed, that the circumferential velocity component — w-cos ff remains
changed between the nozzle inlet (4 — B) and exit (4—E), and the flow is homentroges

TR ——
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But in this case the continuity equation shows that an area increase normal to the flow
slane has to occur, ’

3. They made the same assumption (—w-cos f=const) as under 2, but instead of
~omentropic flow the losses were chosen such that continuity is fulfilled.

4. The expansion takes place in a simple centered Prandtl-Meyer expansion. Where
w= first Mach line of the fan hits the suction surface (point C) a flow separation occurs
with a separation bound formed by a stream line of the expansion fan through point C.

5. The supersonic flow is calculated by the method of characteristics with the assump-

n that everywhere in the wake the exhaust pressure acts. This method is therefore iden-

=zl to that of Busemann and Shapiro who used it for single nozzles only. Nevertheless

“zuser applied it to cascade flows where the periodicity condition is valid. For low ex-

izust pressures he recognized crossing of streamlines behind the cascade which he could
interpret physically.

5. As done by Zerkowitz [60] both momentum equations are used to determine the
wtiet flow, but again the blade force N is unknown. For this reason Hauser applied this

method only for the data reduction of his experiments. .

As limit condition he stated the condition of axial sonic outlet velocity though he found

s experiments a continuous transition to axial supersonic values. For real turbines

stated that this would only be possible if the hub-to-tip diameter ratio is increased.

In a second paper Hauser et al. [23] investigated, above all, the supersonic cascade
wet flow at limit loading (i.e. p,=minimum). Applying continuity and momentum
muztion in tangential direction he deduced that this limit with maximum circumferential

city occurs if the trailing edge shock hits the trailing edge of the adjacent blade. In his

v construction for blades having finite trailing edges, he assumed the final trailing edge

X to start at the same point P (see Fig. 12) in which the expansion fan develops.

2 a contribution, concerning mostly the flow adjustment of several stages, Fliigel
described qualitatively the supersonic outlet flow of straight backed blades up to a li-
sading with an axial sonic outlet velocity component. Additionally he allowed an

- expansion beyond limit loading. For this flow condition he held the circumferential

wity component constant. But it is shown above (see discussion of Wewerka’s paper)
these flow conﬁgufations are only possible if the downstream annular area can in-

fever H. [41] describes the flow pattern within and behind the nozzle by means of
Wiracteristics and shock wave pattern, but made the wrong assumption that already
W sehind the trailing edge (point A4) the uniform downstream pressure is attained. In
Wt Zownstream flow field therefore shock waves vanish inside of the flow. In a compari-
netween the application of continuity and simple Prandtl-Meyer expansion he could
that the latter will lead to flow deflection angles greater than observed in reality.
ery easy applicable and exact method, valid for the inviscid flow in a straight obli-
i mozzle at uniform supersonic inlet velocities was developed by Traupel [56]. Using
W sgsation of continuity and momentum in the direction of the straight nozzle part
. calculate the uniform downstream flow values including the entropy rise produced
th -ompression shock fronts within and behind the cascade. Due to the one-dimensional
=r of his derivation he could not estimate the boundaries up to which his method

(8
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is useful. This can only be decided by a two-dimensional consideration, but he supposed
that a limit occurs if the losses show a relative maximum at low back pressure. Except of
this restriction and the fact that he could solve the equations only in an iterative manner.
the calculation method used in section 4 of this paper is identical with Traupel’s ideas.
In detailed papers about cascade flow Deich et al. [10, 12] also described the supersonic
outlet flow of turbine nozzles. As simplest kind he used the equation of continuity in ordes
to calculate the deflection of a homentropic flow. Thereby the maximum expansion takes
place if the last Mach line hits the nozzle trailing edge. A second method, originating from
Stepanov, also includes shock losses and is quite the same as the Traupel method
With the aid of Schlieren photos and associated characteristic flow pattern constructions -
he explained the different operational modes. As limit loading for cascades of finite trailing
edges he described the configuration with an oblique shock wave connecting the trailing
edges of the blades, however, he allowed a further continuous acceleration to varions
axial supersonic outlet velocities. The respective base pressure for axial sub- and supes
sonic velocities he took from experimental results. One of his examples shows a central
expansion at an infinitely thin trailing edge, which is limited by a shock wave emanating
from the expansion origin, which is not a quite correct assumption. Linnecken [371
compared in his paper the methods of Baer, Zerkowitz, Szewalski and Busemans
The latter he found to be too complicated for practical applications and in Zerkowitas
method the unknown pressure force makes it useless, so he preferred the use of contimuiy
introduced firstly by Baer. On the other hand the formula of Szewalski seemed questiss
nable to him because a flow deflection can be computed by it also for the case of a norms
nozzle, which is indeed impossible. But his contradiction vanishes at once if the form
is applied in combination with the necessary limit conditions, as it is necessary for all &
one-dimensional methods.

