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Professor Marian Trela was born on 18.12.1941 in Książ Wielki, 

Poland. He graduated in 1965 from the Faculty of Machine De-

sign of the Technical University of Gdańsk. Then he started 

working at the Institute of Fluid-Flow Machinery of the Polish 

Academy of Sciences in Gdańsk (IMP PAN), where he worked 

until 2015. 

At the beginning of his scientific career, he dealt with prob-

lems of thermodynamic cycles, especially two-medium cycles 

with low-boiling agents in the low-temperature part of the cycle, 

encountering for the first time the problems of heat exchange 

and hydrodynamics of two-phase flows. He defended his doc-

toral thesis on the modelling of two-phase vapour-liquid flows 

at the Faculty of Shipbuilding of the Technical University of 

Gdańsk in 1972. 

In the 1970s, he dealt with problems of heat exchange during 

steam condensation, heat exchange in fin-tube exchangers and 

during sudden expansion of water with high parameters. He was 

also concerned with coal liquefaction issues. At that time, while 

being on a research internship at the University of Kentucky, 

USA, he obtained interesting experimental results related to sud-

den expansion of hot water, among others the possibility of ob-

taining the so-called "negative pressures". 

In the 1980s, he conducted research on problems of heat and 

mass transfer in two-phase mist flow. The Professor's original 

achievements in this area include the development of rational 

models of droplet separation and their effect on heat exchange. 

His scientific achievements in this area were honoured with an 

individual award from the Scientific Secretary of the Polish 

Academy of Sciences in 1982. He continued his work on these 

topics, covering issues related to the behaviour of the liquid 

phase on the channel wall in two-phase flow. The above topics 

gave rise to his doctoral (habilitation) thesis entitled "Thermo-

hydrodynamic issues of the liquid phase on the wall in two-

phase flow", which he defended at the Institute of Fluid-Flow 

Machinery of the Polish Academy of Sciences in Gdańsk  

in 1990. 

 

In the 1990s, Prof. M. Trela conducted research on: direct 

condensation on a cold liquid layer, steam condensation on 

densely ribbed pipes in condensate drainage conditions, the ef-

fect of surface contamination and the presence of air and steam 

velocity on steam condensation, the spread of free liquid jets on 

the surface of bodies of various geometry. 

The summary of Prof. M. Trela's scientific achievements in 

the field of two-phase flows and heat exchange is the mono-

graphic book entitled "Motion and heat exchange of thin liquid 

layers" published in 1998 as volume 23 in the series "Fluid Flow 

Machinery", Ossolineum, Wrocław. 

In 1999, he obtained the academic title of Professor of Tech-

nical Sciences.  

In the years 2000 and 2010, Prof. M. Trela dealt with mod-

elling physical phenomena in supercritical two-phase steam-wa-

ter jets in conditions of strong thermal imbalance, and also with 

the effect of electric field on the condensation of vapours of di-

electric media. In  addition  to  the  basic  research,  Prof.  Marian  
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Trela was active in the field of applied research. He imple-

mented his system for measuring and monitoring the amount of 

air in the condensers of large power plants. 

Prof. M. Trela was Head of the Heat Exchange Department 

at IMP PAN in the years 19932012. In the years 20022012, 

he also served as Head of the Centre of Fluid Thermomechanics 

at IMP PAN. He was also a member of the Scientific Council of 

IMP PAN. He was appointed a member of the Committee of 

Thermodynamics and Combustion of the Polish Academy of 

Sciences, including its Thermodynamics Section, a member of 

the Multiphase Flows Subsection of the Committee of Mechan-

ics of the Polish Academy of Sciences, and a member of the 

Section of Fundamentals of Machine Operation of the Commit-

tee of Machine Construction of the Polish Academy of Sciences. 

Prof. M. Trela was the author of 2 dissertations, 3 mono-

graphs, and the author or co-author of approximately 200 arti-

cles and scientific papers published in journals and materials 

from national and international conferences. He also authored 

and co-authored of over 120 unpublished scientific research pa-

pers and expert opinions prepared for the industry. 

He supervised 4 completed PhD theses. He also conducted 

didactic work at the University of Warmia and Mazury in Ol-

sztyn and at the Higher School of Gdańsk (currently Academy 

of Finance and Business Vistula). 

 

 

He was awarded Bronze and Gold Crosses of Merit. The 

Subsection of Multiphase Flows and Non-Newtonian Fluids of 

the Section of Fluid Mechanics of the Committee of Mechanics 

of the Polish Academy of Sciences awarded him a distinction in 

the form of the "Medal for outstanding achievements in the field 

of multiphase flows". 

An outstanding scientist was associated with the journal Ar-

chives of Thermodynamics. His cooperation with the journal 

took various forms. He was the author or co-author of numerous 

articles published in the journal, the first of which was published 

very soon after the journal was founded, in 1990. Then, based 

on his thorough knowledge of the subject, he reviewed manu-

scripts submitted for publication. From 2006 to 2021, he served 

as Deputy Editor-in-Chief of the journal. 

Professor Marian Trela passed away on 19.03.2025. He will 

forever remain in our memory as an outstanding specialist in the 

field of thermodynamics and fluid flow machinery. His open-

ness, willingness to help other people and his respect for others 

made him not only an authority in his field, but also a true friend 

and mentor. His contribution to the development of science, his 

wisdom and kindness will inspire us for many years to come. He 

will forever remain in our grateful memory as a person with  

a big heart, a warm colleague and friend who, throughout his 

life, earned the respect of all who knew him.  

 

AoT Editorial Board 

 



 

1. Introduction 

The beginning of the 21st century is a time of intensive scientific 

and research work related to micro- and nanotechnology, highly 

efficient energy conversion technology and methods of limiting 

its impact on the degradation of the natural environment. Re-

search teams dealing with heat and mass exchange must face 

new challenges in the design and construction of modern and 

highly efficient process devices even for biomedical screened. 

Typical and idealized cases given in the specialist literature are 

no longer sufficient to solve current technical or technological 

problems. To cite two of them as an example: cooling of gas 

turbine blades or cooling of electronic systems, associated with 

complex geometry, non-uniform boundary conditions, and the 

action of aggressive and usually non-stationary flow. To inves-

tigate temperature and then heat transfer coefficient distribu-

tions (usual in Nusselt number form) on film heated models in 

channels with ribs turbulators has already been conducted by 

Baughn et al. [1], Bergles [2], Ciofalo et al. [3], Fiebig [4], Fie-

big et al. [5], Hippensteele et al. [6], Jacobi et al. [7], Jones et al. 

[8,9], Leiner et al. [10], Mikielewicz et al. [11], Simonich and 

Moffat [12], Stasiek et al. [13‒17], Tanda et al. [18‒21] and the 

ones investigated in [22‒25]. Designers of thermal devices ex-

pect more precise information on local values of the heat transfer 

coefficient, not only its average values. The flow pattern pro-

duced by transverse vortex generators (ribs) was visualized us-

ing a planar beam of double-impulse laser tailored by a cylindri-

cal lens and oil particles. Sequential images  of  the  particles  in 
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as modern and unique tools for technical and biomedical 

research and diagnosis – mini review 
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Abstract 

Liquid Crystals Thermography, Particle Image Velocimetry, Infrared Imaging Thermography and Digital Infrared Imaging have 
been successfully used in non-intrusive technical, industrial and biomedical studies and applications. These four tools (based on 
the desktop computers) have come together during the past two decades to produce a powerful advanced experimental technique 
as a judgment of quality of information that cannot be obtained from any other imaging procedure. A brief summary of the 
history of this technique is reviewed, principal methods and tools are described and some examples are presented mostly from 
our own research. Automated data evaluation allows us to determine the heat and flow visualization and locate the area of 
suspicious tissue in the human body. Anyway with this objective, a relatively new experimental technique has been developed 
and applied to the study of heat and mass transfer and for biomedical diagnosis.  
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Nomenclature 
B ‒ blue as the basic spectral colour 

G ‒ green as the basic spectral colour 

I ‒ intensity of any colour 

R ‒ red as the basic spectral colour 

H – hue 

l ‒ linear dimension 

S ‒ saturation 

x ‒ distance 

 

Abbreviations and Acronyms 

CCD ‒ charge-coupled device 

CCIR ‒ Comité Consultatif International des Radiocommunications 

CFRP‒ carbon fibre-reinforced polymer  

ChLC‒ cholesteric liquid crystals  

CMOS‒ complementary metal-oxide-semiconductor 

CR ‒ computer radiography 

DII ‒ digital infrared imaging 

FPS ‒ frames per second 

HSI ‒ hue, saturation, intensity (model) 

IR ‒ infrared radiation 

LCT ‒ liquid crystal thermography 

MRI ‒ magnetic resonance imaging 

NDT ‒ non-destructive testing 

PIV ‒ particle image velocimetry 

RGB ‒ red, green, and blue (colour model) 

SLC ‒ smectic liquid crystal  

TLC ‒ thermochromic liquid crystal 

 

a cross-sectional plane taken with a charge-coupled device 

(CCD) video camera from the downstream side of the flow were 

stored on a personal computer to obtain distributions of velocity 

vectors by means of the particle image velocimetry (PIV) 

method developed by Hiller and Kowalewski [26], Kowalewski 

et al. [27−29], Raffel et al. [30], Tanaka [31] and Tropea et al. 

[32]. Also in experimental investigations of the film cooling ef-

fectiveness for model turbine blades, the liquid crystal thermo-

graphy (LCT) technique is presented. The film cooling and vis-

ualization of the few different jets holes configurations in stea-

dy-state and transient performance were performed experimen-

tally above all by Satta and Tanda [33], Borda et al. [34] and Ek-

kad and Singh [35]. Therefore with this objective, a new exper-

imental technique has been developed and applied to the study 

of heat and mass transfer and also for biomedical diagnosis by 

application of colour images for skin examination. Automated 

evaluation allows us to determine the heat and flow visualization 

and locate the area of suspicious tissue in the human body [36]. 

In medical case, the use of digital infrared imaging (DII) and 

LCT is based on the principle that metabolic activity and vascu-

lar circulation in both pre-cancerous tissue and the area sur-

rounding a developing breast cancer is almost always higher 

than in normal breast tissue. These temperature variations may 

be among the earliest signs of breast cancer or orthopaedic cases 

and/or a pre-cancerous state of the breast as presented in [37−42] 

and the recently presented study by Kesztyüs et al [43]. These 

expectations are met by automated and fully computerized LCT 

based on the physicochemical properties of, among others, hel-

ical cholesterol esters, digital-computer and analogue analysis 

of colour images. It enables not only the study of complex ge-

ometries or the influence of non-uniform boundary conditions, 

but also pulsating and turbulent flows of large scales and low 

frequencies. Situations of such complex heat exchange can be 

found in most devices in which energy conversion processes 

take place. The analog-digital liquid crystal thermography sup-

ported by PIV [32] are excellent and recognized measurement 

methods used to study advanced thermal and flow processes in 

major scientific centres in the world and in Poland. LCT theo-

retically enables visualization of two-dimensional temperature 

and velocity fields with single-pixel accuracy and learning about 

the influence of many thermophysical and flow factors on the 

formation of laminar and turbulent boundary layers [44−53]. Or-

ganisation of scientific research using liquid crystal thermogra-

phy and image anemometry will allow verification of estab-

lished stereotypes in measurement techniques and empirical re-

lationships obtained on the basis of low-precision (global) meas-

urements, but still used in engineering practice and medical re-

search [37,38]. 

2. RGB and HSI colour models 

The perception of the spectrum of electromagnetic waves (col-

ours) is an individual phenomenon. The colour of the setting sun 

at the same time can be interpreted by different people as red, 

dark red or light red. The variety of colour definitions indicates 

the different sensitivity of the human eye to absorbing light, pho-

tosensitive retinal receptors and colour perception. The problem 

of unambiguous colour description complicates the way and 

methods of defining colours, as in everyday Polish hue and col-

our are synonyms. 

Colour is perceived thanks to photosensitive cells in the ret-

ina of the eye, called rods and cones. Rods are sensitive to the 

degree of quality (scotopic vision), and cones to colour (pho-

topic vision). The human eye has its limited colour resolution, 

i.e. sometimes it is unable to see the difference between two col-

ours with different spectrums, treating them as the same. It 

shows a different degree of sensitivity to a specific colour, which 

is determined by the individual and knowledge in using the 

sense of sight. The human eye contains three types of cones, 

with different spectral characteristics. Three dyes participate in 

the perception of colours, reacting with different sensitivities to 

the wavelength of electromagnetic radiation [54]: 

 erythrolabe  sensitive mainly to the wavelength corre-

sponding to red, 

 chlorolabe  sensitive mainly to the wavelength corre-

sponding to green, 

 cyanolabe  sensitive mainly to the wavelength corre-

sponding to blue. 

On this basis, the RGB colour model was developed, widely 

used in devices analysing and displaying images, such as digital 

cameras, camcorders, monitors and televisions, etc. It is obvious 

to manufacturers and users of colour monitors, cameras and 

computer graphics that colour is a combination of three basic 

colours (primary colours)  red, green and blue (RGB). Additive 
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mixing of primary colours, i.e. RGBs, allows obtaining "mil-

lions" of colours of visible light. The history of research and 

considerations on the essence of colours and their impact on hu-

mans is much longer than the history of research on the proper-

ties of electromagnetic radiation. 

Considerations on the creation of colours and their qualifica-

tions were undertaken by, among others, Pythagoras, Aristotle, 

Plato, Robert Grosseteste, Leon Battista Alberti and Leonardo 

da Vinci. A breakthrough in the study of colour was the discov-

ery of Isaac Newton, made during his research on the dispersion 

of white light in a prism and the reverse process, during which 

he obtained white light again [54]. The colour triangle, drawn 

up in the mid-19th century by James Clerk Maxwell 

(18311879), illustrating the method of obtaining different col-

ours by an appropriate combination of three primary colours: 

red, green and blue placed at the vertex of the triangle, became 

the basis for the technology of colour printing, photography and 

colour television. The colour system proposed by Maxwell and 

the scientific considerations conducted by his successors led to 

the establishment of a standardized colourimetric system in 

1931 by the International Commission on Illumination (Com-

mission Internationale de l’Eclairage  CIE) [55]. The CIE 1931 

system and its later version CIE 1976 (Fig. 1), derived from 

Maxwell's triangle, are based on the recognition of red (R), green 

(G) and blue (B) as the basic spectral colours, which are de-

scribed in the standardized trichromatic coordinate system X, Y, 

Z, also known as relative visual efficiency of cones. Due to the 

individual (individual) perception of colours by humans, many 

digital models describing the space of colours visible to humans 

have been developed. One of the more successful and used mod-

els is HSI (hue, saturation, intensity): 

 hue (H) – specifies numerical shades of colour (on an an-

gular scale from 0 to 360°), 

 saturation (S) – is the saturation, deviation of the colour 

from white, 

 intensity (I) – is the quality of colour, which indicates 

whether the colour is closer to white or black. 

This model assumes that colours perceived by humans can 

be described using these three coordinates, provided that the 

points are located on the surface of a solid of a double-sided 

cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figures 2 and 3 show two models of colour description: the 

first is based on the traditional model built on a cube, in which 

the basic colours are assigned to the appropriate corners of the 

solid, and the second is based on the HSI (Hue, Saturation and 

Intensity) model, where the intensity axis changing from black 

to white is marked and a cross-section of the solid is shown cor-

responding to the changing values of colour (H) and its satura-

tion (S). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Mathematically, it is relatively simple to change the colours 

of the image from the RGB model to the HSI model. If the co-

ordinates of the colours or “hues” are defined by the coordinates 

as in Fig. 3, the intensity of any colour is defined by the formula: 

 𝐼 =
𝑅+𝐺+𝐵

3
. (1) 

Accordingly, hue (colour) is represented by the angle of the 

vector rotating about the white colour point located inside the 

CIE 1976 colour map from the origin, which defines the colour 

red (Fig. 3 down). This value is given by the formula: 

     𝐻 =
1

360
[90 − arctan (

𝐹

√3
) + {0, 𝐺 > 𝐵; 180, 𝐺 < 𝐵}], (2) 

where: 

 𝐹 =
2𝑅−𝐺−𝐵

𝐺−𝐵
. (3) 

The colour saturation is appropriately determined by the for-

mula (4) in the following form: 

 𝑆 = 1 − [
𝑚𝑖𝑛(𝑅,𝐺,𝐵)

𝐼
] =

𝑥

𝑙
. (4) 

 

Fig. 1. The map of the 1976 chromaticity diagram is similar in nature  

to the triangle colour map. At the end points of the chart, the colour  

primaries (as defined by the CIE in 1976) are shown [55]. 

  

Fig. 2. RGB colour model. 

  

Fig. 3. HSI colour model. 
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For example, in Eq. (4), assuming the smallest values of R/I, 

G/I and B/I equal to 1, we get a saturation of 0, which means 

white. When using an 8-bit computer, all the values or attributes 

of colours change from 0 to 255. Colour image processing can 

be much less complicated and quicker to execute if colour im-

ages captured from RGB video sources can be digitally con-

verted from RGB data to HSI data reported in [54,56,57]. 

The saturation of a chosen hue can be decreased by moving 

away from the pure hues parameter of the diagram toward its 

centre to the point where red, green and blue mix equally into 

white. Each step toward the diagram’s centre represents a de-

crease in saturation [55]. 

3. Thermochromic liquid crystal 

The history of research on liquid crystals dates back 120 years. 

In 1888, Austrian botanist F. Reinitzer [36] accidentally discov-

ered the "anomalous" behaviour of cholesterol benzoate when 

heated. This compound melted at 145.5°C. However, the result-

ing liquid was not clear, had a very high viscosity and showed 

colour effects. Only at 177.5°C did it transition to a transparent 

liquid. German physicist O. Lehmann [58] became interested in 

this phenomenon, considering the state of the turbid liquid to be 

a separate state of matter, to which he gave the name liquid crys-

tal. Currently, an alternative term is also in use  mesophase 

(from the Greek mezos  intermediate). The liquid crystal phase 

is characterized by rheological properties similar to those of liq-

uids (the lack of a rigid crystal lattice causes a lack of elasticity 

of shape and allows flow), although it usually has significant 

viscosity. At the same time, however, liquid crystals exhibit an-

isotropy of physical properties, which means that physical quan-

tities measured in different directions take different values. This 

feature is characteristic of solid crystals and does not occur in 

liquids, with the numerical anisotropy values generally being 

lower for liquid crystals than for solids. For many years, liquid 

crystals were treated as a kind of physical curiosity, and it was 

not until the 1960s that research on these substances began to 

develop rapidly, related to their role in biological systems and 

technical applications. Most applications of liquid crystals are 

based on the ease with which relatively weak external stimuli 

can change the macroscopic properties of the liquid crystal. This 

allows for the construction of devices that detect changes in var-

ious physical quantities and electronically controlled infor-

mation imaging systems. Cholesteric liquid crystals (ChLC), af-

ter several decades of collecting research material, found appli-

cation in science and technology, initially in thermography and 

defectoscopy, and then in the detection of organic compound 

vapours, electromagnetic radiation and ultrasound. 

3.1. Structure and classification 

At present, many different structures occurring in liquid crystal 

states are known. Due to the method of obtaining, liquid crystals 

are divided into thermotropic - formed after melting solid crys-

tals and lyotropic  formed after dissolving a mesogenic sub-

stance in a suitable solvent. The thermotropic mesophase can be 

enantiotropic  occurring during heating and cooling or mono-

tropic  if it appears only during cooling of the substance from 

the isotropic liquid state [54]. 

The order of molecules in the liquid crystal state depends on 

their shape, molecular properties and the nature of intermolecu-

lar interactions. The vast majority of molecules of mesogenic 

compounds have the shape of elongated rods or flat disks. Sub-

stances with elongated molecules can form a smectic mesopha-

se, i.e. a smectic liquid crystal (SLC). In this type of mesophase, 

the molecules lie in mono- or bimolecular layers equally spaced 

from each other. Within one layer, there may also be various 

types of constraints imposed on the mutual position of the cen-

tres of gravity of the molecules, which distinguishes different 

types of smectic phases. The unit vector n parallel to the local 

average direction of the order of the long molecular axes  the 

so-called director, is in smectic either approximately perpendic-

ular to the planes of the smectic layers or inclined to them at  

a certain angle. Individual types of smectic phases are usually 

described by capital letters of the Latin alphabet. 

Elongated molecules can also form nematic order, i.e. ne-

matic liquid crystal (NLC). In this type of liquid crystal phase, 

the molecules are free to rotate around the long molecular axis 

and translate, maintaining approximately the order relative to 

neighbouring molecules (Fig. 4). 

 

 

 

 

 

 

 

 

 

 

 

 

 

If the molecules of a mesogenic compound have a centre of 

structural asymmetry (they are chiral), then due to the presence 

of spatial obstacles, the substance takes on a molecular order that 

is not nematic but twisted nematic, also called cholesteric. In 

a twisted nematic, the molecules lie in monomolecular layers, 

within which the order is quasi-nematic, as a result of which the 

molecular structure takes the shape of a screw (helicoids) as 

shown in Figure 4b. Such a twisted structure is equivalent to  

a nematic, but it determines the existence of several specific 

physical properties. The name ChLC is increasingly replaced by 

the one given above  twisted nematic. 

3.2. Applications of ChLC 

For the practical application of cholesteric liquid crystals 

(ChLC), optical phenomena that are characterized by significant 

sensitivity in response to external stimuli are of primary im-

portance. Selective reflection of light and optical activity and 

circular dichroism should be mentioned here. The most fre-

quently measured quantities are: temperature of occurrence of 

colours or colour transitions, wavelength of maximum selective 

reflection, intensity of selectively reflected light. The selection 

of the measurement method is determined by substantive and 

functional needs (including the required accuracy and sensitivity 

 

Fig. 4. Molecular arrangement in different types of mesophases.  

The direction n is represented by arrows: a) nematic,  

b) cholesteric, c) smectic A, d) smectic C. 
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of the measurement, time, costs and conditions of its perfor-

mance and method of recording results). B&H Liquid Crystal 

Devices Ltd [59] presents some applications of ChLC depending 

on the working temperature. 

In medicine, thermography was used, for example, when tak-

ing thermograms of the eye and eye socket. Using a solid layer 

of ChLC applied or by applying a thermographic foil, it is pos-

sible to determine the boundaries of the inflammatory process 

and detect separate foci of inflammatory infiltrates at different 

stages of their development. In comprehensive examinations of 

patients, liquid crystal thermography allows for obtaining infor-

mation about the location of purulent-inflammatory foci, malig-

nant and non-malignant tumours, as well as their metastases to 

lymph nodes and lymphatic vessels. This method enables obser-

vation of changes in the inflammatory state and allows the se-

lection of the most rational surgical access to the inflammatory 

focus. Cancerous tissue emits significantly more energy than 

normal tissue. Rapid cell division is associated, among other 

things, with increased metabolism, which causes an increase in 

temperature and can be detected visually using thermography. 

In the case of breast cancer in women, a temperature increase of 

0.5 K is often a sign of a benign tumour, while an increase of  

2 K suggests a malignant tumour. In material testing, non-de-

structive testing (defectoscopy) with methods such as X-ray, ul-

trasound or magnetic resonance occupy an important place. In 

recent years, there has been development of device defectoscopy 

based on the use of liquid crystal thermography.  

The distribution of temperature measured on the surface of 

an object is related to the properties of the material and the op-

erating characteristics of the device. The temperature distribu-

tion is influenced by both the amount of heat dispersion (thermal 

dissipation) and thermal diffusivity. A typical example of the 

use of this method is the location of damage in joints. There is 

a high current density at the fault site, and therefore a high tem-

perature, so it can be located very precisely. 

3.3. Calibration of ChLC 

Before starting temperature measurements and data recording 

with a computer-vision system, the characteristics of the meas-

uring section consisting of a liquid crystal layer, light sources 

and a camera-video-computer system must be determined. It 

should be done on an experimental stand so that the optical con-

ditions during calibrations and then the experiment are compa-

rable. Both the temperature range of the colour response and the 

colour response temperature can be selected depending on the 

needs of the experiment in the range from ‒30°C to +120°C with 

a temperature range from 0.5°C to 20°C. 

The type of liquid crystal selected for the experiment also 

depends on the type of means used to analyse the resulting col-

our images. In the described experiment, a computer-vision 

analysis technique is used that excludes the possibility of differ-

ent interpretations of the same image depending on the way of 

perceiving colours. In such a case, the best material is a liquid 

crystal with a narrow temperature range. In the presented meas-

urements, the liquid crystal film was manufactured by  

MERC Ltd. [57] The symbol R30C5WA means a colour re-

sponse temperature range of 5°C and a colour response temper-

ature of 30°C, i.e. the possibility of measurement in the temper-

ature range from 30 to 35°C. The experimental stand for calibra-

tion of liquid crystal film is shown in Fig. 5. The layer of liquid 

crystal film is placed between a brass marking plate and  

an 8 mm thick plexiglass plate. This allows the change in the 

colour of the liquid crystal layer to be viewed through the plexi-

glass under the influence of changes in the temperature of the 

brass plate. The whole is insulated with a layer of polystyrene. 

The brass plate has dimensions of 210 × 170 × 8 mm. To obtain 

a linear temperature distribution in the characteristic plate, one 

end of it is cooled with thermostated water and the other is 

heated with an electric heater with adjustable power. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
For the applied R30C5WA liquid crystal layer as a foil with 

the colour component pattern (see Fig. 6), calibration was per-

formed using halogen and tungsten lighting (Figs. 7 and 8). 

Analysis of the averaged values of the gauge curves showed that 

halogen lighting is more advantageous and useful for thermo-

graphic applications and it was selected for further measurement 

procedures. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. Calibration brass plate with liquid crystal layer attached. 

 

Fig. 6. The distribution of the colour component pattern  

on the liquid crystal layer measured by RGB colour camera. 

 

Fig. 7. Averaged value of the feature curves of the liquid crystal film  

under halogen illumination. 
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3.4. Visualization of velocity and temperature fields  

in cavity 

The liquid crystal technique is used not only in air flows, but 

also in other fluids. The distributions of the temperature field 

and velocity vectors were visualized using a liquid crystal in  

a pure solution form or microcapsules, both as trace particles 

inside the fluid or as a coating of the flowing surface. The en-

capsulated form of liquid crystal can be mixed directly with wa-

ter, glycerine or silicone oil. It is recommended to create dilute 

solutions, i.e. 0.01‒0.02% by weight [16,17]. Too much liquid 

crystal causes a milky colouration of the dilutes and when re-

flecting light, it causes blurring of colours. The structure of the 

flow together with the movement of the particles can be rec-

orded using a photo camera or a video camera. With the flash of 

a white light knife “cutting through the flow” (similar to the PIV 

method), both the temperature of the coloured molecule and its 

flow direction (when several images of the same molecule are 

taken) can be recorded. 

3.5. Particle Image Velocimetry 

Digital image anemometry (known as Particle Image Veloci-

metry  PIV), as a measurement method of fluid mechanics, 

originates from visualization techniques used for hundreds of 

years, most often allowing only a qualitative assessment of the 

structure of the tested flow [30]. Visualization methods consist 

in observing marker particles, called seed particles, found in  

a moving fluid (e.g. smoke in the air, small pieces of wood in  

a river or specially selected particles in laboratory measure-

ments) and determining, based on the observed movement of 

these particles, the nature of the flow of interest to us. The ob-

servation can be made here directly using the researcher's "eye" 

or using equipment enabling image recording. It is important 

that the observed marker particles are appropriately selected for 

the analysed movement  so that the tested flow "carries" them 

along with it. Their density must be close to the density of the 

flowing substance and their size must be suitably small. This 

will eliminate the influence of gravity and inertial factors and 

allow us to assume that the observed movement of particles is 

identical to the movement of the fluid carrying them. Most often, 

various types of powders, liquid droplets, smoke and pollen are 

used as seed particles, depending on the type of flowing medium 

(gas, liquid) and the nature of the flow. PIV consists in recording 

moving marker particles with a digital camera and further nu-

merical analysis of the obtained image sequences, as a result of 

which we obtain instantaneous, full velocity fields of the moving 

fluid. 

A typical diagram of the measuring techniques used in the 

PIV technique is shown in Fig. 9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The tested flow with the addition of marker particles is illu-

minated by a narrow plane of light, the so-called light knife. Hal-

ogen lamps are used as the light source, and currently most often 

lasers, from which the light beam is directed at the tested flow 

by means of a system of mirrors and a cylindrical lens and 

formed into a light knife. The use of the light knife is intended 

to separate the tested, interesting cross-section of the flow from 

the rest of the measurement domain. Thanks to this, only the 

tested cross-section is visible on the recorded images, and the 

remaining part is darkened and not subject to recording. The ob-

tained images of moving particles are subjected to further nu-

merical analysis aimed at precisely determining their displace-

ments between individual registrations. At present, the PIV mea-

surements are performed by using small droplets of synthetic oil 

DEHS (Di-Ethyl-Heksyl-Sebacat). The oil drops volumetric 

concentration was very low hence they did not affect the flow 

structure. 

 

 

Fig. 9. Schematic of a typical PIV measurements with one camera (up), 

and two cameras (down) [32]. 

 

Fig. 8. Averaged value of the feature curves of the liquid crystal film  

under tungsten illumination. 
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The use of the PIV method entails certain limitations and 

conditions that must be met by images intended for analysis, 

namely: 

 sufficiently high concentration of marker particles in im-

ages; a small number of particles does not allow the use of 

fast Fourier transforms (FFT), 

 as even as possible saturation and brightness of the rec-

orded images; large changes in the degree of exposure 

within the analysed area introduce the need to use filtering, 

which should average the brightness over the entire image, 

 large differences in speed between individual image frag-

ments favour the occurrence of interferences and distor-

tions in the obtained velocity field, which occur when 

a larger number of lifted markers leave the analysed area 

due to too high speeds, 

 the time interval between successive images should not be 

too small; small displacements have a directly proportional 

effect on measurement inaccuracies. 

The path between obtaining digital images and obtaining 

vector graphs that are a graphical representation of velocity 

fields leads through a series of activities performed by a com-

puter program; from manipulating graphic files, through typical 

mathematical operations, to using the functions controlling the 

system's graphical interface to visualize vector graphs. Mathe-

matical calculations mainly come down to determine the corre-

lation coefficients of image fragments in order to find particle 

displacements, and to convert them into velocity fields. In digi-

tal image anemometry, FFT is used to determine image correla-

tion. These are algorithms for numerical calculation of the Fou-

rier transform and the inverse Fourier transform. 

4. IR Photography (IRP) 

Infrared radiation as presented in Fig. 10 [60] can be used to 

remotely determine the temperature of objects and for imaging 

using differences in the thermal radiation of bodies [32]. For 

bodies at room temperature, this technique is called thermogra-

phy, and for hot bodies, pyrometry. Thermography is used pri-

marily in military and industrial applications, but the technology 

is reaching the public market in the form of infrared cameras. 

The most popular and comprehensive thermal cameras available 

for industrial and commercial buildings or energy conversion 

devices are FLIR products.  

 

 

 

 

 

 

 

 

 

 

 

 

 

The FLIR T440bx thermal camera is based on infrared radi-

ation and used in current investigations (Fig. 11). It offers all the 

latest FLIR features in a brilliant resolution. The real standout 

for the T440bx camera is FLIR’s new MSX Thermal Image En-

hancement. Multispectral imaging camera (MSX) combines the 

thermal and visible images into one data-rich image a com-

pletely new fusion technology. Easily identify intersecting 

walls, mechanical data plates and heat transfer elements or even 

whole furnaces and combustion systems, all while still viewing 

in full infrared. The FLIR T440bx series also offers a flexible, 

efficient and variably universal method of gathering and analys-

ing equipment data with its high temperature range (‒20°C to 

650°C), multiple hot spot measurements, humidity and dew 

point measurements, wi-fi connectivity and sensitive to 0.03°C 

temperature changes. 

 

 

 

 

 

 

 

 

 

 

In general, taking into account the advantages and disad-

vantages of this measurement technique, objects emit infrared 

radiation across a spectrum of wavelengths, but sometimes only 

a limited region of the spectrum is of interest because sensors 

usually collect radiation only within a specific bandwidth. Ther-

mal infrared radiation also has a maximum emission wave-

length, which is inversely proportional to the absolute tempera-

ture of the object, in accordance with Wien’s displacement law. 

Therefore, the infrared band is often subdivided into smaller sec-

tions. 

5. Experimental open wind tunnel 

The experimental open wind tunnel was designed and con-

structed at the Institute of Energy of the Gdańsk University of 

Technology [11]. Thanks to its universal design, it allows for 

testing a wide range of geometries with a small expenditure of 

resources needed to adapt the measurement section to subse-

quent experiments. Figure 12 shows a diagram of the wind tun-

nel for modelling of heat exchanger elements. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11. FLIR’s T440bx IR camera. 

 

Fig. 10. Spectral irradiance graphs as a function  

of wavelength and temperature. 

 

Fig. 12. Open low speed wind tunnel, 1 – RGB camera (TK-1070),  

2 – PC, 3 – monitor (RGB-VMR 200), 4 – recorder/backup, 5 – air  

conditioning system, 6 – heater, 7 – LC mapping section, 8 – digital  

micro-manometer FC012, 9 – DISA hot wire system (HW),  

10 – variac, 11 – fan, 12 – orifice, PT – Pitot tube. 
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In the air preparation section, an MPA 90T fan is installed 

with a maximum capacity of 1200 nm3/h with automatic and 

smooth regulation of the rotational speed using an inverter, 

which allows for obtaining Reynolds numbers Re of up to ap-

proximately 1.5⸱105 in the measurement rectangular section 

(Dh = 69.11 mm). 

The fan is connected by a steel spiral pipe to the heater and 

then to the control section. Thanks to the placement of the orifice 

with a dial measurement (D = 100 mm, d = 50.12 mm and mod-

ule m = 0.2512), it is possible to estimate the amount of air flow-

ing through the station before the heater, whose regulated power  

(N = 1800 W) allows heating the compressed air to the desired 

temperature. 

The air prepared in this way is forced into the control section 

made of 8 mm thick plexiglass. Initially, it is a tube with a di-

ameter of d = 90 mm and length of L1 = 1080 mm, then a diffuser 

with a length of L2 = 330 mm and a rectangular stabilizing sec-

tion with a length of L3 = 810 mm. Inside the round channel,  

a control measurement of the amount of air flowing and its pa-

rameters is carried out using a Pitot tube and a digital micro-

manometer FC012 from Furness Controls Limited UK. This part 

of the control section is also used to calibrate the wire anemom-

eter probe (DISA-thermo-anemometer type 55M01), which is 

used to measure the height of air turbulence at the inlet to the 

measuring section during the experiment. 

The modelling (mapping) section, is supplied via a bypass 

valve which allows the hot air supply to be cut off if necessary. 

The modelling section is illuminated from above by a set of 

tungsten or halogen lamps and the colour images are recorded 

by using a computer vision system. 

The mapping section, which is an 8 mm thick plexiglass 

plate and a 0.15 mm thick liquid crystal foil, is washed by the 

air flowing around that supplies heat to the ribbed surface. 

Know-ledge of the heat flux density and local temperature val-

ues obtained using liquid crystal thermography enables the cal-

culation of local values of heat transfer coefficients and then 

Nusselt numbers using the gauge curve of the liquid crystal layer  

(Fig. 7) [17‒19]. 

Thermographic measurements of stationary and non-station-

ary two-dimensional temperature fields in the measuring section 

of the model heat exchanger were aimed at determining the heat 

transfer coefficients and the Nusselt number. Local surface tem-

peratures were assessed based on hue measurements, which 

were then converted into the temperature in Kelvin or Celsius 

scale using the gauge curve of the liquid crystal layer. In many 

cases, as mentioned above, remarkable enhancement of local 

and spatially averaged surface heat transfer rates is possible with 

rib turbulators, in spite of the lower local Nusselt number at cer-

tain locations along the ribbed surfaces. 

The test surface that is analysed contains a collection of rib 

turbulators that are perpendicular and angled with respect to the 

flow stream (Fig. 13) [13,14]. However, to determine the surface 

heat flux, the convective power is provided by the thermofoil 

heaters. 

Spatially resolved temperature distributions along the bot-

tom rib turbulator test surface are determined using a liquid crys-

tals foil and true-colour image processing system commercially 

available from Data Translation Ltd. [56] and Hallcrest [54]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Examples of experimental results 

In the following examples, the TLC’s foil sheet and unsealed 

TLC’s tracers have been applied to measure both the surface 

temperature and velocity, and temperature fields in a glycerol-

filled cavity under free convection. For human body screening 

or biomedical situations, few images using Thin Layer Chroma-

tography (TLC) and IR-Photography techniques are also pre-

sented. 

