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JAROSLAW MIKIELEWICZ, JERZY R. MOSZYNSKI*

Gdanisk, Newark

Breakdown of a Shear Driven Liquid Film**

The paper presents an analysis of the breakdown of a shear-driven liquid film into stable rivulets.
The criteria for such breakdown include equality of mechanical energy of the film and the resulting
rivulets as well as a minimum of energy of the latter.

List of symbols

E — energy, ¢” — friction coefficient,
€ — energy per unit width of flow, 0 — polar coordinate,
F; — total area per unit width of unbroken 0o — contact angle,
film, A — width of film,
F, — wetted area per unit width of unbroken u — viscosity,
film, p — density,
g — function of wetting angle defined by eqn. o — surface tension,
(10), = — shear stress,
G — mass flow per unit width of flow, ¢ — function of contact angle defined by eqn.
h — film thickness, .
h* — dimensionless film thickness, defined by
eqn. (15), Subscripts
D — pressure,
R — radius of rivulet, - f — film,
w — flow veloecity, s — rivulets,
x — ftransverse coordinate or wetting para- 1 — solid surface,
meter, 2 — liquid,
Y, z — coordinates, 3 — vapor.

1. Introduction

Breakdown of liquid films driven by shear stresses acting at the film boundary between
the liquid and gas phases, is important in a number of practical applications. It occurs
for example on the surfaces of stator blades in the final stages of steam turbines. The struc-
ture of the droplet stream leaving the liquid phase and impinging on the rotor blades depends
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to a large extent on the flow regime of the liquid phase on the surfaces of the stator blades.
Similarly, the occurence of a boiling crisis in a flow is related to the breakdown of the liquid
film on the duct surface. The problem is of importance in a number of chemical engineering
applications as well as in safety considerations of liquid-sodium or pressurised-water
cooled reactors. Thus, several aspects of the problem have been considered in the literature.
One group of authors studied the stability of the film surface with the aid of small perturba-
tion theory [1, 2, 3]. Such an analysis yields necessarily approximate results, concerning
the criterion for film breakdown, since it completely neglects the very important contact
angle which has considerable influence on the formation of rivulets. An analysis allowing
for the effect of the contact angle has been presented by Hartley and Murgatroyd [4].
They considered the equilibrium of forces at the stagnation point in the already torn
film. Hartly and Murgatroyd also presented an alternative stability criterion postulating
that the flow of kinetic and surface snergy in the broken film must be a minimum. Their
,,minimum power” criterion again omits any influence of the contact angle and the predicted
results differ substantially from their experimental data. :

Subsequent analyses based on the work of Hartley and Murgatroyd consider such further
factors as the variation of surface tension with temperature [5], the pressure on the surface
caused by the thrust of evaporating molecules [6] etc.

An independent, and in our opinion more convincing, formulation of the minimum
energy principle has been given by Hobler [7]. His analysis does allow for the effect of
the contact angle but his mathematical description is not quite complete. In order to obtain
final results he assumes the ratio of the wetted surface to the total surface to be unity which
allows only an estimate of the critical film thickness or the critical mass flow density. The
parameter x is one of the calculated results of the present analysis.

An alternate approach is offered by Bankoff [8]. He also asumes the above area ratio
to be equal to unity and for a criterion for film breakup he assumes the equality of mechanical
(kinetic plus surface) energy in the film about to break up and in the resulting rivulets.
Unfortunately an arithmetic error occured in the integration leading to his equation (15).
When this error is corrected, the resulting calculated minimum film thicknesses are imag-
inary. This is to be-expected as under the assumptions of the paper equality of mechanical
energy in the film and in rivulets does not appear possible.

The present paper presents yet another approach to the problem and constitutes in a
sense an extension of the work of Hobler.

2. Analysis

We consider a uniform liquid film of thickness /4, and unit length in the streamwise
direction being driven by a shear stress 7 caused by the motion of the vapor phase relative
to the liquid. Assuming the liquid to be incompressible and to have temperature independent
properties and neglecting inertia and gravity forces, the velocity distribution in the film

is given by
ied T2 ad
w=~—£y2+<——;——li ho)y. (1)
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For simplicity we assume (dp/dz)=0, so that

e @)
u

The total mechanical energy per unit width of the unbroken film consists of kinetic and
surface energies (c.f. Fig. 1) and with the aid of eqn. (2) can be written;
ho
B it
AT w dy‘l‘az 3+O'1 2=“'—‘_2 h0+o'2_3+0'1+2. (3)
7 6 u
0

»]m

e f(ho)

Here 0,_3 and o, _, are respectively the surface tensions between the liquid and vapor
and between the liquid and solid.

