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Numerical Analysis of Hertz-Knudsen Model of Condensation upon
Small Droplets in Water Vapor

Notation
Pine — number of molecules per unit area per r — radius of droplet,
second in the incident beam, p — density,

T — temperature, h — latent heat,

t — time, ¢ — specific heat of liquid,

m — mass of molecule, ¢, — specific heat at constant pressure,
p — Dpressure, ¢, — specific heat at constant volume,
k — Boltzmann constant, A — thermal conductivity,

xz. — condensation coefficient, [ — mean free path,

x, — accommodation coefficient, x — isentropic index,

R — gas constant, 7 — viscosity.

o — surface tension,

The importance of predicting the size of droplets after they are born as nuclei of con-
densation has been stressed in many recent theoretical and experimental investigations
on condensation phenomena. There is no doubt that the problem from physical point
of view is very complicated and probably we will wait for a long time unless a satisfactory
theory of kinetic type, including phase transition, is completed. Even then, the engineering
type calculation could hardly be done because of very time-consuming character of a calcu-
lation based on statistics. What we certainly do expect from this type of theory is a better
understanding of the phenomena in order to build up more reliable methods of calculation
of the droplet size. The method must posses certain degree of simplicity as the common
demand for engineering calculations.

Recently we have at hand the kinetic theory of gases which may help us to construct
the idea what is going on at the liquid surface when evaporation and condensation occur [1].
This approach was introduced by H. Hertz and M. Knudsen [2, 3] when they used
simple relations from the kinetic theory of gases in order to examine the condensation
upon the mercury surface.

Following this idea it is possible to build up the equations for droplet growth which
consist of the equation for the radius and the temperature of the droplet. In publications
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there exists a number of different models of condensation upon small droplets given by
K. Oswatitsch [4], P. P. Wegener [5], P. G. Hill [6], G. G. Gyarmathy [7], R. Pu-
zyrewski [8].

The main aim of the present work is to elucidate in what sense these different models
are the simplification of more general equations based on Hertz and Knudsen idea, and
what the numerical consequences of these simplifications are.

1. The main assumptions

The nuclei which arise as the result of fluctuations have the dimensions much smaller
than mean free path of molecules of the surrounding vapor. Therefore it is justified to
treat the mass, the impuls and the energy transport to and from the surface of the nucleus
as being of a free-molecular type. The second important assumption concerns the surface
of the nucleus which has been considered as a well determined surface. In fact a micro-
region of the order of the amplitude of molecules vibration in the liquid spreads out between
the liquid and the gas. This region is responsible for accommodation effect in the process
of molecular exchange between the gas and the liquid. The commonly accepted model
is of the droplet surface in the geometrical sense.

This surface is considered as being responsible for the surface tension, the mass accom-
modation and the thermal accommodation properties of liquid. A part of the molecules
that strikes the surface from the gas side is captured into the liquid state another part
is reflected. :

If we assume that reflected molecules have the Maxwellian distribution, the temperature
and the mass of the reflected gas will be determined by the condensation coefficient:

ncapt:o‘c ninc (1)

and thermal accommodation coefficient
Tref:Tl—f_aa(TZ_Tl)' (2)

The growth of the nuclei treated as a small droplet and the change of the temperature
of the droplet is possible to be described within the framework of the above mentioned
assumptions.

2. The growth of droplet radius

The first attempt to describe the mechanism of condensation in the case of flat surface
was undertaken by H. Hertz and M. Knudsen [2, 3].
The net condensation rate per a unit area when there are no reflected molecules has
been given as
p = ps(T5) - Fe
\/275ka1 \/21rka2 z

The structure of the above relation comes out from the following arguments. The expression
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PN 2mtmkT, represents the number of molecules passing the unit area per second in

the gas with Maxwelian distribution. It was assumed by Hertz and Knudsen that this num-

ber of molecules reaches the surface of the liquid from the gas side. There must be molecules

evaporated from the liquid. When the number of evaporated molecules and the number

of condensed molecules are equal we have a stable situation — there is an equilibrium.
This fact expresses the relation (3) when

P=Ps(T2), T=T,-

For nonequilibrium the formula (3) is an extrapolation.

Furthermore the fact that the only part of the molecules is condensed and that the con-
densation causes the macroscopic flow of the gas towards the liquid surface, must be
taken into account. The last phenomenon has been investigated by R. W. Charge [9].