6.1. Temperature measurement on the ribbed surface 

and square section column 

Figures 14 and 15 show photographs of the colour distribution 

of the liquid crystal layer on the ribbed surface and around 

a square section column. A pattern of the Nusselt number Nu 

reconstructed by false colour images of the heat transfer from 

a surface with square columns is presented in Fig. 16. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 14. Photograph of the colour distribution of the liquid crystal 

layer on the ribbed surface. 

 

Fig. 15. Photograph of the colour distribution of the liquid crystal 

layer around a square section column. 

 

Fig. 13. Schematic view of four types of transverse vortex generators. 
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Figures 17 and 18 show (for geometry a and b, see Fig. 13) 

the local streamwise Nusselt number distribution between the 

selected ribs (out of several dozen) of the central zone of the 

model heat exchanger. Thermal flow tests were performed for 

four values of the Reynolds number, i.e. 9000, 16 000, 26 000 

and 35 500. The analysis of the experimental results showed that 

flow turbulisation using simple transverse ribs leads to the best 

effects (the highest average values of the heat transfer coeffi-

cient are obtained for the perpendicular ribs). Turbulators set at 

angles other than perpendicular to the air flow contribute to the 

improvement of heat exchange to a lesser extent. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

6.2. PIV measurements 

For the numerical verification of local and averaged thermo-

graphic measurements of Nusselt numbers, knowledge of the 

turbulence level and flow velocity is required. These values can 

be obtained based on PIV anemometric measurements (Fig. 19). 

The sample results are presented in Fig. 20. The area scanned by 

the PIV method was in all cases located in the mid-vertical plane 

between side walls. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 17. Local streamwise Nusselt number distribution between the ribs 

in the boundary layer for ribbed bottom walls and ribs perpendicular  

to the flow (configuration a in Fig 13) [13]. 

 

Fig. 18. Local streamwise Nusselt number distribution between the ribs 

in the boundary layer for ribbed bottom and top walls and ribs  

perpendicular to the flow (configuration b in Fig. 13) [13]. 

 

Fig. 19. Laser light sheet visualisation during a velocity measurement. 

 

Fig. 16. Pattern of the Nusselt number Nu reconstructed by false colour 

images of the heat transfer from surface with columns for Re = 20 000 

(No. 0: Nu = 79;   9: 99;   8: 113;   7: 123;   6: 136;   5: 147;   4: 160;  

3: 175;   2: 185;   1: 209).  

 

 

 

 

 

 

 

 
Fig. 20. PIV measurements for ribbed channel and Re = 9000: averaged 

velocity field and turbulence intensity for geometry with ribbed walls – 

upper for configuration 13a, and lower for configuration 13b [50]. 
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Figure 20 shows an average velocity field and turbulence in-

tensity (averaged over 100 instantaneous velocity fields) for 

a geometry with a ribbed bottom wall and ribbed bottom and top 

wall (ribs height is 6 mm) and flow perpendicular to the ribs 

(geometry a and b in Fig. 13). The Reynolds number is 9000 and 

the maximum velocity for these cases is about 3.0 m/s located 

in the top part of the channel. It also shows that the flow is tur-

bulent with the maximum turbulence intensity about of 38% in 

the vicinity of the rib and a relatively small turbulence intensity 

in the top part of the channel (about 10%). In the case presented 

in Fig. 20, the maximum turbulence intensity is higher than 65% 

and located in the middle of the channel close to the ribs. 

6.3. Natural convection in a closed cavity 

The liquid crystal technique was used not only in air flows, but 

also in other fluids. The distributions of the temperature field 

and velocity vectors were visualized using a liquid crystal in 

a pure solution form or microcapsules, either as trace particles 

inside the fluid or as a coating of the flowing surface. The en-

capsulated form of the liquid crystal can be mixed directly with 

water, glycerine or silicone oil. It is recommended to create di-

lute solutions, i.e. 0.01‒0.02% by weight. Too much liquid crys-

tal causes a milky colouration of the diluent, and reflected light 

causes blurring of colours. The structure of the flow together 

with the movement of the molecules can be recorded using  

a camera or a camcorder. Together with the flash of the light 

knife "cutting through the flow", both the temperature of the 

molecule (colour) and the direction of the flow (when we take 

several pictures of one molecule) can be recorded. The undis-

puted leader in the study of fluid behaviour in closed spaces is 

T. Kowalewski [27‒29,32]. Figure 21 shows the measurement 

results obtained by him in the cavity (filled with water) under 

conditions of free convection. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the second experiment (as an example of TLC applica-

tions), there was a visualization of free convection in a closed 

space with glycerol (cavity) with dimensions L = 180 mm of 

length, H = 30 mm of height and W = 60 mm of width. The white 

light source in which the moving particles of liquid crystal were 

observed was a Xenon Flash Lamp. Colour images of moving 

particles were recorded at intervals of 1 to 15 seconds. Usually, 

several shots were recorded on one film frame. This colour ane-

mometry resembling PIV was extended with temperature meas-

urement, creating the so-called PIVT (particle image velocimet-

ry and thermometry). Based on the photograph obtained in this 

way, two-dimensional velocity and temperature fields can be de-

termined. An example of a two-dimensional velocity and tem-

perature field is shown in Fig. 22. The photographs were taken 

from a horizontal to a vertical position every 30 degrees. Among 

other things, coloured Benard cells were recorded for the first 

time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.4. Flow visualization of gas model turbine blades 

cooled by air 

Effective methods of gas turbine blades cooling and improving 

of their effectiveness require the use of modern and unique de-

sign solutions. Due to the high temperature of the inlet gas to the 

first gas turbine rims, there is the constructional and technolog-

ical problem of designing shafts and blades properly cooled so 

as to prevent blade erosion (while exceeding the melting point).  

The cooling system should provide the lowest mixing inten-

sity and the best thermal barrier for the blade. On the other hand, 

the coolant mass flow has to be minimized as low as possible, 

because it influences the compressor and engine overall effi-

ciency. However, the experimental set-up presented in this paper 

is able to provide complementary data of flow-field around film-

cooled turbine blades and heat transfer under turbulent condi-

tions. Examples of modified gas turbine blades are shown in  

Fig. 23 (up). Within this objective, a new experimental tech-

nique, inclusively with LCT has been developed and applied to 

the study of aerodynamic and aerothermal blade turbine design 

with the effusive cooling concept. Steady-state and transient 

methods were used during experiments to capture colour images 

during LCT experiments. 

 

    

Fig. 21. Freezing of water under a cold surface in a lid cooled cavity. 

Recorded image of TLC tracers (up), evaluated temperature and  

velocity fields (down). Time step: 3600 s after cooling starts;  

isothermal lid temperature Tc = −10˚C, external  

temperature T = 20˚C [16,27,28]. 

 

Fig. 22. Temperature and velocity visualisation in glycerol-filled cavity 

under free convection using TLC (Ra = 1.2∙104, Pr = 12.5∙103);  

DT = 10 K; dimension of cavity: L= 180 mm, H = 30 mm,  

W = 60 mm. The horizontal position showing the Benard cells. 



Liquid crystal thermography supported by PIV and DII as modern and unique tools for …  

 

17 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.4.1. Experimental facility 

Experiments were carried out in a modernized open low-speed 

wind tunnel presented in Chapter 5 (Fig. 12). The air is pumped 

into the system through the fan with an automatic speed regula-

tion, which allows us to change the flow over a wide speed range 

in the further part of the research section. The air flowing out 

from the checking section goes afterwards to the diffuser section 

followed by the stabilizing section and subsequently to the test 

section, which is the last section of the component wind tunnel 

and is illuminated by the annular lamps, which are commonly 

used in photography.  

The colour temperature of light obtained through these 

lamps is 5000 K and is similar to daylight. It is also important to 

have a uniform density of luminous intensity of light in the 

measuring section so that the four cameras can work and record 

the experiment in the same range of parameters of light. The 

brightness of the lamps also affects the optical density parameter 

of the CMOS sensors of the installed cameras. Four special high 

speed cameras designed for taking high quality images are used, 

which allow us to transfer frames at a speed of 87 FPS. 

The cameras are equipped with modern Pentax lenses with 

a focal length of 6 mm that enables us to obtain high quality im-

ages from a distance of 20 cm from the object, and two spherical 

lenses. The lens has a high brightness (f 2.9) and a viewing angle 

57°. The white balance of the camera and the shutter are set in-

dividually for each camera when changing the location and 

lighting within the measuring section. The cameras are con-

nected to the computer using the GBit Ethernet cable. The com-

puter has specially designed software, which synchronizes all of 

the cameras to trigger at the same time. This enables the camera 

to take four different images of one object made at the same time 

determined to an accuracy of 2 ms. The software also allows us 

to store data as a single frame to BMP, and each frame is de-

scribed in detail and includes a timestamp. Subsequently, frames 

are stored on a disk storage, where they are collected for further 

processing by the main computer. 

The lower part of the test section is constructed as a flat chan-

nel made of plexiglass with a thickness of 8 mm, and the upper 

side is closed by a modified blade profile made of aluminium. 

The jet section for secondary flow consists of 16 holes with  

2 mm diameter each. The jet section can be located at different 

positions along the profile. They are marked as 1‒2, 3‒4, 5‒6, 

7‒8 and 9‒10 (Fig. 24).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For the experimental principle pressure transducers, air flow 

meters and thermocouples were selected and installed at specific 

locations in the test rig to measure the pressure, flow rate and 

temperature for the main and secondary flows. The test section 

is equipped with a bypass, which enables different air flows for 

use with transient as well as steady-state LCT techniques  

(Fig. 24). 

Numerical simulations for the section design were carried 

out in order to obtain the pressure distribution in the channel 

similar to the blade cascade. The simulations were performed by 

means of the FINE/Turbo NUMECA code with the Autogrid 5 

mesher for cascade configuration. 

An example of velocity and static pressure contours in the 

blade passage is shown in Fig. 25. Numerical simulations for the 

cascade allow us to determine the pressure distribution on the 

profile wall, which is considered the reference for the test sec-

tion design. In Fig. 26 (up), an example of pressure distribution 

for the test section is shown. It is compared with the results ob-

tained for the cascade. The velocity magnitude distribution at 

the middle plane of the designed test section is shown in Fig. 26 

(down). A properly adjusted shape of the upper wall provides 

the desired pressure distribution on the lower flat wall. The ex-

perimental investigations are carried out on the lower wall. 

 

 

Fig. 24. View section of model turbine blade geometry [34]. 

 

 

Fig. 23. Gas turbine blades with cooling holes (up) and view of the test 

section for the model turbine blade cooling system (down) [35]. 



Stąsiek J.A., Klugmann M.E., Mikielewicz D.P. 
 

18 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.4.2. Results of LC experiments 

The selected results of LCT measurements of steady-state flow 

are shown below. The experiment was conducted for 3 Reynolds 

numbers (Re = 87 000, Re=105 000 and Re = 122 000) of air 

flow in the main channel and for two overpressures (ΔP): ∆P = 

5% and ∆P = 15%. The relative pressure or overpressure is de-

fined as a difference between the total pressure at the inlet to the 

set of jets and that of the main flow inside the channel. Figure 

27 presents a visualisation of air flow on the blade surface for 

Re = 105 000, which corresponds to a velocity of 12 m/s. Figure 

28 presents similar results, but for Re = 122 000, which corre-

sponds to a velocity of 14 m/s and for the jet section located at 

position 7‒8. In both examples, hue is converted to the Kelvin 

temperature using the curve of the calibration nomogram. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The jet section of the secondary flow is located inside the 

test section at position 1‒2 (see Fig. 24), which is the closest to 

the profile narrowing. The temperature of air in the main chan-

nel was equal Ta = 315 K, while the temperature of air coming 

from jets was equal Tj = 299 K, and the average temperature of 

the surface covered by liquid crystal foil Tav = 310.9 K; this is 

an average temperature for the flat plate covered by liquid crys-

tals sheets and “washed” by air. The local hue values versus dis-

tance from the jets outlet are presented in Fig. 29. 

The results of cooling effectiveness visualization in the tur-

bine inter-blade passage (at the end-wall) using transient LCT 

measurements are shown in Fig. 30. In this figure, a colour im-

age was obtained with the use of liquid crystals thermography 

for Re = 122 000 and transient performance. 

Measurements were taken for a few time steps, calculated 

from the moment of hot air entry to the test section (t+ is time in 

seconds). Before the measurements, hot air flowed through a by-

pass and then was directed to the test section by a three-way 

 

 

Fig. 26. Static pressure distribution on the suction side of the profile  

and flat plate (up) and velocity in the test section (down) [34]. 

 

Fig. 27. Visualization of air flow on blade surface. Jet position 1‒2,  

Re = 105 000, Ta = 315 K, Tj = 299 K, Tav = 313.3 K, ∆P = 5% [51]. 

 

Fig. 28. Visualization of air flow on blade surface. Jet position 7‒8,  

Re = 122 000, Ta = 315 K, Tj = 299 K, Tav = 310.9 K, ∆P = 15% [51]. 

 

 

Fig. 25. Velocity magnitude in cascade (up) 

and static pressure cascade (down) [34]. 
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valve. The air temperature was kept constant and equal  

Ta = 315 K. Recently the steady-state technique of LCT has been 

used by F. Satta and G. Tanda [33] to map the heat transfer co-

efficient distributions at the end-wall of the turbine blade cas-

cade. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.5. Investigations of using TLC in defectoscopy 

Strugała et al. [51] proposed and described a new method for 

non-invasive testing of impact damage in carbon fibre reinfor-

ced polymer (CFRP) using thermo-optical techniques (Fig. 31). 

Compared to previously used techniques, for example computer 

radiography (CR), this method is low-cost and does not require 

complicated equipment. Since the recording takes place using 

conventional cameras (see Fig. 32), this method can also be used 

in field research. The comparative analysis showed that this 

technique can be a full-fledged accurate tool for an NDT method 

for the diagnosis of impact damage in CFRP (Fig. 33). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 30. End-wall of model turbine blade temperature distribution:  

colour image. Re = 122000, Ta = 315 K, t+12s, time steps:  

a) t+0s, b) t+4s, c) t+8s, d) t+12s, e) t+16 s, f) t+20s [50]. 

 

 

Fig. 31. X-ray image of cracked CFRP sample (up), TLC image of dam-

aged area and its post-processing for quantitative analysis (down). 

 

 

Fig. 29. Local hue value versus distance from jets outlet.  

Jets position 1‒2, Re = 105 000, Ta = 315 K, Tj =299 K (up),  

jets position 7‒8, Re = 122 000, Ta = 315 K, Tj =299 K (down) [51]. 

 

Fig. 32. Schematic drawings of (a) experiment station for sheet of lami-

nated thermochromic liquid crystal film tests, (b) cross-section (AA) 

with representation of heat transmission through an impacted specimen 

with the adhered sheet of laminated TLC film. 
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The use of liquid crystals significantly reduces the hardware 

costs of diagnostics without affecting the quality of results, com-

pared to expensive thermal imaging cameras. The key disad-

vantages of the TLC film technique are negligible in terms of 

the applied procedure for performing the tests. 

6.6. Medical applications 

In medical applications, thermochromic liquid crystal and infra-

red thermography are used for examinations of breast cancer, 

thyroid dysfunction, lymphatic congestion, vascular and nerv-

ous system disorders, abdominal inflammation, muscle disor-

ders, rheumatological conditions, orthopaedic diseases and ma-

ny others [37‒42]. It is used for both men and women. Diagnos-

tics and prevention are definitely a better and cheaper solution 

than treatment. This is also the purpose of medical thermogra-

phy, a test that allows you to visualize physiological changes in 

the body in the early stages of their development. 

Thermography is a state-of-the-art non-invasive screening 

procedure (non-contact, radiation-free) that uses heat detection 

to locate areas of temperature differences in the body. Most 

pathological processes manifest themselves as increased heat, 

and some neurological processes exhibit excessive cold or hy-

pothermia. For example, breast disease can be detected by look-

ing for areas of excessive or increasing heat, which may indicate 

areas of angiogenesis or growth of blood vessels supplied by 

a growing tumour. 

Unlike X-ray, ultrasound magnetic resonance imaging 

(MRI), and virtually all other modern medical imaging modali-

ties are designed to capture anatomical information, while ther-

mochromic liquid crystal and medical infrared technology are 

designed to capture more physiological information. Examples 

of two thermograms of human hands performed by LCT (left) 

and DII (right) [42,50] are shown in Fig. 34. 

 

 

 

 

 

 

 

 

 

6.6.1. Breast thermography 

The distribution of temperature on the surface of the human 

body is determined by the temperature of the tissues of internal 

organs, the thermal conductivity of muscle and fat tissue, and 

the thermal emission of the skin. Hence, the temperature meas-

ured on the skin surface is a function of temperature of the in-

ternal organ and thermal properties of the tissues separating this 

organ from the body surface. An important role is also played 

by the processes of heat losses by convection and radiation 

through the skin, including gas exchange between the skin and 

the environment. Thermographic examinations are used both in 

the assessment of changes recorded on the skin surface and in 

relation to parenchymal organs located close to the skin surface. 

They provide opportunities for monitoring the circulatory sys-

tem in both large and small vessels. It should be emphasized that 

very often temperature changes are one of the earliest symptoms 

of ongoing pathological processes. Therefore, both diagnostic 

methods, i.e. LCT and DII, are suitable for breast cancer screen-

ing (see Figs. 35 and 36). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This kind of medical diagnosis (Figs. 35 and 36) should be 

confirmed by other independent methods (mammography ultra-

sound and MRI) in the case of disease suspicions. 

6.6.2. Orthopedic application of LCT 

In clinical studies of unspecified inflammatory conditions of or-

thopaedic diseases, liquid crystal thermography (LCT) can help 

in their identification. With its help, it is possible to localize the 

change and its extent, which may have an inflammatory, post-

traumatic, degenerative, infectious or neoplastic origin. Most of 

these cause changes in the temperature of the synovial mem-

brane and connective tissue, which can be recorded using very 

sensitive liquid crystals. On the basis of such changes, the level 

   
Fig. 34. Examples of two thermograms of human hands performed  

by LCT (left) and DII (right) [42,50]. 

  

Fig. 35. Two examples of detection of breast cancer (dark region)  

by liquid crystal thermography. The blue and dark colours correspond  

to the higher temperature caused by inflammation [39]. 

  

Fig. 36. Infrared image of human breast – left and a normal limited  

vascular pattern – right [38]. 

 
Fig. 33. Comparison of the NDT methods depending on the impact en-

ergy where: (a) comparison of the average crack length vs impact energy 

for three NDT methods, (b) comparison of the damage area vs impact 

energy measured by means of active thermography and laminated  

thermochromic liquid crystal film. 
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of pathological changes can be estimated very quickly, and an 

example of such a disease is Raynaud's and Buerger's phenom-

enon, the pathological changes of which are presented using a 

thermogram as shown in the figures bellow: 

 Raynaud's phenomenon (Symptoma Raynaud) is a vasomo-

tor disorder characterized by sudden, well-demarcated blan-

ching, then cyanosis and redness of the fingers, toes and 

rarely the nose and auricles, accompanied by numbness and 

pain. This happens because of spasms of blood vessels in 

those areas. The spasms happen in response to cold, stress or 

emotional upset (Fig. 37). 

 

 

 

 

 

 

 

 

 

 

 

 

 Buerger's disease (known as Thromboangiitis Obliterans), is 

an inflammation of small and medium-sized blood vessels. 

Although any blood vessel can be affected, it usually pre-

sents with blockages in the arteries in the feet and hands, 

leading to severe pain and tissue damage (Fig. 38). 

 

 

 

 

 

 

 

 

 

 

 

 

6.7. Advantages and disadvantages of TLC and DII 

For surface or human body temperature measurement, special 

care is necessary to avoid specula light reflections form, irradi-

ating or pulses, however some advantages and disadvantages of 

the use of TLC and DII are presented below:  

 Advantages of TLC: 

 Provides a quick visual qualitative observation of the sur-

face temperature profile. 

 Can be calibrated with a digital colour camera and iso-

thermal surface control to provide accurate quantitative 

temperature fields to +/− 0.1°C. 

 Typically operate between ‒30°C to 120°C with band-

widths of 0.1°C to 30°C. 

 A high spatial resolution of around 1 µm, depends on 

camera optics. 

 Provides both transient and steady-state surface temper-

ature profiles. 

 A fast time response of around 100 ms. 

 Thermometry uses visible light and is independent of sur-

face emissivity. 

 Relatively cheap technique: camera, recorder, lighting 

etc. 

 Disadvantages of TLC: 

 Requires a stable uniform white light source with no in-

frared IR or ultraviolet UV components.  

 IR will cause radiant heating of the surface, and UV will 

degrade the liquid crystal compounds. 

 Must be calibrated in-situ using the same optics as the 

final experiment. 

 Test subject must be prepared before measurements and 

the liquid crystals can be difficult to apply to complex 

surface geometries. 

 Can be intrusive due to changes in the heat conduction 

properties of the body. 

 Cannot be used for large subjects such as houses etc.  

 Advantages and disadvantages of DII.  

 Thermography has been shown effective as a standalone 

test for either breast cancer screening or diagnosis in de-

tecting early stage breast cancer. 

 Thermography has only been cleared by the official reg-

ulatory as an “adjunctive “ tool – meaning for use along-

side a primary test like mammography. 

 Thermogram is no substitute for mammogram, it works 

by detecting increases in temperature. 

 If the thermography detects any abnormalities, the person 

should seek further screening, which may include a 

mammogram. If a mammogram confirms that a lamp is 

present, the doctor may recommend an ultrasound or 

MRI scanning and a biopsy. 

 Thermography produces a high number of false-positive 

and false-negative results and estimates of its sensitivity 

vary widely. 

 In a positive way, thermography offers the following 

benefits: it is not painful, it is not invasive and it does not 

involve radiation. 

7. Conclusions 

Advanced experimental techniques, in this case, true-colour im-

age processing of liquid crystal patterns, particle image veloci-

metry and infrared imaging allow new approaches to old prob-

lems and open up new areas of research and applications. Image 

processing data make available quantitative full field infor-

mation about the distribution of temperature, heat transfer and 

adjunctive medical pathogenesis and diagnostics. It is evident 

from our research that liquid crystal and infrared imaging tech-

niques have many applications, not only in testing but also in 

industry, medicine and home. 

The presented overview provides an introduction to thermo-

chromic liquid crystals, digital infrared imaging and particle im-

age velocimetry, how these measurement techniques and meth-

ods work and how they are used. 

  

Fig. 38. Visualisation (by use of LCT) of lack of blood circulation 

caused by Buerger’s disease (left) and DII thermogram of human 

back effected by muscular tensions (right) [39,50]. 

  

Fig. 37. Raynaud LC thermograms of vascular disease (left), 

and hand tumours (right) [40]. 
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Appendix 

Figures 39, 40 and 41 show early results from liquid crystal ther-

mography, where the heat transfer coefficients were determined 

from colour photographs taken with a photo camera. The result-

ing temperature distributions and subsequently Nusselt numbers 

on the surfaces in question were taken manually from the images 

projected onto a screen and reproduced with hand-coloured 

markers. For comprehensive quantitative local heat transfer 

data, the visibly sharp line of the spectrum was obtained at dif-

ferent fluid temperatures for the same Reynolds number. After-

wards as shown above the subsequent thermographic studies 

were carried out using full automatic colour image processing 

from Data Translation Ltd., USA. 
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Fig. 40. Visualisation of the distribution of local Nusselt number values on the lower corrugated surface;  

b = 36 deg, Re = 3394, P/Hi = 3.67 (manual method). 

 

Fig. 41. Visualisation of the distribution of local Nusselt number values on the lower corrugated surface;  

b = 36 deg, Re = 5506, P/Hi = 3.67 (manual method). 

 

Fig. 39. Visualisation of the distribution of local Nusselt number values on the lower corrugated surface;  

b = 36 deg, Re = 1796, P/Hi = 3.67 (manual method). 

(manual method). 



1. Introduction 

Fossil fuels, including coal, oil, and gas, have served as the back-

bone of the global energy supply for the past century. However, 

since the beginning of the twenty-first century, their extensive 

use is increasingly recognised as unsustainable due to several 

significant issues. Foremost among these are their environmen-

tal impacts. Large quantities of greenhouse gases, particularly 

carbon dioxide (CO2), are released through the combustion of 

fossil fuels, contributing significantly to global warming and cli-

mate change. Another critical issue is the non-renewable nature 

of fossil fuels, which presents inherent limitations [1]. 
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Abstract 

This paper is dedicated to the multi-aspect optimization of a novel thermo-hydraulic machine with liquid piston operating 
according to organic Rankine cycle, designed for mechanical power generation from low temperature reservoirs. This 
involves the implementation of thermodynamic and hydraulic analyses. Several issues have been identified in thermo-
hydraulic machines built to date, particularly the limitation imposed by the location of the expansion phase under the 
equilibrium dome, which constrains maximum output work. This issue is addressed through the application of steam su-
perheating followed by the organic Rankine cycle. The thermodynamic analysis showed that the R1233zd is the most 
suitable working fluid for the suggested novel machine within the temperature range of 65−130°C. The selection of the 
best working fluid was followed by the dimensioning of the hydraulic part of the machine under optimal operating condi-
tions. A new parameter was introduced to link the gas and hydraulic sides of the machine. It is about the time scale of the 
cycle which influences significantly the mechanical output power. Furthermore, mathematical modelling of the hydraulic 
part of the machine concludes that high mechanical power output can only be achieved only in modes of operation with 
high thermal efficiencies. Conversely, operational modes with high second law efficiencies fail to deliver high mechanical 
power levels. These two conclusions can be regarded as equivalent to the various postulates of the second law of thermo-
dynamics. 
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Nomenclature 

d ‒ diameter of the hydraulic pipe, m 

D ‒ diameter of the transfer cylinder, m 

f ‒ frequency, 1/s  

g ‒ gravitational acceleration, m/s2 

GWP – global warming potential 

h ‒ specific enthalpy, J/kg 

H ‒ height, m 

K ‒ flow coefficient, m3/s 

𝑚̇ ‒ mass flow rate of the cycle, kg/s 

ODP – ozone depletion potential 

P ‒ power, W 

p ‒ pressure, Pa 

Q ‒ specific heat exchanged during transformation, J/kg 

Re – Reynolds number 

T – temperature, K 

v ‒ specific volume, m3/kg 

V̇ – flow rate, m3/s 

V – velocity, m/s 

W – specific work, J/kg 

y  – extraction ratio 

 

Greek symbols 

ΔH – height difference, m  

Δp  – pressure difference, Pa 

η – efficiency 

ν – specific volume, m3/kg 

ρ – density of the fluid, kg/m3 

 

 

σ – kinematic viscosity, m²/s 

τ – duration of a thermodynamic cycle, s  

 

Subscripts and Superscripts 

cond – condenser 

evap – evaporator 

exp – expansion 

h – height 

hyd – hydraulic 

in – inlet 

II – second 

l – low 

LT – work-transfer liquid 

max – maximal 

min – minimal 

opt – optimal 

sc – superheated 

th – thermal 

vs – valves 

 

Abbreviations and Acronyms 

CAPILI – Carnot with piston liquid 

CT, CT’ ‒ transfer cylinders 

FLP ‒ pressurized fluid of liquid piston 

ORC – organic Rankine cycle 

ORPILI – organic Rankine cycle with liquid piston 

OTEC – ocean thermal energy conversion 

 

The widespread adoption of non-conventional energy 

sources and technologies to reduce reliance on fossil fuels has 

been driven by the pursuit of a sustainable and clean environ-

ment [2]. These energy sources, known as renewable energy 

sources, offer numerous advantages beyond their economic and 

social benefits. They encompass solar, wind, geothermal, bio-

mass, and ocean thermal energy. 

Solar energy, including both thermal solar energy and pho-

tovoltaic (solar electrical), stands out as one of Earth's major 

available energy sources compared to other forms. Its utilization 

spans a long history of applications in residential, vehicular, aer-

ospace and naval sectors [3]. Wind energy is another significant 

player in the global energy market, representing a substantial 

and growing sector in renewable energy production [4]. 

Geothermal energy taps into the Earth's internal heat. Be-

neath the Earth's crust lies a layer of dense, molten rock that of-

ten contains water reservoirs, occasionally surfacing as hot 

springs. When not naturally accessible, this heated water can be 

extracted through drilling. It serves as a virtually cost-free en-

ergy source, whether used directly as hot water, steam, or heat, 

or to generate electricity [5]. 

Biomass energy, also known as bioenergy, derives from the 

conversion of biomass into various forms of energy such as elec-

tricity, heat, power, or transportation fuels. Biomass qualifies as 

a renewable energy source due to its ability to cultivate, harvest, 

and regenerate trees and plants within short timeframes. Addi-

tionally, this process consistently yields residues, wastes, and 

gases [6].  

In addition, ocean thermal energy has gained significant 

recognition over the past decade as a renewable energy source 

for sustainable energy production systems. Ocean thermal en-

ergy conversion (OTEC) technology harnesses clean power 

from the natural thermal gradient between different layers of 

seawater. This temperature gradient is considered a self-replen-

ishing energy source [3], driven by natural processes within 

the ocean. 

Low-temperature energies, including industrial waste heat, 

low-temperature geothermal energy, and solar thermal energy, 

present promising solutions for enhancing energy efficiency and 

sustainability [7]. Power generation plays a crucial role in utiliz-

ing and recycling these low-temperature heat sources [8]. 

Thermo-hydraulic energy conversion systems, which transform 

thermal energy into hydraulic or mechanical energy, are increas-

ingly gaining attention for their potential applications in both 

power generation and industrial processes. These systems are 

particularly suitable for generating mechanical power from low-

temperature heat reservoirs such as solar and geothermal sources. 

Consideration should be given to thermo-hydraulic conver-

sion systems, such as those employing liquid piston technology 

to generate power. Liquid pistons are devices that utilize a liquid 

to produce mechanical movement or perform work, a concept 

pioneered by Humphrey in 1909 [9]. Humphrey later advanced 

this technology by developing an internal combustion engine 

based on the Atkinson cycle, which found extensive use in 

pumping stations and irrigation applications. 

Liquid piston technology has undergone significant evolu-

tion and has found application across various fields and systems. 
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Van de Ven et al. [10] advocated for the liquid piston concept as 

a solution to challenges encountered in designing fluid engines 

and Stirling pumps. This concept is also integral to the operation 

of steam and refrigeration machines [11–13]. 

The thermo-hydraulic process CAPILI (Carnot with piston 

liquid) illustrates the application of liquid piston technology, 

marking significant advancements in renewable energy. This 

technology has been successfully utilized in OTEC power pro-

duction [14], as well as in residential applications [15]. This 

thermo-hydraulic process can operate either in engine mode, 

where the evaporator temperature is higher than the condenser 

temperature (used for cogeneration or electricity production), or 

in receiver mode, where the evaporator temperature is lower 

than the condenser temperature (employed for heat pump or re-

frigeration purposes) [16]. The CAPILI process, whether con-

figured as an engine or heat pump, is designed in two primary 

configurations: the “1st type” or the “2nd type,” corresponding 

to these operational modes. The 2nd type CAPILI process 

closely adheres to the Carnot cycle, while the 1st type CAPILI 

process exhibits slight deviations [15]. 

The CAPILI engine typically comprises two cylinders con-

nected to separate heat exchangers (evaporator and condenser), 

operating at different pressures. The transfer of work between 

the machine and its surroundings is facilitated by a hydrau-

lic/mechanical converter, through which a liquid circulates al-

ternately between the evaporator and the condenser during the 

isothermal phases of the cycle [16]. The work-transfer liquid 

(LT) in the CAPILI machine is required to have a very low sat-

uration pressure (such as oil) at the process operating tempera-

tures and must be immiscible with, and ideally denser than, the 

working fluid [15]. The working fluids used in these machines 

include pure substances or azeotropic mixtures (such as hydro-

carbons, hydrofluorocarbons (HFCs), H2O, etc.), which closely 

approximate or mimic the Carnot cycle (motor or receiver). 

For a comprehensive understanding of the current study, it is 

essential to review previous research conducted on the CAPILI 

thermo-hydraulic machine. This process has been extensively 

investigated in several prior studies [14–19]. Semmari et al. [14] 

extensively examined the CAPILI process, investigating its 

performance, selecting appropriate working fluids, and deve-

loping dynamic models to simulate its behavior within OTEC 

power plants. Mauran et al. [15] presented the thermo-hydraulic 

CAPILI process with the primary objective of achieving optimal 

efficiency. They conducted a comprehensive analysis of ther-

modynamic cycles, explored various applications such as trige-

neration, and assessed the system’s performance and sustaina-

bility advantages. Additionally, the same authors [15] empha-

sized the potential of the CAPILI system to enhance energy ef-

ficiency and reduce greenhouse gas emissions in both residential 

and commercial sectors. Stitou [16] provided a comprehensive 

analysis of the CAPILI thermo-hydraulic process, offering ana-

lytical tools and effective solutions for examining the transfor-

mation and conversion of thermal energy through thermo-hy-

draulic processes. Borgogno et al. [17] investigated the applica-

tion of the CAPILI process in trigeneration for residential areas, 

while Semmari et al. [18] conducted experimental validation of 

an innovative analytical model for a thermo-hydraulic CAPILI 

system designed for re-sidential use, emphasizing hydraulic re-

sistance as a foundational concept. Zebbar et al. [19] conducted 

a thermodynamic analysis of a machine operating under the first 

type of CAPILI cycle, designed to convert low-grade heat 

sources such as solar and geothermal energy into mechanical 

power. They identified n-butane (R-600) as the optimal working 

fluid, achieving peak thermal efficiencies of 20.3%, Carnot ef-

ficiencies of 23%, and second law efficiencies of 88% at specific 

operating temperatures of 30°C for the condenser and 120°C for 

the evaporator. 

This brief review encompassed renewable energy sources for 

sustainable environments, previous studies on liquid pistons, 

and the thermo-hydraulic CAPILI process. It has highlighted 

several shortcomings in the current CAPILI machine.  

In the previous research on the CAPILI thermo-hydraulic 

process, the working fluid undergoes continuous state changes, 

alternating between liquid and vapour phases. A significant 

challenge involves compressing a two-phase mixture or extract-

ing work from an isentropic two-phase expansion [20]. The liq-

uid piston plays a crucial role in overcoming this challenge, en-

abling the CAPILI cycle to operate without the necessity for su-

perheating or subcooling the working fluid prior to expansion or 

compression. Consequently, thermodynamic irreversibilities are 

minimized in CAPILI cycles, leading to an enhanced overall ef-

ficiency of the cycle [20]. Furthermore, the patent of the Re-

search Laboratory in Engineering, Materials and Structures [21], 

filed in March 2022 at the Algerian National Institute of Indus-

trial Property (Institut National Algérien de la Propriété Industrielle), 

identified a critical issue with the CAPILI cycle related to the 

location of the expansion phase under the equilibrium dome. 

This positioning maintains the maximum temperature in the cy-

cle significantly above the critical temperature of the working 

fluid, thereby restricting the maximum output work or mechan-

ical power per unit mass of the working fluid. Moreover, in the 

same patent [21], it is reported that the CAPILI machine depends 

on a very complex control system consisting of several solenoid 

valves and sensors to reverse the direction of flow in the hydrau-

lic motor and finally, the existing thermo-hydraulic CAPILI ma-

chine has a condensate transfer pump driven by an electric mo-

tor, which is far from practical. 

The issues mentioned above were addressed in the Research 

Laboratory in Engineering, Materials and Structures patent [21] 

through several advancements. Firstly, steam superheating was 

introduced to raise the average temperature of heat input within 

the cycle, transitioning it into an organic Rankine cycle variant 

known as ORPILI (organic Rankine with piston liquid). Sec-

ondly, the proposed novel configuration of the ORPILI thermo-

hydraulic machine reduced the number of solenoid valves by 

implementing a mechanical transmission. Thirdly, a steam tur-

bine was integrated to drive the transfer pump, enhancing the 

efficiency and performance of the system. 

This study aims to argue in favour of the novel ORPILI ma-

chine through thermo-hydraulic analysis. The primary objective 

is to increase the specific mechanical work output (or mechani-

cal power) of the thermo-hydraulic machine while maintaining 

efficiencies similar to those of the CAPILI cycle. This enhance-

ment is made possible by integrating a steam superheater, which 
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allows for an increase in the average temperature of the heat in-

put into the cycle. Hence, the move to the organic Rankine cycle 

with superheating. 

Therefore, the following objectives are set for this study: 

 Develop a comprehensive thermodynamic model and 

analysis for the proposed ORPILI cycle. 

 Evaluate the performance of the ORPILI cycle using 

different working fluids (e.g. R600a, R600, R1234ze, 

R1234yf, R1233zd, and SESE36). 

 Dimension the hydraulic components of the proposed 

machine according to the input thermal power. 

