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JAROSŁAW MIKIELEWICZ, JEF(ZY R. MOSZYŃSKI*

Gdańsk, Newark

Breakdown of a Shear Driven Liquid F'ilmx*

The paper presents an analysis of the breakdown of a shear-driven liquid film into stable rivulets.The cdteria for such breakdown include 
"quaiity 

of mechanical 
"o".gy 

of the film and the resultingrivulets as well as a minimum of energy of the latter.

List of symbols

.E - energy,
e - elretw per unit width of flow,

F1 - total area per unit width of unbroken
filml

Ę - wetted area per unit width of unbroken
film,

g - function of wetting angle defined by eqn.
(10),

mass flow per unit width of flow,
film thickness,
dimensionless film thickness, defined by
eqn. (15),
pressure,

radius of rivulet,.
flow veloeity,
tra$verse coordinate or wetting para-

(" - frrction, coefficient,
0 - polar coordinate,

0g - contact angle,
l. - width of film,
p - viscosity,
ł - density,
a - surface tension,
r - shear stress,
p - function of contact angle defined by eqn.

(7).

Subscripts

/ - film,
s - rivulets,
1 - solid surface,
2 - liquid,
3 - vapor.

G_
h_

h+_

p-
R_
w-

metero

Ł e -- coordinates,

1. Introduction

Breakdown of liquid films driven by shear stresses acting at the film boundary between
the liquid and gas Phases, is important in a number of practical applications. It occurs
for examPle on the Sulfaces of stator blades in the final stages of steam turbines. The struc_
ture of the droPlet stream leaving the tiquid phase and impinging on the rotor blades depends

* Department of Mechanical Bqgine€ring, University of Delaware, Newark, USA.** Praca wykonana w ramach planu Cl temat 4 (prace własne Instytutu).
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to a large extent on thę flow regime ofthe liquid phase on the surfaces ofthe stator blades,

similarly, the occurence of a boiling crisis in a flow is related to the breakdown of the liquid

film on thę duct Surface. The problem is of importance in a number of chęmical engineering

applications as well as in safety considęrations of liquid-sodium or pressurised_watęr

"oot.a 
reactors. Thus, several aspects ofthe problem have been considęred in the literature,

one group of authors studied the stability of the film surface with fhe aid of small perturba-

tion iheoiy |I, 2, 3l. Such an analysis yields necessarily approximate results, concerning

the criterion for film breakdown, sincę it completely neglects the very important contact

angle which has considerable influence on the formation of rivulets, An analysis allowing

for the effect of the contact angle has been presented by Hartley and Murgatroyd [4],

They considered the equilibrium of forces at the stagnation point in the already torn

film. Hartty and Murgatroyd also presented an altęrnative stability'critęrion postulating

that the flow of kinetic and surface 3nergy in the broken fllm must be a minimum, Their

,,minimum powęr" criterion again omits any influence of the contact angle and the predicted

results differ substantially from their experimental data,

Subsequent analyses basęd on the work of Hartley and Murgatroyd consider such further

factors as the variation of surfacę tension with temperature [5], the Pressure on the surface

caused by the thrust of evaporating molecules [6] etc,

An independent, and in our opinion more convincing, formula.tion of thę minimum

energy principte has been given by Hoblęr I7]. HiS analysis does allow for the effect of

the coniact angle but his mathematical description is not quite complete, In ordęr to obtain

final results he assumes the ratio of the wetted surface to the total surfacę to be unity which

allows only an estimate of the critical film thickness or the critical mass flow density, The

parameter x is one of the calculated results of the present analysis,

An alternate approach is offered by Bankoff [8]. He also asumes thę above area rŃio

to be equal to unity and for a criterion for film bręakup he assumes the equality of mechanical

(kinetic plus surface) ęnergy in the film about to break up and in the resulting rivulets,

Unfortunately an arithmetic error occured in the integration leading to his equation (15),

When this error is corrected, the resulting calculated minimum film thicknesses are imag_

inary. This is to be,expected as undor the assumptions of the paper equality of mechanical

energy in the film and in rivulets does not appear possible,

The present paper plesents yet another approach to the problem and constitutes in a

sense an extęnsion of the work of Hoblęr.