According to these two contributions the net flow rate of condensed molecules on the
flat surface may be rewritten in the form

20‘: ( b 5 ps(TZ) 3 (4)
2—o. \N2nmkT, ~2nmkT,

In the case of a droplet, the equilibrium pressure depends not only on the temperature
but also on the radius and the surface tension of the droplet. For not a very high vapor
pressure p,, the equilibrium pressure for a given radius of a droplet r is

a
—p (i expl - | (5)
p,=p(T) p(sz Tﬂ)
Finally the equation for the growth of radius will have the form
dre . 2a, m P o) %‘;ﬂ 6
PSS — —— € . ( )
dt 2y p,~2nmk \/T1 T,

The shape of this equation follows from the ideas given by H. Hertz and M. Knudsen.
It matches the simplicity of consideration with uncertainty with respect to the numerical
value of «,. Nevertheless the main features of the condensation mechanism seems to be
clarified by this approach. It is noteworthy that the terms in bracket are supposed to be
equall for the conditions of metastable equilibrium because then for the nuclei treated

as a critical droplet we have
oA ot
T l:ln ¥ :l 5 (7
Rp, T, ps(T1)

g (®)

The value (7) has been used as the initial condition for the equation (6). At the very beginning
of the growth the terms in the bracket in (6) are very close to each other. Therefore the
solution of this equation is very sensitive on the initial disturbances which have either
nvsical or numerical character. What is more important is the fact that different types
¢ simplifications of the equation (6) lead to the completely different numerical value of
ne solution because of this sensitivity.
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3. The temperature change of the droplet

The temperature of the small mass of the nuclei is under a strong influence of the in-
cident beam of molecules. It makes the difference in comparison with the situation of a flat
surface and the infinite mass. It is very important for the rate of condensation to evaluate
the temperature of the surface of the liquid which may differ from the bulk temperature
of the liquid. In the case of a small droplet it seems to be reasonable to assume that the
temperature of the droplet is uniform. The energy balance can be established by means
of the terms from the previous paragraph.

In order to do that we have to notice that the transport energy through the small area
like the droplet surface differs from the macroscopic case. This is so called Knudsen effect
of effusion which expresses the fact that instead of the full enthalpy we have to use for our

case the relation like ,
- i )
= S
c >

for the energy carried by the molecules beams.

The total change of the thermal energy of the droplets is due to the energy of captured
molecules, reflected molecules and evaporated molecules.

The captured molecules have the energy

R
e.= Cp_? Tla (10)
the reflected molecules
R .
er:<cp“2> [T, +“a(T2—T1)], (11)
and the evaporated molecules
R
ee=<cp—?> . (12)

These relationsrare valid if the Maxwelian distribution is assumed for all three beams.

The relation for the mass of the captured molecules resulting from the mass balance has
the form v

Dar, D

m,=4nr? e (13)
2—uw, \/21rka1
for the reflected molecules
2(1—
mlagE e (14)
2—o,  /2amkT,
and for the evaporated molecules
20
m,=4mnr? 29 7 P+(T5) e Tar 15)

n -
o \/21rka2
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Thus we have the energy balance equation for the droplet

d
E(p2%nrsi)=mcec_mrer_meee9 (16)

where :
i=CT2+iO . (17)

Eqguation (16) can be rewritten into the form

dT, 3(h—3RT,) dr 6m o, D R ,
Sresoaie s Tomaan === T, =T )~
dt re dt  repy 2—0e \/2nmkT), g

6m (1—o,)o, P ( R

= = ifo ——)(T =Ty, (18
rep; 2—o, \/anle : 2 e

where the latent heat is introduced
h=c,T,—cT,—i,. 19)

There is a simple interpretation of the temperature change of the droplet according to the
eguation (18). The first term on the right hand side describes the heat release of the con-
densed mass on the droplet. The second term comes from the fact that the condensed
mass must be heated from the temperature 7, to temperature T,. This energy is taken
from the droplet and it lowers the temperature of the droplet.

The third term is of a thermal conductivity character in a free molecular regime. The
reflected beam of molecules carries the energy from the surface. This term vanishes in
the cases when there is neither temperature difference 7, =17,, nor reflected molecules
z.=1, nor accommodation effect o,=0; no one of these three cases seems to be an adequate
model of reality. It should be pointed out that formally it is possible to combine the second
and third term in the equation (18) because they are dependent on the temperature dif-
ference 7,—T;. Nevertheless they have quite different meaning in the physical sense.

" 4. The simplifications of basic equations

The equations (6) and (18) describe the history of the nuclei after it is born. Let us
rewrite these equations in the more compact form

de il om P PAT) =
—= — |- > (20)
dt 2_g, pZ\/ank \/T1 \/TZ
dT, 3(h—3RT,) dr 6m o, |:1+(1—occ) oc,,:| P
¢ \/275ka1

R 21
(cp—7><Tz~Tl). 1)

%

The initial conditions are for =0

2 =
% [ln p] S (22)

= —_
Rp,T; p(Ty)
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The set (20) and (21) is completed when the functions p(¢) and 7(¢) are given.
Quite a few models of condensation can be found in the publications and almost all
of them could be derived from these basic equations.

4.1. Oswatitsch formula for growth of small droplets [4]

Let us assume a priori that there is no significant temperature change of the droplet

so that

dT,
27220 : 23
o (23)

and let us neglect the contribution from the Knudsen effect
h—1R ,xh.