These objectives are crucial for substantiating the efficiency and 

feasibility of the ORPILI machine, as discussed earlier. 

This paper is structured as follows: first, a description of the 

novel configuration of the thermo-hydraulic machine is pre-

sented in Section 2. A thermodynamic analysis is discussed in 

Section 3, followed by the results and discussion in Section 4. 

Section 5 provides the hydraulic analysis, with the main findings 

discussed in Section 6. Finally, concluding remarks are pre-

sented in Section 7. 

2. Description of the novel concept of the organic 

Rankine thermo-hydraulic machine with liquid  

piston 

2.1. Structure 

The component layout of the proposed thermo-hydraulic system 

is illustrated in Fig. 1. The system consists of an evaporator (3) 

connected to the heat source at the high-temperature, Tevap = Th, 

a condenser (4) connected to the heat sink at the low-tempera-

ture, Tcond = Tl, two insulated work-transfer cylinders (1) and 

(19), steam turbine (5), a transfer pump (6) driven by super-

heated steam for transferring the condensate to the evaporator, 

and to maintain the pressure difference or drop between the 

evaporator and the condenser (Δp = pevap − pcond), a superheat-

ter (2), two hydraulic motors (7) and (8) coupled through a pair 

of gears (9) and (11), a generator (10), a 2-way solenoid valve 

(12) and (13), an extraction steam valve (14), four non-return 

valves (15)−(18) and level sensors (20) and (21). 

2.2. Principle of operation 

The novel thermo-hydraulic machine presented in this work op-

erates as follows: heat is introduced in the evaporator (3), where 

the working fluid evaporates and proceeds into the superheater 

(2). Then, the steam passes through the solenoid valve (12) and 

enters the work-transfer cylinder (19). The steam acts on the sur-

face of the liquid which plays the role of liquid piston. It is pos-

sible to insert a movable wall such as a diaphragm between the 

liquid and the steam to avoid their direct contact. The pressur-

ized fluid of the liquid piston (FLP) passes into the hydraulic 

motor (7), which is coupled to a generator (10) via a freewheel. 

The FLP then moves to the work-transfer cylinder (1) through 

the non-return valve (16). During this phase, the solenoid valve 

(13) connects the steam space in the work transfer cylinder (1) 

with the condenser (4) at a pressure pcond. The condensate in the 

condenser (4) is pumped to the evaporator (3) by pump (6), 

which is driven by the steam turbine (5). The steam turbine (5) 

is supplied from the superheater (2) through the extraction valve 

(14). In addition to transferring the condensate, the pump main-

tains the pressure drop between the evaporator and the conden-

ser (Δp = pevap − pcond). When the free level of FLP reaches the 

designated level detected by the level sensor (20), the non-return 

valves (16) and (18) are activated to change the direction of 

flows. In this case, the superheated steam passes into the work 

transfer cylinder (1). The pressure created by the steam above 

the surface of the liquid piston returns the hydraulic oil to the 

hydraulic motor (8) through the non-return valve (16). The hy-

draulic motor (8) is coupled to the generator (10) via a pair of 

 
(a) b) 

Fig. 1. (a) Schematic and (b) 3D drawing of the novel ORPILI thermo-hydraulic machine : (1) − work-transfer cylinder CT’, (2) − superheater, (3) − 

evaporator, (4) − condenser, (5) − steam turbine, (6) − transfer pump, (7) and (8) − hydraulic motors, (9) − gear, (10) − generator, (11) − gear, 

(12) and (13) − 2 way solenoid valve, (14) − extraction steam valve, (15)−(18) − non-return valves, (19) − work-transfer cylinder CT, 

(20) and (21) − level sensor, (22) − panel board, (23) − solar collector. 
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gears (9) and (11) and the freewheel. Then, the hydraulic oil ex-

its the hydraulic motor (8), passes through the non-return valve 

(18), and enters the work transfer cylinder (19). The liquid pis-

ton then pushes the working fluid steam towards the condenser 

(4) via the solenoid valve (13). Once the FLP has reached the 

designated level, which is detected by the level sensor (21), the 

solenoid valves (12) and (13) are activated, and the cycle begins 

again. 

2.3. Description of the thermodynamic cycle 

The operation of the proposed system's ORPILI cycle involves 

two half cycles, where the roles of the work-transfer cylinders 

are alternated. The working fluid follows the thermodynamic 

cycle denoted as (1-2-3-4-5), illustrated schematically in Mol-

lier’s p-h diagram (pressure vs. enthalpy) in Fig. 2, depicting the 

fundamental processes and heat transfers within the system. 

This novel machine operates on a Rankine-type cycle using su-

perheated steam, with a steam generator operating at high pres-

sure and temperature (Tevap, pevap), and a condenser operating at 

low pressure and temperature (Tcond, pcond). 

The working fluid undergoes four processes: compression, 

evaporation, expansion, and condensation in sequence to com-

plete a cycle. 

The liquid-phase working fluid at low-pressure pl at state 1 

is directed into the pump, where it is isentropically compressed 

to match the operating pressure of the evaporator at state 2 at 

high pressure ph. The pump operates without any heat transfer 

occurring around it. 

2→4: Isobaric heat addition. The working fluid enters the 

evaporator as a compressed liquid at state 2 and leaves as a su-

perheated vapor at state 4. 

4→5: Isentropic expansion. The superheated vapour at state 

4 exits the evaporator and enters the CT, where it undergoes is-

entropic expansion. The pressure and the temperature of vapour 

drop during this process to the values at state 5. During this pro-

cess, the vapour displaces the transfer liquid (LT) towards the 

CT' until the liquid reaches the high level.  

5→1: Isobaric heat rejection in the condenser. The vapour 

displaced from the CT' during the previous process undergoes 

isobaric condensation in the condenser. 

The performance analysis of the ORPILI thermodynamic cy-

cle for various working fluids is carried out using the mathemat-

ical model presented in the next section.  

3. Thermodynamic analysis  

The ORPILI thermo-hydraulic machine proposed in this study 

operates within the following temperature ranges: superheating 

temperatures range from 65°C to 130°C, while evaporation oc-

curs between 60°C and 120°C. However, the temperature at the 

condenser remains constant at 30°C. These temperature ranges 

were chosen to evaluate the thermodynamic efficiencies of the 

machine when using different working fluids. 

In this context, various refrigerants are used in low-temper-

ature applications to meet specific performance and environ-

mental criteria, including HFC such as R134a, R152, and others. 

These refrigerants are harmless to the ozone layer, as they pos-

sess a zero ozone depletion potential (ODP) due to the absence 

of chlorine atoms [22]. Furthermore, HFCs have been subject to 

regulations under the Kyoto Protocol and the European F-Gas 

Regulation, aiming to gradually phase out their use by 2030. 

This is due to their high global warming potential (GWP), which 

exceeds 150 [23]. 

Compared to chlorofluorocarbons (CFCs), hydrochloro- 

fluorocarbons (HCFCs) and HFCs, hydrocarbon-based refriger-

ants (HC) offer a more environmentally friendly alternative. 

They have a negligible impact on ozone depletion (ODP = 0) 

and exhibit a minimal potential for contributing to global warm-

ing (GWP ≈ 20). However, it should be noted that these refrig-

erants are highly flammable, necessitating stringent safety 

measures in both production and usage. Certain hydrocarbons, 

such as R600a (butane), find application in limited amounts in 

domestic refrigeration systems, such as household refrigera-

tors [22]. 

Lastly, hydrofluoroolefin (HFO) gases such as R1234yf, 

R1234ze, R1233zd, etc. are considered as a new generation of 

refrigerants (4th generation) and are intended to replace older 

refrigerants like freons (R134a and R32) in various refrigeration 

engineering applications (refrigeration, heat pumps, air condi-

tioning, automotive air conditioning, etc.) [23].  

Taking into account the aforementioned arguments, the fol-

lowing working fluids are adopted and evaluated for the present 

ORPILI cycle: R600a, R600, R1234yf, R1234ze, R1233zd, and 

SES36. 

In the thermodynamic analysis, the inputs and outputs of the 

condensate pump are characterised by the enthalpies h1 and h2, 

respectively, which are dependent on temperature and pressure.  

The fluid state at the turbine inlet can be specified by the 

evaporating pressure and superheat degree. Using CoolProp li-

brary [24], parameters such as specific enthalpy and entropy can 

be calculated. The mathematical equations employed for the 

thermodynamic analysis of the ORPILI cycle, as detailed in 

Subsection 2.3, together with the thermal and second law effi-

ciencies, are presented in Table 1. The work performed by the 

 

Fig. 2. Mollier p-h diagram of the proposed system. 
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pump is given by Eq. (1), while the work generated by the tur-

bine is expressed in Eq. (2). The system’s energy balance, out-

lined in Eqs. (3) and (4), allows for the calculation of the steam 

extraction ratio, as shown in Eq. (5). The specific expansion 

work is defined by Eq. (6), whereas the net specific work of the 

cycle is determined by Eq. (7). The thermal efficiency of the cy-

cle (Eq. (8)) is calculated by the ratio of the net specific work to 

the specific heat input, while the second law efficiency given by 

Eq. (9) is used to assess the system's performance relative to the 

ideal thermodynamic process. 

4. Results and discussion of the thermodynamic 

analysis 

The variations in thermal (ηth) and second law (ηII) efficiencies 

for the six refrigerants are shown in Table 2, which is, in fact, 

the synthesis of the results of several previous calculations. 

These calculations involved determining the thermal and second 

law efficiencies for various superheat temperatures, each time 

the evaporation temperature (Tevap) was fixed. The superheat 

temperature was varied within the range of 𝑇𝑒𝑣ap  + 5°C to 130°C. 

Within this range, the thermal and second law efficiencies were 

calculated. The retained values correspond to the maximum ef-

ficiencies. 

It is evident from this table that the thermodynamic cycle of 

the novel ORPILI thermo-hydraulic machine operating with the 

refrigerants R1234yf and R1234ze develops lower thermal effi-

ciencies compared to other fluids, equal to 11.6% and 13.9 %, 

respectively. This indicates that these working fluids are not 

suitable for this type of machine. 

Furthermore, the machine achieves optimal performance 

within the temperature range of 65°C to 120°C when using re-

frigerants R600a, R600, R1233zd, and SES36. Among these, the 

maximum thermal efficiencies recorded are 16.1%, 16.9%, 

17.5%, and 15.6%, respectively. 

The thermal efficiency (ηth) reaches a maximum value of 

17.5% with the refrigerant R1233zd at a superheat temperature 

(Tsc) of 130°C, matching to a second law efficiency (ηII) equal 

to 78.7%. The corresponding Carnot efficiency and pressure 

drops are about 22.4% and 1416.4 kPa, respectively (Fig. 3). 

Based on the aforementioned selection criteria, the results sug-

gest that R1233zd fluid is the most suitable. 

The hydrofluoroolefin gas R1233zd is identified as the most 

suitable working fluid for CAPILI applications, serving as a re- 

Table 2. Thermal and second law efficiencies according to the superheated temperature. 

Tsc 
(°C) 

R600a R600 SES36 R1233zd R1234ze R1234yf 

ηth ηII ηth ηII ηth ηII ηth ηII ηth ηII ηth ηII 

  65 0.078 0.871 0.080 0.888 0.072 0.799 0.081 0.903 0.077 0.852 0.073 0.817 

  70 0.089 0.855 0.090 0.873 0.082 0.789 0.092 0.889 0.086 0.833 0.082 0.795 

  75 0.098 0.839 0.100 0.859 0.091 0.779 0.102 0.877 0.095 0.815 0.090 0.773 

  80 0.107 0.824 0.109 0.846 0.099 0.769 0.112 0.864 0.103 0.797 0.097 0.752 

  85 0.115 0.809 0.118 0.832 0.107 0.759 0.121 0.852 0.110 0.779 0.103 0.729 

  90 0.122 0.7941 0.126 0.819 0.115 0.748 0.129 0.840 0.117 0.760 0.109 0.707 

  95 0.129 0.780 0.133 0.807 0.122 0.739 0.137 0.829 0.123 0.743 0.113 0.683 

100 0.135 0.767 0.140 0.794 0.129 0.728 0.144 0.817 0.127 0.724 0.116 0.699 

105 0.141 0.752 0.147 0.782 0.135 0.718 0.151 0.806 0.132 0.704 − − 

110 0.147 0.739 0.153 0.770 0.141 0.709 0.158 0.796 0.136 0.683 − − 

115 0.152 0.725 0.158 0.758 0.146 0.699 0.164 0.785 0.139 0.698 − − 

120 0.156 0.711 0.164 0.746 0.151 0.689 0.170 0.774 − − − − 

125 0.159 0.698 0.164 0.747 0.156 0.679 0.175 0.764 − − − − 

130 0.161 0.702 0.169 0.736 0.155 0.676 0.175 0.766 − − − − 

 

Table 1. Formulas for ORPILI system. 

Item Thermodynamic formula No. 

Pump work 𝑊𝑝𝑢𝑚𝑝 =  ℎ2 − ℎ1 = 𝑣1 𝑝2 − 𝑝1  (1) 

Turbine work 𝑊𝑡𝑢𝑟𝑏𝑖𝑛𝑒 = 𝑦 ℎ4 − ℎ5  (2) 

Energy balance 

𝑊𝑡𝑢𝑟𝑏𝑖𝑛𝑒 = 𝑊𝑝𝑢𝑚𝑝 (3) 

𝑦 ℎ4 − ℎ5 =  ℎ2 − ℎ1  (4) 

𝑦 =
 ℎ2 − ℎ1 

 ℎ4 − ℎ5 
 (5) 

Expansion work 𝑊𝑒𝑥𝑝 =  1 − 𝑦  ℎ4 − ℎ5  (6) 

Net work developed by the cycle 𝑊𝑐𝑦𝑐𝑙𝑒 = 𝑊𝑒𝑥𝑝 −𝑊𝑝𝑢𝑚𝑝 (7) 

Thermal efficiency of the cycle 𝜂𝑡ℎ =
𝑊𝑐𝑦𝑐𝑙𝑒

𝑄𝑖𝑛

=
  1 − 𝑦  ℎ4 − ℎ5  −  ℎ2 − ℎ1 

 ℎ4 − ℎ2 
 (8) 

2nd law efficiency 𝜂𝐼𝐼 =
𝜂𝑡ℎ

𝜂𝐶𝑎𝑟𝑛𝑜𝑡
 (9) 
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placement for R123, which was previously extensively utilized 

in organic Rankine cycle (ORC) applications. In addition, 

R1233zd has a limited environmental impact, is completely non-

flammable, and is non-toxic [25]. 

5. Hydraulic analysis  

In this section, mathematical modelling of the hydraulic part of 

the novel ORPILI thermo-hydraulic machine configuration is 

addressed. This aspect of the study highlights the originality of 

the proposed concept. Based on the calculations carried out and 

the selection of the suitable working fluid R1233zd for this sys-

tem application, a series of analyses have been developed to 

study the behaviour of the hydraulic system (Fig. 4) within the 

new proposed cycle with the fluid R1233zd. These analyses 

demonstrate the impact of changes on the overall cycle, particu-

larly with variations in temperatures: Tsc = 65−130°C, Tevap = 

60−120°C, and Tcond = 30°C.  

Hence, two operating cases are highlighted and analysed. 

The first one corresponds to the operating regime with 

a maximum value of thermal efficiency ηth_max  = 17.5% and 

pressure drop equal Δp = 1416.4 kPa, while the second case cor-

responds to the operating regime with a maximum value of sec-

ond law efficiency ηII_max = 90.25% and a pressure drop Δp = 

235.3 kPa. However, in both cases, the total height correspond-

ing to the height between the transfer liquid levels in transfer 

cylinders is adopted equal to ΔH = (H1 − H2) = 0.1 m (Fig. 4). 

This hypothesis is demonstrated later. Finally, the density of the 

transfer liquid is adopted equal to ρ = 900 kg/m³. 

5.1. Mathematical modelling 

Figure 4 illustrates the transfer of the liquid (LT) from one cyl-

inder to another, passing through the hydraulic converter and 

valves. The valves control the flow of the transfer liquid in and 

out of the hydraulic converter, respectively. 

Table 3. Mathematical formulations used in hydraulic analysis. 

Formula  

𝒑𝒆𝒗𝒑 +
𝝆𝑽𝟏

𝟐

𝟐
+ 𝝆𝒈𝑯𝟏 = 𝒑𝒄𝒐𝒏𝒅 +

𝝆𝑽𝟐
𝟐

𝟐
+ 𝝆𝒈𝑯𝟐 +

𝑷𝒉𝒚𝒅

𝑽̇𝑳𝑻

+ ∆𝑷𝒎𝒊𝒏𝒐𝒓_𝒍𝒐𝒔𝒔𝒆𝒔 

(10) 

𝑷𝒉𝒚𝒅 = −
𝟖𝝆𝑲𝒕𝒐𝒕𝒂𝒍𝑽̇𝑳𝑻

𝟑

𝝅𝟐𝒅𝟒
+  ∆𝒑+ ∆𝑯𝝆𝒈 𝑽̇𝑳𝑻 (11) 

𝑲𝒕𝒐𝒕𝒂𝒍 = 𝟐𝑲𝒗𝒔𝒅+𝑲𝒆𝒏𝒕𝒓𝒂𝒏𝒄𝒆 + 𝟐𝑲𝒆𝒍𝒃𝒐𝒘 +𝑲𝒆𝒙𝒊𝒕 (12) 

𝟖𝝆𝑲𝒕𝒐𝒕𝒂𝒍𝑽̇𝑳𝑻
𝟑

𝝅𝟐𝒅𝟒
−  ∆𝒑 + ∆𝑯𝝆𝒈 𝑽̇𝑳𝑻 + 𝑷𝒉𝒚𝒅 = 𝟎 (13) 

𝑽̇𝑳𝑻
𝟑 − 𝑪𝟏𝑽̇𝑳𝑻 + 𝑪𝟐 = 𝟎 (14) 

𝑪𝟏 =
 ∆𝒑 + ∆𝑯𝝆𝒈 𝒈𝝅𝟐𝒅𝟒

𝟖𝑲𝒕𝒐𝒕𝒂𝒍

 (15) 

𝑪𝟐 =
𝑷𝒉𝒚𝒅𝒈𝝅

𝟐𝒅𝟒

𝟖𝑲𝒕𝒐𝒕𝒂𝒍

 (16) 

∆≤ 𝟎 →
𝑪𝟐
𝟐

𝟒
−

𝑪𝟏
𝟑

𝟐𝟕
≤ 𝟎                       [14] (17) 

 
𝑷𝒉𝒚𝒅𝒈𝝅

𝟐𝒅𝟒

𝟖𝑲𝒕𝒐𝒕𝒂𝒍
 

𝟐

𝟒
≤
 
 ∆𝒑 + ∆𝑯𝝆𝒈 𝒈𝝅𝟐𝒅𝟒

𝟖𝑲𝒕𝒐𝒕𝒂𝒍
 
𝟑

𝟐𝟕
 

(18) 

𝑲𝒕𝒐𝒕𝒂𝒍 ≤
𝝅𝟐𝒅𝟒 ∆𝒑 + ∆𝑯𝝆𝒈 𝟑

𝟓𝟒𝝆𝑷𝒉𝒚𝒅
𝟐  (19) 

𝑷𝒂𝒗𝒂𝒊𝒍𝒂𝒃𝒍𝒆 = ∆𝒑
𝝅𝑫𝟐

𝟒
∆𝑯𝒇 = ∆𝒑

𝝅𝑫𝟐

𝟒

∆𝑯

𝝉
 (20) 

𝑷𝒂𝒅𝒎𝒊𝒔𝒔𝒊𝒃𝒍𝒆 = 𝑷𝒉𝒚𝒅𝑽̇𝑳𝑻_𝒂𝒅𝒎𝒊𝒔𝒔𝒊𝒃𝒍𝒆 (21) 

𝑽̇𝑳𝑻_𝒂𝒅𝒎𝒊𝒔𝒔𝒊𝒃𝒍𝒆 = 𝑽𝒂𝒅𝒎𝒊𝒔𝒔𝒊𝒃𝒍𝒆𝝅
𝒅𝟐

𝟒
 (22) 

𝐑𝐞𝒂𝒅𝒎𝒊𝒔𝒔𝒊𝒃𝒍𝒆 =
𝑽𝒂𝒅𝒎𝒊𝒔𝒔𝒊𝒃𝒍𝒆𝒅

𝝈
 (23) 

𝑲𝒕𝒐𝒕𝒂𝒍_𝒎𝒊𝒏 = 𝑲𝒕𝒐𝒕𝒂𝒍𝑷𝒂𝒗𝒂𝒊𝒍𝒂𝒃𝒍𝒆 =
𝝅𝟐𝒅𝟒 ∆𝒑 + ∆𝑯𝝆𝒈 𝟑

𝟓𝟒𝝆𝑷𝒂𝒗𝒂𝒊𝒍𝒂𝒃𝒍𝒆
𝟐  (24) 

𝑲𝒕𝒐𝒕𝒂𝒍_𝒎𝒂𝒙 = 𝑲𝒕𝒐𝒕𝒂𝒍𝑷𝒂𝒅𝒎𝒊𝒔𝒔𝒊𝒃𝒍𝒆 =
𝝅𝟐𝒅𝟒 ∆𝑷𝒕 

𝟑

𝟓𝟒𝝆𝑷𝒂𝒗𝒂𝒊𝒍𝒂𝒃𝒍𝒆
𝟐  (25) 

𝑽̇𝑳𝑻 = 𝝅𝒅𝟐 
∆𝑷𝒕

𝟖𝝆𝑲𝒕𝒐𝒕𝒂𝒍

 (26) 

𝑽̇𝑳𝑻_𝒎𝒊𝒏 = 𝑽̇𝑳𝑻𝑲𝒕𝒐𝒕𝒂𝒍_𝒎𝒊𝒏 (27) 

𝑽̇𝑳𝑻_𝒎𝒂𝒙 = 𝑽̇𝑳𝑻𝑲𝒕𝒐𝒕𝒂𝒍_𝒎𝒂𝒙 (28) 

 

 

Fig. 3. Variation of efficiencies (ηth, ηII) with the superheated 

temperature of R1233zd as the working fluid. 

 

Fig. 4. Hydrostatic scheme of the hydraulic part of the power plant [20]; 

H1 and H2 heights relative to the reference plane, 𝑉̇𝐿𝑇  flow rate. 
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In order to make the analysis smooth and clear, the following 

definitions are imperative (as detailed in Table 3). Hydraulic 

power denoted as Phyd, is defined as the power consumed by the 

hydraulic converter, Eq. (11). It can be determined by utilizing 

the Bernoulli equation, Eq. (10), and taking into account the mi-

nor losses characterized by their flow coefficient. These los-ses 

occur in various circumstances such as entry to a pipe from 

a tank, exit from a pipe into a tank, bends in a pipe, valves, and 

so forth (Fig. 4). The total flow coefficient (Ktotal) of the above-

mentioned minor losses is determined using Eq. (12). The values 

of loss coefficients for the threaded elbow (Kelbow), the entry to 

a pipe from a cylinder (Kentrance), and the exit from a pipe into 

cylinder (Kexit) can be found in [26]. Moreover, the loss coeffi-

cient of the valves (Kvs) which is related to the nominal diameter 

is determined based on [27]. 

In fact, the hydraulic analysis was carried out using Ber-

noulli’s equation between two points located in the evaporator 

and condenser. The purpose of this analysis at this stage is to 

size the hydraulic circuit, specifically to define the diameter d 

based on the hydraulic power consumed by the hydraulic con-

verter. By assuming a constant pressure difference (Δ𝑝), a max-

imum value of hydraulic power is obtained, which allows for 

determining the maximum diameter (d) of the circuit. 

Even when assuming a constant pressure difference to esti-

mate the hydraulic power, the thermal (Eq. (8)) and second law 

(Eq. (9)) efficiencies are not affected by this assumption. The 

efficiencies in question were calculated from the net specific 

work of the thermodynamic cycle, Eq. (7). 

However, it would also have been possible to calculate the 

available mechanical power (Pavailable ) defined as the mechanical 

power imparted by the engine cycle to the transfer liquid, from 

the net work of the cycle (𝑊cycle, Eq. (7)), provided that the mass 

flow rate of the cycle (𝑚̇) was known (𝑃𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 = 𝑊𝑐𝑦𝑐𝑙𝑒𝑚̇). 

This is equivalent to determining the duration 𝜏 of the thermo-

dynamic cycle or its frequency 𝑓. 

The available mechanical power (Eq. (20)) depends on the 

diameter of the transfer cylinder, which is set at D = 1 m in this 

study, the height or vertical distance traversed by the transfer 

liquid, the pressure differential (Δp), and ultimately, the fre-

quency (f = 1/τ) of a single thermodynamic cycle. At this stage 

of the study, it is only possible to vary the cycle duration (𝜏) 

within a hypothetical range. This power may be transmitted ei-

ther wholly or partially to the turbine, contingent upon the hy-

draulic circuit losses (comprising bends, valves, etc.), which, in 

turn, hinge upon the diameter of the transfer piping and the vol-

umetric flow rate of the transfer liquid. However, a portion of 

this available mechanical power (Pavailable) at the transfer cylin-

ders is expended in overcoming the losses in the hydraulic cir-

cuit, deduced directly from Eq. (11). Meanwhile, the remaining 

is transformed by the hydraulic converter into mechanical 

power. 

Furthermore, among the conditions that must be taken into 

consideration are the flow velocity limits to maintain the integ-

rity and performance of the system. It emerges that the flow ve-

locity (or admissible speed) can go up to 6 m/s [28], which will 

considerably increase the admissible power and in return will 

increase the specific power of the new power plant. In fact, it is 

a recommended flow velocity for hydraulic pipes to avoid tran-

sitioning to the rough turbulent regime. 

Under these circumstances, admissible power refers to the 

maximum allowable power that a hydraulic system or compo-

nent can handle without exceeding its design limitations or caus-

ing damage. The admissible power (Padmissible, Eq. (21)) can be 

determined by replacing the admissible speed (Vadmissible) in the 

hydraulic power (Eq. (11)), taking into account several factors, 

including the design, materials, and operating circumstances of 

the hydraulic components.  

Also, substituting the admissible speed in the Reynolds num-

ber equation gives the admissible Reynolds number (Readmissible, 

Eq. (23)). Along with the admissible speed (Vadmissible), the ad-

missible Reynolds number is also affected by the kinematic vis-

cosity of the hydraulic fluid (σ). 

The selection of the hydraulic oil viscosity grade should 

align with the typical operating temperature. It is important to 

remember that viscosity is a measure of the oil’s resistance to 

flow, so in hydraulic systems that are dependent on flow, vis-

cosity is important with respect to both lubrication and energy 

transmission [29]. According to [29], hydraulic systems nor-

mally use oil with a viscosity range of 32–68 cSt at 40°C. How-

ever, in a thermo-hydraulic machine where the hydraulic oil 

comes into contact with the superheated vapour, the choice of 

the hydraulic oil depends on the temperature of the superheated 

vapour. For instance, a temperature of 100°C requires a hydrau-

lic oil with a minimum viscosity of 15 cSt, i.e. a hydraulic oil 

ISO VG 150. At a temperature of 130°C and a viscosity of 

15 cSt, the selection of an ISO VG 460 hydraulic oil is necessi-

tated. This requirement can be substantiated through reference 

to oil viscosity-temperature charts, as documented in sources 

[30−32]. In this case, the power plant must be started by heating 

the hydraulic oil to a temperature greater than 40°C so that the 

kinematic viscosity is less than 600 cSt. 

Moreover, finding the flow rate via the turbine is possible by 

solving the cubic equation (14). The discriminant (Δ) of this cu-

bic equation has to be negative in order to get real solutions [14].  

The definition of the maximum value of Ktotal that may be 

utilized to find real solutions for the flow rate in cubic equation 

(14) is made possible by inequality (19). Equations (24) and (25) 

establish the minimum and maximum values of Ktotal at the two 

powers Padmissible and Pavailable, respectively. 

Finally, to ensure the proper functioning of the turbine, it is 

necessary for the hydraulic power (Eq. (11)) to be positive. 

Through this condition, the relation of flow rate can be deduced 

(Eq. (26)). By substituting the expressions of the minimum and 

maximum total flow coefficient (Eqs. (24) and (25)) into the 

equation of flow rate (Eq. (26)), a condition on this flow rate is 

obtained in Eqs. (27) and (28). 

6. Results and discussion of the hydraulic analysis 

Figures 5a and 5b illustrate the evolution of hydraulic power for 

different diameters. They depict the maximum hydraulic powers 

and optimal flow rates for each diameter. For a given diameter 

of the hydraulic circuit piping, the shape of the hydraulic power 

curve is parabolic. Several readings can be inferred from this 

figure. The power is zero at the two points of intersection of the 
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curve with the axis representing flow rate. The first point corre-

sponds to the converter’s idle state with zero volumetric flow 

rate. The second point also corresponds to the converter’s idle 

state with maximum volumetric flow rate and maximum pres-

sure losses in the hydraulic circuit. The hydraulic power is max-

imum for a well-considered value of pressure losses and conse-

quently a well-determined volumetric flow rate. The value of 

pressure losses at this point can only be minimal. In other words, 

the pressure losses of the hydraulic circuit, as a function of the 

volumetric flow rate for a given diameter, can vary from a min-

imum value when the converter is at rest to their maximum value 

when the converter is once again at rest (Figs. 5a and 5b). How-

ever, for a determined diameter of the hydraulic circuit, the hy-

draulic power reaches its maximum value, which corresponds to 

an optimal volumetric flow rate, i.e. minimum pressure losses in 

the circuit. 

To take advantage of this determined maximum hydraulic 

power for a given diameter, it is necessary for the power availa-

ble at the transfer cylinder to be greater than or equal to the hy-

draulic power. This implies that the available mechanical power 

at the transfer cylinder, which in turn depends on the frequency 

of the thermodynamic cycle (f) or the duration of a thermody-

namic cycle (τ) (Eq. (20)). The latter depends on the tempera-

tures and/or pressures of the hot and cold reservoirs, the working 

fluid, heat transfer parameters (exchange surfaces, heat transfer 

coefficient, temperature jumps, etc.). In this case, in the absence 

of real data and with the aim of completing this analysis, we can 

assume a frequency for which the available mechanical power 

at the transfer cylinder is equal to the hydraulic power, repre-

sented by the horizontal line passing through the maximum Phyd 

for a given diameter.  
It is observed that the available mechanical power at the 

transfer cylinder increases with the growth of the frequency of 

the thermodynamic cycle. This means that the higher the number 

of cycles per second, the greater the available mechanical power 

at the transfer cylinder (Pavailable). 

In the first case (Fig. 5a), with the maximum value of thermal 

efficiency ηth_max = 17.5% and a pressure drop Δp = 1416.4 kPa, 

the maximum hydraulic power is 5.3 kW for d = 0.02 m. How-

ever, it is equal to 0.4 kW for the second case (Fig. 5b) with the 

maximum value of second law efficiency ηII_max = 90.2% and a 

pressure drop Δp = 235.3 kPa for the same diameter. When the 

diameter is d = 0.046 m, in both first and second cases, the max-

imum hydraulic power increases to 27.8 kW and 1.9 kW, respec-

tively. These findings suggest that different types of converters 

must be selected in each case. For the first case, both the hydrau-

lic turbine and piston-converter are suitable due to the relatively 

high pressure differential and high hydraulic power. However, 

for the second case, only a hydraulic turbine is suitable due to 

the low-pressure differential between the transfer cylinders. 

However, it is crucial to emphasize that high mechanical 

powers can be produced only at the high thermal efficiency op-

erating mode. In contrast, operating modes with high second low 

efficiencies cannot provide high levels of mechanical powers.  

As previously noted, a total height of 0.1 m was selected for 

ΔH. This decision is supported by the relatively minor influence 

of ΔH on hydraulic power, as illustrated in Fig. 6. It is clear that 

ΔH is significantly related to the duration of the thermodynamic 

cycle (τ), and thus to the frequency (f). Specifically, a slower 

thermodynamic cycle corresponds to a higher value of ΔH. 

The permissible range of flow rates according to the pressure 

drop in transfer cylinders obtained for both studied cases are 

shown in Figs. 7a and 7b. They are likewise compared to those 

obtained by Semmari et al. [14]. Consequently, the resulting 

working area built according to the minimum and maximum to-

tal flow coefficients is identical to the one obtained by Semmari 

et al. [14] for their thermo-hydraulic machine. Nonetheless, in 

 
(a) (b) 

Fig. 5. Variation of the hydraulic power according to the volume flow rate: (a) case 1 − Δp = 1416.4 kPa and ηth_max = 17.5%, 

(b) case 2 − Δp = 235.3 kPa and ηII_max = 90.25%. 
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the aforementioned work, flow rates seem to be a little bit over-

rated. To clarify the disparity in flow rates ranges, the homoge-

neity of the hydraulic power expression provided by Semmari 

et al. was checked through a dimensional analysis. It appears 

that the term containing the loss coefficient looks to have a unit 

of m3/s when it should really be expressed in watts! 

As previously mentioned, solving Eq. (14) enables the deter-

mination of the flow rate through the turbine that satisfies the 

condition 𝑉̇𝐿𝑇_𝑚𝑖𝑛 < 𝑉̇𝐿𝑇 < 𝑉̇𝐿𝑇_𝑚𝑖𝑛. The set of retained solu-

tions for flow rates and pressure drops is located between the 

two curves. This information is valuable when comparing vari-

ous gases and operating regimes. It is clear that, as you move to 

the left (i.e. with decreasing pressure drop), the range of flow 

rates narrows. Conversely, moving to the right broadens the 

range of flow rates. 

Admissible powers and admissible Reynolds numbers ver-

sus diameter are depicted in Table 4 for cases 1 and 2 at the ad-

missible speed Vadmissbile of 6 m/s. It can be observed that in 

case 1 the admissible power increases from 2.6 kW to 574.5 kW 

as the diameter increases. Similarly, for case 2 the admissible 

power increases from 0.3 kW to 73.6 kW as the diameter in-

creases. The hydraulic system can accommodate higher power 

levels, suggesting that a larger diameter enables better fluid flow 

and can meet higher power demands. However, it is important 

to ensure that the power is not simultaneously exceeded in a hy-

draulic system. Operating at excessive admissible power levels 

can lead to increased wear, pressure drops, and potential system 

failures. 

Additionally, the Reynolds number in Table 4 increases at 

the admissible speed as the diameter increases, ranging from 

8 000 to 120 000 for cases 1 and 2, respectively. This increase 

in the Reynolds number at the admissible speed indicates a tran-

sition from a smooth turbulent regime, characterized by a Reyn-

old number ranging between 2 300 and 100 000 [26]. Hence, the 

obtained results show that in both cases when the pipe diameter 

 
(a) (b) 

Fig. 7. Comparison of the allowed flow rates according to the pressure drop for d = 0.03 m in transfer cylinders obtained for both studied cases with those 

obtained by Semmari et al. [14]: ― flow rate (Ktotal_min) for the present study, ― flow rate max studied by Semmari et al. [14], 

- - flow rate (Ktotal_max) for the present study, - - flow rate min studied by Semmari et al. [14]. 

 
(a) (b) 

Fig. 6. Variation of the hydraulic power with the flow rate and the total height ΔH for d = 0.02 m: (a) case 1 − Δp = 1416.4 kPa and ηth_max = 17.5%, 

(b) case 2 − Δp = 235.3 kPa and ηII_max = 90.25%. 

 
(a) (b) 

Fig. 6. Variation of the hydraulic power with the flow rate and the total height ΔH for d = 0.02 m: (a) case 1 − Δp = 1416.4 kPa and ηth_max = 17.5%, 

(b) case 2 − Δp = 235.3 kPa and ηII_max = 90.25%. 
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remains under 0.25 m, the flow regime is still far from the rough 

turbulent regime. 

Another careful reading from Table 4 allows to underline an-

other established fact when comparing the available and admis-

sible powers. The available power exceeds the admissible one 

by an average value of 51% and 4%, respectively for the two 

cases. This suggests that the operating regime with a maxi-mum 

value of second law efficiency ηII_max = 90.25% (case 2) is able 

to convert all the available power at the transfer cylinders more 

efficiently than the one with a maximum value of thermal effi-

ciency ηth_max = 17.5% (case 1). However, the only drawback is 

that a power plant operating according to case 2 cannot provide 

high levels of mechanical powers and have a relatively low spe-

cific power. 