The work of Strauss was continued later on by Brieden [5] who investigated &
influence of the entropy rise due to shock waves. Additionally he calculated the owiiss
conditions far downstream by means of the continuity and momentum equations, appiss
between the inlet plane far upstream and the outlet plane far behind the blade row. =
blade force introduced in the momentum equation, he had to calculate separately at
back pressure setting from the static pressure on both sides of the blades.

Using the method of characteristics Hausenblas [19, 20, 21] calculated the fow &8
a straight oblique nozzle and in addition also in a special designed curved one usime
vortex-source as basis. Especially he described the attenuation of the nonunifo
behind the cascade, without being able to calculate them. He had also difficulties in
mining the maximum possible deflection. For this he referred to Wewerka but usas
homentropic formula (17) of Szewalski up to p,=0. On the other hand he stated
the results of Wewerka had only been proven for single nozzles and that for cassus
another boundary may exist.

Gretler [17] compared shallow-water experiments with calculations of the expe
nozzle flow. As limit-loading he stated such configuration where the last fan Macs &
or in case of a finite trailing edge, the trailing edge shock hits the rear point of the folass
profile. Axial supersonic velocities he allowed for but only in semi-infinite cascades
rearranging the Traupel equations he could solve them explicitly for the deflection s
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= 03— f,. Using these formulae he proved that the condition of maximum losses (d(po; )/
d(p,))=0 leads to axial sonic outlet conditions, so that for these flow cases the assumption
of Traupel is correct. Without proof he also supposed that the maximum circumferential
velocity — w,-cos f3, is attained at the same point.

Independently, using the simple centered Prandtl-Meyer expansion, Cordes [8] could
show that the assumption of Traupel leads approximately to the flow configuration where
2 Mach line connects two adjacent trailing edges. He reduced the inaccuracy, introduced
oy the straight Mach lines, combining Prandtl-Meyer formula with continuity. Calculating
the outer expansion behind the nozzle exit, he derived quite similar ideas and formulae
as Wewerka. :

The axial supersonic flow behind flat plate cascades was treated by Albring [1],
zssuming homentropic flow and small disturbances. !

Stratford et al. [52] (see also Horlock [24]) investigated, experimentally and theore-
tically, the cascade outlet flow at axial subsonic velocities especially he verified the flow
Jeflection by changing back pressure. The uniform outlet conditions he calculated by means
of simplified conservation laws. He noticed the disturbances of the periodicity in his expe-
mments due to the lower endwall but he assumed them to be small in comparison to the
throttle effect, at least near design conditions.

In a further contribution Deich ef al. [11] showed experimental results of supersonic
turbine cascades. In this article viscous effects and boundary layer separation at moderate
Mach numbers are placed in the foreground. By observation he found the following mar-
ted boundary layer effects: a) The generation of a shock wave at the transition point of the

aminar boundary layer on the suction surface, b) local laminar separation on the suction
wde induced by the trailing edge shock, and c) turbulent suction side separation due to this
atter shock front. To avoid the local laminar separation he proposed a special profile,
convex kinked at the suction surface. The experiments verified these ideas but showed a
irong influence of kink position and operational Mach number.

The difficulties in realizing a periodic supersonic flow pattern behind the blades in a cas-
cade wind-tunnel is shown by Sieverding [49], who also investigated the transition from
zbsonic to supersonic flow, using side wall static pressure taps.

Lawaczeck [30, 31, 32] analyzed in detail the flow in transonic turbine cascades of
incambered, sharp but very thick profiles. Besides the accompanied experiments he calcu-
2ted the supersonic flow part. The sonic line is established in a simplified manner and the
innexed supersonic field up to the cascade exit is constructed, using the method of chara-
steristics. In order to get the uniform outlet conditions he made use of the four conserva-

on laws, established between the cascade exit front and infinitely far downstream. The
=iplicit solution of this method, exact in an inviscid, homoenergetic flow was developed
bw Amecke [2].