The equation (21) turns then into the equation for droplet growth

dr 1 20, 1-a)a, | m R
i [1+( ) }_ 2 (cp-——)(Tz—Tl). (24)
dt h2-a, o, 0, N 21nmkT, 2
This equation can be rewritten in the form given by Oswatitsch
dr  1-Cp \/ :
e e e ] oy 25
o mTl( 2=11) (25)

where the constant C according to (25) should be

20, (1—a,)a, R m
el o

Taking into account only heat transfer effect in the equation (18) this constant may be
simplified to the form

R

Cp——
C=2(1—ozc)oc,, 2 ln: @7
2—u0, k \/217:

In this approach the equation (20) has been dropped and the growth of the nuclei is governed
only by the part of energy balance.

4.2. Wegener’s formula for growth of small droplets [5]

Another approach to the growth of small droplets has been proposed by P. P. Wegener.
Dropping the second term in the bracket of equation (20) one can obtain

dr  2a, m j/ (2‘8)
dt 2—a,p, V2nmk \/i ,
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which is very similar to the Wegener’s equation from [5]. This approach is based on the
assumption that the mass transport towards the droplet is of a purely kinetic type and
's not accompanied by the regression effect coupled with the temperature of the droplet.
Therefore the energy balance equation has been dropped.

4.3. Hill’s simplification of basic equations [6]

P. G. Hill has proposed [6] to drop the term d7,/dt in the equation (21) and the simpli-
Scation of the equation (20) neglecting the expotential term.

Thus one can get
iii=_%1c_ S [L__ETZ_)] ; , 29)
dt 2y p,\2nmk \/T1 \/Tz

m 2 (1—a)a, D R dr
= cleds —— (c,—— (T, —T))=(h—ART,)— . 30
i 2_%[ a7 :I\/Znn'lle <cp 2)( 2—T1)=(h—1RT,) 7t (30)

In this approximation the drop growth rate is independent of the size and the equation
30) for the temperature of the droplet is in fact of an algebraic type. These simplifications
zre of a formal character and could hardly be explained in physical terms. The advantage
vhich has been gained from these simplifications is the shortening of the computing time.

4.4. Gyarmathy’s formula for droplet growth [7]

G. G. Gyarmathy [7] proposed after M. I. Mason [12] modified formula for the
zrowth of the droplet in the macroscopic and free molecular region

dr IRT Sty
Con s (31)
dt = pohc(y F1,591) r p(Ty)
if we assume that the radius of nuclei is small in comparison with the mean free path of
molecules / the above formula may be rewritten in the form
' lir 5 RT?*F), r

e ey, (32)

dt 7 8 it sl r p(Ty)
Let us try to obtain the above relation from our basic equations paying special attention
“0 the assumptions which have to be done in the procedure of derivation of the equation
32).

If we assume that the temperature of a droplet and the ambient vapor are equal

T,=T, (33)

he equation (20) can be rewritten in the form
20

dr _ 2, W onplipe p

dt _2—occ 0 2mmk \/i

) (34)

20
p(Ty) eRT
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20

Assuming that the expression p/py(T;)e®’>"" does not exceed the unity significantly we
can use the expanding formula

P e e e
- (T)eﬁzz‘%l—, — p(T) Rp,Tyr p | LT
shad

ps(TI)

by
’(1 r>1“ps(T1) o

Rp,T;rln

Now instead of equation (34) we can get

20

dr 20 m (T eRpaT1r ¥
an. g vomu e i) <1—_*>1n e (36)
dt 2—0(0 P2 \/21tmk \/T1 p Z ps(Tl) :
Taking into account Clausius-Clapeyron equation after integrating we obtain
iz —hAT
ps( 1)=e RT2 : (37)
p

where AT is supercooling, and can be expressed by the radius of nuclei when there is an
equilibrium

20T '
AT~ : (38)
pahr
It is noteworthy that
26
T el h 20
BRI (39)
p RT; Rp,Tir

for a sufficiently small value of AT. It also means that the expression (39) is of the order
of unity for large value of r. Thus we get from (36)

@ f:i\/ﬁé(l_E)lnL. (40)
At 2—_a,2mp, V k VT r) p(T)
From the kinetic theory of gases we can take the expressions for the thermal conductivity

[11]

25 kmT (a1
=——*Cy__—* - 1)
32 \/TC a?
and for the mean free path [11]
kT '(4”

l: ST
\/21‘5de
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Although these formulae are valid for rigid sphere molecules they allow to estimate the
sxpression
oo 4 @)
k AT, 25mc,(2—a) 1

znd finally substituting (43) into (40) we get

G il ey oY (44)
dt ZSTCCU(Z— (xc) pll r ps(Tl)

shich is very similar to the equation (32) with the only difference that the coefficient

2
Rl (45)
8 h?
s substituted by
320, (46)

25me,(2—o,) ‘

It is possible to get the same magnitudes of the expressions (45), (46) for a suitable value
of .. For example for T=360°K, R=461 m?/(s®-°K), £=2.3-10° m?/s%, ¢,=1.4-10°
m*/(s*-°K) these expressions became equal for a,=0.05.