7. Conclusions  

In summary, this work examines a unique ORPILI thermo-hy-

draulic machine that was first conceived by the Research Labor-

atory in Engineering, Materials and Structures. The study is 

thought of as a multi-aspect optimization of the new concept of 

a power plant and it is divided into two primary sections: ther-

modynamic and hydraulic analysis. Hence, the following major 

conclusions are drawn based on the obtained results: 

 Among several suggested working fluids, the thermody-

namic analysis has shown that the R1233zd is the most ap-

propriate for mechanical power generation from low tem-

perature reservoirs. It is demonstrated that thermal and sec-

ond law efficiencies can reach maximum values of 17.5% 

and 90.3%, respectively. However, high mechanical pow-

ers can be produced only at high thermal efficiencies oper-

ating mode. On the other hand, operating modes with high 

second low efficiencies cannot provide high levels of me-

chanical powers. 

 For a given diameter of the hydraulic circuit piping, the 

shape of the hydraulic power curve is parabolic. However, 

the hydraulic power reaches its maximum value, which 

corresponds to minimum pressure losses in the circuit, i.e. 

the optimal volumetric flow rate. 

 It is shown that there is a certain operating area with al-

lowed values of flow rate and pressure drop in transfer cyl-

inders. The boundaries of this area are determined by the 

minimum and maximum values of the total flow coeffi-

cients. 

 A power plant operating with a maximum value of second 

law efficiency cannot provide high levels of mechanical 

powers and have a relatively low specific power. To de-

velop a significant power, it will be necessary to opt for a 

power plant operating with a maximum value of thermal 

efficiency, i.e. relatively high specific power. 

The last conclusion aligns with several postulates of the sec-

ond law of thermodynamics. It evokes the initial observation 

made by Nicolas Leonard Sadi Carnot during his analysis of 

steam engines, when he realized that there was a fundamental 

limit to the amount of work generated from a given amount of 

heat. In light of this, more studies will need to be done. Their 

primary focus will be on the transfer cylinders and the mechan-

ical gearbox with the freewheel. 
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1. Introduction 

Phase equilibrium calculation is important in fuel droplet evap-

oration, combustion, distillation process design, and nitro-

gen/carbon dioxide injection in enhanced oil recovery tech-

niques. Therefore, using a simple and practical model to calcu-

late equilibrium mole fractions in numerical models is essential 

[1,2]. Figure 1 shows a droplet that is evaporating in a gaseous 

environment. The problem is calculating equilibrium mole frac-

tions of species at the interface, where vapour-liquid equilibrium 

(VLE) coexists. At low pressures (near or below 1 atm), the dis-

solved gas and real-gas effects are negligible; consequently, Ra-

oult’s law can accurately predict the equilibrium mole fractions 

[3]. At high-pressure conditions, a comprehensive model should 

consider solubility and real-gas behaviour. In an extensive re-

view, Mühlbauer and Raal [4] have studied two methods to de-

termine the phase equilibrium at high pressures. Two primary 

approaches, combined and direct methods, have been developed. 

The combined method utilizes activity and fugacity coefficients 

to describe the non-idealities of the liquid and vapour phases, re-

spectively. It reliably represents complex systems at low to me-

dium  pressures  but  faces  difficulties  at  high-pressure  regions. 
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Vapour-liquid equilibrium calculation is crucial in oil industry and multi-phase systems such as droplet evaporation. This 
paper presents a comprehensive numerical analysis of phase equilibrium in multi-component systems at various pressures 
and temperatures, accounting for high-pressure phenomena including thermodynamic non-ideality and inert gas effects. 
The phase equilibrium is determined by solving the fugacity equation iteratively to find the equilibrium mole fractions in 
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solubility in liquid alkanes such as heptane, dodecane, and hexadecane. Model performance is validated against experi-
mental data for binary and ternary systems, showing good agreement. Results indicate that density and molecular attractive 
forces impact gas dissolution. Increased pressure and gas density enhance solubility in the liquid phase, while temperature 
effects vary between subcritical and supercritical regions. The study also highlights differences in gas solubility between 
heavy and light fluids. 
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Nomenclature 

a – parameter in the Peng-Robinson equation of state representing  

         the intermolecular attractive force, Nm4/kmol2  

b – coefficient in Peng-Robinson equation of state, m3/kmol 

f – fugacity, N/m2 

𝑔 ‒ Gibbs function, J/kg 

kij – binary interaction coefficient 

n – mole number  

N – number of species  

T – temperature, K  

P ‒ pressure, N/m2 

Ru  – universal gas constant, J/ (mol K) 

V – volume, m3  

x – mole fraction 

Z – compressibility factor 

 

 

 

Greek symbols 

 – chemical potential, J/kg  

𝛾 – activity coefficient 

𝜑 – fugacity coefficient 

𝜈 – molar specific volume, m3/kmol 

ω – acentric factor 

 

Subscripts and Superscripts  

c – critical 

l – liquid phase 

𝑣 – vapour phase 

i, j – individual component 

r – reduced 

 

Abbreviations and Acronyms 

EOS – equation of state 

VLE – vapour-liquid equilibrium 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In contrast, the direct method overcomes these challenges and 

requires fewer binary interaction coefficients. However, there 

are difficulties in using this model for complex polar systems. 

Rojas et al. [5] studied the effect of the equation of state (EOS) 

on the solubility of hydrogen gas in pyrolysis gasoline. Consid-

ering the cubic EOS of Redlich-Kwong, the classical quadratic 

mixing rules, and the correlation function S93 for hydrocarbons 

and S72 for hydrogen gas, the average absolute relative devia-

tion on the prediction of solubility of hydrogen in pyrolysis gas-

oline was reported as 3.1%. Ghosh [6] showed that Ping-Robin-

son and Redlich-Kwong have acceptable accuracy in computing 

phase equilibrium among the cubic equation of states. Lyu et al. 

[7] studied the solubility of carbon dioxide in methanol in the 

temperature range of 213 K to 273 K and up to 3 MPa pressure 

based on the γ-φ method. This study calculated the activity co-

efficient from Wilson and non-random two-liquid models. They 

showed that the Wilson model has better accuracy in determin-

ing the mole fraction. Chaparro et al. [8] measured and modelled 

VLE and surface tension for the hexane + ethanol + cyclopentyl 

methyl ether. The theoretical predictions of vapour–liquid equi-

librium using Peng-Robinson Stryjek-Vera equation of state and 

non-random two-liquid model (NRTL) are in good agreement 

with the reported experimental data of the ternary mixture. 

Laursen et al. [9] proposed a straightforward VLE device with 

 

 

 

 

 

 

 

 

 

 

 

 

 

vapour phase recirculation to test the gas solubility using liquid 

phase sampling. Höhler [10] introduced a novel apparatus for 

investigating gas solubility in solvents, such as alcohols and ke-

tones, across a temperature range of 253 K to 453 K. They 

showed that adding acetone can increase gas solubility. Yang et 

al. [11] studied the impact of non-ideal VLE on multi-compo-

nent droplet evaporation. The results suggest that an ideal VLE 

model may result in incorrect evaporation process predictions 

when the component structures, like those of ethanol and isooc-

tane, exhibit considerable differences. Ray et al. [12] studied the 

effect of pressure, temperature, and liquid phase composition on 

the solubility of gas in a ternary system. It was observed that gas 

solubility in the liquid phase increases significantly at high pres-

sures. In the numerical studies carried out in this field, the pro-

cedure of computing the mole fraction of components in ternary 

systems and more has not been outlined in detail. Nor have the 

effect of pressure and temperature on the gas solubility at differ-

ent compositions in the liquid phase been investigated. 

This paper aims to provide a more fundamental understand-

ing of VLE and gas dissolution in the liquid phase by consider-

ing non-ideal behaviour across a wide range of pressures and 

temperatures. Additionally, a detailed procedure for determining 

equilibrium mole fractions in ternary systems, which is not ade-

quately covered in existing literature, is described. This model 

 

Fig. 1. Schematic of VLE at droplet surface. 
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could eventually be applied to studies of droplet evaporation or 

combustion under high-pressure conditions. As validation, the 

vapour-liquid equilibrium of six systems is compared against 

existing experimental data. Extensive research has investigated 

the impact of pressure, temperature, and composition on VLE. 

2. Numerical model 

2.1 Phase equilibrium at high pressures 

Three criteria must be met at the liquid- and vapour-phase inter-

face to establish phase equilibrium in a multi-component mix-

ture. First, thermal equilibrium must be achieved in both phases. 

Additionally, mechanical forces at the interface should be bal-

anced. These two criteria indicate that temperature and pressure 

at the liquid- and vapour-phase interface must be equal [13]. In 

summary, the criteria for temperature and pressure equilibrium 

can be expressed as follows: 

 𝑇𝑣 = 𝑇𝑙, (1) 

 𝑃𝑣 = 𝑃𝑙 , (2) 

where P and T represent pressure and temperature, and super-

scripts 𝑣 and l refer to the vapour and liquid phases, respectively. 

It is also necessary for the chemical potential to be equal at the 

interface of both phases. If this criterion is not met, mass transfer 

will occur from one phase to another [13]. Since the partial mo-

lar Gibbs function is equivalent to the chemical potential, it can 

be written for each species as follows: 

 𝜇𝑖
𝑣 = 𝜇𝑖

𝑙  →  𝑔𝑖
𝑣 = 𝑔𝑖

𝑙 ,       𝑖 = 1,2, … , 𝑁, (3) 

where μ is the chemical potential, 𝑔 refers to the Gibbs function, 

and N represents the number of species in the system. Gibbs 

function of ith species in the mixture is defined as follows: 

 𝑑𝑔𝑖 = 𝑅𝑢𝑇𝑑(ln 𝑓𝑖)𝑇, (4) 

where 𝑅𝑢 is the universal gas constant, and f refers to fugacity. 

According to Eq. (4), Eq. (3) is rewritten in terms of fugacity as 

follows: 

 ln 𝑓𝑖
𝑣 = ln 𝑓𝑖

𝑙 → 𝑓𝑖
𝑣 = 𝑓𝑖

𝑙 ,        𝑖 = 1,2, … , 𝑁. (5) 

In Eq. (5), 𝑓𝑖 is defined as [2] 

 𝑓𝑖 = 𝑥𝑖𝜑𝑖  𝑃 (6) 

or 

 𝑓𝑖 = 𝑥𝑖𝛾𝑖𝑓𝑖
0 (7) 

where x, 𝜑, 𝛾, and 𝑓0 denote mole fraction, fugacity coefficient, 

activity coefficient, and standard-state fugacity. Although 

Eqs. (6) and (7) can be defined for any phase, Eq. (6) is usually 

used for the vapour phase (known as 𝜑 method), and Eq. (7) is 

employed for the liquid phase (known as 𝛾 method). Although 

the 𝛾 method is simpler to use at low pressures, when the sys-

tem’s temperature is above one of the species’ critical tempera-

tures, it can be challenging to use 𝛾 methods. In this condition, 

it is preferred to use the 𝜑 method for both phases [13]. 

In this study, Eq. (6) is employed to calculate the mole frac-

tion in both phases, known as 𝜑-𝜑 method. In reference [14], 

the following equation is proposed to calculate the fugacity co-

efficient, which can be used for any substance and in any phase: 

 𝑅𝑢𝑇 ln(𝜑𝑖) = ∫  
∞

𝑉
[(

∂𝑃

∂𝑛𝑖
)

𝑇,𝑉,𝑛𝑗

−
𝑅𝑢𝑇

𝑉
] 𝑑𝑉 − 𝑅𝑢𝑇 ln 𝑍. (8) 

In Eq. (8), Z is the compressibility factor, V is the volume, 

and nj is the mole number of the jth species. According to this 

equation, the fugacity coefficient is a function of temperature, 

pressure, and mole fraction. The right-hand side of Eq. (8) is 

calculated using the equation of state. Due to simplicity and ac-

ceptable accuracy, cubic equations of states are utilized. Among 

these equations, the Peng-Robinson equation of state considers 

the real-gas behaviour of the gas phase at high pressures and 

provides better accuracy in predicting the mole fraction of com-

ponents. 

The Peng-Robinson equation of state can be written as fol-

lows [14]: 

 𝑃 =
𝑅𝑢𝑇

𝜈−𝑏
−

𝑎

𝜈(𝜈+𝑏)+𝑏(𝜈−𝑏)
, (9) 

where v is the molar volume, 𝑎 and b are functions of critical 

temperature and pressure for pure substances. In a multi-com-

ponent mixture, these coefficients are functions of critical tem-

perature, critical pressure, and mixture composition, which are 

calculated using mixing rules [14]. Parameter 𝑎 accounts for at-

tractive forces between molecules while parameter b represents 

the volume occupied by a molecule. Equation (9) can be written 

as a cubic polynomial in terms of v as follows: 

 𝜈3 + (𝑏 −
𝑅𝑢𝑇

𝑃
) 𝜈2 + (

𝑎

𝑃
− 3𝑏2 − 2

𝑏𝑅𝑢𝑇

𝑃
) 𝜈 + 

 

                                                       + (𝑏3 +
𝑅𝑢𝑇𝑏2

𝑃
−

𝑎𝑏

𝑃
) = 0. (10) 

Equation (10) has either one or three roots depending on the 

number of phases in the system. In a two-phase system where 

both liquid- and vapour phases coexist, the largest root repre-

sents the molar volume of the vapour, and the smallest root is 

the molar volume of the liquid. In other cases, if only one phase 

exists in the system, the equation has one positive root. If there 

are two positive roots as a solution, one is physically meaning-

less. 

By combining the compressibility factor definition (𝑍 =

𝑃𝑣/(𝑅𝑢 𝑇)) and Eq. (10), the Peng-Robinson equation of state 

can be written as follows: 

 𝑍3 − (1 − 𝐵)𝑍2 + (𝐴 − 2𝐵 − 3𝐵2)𝑍 + 

 

                                                        −(𝐴𝐵 − 𝐵2 − 𝐵3) = 0. (11) 

The values of A and B are defined as follows: 

 𝐴 =
𝑎𝑃

𝑅𝑢
2𝑇2, (12) 

 𝐵 =
𝑏𝑃

𝑅𝑢𝑇
, (13) 
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 𝑎 = ∑  𝑁
𝑖=1 ∑  𝑁

𝑗=1 𝑥𝑖𝑥𝑗𝑎𝑖𝑗 , (14) 

 𝑏 = ∑  𝑁
𝑖=1 𝑥𝑖𝑏𝑖, (15) 

 𝑏𝑖 =
0.0778𝑅𝑢𝑇𝑐𝑖

𝑃𝑐𝑖
, (16) 

 𝑎𝑖𝑖 =
0.457254𝑅𝑢

2𝑇𝑐𝑖
2

𝑃𝑐𝑖
[1 + 𝑓(𝜔𝑖)(1 − √𝑇𝑟𝑖)]

2
, (17) 

 𝑎𝑖𝑗 = (1 − 𝑘𝑖𝑗)√𝑎𝑖𝑖𝑎𝑗𝑗 , (18) 

 𝑇𝑟𝑖 =
𝑇

𝑇𝑐𝑖
, (19) 

 𝑓(𝜔) = 0.3746 + 1.5423𝜔 − 0.2699𝜔2. (20) 

In these equations, subscript c refers to critical parameters, Tri 

stands for the reduced temperature, ω represents the acentric 

factor, and kij is the binary interaction coefficient, which is inde-

pendent of temperature, pressure, and mole fraction and is usu-

ally assumed to be zero in density calculation [3]. However, con-

sidering this parameter as zero in the phase equilibrium calcula-

tion can lead to significant errors. The value of kij is taken from 

[3]. By solving Eq. (11), the compressibility factor of the mix-

ture for the liquid phase (𝑍𝑙) and the vapour phase (𝑍𝑣) can be 

determined. Additionally, combining Eqs. (8) and (9) define the 

fugacity coefficient as follows: 

 ln 𝜑𝑖 =
𝑏𝑖

𝑏𝑅𝑢𝑇
(𝑃𝜈 − 𝑅𝑇) − ln [

𝑃

𝑅𝑢𝑇
(𝜈 − 𝑏)]+ 

 

                              −
𝑎 𝑏𝑅𝑢𝑇⁄

√4+𝜈
[

2 ∑  𝑗 𝑥𝑗𝑎𝑖𝑗

𝑎
−

𝑏𝑖

𝑏
] ln [

2𝜈+(2+√8)𝑏

2𝜈−(2+√8)𝑏
]. (21) 

By using the definition of the compressibility factor, Eq. (21) 

can be reformulated as follows: 

 ln 𝜑𝑖 =
𝑏𝑖

𝐵
(𝑍 − 1) − ln(𝑍 − 𝐵) + 

 

             +
𝐴

𝐵√8
[

𝑏𝑖

𝑏
−

2√𝑎𝑖

𝑎
∑  𝑗 𝑥𝑗√𝑎𝑗(1 − 𝑘𝑖𝑗)] ln [

𝑍+(1+√2)𝐵

𝑍+(1−√2)𝐵
]. (22) 

In summary, to establish phase equilibrium between a multi-

component liquid and vapour mixture, Eqs. (1), (2), and (5) must 

be satisfied. The equilibrium mole fraction of ith species in the 

mixture can be calculated using Eq. (5), which can be written as 

follows: 

 𝑓𝑖
𝑣 = 𝑓𝑖

𝑙  →  𝑥𝑖
𝑣𝜑𝑖

𝑣 = 𝑥𝑖
𝑙𝜑𝑖

𝑙 . (23) 

For a system comprising N species (where N > 1), 2N mole 

fractions are determined: N mole fractions in the liquid phase 

and N mole fractions in the vapour phase. Therefore, there must 

be a total of 2N equations to close the system of equations. N 

equations can be obtained from Eq. (23). Additionally, since the 

sum of mole fractions in the liquid- and vapour-phase is equal 

to unity, two more equations are added to the system of equa-

tions as follows: 

 ∑  𝑥𝑖
𝑣𝑁

𝑖=1 = 1,           ∑  𝑥𝑖
𝑙𝑁

𝑖=1 = 1. (24) 

Hence, for a binary system (N = 2), Eqs. (23) and (24) yield 

a system of 4 equations. However, if there are more than two 

components in the system, additional equations are required. In 

such cases, by specifying the mole fraction ratios of components, 

the number of equations becomes equal to the number of un-

knowns, resulting in a system of 2N equations and 2N unknowns. 

For example, in a ternary system such as heptane-hexadecane-

nitrogen, the system of equations is: 

 𝑥1
𝑣𝜑1

𝑣 = 𝑥1
𝑙 𝜑1

𝑙 , (25) 

 𝑥2
𝑣𝜑2

𝑣 = 𝑥2
𝑙 𝜑2

𝑙 , (26) 

 𝑥3
𝑣𝜑3

𝑣 = 𝑥3
𝑙 𝜑3

𝑙 , (27) 

 ∑  𝑥𝑖
𝑣3

𝑖=1 = 1, (28) 

 ∑  𝑥𝑖
𝑙3

𝑖=1 = 1, (29) 

 
𝑥1

𝑙

𝑥2
𝑙 = constant. (30) 

Subscripts 1, 2, and 3 refer to heptane, hexadecane, and nitro-

gen, respectively. In a ternary system, Ray et al. [12] considered 

the mole fraction ratio (Eq. (30)) as the initial value in the liq-

uids, while Juanos et al. [15] considered it as the stoichiometric 

mole ratio in a quaternary system. This assumption is acceptable 

since the amount of dissolved gas in the liquid phase is small 

compared to the other components.  

Following the methodology outlined by Ray et al. [12], the 

procedure for determining the mole fractions of the liquid- and 

vapour-phase under thermodynamically equilibrium conditions 

at a certain pressure and temperature can be summarized as fol-

lows: 

1) The temperature, pressure, and initial mole fractions of 

species in the liquid phase (𝑥𝑖
𝑙,𝑜𝑙𝑑

) are known. 

2) The initial mole fractions of species in the vapour phase 

(𝑥𝑖
𝑣,𝑜𝑙𝑑) are computed using Raoult’s law. 

3) By solving the Peng-Robinson equation of state using 

𝑥𝑖
𝑙,𝑜𝑙𝑑

 and 𝑥𝑖
𝑣,𝑜𝑙𝑑

, the compressibility factors for both 

phases are determined (Eq. (11)). 

4) The fugacity coefficients for each species in the liquid 

and vapour phases are calculated using Eq. (22). 

5) Employing the mole fraction of the liquid phase 

(𝑥𝑖
𝑙,𝑜𝑙𝑑

), the mole fractions of the vapour phase compo-

nents are determined by Eq. (23). The mole fraction of 

the last component is calculated using Eq. (24). 

6) The mole fraction of dissolved gas in the liquid phase 

is calculated using Eq. (23), while the mole fractions of 

other components in the liquid phase are determined us-

ing Eq. (24) along with the known component ratio 

specified in Eq. (30). 

7) Steps 3 to 6 are repeated until the convergence condi-

tion is met (|𝑥𝑖
𝑛𝑒𝑤 − 𝑥𝑖

 𝑜𝑙𝑑| < 10−6). 

3. Results and discussion  

3.1. Validation 

Four binary systems and two ternary systems, for which experi-

mental data are available in the literature, were selected to vali-

date the model. This collection encompasses a wide range of 
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systems, from light gases like hydrogen to heavy gases such as 

carbon dioxide, and from liquids with small molecules like wa-

ter to those containing larger molecules like hexadecane. 

Figure 2 shows a comparison of the predicted values and meas-

ured data reported by Lin et al. [16] for the hexadecane-nitrogen 

system (Fig. 2a),  Lay et al. [17] for the hexane-carbon dioxide 

system (Fig. 2b),  Lin et al. [18] for the hexadecane-hydrogen 

system (Fig. 2c), and  Søreide et al. [19] for water-carbon diox-

ide system (Fig. 2d). The predicted values agree with the experi-

mental data in binary systems. 

Experimental data from Uribe-Vargas et al. [20] for the hex-

ane-decane-nitrogen system and Dima et al. [21] for the water-

methane-carbon dioxide system have been employed to validate 

the numerical model for ternary systems. According to Fig. 3, 

the current model demonstrates good agreement with experi-

mental data in ternary systems. 

3.2. Results 

The study further investigates the effect of pressure and temper-

ature on the solubility of ambient gases in the liquid phase. For 

this purpose, liquid hydrocarbons, including heptane, dodec-

ane, and hexadecane, were used in the presence of nitrogen, 

 

 

 

 

Fig. 2. Comparison results of the presented model for binary  

systems with experimental data: (a) hexadecane-nitrogen, 

 (b) hexane-carbon dioxide, (c) hexadecane-hydrogen,  

(d) water-carbon dioxide. 

 
(a) 

 
(b) 

Fig. 3. Comparison of the presented model results with experi-

mental data: (a) hexane-decane-nitrogen, (b) water-methane- 

carbon dioxide. 
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oxygen, and carbon dioxide. The properties of these substances 

are listed in Table 1. In this study, heptane was chosen as 

a light hydrocarbon with high volatility, while hexadecane was 

selected as a heavy hydrocarbon with low volatility. Dodecane, 

on the other hand, represents a hydrocarbon with average mo-

lecular mass.  

3.2.1. Binary systems 

The effect of pressure and temperature on the solubility of nitro-

gen, oxygen, and carbon dioxide in heptane, dodecane, and hex-

adecane in a binary system has been investigated using the pre-

sented model. 

Figure 4 shows the equilibrium concentrations for nitrogen 

in the heptane-nitrogen system at seven different reduced tem-

peratures (Tr = T/Tc). It is evident that at a constant reduced tem-

perature, the dissolved gas in the liquid phase increases almost 

linearly with increasing pressure. In the gas phase, the nitrogen 

mole fraction experiences an upward trend and gradually dimin-

ishes as it approaches the heptane boiling point or critical mixing 

point. This behaviour is because, with increasing pressure, some 

heptane in the vapour enters the liquid phase and condenses, re-

sulting in an increase in the nitrogen mole fraction. However, as 

the condition approaches the boiling point or mixing point, the 

heptane in the liquid phase turns into vapour, and the nitrogen 

mole fraction in the gas phase decreases. Finally, nitrogen mole 

fractions in liquid- and vapour-phase meet at the boiling and 

critical mixing points in subcritical and supercritical regions, re-

spectively. 

Figure 5 presents the variation of nitrogen mole fraction in 

the heptane-nitrogen system as a function of reduced tempera-

ture in five different reduced pressures (Pr = P/Pc). In subcritical 

regions where heptane reduced pressure is less than one, as the 

temperature of the liquid phase increases, the amount of gas dis-

solved in the liquid phase generally decreases and vanishes at 

the liquid’s boiling point. In this case, the attraction between 

molecules decreases as the temperature increases. 

 

Fig. 4. Phase equilibrium diagram of the heptane-nitrogen system at 

constant reduced temperature using presented model. Numbers on the 

graph are heptane reduced temperature. 

 

Fig. 5. Phase equilibrium diagram of the heptane-nitrogen system at 

constant reduced pressure using presented model. Numbers on the 

graph are heptane reduced pressure. 

 

Fig. 6. Variation of parameter a for heptane and nitrogen. 

Table 1. Properties of considered substances.  
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Liquid 

Hexane C6H14 507.50   3.025 86.177 0.300 

Heptane C7H16 540.20   2.740 100.202 0.350 

Decane C10H22 617.70   2.110 142.285 0.490 

Dodecane C12H26 658.00   1.820 170.338 0.576 

Hexadecane C16H34 723.00   1.400 226.446 0.718 

Water H2O 647.14 22.064   18.015 0.344 

Gas 

Hydrogen H2    32.98   2.016     2.016 -0.217 

Nitrogen N2 126.20 28.014   28.014  0.037 

Oxygen O2 154.58 31.999   31.999  0.000 
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As mentioned earlier, parameter 𝑎 in the Peng-Robinson 

equation of state represents the intermolecular attractive force. 

The variation of this parameter with respect to temperature is 

shown in Fig. 6. Results indicate that increasing temperature de-

creases the attractive force between molecules in both heptane 

and nitrogen. However, this mitigation notably impacts the liq-

uid phase at lower temperatures, resulting in easier dissolution 

of gas molecules. With a further increase in temperature, the at-

tractive force between gas molecules also decreases. Conse-

quently, a smaller amount of gas dissolves in the liquid. In addi-

tion (look back at Fig. 5), vaporization becomes dominant as the 

temperature of heptane approaches its boiling point. Within an 

isolated system, where the total mass remains constant, the 

evaporation of heptane is anticipated to result in an elevation of 

nitrogen mole fraction. However, contrary to expectations, this 

elevation does not occur. Accordingly, it can be concluded that 

nitrogen escapes from the liquid phase to the gas phase with the 

evaporation of heptane. In fact, with increasing temperature, de-

creasing attractive force between nitrogen molecules (parameter 

a) plays a controlling role in determining the equilibrium mole 

fraction. When the pressure exceeds the critical liquid pressure, 

an increase in temperature continuously increases the amount of 

gas solubility and reaches its maximum at the critical mixing 

point. The liquid phase exhibits gas-like characteristics with in-

creasing temperature and approaching the critical state. Hence, 

nitrogen dissolves into the liquid phase more easily. It is appar-

ent that even at relatively low temperatures, for example, 300 K 

(reduced temperature of about 0.55), the nitrogen mole fraction 

in the liquid phase increases with increasing pressure. For ex-

ample, at a reduced pressure of 0.5, the amount of nitrogen dis-

solved in the liquid phase is approximately 0.025, while at a re-

duced pressure of 5, it is about 0.2, which emphasizes the im-

portance of considering gas solubility in models such as droplet 

evaporation at high pressures.  
Figure 7 compares nitrogen solubility in three hydrocarbons: 

heptane, dodecane, and hexadecane, at various reduced pres-

sures. Figures 7a and b show the nitrogen mole fractions in sub-

critical pressures. According to these figures, with an increase 

in a reduced temperature, nitrogen solubility gradually in-

creases, reaching local maximum values and decreasing rapidly. 

It can be seen that as the molecular weight of the liquid in-

creases, the amount of dissolved gas decreases. In other words, 

with the reduction in the volatility of hydrocarbons, less nitrogen 

dissolves into the liquid phase. Specifically, in all cases, nitro-

gen exhibits the lowest solubility in hexadecane as a heavy hy-

drocarbon, whereas it demonstrates the highest solubility in hep-

tane as a representative of light hydrocarbons. The difference 

vanishes for reduced temperature near unity, and dissolved ni-

trogen sharply drops to zero. Figures 7c and d depict the solu-

bility of nitrogen in different liquids against reduced tempera-

tures at two supercritical pressures. Similar to subcritical condi-

tions, the solubility of nitrogen is higher for lighter liquids. 

However, in contrast, the solubility monotonically increases as 

temperature increases.  
Figure 8 compares the solubility of different gases (nitrogen, 

oxygen, and carbon dioxide) in dodecane as a function of the 

reduced pressure. The findings reveal a positive correlation  

 

 

 

 

Fig. 7. Comparison of nitrogen solubility in three hydrocarbons, 

heptane, dodecane, and hexadecane at different hydrocarbon’s 

reduced pressures: (a) 𝑃𝑟 = 0.5, (b) 𝑃𝑟 = 0.9,  

(c) 𝑃𝑟 = 2, (d) 𝑃𝑟 = 4.  
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between the molecular mass of the gas and its solubility. The 

solubility of carbon dioxide is approximately 5 to 6 times greater 

than nitrogen at lower temperatures. With rising temperatures, 

the solubility of carbon dioxide experiences a sharp decline, 

whereas the variations in the mole fractions of nitrogen and ox-

ygen occur at a slower pace. The results indicate that the lighter 

gas dissolves less in a liquid, regardless of pressure. 

It contrasts with the previous finding that a gas dissolves less 

in heavier liquid at a given pressure. It is also worth mentioning 

that the results of the dodecane-CO2 system are in agreement 

with the experimental data of Camacho-Camacho [22].  
The disparity in gas solubility can be attributed to the attrac-

tive force between molecules. Figure 9 shows the value of the 

parameter 𝑎 for substances studied in this paper. Figure 9a pre-

sents the value of attractive force for nitrogen, oxygen, and car-

bon dioxide. It can be seen that the value of this parameter for 

carbon dioxide is about four times higher than nitrogen in 300 K. 

Indeed, the attractive force between carbon dioxide molecules is 

much higher than that of nitrogen. Consequently, carbon dioxide 

demonstrates substantially higher solubility than nitrogen, par-

ticularly under low-temperature conditions. The value of this pa-

rameter for oxygen is approximately 1.3 times greater than that 

of nitrogen. As a result, the solubility levels of nitrogen and ox-

ygen in Fig. 8 demonstrate a similar magnitude. Figure 9b illus-

trates the liquids studied in this work. Through a comparison be-

tween this figure and Fig. 7, it becomes evident that with an in-

crease of molecular attractive force in the liquid phase, the 

amount of gas dissolved in the liquid decreases, with nitrogen 

gas demonstrating the highest amount of solubility in heptane 

and the least amount of solubility in hexadecane. Parameter a 

depends on the critical temperature and pressure. Since the crit-

ical temperature and pressure depend on the molecular mass, pa-

rameter a also depends on the molecular mass. Therefore, it can 

 

 

 

Fig. 8. Comparison of nitrogen, carbon dioxide, and oxygen sol-

ubility in dodecane at different reduced pursuers: 

(a) 𝑃𝑟 = 0.5, (b) 𝑃𝑟 = 0.9, (c) 𝑃𝑟 = 2. 

 

 

Fig. 9. Value of parameter a in different substances: 

(a) gas substances, (b) liquid substances. 
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be claimed that an increase in the molecular mass of the gas 

leads to an increase in its solubility within the liquid phase. 

However, gas solubility decreases in the liquid by increasing 

the molecular mass. As the density of liquids and gases decre-

ases with increasing temperature, it could be claimed that para-

meter a and density are directly associated with each other, and 

the density of the species subsequently impacts gas solubility.  

Figure 10 illustrates the effect of pressure on the solubility 

of nitrogen at 300 K in three hydrocarbons: heptane, dodecane, 

and hexadecane. It is evident in Fig. 10a that with an increase in 

pressure, nitrogen solubility increases in all cases. As mentioned 

earlier, the attractive force in the Peng-Robinson equation of 

state for a pure substance only depends on the temperature. 

Therefore, at a constant temperature, its value remains constant 

with increasing pressure. Hence, in this case, this variable does 

not play any role in the difference between gas solubility in the 

liquid phase. With increasing pressure, gas density increases, 

and more gas is placed in a particular volume. As shown in the 

figure, hexadecane dissolves more nitrogen than heptane. Dif-

ferences in the solubility of liquids at a given temperature and 

pressure are related to their different reduced states. For exam-

ple, 4 MPa corresponds to reduced pressure of 1.46 and 2.86 for 

heptane and hexadecane, respectively. Therefore, hexadecane 

experiences more pressure for dissolving the nitrogen. Figure 

10b shows the nitrogen solubility with respect to the reduced 

pressure of liquids. Compared to Fig 10a, an utterly reverse de-

pendency on the pressure is seen. For a given reduced pressure, 

heptane can dissolve more gas into itself. It is dependent on the 

real state of the liquid; T = 300 K corresponds to a reduced tem-

perature of 0.55, while the reduced temperature for hexadecane 

is 0.42. In the first case, the dissolution should be more. 

3.2.2. Ternary system 

The subsequent discussion encompasses three ternary systems: 

heptane-hexadecane-nitrogen, dodecane-heptane-nitrogen, and 

dodecane-hexadecane-nitrogen. The initial mole fraction of 

each component in the liquid phase is tabulated in Table 2. In 

the presented model, the temperature was considered 300, 350, 

and 500 K, and the pressure was changed from 0.5 MPa to 

10 MPa. 

Figure 11 illustrates the variation of liquid- and vapour-

phase mole fractions as a function of pressure at a constant tem-

perature of 350 K. Figure 11a shows that  the  mole  fraction  of  

 

 

Fig. 10. Effect of pressure on nitrogen solubility at 300 K 

vs. (a) pressure and (b) reduced pressure. 

 

 

Fig. 11. Mole fractions in 70% heptane-30% hexadecane-ni-

trogen system using presented model: (a) in the liquid phase 

and (b) in the gas phase. 

Table 2. Initial mole fraction of liquid components. 

System C7H16 C16H34 C16H34 N2 

C7H16 + C16H34 + N2 0.7 0.3 − − 

C12H24 + C7H16 + N2 0.3 − 0.7 − 

C12H24 + C16H34 +N2 − 0.3 0.7 − 
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nitrogen dissolved in the liquid phase increases with increasing 

pressure. In this case, the gas solubility behaviour in the ternary 

system is identical to that of binary systems. Meanwhile, the 

mole fraction of heptane and hexadecane has constantly de-

creased due to the nitrogen mole fraction increase. Figure 11b 

presents mole fractions in the gas phase. It can be observed that 

the mole fraction of heptane and hexadecane in the gas phase 

decreases with increasing pressure. Because the volatility of 

heptane is higher than that of hexadecane, the mole fraction of 

heptane in the gas phase is continuously higher.  

Figure 12a depicts the variations in the nitrogen mole frac-

tion in the liquid phase in a 70% heptane-30% hexadecane mix-

ture as a function of pressure at 350 K and 500 K. The results 

show that the amount of nitrogen dissolved in the liquid phase 

has increased with an increase in temperature. Figure 12b dis-

plays the attractive force between the mixture’s molecules in the 

liquid phase in terms of pressure. It can be seen that similar to 

binary systems, this parameter’s value has decreased with an in-

crease in temperature. The reduction in the parameter 𝑎 within 

the liquid phase has increased the gas solubility in the liquid 

phase. An important observation is the decrease in nitrogen sol-

ubility as the temperature increases at lower pressure. In this 

case, with the increase in temperature, the liquid mixture is 

closer to its boiling temperature, and the solubility decreases like 

the binary system. As the pressure increases and moves further 

away from the boiling point of the mixture’s lighter component, 

the gas solubility at 500 K is higher than at 350 K, which can be 

attributed to the parameter 𝑎. As Fig. 12b shows, the attractive 

force in the liquid mixture decreases by pressure, and the slope 

is more acute at higher temperatures. Here, it is worth noting that 

the density of the mixture is lower at higher temperatures. There-

fore, the solubility of the gas encounters less resistance at higher 

temperatures. This figure depicts that the sensitivity of the solu-

bility to the pressure is higher at higher temperatures.  

Figure 13 compares nitrogen solubility in different concen-

trations of heptane and hexadecane mixture at 300 K. It is evi-

dent that nitrogen solubility increases at a constant reduced pres-

sure by increasing heptane concentration (lighter hydrocarbon). 

For instance, at reduced pressure 2, the mole fraction of nitrogen 

in pure hexadecane is approximately 0.05. By adding heptane to 

hexadecane and increasing heptane concentration to 30%, the 

nitrogen mole fraction changes to 0.06. At this reduced pressure, 

nitrogen solubility in a 70% heptane-30% hexadecane mixture 

is about 0.07, while in pure heptane, it is approximately 0.08. 

These results accentuate the use of this comprehensive model to 

calculate species concentration, especially for light hydrocarbon 

mixtures at high pressures. 