2. Analysis

Wę consider a uniform liquid film of thickness ho and unit length in the streamwi§e

direction being driven by a shear stress r caused by the motion of the vapor phase relative

to the tiquid. Assuming ńe liquid to be incompressible and to have temperature independent

properties and negleciing inertia and gravity forces, the velocity distribution in the film

is given by

*:Lff,ł-(;- ?#,.),
(1)
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For simplicity we assume (dpldz):Q, so that

,:Ł' .
p

The total mechanical energy per unit widih of the unbtoken film consists of kinetic and
surface energies (c.f. Fig. i) and with the aid of eqn. Q) can be written:

E o'oi ^ D, a2e/hJ:;:-| w"dyło2_3łó1_2:ł- lfo+o2_r+o1*2. (3)' 
^ 'J" 

61l'

Here o2_3 and or-, are respectively the surface tensions between the liquid and vapor
and between the liquid and solid.

Fig. 1. a) Unbroken film, b) ruptured film

The mass flow per unit width fo film is given by

_tGl:w,hg: - h6. (4)
zLI

Let us now consider the flow in rivulęts formed as a result of the break up of the film, as
shown in Fig. lb. It is easy to show that if gravity and temperature dependence of surface
tension are neglected, the rivulets are in thę shape of circular segments of radius R. Let the
liquid height be given by h(x), wherę x is measured from the center of the rivulet. In terms
of polar coordinates R and 0

ł(x):Rlg9rO-cos0o) 0śxśxr,
where 06 is the contact angle (0<d<0o).

We assume next, in a manner similar to Bankoff [8], that at any point x in the rivulet,
where thę thickness is h(x), the velocity profile is the same as that which would prevail
in a uniform film of thickness ł(.lc). With this assumption the nrass flow in rivulets, per unit
width of film is given by

xth(x)2rr róO":T 
J Jrź,y)dyd*:- ̂ R", 

(6)

where equations (2) and (5) n""";;" used and wę have put xl:R sin 0o. The function @

in eqn. (6) is given by

t2)

(5)

d (0o) : sin 0o - } sin3 0o- 0 o co§ 0o . (7,)
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The total mechanical energy in rivulets per unit width is
,t ł(x)

"-+:+F I I 
p' w'(x, y) ax dłf+

0o
l

+ 1lQRąo+ż 
cos0o+R sin20o)or-r]-).or-rf . (8)

With the aid of eqn. (4) and (6), eqn. (8) yields

,":+Ź s(,,óhl(T&)-,,--*

where 
-('*nĄ-cos09-x 

"o,eo) 
o,-3ło1_2,

0o

srOJ:# 
J 

r""rO-cos 0g)3 cosld0:
o

1-13150^3:- 
4 

cos"0o-,cos0o+ffi ,9osin09, (10)

2R sin0o F2
^- ), -Ę'

At the instant of break-up of the film, the mass flow must be the same in thę film and in the
rivulets, and so must the energy. Comparison of eqn. (4) and (6) and of (3) and (9) yields

(#)-,.