Rhomberg [46] utilized the shallow-water flow through cascades for the determina-

won of the sonic line which he is obliged to know as initial condition for calculating the
ipersonic flow region. Moreover he compared the results of computation and water
w5l measurement. Within the nozzle exit region he allowed a maximum expansion up

the axial sonic outlet condition. But due to a dead-water region at the profile rear an

“tional expansion to axial supersonic conditions takes place. His principal flow pattern
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of this configuration is quite the same as in section 3 of this paper, but he admits various
axial supersonic outlet conditions in changing continuously the base pressure, which is in
contrast to the fact, that at axial supersonic exit flow this base pressure is completely fixed
by the inlet condition. Shadowgraphs of tests in a rotating cascade test bank showed si-
milar shock wave pattern as the hydraulic analogy and theory. In his rotating cascade
wind-tunnel he could observe a ring shock behind the cascade, parallel to the cascade exit
front. The stated equivalence of this ring shock to the shock wave, emanating from the
conjunction of the lowest trailing edge with the lower end-wall in a plane cascade wind-
tunnel, cannot be accepted because the latter is only a result of the finite dimension of such
tunnels and the lowest trailing edge shock is in general neither parallel to the blade front
nor is the flow periodic behind it, see for instance Lichtfuss and Starken [34].

Another description of the transonic turbine flow is given by Kadppeli [27] who sustai-
ned his considerations mostly on those of Rhomberg.

For simple geometric blades Paulon er al. [45] treated the fully supersonic flow through
a cascade, theoretically and experimentally. Throttling could be achieved either by chan-
ging the inlet condition or by rotating the whole cascade relative to the nozzle flow. Howe-
ver, this latter setting also varies the infinite cascade inlet flow condition.

Meyer J. B. [39, 40] measured the flow behaviour in different distances behind the
cascade and compared these results and the associated uniform outlet conditions with
those obtained by the method of characteristics. Additionally he could explain the s&
called overpressure (increase in total pressure) as error in the measurement of the statie
pressure, which has to be determined very accurately to get a correct conversion from mes=
sured pitot into total pressure.

By the method of characteristics Lichtfuss and Starken [34] calculated the unsepars-
ted supersonic flow through cascades of sharp cambered profiles. He also showed &
existance of the discontinuous transition from axial subsonic to the single axial supersomi
outlet condition. In addition he described in detail the difficulties to obtain a periodis
supersonic exit flow and established a method to get, at least theoretically, a periodic Saw
area also at axial subsonic outlet flow components. v

The supersonic flow through a lattice row of infinitely thin flat plate cascades is treatas
by Lichtfuss and Starken [35]. The rear part of this flow is quite the same as the supsss
sonic flow of the straight oblique turbine nozzle as discussed in section 2.

The axial subsonic outlet flow of cascades having a finite trailing edge thickness ¥
investigated in detail by Curtis ez a/l. [9]. The ideas leading to the flow pattern of Fig &
are based on this paper.

Surugue and Fabri [54] described in a simplified manner the supersonic flow bet
the flat plate cascade and compared the qualitative results with those obtained in an a
cascade wind tunnel.

In a survey of the supersonic cascade flow, Lichtfuss and Starken [36] used the
hod of Traupel also for the subsonic outlet conditions of transonic turbine nozzles, thaus
the special mode of a normal shock was realized already by Gretler.

Janssens and Guyot [25] investigated the supersonic exit flow of flate plate cascad
too, but especially under the view to establish a uniform supersonic inlet flow for 2
wing test blade row in an annular cascade tunnel,
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6. Summary

In order to describe the supersonic outlet flow of transonic turbine cascades the gas
fow in a simple oblique nozzle, bounded by straight lines is investigated. The fluid is assu-
med to be inviscid but shock waves yielding entropy rises are allowed for. Additionally
the flow at the nozzle inlet has to be uniform.

Already with this simple model all the different flow configurations at the exit and
ochind transonic turbine cascades can be explained, except of those effects of course,

hich are generated by viscous effects. It is shown that the axial velocity component at the
alet of the nozzle are one essential parameter. At axial subsonic components both expan-
“on or compression is possible within the nozzle. For such operational mode the highest
=xpansion occurs if the last Mach line of the expansion fan connects both nozzle end-points
:nd the associated uniform downstream velocity just reaches a sonic axial component.
" the inlet flow possesses an axial supersonic component no expansion at all is possible
:nd the minimum back pressure at axial subsonic outlet flow occurs if the trailing edge
shock falls within the exit front. Only one single lower back pressure with an axial super-
»nic outlet component is additionally possible.