Figure 14 shows how adding heptane and hexadecane to do-

decane affects nitrogen solubility. Nitrogen dissolution is com-

pared in two systems of 70% dodecane-30% heptane and 70% 

dodecane and 30% hexadecane. Adding heptane as a light and 

volatile hydrocarbon to dodecane increases nitrogen dissolution 

compared to the dodecane-hexadecane mixture. As the reduced 

pressure increases, this difference becomes noticeable. For ex-

ample, at reduced pressure 5, the amount of nitrogen dissolved 

in the dodecane-heptane mixture is about 11% more than in the 

dodecane-hexadecane mixture. 

 

  

Fig. 12. Model predictions of (a) dissolved nitrogen mole fraction 

and (b) attractive force, in 70% heptane-30% hexadecane-nitrogen 

system at 350 K and 500 K. 

 

Fig. 13. Effect of pressure on nitrogen solubility in different con-

centrations of heptane and hexadecane mixture at 300 K  

using the presented model. The mixture reduced pressure is  

calculated from [14]. 
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6. Conclusions  

For studying the evaporation of droplets at high pressures, accu-

rately estimating equilibrium mole fractions is crucial for deter-

mining droplet lifetime and evaporation rate. An iterative pro-

cess using the fugacity coefficients of all species in both phases 

is employed to estimate phase equilibrium. This model accounts 

for all effects related to high pressure, including gas solubility 

in liquids, high-pressure phase equilibrium, and gas-phase non-

idealities. The procedure of solving related equations, which is 

not covered in the literature, is described in detail. A system of 

4 and 6 equations for binary and ternary system, respectively, 

are set with appropriate initial conditions, accompanying with 

Peng-Robinson equation of state. Compared to experimental 

data published in the literature, the numerical model is quantita-

tively validated and shows satisfactory agreement. The pre-

sented model can investigate the solubility of different ambient 

gases in various liquid hydrocarbons under subcritical and su-

percritical conditions. The primary conclusions of this study are 

as follows: 

1) The attractive force term within the Peng-Robinson equa-

tion of state significantly impacts solubility with tempera-

ture variations. In the liquid phase, reduction in the param-

eter 𝑎, which represents the intermolecular attraction force, 

improves gas dissolution. Hydrocarbons with lower molec-

ular weights, exhibiting reduced attractive forces, display 

a propensity for higher gas solubility as temperature rises. 

Conversely, concerning gases, a heavier gas with a higher 

attractive force tends to dissolve more in a particular liq-

uid. 

2) Gas solubility declines as the temperature rises in the sub-

critical region, while dissolved gas rises and achieves its 

maximum value at the critical mixing point in the super-

critical region. In both subcritical and supercritical regions, 

dissolved gas in the liquid phase increases as pressure rises. 

3) Adding heptane as a light hydrocarbon to a mixture in-

creases gas solubility at a given temperature, while heavy 

hydrocarbons like hexadecane reduce solubility.  

Although the presented model is simple and can be used for 

a wide range of substances at different temperatures and pres-

sures, it is unreliable near liquid critical points. Also, due to the 

complexities of polar molecules, there is a need to provide 

a comprehensive model for polar systems. 
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1. Introduction 

Different rocket propulsion systems have been used for almost 

70 years to conquer space. All of them can be divided into chem-

ical, nuclear, electric, and thermal [1]. Advances in the third one 

are low propellant use, resulting in small thrust compared to 

other propulsion systems. Small forces are not a drawback in 

satellites where they are desired. They are divided into three 

groups: electrothermal, electrostatic, and electromagnetic. From 

all of them, electrothermal propulsions give relatively high 

thrust without the demand of an enormous power supply [2]. In 

this type, heat is the energy obtained from electricity used to ex-

pand and later expel gas through the nozzle, creating thrust. The 

first way to reach this force is arcjet with propellant heated by 

electric discharge in its flow, but it demands quite a huge cur-

rent. It contrasts resistojets where power conditioning is simpler. 

A heat exchanger is a resistance wire through which fuel flows, 

gaining temperature and pressure.  
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Abstract 

Rocket thrusters of various types are used in space to change orbits, maneuver, and position control. The progressive trend in 

miniaturization of satellites also entails changes in propulsion systems. In recent years, electric rocket thrusters have become 

increasingly important. Resistojets are one of the simplest types offering thrust ranging from several to hundreds of millinew-

tons and use two types of energy: potential (pressure) and electrical. Electrical energy added by a resistive element  a heater 

 allows a significant increase in the temperature and specific impulse of the working medium. The paper considers the case 

of damage or lack of electrical power to the heater, which changes the engine operating mode from resistojet to coldgas. 

Experimental tests were carried out on a model of resistojet thruster operating in atmospheric conditions, both with the heater 

on and off. For the resistojet mode (heater on), three different variants of the flow delay to the heater activation time were 

considered. The analysis of results showed how the key propulsion parameters of the thruster change: specific impulse, total 

impulse, thrust and mass flow rate. For the tested model engine, wherein the resistojet mode the temperature was higher by 

approximately 120°C compared to coldgas, and approximately a 30% increase in specific impulse was observed. This demon-

strates the advantages of the resistojet, where a heater failure "only" causes a reduction in the propulsion potential and not its 

complete loss. The spaceship or a satellite with resistojet thruster onboard has still the opportunity to accomplish mission 

goals. 
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Nomenclature 

ISP ‒ specific impulse, m/s 

IT – total impulse, Ns 

 

Subscripts and Superscripts 

r – real  

t – theoretical 

 

Abbreviations and Acronyms 

AISI‒ American Iron and Steel Institute 

CG ‒ coldgas thruster 

RJ ‒ resistojet thruster  

In the case of damage to the heater, this thruster could also 

serve as a cold gas propulsion in backup mode. Thus, part of the 

mission objectives may be saved if a less efficient thruster is still 

available. That family of thrusters needs only a valve that con-

trols the flow of the working medium: gas, liquid [3] or even 

solid [4]. Both resistojet and cold gas operate with a wide group 

of propellants, such as gaseous hydrogen, carbon dioxide, nitro-

gen oxygen, hydrocarbons, and noble gases or liquid hydrazine, 

ammonia, and water [2]. Important information is whether the 

fuel is flammable, toxic, or reactive [5]. Those properties could 

limit use for safety reasons or possible damage to a stand. 

Short reviews show that the thrust for cold gas is reaching 

values of a few millinewtons up to newtons [3,6,7]. It has a spe-

cific impulse typically between 300 m/s to 750 m/s, can operate 

under a 10 W power supply, and has a total weight below 2 kg. 

The same paper described resistojets with thrust from 

10−200 mN and a specific impulse of 500‒1500 m/s. Much 

more power is needed: 15‒100 W which typically enables reach-

ing 500−700°C. In the papers [8,9], researchers found that if 

there is an available bigger power source, the increase of specific 

impulse in resistojet thruster achieves 1.66−1.83 times higher 

than cold gas [8,9]. Thrust value could be enlarged by using mul-

tiple nozzles [10].  

A resistojet thruster uses two types of energy: the potential 

energy of the pressure of the working medium located in the en-

gine chamber and electrical energy, which increases its gas tem-

perature, thereby increasing the engine's propulsion parameters. 

The profit from using electricity increases with the temperature 

of the working medium heated using a resistive circuit  a hea-

ter. The efficiency of the restistojet thruster is influenced by sev-

eral factors: the type of gas used, the amount of pressure, and 

the temperature of the medium. During thruster operation, sev-

eral different failure scenarios are possible, but one does not 

completely exclude the further use of a partially damaged en-

gine. Such a scenario causes damage to the heater or a lack of 

electricity to power it. The paper describes a laboratory model 

of a resistojet thruster working in two modes: as a resistojet and 

in the case when the heater is a failure as cold gas. 

2. The research stand  

The research stand was built to conduct measurements of 

thruster performance. It consists of gas and power supply sys-

tems, a heating chamber, a nozzle, and a measurement system. 

A scheme of the stand is presented in Fig. 1a and Fig. 2 view of 

the real setup. The research thruster was made of 316 AISI stain-

less steel with three flow channels ending with a convergent-

divergent nozzle. Two engine channels are connected to re-

sistance heaters, increasing the working gas temperature. The 

third channel, located close to the outer wall, was used to recover 

heat from the walls of the inner channels. It decreases heat losses 

from the heaters to the walls. The heaters are supplied with 

0.3 mm resistance wire, sheathed with ceramic insulation. The 

wire and ceramic insulation were enclosed in an Inconel alloy 

cover. The possibility of safe use of heating wire was up to 

1000°C. It has an external diameter of 1 mm and a resistivity of 

9 Ω/m. The research thruster is connected to a system equipped 

with a 24 V electromagnetic valve, a Venturi measuring tube 

upstream of the valve, static pressure sensors, and a buffer tank 

with a pressure regulator. The working gas was fed to the buffer 

tank from a high-pressure cylinder. The working gas is synthetic 

air (oxygen and nitrogen). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The measurement system was based on a National Instru-

ments USB 6356 measurement card with 8 analog channels and 

a maximum sampling frequency of 1 MHz Keller PAA-23 pres-

sure sensors with various measurement ranges were used, de-

pending on the location. A Czaki company type K thermocouple 

was used to measure working medium temperature in three lo-

cations: the buffer tank and the inlet and outlet heating channel. 

The mass flow rate was calculated from the Venturi  tube  meas- 

a) 

 
b) 

 

Fig. 1. The research stand: a) scheme: 1 – valve, 2 – pressure regulator, 

3 – pressure in the feeding line (in front of the Venturi), 4 – Venturi 

tube, 5 – electromagnetic valve, 6 – temperature after the heater, 

7 – pressure before the heater, 8 – current sensor, 9 – heater in  

the constructed thruster, 10 – power supply, 11 – pressure sensor  

at the nozzle inlet, 12 – baffle plate measurement system; b) view  

of the thruster: 13 – heater chamber (15 x 5 mm), 14 – control valve, 

15 – nozzle, 16 – pressure/temperature ports, 17 – thermal barrier. 
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urements using the relation described in [11]. 

The model of resistojet thruster consists of three channels. 

After opening the control valve, the working medium flows to-

wards the outlet nozzle and increases its temperature. The in-

crease of the temperature of the working medium effectively can 

be controlled by the power (temperature) of the heater and the 

heat exchange surface, which affects the length of the flow chan-

nel. In the described thruster model, both parameters were opti-

mally selected in the paper [11], taking into account the limita-

tions related to the maximum temperature of the heater and the 

length of the heating channel itself. For the maximum tempera-

ture, the strongest limitation was the maximum temperature of 

the heater material  in this case, 1000°C was the limit. For the 

dimensions of the thruster model, a solution with three channels 

was adopted (two of them have heaters) where the flow is re-

versed twice before it reaches the nozzle, which is associated 

with pressure losses but reduces the surface-to-volume ratio of 

the thruster, which significantly minimizes heat losses. 

3. Experimental results  

A matrix of variable parameters was adopted to compare both 

thruster operating modes. Two parameters were selected: flow 

time and the flow activation time delay compared to the heater 

activation time. The flow time is related to the possibility of im-

plementing the shortest possible single control pulse in the 

thruster. For a cold gas thruster, the times of single pulses can 

be counted in milliseconds. However, it should be noted that the 

structure of such an engine is very simple  it is a control valve 

and an outlet nozzle. For a resistojet engine, this time is longer 

because the flow channel's length must be considered. The chan-

nel should be long enough to increase the working medium tem-

perature. The extension of the channel affects the inertia of the 

working medium flow, but on the other hand, it affects the pos-

sibility of increasing its temperature. Therefore, the resistojet 

thruster must have longer operating times for a single pulse. So, 

the length of a single pulse for the resistojet thruster is the lim-

iting value. 

The second important question to answer is when the flow 

will be turned on, in comparison to the time of heater switching. 

Heating of the heater takes some finite time, and activating the 

heater at the same time as the flow means that in the initial pe-

riod, the resistojet thruster will work in cold gas mode. The time 

to reach the operating temperature will be longer due to the cool-

ing effect of the working medium flow. Therefore, turning on 

the heater before starting the flow is reasonable. This means that 

working gas starts to flow around the warmed heater wire and 

almost immediately switches to working in resistojet mode. 

Therefore, the second tested parameter is the delay time (flow 

activation time relative to the activation time of the heater), but 

this parameter was only tested for resistojet mode. These param-

eters for all examined cases are shown in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The case name: “Name-Case X.Y” contains information 

about the working mode: “Name”: CG – coldgas, RJ – resistojet, 

and X – delay time in second, Y – flow time in second, respec-

tively. Each measurement point was repeated at least three 

times, each time returning the initial temperature of the stand to 

the same value. The cooling fan (2) shown in Fig. 2 was used 

for this purpose. Figure 3 shows the test stand's typical course 

of the measured parameters. The engine thrust was measured us-

ing the baffle plate method, which allows for spatial separation 

between the thruster and the plate with a force sensor. This 

means that vibrations caused by, e.g. actuation of valves, do not 

affect the thrust measurement. Thanks to the knowledge of the 

mass flow rate, it is also possible to calculate the specific im-

pulse – the basic parameter of a rocket thruster. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The experiment mentioned above (Fig. 3), where the delay 

time was 2 s and the flow time was 5 s, is analyzed in detail in 

Fig. 4. It will see the heater warming up time, which shows a de-

crease in the current from 6.05 A to a stabilized value of 5.85 A 

Table 1. Experiments matrix: a combination of the flow time and delay 

time for both cases of thruster work.  

Delay 
time [s] 

Flow time [s] 

Coldgas Resistojet 

2 5 10 2 5 10 

0 
CG-Case 

0.2 
CG-Case 

0.5 
CG-Case 

0.10 
RJ-Case 

0.2 
RJ-Case 

2.5 
RJ-Case 

0.10 

1 

 

RJ-Case 
1.2 

RJ-Case 
2.5 

RJ-Case 
1.10 

2 
RJ-Case 

2.2 
RJ-Case 

2.5 
RJ-Case 

1.10 

 

 

Fig. 2. View of the research stand. 1 – thermal isolation, 2 – cooling fan, 

3 – isolation on the constructed thruster, 4 – pressure sensor connectors, 

5 – thermocouple connectors, 6 – baffle plate, 7 – force sensor. 

 

Fig. 3. Typical course of measured parameters. 
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(change of electrical resistance as a function of temperature). 

The heater current in the following part of the experiment ranges 

within ±0.66%, which shows how stable the energy transfer to 

the working gas was. The pressure at the outlet of a heating 

channel is varied within ±0.6%, and the temperature of the 

working gas about 340 ms after flow starts reaches approxi-

mately 125°C and increases by approximately 10 degrees for the 

next 5 seconds. It means that the thruster walls have not achie-

ved a steady state.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For all experiments performed, similar curves were obtained, 

as presented above. The propulsion parameters should be com-

pared to the operation of the thruster in both modes (CG and RJ): 

the specific impulse and the total impulse were selected. A com-

parison of the specific impulse for the CG and RJ operating 

modes with three different delay times of turning on the flow 

(for RJ mode) is shown in Fig. 5, and the calculated values, in-

cluding the total impulse, are shown in Table 2. To determine 

the theoretical ones, it was assumed that the thruster in the CG 

mode operates on a working medium at a temperature of 25°C, 

while in RJ mode with 150°C. In both modes, the same pressure 

was assumed in the engine chamber. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Looking at the calculated parameters, two conclusions can 

be drawn. Firstly, it is beneficial to use a delay in starting the 

flow to the starting of the heaters, which increases the total im-

pulse by 161 Ns (17%). Secondly, using a heater in the thruster 

increases the total impulse value in the RJ mode by approxi-

mately 29% compared to the CG mode. 

Analyzing the graphs shown in Fig. 6, it can be concluded 

that the flow time is not important for the obtained specific im-

pulse values. However, they confirm the validity of a delay in 

turning on the flow. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the driven spaceship's perspective, the most important 

parameter is the engine thrust. The transition from the RJ mode 

(e.g. in a failure situation) to the CG mode causes a slight in-

crease in the thrust value (see Fig. 7)  in this case, the change 

is between 6.3% and 9.3%. This is because gas at a higher tem-

perature has a larger specific volume, which causes a different 

mass flow rate through the same thruster geometry, confirmed 

by the graph shown in Fig. 8. The mass flow rate for the CG 

mode was assumed as 100%. For the RJ mode of operation, this 

flow value decreases. For short pulses of thruster operation, the 

drop depends on the delay time; for long operating times, it sta-

bilizes at the same level. This is due to the thruster reaching the 

same operating temperature value  it is reached faster for cases 

where the delay time is longer.  

The large impact of the delay time on the propulsion param-

eters is well illustrated by how fast the temperature at the nozzle 

inlet increases (see Fig. 9). We assume that the nominal temper-

ature value for this analysis can be taken as a value between 9 

and 10 seconds of the working time. If the flow is started with 

the heater, it takes as much as 5.805 s to reach 90% of the nom-

inal value; for a 1 s delay, this time drops to 5.15 s, and for a 2 s 

delay, it drops to 3.247 s. If we take 75% as the reference level 

 

Fig. 4. Course of selected parameters of the experiment. 

 

Fig. 5. Specific impulse in the function of time for all cases with 2 s of 

gas flow. Beginnings of flow are shifted to place them in one moment. 

Table 2. Calculated propulsion parameters for both work modes of 

a thruster. 

Case ISPt [m/s] ISPr [m/s] ITT [Ns] ITR [Ns] ITR/ITT [%] 

CG 0.2 535 487.5 1070.2 856.2 80 

RJ 0.2 

694.5 

550.6 

1389.3 

944.6 64.9 

RJ 1.2 590.3 1033.9 74.5 

RJ 2.2 629.7 1105.7 79.5 

 

a) 

 
b) 

 

Fig. 6. Specific impulse in a function of time with different flow times: 

2 s, 5 s, 10 s for: a) delay time – 0 s; b) delay time – 2 s. 
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of the nominal value, these times are as follows: 3.155 s, 2.05 s 

and 0.2 s. For comparison, the temperature at this same point of 

the inlet nozzle is also shown; for three experiments with differ-

ent working times, these differences do not exceed 0.4°C. 

4. Summary 

A research stand was presented, and experimental tests were car-

ried out for a resistojet thruster, which can operate in normal and 

emergency modes. The tests were carried out for two main 

cases: in the coldgas mode - the influence of the duration of op-

eration of a single pulse was checked; for the resistojet mode, 

the influence of operation time and the delay time of starting the 

flow to the time of starting the heater was examined. For the 

resistors operating mode, it was found that the delay in opening 

the flow is very significant. The efficiency (represented by the 

total impulse) increases significantly from 67.9% to almost 

80%. From a control law point of view, the ideal shape of the 

thruster control pulse is a rectangle; in reality, we can only fol- 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

low this shape. Experimental cases with a delay time of 2 second 

are most similar to the required shape. In the case of a failure 

scenario for a thruster, in the form of the inability to turn on the 

heater, the thruster can be switched to cold gas mode. The total 

impulse will also be 80% of the theoretical value while the mass 

flow rate increases and the thrust decreases slightly. From a con-

trol system point of view, the thruster delivers the same level of 

thrust, but the onboard resources for the propulsion system wear 

out faster; in other words, the time of its use is shortened. In 

many cases, such a failure scenario of the propulsion system al-

lows for saving at least part of the mission objectives.  

The conducted research allows for quantitative estimation of 

one of the emergency scenarios and is a starting point for plan-

ning research using a vacuum chamber, in which these effects 

can be examined in conditions more similar to real ones. 
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1. Introduction 

With the continuous adjustment of the global energy structure 

and rapid development of clean energy, natural gas, as an envi-

ronmentally friendly and efficient form of energy occupies an 

important position in the energy supply system [1]. Methane is 

the primary constituent of natural gas, and the products after 

combustion are carbon dioxide and water, which will not pollute 

the environment. Hydrogen, as a flammable gas, will not pollute 

the environment because its combustion product is water [2]. 

For the two combustible gases mentioned above, pipelines are 

usually used to transport them, and the addition of hydrogen to 

natural gas has the potential to enhance the efficiency of com-

bustion, cut down carbon emissions, and make hydrogen and 

natural gas share a set of transportation pipelines, saving con-

struction costs. However, natural gas pipelines will be damaged 

during use due to ageing or other unexpected factors. The dam-

age may lead to natural gas leakage, which will not only cause 

energy waste but also may cause fire once the concentration of 

leakage is too high [3]. Meanwhile, high-concentration natural 

gas will also pose a threat to human health. Thus, investigating 

the characteristics of leakage and diffusion of hydrogen-doped 

natural gas pipelines has great practical significance and can of-

fer a theoretical background for engineering practice and safety 
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Abstract 

The leakage of natural gas pipelines will waste energy and damage the environment. Research on the leakage and diffusion 
features of hydrogen-doped natural gas is beneficial to the safe management of natural gas pipelines. This paper established 
a numerical model used for simulating and computing the diffusion of hydrogen-doped natural gas. Then, simulation experi-
ments were conducted. First, the model accuracy was verified through experiments, and the appropriate mesh number of the 
model was determined. Then, the influence of different hydrogen blending ratios and various leakage hole diameters on the 
leakage and diffusion of gas was calculated. Under the same diffusion time, the higher the hydrogen content in the gas, the 
higher the diffusion rate of methane and hydrogen, and the diffusion rate of hydrogen had the most obvious change. Under 
the same diffusion time, the closer to the leakage hole, the higher the concentration of natural gas, and the concentration at 
the monitoring points at the same level differed little. 
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Nomenclature 

A ‒ diagonal matrix of M 

B ‒ resultant external force, N/m3 

C1εC2εC3ε ‒ turbulence constants 

D ‒ non-diagonal matrix of M 

Gb ‒ production of turbulent kinetic energy by buoyancy, J/(m3s) 

Gk ‒ production of turbulent kinetic energy by flow, J/(m3s) 

Ji ‒ diffusion flux of the i-th component, kg/(m2s) 

k ‒ turbulent kinetic energy, J/kg 

M ‒ molar mass of gas, kg/mol 

M ‒ coefficient matrix, 

p, P‒ pressure, Pa 

p’ ‒ corrected pressure, Pa 

R ‒ gas constant, J/(mol K) 

Si ‒ source of mass, kg/(m3s) 

Sm ‒ source of momentum, N/m3 

Sk ‒ source term, J/(m3s) 

Sε ‒ source term, J/(m3s2) 

t ‒ time, s 

T ‒ pipe temperature, K 

U  velocity field, m/s 

v ‒ gas velocity, m/s 

x ‒ gas displacement, m 

Yi ‒ mass fraction of the i-th gas component 

YM   contribution of the fluctuating dilatation in compressible turbul- 

    ence to the overall dissipation rate, J/(m3s) 

 

Greek symbols 

γ ‒ specific heat ratio 

ε ‒ dissipation rate of turbulent kinetic energy, J/(kg s) 

μeff, μl, μt ‒ effective, laminar, turbulent viscosity, Pa s 

ρ ‒ gas density, kg/ m3 

k  ‒ turbulence constant 

administration in related fields. Moortgat et al. [4] described the 

scenario of shallow groundwater pollution caused by natural gas 

leakage due to horizontal drilling and hydraulic fracturing in the 

process of exploitation. They used the numerical model of gas 

phase migration related to leaking natural gas wells to simulate 

working conditions, which provides an effective contribution to 

evaluating the leakage frequency of faulty natural gas wells and 

reducing leakage events. Shan et al. [5] designed a practical ap-

proach combining a Bayesian network with a bow-tie model for 

assessing the risk of natural gas pipeline leakage. The analysis 

of the case revealed that negligence in signage, implicit signage, 

excessive load, and design flaws in auxiliary equipment were 

identified as the primary factors inducing natural gas pipeline 

leakage. Wu et al. [6] established a Bayesian inference-iterative 

ensemble Kalman filter model for estimating source terms (leak 

location and leakage rate) and forecasting gas concentration dis-

tribution. Lee et al. [7] utilized a restricted quantity of sensors 

for the early detection of chemical leaks, thereby facilitating 

prompt and suitable initial response. Zandi et al. [8] conducted 

research on natural gas leaks resulting from pipeline failures in 

both atmospheric and porous conditions using a three-dimen-

sional simulation methodology. Li et al. [9] compared the dis-

parities in the distribution of hydrogen-blended natural gas flow 

fields released from three pipeline leakage sources: gas flowing 

downwards in a vertical pipe with a leak hole on the pipe wall, 

gas flowing upwards in a vertical pipe with a leak hole on the 

pipe wall, and a leak hole at the end of a horizontal pipe. In this 

article, a numerical model was designed to simulate the diffu-

sion of hydrogen-doped natural gas, and simulation experiments 

were also conducted. 

2. Materials and methods 

2.1. Experimental environment 

The numerical simulation of hydrogen-doped natural gas pipe-

line leakage and diffusion was conducted on a laboratory server 

with the Windows 10 operating system, 32 G memory, and Core 

I7 processor. 

 

2.2. The numerical model of gas diffusion 

The relevant mathematical models involved in the simulation of 

leakage and diffusion of hydrogen-doped natural gas pipelines 

include the governing equations and the turbulent motion equa-

tions, where the governing equations are: 

 
𝜕𝜌

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝑣) = 0,  

 
𝜕(𝜌𝑣)

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝑣2) = −𝛻𝑝′ + 𝛻 ⋅ (𝜇𝑒𝑓𝑓𝛻𝑣) + 𝐵 + 𝑆𝑚, (1) 

 
𝜕(𝜌𝑌𝑖)

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝑣𝑌𝑖) = −𝛻𝐽𝑖 + 𝑆𝑖.  

The first governing equation is a continuity equation, the 

second is a momentum conservation equation, and the third is 

a component conservation equation. ρ represents the gas density, 

v  gas velocity, t represents time, μeff represents the effective 

viscosity, p' is the corrected pressure, B is the resultant of all the 

external forces, Sm is the source of momentum, Yi is the mass 

fraction of the i-th component in the gas, Ji is the diffusion flux 

of the i-th component, and Si is the source of mass [10]. 

The governing equations ensure the basic rules to be fol-

lowed by the gas in the numerical simulation process [11], and 

the simulation of the gas flow needs the application of the tur-

bulent motion equations. In this paper, a common k-ε turbulence 

model [12] is adopted. The reason for choosing this turbulence 

model is that it is a semi-empirical formula summarized from 

experimental phenomena, so it has extensive applications, low 

computational cost, and reasonable accuracy. Its formula is: 

 
𝜕

𝜕𝑡
(𝜌𝑘) +

𝜕

𝜕𝑥
(𝜌𝑘𝑣) =

𝜕

𝜕𝑥
((𝜇𝑙 +

𝜇𝑡

𝜎𝑘
)
𝜕𝑘

𝜕𝑥
) +  

 +𝐺𝑘 + 𝐺𝑏 − 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘,  

(2) 

 
𝜕

𝜕𝑡
(𝜌𝜀) +

𝜕

𝜕𝑥
(𝜌𝜀𝑣) =

𝜕

𝜕𝑥
((𝜇𝑙 + 𝜇𝑡 +

𝜇𝑡

𝜎𝑘
)
𝜕𝜀

𝜕𝑥
) +  

 +𝐶1𝜀
𝜀

𝑘
(𝐺𝑘 + 𝐶3𝜀𝐺𝑏) − 𝐶2𝜀𝜌

𝜀2

𝑘
+ 𝑆𝜀,  
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where k denotes the turbulent kinetic energy, ε denotes the dis-

sipation rate of turbulent kinetic energy, μl is the laminar viscos-

ity coefficient, μt is the turbulent viscosity [13], Gk is the turbu-

lent kinetic energy produced by mean velocity gradients, Gb is 

the turbulent kinetic energy produced by buoyancy, YM repre-

sents the contribution of the fluctuating dilatation in compressi-

ble turbulence to the overall dissipation rate, Sk, Sε are source 

terms, C1ε, C2ε, C3ε and k are turbulence constants. 

The governing equations and turbulent motion equations are 

used to simulate the leakage and diffusion of the blended gas. 

This paper adopts the SIMPLE algorithm to solve the equation 

iteratively. The basic flow is as follows: 

①   The subject of numerical simulation is modelled. In order 

to facilitate the calculation, the model is simplified, and the 

side of the damaged pipe opening facing the atmosphere forms 

a closed two-dimensional rectangular space with the atmos-

pheric space (The closure here is used to limit the spatial range 

of calculations rather than to enclose atmospheric space) [14]. 

②   After the two-dimensional rectangular space is divided into 

grids and given boundary conditions, the initial working con-

ditions are set, including the initial velocity distribution and 

pressure distribution. 

③   The velocity field is predicted according to the initial pres-

sure, and the prediction equation [15] is: 

 𝑀𝑈 = −𝛻𝑝, (3) 

where U is the velocity field, p is the pressure field, and M is 

the coefficient matrix. 

④   The new pressure field is obtained using the pressure cor-

rection equation: 

 𝛻(𝐴−1𝛻𝑝) = 𝛻(𝐴−1𝐷),  (4) 

where A is the diagonal matrix of M and D is the non-diagonal 

matrix. 

⑤   The velocity field is corrected using the corrected pressure 

field: 

 𝑈 = 𝐴−1𝐷 − 𝐴−1𝛻𝑝. (5) 

⑥  It is determined whether the corrected velocity field satis-

fies Eq. (1). If not, it returns to step ③; if it does, then the iter-

ation stops. 

2.3. Numerical simulation 

The schematic plot of the numerical simulation model of the 

simulation experiment is displayed in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

The model was simplified into a closed two-dimensional rec-

tangular space, i.e. the two-dimensional rectangular space com-

posed of the pipe wall and dashed line frame in Fig. 1, to sim-

plify the calculation. The space is 10 m high and 20 m long, and 

the leakage hole is 8 m away from the left side. In the rectangular 

space, the left boundary is the wind speed inlet, the upper and 

right boundaries are pressure outlets, and the leakage hole is the 

natural gas velocity inlet. In addition, the thick black lines in 

Fig. 1, as well as the black dots and thin connecting lines, are 

part of the actual scaled model that will be validated for effec-

tiveness later. Here, the numerical model was overlapped with 

the actual scaled model. The numerical model is represented by 

the region formed by pipe walls and dashed lines in the figure. 

2.4. Experimental items 

(1) Validation of numerical model 

To facilitate operation during the numerical simulation, the 

model was simplified to some extent, which led to some errors 

between the calculated results and the actual results. Therefore, 

to guarantee the precision of the simulation under various work-

ing conditions, the validity of the numerical model was verified 

first. To assess the effectiveness of the numerical model, an 

equal scale model was built, and then a support was set up out-

side the two-dimensional rectangular space as shown in Fig. 1. 

A gas sensor was set on the monitoring points 1‒5 using the sup-

port. The monitoring point 1 was 2 m above the leakage hole, 

and the interval between adjacent monitoring points was 2 m. 

The sensors on the monitoring point were fixed by suspending 

steel wires according to Fig. 1. The steel wires were as thin as 

possible to guarantee the sensors' stability. 

Because the wind speed in the natural environment is diffi-

cult to control, the test environment was wind-free, the pressure 

in the pipeline was 3.0 MPa, the diameter of the leakage hole 

was 10 mm, the hydrogen mixing ratio of natural gas was 5%, 

and the leakage rate was 2.3 m3/h. The same conditions were 

substituted into the numerical model. In the numerical model, 

the number of grid cells in the two-dimensional rectangular 

space was set to 4 875, 5 425 and 6 387, respectively. The devi-

ation between the calculation results of the numerical model at 

the monitoring point and the actual results was compared under 

different grid numbers when the diffusion was carried out for 5, 

10, and 15 seconds. 

(2) Influence of hydrogen mixing ratio on leakage and diffu-

sion 

During the numerical simulation, the hydrogen blending ratio 

was set to 0%, 5%, 10%, 15% and 20%, the pressure in the pipe-

line was set to 3.0 MPa, the diameter of the leakage hole was 

10 mm, and the number of grid cells was set to 5 427. The com-

putation formula for the gas leakage velocity [16] at the leakage 

hole is: 

 𝑣 =
𝑃

𝜌
√𝑀

𝑅𝑇
⋅ 𝛾 ⋅ (

2

𝛾+1
)

𝛾+1

𝛾−1
,  (6) 

where P
 
is the pipeline pressure, ρ is the gas density, M is the 

molar mass of the gas, γ  is the specific heat  ratio,  R  is  the  gas 

 

Fig. 1. Schematic plot of the numerical simulation model. 
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constant, and T is the pipe temperature. 

(3) The change of diffusion concentration when gas leaks 

When conducting the numerical simulation, the hydrogen mix-

ing ratio was set to 20%, the diameter of the leakage hole was 

set to 10 mm, the pipeline pressure was set to 3.0 MPa, and the 

number of grid cells was set to 5 427. The mass fraction change 

of natural gas and hydrogen at each monitoring point within 20 s 

after the diffusion began was simulated. 

2.5. Experimental results 

Before using the model to simulate the leakage, the validity of 

the model was verified first, and the calculation error and time 

consumption of the numerical model under different grid cell 

numbers were compared. The final results are presented in Ta-

ble 1. Under the same number of grid cells, with the increase of 

simulated diffusion time, the average error between the mass 

fraction of methane and hydrogen at the monitoring point calcu-

lated by the model and the actual value did not change signifi-

cantly, nor did the standard deviation of the error change signif-

icantly. In other words, the model's simulated calculation of gas 

diffusion was relatively stable. Under the same simulated diffu-

sion time, although the calculation time of the model under the 

4 875 grid count was the least, the calculation error and the 

standard deviation of the error were large, while the model under 

the 5 425 grid count and the 6 387 grid count had relatively 

smaller calculation errors and standard deviations, with little dif-

ference between them. However, the model under the 6 387 grid 

count consumed more simulated calculation time. Therefore, 

this paper used a model with a grid size of 5 425 cells for the 

subsequent simulated calculation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The numerical model was employed to simulate the leakage 

and diffusion of gas under various hydrogen mixing ratios. The 

diffusion rates of methane and hydrogen are shown in Fig. 2. 

With the passage of leakage diffusion time, the diffusion rates 

of methane and hydrogen in natural gas eventually tended to be 

stable, and the rates of methane and hydrogen diffusion tended 

to be consistent in the end. Under the same diffusion time, the 

higher the hydrogen proportion in the gas, the higher the diffu-

sion rate of methane and hydrogen, and the diffusion rate of hy-

drogen had the most apparent change. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The numerical model was employed to simulate the natural 

gas leakage and diffusion with 20% hydrogen and 10 mm leak-

age hole diameter. The concentration variation at the monitoring 

points during diffusion is shown in Table 2. With the passage of 

diffusion time at each monitoring point, the gas concentration 

presented a trend of rapid rise at first, then a slow decline, and 

finally stability. At the same time after the beginning of diffu-

sion, the gas concentration at the monitoring points closer to the 

leakage hole was higher, while the gas concentration at the mon-

itoring points at the same height level was not significantly dif-

ferent. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1. Validity verification of the numerical model with different grid cell numbers.  

Diffusion 
time, s 

Number 
of grid 
cells 

Average error of  
methane mass  

fraction, % 

Standard deviation of 
methane mass fraction 

error, % 

Average error of  
hydrogen mass  

fraction, % 

Standard deviation of  
hydrogen mass fraction 

error, % 

Simulation 
time, s 

5 

4 875 2.34 1.11 2.33 1.12 1.22 

5 425 1.53 0.53 1.52 0.52 1.23 

6 387 1.52 0.53 1.51 0.53 1.48 

10 

4 875 2.53 1.22 2.52 1.23 1.89 

5 425 1.61 0.52 1.60 0.51 1.90 

6 387 1.51 1.23 1.51 0.52 2.05 

15 

4 875 2.52 1.25 2.50 1.24 2.03 

5 425 1.62 0.53 1.61 0.52 2.06 

6 387 1.53 0.56 1.51 0.53 2.41 

 

 

 

Fig. 2. Diffusion rates of methane and hydrogen under various  

hydrogen mixing ratios. 

Table 2. Changes in concentration at the monitoring points.  

Monitoring 
point 

Gas concentration, % 0 s 5 s 10 s 15 s 20 s 

1 
Methane  0 24.5 20.6 18.5 18.3 

Hydrogen  0 6.3 5.2 4.6 4.5 

2 
Methane  0 22.1 18.9 17.8 17.6 

Hydrogen  0 5.6 4.8 4.4 4.2 

3 
Methane  0 19.8 17.8 16.9 16.7 

Hydrogen  0 4.9 4.6 4.1 4.1 

4 
Methane  0 18.9 16.7 13.4 13.2 

Hydrogen  0 4.7 4.2 3.3 3.2 

5 
Methane  0 18.7 16.6 10.3 10.1 

Hydrogen  0 4.6 4.1 3.2 3.1 
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3. Discussion 

The incorporation of hydrogen into natural gas has the potential 

to decrease carbon dioxide emissions while maintaining optimal 

combustion efficiency. At the same time, the two types of gas 

share a set of transmission pipelines, and there is no need to lay 

additional pipelines for hydrogen, which greatly saves construc-

tion costs [17]. However, unexpected factors during use, such as 

earthquakes, hail, construction excavation, etc., and ageing due 

to long-time use may cause cracks or damage to the pipeline. 