4.5. Authors simplification of basic equations

In the previous work [8], [10] the author presented the simplified form of energy equa-
ton (18). The simplification concerned the second term on the right hand side

6m «a, D R
— (c,—— (T,—-T)) 47)
rep, 2—a, \/211ka1 2

which has been dropped. For the small value of «, the numerical results of integration were
= good agreement with the solution of basic equations.

However, it has been shown that for the value of «, close to unity there is a high discre-
pancy due to this simplification.

After the numerical analysis of the basic equations it has turned out that although some
of the above simplifications look quite reasonable the solutions of equations (20) and 21)

are very sensitive to the apparently slight change of the equations.
5. The linearized form of equations
The equations (20) and (21) are of nonlinear type and they are not typical for the analy-

Wl Siscussions. Therefore it is reasonable to start the discussion with the linearization
© Sesic equations. Let us assume that there is no influence of condensing nuclei on the
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vapor parameters. It may be true for the very beginning of nucleation zone. In such a case
one can take the following formulae for isentropic expansion of ideal gas.

p=1ct, (48)
. K =1

Pl (49)

where the rate of expansion is given by

=2 ey

For the sake of simplicity let us assume that p is constant. For the saturation temperature
of liquid we shall use the integrated Clausius-Clapeyron equation

_(._ __1)
ps(Tl)':ps(TO)eR b -
Now the equation (20) and (21) may be rewritten into the form

ﬁ=‘2_ic___rn___[ pO el; Pt pS(TO) —R—‘(To ;:2) RPZZ;ﬂ':] (52)
dt 2_q p,\/2nmk x/T0 \/T2 :

(51

R
3 h——‘Tz
daT, 2 dr 6m | o, l: (l—occ)oza:|
= —— 1+ X

dt re dt rep,2—o, o
R
o 1+x e
7 —‘ =
ool o N e it By e
2nmk \/TO

Let us introduce the nondimensional temperature of a droplet

= (54)
T,
and the nondimensional radius of a droplet
T
r=—_, (55)
r+(PoTo)
where
20 s
B [m ] : (56)
o Rp, Ty p(To)
For nondimensional radius and temperature we have the equations
7 14k . 20 h
ﬁ=i [e“-z'—,(-‘l’t ps(]-b) RTO eszTOT*TI' RTOT:I, (5’7)
dt Tr Po \/T
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3Wh——T,T) _
dT ( 2! ) dr  6m a, [ (1—o, aa]
= 1+ X

Tl crTy At cpstar2—a, o,
R o
r o Lo, =1,
x—ﬂ:/pé_e = M(T_e® "), (59)
nmk N T, . :

where
P2 \/ankTo 2—a,)rs
o 2“cmP0 :

(59)

r

For the small value of # we may expect small increments of r and 7. Taking into account
the linear expansion we may put

r=1+4r, (60)
g1 AL (61)
The linearized equations which have been obtained from (57) and (58) are
dde
717=at+a1Ar+azAT, (62)
dAT '
o =bt+b,Ar+b,AT, (63)
where
oD (64)
21 T,
2
e (65)
Rp,Tors,
I/ 20 h
R B : (66)
7, \2 Rp,1Tyr, RIj
3 p[l+x/h 1 1—o
ool o -1 o, ]| 67
e s o] 5
6k 1
e bt -l (68)
g\l 2 Rp, Ty g
3 [l 1 2 h 1—a,
A e e e e (69)
CcT, TO 2 2 sz TO o RTO o,

The general solution of the equations (62) and (63) has the form
Ar=A,e" + A, e+ A1+ A, , (70)
AT =B, e+ B,e*”+ Bt +B,, (71)
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where
21’2=%[a1+bzi\/(a1+b2)2—4(a1 b,—a, by)], (72)
__ ayb—ab, _aby—a,b
—01 b,—a,b,’ ~a1 b,—a, b, : (73)
4 Ab, —Ba, o a;B—bi A

T e vy ety = >
2 albz—"azbl a1b2—02b1

i _(al—2.2)(Ar0+A0)+a2(ATO—BO)
Jures )
Ay—4y
A,=Arg—A,—A,, : (74)
oy 2
Bl=a1 1A1a Bz'—‘al AZAz:
g a,
for the initial conditions at z=0
Ar=1r,, (75)
AE=—AT,. (76)

The numerical calculation has been done for the following set of parameters

To=354.6°K, Po=1.0459-10°N/m?,

R=461J/(kg’K), c=4195J/(kg’K), ¢,=1983J/(kg’K),
k=1.38-10"22 J/(kg°K), h=2.308-10°J/kg,

p>=10"kg/m?, 6=6.26-10"%J/m?,
T c01s =g

The initial disturbance of the radius has been taken as either equal to one molecule
or equal to zero. The results of the calculation according to (70) and (71) are shown in

Eig %1 and 2.
If there is no initial disturbance of radius the growth of nuclei is caused by the suitable

change of parameters of the ambient vapor. The nuclei may also grow due to the initial
change of critical radius.