The supersonic flow in case of a trailing edge of finite trailing edge thickness is described
sualitatively. Again the outlet flow behaviour is different for sub- and supersonic axial
“uit components. By application of the conservation laws it is possible to calculate the uni-
wrm downstream flow directly without information of the flow pattern inlet and outlet,
ind also the associated subsonic solutions can be calculated. On the other hand, the limit

aditions up to which the above method is valid have to be established by consideration
* the two-dimensional nature of the flow.

Last, but not, least, a critical and historical review shows the transonic turbine and

zzle investigations carried out since the beginning of our century.
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Krytyczny przeglad zagadnien przeplywu na wylocie naddzwiekowych dysz
w turbinach

Streszczenie

Celem opisania naddZwickowego przeplywu na wylocie z transsonicznych palisad fopatkowsel
w turbinach, zbadano przepltyw gazu w dyszy sko$nej, ograniczonej liniami prostymi. Zalozono, ze prae-
plywajacy plyn jest nielepki, dopuszczajac istnienie fal uderzeniowych powodujacych wzrost entrops.
Dodatkowo zalozono, ze przeplyw na wlocie dyszy jest jednorodny.

Juz ten prosty model pozwolit na wyjasnienie roznorodnych konfiguracji przeplywu na wyloce
i za transsonicznymi palisadami lopatkowymi turbiny, z wyjatkiem oczywiscie tych efektow, ktore weme
kaja z istnienia lepkosci. Pokazano, ze istotna role odgrywa osiowa sktadowa predkosci na wlocie dysas
Stwierdzono, ze dla poddzwigkowych skladowych osiowych mozliwe sa w dyszy albo ekspansja, =i
sprezanie. Najsilniejsza ekspansja zachodzi wowczas, gdy ostatnia linia Macha w fali rozrzedzeniows
Iaczy oba koncowe punkty dyszy, a zwiazana z nia jednorodna predko$¢ w kierunku przeplywu zaled s
osigga w kierunku osiowym sktadowa predkosci rowna predkosci dzwicku. Jezeli w przeplywie na wiooe
wystepuje naddzwigckowa osiowa skladowa predkosci, to ekspansja w ogdle nie jest mozliwa. Minima e
przeciwciSnienie dla osiowego poddzwickowego przeplywu na wylocie wystepuje wowczas, gdy fan
uderzeniowa przy krawedzi splywu znajduje si¢ na wysokosci frontu wylotu. Wowczas mozliwe s
tylko jedno nizsze przeciwciSnienie dla osiowej sktadowej naddzwiekowej na wylocie.

W dalszym ciggu podano jakoSciewy opis przeplywu naddzwieckowego dla skorficzonej srubess
krawedzi sptywu. W tym przypadku wlasnosci przeptywu na wylocie sa rézne dla pod- i naddzwichs
wych sktadowych osiowych na wyjsciu. Wskazano, Ze stosujac prawa zachowania mozna bezposredms
obliczy¢ jednorodny przeplyw na wylocie, bez informacji o obrazie przeptywu pomiedzy wlotem &
lotem; mozna réwniez znalezé rozwiagzania poddzwiekowe. Ustalenie granicznych warunkow was
tej metody wymaga rozwazenia dwuwymiarowego charakteru przeplywu.

Na zakonczenie dokonano krytycznego i historycznego przegladu badan transsonicznyvch turme
i dysz od poczatku naszego stulecia.

KplflTﬂ‘leCKHﬁ HIPOCMOTP BOIPOCOB TE€YECHHN HA BLIX0/1€
N3 CBEPX3BYKOBBIX COHEJ B Typ61max

Pesrome

C memnpro omucanms CBCPX3BYKOBOI'O T€YCHMS HA BBIXOJIC M3 CBEPX3BYKOBBIX DELIETOK JIOMATON & "
GHHaX, TIPOBEACHBI UCCICNOBAHNUA TEUYECHNS I'a3ad B COILIE C KOCHIM Cpé30M, OTPAaHMYCHHOM DM U
HUsMA. HpHHIHMaeTCSI, UTO IPOTEKAOIAS XKUIOKOCTDH ABJISETCS HEBA3KOM, OJAHAKO, JOITyCKAcTCH CNIENe 1
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soBanume yAAPHBIX BOJIH, BHI3BIBAIONMX POCT SHTpOmHH. JT06aBOYHO IPHHAMACTCS, 4TO HA BXOJAE B COILIO
TeseHUE OMHOPOIHOE.