When the pipeline transmits hydrogen-doped natural gas, the 

high pressure of the gas will produce loads on the inner wall of 

the pipeline. Once there is a gap in the wall of the pipeline, the 

gas will escape from the gap under the action of pressure differ-

ence, forming a natural gas leakage [18]. The leakage of natural 

gas will cause energy loss and produce a negative impact on the 

surrounding environment. In addition, once the leakage concen-

tration reaches a certain level, it may also cause an explosion, 

further deepening the loss of the pipeline. Therefore, studying 

the leakage and diffusion characteristics of natural gas pipelines 

can provide an effective reference for pipeline construction and 

management. 

When analyzing the leakage and diffusion characteristics of 

natural gas pipelines, the most direct method is to directly ob-

serve the leaking natural gas near the pipeline [19]. In this 

method, on the one hand, natural gas is usually colourless, which 

is difficult to observe by the naked eye directly, and the detec-

tion sensor can only provide the local gas distribution state. On 

the other hand, the natural gas pipeline is a public facility, and it 

is impossible to destroy it anytime and anywhere for the purpose 

of experiment. With the development of technology, the compu-

ting power of computers is getting stronger and stronger. By 

building mathematical models and using computers to perform 

calculations [20], the characteristics of natural gas leakage and 

diffusion can be numerically simulated. 

The paper used a mathematical model of gas diffusion to 

simulate the leakage of hydrogen-mixed natural gas. In this pro-

cess, in order to facilitate calculation, the area where hydrogen-

doped natural gas leaks from the pipeline is simplified as a two-

dimensional rectangular space. The effectiveness of the numer-

ical model was verified by using an actual scaled model. Subse-

quently, the numerical model was used to test the influence of 

hydrogen-doped ratios on leakage diffusion and changes in con-

centration during the diffusion process. When the number of 

grid cells increased from 4 875 to 5 425, the error of the numer-

ical model decreased, but the computation time increased. How-

ever, when the number of grid cells increased from 5 425 to 

6 387, there was no significant change in the error of the numer-

ical model, but the computation time still increased. The reason 

for this is that an increase in grid quantity means an increase in 

details in the numerical model, allowing for more accurate cal-

culations. However, this improvement has marginal effects: 

once a certain number of grid cells is reached, it becomes diffi-

cult to further reduce calculation errors while the computational 

workload continues to rise. In the same diffusion time, the 

higher the hydrogen content in hydrogen-doped natural gas, the 

higher the diffusion rate of methane and hydrogen. The variation 

in diffusion rate was most significant for hydrogen. This is be-

cause hydrogen is less dense than natural gas, making it more 

diffusive. Additionally, the disturbance caused by the rapid dif-

fusion of hydrogen also drives the diffusion of natural gas. 

In conclusion, based on the effect of hydrogen content in hy-

drogen-doped natural gas on the diffusion of leaked natural gas, 

when preventing the risk of leakage in hydrogen-doped natural 

gas pipelines, it is advisable to first focus on the concentration 

of hydrogen in natural gas. While ensuring the combustion per-

formance of hydrogen-doped natural gas, efforts should be made 

to minimize the concentration of hydrogen as much as possible. 

4. Conclusions 

This paper established a numerical model used to simulate how 

the hydrogen-doped natural gas diffuses. Then, simulated exper-

iments were performed. Firstly, the validity of the numerical 

model was verified through experiments, and the appropriate 

mesh number of the model was selected. Then, the effect of var-

ious hydrogen-doped ratios and different leakage hole diameters 

on the leakage and diffusion of the hydrogen-doped natural gas 

was analyzed using simulation. When the number of grid cells 

was 5 425, there was little difference between the results calcu-

lated by the model and the actual results. The errors were rela-

tively stable, and the calculation time was less. Under the same 

diffusion time, the higher the hydrogen proportion in the gas, the 

higher the diffusion rate of methane and hydrogen, and the dif-

fusion rate of hydrogen had the most obvious change. The gas 

concentration in each monitoring point presented a trend of 

rapid rise at first, then a slow decline, and finally tended to be 

stable as the diffusion time elapsed. The closer to the leakage 

hole, the higher the concentration of the natural gas, but there 

was little difference between the monitoring points at the same 

level. 
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1. Introduction 

The intriguing interplay of thermomagnetic convective phenom-

ena and irreversibility generation within an undulated enclosure 

occupied with a hybrid nanofluid, subject to non-uniform heat-

ing, stands as a captivating challenge at the forefront of contem-

porary research in fluid dynamics and thermal sciences. This 

study delves into the captivating realm of magnetohydrodynam-

ics (MHD), where magnetic fields influence the dynamics of flu-

ids with electrical conductivity, particularly under the impact of 

temperature gradients. In the multifaceted arena of scientific ex-

ploration, this intersection of magnetic fields with fluid dynam-

ics holds sway over a multitude of applications, each more intri-

guing than the last  [1].  
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Abstract 

In this work, thermomagnetic convection and irreversibility production in a hybrid nanofluid-filled wavy-walled porous 
thermal system containing a semi-circular heated bottom is presented. Both the sidewalls of the enclosure are cooled and 
undulated with varying undulation numbers. The lower wall is partially undulated following a semi-circular-shaped object 
and is heated isothermally. The horizontal walls are insulated. The cavity is occupied with Cu-Al2O3/water-based hybrid 
nanofluid and porous substances under the impact of the evenly applied horizontal magnetic field. This work significantly 
contributes to the existing research rendering an exhaustive understanding of the hydrothermal flow-physics as well as 
irreversibility production of a hybrid nanofluid in the cavity having surface undulation. The Galerkin weighted finite ele-
ment method is utilized to solve the mathematical model. The hydrothermal performance of the thermal system is con-
siderably influenced by various pertinent factors such as Darcy-Rayleigh number, Darcy number, Hartmann number, and 
number of undulations. The wall undulations have a critical role in altering the hydrothermal performance. Heatlines are 
used to analyse heat transport dynamics from the protruded hot surface to the heat sink. The protruded heater wall induces 
the formation of a hot upward plume in the nearest fluid layers. The flow divides into two parts forming a pair of circula-
tions due to symmetrical cooling at the sidewalls. The flow behaviours are significantly dampened by increasing the Hart-
mann number. The associated total entropy generation is also demonstrated. This study contributes to the existing domain 
knowledge and provides insights for designing and optimizing similar thermal systems.  
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Nomenclature 

A ‒ amplitude, m 

B ‒ strength of magnetic field, N A-1m-2 

cp ‒ specific heat, J kg-1K-1 

Da ‒ Darcy number 

Ec ‒ Eckert number 

Fc ‒ Forchheimer constant 

g ‒ gravitational acceleration, m2/s 

H ‒ length scale, cavity height, m 

Ha ‒ Hartmann number 

k ‒ thermal conductivity, W m-1K-1 

K ‒ porous medium permeability, m2 

L ‒ length of enclosure, m 

n ‒ undulation number 

NS ‒ dimensionless entropy generation 

Nu ‒ Nusselt number (average) 

p ‒ pressure, Pa 

P ‒ dimensionless pressure 

Pr ‒ Prandtl number 

Ra – Rayleigh number (fluid-based) 

Ram – Darcy-Rayleigh number 

S ‒ entropy generation, W m-3K-1 

T – temperature, K  

u, υ – velocity components, m s-1 

U, V – dimensionless velocity components 

x, y – Cartesian coordinates, m 

X, Y – dimensionless Cartesian coordinates 

 

Greek symbols 

α – thermal diffusivity, m2 s-1 

β – coefficient of thermal expansion, K-1 

ε – porosity 

θ – dimensionless temperature 

λ – undulation amplitude 

 – dynamic viscosity, N m-2s 

ν – kinematic viscosity, m2 s-1 

Π – heat function 

ρ – density, kg m-3 

σ – electrical conductivity, μS cm-1 

φ – hybrid nanoparticles concentration 

ψ – stream function 

 

Subscripts and Superscripts 

a – ambient 

c – cold 

d – dissipation 

f – base fluid 

gen – generation 

h – hot 

c – cold 

loc – local 

mf – magnetic 

min – minimum 

max – maximum 

r – property ratio 

s – solid 

tg – thermal gradient 

tot – total 

vd – viscous 

 

Abbreviations and Acronyms 

MHD – magnetohydrodynamics 

Magnetic fields can be harnessed to control and manage the 

transport of heat, momentum, and mass in multiphysical sys-

tems  [2]. When magnetic fields are applied to fluid flows, they 

can alter local fluid velocities and modify the underlying flow 

physics. This is particularly relevant when dealing with complex 

systems that involve porous materials and nanofluids or hybrid 

nanofluids, which are colloidal mixtures of suspended nanopar-

ticles in a base fluid [3]. 

The application of magnetic fields finds use in a wide array 

of modern technologies and industries [4]. For instance, it plays 

a crucial role in microfluidic devices [5], the manufacturing of 

crystals, electronic circuit cooling [6], heat exchange units, anti-

vibrating systems, and molten metal flow regulators in nuclear 

reactors [7]. Moreover, magnetic fields have revolutionized 

medical science [8], contributing to advancements in specific 

medicine transport, cancer therapy and tumour treatment, mag-

netic endoscopy, control of blood flow during operation, gastro-

intestinal complaint management, biological waste transporta-

tion, and more [9]. 

Magnetothermally controlled systems work in complicated 

environments with porous media, hybrid nanofluids, and ther-

mal gradients in many sophisticated applications [10]. The ge-

ometry and boundary conditions of these systems play a critical 

role in their design and analysis [11]. Surface undulation or cor-

rugation, which enhances the surface area, can significantly in-

fluence near-wall transport processes, thereby altering the 

thermo-flow behaviour within thermal systems [12]. Research-

ers have tackled the modelling and analysis of such systems, 

which become even more challenging in the presence of porous 

structures and nanofluids or hybrid nanofluids. For instance, 

studies have investigated free convection in wavy-walled enclo-

sures with varying undulation numbers, with varying results de-

pending on the specific conditions [13]. Investigations into 

buoyancy-driven thermal convection flow in porous cavities 

having undulated walls that produce heat have similarly shown 

an increasing trend in heat transfer with an increase in the num-

ber and peak of the undulations [14]. Because of their improved 

thermal conductivity, hybrid and nanofluids have become more 

and more common [15]. This makes them useful in a variety of 

applications, even when flow-hindering porous materials exist 

[16]. Sarkar et al. presented a detailed overview of the develop-

ments of hybrid nanofluids [17]. A detailed review of the heat 

transfer enhancement utilizing nanofluid flow through a porous 

medium has been presented by Kasaeian et al. [18]. Several re-

searchers have also studied the impact of surface morphology 

on the enhanced heat transfer in the presence of hybrid nanofluid 

[19,20], magnetic field [21,22], and others. Very recently Bah-

mani et al. [23] numerically studied the MHD buoyant convec-
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tive process in different wavy-walled cavities packed with po-

rous substances and reported the enhanced heat transfer with the 

existence of a curved surface.  

Hamid et al. [24] in a recent study, examined the thermal 

convection in a cavity having curvilinear hot corners and with 

the existence of a central circular heated cylinder. They found 

enhanced heat transfer up to 400% when the heated cylinder ra-

dius increased. Pandit et al. [25] studied the impact of partial 

wavy walls on the hydrothermal convection of hybrid nanofluid 

in a porous cavity with the existence of multi-segmented mag-

netic fields. They achieved notably enhanced heat transfer up to 

38% compared to traditional cavity. Better fluid mixing is made 

possible by the increased surface area and broken thermal 

boundary layers. The application of a segmented magnetic field 

with strategic orientation may lead to heat transfer enhance-

ments of up to 26%. Guedri et al. [26] analysed the effect of wall 

waviness of a trapezoidal porous container filled with (multi-

walled carbon nanotube-Fe3O4/water (MWCNT-Fe3O4/water) 

hybrid nanofluid under MHD effects on the heat transport phe-

nomena. They achieved 26% enhanced heat transfer due to the 

increase in permeability. Mandal et al. [27] examined the impact 

of surface undulations on the convective heat transport in a po-

rous cavity filled with hybrid nanofluid subjected to non-uni-

form multi-frequency heating and magnetic field. They found 

that at higher frequencies, heat transport increases up to 

261.49%. Furthermore, compared to without undulations, an in-

crease in the undulation height of the wavy sidewalls results in 

13.41% enhanced heat transfer. In a corrugated porous cavity 

packed with Ag-MgO hybrid nanofluid, Al-Dulaimi et al. [28] 

studied the enhanced conjugate thermal convection. Further de-

tails could be found in [29,30]. In fact, current research has 

shown that increasing surface undulation does not always lead 

to improved heat transfer, highlighting the complexity of the re-

lationship between undulation and heat transfer enhancement 

[31]. 

In this context, the current study investigates the behaviour 

of hybrid nanofluids in a confined cavity having surface undu-

lations and the influence of a magnetic field. The study aims to 

shed light on how multiphysical factors, such as porous struc-

ture, nanofluids, and magnetizing fields, interact in irregular ge-

ometries. The cavity has an adiabatic top wall, wavy sidewalls 

that allow for cooling, and a partially heated bottom. The left 

sidewall receives the magnetic field applied perpendicularly. 

We alter a number of flow-regulating factors, such as the con-

centration of hybrid nanoparticles, the length of the active heat-

ing length, the strength of the magnetic field, the Darcy-Ray-

leigh number, and the Darcy number. This study contributes to 

our understanding of complex multiphysical phenomena in ir-

regular geometries, offering insights that may find practical ap-

plications in solar thermal systems, thermal mixing processes, 

biomedical systems, and more. It is worth noting that this work 

differs significantly from our earlier studies, as it explores the 

impact of partial magnetic fields in a novel and previously un-

explored geometry. 

 

2. Problem geometry and mathematical  

modelling 

The geometry under consideration is a two-dimensional wavy-

walled enclosure, as illustrated in Fig. 1. This square-shaped en-

closure has a length, denoted as L, and a height, denoted as H. 

Both the sidewalls of the cavity is not straight; it follows a wavy 

pattern described by the expression 

 𝑦 = 0.5A[1 − cos(2𝑛𝜋𝑦)], (1) 

where A and n denote the amplitude and wavy undulation num-

ber, respectively. The wavy walls are subject to isothermal cool-

ing at a temperature Tc. The heating element is located on the 

central semicircular part of the bottom wall. The straight por-

tions and the top horizontal wall are insulated. 

This thermal system incorporates a hybrid nanofluid, a uni-

que mixture consisting of Cu-Al2O3 nanoparticles dispersed 

within a host fluid. These nanoparticles are identical, spherical 

in shape, and have an average diameter of approximately 1 nm. 

The concentration of these nanoparticles within the hybrid 

nanofluid is maintained at a level below 3%. Importantly, fol-

lowing prior research [31], we ensure that there is no agglomer-

ation or sedimentation of these nanoparticles within the fluid. 

The host fluid, in our case, is water, characterized by a Prandtl 

number (Pr) of 5.83. Furthermore, the porous medium is mod-

elled utilizing the Forchheimer-Brinkman-Darcy model [32,33]. 

To simplify the mathematical model and ensure its practicality, 

we make several key assumptions: 

 The magnetic Reynolds number (induced) is still very 

small, particularly at lesser concentrations of nanoparticles 

and lower magnetic field intensities. Because of this, the ef-

fects of induced magnetic fields, displacement currents, 

Joule heating, and the Hall effect are neglected [34]. 

 We also neglect the impact of radiative heat transfer and 

viscous dissipation effect, in line with earlier studies [35]. 

These assumptions allow us to focus on the primary thermomag-

netic convection and entropy generation phenomena within our 

system, facilitating a more tractable mathematical model and 

a deeper understanding of the core dynamics. 

 

Fig. 1. The schematic illustration of the thermal system 

 and boundary conditions. 
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The governing equations of continuity, momentum, and en-

ergy equations can be obtained in the dimensional form as fol-

lows, presuming the previously stated assumptions: 

  (𝑋, 𝑌) = (𝑥, 𝑦)
1

𝐻
,    (𝑈, 𝑉) = (𝑢, 𝑣)

𝐻

𝛼𝑓
, 

                 𝜃 =
𝑇−𝑇𝑐

𝑇ℎ−𝑇𝑐
,     𝑃 =

(𝑝−𝑝𝑎)𝐻2

𝜌𝛼𝑓
2 , (2a) 

 Pr =
𝜈𝑓

𝛼𝑓
,   Da =

𝐾

𝐻2 ,   𝐹𝑐 =
1.75

√150𝜀3
, 

                        Ram =
𝑔𝛽𝑓(𝑇ℎ−𝑇𝑐)𝐾𝐻

𝜈𝑓𝛼𝑓
,   Ha = 𝐵𝐻√

𝜎𝑓

𝜇𝑓
. (2b) 

The following dimensionless equations [34,35] are the re-

sultant converted equations stated as 

 
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0, (3) 

1

𝜀2 (𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑋
+

𝜈

𝜈𝑓

Pr

𝜀
(
𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) +  

                                                      − (
𝜈

𝜈𝑓

Pr

Da
+

𝐹𝑐√𝑈2+𝑉2

√Da
)𝑈, (4) 

        
1

𝜀2 (𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑌
+

𝜈

𝜈𝑓

Pr

𝜀
(
𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2) +

                                            − (
𝜈

𝜈𝑓

Pr

Da
+ 

𝐹𝑐√𝑈2+𝑉2

√Da
) 𝑉 +                          (5) 

                               −
𝜌𝑓

𝜌

𝜎

𝜎𝑓
Ha2 Pr 𝑉 +

𝜌𝑓

𝜌

𝛽

𝛽𝑓
Ram

Pr

Da
𝜃,  

 (𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
)  =  

𝛼

𝛼𝑓
(
𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2). (6) 

The boundary conditions related to transport equations (3) 

through (6) are assumed to be  = 1 and  = 0, respectively, 

0/  Y  at the cavity's horizontal walls, left and right 

walls, and zero velocity (U = V = 0) for each boundary wall. 

The working medium (Cu-Al2O3/water hybrid nanofluid) 

comprises host fluid (water), and Al2O3 and Cu nanoparticles. 

The concentration φ designates the volume-based presence of 

the nanoparticles. The properties of the liquid phase and the two 

distinct types of nanoparticles (Al2O3 and Cu) are presented in 

Table 1 [36]. 

The thermal properties of the hybrid nanofluid are computed 

based on experimental models and empirical correlations, as 

shown in Table 2. Here, the combination of nanoparticles (Cu 

and Al2O3) and the host fluid (water) are signified by the sym-

bols s and f, respectively. Additionally, the expression for dy-

namic viscosity, and thermal and electrical conducting proper-

ties [35] are incorporated in accordance with the traditional the-

oretical models. Nevertheless, the Brinkman model and the 

Maxwell model, two traditional expressions for thermal conduc-

tivity and viscosity, are unable to adequately forecast these char-

acteristics for the hybrid nanofluids [36]. As shown in Table 3, 

precise values for the Cu-Al2O3/water hybrid nanofluid’s ther-

mal conductivity and viscosity are used from the experiments 

[36] to solve the aforementioned drawbacks.  

In the post-processing stage, the solved primitive variables 

(U, V, ) are used to produce several relevant dimensionless val-

ues. Based on an entropy generation (Sgen or NSgen) analysis, the 

systems’ deviation from ideal operation (reversible) is assessed. 

Magnetic field effects, fluid flow, and temperature gradient are 

all present in the current systems. As a result, irreversibility falls 

into three categories: irreversibility caused by thermal gradients 

(Stg or NStg), irreversibility caused by fluid friction (viscous dis-

sipation) (Sνd or NSνd), and irreversibility caused by magnetic 

fields (Smf or NSmf). Here are the equations for the local irrevers-

ibility production rate (Sgen and NSgen) as well as the dimensional 

(S) and dimensionless (NS) influences [34]: 

 𝑆𝑔𝑒𝑛 = 𝑆𝑡𝑔 + 𝑆𝜈𝑑 + 𝑆𝑚𝑓 =
𝑘

𝑇2 [(
𝜕𝑇

𝜕𝑥
)
2

+ (
𝜕𝑇

𝜕𝑦
)
2

]
⏞            

𝑆𝑡𝑔

+ 

 

              +
𝜇

𝑇
[2 (

𝜕𝑢

𝜕𝑥
)
2

+ 2(
𝜕𝑢

𝜕𝑦
)
2

+ (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
)
2

]
⏞                      

+

𝑆𝑣𝑑

𝜎𝐵2

𝑇
𝑣2

⏞  

𝑆𝑚𝑓

, (7) 

  𝑁𝑆𝑔𝑒𝑛 =
 𝑆𝑔𝑒𝑛

𝑘𝑓

𝐻2

= 𝑁𝑆𝑡𝑔 + 𝑁𝑆𝑣𝑑 + 𝑁𝑆𝑚𝑓 =  

Table 1. Characteristics of Al2O3 and Cu nanoparticles and water [36]. 

Parameter Unit Water Al2O3 Cu 

α
 

m2 s-1 1.47×10-7 131.7×10-7 1.11×10-4 

β  K-1 21×10-5 0.85×10-5 1.67×10-5 

cp J kg-1K-1 4179 765 385 

k
 

W m-1K-1 0.613 40 401 

ρ
 

kg m-3 997.1 3970 8933 

μ
 

kg m-1s-1 9.09×10-4 − − 

 

Table 2. Relationships for the hybrid nanofluid Cu-Al2O3/water properties 

[35].  

Thermodynamic  
properties 

Relationships 

Density (𝝆) 𝜌 =  (1 − 𝜑)𝜌𝑓  +  𝜑 𝜌𝑠 

Thermal conductivity (𝒌) 𝑘 =  𝑘𝑓  
(𝑘𝑠  +  2𝑘𝑓) − 2𝜑(𝑘𝑓 − 𝑘𝑠)

(𝑘𝑠  +  2𝑘𝑓) + 𝜑(𝑘𝑓 − 𝑘𝑠)
  

Thermal diffusivity (𝜶) 𝛼 =
𝑘

𝜌𝑐𝑝

 

Electrical conductivity 
(𝝈) 

𝜎 =  𝜎𝑓  1 +

3 (
𝜎𝑠

𝜎𝑓
− 1)𝜑

(
𝜎𝑠

𝜎𝑓
+ 2) − (

𝜎𝑠

𝜎𝑓
− 1)𝜑

  

Thermal expansion  
coefficient (𝝆𝜷) 

(𝜌𝛽) = (1 − 𝜑)(𝜌𝛽)𝑓 +  𝜑 (𝜌𝛽)𝑠 

Specific heat capacity 
(𝝆𝒄𝒑) 

(𝜌𝑐𝑝) = (1 − 𝜑)(𝜌𝑐𝑝)𝑓 +  𝜑(𝜌𝑐𝑝)𝑠 

Viscosity (𝝁) 𝜇 =  
𝜇𝑓

(1 − 𝜑)2.5
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 =  
1

(𝜃 + 𝜃𝑟)
2

𝑘

𝑘𝑓

 (
𝜕𝜃

𝜕𝑋
)
2

+ (
𝜕𝜃

𝜕𝑌
)
2

 
⏞                  

𝑁𝑆𝑡𝑔

+ 

                               +
EcPr

(𝜃+𝜃𝑟)

𝜇

𝜇𝑓
[2 (

𝜕𝑈

𝜕𝑋
)
2

+ 2(
𝜕𝑉

𝜕𝑌
)
2

+ (
𝜕𝑈

𝜕𝑌
+

𝜕𝑉

𝜕𝑋
)
2

]
⏞                    

𝑁𝑆𝑣𝑑

+ 

                                 +
EcPrHa

(𝜃+𝜃𝑟)

𝜎

𝜎𝑓
𝑉2.

⏞        

𝑁𝑆𝑚𝑓

 (8) 

Equation (8) includes the Eckert number (Ec) and the tempera-

ture ratio reference parameter (r), which are specified as 

 𝜃𝑟 =
𝑇𝑐

𝑇ℎ−𝑇𝑐
 , (9) 

 Ec =
𝛼𝑓

2

𝐻2𝑐𝑝𝑓(𝑇ℎ−𝑇𝑐)
= √

(𝑔𝛼𝑓𝛽𝑓)2

𝑇ℎ−𝑇𝑐
 

3
Pr−

2

3Ra−
2

3. (10) 

One possible global characteristic of the systems is their total 

entropy generation (NStot). It is calculated as the result of inte-

grating the generation of local entropy over the whole flow do-

main: 

 𝑁𝑆𝑡𝑜𝑡 =  ∬𝑁𝑆𝑔𝑒𝑛𝑑𝑋𝑑𝑌. (11) 

Using the local and average Nusselt numbers (Nu), which 

are provided by, the heated wavy wall’s average and local rates 

of heat transfer: 

 Nu𝑙𝑜𝑐 =
𝑘

𝑘𝑓
(−

𝜕𝜃

𝜕𝑛
|
ℎ𝑤

), (12a) 

 Nu =
𝑘

𝑘𝑓

1

𝑠
∫ (−

𝜕𝜃

𝜕𝑛
|
ℎ𝑤

)
𝑠

0
𝑑𝑆, (12b) 

where s stands for both the appropriate coordinate point and the 

real length of the wavy wall. Streamlines are used to graphically 

represent localized fluid flow patterns inside flow geometries. 

The stream function (ψ) is used to generate streamlines from the 

solved velocity field. The expression for the stream function is 

 −
𝜕𝜓

𝜕𝑋
= 𝑉   and    

𝜕𝜓

𝜕𝑌
= 𝑈. (13) 

3. Numerical technique 

The finite element method (FEM) is employed to discretize the 

transport equations. The method of solving the equations is iter-

ative and continues until the residuals meet a predetermined 

convergence threshold, usually set at a strict level so that the 

residuals are ≤ 10-6. This methodology conforms to accepted 

procedures in the field and guarantees the simulations’ correct-

ness and stability [31,35]. The flexible finite element analysis 

program offers a reliable foundation for resolving challenging 

multiphysics issues. It is the perfect fit for this study because of 

its ability to handle linked physical phenomena like heat trans-

fer, fluid flow, and magnetic fields with ease. Because of this 

meticulous selection, the computational investigations have 

a solid foundation in precise and confirmed data, which supports 

the numerical model. 

Prior research has thoroughly validated the accuracy and de-

pendability of the selected numerical approach [31,35]. These 

validations include a thorough evaluation of the computational 

outcomes in comparison to experimental data as well as cross-

validation with other numerical simulations. The computational 

and experimental results are consistently observed, which high-

lights the resilience of the approach and validates the veracity of 

the simulated results. 

Additionally, a thorough validation investigation is con-

ducted by comparing the computed findings with the results of 

Ghasemi et al. [38] to validate our computational results. To as-

sess the accuracy of numerical approaches for forecasting heat 

transfer for magnetohydrodynamic free convective process in 

the cavity, the present solver outcome is compared with the pub-

lished results of Ghasemi et al. [38]. This work uses a horizontal 

magnetic field, an Al2O3/water nanoliquid, and a square geome-

try having heating and cooling from the vertical sides. The com-

parison is carried out for different values of Ha (= 0 − 60) and 

φ  (= 0%, and 2%) at Ra = 105. The comparative results are 

shown in Table 3 using max. The two results of the comparison 

exhibit excellent agreement. These comparative assessments 

show that MHD-free convection in a confined cavity may be 

predicted using the current numerical technique. 

In addition, a grid refinement test was methodically carried 

out to confirm that the grid size had no discernible impact on the 

numerical simulations. To guarantee the precision and dependa-

bility of the simulations, this test is essential. All of the geomet-

ric shapes that were used in the grid generation for the current 

two-dimensional challenges were created using the finite ele-

ment method. However, in this study, a finer mesh structure is 

utilized for the extensive simulations, which provides the correct 

results. Hence, no mesh independence study is presented here. 

4. Results and discussion 

Here, we delve into the intricate thermal transport phenomena 

occurring within the cavity, characterized by wavy left and right 

walls, heated from the bottom in the form of a semi-circle, and 

subjected to the effect of an external flat magnetic field [39]. 

Our investigation unveils a rich tapestry of insights, with the re-

sults elucidated through the visualization of key parameters, in-

cluding streamlines (ψ), isotherms (θ), heatlines (Π), and the av-

erage Nusselt number (Nu). We explore a wide range of control-

ling variables, spanning various undulation numbers (n = 1, 2, 

4, 6, 8), Darcy-Rayleigh numbers (1 ≤ Ram ≤ 104), Darcy num-

bers (10-4 ≤ Da ≤ 10-2), and Hartmann numbers (0 ≤ Ha ≤ 70). 

Table 3. Comparing max of the present results and results of Ghasemi 

et al. [38] for varying Ha and φ at Ra = 105.  

Ha 
Ghasemi et al. [38] Present simulation 

φ = 0% φ = 2% φ = 0% φ = 2% 

0 11.053 11.313 11.014 11.275 

30 5.710 5.682 5.693 5.878 

45 3.825 3.729 3.813 3.922 

60 2.518 2.518 2.614 2.677 
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Furthermore, the irreversibility study as a result of fluid friction, 

thermal, and magnetic force are also assessed. The porosity and 

volumetric concentration of hybrid nanofluids are taken as  

ε = 0.8 and φ = 0.1%.  

4.1. Magneto-thermal transport structures 

4.1.1. Flow signatures 

Figure 2 encapsulates the flow signatures within the cavity, of-

fering a visual narrative of how fluid dynamics evolve under dif-

ferent parameter regimes. The variations in wavy wall undula-

tions (n = 1, 2, 4 and 6), Darcy-Rayleigh number (Ram = 10, 102, 

103, 104), and Rayleigh number (Ra = 104, 105, 106, 107) are me-

ticulously examined at Da = 10-3 and Ha = 10. Our observations 

reveal intriguing insights into the flow patterns within the cavity. 

Notably, as the Rayleigh number rises, the change from pure 

conduction dominance to convection mode becomes evident, 

manifesting as an increase in flow velocity. This transition is 

mainly marked in the presence of strong convection, where the 

flow velocity triples (as observed at Ra = 105 and 106). 

The interplay of wavy wall undulations and Rayleigh num-

bers elucidates the impact of geometric configuration on flow 

behaviour. This exploration of basic flow patterns, as depicted 

in Fig. 2, lays the foundation for the in-depth investigations and 

analyses that follow in this study. These flow signatures serve 

as a critical reference point for our subsequent discussions and 

findings, shedding light on the underlying physics governing the 

system's response to varying parameters. Utilizing a half-circu-

lar wall at the centre of the bottom surface enhances the heating 

effect, while the elongated wavy walls contribute to an extended 

cooling surface. The central half-circular bottom heating  results 

in an upward flow of heated water that returns over both wavy 

sidewalls. The presence of surface waviness at the sidewalls 

plays a pivotal role in altering the directions of flow velocity, 

leading to the formation of distinct circulation patterns. At lower 

Darcy-Rayleigh numbers, undulations have no remarkable im-

 Ram = 10 Ram = 102 Ram = 103 Ram = 104 

n
 =

 1
 

    

n
 =

 2
 

n
 =

 4
 

n
 =

 6
 

 

 

 
Fig. 2. Flow signatures varying with undulations (n = 1, 2, 4, and 6) and Darcy-Rayleigh numbers (Ram = 10, 102, 103, 104) at different Rayleigh num-

bers (Ra = 104, 105, 106, 107), for Da = 10-3, Ha = 10. The value below each figure indicates maximum velocity (dimensionless). 
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pact on velocity magnitude. However, at higher Ram values, par-

ticularly for n = 4, a substantial increase in velocity is observed. 

A rise in Ram leads to a significant enhancement in flow veloc-

ity. This heightened velocity is particularly confined to the cen-

tral region and adjacent to the wavy walls, reflecting the com-

plex interplay of buoyancy-driven flow physics and geometric 

configuration.  

4.1.2. Streamline evolution 

Figure 3 provides a comprehensive view of the evolving flow 

circulation patterns within the cavity, allowing us to unravel crit-

ical insights into the system's behaviour under varying condi-

tions. This analysis was conducted for various undulations (n = 

1, 2, 4 and 6) and Darcy-Rayleigh numbers (Ram = 10, 102, 104) 

while keeping Darcy number fixed at 10-3 and Hartmann number 

at 30. It yields several noteworthy observations. 

The formation of streamlines reveals the emergence of two 

symmetrical circulations within the cavity, indicative of the 

complex interplay between buoyancy-driven flow and geomet-

ric configuration. As the Darcy-Rayleigh number reaches 104, 

signifying the dominance of convection, the strength of these 

circulations intensifies significantly. This escalation in circula-

tion strength is a hallmark of the transition from conduction to 

convection-dominated flow regimes. Interestingly, the presence 

of more undulations at the cold wavy walls leads to a phenome-

non where flow stagnates at the vertical walls, causing a retar-

dation in circulation strength. Consequently, an increase in the 

number of undulations results in a reduction in circulation 

 Ram = 10 Ram = 102 Ram = 104 

n
 =

 1
 

   

n
 =

 2
 

n
 =

 4
 

n
 =

 6
 

 

 

 
Fig. 3. Evolution of flow circulation at various undulations (n = 1, 2, 4 and 6) and Darcy-Rayleigh numbers (Ram = 10, 102 and 104), 

 for Da = 10-3, Ha = 30. The values below each figure indicate ψmax and ψmin, respectively. 
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strength. This effect is particularly pronounced at lower Ram val-

ues, emphasizing the intricate relationship between wall wavi-

ness and flow dynamics. In contrast, at higher Ram values, espe-

cially at Ram = 104, an intriguing phenomenon is observed. The 

circulation strength reaches an optimum value when the number 

of undulations is set at n = 4. This suggests that, under specific 

conditions, the presence of moderate wall undulations can en-

hance circulation strength, highlighting the subtle balance be-

tween geometric complexity and flow dynamics. These insights 

into streamline evolution offer a deeper understanding of how 

fluid circulations respond to varying parameters within the cav-

ity. They underscore the role of convection dominancy, wall 

waviness, and the interplay of these factors in shaping circula-

tion patterns and flow behaviour. 

4.1.3. Isotherm evolution 

Figure 4 presents a comprehensive depiction of the evolving iso-

therm patterns within the cavity, offering critical insights into 

the distribution of static temperature under varying conditions. 

This analysis was conducted for various undulations (n = 1, 2, 4 

and 6) and Darcy-Rayleigh numbers (Ram = 10, 102, 104) while 

keeping Darcy number fixed at 10-3 and Hartmann number at 30, 

unveils several notable observations. 

The formation of isotherms showcases intriguing behaviour. 

Initially, these isotherms assume a circular shape at the heating 

wall and gradually transform into elliptical patterns as they as-

cend toward the top wall. This transition from circular to elliptic 

isotherms reflects the complex interplay of heat transfer mecha-

 
Ram = 10 Ram = 102 Ram = 104 

n
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n
 =
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n
 =

 4
 

n
 =

 6
 

 

 
 

Fig. 4. Evolution of static temperature at various undulations (n = 1, 2, 4 and 6) and Darcy-Rayleigh numbers (Ram = 10, 102 and 104),  

for Da = 10-3, Ha = 30. 
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nisms within the cavity. As the Darcy-Rayleigh number in-

creases, signifying the onset of convection, a notable phenome-

non emerges. The hot isotherms stratify horizontally over the top 

of the cavity, indicating a more efficient heat transfer process. 

This stratification is a clear indicator of enhanced heat transfer, 

leading to a rise in the Nusselt number. The presence of wavy 

cold walls further amplifies heat transfer, with increasing wavy 

undulations leading to an increase in the effective cold surf- 

ace area. Consequently, the Nu value reaches its optimum at  

Ram = 104 when the number of undulations is set at n  =  4. 

However, an intriguing observation emerges when undula-

tions are further increased. Beyond this optimum point, a reduc-

tion in heat transfer is noted. This phenomenon may be at-

tributed to flow separation at the vertical walls, which disrupts 

the convective heat transfer process. These insights into iso-

therm evolution shed light on the complex dynamics of temper-

ature distribution within the cavity. They underscore the role of 

convection, wall waviness, and their interplay in shaping tem-

perature patterns and heat transfer efficiency. The findings also 

highlight the delicate balance between geometric complexity 

and heat transfer performance within this unique thermal system. 