The nuclei have the tendency to grow only in the case when they exceed the dimension
of a critical radius with regard to parameters of vapor. For the listed parameters the
critical droplet at the beginning was

r+(Do> To)=1.0437-10"°m.
If the expansion takes place,

T*(po ) TO) > r*(p E) T) (77)

for ¢> 0, there is an impulse for the growth of nuclei following the equation (20). A similar
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-10

= [0 (K] | [107]

o | S ou0d | P02 |
AT} ar p=2-10 / P:—5-1G'/' st ¥ar

-1 13
o€ =045
oc, =10
8 12 F.’:'5'1041
A, =218-10 m

)

|
. p=-2:10"
‘1 : ,5=-101'

p=—5-103
/S"OJ /\03
/Mﬁ p=0
0 o5 T 05 it
[18] (st

Fig. 1. Influence of the expansion rate p on the Fig. 2. Influence of the expansion rate p on
zrowth of nuclei for initial disturbance of radius the growth of nuclei for initial disturbance of
equal to zero radius equal to one molecule

situation may happen when at least one more molecule sticks to the critical droplet because

we have again
re(Po, To)+4ro>r4(p, T). (78),

In our case Ar;=2.1844.10-12 m.
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When the parameters p and T are constant the growth takes place only in the case of a

perturbed initial radius according to (78).

The computation has been performed for different values of the expension rate p.
It is noteworthy that for a high value of p the negative slope of the droplet temperature
can be observed at the very beginning of the expansion. It reaches the minimum after

-——— linear solution

— nonlinear solution
AT 8 Ar I I’ / )
K| [107m] %00 j
o= 10 ; -
an=20810"%m | /
2 4 il
5 p=-2-10 ] o // / 4 o
\ o / // / f
p=-5[10 /} / S
\ L
\ \ / 1 4 o
\ A / e
\ ) foot =
| [ "
(7‘ 7. 1 [;us]

-2

Ar

p=-210"

p=-5-10°

1Ips] 1

Fig. 3. Comparison of the analitical solution
linearized equations with the numerical solution
of basic equations

T r }
Pkl ]
e j p=0
«£.=045 o p=-5-10°
o, = 10 - -
p=-1~ﬂl’z
Ar, = 2810 %m /%'\
360-
35y o° /]
S
N o2
AN
T\,
Lo S AV y}i
=0)
‘\\\\\ // / / =
N\
NN
N ™.
e L7, —
\ \\\\
A e
AN T
g i u
0= V2 N4 D 8 ©
\ Ny (mge
p-s51* p-2w* p--1-10°

Fig. 4. Droplet’s growth for different rates of
expansion p according to basic equations

a short while and then rises because of the heating effect of condensed molecules. In this
short period the mechanism of carrying off the heat from the droplet prevails the heating
effect of the droplet. After this short time the situation changes and the temperature of the

droplet rises due to the condensation.

In connection with the results presented in Fig. 1 and Fig. 2, there arises a question

of validity of the linearization. This problem can be clarified by comparing these results
with the results of the nonlinearized equations.
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6. The numerical solution of nonlinearized equations

The Runge-Kutta method has been used to integrate the equation in its full form
(57), (58). The results provide us with the information of the behaviour of solution in com-
parison to those of linearized equations.

As it can be noticed from Fig. 3 the validity of linearized solution is limited to a short
period of time. The deviation from the linear solution rises very rapidly. The important
fact is that at the very beginning the solutions of linearized and nonlinearized equations
2o very close to each other. In the authors’ opinion it proves the applicability of the integrat-
ing method which has been used in these numerical experiments.

The influence of the rate of expansion and the value of «, on the solution has been
investigated. The behaviour of the solution for different values of p are shown in Fig. 4.
At the starting point, for a small 7, the growth of nuclei and the temperature according

T r
k] [m]
———— linear solution 2 s 7
= nonlinear solution / g s
oc=10
Ar, = 21810 2m
<7 =
16
s
| s
370 /-a45 Tz
= e
05
30 40° :
10 oss 7 T
005
o =
350 4
.
— 0
05 2 4 3 0 [psTt

Fig. 5. Influence of o, on the growth of nuclei according to basic equations

to the graphs in Fig. 5 are very similar to the linear solution. The differences can be noticed
after a short time and they pronounce that the growth of the nuclei is smaller in the non-
linear region. The temperature of the droplet also behaves in a very peculiar way. After
“mear region when the temperature of the droplet begins to grow it reaches the point
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when the differences between the temperature of the heated droplet and the gas is so high
that in the equation (58) for the temperature change, the second term becomes predominant.
Then we get the negative slope of the temperature line as it can be noticed in Fig. 4.

The radius of the droplet increases all the time although not so rapidly as the linear solu-
tion has predicted. : :

The influence of «, is shown in Fig. 5. Changing the value of a, from zero to unity we
get a monotonic change of the curves. The important fact is that for o, =1 we get a limiting
case of the radius growth. The highest possible value of the radius can be achieved within
the framework of the discussed physical model for o,=1.