Fig. 1. a) Unbroken film, b) ruptured film

The mass flow per unit width fo film is given by
G b= )
sat i O_Zlu Q-

Let us now consider the flow in rivulets formed as a result of the break up of the film, as
shown in Fig. 1b. It is easy to show that if gravity and temperature dependence of surface
tension are neglected, the rivulets are in the shape of circular segments of radius R. Let the
liquid height be given by 4(x), where x is measured from the center of the rivulet. In terms
of polar coordinates R and 6

h(x)=R(cosf@—cosf,) 0<x<xq, 5)

where 6, is the contact angle (0<6<0,).

We assume next, in a manner similar to Bankoff [8], that at any point x in the rivulet,
where the thickness is 4(x), the velocity profile is the same as that which would prevail
in a uniform film of thickness A (x). With this assumption the mass flow in rivulets, per unit
width of film is given by

x1 h(x)

2
Gs=7—”w<x,y)dydx=ifk3, ©)
A u A
0 0

where equations (2) and (5) have been used and we have put x; =R sin §,. The function ¢
in eqn. (6) is given by
¢ (8p)=sin 0, —1 sin’ 6,— 0, cos 6, . @)
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The total mechanical energy in rivulets per unit width is

x1 h(x)
e _———[ jj w2 (x, y)dxdy]
1 ;
+-}T [(QROy+ A cosBy+R sin20y)0,_3+Ac; 5] . ®)

With the aid of eqn. (4) and (6), eqn. (8) yields

7 sinGg\F .
es=ﬁ—zg<eo)h3( ) x7Et

6 u (o)
6o
+{x ——+cosf,—xcosby |6, _3+0:_5, ©)
sin 6,
where
0o
g(0p)=— cosfdf=
sin 6,
0
1 13 150 3 :
='—ZCOS 00‘—'—8—C0500 8—51*1109_0_? 00 Smeo, ) (10)
2R sin @, F2
x— =

At the instant of break-up of the film, the mass flow must be the same in the film and in the
rivulets, and so must the energy. Comparison of =qn. (4) and (6) and of (3) and (9) yields

. 0 Ji_
Rl 0y 1)
¢x
and
p't? sinfg\t 6, ol
6—‘(12_9(90) ¢ hox == o —COSOO 0'2_3x—(1—(:0800)0‘2_3—6—2h0=0.
i 0

) 12)
If the newly formed rivulets are to be stable the energy of the system should be a mini-
mum i.e.

de
~=0 13
= (13)
and hence
Eiat sin 0,\* ) 0 7
_2_“?”2 g(60)< ¢ 0) hgx z=<sm°00—-cosf)0> 033 (14)

The system of equations (11), (12) and (14) allows the determination of %,, x and R
and subsequently from the definition of x the rivulet spacing A may be calculated. Solving
for x from eqn. (14) and substituting in eqn. (12), one obtains with the aid of eqn. (11)
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Fig. 2. Dimensionless minimum film thickness as a function of the contact angle

E ind
h+=3-2'*( _0‘; —cos()o) h*3g(0,)* f‘%’—u—cosoo), (15)
sin 6,

where
= p7*h}
6u’o,_5
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Equation (15) determines the critical dimensionless film thickness as a function of the
contact angle. The resulting dependence is shown in Fig. 2.

With &* known, the remaining parameters characteristic of the problem may be com-
puted. The following example is intended as an illustration. For a saturated steam-water
system at 20°C with a vapor velocity of approximately 300 m/s, the shear stress was com-

\steam-water system
t,=20°C
W= 300 7S

hK /
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Fig. 3. Minimum films thickness, rivulet radius and rivulet spacing for saturated steam-water system
at 20°C and steam velocity 300 m/s
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puted from the simplified relation
T=C— p''w? 16
8
Subsequently, the critical film thickness at break-up, the rivulet radius R and the wetted
area ratio x have been calculated from the equations established above. The results of these
calculations are shown in Fig. 3.

3. Comparison with experiment

Experimental measurements of minimum film mass-flow rates in two-phase annular
flow were performed by Hewitt and Lacey [9] and by the team of the present authors®).
Hewitt and Lacey investigated the break-up of a thin water film driven by air flowing in an
annulus formed by two glass tubes 0.5 in. and 1.125 in. respectively in diameter. The film

Table 1
Comparison of experimental data of Hewitt and Lacey [9] with theory

G, [Ib/hr] 200 30 | 400 | 500
w, [m/s] 30 45 60 75
Trp [kg/ms?] S 12,6 22.7 35,5
G, [Ib/hr] 18 14 10 8
he [1] 64 38 23,8 i
Ricor [u] 66 39 26 19

Theoretical values computed for {”=0.01, §,=15°

was formed on the inner surface of the outer tube. The results were presented in the form
of 2 minimum film mass flow rate versus the air mass flow. For air mass flows of 200, 300,
400 and 500 Ib/hr the respective minimum film mass flow ratios were 18, 14, 10 and 8 Ib/hr.