4.1.4. Magneto-thermofluid flow patterns 

The Hartmann number, representing the influence of an external 

magnetic field that opposes the fluid flow, serves as a pivotal 

controlling parameter in this study. The profound alterations in 

flow physics induced by varying Ha values (Ha = 0, 50 and 70) 

are meticulously examined to understand the magnetic field’s 

   

Ha = 0 Ha = 10 Ha = 70 

n
 =

 1
 

   

n
 =

 2
 

n
 =

 4
 

n
 =

 6
 

 

 

 
Fig. 5. Magnetic field (Ha) effect on the evolution of flow circulation at various undulations (n = 1, 2, 4 and 6), Hartmann number (Ha = 0, 10 

and 70), for Ram = 103, Da = 10-3. The values below each figure indicate ψmax and ψmin, respectively. 
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impact on the system’s behaviour (as depicted in Fig. 5). It 

shows that, as Ha values increase, reflecting a stronger magnetic 

field’s dampening effect on the flow, a noticeable change in flow 

dynamics unfolds. This effect is observed across different undu-

lation numbers (n = 1, 2, 4 and 6). Secondly, the flow strength 

experiences a steady reduction with increasing Ha values. This 

phenomenon underscores the magnetic field’s ability to restrain 

fluid motion, leading to diminished circulation within the cavity. 

Moreover, the magnetic field’s influence extends to the distri-

bution of static temperature within the cavity, as illustrated in 

Fig. 6. At the heated wall, isotherms become progressively 

thicker with the rise in Ha values. This phenomenon indicates 

that the magnetic field’s presence results in a more pronounced 

impact (reducing local temperature gradient near the heater as 

well as cooler surfaces), affecting heat transfer patterns within 

the cavity. These observations emphasize the pivotal role of the 

Hartmann number in modulating flow circulation and tempera-

ture distribution within the system. The magnetic field’s ability 

to alter flow strength and temperature gradients holds significant 

implications for the overall thermal performance of the cavity, 

particularly in scenarios where magnetohydrodynamics plays 

a  critical role. 

4.2. System analysis from design perspectives 

In the pursuit of understanding the intricate thermal system from 

a design perspective, we delve into the profound influence of 

Darcy parameters, particularly the Darcy number, which char-

acterizes the permeability of the porous medium and its re-

sistance to fluid flow. To assess the impact of Da on fluid flow 

 

Fig. 6. Magnetic field (Ha) effect on the evolution of static temperature at various undulations (n = 1, 2, 4 and 6), 

Hartmann number (Ha = 0, 50 and 70) for Ram = 103, Da = 10-3. 
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physics, we examine its effects at Da = 10-4, 10-3 and 10-2 (as 

depicted in Fig. 7). As we elevate the Da values, signifying 

a reduction in the porous medium’s resistance to flow, a clear 

trend emerges — flow circulation within the cavity decelerates. 

This observation aligns with the fundamental physics of porous 

media, where lower Da values correspond to higher resistance 

and, consequently, slower fluid flow. Streamline contours, 

which are invaluable in revealing flow patterns, consistently ex-

hibit symmetric behaviour across all combinations of the Darcy 

number and undulation parameter. The system exhibits two 

counter-rotating circulations, with fluid rising along the mid-

vertical plane of this intricate thermal setup. However, the intri-

guing revelation here is that as Da increases from 10-4 to 10-2, 

the circulation strength diminishes. This unexpected decline in 

flow rate with increasing Da at a constant modified Rayleigh 

number (the Darcy-Rayleigh number) is attributed to the reduc-

tion in fluid-based Rayleigh number. The Rayleigh number is 

inherently responsible for driving flow within the confined do-

main due to temperature gradients. This insight into the interplay 

between Da and flow circulation underscores the significance of 

porous media characteristics in shaping fluid dynamics within 

the cavity. Moreover, it highlights the nuanced relationship be-

tween resistance to flow and circulation strength  a critical con-

sideration in optimizing the design of thermal systems with po-

rous components. Turning the attention to the distribution of 

static temperature, we uncover additional insights into the im-

pact of Da, as illustrated in Fig. 8. Isotherms, which provide val-

uable information about the mode of temperature transfer (con-

vection or conduction), exhibit distinct behaviour as Da varies. 

At lower Da values (Da = 10-4, 10-3), isotherms exhibit intricate 

and wavy patterns, indicative of strong convection heat transfer. 
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Fig. 7. Evolution of flow circulation at various undulations (n = 1, 2, 4 and 6) and Darcy numbers (Da = 10-4, 10-3 and 10-2),  

for Ram = 103, Ha = 10. The values below each figure indicate ψmax and ψmin, respectively. 
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As Da increases, isotherm contours spread more towards the top 

wall and become notably smoother. Additionally, the clustering 

of isotherms and streamlines over the lower portion of the semi-

circular wall and the upper regions of the undulated sidewalls 

diminishes at higher Da values. This shift in thermal boundary 

layer dynamics impacts the local Nusselt number and normal 

temperature gradient, resulting in a significant reduction in the 

average Nusselt number, as indicated below the figures. The 

highest average Nu magnitude is observed at low Da values and 

sharply decreases as Da increases. These findings emphasize the 

intricate interplay between fluid flow, porous medium charac-

teristics, and heat transfer within the cavity. They underscore the 

critical role of Da in shaping both flow and temperature distri-

bution, offering valuable insights for the design and optimiza-

tion of thermal systems involving porous media. 

 

4.3. Heatline visualization 

In the quest to unravel the intricate mechanisms of thermal en-

ergy transport within the cavity, we turn our attention to heatline 

visualization (as depicted in Fig. 9). This technique offers valu-

able insights into how thermal energy moves across different 

configurations of the system, characterized by varying Darcy-

Rayleigh numbers and undulations (n), while maintaining a con- 
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Fig. 8. Evolution of static temperature at various undulations (n = 1, 2, 4 and 6) and Darcy numbers (Da = 10-4, 10-3 and 10-2), 

for Ram = 103, Ha = 10. 
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stant Darcy number (Da = 10-3) and Hartmann number (Ha  =  30). 

As we manipulate Ram, a noticeable shift in the heat 

transport mechanism becomes apparent. At low Ram values, 

heatlines exhibit straightforward paths from the hot wall to the 

cold wall, indicating a dominance of conduction-driven heat 

transfer. However, as Ram increases, these heatlines disperse, 

tracing larger and more convoluted paths towards the cold wall. 

This transformation signifies a transition from conduction-dom-

inated to convection-dominated heat transfer. Notably, at high 

Ram values, two symmetrical circulations emerge within the 

cavity, driven by intensified convective forces. Furthermore, 

heatlines with varying undulations showcase enhanced energy 

transport from the hot wall, emphasizing the influence of wall 

waviness on thermal dynamics. 

The impact of magnetic fields, quantified by the Hartmann 

number, on heatline patterns is explored in Fig. 10. We find that 

the magnetic damping effect causes the energy recirculations to 

diminish as Ha grows. In the absence of a magnetic field 

(Ha = 0), representing non-MHD flow, energy recirculations are 

more robust, resulting in the strongest heat flow. Conversely, as 

Ha rises to 50 or 70, energy circulation diminishes, leading to 

reduced heat transfers. Regions with congested heatlines indi-

cate strong flowing heat flux, primarily located near the vertex 

of the semicircular heater. 
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Fig. 9. Heatline visualization at various undulations (n = 1, 2, 4 and 6) and Darcy-Rayleigh numbers (Ram = 102 to 104), 

for Da = 10-3 and Ha = 30. The values below each figure indicate Πmax and Πmin, respectively. 
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The investigation into the impact of the Darcy number on 

heatline patterns, while keeping Ram = 103 and Ha = 10 constant, 

reveals intriguing insights (as depicted in Fig. 11). Surprisingly, 

as Da increases, allowing for less-resisting flow, the heat flow 

within the system decreases. This counterintuitive observation 

contradicts the expectation that increased permeability, associ-

ated with higher Da values, should lead to enhanced heat flow. 

However, this behaviour aligns with our earlier streamline re-

sults, demonstrating the intricate interplay between porous me-

dium characteristics, resistance to flow, and heat transfer. Nota-

bly, at Da = 10-4, characterized by a high fluid-based Rayleigh 

number (Ra = 107), heatline contours exhibit greater magnitude, 

indicative of strong fluid circulation. At Da = 10-2, a transitional 

behaviour emerges, bridging the gap between conduction-dom-

inated and convection-dominated heat transfer. 

4.4. Thermodynamic irreversibility generation 

In pursuit of comprehending the intricate thermodynamic as-

pects of the system, we delve into the analysis of entropy gener-

ation, a fundamental parameter shedding light on the thermody-

namic irreversibilities inherent to the thermal system. This anal-

ysis proves indispensable in understanding the efficiency and 

performance of  the system under varying conditions, enabling  
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Fig. 10. Evolution of heatlines at various undulations (n = 1, 2, 4 and 6) and Hartmann numbers (Ha = 0, 50 and 70), Ram = 103, for Da = 10-3. 

The values below each figure indicate Πmax and Πmin, respectively. 
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us to make informed design choices. First and foremost, the ex-

amination of normalized local total irreversibility generation 

(NS) reveals intriguing insights, as depicted in Fig. 12. At lower 

Darcy-Rayleigh numbers (Ram = 102), NS is predominantly con-

duction-dominated, signifying the prevalence of heat transfer 

through conduction mechanisms. Interestingly, NS reaches its 

maximum in the vicinity of the heating and cooling zones within 

the cavity, gradually diminishing as one moves toward the top 

adiabatic wall. However, as Ram increases, transitioning the sys-

tem towards a more convective regime, the distribution of total 

entropy generation becomes significantly affected. The presence 

of convection, driven by higher Ram values, leads to elevated 

fluid velocities and consequently, an increase in entropy produc-

tion (NS). The regions experiencing the most pronounced tem-

perature gradients, found near the heating and cooling zones, 

correspond to the areas with the highest NS values. 
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Fig. 11. Evolution of  heatlines at various undulations (n = 1, 2, 4 and 6) and Darcy numbers (Da = 10-4, 10-3, 10-2), 

for Ram = 103, for Ha = 10. The values below each figure indicate Πmax and Πmin, respectively. 
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Moving forward, Fig. 13 provides insights into the irreversibility 

generation resulting from viscous dissipation. Here, the inter-

play between various system parameters, such as Ram, n, Da and 

Ha, becomes apparent. As Ram increases, marking a  shift to-

wards stronger convective effects, the fluid velocity intensifies, 

contributing to increased entropy production due to viscous dis-

sipation (NSvd). The zones of heightened entropy generation be-

come more concentrated along the active walls, emphasizing the 

complex interplay between thermal convection, magnetic fields, 

and viscous dissipation. Figure 14 further delves into the impact 

of the magnetic field (Ha) on irreversibility generation, high-

lighting the opposing role it plays in fluid circulation. As Ha 

values increase, the magnitude of magnetic field-induced irre-

versibility (NSmf) experiences a corresponding rise. This behav-

iour underscores the significant influence of Ha on entropy gen-

eration and its crucial role in understanding the thermodynamic 

dynamics of the system. 

In summary, entropy generation analysis provides invalua-

ble insights into the multifaceted irreversibilities present in the 

thermal system. Higher Ram values intensify these irreversibili-

ties due to the amplification of convection effects, while aug-

mented magnetic fields enhance magnetic field-induced irre-

versibilities. Additionally, the Darcy number, which represents 

flow resistance within the porous medium, exerts a pivotal in-

fluence on the generation of irreversibilities. The intricate inter-

play of these multiphysical phenomena underscores the com-

plexity of entropy generation and highlights its significance in 

discerning the hierarchy of thermodynamic irreversibilities 

within the system. 
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Fig. 12. Effect of Darcy-Rayleigh number Ram (Ram = 102 to 104) and n (n = 1, 2, 4 and 6) on normalized total irreversibility generation, 

 for Da = 10-3 and Ha = 30. The values below each figure indicate NSmax and NStot, respectively. 
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This analysis not only contributes to a deeper understanding of 

the system's behaviour but also informs decisions in the design 

and optimization of thermally driven systems involving porous 

media and magnetic fields. Variations in heat transfer alteration 

are typically measured using the Nusselt number, as depicted in 

Fig. 15. It has been observed that the presence of undulations in 

wavy walls tends to enhance heat transfer, particularly at low 

Darcy-Rayleigh numbers, where conduction dominates. As Ram 

increases, Nu also increases, but the influence of the undulation 

number is not significant. In terms of the Darcy number, which 

represents flow resistance in porous media, higher Da values 

lead to reduced heat transfer due to the corresponding decrease 

in the fluid-based Rayleigh number. The impact of the undula-

tion number on heat transfer in this context is not prominent. 

Regarding the Hartmann number, which affects fluid circulation 

and heat transfer, higher Ha values tend to dampen fluid flow, 

similar to the Darcy number, resulting in reduced heat transfer 

rates. However, it is worth noting that lower undulation levels 

exhibit better heat transfer under low Ha regimes. 
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Fig. 13. Effect of Darcy-Rayleigh number (Ram = 102 to 104) and n (n = 1, 2, 4 and 6) on irreversibility generation due to viscous dissipation, 

for Da = 10-3 and Ha = 10. The value below each figure indicates maximum NSvd (dimensionless). 
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Entropy generation, represented by the irreversibility (NS), 

is depicted for all considered cases in Fig. 16. Higher values of 

the Darcy-Rayleigh number exacerbate irreversibility due to in-

creased convection effects, whereas elevated magnetic fields 

and Darcy numbers lead to a reduction in irreversibility. At 

higher Ram values, greater undulations exhibit increased irre-

versibility. Moreover, more undulations result in higher irre-

versibility across all considered Hartmann and Darcy values. 

5. Concluding remarks 

This work comprehensively explores the intricate interplay of 

multiple physical parameters that govern thermal transport and 

entropy generation in a complex enclosure. This investigation 

has provided valuable insights and noteworthy findings that con-

tribute to the understanding of thermal systems involving porous 

media and magnetic fields. Here, we summarize the key conclu-

sions drawn from this research: 

It is observed that the undulations in the wavy walls signifi-

cantly influence the flowing fluid and heat transfer patterns 

within the enclosure. The undulations not only alter the flow di-

rection but also enhance heat transfer due to the increased sur-

face area, with optimum heat transfer occurring at specific un-

dulation values. 

This study has shown that the Darcy number, representing 

flow resistance within the porous domain, plays a crucial role in 

governing fluid flow and heat transfer. Surprisingly, higher Da 

values, which should theoretically allow for increased flow, led 
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Fig. 14. Effect of Hartmann number (Ha = 10, 30, 70) and n (n = 1, 2, 4 and 6) on irreversibility generation due to magnetic field. 

The value below each figure indicates maximum NSmf (dimensionless). 
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Fig. 15. Average Nu for the various undulation parameters (n) 

for changing (a) Ram (= 1–104) when Da = 10-3, Ha = 30,  

(b) Da (=10-4–10-2) when Ram = 103, Ha = 30, 

and (c) Ha (= 0–70) when Ram = 103, Da = 10-3. 
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Fig. 16. Total NS for the various undulation parameters (n) 

for changing (a) Ram (= 1–104) when Da = 10-3, Ha = 30, 

(b) Da (=10-4–10-2) when Ram = 103, Ha = 30, 

and (c) Ha (= 0–70) when Ram = 103, Da = 10-3. 
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to reduced flow rates and heat transfer due to the reduced fluid-

based Rayleigh number (Ra). 

The existence of an external magnetic field, quantified by 

the Hartmann number, impacts fluid circulation and heat trans-

fer. Higher Ha values dampen fluid flow, leading to changes in 

circulation patterns and altered heat transfer rates. 

Present findings elucidate the intriguing flow signatures and 

heatline patterns within the cavity. We have noted the formation 

of distinctive circulation patterns depending on the heater-cooler 

positions, leading to variations in flow direction and velocity 

magnitude. Heatlines have revealed the transition from conduc-

tion-dominated to convection-dominated heat transfer as the 

Darcy-Rayleigh number increases. 

The analysis of entropy generation has provided valuable in-

sights into the irreversibilities present in the thermal system. 

Higher Ram values intensify these irreversibilities due to stron-

ger convection effects, while elevated magnetic fields enhance 

magnetic field-induced irreversibilities. The Darcy number has 

been identified as a key parameter influencing entropy genera-

tion. 

In summary, the findings of this study imply that the fluid 

flow and heat transport phenomena in a thermal system are 

strongly influenced by the shape of the heating, as well as cool-

ing surfaces. Such findings are very effective for designing 

a compact heat exchanger, chemical reactor, bio-microfluidic 

devices, etc. The current research might be expanded into three-

dimensional models under various boundary conditions for un-

stable fluid flow. 

Data availability statement 

The data that support the findings of this study are available 

from the corresponding author upon reasonable request. 
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1. Introduction 

Heating systems have always been extensively studied across 

various fields. Researchers have continually sought to enhance 

the heat transfer rate and efficiency of heating systems through 

a variety of techniques, both experimentally and numerically, 

using active and passive methods. Energy exchange occurs 

when two systems with different temperatures come into con-

tact, although there can also be a temperature differential within 

a single system. Heat transfer is the process that facilitates the 

transport of energy. With advancements in microelectronics and 

micro-manufacturing technologies, higher performance and in-

tegration of electronic devices are now achievable. This has 

raised concerns among heat transfer researchers due to the ther-

mal management challenges that come with increased perfor-

mance and integration. 

Heat transfer, although not directly measurable or observa-

ble, can be inferred through its effects. It involves the movement 

of energy due to a temperature difference between solid, liquid, 

or gaseous objects. The study of heat transfer encompasses the 

production, use, conversion and exchange of thermal energy 

across physical systems within the field of thermal engineering. 

CuO-water nanofluid has many applications in industries. 

The literature contains numerous research works. In particular, 

Karami et al. [1] did a computer simulation of turbulent flow 

convection in a cylinder with rectangular grooves. He looked at 
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Abstract 

This paper investigates the flow and heat transfer characteristics of CuO–water nanofluid in a square channel with an inner 
triangular groove that is continuously heated. By applying a transverse magnetic field, the governing coupled and nonlinear 
equations are solved using the Galerkin finite element method across various Reynolds numbers. The analysis provides com-
prehensive insights into the effects of different parameters through stream plots and contour plots. The heat transfer rate, 
represented by the Nusselt number (Nu), is graphically presented for the heated inner triangular groove and thoroughly dis-
cussed. Results indicate that the flow rate significantly influences heat transfer, particularly for high Reynolds numbers, with 
notable effects observed in both the upper and lower parts of the channel. Optimal heat transfer is achieved at a 3% concen-
tration of CuO nano-particles, highlighting the potential for enhanced thermal performance in such configurations.  

Keywords: Heat transfer; CuO-water nanofluid; Square channel; Inner triangular groove; Finite element method 

 

 

 

Vol. 46(2025), No. 1, 83‒96; doi: 10.24425/ather.2025.154183 

Cite this manuscript as: Lavanya, B., Srinivas, G., Suresh Babu, B., & Makinde, O.D. (2025). Numerical Analysis of Heat Transfer of 

CuO-Water Nanofluid Through a Square Channel with Heated Inner Triangular Groove. Archives of Thermodynamics, 46(1), 83−96. 

http://www.imp.gda.pl/archives-of-thermodynamics/


Lavanya B., Srinivas G., Suresh Babu B., Makinde O.D. 
 

84 
 

 

Nomenclature 

B0 – constant applied magnetic field, A/m 

Cp – specific heat, J/(kg K) 

g ‒ gravitational acceleration, m/s2 

Gr – Grashoff number 

k – thermal conductivity, W/(m K) 

L – characteristic length, m 

M – magnetic field parameter 

Pr ‒ Prandtl number 

q – heat source parameter, W/m2 

Qh – dimensionless heat source parameter 

Re – Reynolds number 

t – dimensional time, s 

T – dimensional temperature, K 

T0 – temperature at triangular groove, K 

T∞ – temperature at upper plate of the channel, K 

u, v – dimensional velocity, m/s 

U, V– dimensionless velocities 

U0 – characteristic velocity, m/s 

x, y – dimensional space variables, m 

X, Y– dimensionless space variables 

Ø – volume fraction of the nanoparticles 

 

Greek Symbols 

𝛼 – thermal diffusivity, m2/s 

𝛽T – coefficient of thermal expansion, 1/K 

𝛩 – dimensionless temperature  

 – dynamic viscosity, Pa⸱s 

ρ – density, kg/m3 

σ – electrical conductivity, S/m 

j – shape function at jth node 

 

Subscripts and Superscripts 

f – base fluid (water) 

nf – nanofluid (CuO-water) 

s – metal particle (CuO)  

 

Abbreviations and Acronyms 

FEM – finite element method 

 

how CuO nanoparticles at different volume fractions affect heat 

transfer for different Reynolds numbers. Dehghani-Ashkezari 

and Salimpour [2] studied how water-titanium oxide nanofluid 

boiled in pools on different grooved surfaces and found that the 

shape of the grooves has a big effect on how heat moves through 

the surface. In their study, Boukerma and Kadja [3] looked at 

the convective heat transfer of Al₂O3/water-ethylene glycol 

(EG) and CuO/(W-EG) nanofluids in a round tube with laminar 

flow. According to Jafarimoghaddam and Aberoumand [4], 

nanofluids improve the flow properties in rib-groove channels, 

with the Nusselt number going up as the volume fraction goes 

up and down as the nanoparticle diameter goes down. Srinivas 

et al. [5] studied the natural chemical reaction between the metal 

particle and the solvent, along with the decomposition of the 

metal particle. Researchers also examined the behaviour of the 

nanofluid viscosity in relation to its flow and heat transfer. 

Gupta et al. [6] explored how to resolve the unsteady flow prob-

lem of a hybrid nanofluid on a stretched surface in a porous me-

dium. This study examines the form factor analysis by evaluat-

ing four geometries: brick, lamina, platelet and blade. 

The experiments of heat and mass transfer through many ge-

ometries, like horizontal and vertical channels, are available in 

the literature. Balasubramanian and Mukeshkumar [7] con-

ducted additional research and determined that the size of the 

nanoparticles and their thermal conductivity significantly influ-

ence the efficacy of heat transfer. Navaei et al. [8] investigated 

the impact of various nanofluids and geometrical parameters on 

rib-grooved channels. They discovered that the heat transfer 

properties varied based on the basal fluids. Rimbault et al. [9] 

noted that nanofluids exhibit minor improvements in heat trans-

fer compared to water due to their low particle volume fractions. 

Ahmed et al. [10] used a turbulence model to look into the tur-

bulent forced convection of nanofluids in channels that are tri-

angularly corrugated and have different Reynolds numbers. The 

objective was to emphasize the impact of rib dimensions on heat 

transfer. 

The finite element method (FEM) has become a crucial com-

putational tool in engineering and applied sciences, solving 

complex problems in structural, thermal, fluid, and electromag-

netic domains. FEM applications span various fields, including 

mechanical engineering, civil engineering, bioengineering, and 

materials science, providing accurate simulations of heat flow in 

systems with intricate shapes and varying thermal properties. 

Ekiciler [11] did a test to see how new hybrid nanofluids (TiO₂-

Cu/EG) and the shape of a triangular rib in a duct changed the 

flow and transfer of heat. They discovered that a volume fraction 

of 4% is necessary. Suresh Babu et al. [12] created a mathemat-

ical model that includes thermo-diffusion and diffusion-thermal 

effects for heat and mass transfer in a variable-width vertical 

channel between two fluids that don't mix. In the research by 

Gupta et al. [13], they look at how radiation and Thompson and 

Troian boundary slip affect the flow of a nanofluid that is made 

up of kerosene oil and CNT-Fe₃O₄ over an exponentially 

stretched porous sheet. The Reynolds viscosity model views the 

viscosity as temperature-dependent. Ahmed et al. [14] used the 

finite volume method to study the impact of nanofluid volume 

on entropy and turbulent kinetic energy. Vatani and Mohammed 

[15] numerically examined the effects of rib groove shapes and 

nanofluids on heat and fluid flow in horizontal channels. 

Also, FEM has a lot of advantages; it can handle complex 

geometries like a square channel with different shapes of 

grooves. FEM is well-suited for problems with boundary and 

interface complexities. Ajeel et al. [16], Alipour et al. [17], Hus-

sein et al. [18], and Naphon and Nakharintr [19] conducted 

a study that explored various nanofluid configurations and their 

effects on turbulent flow and heat transfer. Gosty et al. [20] ex-

amine the phenomena of heat, mass, and fluid flow in a vertical 

channel holding two immiscible fluids, with an emphasis on slip 

effects. Upreti et al. [21] analyze Au-TiO₂/ethylene glycol hy-

brid nanofluid flow across a narrow needle. In a homogeneous 

magnetic field, fluid parameters like dynamic viscosity and ther-

mal conductivity rely on nanoparticle shape and temperature. 

They also examine quadratic convection with quadratic thermal 

https://onlinelibrary.wiley.com/authored-by/Jafarimoghaddam/A.
https://onlinelibrary.wiley.com/authored-by/Aberoumand/S.
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radiation and use the Cattaneo-Christov heat flow model to ex-

plain heat transfer. Some researchers, like Avramenko et al. [22] 

and Ajeel et al. [23] looked into the thermal and hydraulic prop-

erties of turbulent nanofluid flow. Other researchers, like 

Khudheyer et al. [24] and Pourfattah et al. [25] looked into how 

nanoparticles and rib angles affect heat transfer. Sailaja et al. 

[26] conducted research on forced and free convective heat 

transfer through a two-dimensional nanofluid flowing past a 

stretching vertical plate. In a study by Akdag et al. [27] they 

measured how heat moved through water-based Al2O3 nanoflu-

ids in a wavy mini-channel. They found that the size and number 

of nanoparticles had a big effect on how well the heat moved. 

Uniyal et al. [28] examined it in depth. They conducted a thor-

ough investigation into the integration of phase change materials 

and nanofluids into evacuated tube solar water heaters, an area 

that has witnessed significant advancements recently. Gosty  

et al. [29] conducted a study that explores the transmission of 

heat and mass in a vertical channel filled with immiscible fluids, 

specifically viscous and micropolar fluids. Bhandari et al. [30] 

looked into modifying the design of the microchannel heat sink 

to enhance thermo-hydraulic performance. 

The aforementioned research reveals that while traditional 

studies concentrate on straightforward flow patterns, this study 

delves into the distinctive impact of the triangular groove, am-

plifying the heat transfer effects. So the primary objective of this 

work is to investigate the flow and heat transfer characteristics 

of CuO-water nanofluid through a square channel with a heated 

inner triangular groove. The groove geometry disturbs the flow, 

and the induced temperature due to the geometry plays a vital 

role in heat transfer analysis. This study aims to help improve 

the thermal management of advanced cooling systems in high-

performance settings by using CuO nanoparticles, which are 

known for being excellent at transferring heat, and look at how 

they change heat transfer under different flow conditions. De-

tailed computational simulations provide a deeper understand-

ing of the intricate heat transfer phenomena in advanced engi-

neering applications such as solar water heaters and industrial 

heat exchangers. 

2. Mathematical Formulation  

To mathematically formulate the flow and heat transfer of a fully 

developed nanofluid in a square pipe with an isosceles triangular 

groove at the bottom, the following assumptions need to be con-

sidered: 

 Flow direction: The nanofluid flows in the z-axis direction. 

 Cross-sectional geometry: The cross-section is square with 

an isosceles triangular groove at the bottom. 

 Boundary conditions: Vertical walls: Adiabatic. 

 Top wall: Constant temperature T∞. 

 Inclined triangular walls: Constant temperature 𝑇0. 

 Bottom wall: Adiabatic (excluding the triangle). 

 𝑇0 > 𝑇∞. 

The typical cross section as shown in Fig. 1, is assumed for 

the numerical study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Under these assumptions, the flow system is assumed to fol-

low the Bussinesq approximation and as per the Buongiorno 

model, the equations governing the flow, heat and mass transfer 

are obtained as follows: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

                𝜌𝑛𝑓 (
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = 𝜇𝑛𝑓 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2)+ 

                                     +(𝜌𝛽𝑇)𝑛𝑓𝑔(𝑇 − 𝑇∞) − 𝜎𝑛𝑓𝐵0
2𝑢, (2) 

 𝜌𝑛𝑓 (
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = 𝜇𝑛𝑓 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2), (3) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓 (

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2) −
𝑄

(𝜌𝐶𝑝)𝑛𝑓
. (4) 

The boundary conditions are: 

at t ≥ 0, at the inner triangular groove 

 𝑢 = 0,       𝑣 = 0,       𝑇 = 𝑇0, (5a) 

at t ≥ 0, 𝑦 = 𝐿, ∀𝑥 

 𝑢 = 0,       𝑣 = 0,       𝑇 = 𝑇∞. (5b) 

All the above equations are made dimensionless using the 

following forms: 

 𝑋 =
𝑥

𝐿
,        𝑌 =

𝑦

𝐿
,        𝑡′ = 𝑡

𝑈0

𝐿
,  

(6) 

 𝑈 =
𝑢

𝑈0
,       𝑉 =

𝑣

𝑈0
,       𝜃 =

𝑇−𝑇∞

𝑇0−𝑇∞
,  

where L is the characteristic length and U0 is the characteristic 

velocity. 

Thermophysical properties considered for this CuO water 

nanofluid are taken from the work of Pak and Cho [31]. 

 𝜌𝑛𝑓 = (1 − ∅)𝜌𝑓 + ∅𝜌𝑠, (7) 

 (𝜌𝐶𝑝)𝑛𝑓 = (1 − ∅)(𝜌𝐶𝑝)
𝑓

+ ∅(𝜌𝐶𝑝)𝑠, (8) 

 
𝑘𝑛𝑓

𝑘𝑓
=

𝑘𝑠+2𝑘𝑓+2∅ (𝑘𝑠 −𝑘𝑓)

𝑘𝑠+2𝑘𝑓−∅ (𝑘𝑠 −𝑘𝑓)
, (9) 

 

Fig. 1. Geometry of the problem 
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 (𝜌𝛽)𝑛𝑓 = (1 − ∅)(𝜌𝛽)𝑓 + ∅(𝜌𝛽)𝑠, (10) 

 𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝐶𝑝)𝑛𝑓
, (11) 

 
𝜇𝑛𝑓

𝜇𝑓
=

1

(1−∅)2.5, (12) 

 
𝜎𝑛𝑓

𝜎𝑓
= 1 +

3(
𝜎𝑠
𝜎𝑓

−1)∅

(
𝜎𝑠
𝜎𝑓

+2)−(
𝜎𝑠
𝜎𝑓

−1)∅

. (13) 

Values of thermophysical properties given in Table 1 are 

considered to get the numerical solution. 

 

 

 

 

 

 

 

 

 

 

 

 

In view of Eqs. (5) to (13), the governing Eqs. (1) to (4) are 

modified as follows:  

 
𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
=

1

(1−∅)2.5

1−∅+∅(
𝜌𝑆
𝜌𝑓

)

1

Re
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) +  

+ (1 − ∅ + ∅ (
𝛽𝑠

𝛽𝑓
))

Gr

Re2
(𝜃) − (1 +

3(
𝜎𝑠
𝜎𝑓

−1)∅

(
𝜎𝑠
𝜎𝑓

+2)−(
𝜎𝑠
𝜎𝑓

−1)∅

) 𝑀 𝑈, (14) 

 
𝜕𝑉

𝜕𝑡
+ 𝑈

𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
=

1

(1−∅)2.5

1−∅+∅(
𝜌𝑆
𝜌𝑓

)

1

Re
(

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2), (15) 

 
𝜕Ɵ

𝜕𝑡
+ 𝑈

𝜕Ɵ

𝜕𝑋
+ 𝑉

𝜕Ɵ

𝜕𝑌
=

𝑘𝑠+2𝑘𝑓+2∅ (𝑘𝑠 −𝑘𝑓)

𝑘𝑠+2𝑘𝑓−∅ (𝑘𝑠 −𝑘𝑓)

1−∅+∅(
(𝜌𝑐𝑝)

𝑠
(𝜌𝑐𝑝)

𝑓
)

1

Pr

1

Re
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) +  

 −
𝑄ℎ

1−∅+∅(
(𝜌𝑐𝑝)

𝑠
(𝜌𝑐𝑝)

𝑓
)

1

Pr

1

Re
. (16) 

where the dimensionless numbers are given as follows: 

 Gr =
𝑔𝛽𝑇(𝑇∞−𝑇0)𝐿3

𝑣𝑓
2 ,          Pr =

𝑣𝑓

𝛼𝑓
,           𝑀 =

𝜎𝑓𝐵0
2

𝜌𝑓𝐿
,  

(17) 

 Ar =
Gr

Re2,          Re =
𝐿𝑈0

𝜈
.  

After applying the forms given in Eq. (6) the boundary con-

ditions given in Eqs. (5a) and (5b) becomes as below: 

at t ≥ 0, at the inner triangular groove 

 𝑈 =  0 ,        𝑉 =  0,         𝜃 = 1, (18a) 

 

at t ≥ 0, on the upper plate 

 𝑈 =  0,        𝑉 =  0,         𝜃 = 0. (18b) 

The rate of heat transfer (Nusselt number) at the inner trian-

gular groove is calculated using the formula: 

 Nu = −
𝑘𝑛𝑓

𝑘𝑓
{∫

𝜕𝜃

𝜕𝑋

𝐵

𝐴
𝑑𝑌 + ∫

𝜕𝜃

𝜕𝑋

𝐶

𝐵
𝑑𝑌}. (19) 

3. Method of solution  

The coupled nonlinear system of partial differential equa-

tions governing the flow and heat transfer, as described in Eqs. 

(14) to (16), is solved subject to the boundary conditions speci-

fied in Eq. (18). The Galerkin finite element method (FEM) is 

employed to solve this system as per the flow chart given in  

Fig. 2. 

Numerical calculations are carried out using the Mathemat-

ica 10.1 program, and the results are presented in the form of 

contour and stream graphs. Additionally, a table showing the 

rate of heat transmission (Nusselt number Nu) is provided. Dur-

ing the computations, the region is partitioned into 316 ele-

ments. The number of elements (316) is determined by testing 

the convergence of Nu by means of trial and error. When deter-

mining the grid size and calculating the outcomes of the govern-

ing variables for different values of a given parameter, the re-

maining parameters are kept constant as follows: Ø = 3%, M = 5, 

Q =5, Gr = 5, Pr = 6.99.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This approach ensures that the FEM discretization is suffi-

ciently refined to capture the detailed behaviour of flow, heat, 

and mass transfer processes within the square channel featuring 

a heated inner triangular groove. The convergence tests confirm 

the accuracy and reliability of the numerical solutions obtained. 

The element wise stiffness matrix will be calculated using 

the following system of equations: 

Table 1. Values of thermophysical properties. 

Physical properties Copper (CuO) Water 

Cp, J/(kg⸱K)  385 4,179 

𝝆, kg/m3  8,933 997.1 

k, W/(m⸱K)  401 0.613 

𝜷T x 10−5, 1/K  1.67 27.6 

μ, kg/(m⸱s)  - 8.55 x 10−4 

σ, S/m  0.064 0.05 

 

 

Fig. 2. Flow chart of the numerical method 



Numerical Analysis of Heat Transfer of CuO-Water Nanofluid Through a Square Channel with… 

 

87 
 

 [

𝑥1

𝑥2

𝑥3
𝑥4

] ∗ [

𝑢
𝑣
𝜃
𝑠

] = [

𝑦1

𝑦2

𝑦3
𝑦4

]  

where: 

 𝑥1 = ∬ 𝜑𝑗(
𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
−

1

(1−∅)2.5

(1−∅+∅(
𝜌𝑠
𝜌𝑓

))

1

Re
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) +  

 + (1 − ∅ + ∅ (
𝜎𝑠

𝜎𝑓
)) 𝑀2𝑈)𝑑𝑥𝑑𝑦,  

 𝑥2 = ∬ 𝜑𝑗(
𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑋
−

1

(1−∅)2.5

(1−∅+∅(
𝜌𝑠
𝜌𝑓

))

1

Re
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) +  

 +(1 − ∅ + ∅ (
𝜎𝑠

𝜎𝑓
)) 𝑀2𝑈)𝑑𝑥𝑑𝑦,  

 𝑥3= ∬( 𝜑𝑗(
𝜕𝜃

𝜕𝑡
+ 𝑈

𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
−

𝑘𝑠+2𝑘𝑓+2ø(𝑘𝑠−𝑘𝑓)

𝑘𝑠+2𝑘𝑓−ø(𝑘𝑠−𝑘𝑓)

(1−∅+∅(
(𝜌𝐶𝑝)𝑠
(𝜌𝐶𝑝)𝑓

)

1

Pr

1

Re
  

 (
𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2) + 
𝑄ℎ

(1−∅+∅(
(𝜌𝐶𝑝)𝑠
(𝜌𝐶𝑝)𝑓

)

1

Pr

1

Re
𝜃 +  

 +𝑁𝑏((
𝜕𝑆

𝜕𝑌
) (

𝜕𝜃

𝜕𝑌
) + (

𝜕𝑆

𝜕𝑋
)(

𝜕𝜃

𝜕𝑋
))+𝑁𝑡((

𝜕𝜃

𝜕𝑋
)2 + (

𝜕𝜃

𝜕𝑌
)2)))𝑑𝑥𝑑𝑦,  

 𝑥4= ∬(𝜑𝑗((
𝜕𝑆

𝜕𝑡
) + 𝑈 (

𝜕𝑆

𝜕𝑋
) + 𝑉 (

𝜕𝑆

𝜕𝑌
) − 𝑁𝑏𝐿𝑛 (

𝜕2𝑆

𝜕𝑋2 +
𝜕2𝑆

𝜕𝑌2) 𝑑𝑥𝑑𝑦,  

 𝑦1= ∬ 𝜑𝑗 [(1 − ∅ + ∅ (
𝛽𝑠

𝛽𝑓
))

Gr

Re2 (𝜃 +
Gc

Gr
𝑠)] 𝑑𝑥𝑑𝑦,  

 𝑦2=0,  

 𝑦3=0,  

 𝑦4 = 𝑁𝑡 ∬ 𝜑𝑗(
𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2)𝑑𝑥𝑑𝑦,  

where the integral is done on the domain under consideration.  