7. The comparison of different models of condensation

After the numerical solution is obtained it is possible to examine the different models
which have already been discussed qualitatively. For the parameters listed previously
the comparison between numerical results of equations (20) and (21) and the equations
(26), (28), (29) and (30), (31) and author’s equations taken from [10] has been done.

For the Oswatitsch equation, 7, has been assumed as being the saturation temperature

To

= (79)
. RT, Do ;
11— |In— +pt
h ps(TO)
and 7', according to (49).
Thus the equation (25) has become
i@ 1 o
=il [ gV Ty oo (80)
dt hp, N m RT, Do . !
11— [In +pt
h ps(TO)
and it has been integrated numerically.
The Wegener’s formula (28) has been adopted into the form
- 205, m s
= % po ep 2k : (81)
di oy p \/211:ka0
which after integration gives
2a, m 2%k p il
r=ra(po, To)+ oL o (82)
2—oa,. p, \/ankTo p(x+1)
For the calculation simplified expresions in their original form have been used
o, mp 2K i
r=rup Tt et (PE g (83)
) \/275ka0 p(k+1)

where the macroscopic flux of molecules towards the surface of liquid is neglected.
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The equations (28) and (30) according to Hill’s approximations may be, for the com-
putation, rewritten into the form

S 1+x : 5
e ode o [_PO o7 o _PAT) g (r- Tz)} (84)
dt 2—occp2\/2nmk \/T0 \/T2

o ! S _.x+1
et h—iRT, [1 JTops(To) T ) ] (85)
e _5 1+(1_“c)aa T2 Do
S 2 o

The shape of the second equation is very convenient for the discussion and the cal-
culation.
For Gyarmathy’s formula the mean free path has been calculated from the relation

3 R LRI gttt
\/Rﬁ=_,70\/ Sty (86)
P 2 Po
Taking into account the relations (48), (49) and (51) we get the following relation for the
critical radius of nuclei

20 20
e - — - — 87)
e Do -p——1t
Bobin R Tcw | g (1—e )
pTiln s Koo [ iy R, .
Finally instead of (31) the following equation for the calculation has been used
= =1
slEi { h Lol 20
Rigeit Al +pt———(1—e 5 pt) oo
i’:_ AT s p(To) RT, TP e_—"_pt- (88)
dt —p h? B
; r+2.39n0\/R v 0o iy

Po

In addition to these formulae the simplified set of equations has been computed according
to [10]

ﬁ_ﬂ_"i_[po e%;"" pTo) % (%0—%—2)+§,%"T;] (89)
dt  2—a, pr\/2nmk |\ T, \/T0
R
3{h—— T e
de_( 2 2) b .
dt re dt repy, 2—oa, /2nmk
p iﬂcm ;_c—_lpt
x —2 ¢ 2% (Tz—Toe“ ) (90)
VT,

In the original form of Oswatitsch equation [4] the constant is equal
3 3
\/ =0:65,
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The value of 0.65 can be achieved from the relation (27) for o,=1, x,=0.725. Nevertheless,
the results obtained from the equation (80) do not confirm the simplification of the basic
equations. It can be seen from Fig. 6 that the behaviour of the solution for  differs con-
siderably from the one resulting from the basic set. of equations (57) and (58). The main

r{T,

(10°%m] [ 1

(0) eq.(79)

|
| A
ezt
i L \
! Pz 1055 | }

/V “‘f

207370
| |
L@ eq:(02)00)
\ for o, =0.725
= : x,= 1.0
157 365 : <

N

10 t
(4]
Fig. 6. Computed radius and temperature of droplet according to Oswatitsch equation (O)
and nonsimplified equations (4) for p=—103s-1

reason for the difference should be sought in the different behaviour of the temperature
of the droplet in respect to the saturation temperature. The temperature of the droplet
. ought to be under the influence of condensation rate and this is not taken into account in the
relation (80).
Against the numerieal solution of (57) and (58) the results of Wegener’s formula for the
droplet growth is shown in Fig. 7. The discrepancy of these results is due to the fact that in the
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Wegener’s formula the evaporating process is not taken into account. The magnitude of
these differences results from the physical meaning of the simplification.

The comparison to the solution obtained from Hill’s approximation shows in Fig. 8
the difference in the temperature of the droplet in relation to the temperature resulting from

T an-2080%m; 0 w10
L s o
I e Yoce=10
. ik S
dr = 2180 m pes }o«c=o.15
j =-10%1/s - 370 - (A—
il < / 5 i
3 1 | B // >
; v
= oc =1 3% : L / //
_6l G S = 1.0 /
10 Tl 7 7
[m} (A)eq.(52)(53)
II # (H) eg. (64},(85)
(W) eq.(61) 1071 360 f /,/
Ao = 0.15 i /// //
107 E o, T
= cH) }occ:i
(Al
= s /
=10 + //“”/
o015
10° 7 / &
-8 Vi Vs A
10 7 7.
=015 // // —
/} ; / - ~ :
0° . t / :
& 05 1.0 5 ‘
fusl: o Wik 1 5 - : T