Table 2

‘Comparison of experimental data of S. Gumkowski and E. IThnatowicz
with theory

L RE] 39,9 39,5 34 32,6
G, [kg/h] 178 164 119 104

Wy [m/s] 152 142 137 129
7rp [kg/ms?] 112 1,01 0,82 0,72
Gy [ke/h] ; 20,5 23 24 i
he[ul 245 272 300 378
Preor 1] 249 270 338 371

Theoretical values computed for £”=8,3:10-3, ,=40°. This water film was driven by steam
flowing in an annulus formed by two tubes 35 mm and 98 mm, respectively, in diameter. The
film was formed on the outer surface of the inner tube made of copper.

* The actual measurements were performed by S. Gumkowski and E. Ihnatowicz.
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Assuming a friction coefficient (”’=0.01 for air flowing over a water film, the shear
stresses could be calculated from eqn. (16) and subsequently the minimum film thicknesses.
The latter were compared with calculated values based on an assumed contact angle of
15°. The resulting comparison is shown in table 1, which shows excellent qualitative agre-
ement. The actual quantitative agreement is due to a fortunate choice of the friction coef-
ficient {" and the contact angle §,. A thorough comparison of theory and experiment
is only possible if these two parameters are known. No experimental investigations pro-
viding such information have been found in the literature.

In the authors’ own measurements shown in table 2, these quantities have as yet also not
been obtained. The trend of experimental data is very similar to that of Hevitt and Lacey
and with a suitable choice of ("’ and 6, good agreement with theory can be obtained.
The somewhat higher minimum mass flow rates reflect the lower steam shear stresses
employed by the authors.

Received by Editor, November, 1973.
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Analiza warunkéw rozrywania si¢ filmu cieczowego na strugi

Streszczenie

Analizie poddano jednorodny film cieczy plynacy pod wplywem naprezen stycznych na granicy
rozdzialn pomiedzy faza ciekla i parowa. Ustalono zaleznosci na energie mechaniczng filmu i powsta-
tych strug przypadajaca na jednostke szerokosci filmu. Do rozwazan przyjeto energie kinetyczna oraz
energie powierzchniowa na granicy rozdziatu faz: ciato stale —ciecz, ciecz—para oraz w przypadku
strug dodatkowo ciato stale —para. Jako warunki rozrywania si¢ filmu na strugi przyjeto rownosé
energii mechanicznej w filmie i strugach przy tym samym natezeniu przeplywu, pizypadajacym na jedno-
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stke szerokosci filmu oraz minimum energii w strugach. Ten ostatni warunek wynika z warunku stabil-
nosci strug po rozerwaniu. W wyniku rozwazani otrzymano bezwymiarowa grubo$¢ rozrywajacego
sie filmu w zaleznosci od kata zwilzania cieczy. Otrzymany rezultat poréwnywano z badaniami ekspery-
mentalnymi Hewitta i Racey’a [9]. Wynik poréwnan jest zadowalajacy.

Anaim3 yciosnii PaspeiBa IVICHKHA JKAAKOCTH HA CTPyH
Pezrome

AHAJNMBAPYETCs ONHOPONHAs IUTEHKA JKHAKOCTH, IPOTEKAIOMASL OO BIUSHAEM KacaTeNbHBIX Ha-
OPAXCHMMA Ha TPAHWIE PA3Nena JKUAKOW W mapoBoit (a3. VCTaHABIMBAIOTCS 3aBHCHMOCTH HA MEXaHH-
HECKYI0 SHEPIHIO IUICHKA ¥ 06Pa30BABIIMXCA CTPYH, IPHXOASITYIOCS HA CAMHALLY IMEpPWHEL IICHKA. B pac-
CYXIEHWSIX HPUHAMAIOTCSH KHHETHIECKAS W TNOBEPXHOCTHAS] SHEPIWM HA TpaHMIE pasmena das: Teepaoe
TENO—XMMIKOCTB, XHUIKOCTb—IIApD, 4 B Ciydae CIPyd NOOOABOYHO TBEpHOE Temo—mnap. 3a ycioBms
Pa3peiBa INICHKA Ha CTPYM IPWHATO PABCHCTBO MEXAHWYECKOH YHEPIHY B IJICHKE M CTPYSAX NPH ONIHA-
KOBOM DacXOzi€ CPEAbpl Ha CAWHWUIY IMUPWHBL IUICHKH, a TakkKe¢ MHHAMYM 3HEPTHE B CTpysx. ITocmenmee
YCIIOBUE BBITEKACT M3 yCIOBH: YCTOWYMBOCTH CTPYit IIOCHTE pasphiBa. B pesymnTare paccyxaeHuil moiy-
HCHA 3aBUCHMOCTH 6€3pa3sMEPHOI TONIWHEI PA3pHIBAIOINEHCS IUIEHKH OT yrjia CMaYWBAHUS KAIKOCTH.
TlonyueHnblli pe3yNbTaT CPABHUBAJICS C DPE3yIbTATAMA SKCOCPAMEHTANBHBIX HCCIICNOBAHMMA XEBUTTA
u Paces [9]. Pesynaerar cpaBHeHUiT oxaszaica YAOBJIETBOPUTEITLHEIM,