Ve 9Ta MPOCTast MOJEITh TO3BOJISIET BHIACHUTE BCE PA3HOOGpa3HbIE KOHGHUTYpALIMY TCYEHNS HA BHIXO/IE
% 33 CBEPX3BYKOBBIMH PENTETKAME TYPOUHHBIX JONATOK, KOHEUHO, 32, UCKIFOUEHIEM TeX 3hdheKToB, KOTODBIE
CIenyroT U3 Hanmmuus Bsi3KocTU. ITokaszaHo, YTO CYIIECTBEHHBIM MAapamMeTpOM SBIISETCS aKCHallbHAs COC-
TEBILIIOINAS CKOPOCTH Ha BXOAE B COIIo0. ITp JO3BYKOBLIX 3HAYEHNSX AKCHATbHbIX COCTABISIONIAX B COILTE
MO%ET MPOM3OUTH PACITUPEHAE WK CKaThe. B TakoM pexume paboTsl HamOOoJIee CHIIBHOS PACIIUPECHUE
TDOHCXOIUT TOTHA, KOTHA IMOCIeAHss Juaus Maxa B paspexkarommeil BOJIHE CBA3BIBACT 06€ KPaeBhIe TOUKA
712, a CBA3aHHAS C HeU OJIHOPOAHASI CKOPOCTH B HANPABICHUN TEUCHUS €[RA NOCTUTAET B AKCHAIbHOM
“2rpaBIICHUY 3HAYEHWUSI COCTABIISIONIEH CKOPOCTH, PABHAIONIEHCS CKOPOCTH 3ByKa. Ecnu B moToOKe Ha BXOZie
m\eeTCs CBEPX3BYKOBAS AKCHANIBHAS COCTABIIAIOINASA CKOPOCTH, TOTJA PACIIUPEHIE BOOOIIE HEBO3MOXKHO,
% MEHUMAILHOE IPOTHBOIABIICHHE TSI AKCHATIBHOTO CBEPX3BYKOBOTO TEYEGHMSI HA BBIXOIE HMEETCA TOTIA,
gorna ymapHas BOJH2 Y BBIXOTHOW KPOMKH HAXOIUTCS HA ypOBHE (POHTA BHIXOAA. BOBMOXHO TONBKO
235O MPOTUBOMABICHUE IS 2KCUATTBHOM CBEPX3BYKOBO COCTABIIAIONICH HA BBIXOLE.

ITpeACTABICHO KAYeCTBEHHOE ONUCAHWE CBEPX3BYKOBOTO TCHUCHHWS ISl CIydas KOHEYHOU TOIMIUHBL
SSIXOIMHOM KPOMKH. 3[eCh TAKXKe CBOMCTBA TEUESHMS HA BBIXOJE PA3TMYAIOTCH IS IO3BYKOBBIX M CBEPX-
12VKOBBIX AKCHAJIBHBIX COCTABISIFONINX HA BhIX0ze. [IpuMeHsist 3aK0H COXPAHEHMSI MOXHO HEHOCPEICTBEH-
=0 paccunTaTh OHHOPOILHOE TEYCHHME HEMOCPEACTBEHHO 32 BBIXOIOM, 0€3 HHGOPMALIMU O CTPYKType Teye-
sHs MEXIY BXOIOM MW BBIXOOOM. MOXHO Takke MPOM3BECTH pacyeT JOo3ByKoBoro Teuenws. C mpyroi
CTOPOHBL, HEOOXOAUMO 3MECh ONPENENUuTh NPENETLHBIC YCIOBUS NPAaBHILHOCTH 3TOTO METOHA. ODTO
JmpesiefieHre OJKHO OCHOBBIBATHCS HA AHAIM3E IBYXPA3MEPHOTO XapakTepa TEYCHHUs.

B 3aKIIIOYEHMA MPOM3BOMUTCS KPUTUYECKHM W WCTOPWYECKHMI IMPOCMOTD HUCCIECHOBAHWIL CBEPX3BY-
$0BBIX TypOMH ¥ COMeJT, MPOBSICHHBIX OT HAYAJIA HAINErO CTOJICTHS.