Fig. 7. Computed radius of droplet according Fig. 8. Computed radius and temperature of
to Wegener’s equation (W) and nonsimplified droplet according to Hill’s simplified equations
equations (4) for p=—103s~1* (H) and nonsimplified equations (4) for p=

= 103si?

the basic equation. The temperature of the droplet calculated from the equation (85)
remains nearly constant and differs from the temperature 7; already at the starting point.
The negative sign ahead of the exponential term in the square brackets keeps off 7, from
the rapid rise. The behaviour of 7, differs in this solution significantly from the solution
of basic equation. -

The solution obtained from Gyarmathy’s formula is shown in Fig. 9. Although this
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formulae can be justified by the Hertz and Knudsen model for the beginning of droplet
growth it gives the noticeable departure from the curves (4).

The last Fig. 10 shows the comparison of the solution of the set (89) and (90) with the
solution of the basic equations. The agreement is quite satisfactory for a small value of «,
but it fails for o, close to unity. It is because the simplified set of equations does not take,

{r [10~°m]

Ar, 226100 %m;  p=-171fs  clq=10
" 1ok
T G Sanmmaay
Exl L _—Ta=015
| 370 - =
7 o <4
According to eq.(32) / / —~ | -<8)
0 / '°—5,]r =
= A o
f Zii o
; According to eq. (i) ,/ < <
b 7 7
for «.-005 : r o Sl f/ 005
[0, S - -
- ( G) eq.(31) / Hleq.(52)(53)
108 for k= o,ozs:_g".,( e [B)eq (65 50)
(=% Db

Ns
- 10”6
p=113:1076 2%

20

0.6

An=2.18410"%m
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7
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Fig. 9. Computed radius of droplet according to  Fig. 10. Computed radius and temperature

Gyarmathy’s equation and nonsimplified equations of droplet according to simplified (B) and

: for p=—103s-1 nonsimplified (4) authors’ equation for p=
=—10%3s"1

into account the amount of heat needed for heating the condensed mass from the ambient
temperature 7' to the temperature of the droplet 7,. It should be pointed out that even
such an apparently slight simplification of the basic equations may cause huge differences
in the solution.
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8. Conclusions

The analysis presented clarified the problem of validity of different simplifications of
the basic set of equations which take into account the concept of metastable equilibrium
and the relations from the kinetic theory of gases.

The simplifications which areintroduced into the basic equations are in fact equiponderant
to the initial disturbance of nuclei at metastable conditions. This causes a different situation
at the very beginning of the growth of nuclei as compared to the situation described by the
basic equations. The disturbance of the droplet at metastable conditions innitiates a very
high condensation rate which is contrary to the concept of equilibrium.

This disturbances are of a formal character and could hardly be justified in physical
terms. The different values of a radius of growing nuclei after a short time of growth can
be achieved from different models.

Table 1

After time growth 7=10 us at the expansion rate p=—103s~! for the parameters listed in the paper

the radius and the temperature of droplet according to different models

Oswatitsch’s formula | Wegener’s formula | Hill’s approximation
(80) (82) (84), (85)
Controlling parameters 3.3 0.=0.15 0.=0.15
TR
8 a,=1.0
r [m] 7.68-10-° 1 57at0=7 154:410=2
K 373.8 — 371.7
o from basic equa- 1771058 8.96-107° 8.96:10~°
T, K] tions for equipon- 372.8 369.7 369.7
2 derant o, and o, Ae—0.725 o —0 15 t-=0.15
o,=1.00 o0, =1.0 a,=1.0
Gyarmathy’s formula Authors’ apprdximation (89), (90)
(84)
Controlling parameters S RIZ o —0 1S oo=1:0
2 o= 1.0 =10
r [m] 1.19-10-8 6.09:10-° 24108
T; [°’K] — 369.1 373.3
S ] from basic equa- 5.70:10~° 8.96-10~° 1.046-10—°
T, K] } tions for equipon- 3652 369.7 354.6
2 ‘ derant «. and o, i —=0.05 o =0:15 =10
=10 =10 o, =1.0

Table 1 has been set down from computing curves for the time of growth of 10 ps.
The discrepancy reaches the order of magnitude of the volume of droplets in com-
sumson to the solution from unsimplified equations. When these relations are involved

il FPrace IMP z. 70 - 72
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in the set of conservation equations describing the gas dynamic of condensing vapor
the gas parameters will depend on the chosen model of condensation upon nuclei.

The application of the numerical experiment, presented here, is limited to the region
where there is no significant influence of condensation on the gas parameters. This is the
region where the supercooling reaches its maximum and then begins to be diminished due
to the condensation which consist of the nucleation phenomena and the growth of nuclei.
Because of these two phenomena involved simultaneousely it is difficult to split their
influence on gasdynamics when the physical experiment with the nozzle is carried out.
Therefore in the light of experimental results it is rather difficult to judge whether the pre-
sented model is adequate.