(9)

and

#, (0.) (ĘSf ,e,-- * (fr - "", 
u o) o, -,x - (1 - cos 0 o) o z - s # r' : or;r,

If the newly formed rivulets are to be stable the energy of thę systęm should be a mini_
mum i'e' 

d""

dr:o (13)

and hence

' 

+ Ź, (") (T)*,a ,,-*:(# _,o, oo) o,_,

(1 1)

(l4)

The system of equations (II), (12) and (14) allows the determination of hg, x and R
and subsequently from the definition of x the rivulet spacing ). may be calculated. Solving
for x from eqn. (14) and substituting in eqn. (12), one obtains with the aid of eqn. (11)
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6*= 9T2h=
6lr2 6
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_

Fig.2. Dimensionless minimum film ńickness as a function "' *" "."j*L"jr"

h+ -3'r--(#ą- 
"o"eo)r 

n*rnto.)* 
*10 -(1-cos09), (15)

where 
L+ _ pT2he
" - 6-orĘJ'
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Equation (15) determines the critical dimensionless film thickness as a function of the

contact angle. The resulting dependence is shown in Fig, 2,

with ł+ known; the remaining parameters charactęristic of the problem maY be cOm-

puted. The following gxample is intended as an illustration. For a saturated steam-water

system at 2_0oC with a vapor velocĘ of approximately 300 m/s, the shear stress ,was com_

Fig. 3. Minimum films thicl:ne§s, rivulet radius and rivulet spacing for saturated steam_water system

at2ooC and steam velocity 300 m/s

Ł,20"C
N'łffi9łś2@*

1'.-,

a

l
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puted from the simplified ręlation
5 ,l_żX:-p,8,

Subsequently, the critical film thickness at break-up, the rivulet radius R and the wętted

arca Tat7o 16 have been calculated from the equations established abovę. The results of these

calculations arę shown in Fig. 3.

3. Comparison with experiment

Experimental measurements of minimum film mass-flow rates in two-phase annular

flow were performed by Hewitt and Lacey [9] and by the team of the present authors*).

Hewitt and Lacey investigated the break-up of a thin water film driven by air flowing in an

annulus formed by two glass tubes 0.5 in, and 1.125 in. respectively in diameter. The film

Table 1

Companson of experimental data of Hewitt and Lacey [9] with theory

Gn ||blhr1 400

(16)

Ę tm/sl
rrp [kg/ms2]
Gr [b/hr]
h" Itll
hruo, Ill7

5003002oo

38
39

64

66

30
\1

18

45
1,2,6

1,4

60
))1
10

75

35,5
8

17
19

23,8
26

Tbeoretical Yalu€s computed for (":0.01, ao:15".

was formed on thę inner surface of the outer tube. Thę results were plesented in the form

of a minimum film mass flow rate versus the air mas§ flow. For air mass flows of 200, 300,

400 and 500lb/hr the respective minimum film mass flow ratios were 18, 14, 10 and 8 lb/hr.

Tablę 2

Compjroo of experimental data of S. Gumkowski and E. Ihnatowicz
with theory

l" rc] I s,l I so,s 
l

Gnlkelh]
łyn [m/s]
trp [kg/rns2]
Gr[kg/h]
h"ltl]
hr.o,ltll

I78
152

1,12

ż0,5

245
249

t64
t42

1,01
23

272
270

119
l37

0,82
24

300
338

104
129

0,72
21

378
31r,

Theoretical values computed fof €" = 8,3, 10- 3, 0o :40o, This watęr film wm driven by steam

flowing in an mulus fomed by two tubes 35 mm and 98 m, respectively, in diameter. Tho

filn was fomed on the out€r §urface of the imer tube made of copper,

* The actual measurements were performed by S. Gumkowski and E, Ihnatowicz.
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Assuming a friction coefficient ('':0.01 for air flowing oveT a water fiIm, the shear
Stlesses could be calculated from eqn. (16) and subsequently the minimum film thicknesses.
The latter Were comPared with calculated values based on an assumed contact angle of
15', The resulting comPadson is shown in table 1, which shows excellent qualitative agre_
ement. The actual quantitative agleement is due to a fortunate choice of the friction cóef_
ficient (" and the contact angle 0g. A thorough comparison of theory and experiment
is onIY Possible if these two parameters are known. No experimental investigations pro-
viding such information have been found in the literature.

