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0X,

deformation gradient 1, =

N
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momentum p, = pv,

I=X,V,Z
specific momentum Vi
pseudomomentum P,=pyv.F,=pyu,
A=X.Y.Z

specific pseudomomentum u, =v F,,
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momentum flux
_ _ T dyf rad
p;=-T,=po, —(t;,+ R, +7; +7,;7 +7, +..)

pseudomomentum flux

P,=p,(e+Q-T-60n)0,—-F,T; - solid

PAB:p0(8+i+Q_T_977)5AB = PoM O, - fluid
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newtonian force density

configurational (pseudo) force

: L
aXA exp/
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momentum balance

%, %,
—(pv.)+—(pv.v.+p.)= pb.
8t(p ;) - (pvv, +p;)=pb,

pseudomomentum balance

18 0 i
8t(po uA)+8)(B(PAB) :FAh
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Euler- Lagrange equation

E(L)_aL_ 0 (oL )_,
” ox, 0X,\OF,

Transversality conditions

5 a in
at(po uA)+aX(PAB) :FAh +EF,

i
B
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Pseudomomentum via Variational Principles
of Thermomechanics

m [Thomson - Tait, 1867
m Gibbs, 1877 (Il part)
m Natanson, 1899

m Eckart, 1960
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Extension of Gibbs’ procedure

solid body — interphase — fluid body
3D 2D 3D
!
pseudomomentum Jump of pseudomomentum
conservation — Pseudomomentum — conservation
in solids 3D Gibbs, 1877 in fluids
(Badur 1997) (Badur 1997)
!
Jump extension
(Badur 1997)
!

Sivlg-bC+N® (T - N®N)oiv(C -bK)|=(P' - P")N

J. Badur [in:] Z. Bilicki ed. Wspoiczesne kierunki w Termodynamice, 129-146, Wyd IMP, Gdansk
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The Eckart variational principle

pseudoenergy conservation:

0 0
—p,(T+Q+s+0n)+ —(—pV,)=0
aTpo( ) P =rV,)

A

pseudomomentum conservation :

0 0 p
O N e E— e+ +Q-60n-T1=0
az_,00 4 ox po( P n j
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pseudo-vorticity conservation

1
Wi =S Wik Wi = 2(Vj,k ~ Vi)
|
W, =€ ,5c Wse Wee = 2(”B,c —Ucy)

a=rota=w =v+{trdl -I)v
Cauchy

(1815) W,=Jf.w rotor of velocity

A,=J [, rotor of acceleration

circulation

I :ifvl.dxl. =ﬁwini da = imAdXA :ﬁWANA dA

C Co
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Eulerian representation of pseudomomentum

Author Pseudomomentum flux tensor Pseudomomentum vector
Lagrangean Eulerian Lagrangean Eulerian
Eckart, 1960 a,, - Uy Ug,U, * -
Eshelby, 1970 P, X, g, —
Rogula, 1977 ;/m 2 ;4 P4
?9117(;rews & Mclntyre, Bij B 4 . B
Gol¢biewska—Herman, b B b B.
1981 4 i l ,
Grinfeld, 1981 Hy Xij ** - -
Peirles, 1988 — - K  wxx -
Duan, 1987 B, b, B, b,
11\/;3§u1n & Trimarco, bkl Bki Pk j Pk
Gurtin, 1995 C s — — -
present paper P P4 P, P4

*) per unit mass **)symmetric — an analogue of the 11" Piola-Kirchhoff flux

*k%k, .
) in the whole volume
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The acoustic pseudomomentum

from: M. Karcz, R. Kucharski, J. Badur, Matematyczne modelowanie dzwickdw generowanych przeptywem
czynnika roboczego, pp 1-162, submitted to: Zesz. Nauk. IMP, 2004
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The acoustic pseudomomentum
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from: R. Kucharski, A. Wisniewski, J. Badur, Eigencharakteristics
of prestressed fluid filled tanks vie an extended
Eckart copuled approach, 2004, pp 1-20, submited to Journal of Sound and Vibration.

WAPLEWO 2004



Generalized Lagrangian Mean approach

Two possible approaches for comparison of the excited motion superimposed on a normal motion of fluid element.
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Andrews-Mcintyre GLM (1978)

Wave displacement
[E(x,0]"=0
the mean Lagrangean velocity v*
the pseudomaterial derivative

D(-) _ *<->+[<-)®V]

pseudomomentum balance
(v — ")+ (@' -a" )@ ®V)=-Vr+F"

where pseudomomentum (per unit mass)

_ :_[gj,i gj,t ]”é»j
and
m=p"lp°+1/2[E,, &L T
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An example of wave action equation application in the SWAN model in the area of the Gulf
of Gdansk — Significant Wave Height H, [m] field on the 12.10.1999

Badur J., Cieslikiewicz W. ,Parametryczny model wysokosci fali znacznej i $redniego okresu fali na
obszarze Zatoki Gdanskiej ”, Dokumentacja projektu KBN 6 P 04E 037 20
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summary points
m reconstruction and revalorizatoion of
Thompson —Tait
Gibbs — extension of Laplace formulae
Natanson
Eckart
m role of pseudomomentum in acoustics
m role of pseudomomentum in turbulence
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