Nevertheless in the authors’ opinion the approach following the idea of Hertz and
Knudsen is consistent with the physical concepts and therefore the promising one.
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Analiza numeryczna modelu kondensacji Hertza-Knudsena na malych kroplach w parze wodnej
Streszczenie

Opierajac sic na modelu Hertza-Knudsena wyprowadzono réwnania opisujace zmian¢ promienia
i temperatury kropli wody znajdujacej si¢ w ekspandujacej przechtodzonej parze wodnej. Rozwazania
dotycza kropli matych w poréwnaniu ze $rednia swobodna droga molekut pary. Takie krople pojawiaja
si¢ np. w strefie poczatku kondensacji w dyszach parowych.
W pracy pokazano jak z podstawowego ukladu réwnan wynikaja uproszczone réwnania opisujace
proces kondensacji, znane w literaturze, takie jak rownania Oswatitsha, Wegenera, Hilla i Gyarmathiego.
Rozwigzanie podstawowego ukfadu réwnan uzyskano za pomoca obliczen numerycznych, a dia
matych czasow wzrostu uzyskano rOwniez rozwiazanie analityczne.
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W pracy pokazano wplyw wspolczynnika kondensacji i szybkosci ekspansji na wyniki obliczen
numerycznych procesu wzrostu kropel. Z otrzymanych rezultatow wynika, iz dla pelnego uktadu roéwnah
isinieje maksymalna szybko$¢ wzrostu promienia kropli dla wartosci wspotczynnika kondensacji rownej
Jednosci, ktora jest jednak mniejsza od szybkos$ci wzrostu wynikajacej z modeli uproszczonych.

Obliczenia wykazuja, Ze roézne warianty uproszczen prowadza do zdecydowanie roznych wynikow
liczbowych. Wszelkie uproszczenia podstawowego ukladu réwnan sa w istocie réwnowazne do-

datkowemu zaburzeniu roéwnowagi metastabilnej kropli, co jest przyczyng stwierdzonych rozbieznosci.

Yncaennsiii anamuz [epu-Knyncenosoii momenn
KOH/ICHCALMA HA MEJIKHX KallifX B BOJASHOM Hape

Pe3rome

OcHoBriBassch Ha I'epi-KHynceHOBOH MOZeNW, BBIBEICHBI YPABHCHMS, ONWCHIBAIOIIUE M3MEHEHHE
paguyca X TeMIIEPATYPBhl BOZSHON KAIUIM, HAXOISINEWCsl B PACIIMPSIOMEMCS IEPEOXJIAXICHHOM IHape.
PaccyxieHus KacaroTcs Kamejlb MEJKHX IO CPAaBHEHHIO CO CpelHel ¢cBOGOMHOM HOPOro# MojeKys mapa.
Taxkwe Kaljid NOSABISAIOTCS, HaNpUMED, B 30HE HAYaja KOHAEHCALMH B MAPOBBLIX COMIAX.

B pa60oTe MOKA3BIBACTCS, KaK U3 OCHOBHON CHCTEMEL YPaBHEHMH NOJIYYArOTCS YIPOUIEHHEIE ypaBHE-
=Hsi, ONMMCHIBAIONMINE IPOIECC KOHIACHCAIINH, U3BECTHBIE B IMTEPATYpE, Takue Kak ypasHenusi OcBaTuua,
Berernepa, Xmwuia u [dpspmarn.

Pelrenus OCHOBHOM CHCTEMBI YDABHEHHM ITOJIy4eHBI M3 YUCIEHHBIX PACUYETOB, & [Jisf MAaJbiX 3HAYCHHI
SPEMEHM POCTA DOJIYYCHBI TAK)KE AHAJIMTHYECKHE pemenus. VI3 moNy4eHHBIX Pe3yJibTaToOB CIenyeT, YTO
2719 KOMIUIEKTHOM CHCTEMBI YPABHEHMM CYIIECTBYET MAaKCHMAJbHOE 3HAYCHHE CKOPOCTM POCTa Damyca
¥arenb, Korja kKo3hGunuesT KOHASHCAINY PABHAESTCS EARHANE. DTa CKOPOCTh, OMHAKO, MEHBINE CKOPOCTH
pOCTa, TMOJYyYaEMOW M3 YNPOUIIEHHBIX MOJENEH.

PacueTsl NOKA3bBAIOT, YTO PA3NIMYHBIE BAPUAHTE! YIPOINEHN} NPUBOAAT K CHIBHO OTIMYAIOIIMMCS
SHCIEHHBIM pe3ynbTaTaM, Beskue ynponieHusi OCHOBHOM CHCTEMBI YPABHEHHM N0 CYTH JieNla SBJISIOTCH
SXBHBAJIEHTHBIMA C J006aBOYHBIM BO3MYIIECHHEM METAyCTOMYHBOTO PABHOBECHS Kamellb, YTO SIBISETCH
DDHYAHON IOKA3aHHBIX DACXOXKICHUM, ’