In the authors' own measurements shown in table 2, these quantities have as yet also not
been obtained. The trend of experimental data is very similai to that of Hevitt and Lacey
and with a suitable choice of (" and, do good agreement with theory can be obtained.
The somewhat higher minimum mass flow ratęs reflect the lower steam shear stresses
employed by the authors.

Rcccived by Editor, November, 1973.
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Analiza warunków rozr}rwania się filmu cieczowego na strugi

streszczenie

Analizie poddano jednorodny film cieczy płynący pod wpływem naptężeń stycznych na granicy
rozdziału pomiędzy fazą ciekłą i parową. Ustalono zależoości na energię mechaniczną filmu i powsta_
łYch strug PtzYPadającą na jednostkę szerokości filmu. Do rozważań przyjęto energię kiaetyczną oruz
energię Powierzchniową na granicy rozdziałl faz: ciało stałe-ciecz, cieĆi*pała oraz w przypadku
strug dodatkowo ciało stałe-Para. Jako warunki rozrywania się filmu na strugi ptzyjęto równośó
euergii mechanicznej w filmie i strugach ptzy tymsamym natężeniu przepĘwu ,przypadĄącymna jedno-
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stkę szerokoŚci filmu oraz minimum energii w strugach. Ten ostatni warunek wynika z warunku stabil-
noŚci strug Po rozerwaniu. W wyniku rozważań otrzymano bezwymiarową grubość rozrywającego
się filmu w zależnoŚci od kąta zwilżania ciecty. Otrzymzmy rezultat porównywano z badaniaŃ 

"trp"ł-mentalnymi Hewitta i Racey'a [9]. Wynik porównań jest zadowalający.

Axałns ycłoBffi pa3pblBa [JIeHKtr ,ItnAKocTtr na cTpyII

Pesrove

ArrarusnPYercx offiopo,qllafl IUIeEI(a *nnśocTz, npoTeKaloqarr troA BJIE IIItreM KacaTeJIgHbIx Ha_
EPrxeIrrB Ea rPaEtrĄę Pa3AeJIa xqgrot tr ffapoBoź $as. VorauaarrmaloTcfl 3aBtrctrMocTn H^ Mexarłtr_
qecKylo 3HepI[Io IUIeHKtr r o6pasoranrmixcł crpyfi, npnro4mqlloc, Ea eArIruI§/ IIItpIłILI rurerrra. B pac-
cyxAeHlłrfx [pIłffEMaIoTc' KtrIleTEqecKa.{ E DoBepxEocTHa{ glleprtru Ha rpaHtrIle pa34eJla sas: reepAoe
TąIo-)KEAKocTb, xaAKocTB-Dap, a B c.ĘĄae cTp)rź ło6a.Bollro TBepAoe TeJlo-nap. 3a ycrronła
pźl3pBIBa IUIeErtr Ea cTpyr trptrE lTo paBeHcTBo łrexamsecroź gEeprtrE B trJIeIIKe u cTpyrx uptr olEEa_
§oBoM pacxo,Ąe cpe.6r Ea eAEEuIIy mfrptrHBI IUIeEKu, a TaroKe NMEEuyM 9Eeprfftr B cTpyjłx. flocrłegnee
YcltoBue durexaer u3 YcnoBW{ ycrożmaocrr cTpyź trocne pa3pblBa. B pesyrnrare paccyxg€rrd tro.iry_
9ella 3aBBcEMocrr derPasllePrłofi ronqlrłłrr pasprrsaroqeźca IIJIeEKE oT yr.lla cMaqtrBaIIEfi xEAKocTa.
IIorrYT eIrEEń P€yJrbTaT cpaBffEBaJIc, c pe3yJIbTaTźrME gxctreprrMerłTaJlbllblx nccJleAosagrń Xesurra
r Paces [9]. Pesymrar cpaBlłegffń oKa3aJIc, yAoBJIeTBopĘTeJIlIIbIM.
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