Each dependent variable at every 3 nodded triangular ele-

ments of the discretized domain is taken as:  

 ∑ ∑ 𝑢𝑖𝜑𝑗
3
𝑖=1

3
𝑗=1 ,                ∑ ∑ 𝑣𝑖𝜑𝑗

3
𝑖=1

3
𝑗=1 ,  

 ∑ ∑ 𝑆𝑖𝜑𝑗
3
𝑖=1

3
𝑗=1 ,                 ∑ ∑ 𝜃𝑖𝜑𝑗

3
𝑖=1

3
𝑗=1 .  

The 𝜑𝑗 is the shape function at 𝑗𝑡ℎ node of the triangular el-

ement. The above system of equations is solved with the given 

approximations. This approach ensures that the FEM discretiza-

tion is sufficiently refined to capture the detailed behaviour of 

the flow, heat and mass transfer processes within the square 

channel featuring a heated inner triangular groove. The conver-

gence tests confirm the accuracy and reliability of the numerical 

solutions obtained. 

4. Results and discussion 

The results of numerical simulations, obtained through the Ga-

lerkin finite element method (FEM) using Mathematica 10.1, 

provide detailed insights into the heat and mass transfer charac- 

teristics of CuO-water nanofluid in a square channel with a hea-

ted inner triangular groove. The computational domain, discre-

tized into 316 elements, ensures a high level of accuracy, as con-

firmed by the convergence tests of the Nusselt number. The re-

sults are presented in the form of contour and stream plots, 

which visually depict the flow patterns and temperature distri-

butions within the channel. These plots highlight the effects of 

the triangular groove and the presence of CuO nanoparticles on 

the overall heat transfer performance. Additionally, the analysis 

of Nu provides a quantitative measure of the heat transfer rate, 

allowing for a detailed discussion of the impact of various pa-

rameters on thermal efficiency. The discussion focuses on the 

influence of the flow rate, magnetic field, and nanoparticle con-

centration on the heat transfer and fluid flow characteristics. The 

findings for all significant variations are illustrated in stream 

plots from Fig. 3 to Fig. 8, providing a clear depiction of the 

stream field profiles. These findings are presented for three dis-

tinct flow regimes: laminar conditions at low Reynolds numbers 

(Re = 10), transition conditions at moderate Reynolds numbers 

(Re = 100), and at high Reynolds numbers (Re = 5000). The 

effects of varying CuO particle volume fractions and Reynolds 

numbers on the flow and heat transfer are analysed.  

4.1. Stream plots 

Figures 3−6 show that at a Reynolds number (Re) of 10, the flow 

pattern is distinctly laminar and smooth, indicating stable and 

uniform flow characteristics. However, as the Reynolds number 

increases to 100 and 5000, the flow transitions to more comp-

lex states, exhibiting significant changes in behaviour. For  

Re = 100, the flow begins undergo the transition, showing the 

early stages of instability and the development of non-uni-

formties. At Re = 5000, the flow becomes fully turbulent, char-

acterized by chaotic and irregular patterns. In both the transi-

tional (Re = 100) and turbulent (Re = 5000) cases, the flow is 

notably non-uniform across the channel, regardless of the per-

centage of metal particle composition. This non-uniformity is 

particularly pronounced around the heated triangular groove, 

where the recirculation zones and vortices are more prominent. 

Gravity influences the flow near the lower half of the channel, 

causing fluid accumulation and complex flow patterns around 

the groove. However, significant flow changes are also observed 

in the upper half of the channel. The presence of higher concen-

trations of CuO particles amplifies these effects. At higher par-

ticle concentrations, the fluid exhibits increased thermal conduc-

tivity and altered viscosity, which contribute to the more pro-

nounced flow alterations. The CuO particles enhance the heat 

transfer but also lead to more complex flow interactions, espe-

cially in the upper half of the channel. This results in a distinct 

presence of fluid with higher particle content in this region, af-

fecting the overall flow dynamics and heat transfer efficiency 

within the channel. 

The magnetic field parameters play a crucial role in under-

standing and predicting the dynamics of magnetized fluids. The 

strength of the magnetic field is a fundamental parameter that 

directly influences the behaviour of the fluid. Higher magnetic 

field strengths lead to stronger interactions of CuO particles with 

the fluid, affecting its flow patterns, stability and transport prop- 
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Fig. 4. Stream plots for Ø = 2% for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 5. Stream plots for Ø = 3% for different Reynolds numbers: Re = 10, 100, 5000 respectively. 

         

Fig. 6. Stream plots for Ø = 4% for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 3. Stream plots for Ø = 1% for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 
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erties. Figures 7−10 show that there is a slight flow disturbance 

observed when the magnetic field parameter varies from M = 2 

to M = 10 at Re = 10 (laminar flow). A uniform flow near the 

inner triangular groove up to M < 8 is noticed. But for M > 8, 

the flow behaviour changes significantly. However, lower mag-

netic field parameters are strongly recommended to reduce the 

flow turbulence to a greater extent. 

Figures 11−14 illustrate the temperature distribution within 

the channel, highlighting the impact of the heat source on ther-

mal gradients. The presence of the heated triangular groove in-

troduces localized high-temperature regions, resulting in signif-

icant thermal expansion of the fluid and variations in the density 

of both the fluid and CuO particles. This thermal expansion 

causes deformation of the streamlines at the heat source, particu- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         

Fig. 7. Stream plots for M = 2 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 8. Stream plots for M = 5 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 9. Stream plots for M = 8 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 
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larly around the triangular groove, indicating changes in the 

flow pattern induced by the heat. In these regions, the stream-

lines exhibit noticeable curvature or deviation, corresponding to 

areas of convective motion where heat is being transported 

through the fluid. The thermal gradients create buoyancy effects, 

which further alter the flow pattern. This is especially evident in 

the upper half of the channel, where turbulence is more pro-

nounced. The internal heat source acts as an additional factor, 

intensifying the disturbances in this region. The results show 

that the heat source significantly influences the temperature 

field, causing more pronounced disturbances and complex flow 

behaviour near the upper half of the channel. The increased tur-

bulence and convective heat transfer lead to greater mixing and 

enhanced thermal diffusion, reflected in the curved and deviated 

streamlines. These effects underscore the crucial role of thermal 

gradients and heat sources in shaping the flow and temperature 

distribution within the channel. 

4.2. Contour plots 

Figures 15−18 illustrate the temperature distribution contours 

for various heat source values in different flow regimes. At 

lower values of the heat source parameter (Q) in laminar flow, 

the temperature is predominantly higher in the lower part of the 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         

Fig. 10. Stream plots for M = 10 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 11. Stream plots for Q = 5 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

 

Fig. 12. Stream plots for Q = 12 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 
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channel due to the relatively lower heat generation, which 

causes heat to accumulate near the bottom before it can be ade-

quately dispersed. As the heat source parameter increases, the 

temperature distribution becomes more uniform, indicating bet- 

ter heat dispersion throughout the channel, suggesting that 

higher heat source values enhance convective heat transfer, re-

ducing localized temperature peaks. For flows with a higher 

Reynolds number, the influence of increasing the heat source 

parameter on the temperature distribution is less pronounced, as 

higher Reynolds numbers correspond to more turbulent flow re-

gimes that inherently enhance mixing and heat transfer. Thus, 

even with an increase in Q, the already efficient heat transfer 

mechanism due to turbulence mitigates significant changes in 

the temperature distribution.  

The combined effect of internal and external heat sources 

becomes more significant at higher Reynolds numbers, likely 

due to the enhanced convective heat transfer capabilities in tur-

bulent flows, which can more effectively integrate and distribute 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         

Fig. 13. Stream plots for Q = 15 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 14. Stream plots for Q = 24 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 15. Contour plots for Q = 5 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 
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heat from both sources compared to laminar flows. For all vari-

ations of the heat source parameter and Reynolds number, the 

temperature is consistently higher on the right wall compared to 

the left wall, possibly due to asymmetries in the flow field or in 

the placement of heat sources, causing a preferential accumula-

tion of heat on the right side. This observation indicates a poten-

tial directional bias in heat transfer within the channel, which 

may need to be addressed depending on the application or de-

sired thermal management outcomes.  

As per Figs. 19−23, the temperature dissemination is larger 

at high Reynolds numbers for all percentages of CuO particles. 

This is due to the Brownian motion of CuO particles in the fluid. 

Further, the thermal boundary layer is found larger near the right 

wall of the channel than the left wall. The temperature dissemi-

nation is found larger near the heat source or bottom of the chan-

nel. The dissemination of heat to the top wall is found larger for 

low Reynolds numbers at all variations of metal particle concen-

trations.  

         

Fig. 16. Contour plots for Q = 12 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 17. Contour plots for Q = 15 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 18. Contour plots for Q = 24 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 
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Figure 24 presents the Nusselt number (Nu), which quanti-

fies the rate of heat transfer across laminar, transitional and tur-

bulent flow regimes. The results indicate that the heat transfer 

rate increases up to a 3% concentration of metal particles (CuO), 

beyond which it decreases. This decrease suggests the potential 

occurrence of particle agglomeration at higher concentrations, 

impacting heat transfer efficiency. Importantly, this trend is con-

sistent across all Reynolds numbers investigated in this study. 

For lower Reynolds number flows, the internal heat source sig-

nificantly boosts heat transfer rates. However, for higher Reyn-

olds numbers, the heat transfer rate shows less predictable be-

haviour due to the random movement of particles in the fluid, 

which can disrupt thermal gradients and flow patterns. 

The magnetic field parameter (M) exhibits varying effects on 

the heat transfer rate depending on the Reynolds number. In lam-

inar flow, increasing M reduces Nu due to decreased flow in-

duced by the magnetic field. Conversely, at higher Reynolds 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         

Fig. 19. Contour plots for Ø = 1% for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 20. Contour plots for Ø = 2% for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

         

Fig. 21. Contour plots for Ø = 3% for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 
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numbers, the random movement of metal particles may counter-

act this effect, leading to an increase in Nu with higher M. In 

summary, Fig. 11 highlights the complex interplay of metal par-

ticle centration and magnetic field effects on heat transfer effi-

ciency across different flow conditions. These findings contrib-

ute to understanding and optimizing heat transfer processes in  

nanofluid-based systems under varying operational parameters. 

5. Conclusions 

The numerical study of flow and heat transfer in CuO-water 

nanofluid is carried out. The following conclusions are drawn:  

         

Fig. 22. Contour plots for M = 5 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

          

Fig. 23. Contour plots for M = 10 for different Reynolds numbers: Re = 10, 100 and 5000, respectively. 

 

Fig. 24. Nusselt numbers for corresponding variations of parameters. 



Numerical Analysis of Heat Transfer of CuO-Water Nanofluid Through a Square Channel with… 

 

95 
 

1. The stream plots indicate that, at moderate and high Reyn-

olds numbers, the flow in the upper part of the channel sig-

nificantly weakens, while it remains controlled in the lower 

part. This behaviour is influenced by the presence of the 

heat source in the form of a triangular groove. Addition-

ally, the dispersion of CuO metal particles within the fluid 

contributes to this flow pattern. 

2. At higher Reynolds number flows, an increase in the inter-

nal heat source typically results in a higher temperature. 

However, this temperature rise can be mitigated by adjust-

ing the Brownian motion parameter in such flows, espe-

cially when Reynolds numbers are high. 

3. For effective heat transfer the CuO particle concentration 

less than 3% is recommended. The magnetic field shows 

an inconsistent pattern in heat transfer. 

4. Limitations: The entire work is limited to heat transfer 

analysis with the defined geometry. Also, the flow of the 

fluid is for fixed Reynolds numbers. 

5. Future work: This study can be extended to include mass 

transfer analysis and investigate the impact of additional 

physical effects, such as variable physical properties, dif-

fusion, or slip conditions. These extensions will provide a 

more comprehensive understanding of the coupled heat 

and mass transfer phenomena in the geometry under con-

sideration. 
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1. Introduction 

In recent years, environmental preservation and energy conser-

vation have grown in significance in residential buildings [1] 

due to the annual energy consumption behaviour of the growing 

population. The steadily increasing demand in the world for 

cooling and heating applications is in major part met by the va-

pour compression systems. Furthermore, in response to increas-

ing environmental concerns, there has been a growing focus on 

utilizing eco-friendly working fluids that offer high-energy effi-

ciency. 

Actually, energy systems that provide comfort, like the do-

mestic air-conditioning system, contribute considerably to the 

energy consumption  electric power provided to residential 

buildings during the summer and especially during the peak time 

due to the temperature difference between the condenser and 

evaporator of the system [2,3]. 

To solve this problem, several researchers therefore have 

presented solutions to reduce the electricity consumption of 

these systems under these conditions. One of the solutions to 

tackle this issue is the utilization of thermal energy from clean 

sources of sustainable energy such as solar energy to reduce the  
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Abstract 

Screening for eco-friendly working fluids with high-energy efficiency is one of the highest challenges in the air conditioning 

sector. The present research aims to investigate and compare the performance characteristics of fourteen promising low global 

warming potential working fluids, less than 150, in solar organic Rankine cycle powered vapour compression cycle for air 

conditioning of residential buildings. The working fluids selected are R152a, R161, R1234yf, R1234ze(E), R1233zd(E), R290, 

R1270, R600a, R600, R601a, R601, R13I1, RE170 and R123. The performance characteristics investigated are the organic 

Rankine cycle efficiency (ORC), the ratio (WRm) of network output (Wnet) for the organic Rankine cycle to mass flow (mORC) 

rate for organic Rankine cycle, volumetric flow ratio (VFR), expander size parameter (SP), cooling power (Qeva) of vapour 

compression cycle, coefficient of performance (COPVCC) of vapour compression cycle, coefficient of performance (COPs) of 

the organic Rankine cycle–vapour compression cycle system, the ratio (CPRm) of cooling power (Qeva) to (mORC+mVCC), and 

the total efficiency of solar air conditioning system (t). The investigated results proved that the working fluid RE170 (global 

warming potential = 1) is the most suitable working fluid for the organic Rankine cycle–vapour compression cycle system 

through the comprehensive comparison of ORC, WRm, VFR, SP, Qeva, COPVCC , COPs, CPRm and t for the fourteen working 

fluids. 
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Nomenclature 

Acol ‒ solar collector aperture area, m2 

CMR ‒ compression ratio in compressor 

COPS ‒ coefficient of performance for ORC-VCC 

COPVCC ‒ coefficient of performance for VCC 

CPRm – ratio of Qeva to overall mass flows of ORC-VCC, kWs/kg 

EPR – expansion ratio in expander 

h1 ‒ enthalpy at expander inlet, kJ/kg 

h2s ‒ enthalpy at expander outlet based on isentropic process, kJ/kg 

h3 ‒ enthalpy at working fluid pump inlet, kJ/kg 

h4 ‒ enthalpy at working fluid pump outlet, kJ/kg 

h4s ‒ enthalpy at working fluid pump outlet based on isentropic pro- 

    cess, kJ/kg 

h5 ‒ enthalpy at evaporator outlet, kJ/kg 

h6s ‒ enthalpy at compressor outlet based on isentropic process, kJ/kg 

h7 ‒ enthalpy at evaporator inlet, kJ/kg 

I ‒ direct solar radiation intensity, kW/m2 

mORC ‒ mass flow rate for ORC, kg/s 

mVCC ‒ mass flow rate for VCC, kg/s 

P5 – pressure at evaporator outlet, kPa 

P6 – pressure at compressor outlet, kPa 

Pc – cooling power per collector square meter, kW/m2 

Qeva ‒ cooling power, kW 

Qgen ‒ useful energy gained from the solar collector, kW 

SP ‒ expander size parameter, m 

Tamb – ambient temperature, °C 

Tcon  – condensation temperature in the condenser, °C 

Teva – evaporation temperature in the evaporator, °C 

Tgen ‒ generation temperature in the generator, °C 

Tm – solar collector temperature, °C 

v1 – specific volume of working fluid at expander inlet, m3/kg 

v2 – specific volume of working fluid at expander outlet, m3/kg 

V1 – volumetric flow of working fluid at expander inlet, m3/s 

V2 – volumetric flow of working fluid at expander outlet, m3/s 

VFR – volumetric flow ratio  

Wcom – compressor work input, kW 

Wexp – expander work output, kW 

Wnet – net power output of ORC, kW 

Wpump – working fluid pump power consumption, kW 

WRm – ratio of Wnet to mORC, kWs/kg  

 

Greek symbols 

com – compressor isentropic efficiency 

exp – expander isentropic efficiency 

ORC – organic Rankine cycle efficiency 

pump – working fluid pump isentropic efficiency 

Solar – thermal efficiency of solar collector 

t – total efficiency of solar air conditioning system 

ρ1 – density of working fluid at expander inlet, kg/m3 

ρ2 – density of working fluid at expander outlet, kg/m3 

 

Abbreviations and Acronyms 

COP – coefficient of performance 

ETC – evacuated tube collectors  

FPC – flat plate collectors 

GWP – global warming potential 

ORC – organic Rankine cycle 

VCC – vapour compression cycle 

VCR – vapour compression refrigeration 

electric power produced from gas turbine used for air-condition-

ing. 

In particular in warm climate countries, such as the south of 

Algeria, solar radiation is the most sufficient in those areas, 

where it still has untapped potential, and air-conditioning sys-

tems driven by solar energy are very useful applications in these 

countries. These systems are economically attractive and ac-

ceptable in environmental terms. In the context of recent devel-

opments in the field of energy engineering from a building en-

ergy point of view [4], there is a lot of potential for lowering the 

amount of electric power used in the domestic air-conditioning 

system by utilizing solar thermal energy by using modern tech-

nologies [5].  

Among these technologies, there are two promising energy 

systems for converting solar energy into processes that involve 

thermal comfort by use of either the absorption/adsorption re-

frigeration cycles or the thermo-mechanical air conditioning 

systems [6‒8]. Although absorption and adsorption are still the 

dominant technologies in solar air-conditioning and cooling, the 

gradual removal of absorption chiller operating limits and the 

recent developments in organic Rankine cycle (ORC) equip-

ment [9] to extract work from low-grade thermal sources to 

lower residential electric consumption [10] have sparked in-

creasing attention in thermo-mechanical air conditioning sys-

tems.  
Currently, the use of low-grade thermal sources to operate 

an ORC–VCC system for air-conditioning and cooling with 

working fluids has become the subject of renewed interest and 

has been reported by many researchers. 
Molés et al. [11] examined a hybrid ORC–VCR system op-

erating under diverse conditions, powered by low-temperature 

heat sources and employing low global warming potential 

(GWP) fluids, including R134a, for both power generation and 

refrigeration cycles. They came to the conclusion that 

R1336mzz(Z) and R1234ze(E), respectively, are the best candi-

dates for the power and refrigeration cycles. 

Asim et al. [12] looked at the working fluid selection and 

performance of a VCR–ORC system, which recovers the waste 

heat. R600a-R123 was selected as the fluid pair for the inte-

grated system based on thermodynamics (energy and exergy) 

and thermo-economic analysis, where the authors found that the 

systems combined coefficient of performance (COP) could be 

raised from 3.10 to 3.54. 

Saleh [13] introduced novel hydrofluoroolefins alongside 

conventional hydrofluorocarbons as potential working fluids for 

an ORC–VCR system utilizing low-grade thermal energy. This 

integrated system combines the vapour compression refrigera-

tion cycle with the organic Rankine cycle to enhance overall ef-

ficiency and performance. With a maximum overall perfor-

mance of 0.718 at a condenser temperature of 30°C and basic 

values for the remaining parameters, the results showed that 

working fluid R600 is the best candidate compared to the other 

substances suggested for the hybrid ORC–VCR system. Still, its 

flammability ought to draw sufficient notice. 
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Aphornratana and Sriveerakul [14] evaluated the suitability 

of the working fluids R22 and R134a for optimizing the heat-

powered refrigeration cycle, specifically a combined Rankine–

vapour–compression system. The system can be powered by 

low-grade thermal energy as low as 60°C and produce cooling 

temperatures as low as ‒10°C. The results showed that R134a 

achieves the best system performance. 

A combined ORC–VCR system using R600, R600a, R245fa, 

and R601 as working fluids was theoretically analysed by Cihan 

[15]. The combined system is best suited for R601 fluid, accord-

ing to the results.  
Bu et al. [16] looked into six working fluids (R134a, R123, 

R245fa, R290, R600a, and R600) to find the best working fluids 

for an ORC–VCR system that is powered by geothermal energy. 

They concluded that R600a is the best option. Nevertheless, 

enough attention should be paid to R600a flammability. 

Li et al. [17] investigated the performance of hydrocarbons 

including R290, R600, R600a and R1270 as working fluids in 

an ORC–VCC system. Their evaluation, considering total COP 

and the ratio of combined mass flow rates to cooling output, 

identified R600 as the optimal choice, contrasting with R1270, 

which emerged as the least preferred option. 

Two distinct working fluids, R245fa and R134a, were used 

in the study of an ORC–VCR system by Wang et al. [18] for the 

organic Rankine cycle and conventional vapour compression 

cycle, respectively. The system's overall coefficient of perfor-

mance was close to 0.50. 
In the study of Yue et al. [19], the authors investigated the 

performance of an ORC integrated with a car air conditioning 

system using cyclopentane, pentane, R134a and R245fa as 

working fluids. Their findings indicate that, among the studied 

conditions, R134a demonstrated superior thermal and economic 

performance compared to the other fluids considered. 

The combined ORC–VCR thermodynamic model was de-

veloped by Hu et al. [20] for ship air conditioning in order to 

effectively use cooling water and transfer waste heat from flue 

gases. Using five widely used working fluids (R22, R141b, 

R236ea, R218 and R601), the system performance was exam-

ined. It was determined through calculations that R601 was the 

best working fluid. 

Eight working fluids (R290, R717, R600, R600a, R143a, 

R22, R152a and R142a) were used in an ORC–VCR system that 

was activated by low-grade sensible energy, according to Kim 

and Perez-Blanco's analysis [21]. The fluids were arranged in 

order of critical temperature. The findings showed that because 

of its relatively high efficiencies, R600a provides a sensitivity 

analysis in a few unique situations.  
The thermal performance analysis of an ORC–VCR system 

with a common shaft was the focus of the study of Khatoon et 

al. [22]. Two refrigerants (R245fa and R290), were selected for 

the organic Rankine cycle and three (R245fa, R123 and R134a) 

were chosen for the vapour compression cycle. With propane 

serving as the working fluid in the organic Rankine cycle and 

R123 serving as the working fluid in the vapour compression 

cycle. The results indicated the highest efficiency of 16.48% and 

the highest coefficient of performance value of 2.85 at 40°C. 

In order to determine which refrigerant would be best for the 

ORC–VCR system, Jeong and Kang [23] tested R123, R134a 

and R245ca. The R123 case has the highest thermal efficiency, 

it has been discovered. 

Küçük and Kılıç [24] investigated a hybrid ORC–VCR sys-

tem functioning under various conditions to generate power and 

cooling. The analysis employs the working fluids R114, R123, 

R600, R600a and R245fa in the ORC system, and R141b, 

R600a, R290, R134a, R123, R245fa and R143a in the VCRC 

subsystem. The results indicated that the R123-R141b fluid pair 

yields the optimal values for energy utilization factor, exergy 

efficiency, system coefficient of performance and net power. 
In the research conducted by Wang et al. [25], the authors 

evaluated the performance of the ORC–VCR system utilizing 

a zeotropic mixture of R245fa/R134a (0.9/0.1) under diverse 

evaporation temperatures and cooling conditions. The interac-

tion between cooling water temperature and flow rate on the per-

formance of the ORC–VCR system is examined. They deter-

mined that the temperature of the cooling water exerts a more 

significant influence on the operational characteristics of the 

system than the flow rate of the cooling water. As the tempera-

ture of the cooling water decreases and its flow rate increases, 

the system's cooling capacity rises, whereas the coefficient of 

performance remains relatively stable. 

Qureshi et al. [26] examined the performance of refrigeration 

systems using solar-based organic Rankine cycle (ORC) and va-

pour compression refrigeration (VCR) cycles. Dry natural hy-

dro-carbons like n-decane, n-dodecane and toluene are used in 

ORC, while traditional working fluids like ethane, propane, iso-

butane, isopentane and isohexane are used in VCR due to envi-

ronmental concerns. The study found that solar thermal energy 

could be efficiently operated within 90ºC to 315ºC, reducing the 

need for conventional fossil fuels. 

Al-Sayyab et al. [27] studied the performance of a modified 

organic Rankine-vapour compression cycle using ultra-low 

GWP fluids (R1234ze(E), R1243zf, and R1234yf). The system 

configured for three operational modes, significantly improved 

refrigerant efficacy. The R1234ze(E) power-cooling mode 

showed the highest COP increase, while incorporating a recap-

ture heat exchanger improved power generation by 58%. 

Based on the literature reviewed, consensus has yet to be 

reached on the optimal working fluid for ORC–VCR systems. 

Consequently, further research investigating the performance of 

working fluids in ORC–VCR systems remains necessary. 

This study proposes and addresses to utilize the untapped po-

tential of solar energy in warm climate countries, such as the 

south of Algeria for the operation of an ORC–VCC system by 

using the solar thermal collector, which is energy efficient in the 

application of air conditioning for residential buildings. The 

study contributes to the research of an optimal eco-friendly wor-

king fluid for the solar driven ORC–VCC system and the study 

of its performance characteristics. Therefore, fourteen promis-

ing working fluids have GWP less than 150 are investigated and 

compared under the same operating conditions to identify suita-

ble fluids which may yield high system efficiencies. 

The working fluids investigated are R152a, R161, R1234yf, 

R1234ze(E), R1233zd(E), R290, R1270, R600a, R600, R601a,  

R601, R13I1, RE170 and R123.  
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The basic properties of the candidate working fluids are 

given in Table 1. In this regard, the environmental impact of the 

working fluids is considered as the most important criterion 

[28,29].  

2. System description 

The schematic diagram of the solar driven ORC–VCC system 

under investigation is shown in Fig. 1(a). It comprises a base 

ORC (1-2-3-4-1) and a base VCC (5-6-3-7-5). The overall sys-

tem consists of a solar collector (generator), an expander, a con-

denser, a feed pump, a compressor, a throttle valve and an evap-

orator. A single shaft between the expander and compressor 

joins the two cycles together. This system has an integrated con-

figuration and uses the same working fluid in both cycles to min-

imize the problem associated with leaking of the working fluids.  

Fig. 1(b) shows the Ts diagram of the solar driven ORC–

VCC system. This system has eight fundamental transforma-

tions occurring during thermodynamic cycles (ORC and VCC), 

and the ORC and VCC condensation processes take place in 

a shared condenser at the same pressure.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The operation processes of the subsystems ORC and VCC 

are described as follows: 

o Process 1→2s: is an isentropic expansion process across 

the expander of ORC. 

o Process 1→2: is the actual expansion process. 

o Process 2→3: is a heat rejection (condensation) process 

across the condenser of ORC and VCC. 

o Process 3→4s: is an isentropic pumping process across the 

pump of ORC. 

o Process 3→4: is the actual pumping work. 

o Process 4→1: is a heat addition process in the solar collec-

tor (generator) of ORC. 

o Process 5→6s: is an isentropic compression across the 

compressor of VCC. 

o Process 5→6: is the actual compression process. 

o Process 6→3: is a heat rejection (condensation) process 

across the condenser of ORC and VCC. 

o Process 3→7: is an isenthalpic expansion across the throt-

tle valve of VCC. 

o Process 7→5: is a heat absorption (evaporation) in the 

evaporator of VCC. 

Table 1. Candidate working fluids and their basic properties [28,29]. 

Substance Chemical formula 
Physical properties data Environmental data Safety data 

M 
(g/mol) 

NBP 
(°C) 

Tcrit 
(°C) 

Pcrit 
(MPa) 

vcrit x103 
(m3/kg) 

GWP 
100 yr 

ODP 
Safety 
group 

R152a CH3-CHF2 66.05 -24.0 113.3 4.517 2.72 133 0 A2 

R161 C2H5F 48.1 -37.6 102.1 5.010 3.31 12 0 A3 

R1234yf CF3CF=CH2 114.0 -29.5 94.7 3.38 2.10 4 0 A2L 

R1234ze(E) CHF=CHCF3 114.0 -18.9 109.4 3.635 2.04 6 0 A2L 

R1233zd(E) CHCL=CH-CF3 130.5 18.3 165.6 3.57 2.10 7 0 A1 

RE170 CH3-O-CH3 46.1 -24.8 127.2 5.34 3.65 1 0 A3 

R290 C3H8 44.10 -42.1 96.7 4.25 4.58 ~20 0 A3 

R1270 CH3-CH=CH2 42.08 -47.7 92.4 4.67 4.58 <20 0 A3 

R600a iso-C4H10 58.12 -11.7 134.7 3.63 4.46 ~20 0 A3 

R600 C4H10 58.12 -0.55 152.0 3.80 4.39 ~20 0 A3 

R601a CH3CH2CH(CH3)2 72.15 27.8 187.2 3.38 4.24 4 0 A3 

R601 CH3(CH2)3CH3 72.15 36.1 196.6 3.37 4.31 4 0 A3 

R13I1 CF3I 195.9 -21.9 123.3 3.953 1.15 0 0 A1 

R123 CHCl2CF3 152.93 27.5 183.68 3.67 1.81 90 0.020 B1 

 

    
                                                                                    (a)                                                                                                              (b) 

Fig. 1. Configuration (a) and Ts diagram (b) of a solar Rankine cycle powered air-conditioning system. 
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The working principle of this system is described below: 

 In the ORC, the liquid working fluid is pressurized by the 

feed pump and sent into the solar collector to exchange 

heat with the solar energy to vaporize into high-tempera-

ture and high-pressure vapour (process 4→1). Then, high-

pressure vapour drives an expander attached to a vapour 

compressor to do mechanical work (process 1→2). Fol-

lowing that operation, the vapour working fluid at the ex-

pander outlet is combined with the vapour working fluid at 

the compressor outlet, going through the condenser and 

cooling to a low-temperature and low-pressure liquid state 

(process 2→3). To finish a cycle process, the liquid work-

ing fluid eventually returns to the feed pump (process 

3→4). 

 In the subsystem VCC, after being depressurized by the 

throttle valve, the low-temperature and low-pressure liquid 

enters the evaporator and exchanges with air for heat ex-

change (process 7→5). Following heat exchange, the 

working fluid enters the compressor and is compressed 

into high pressure and temperature (process 5→6). It is 

mixed with the working fluid at the outlet of the expander 

in ORC, and then enters the condenser, where it is cooled 

to a liquid state (process 6→3). To finish a cycle process 

(processes 3→7), the liquid working fluid finally goes 

through the throttle valve once more. 

3. Thermodynamic analysis 

3.1. Assumptions 

To perform the analysis of the solar driven ORC–VCC, the fol-

lowing assumptions are applied for modelling: 

 The system works under steady state conditions. 

 Solar collector (generator) has a uniform radial tempera-

ture distribution. 

 No pressure losses in connection tubes and heat exchang-

ers. 

 The transformations in heat exchangers are isobaric. 

 The working fluid leaving the generator, evaporator and 

condenser is assumed to be saturated. 

 The variations in kinetic and potential energy are not con-

siderable. 

 The fluid undergoes a constant enthalpy process in the 

throttle valve (isenthalpic process) of the subsystem VCC. 

 The work produced by the expander of the subsystem ORC 

is equal to the work consumed by the compressor of the 

subsystem VCC. 

 The isentropic efficiencies of the pump (pump), expander 

(exp) and compressor (com) have a given value and are not 

affected by operating conditions. 

Based on the above assumptions and referring to the system 

under investigation presented in Fig. 1, the thermodynamic 

models are developed and mentioned below. 

 

 

3.2. Cycle modelling 

This section presents the mathematical description of the solar 

driven ORC–VCC system. 

Evacuated tube collectors (ETC) are used for solar heat col-

lecting, considering their relatively higher performance com-

pared to flat plate collectors (FPC) under low and medium tem-

peratures [30]. The model of heat-collecting efficiency of ETC 

is described by Eq. (1) [31]: 

 𝜂𝑆𝑜𝑙𝑎𝑟 = 𝑎0 − 𝑎1
(𝑇𝑚−𝑇𝑎𝑚𝑏)

𝐼
− 𝑎2

(𝑇𝑚−𝑇𝑎𝑚𝑏)

𝐼
, (1) 

where a0 = 0.721, a1 = 0.89 and a2 = 0.0199 are the solar collec-

tor efficiency constants, a0 is the efficiency of the collector, and 

a1 and a2 are the first and second heat loss coefficients. Here, Tm 

means the temperature of working fluid in the collector and Tamb 

means the ambient temperature. I represents the incident solar 

radiation per unit area of the collector about 4.8 kWh/m2 for an 

Algerian climate location [32]. 

The calculation formulas of the components of the ORC sub-

system are shown as follows: 

 the output work of the expander can be expressed as: 

 𝑊𝑒𝑥𝑝 = 𝑚𝑂𝑅𝐶(ℎ1 − ℎ2𝑠)𝜂𝑒𝑥𝑝; (2) 

 the required power to the pump is expressed by: 

 𝑊𝑝𝑢𝑚𝑝 =
𝑚𝑂𝑅𝐶(ℎ4𝑠−ℎ3)

𝜂𝑝𝑢𝑚𝑝
; (3) 

 the useful energy gained from the solar collector (genera-

tor) is given by: 

 𝑄𝑔𝑒𝑛 = 𝑚𝑂𝑅𝐶(ℎ1 − ℎ4); (4) 

 the net power output of the ORC subsystem is defined as: 

 𝑊𝑛𝑒𝑡 = 𝑊𝑒𝑥𝑝 −𝑊𝑝𝑢𝑚𝑝; (5) 

 the net power output per unit mass flow rate of working 

fluid of the ORC subsystem: 

 𝑊𝑅𝑚 =
𝑊𝑛𝑒𝑡

𝑚𝑂𝑅𝐶
=

𝑊𝑒𝑥𝑝−𝑊𝑝𝑢𝑚𝑝

𝑚𝑂𝑅𝐶
; (6) 

 the volumetric flow ratio is given by: 

 𝑉𝐹𝑅 =
𝑉2

𝑉1
, (7) 

with: 

 𝑉1 =
𝑚𝑂𝑅𝐶

𝜌1
, (8) 

 𝑉2 =
𝑚𝑂𝑅𝐶

𝜌2
; (9) 

 the expander size parameter is defined as: 

 𝑆𝑃 =
√𝑉2

√1000(ℎ1−ℎ2𝑠)
4 ; (10) 

 the expansion ratio across the expander is given by:  

 𝐸𝑃𝑅 =
𝑣2

𝑣1
; (11) 
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 the thermal efficiency of the ORC subsystem is defined as: 

 𝜂𝑂𝑅𝐶 =
𝑊𝑛𝑒𝑡

𝑄𝑔𝑒𝑛
. (12) 

The calculation formulas of the components of the VCC sub-

system are shown as follows: 

 the output power of the expander is equal to the input 

power of the compressor: 

 𝑊𝑐𝑜𝑚 = 𝑊𝑒𝑥𝑝, (13) 

 𝑊𝑐𝑜𝑚 =
𝑚𝑉𝐶𝐶(ℎ5−ℎ6𝑠)

𝜂𝑐𝑜𝑚
;  (14) 

 the cooling capacity of the VCC subsystem produced from 

the solar energy is calculated by: 

 𝑄𝑒𝑣𝑎 = 𝑚𝑉𝐶𝐶(ℎ5 − ℎ7), (15) 

with: 

 𝑚𝑉𝐶𝐶 =
𝑊𝑐𝑜𝑚𝜂𝑐𝑜𝑚

(ℎ5−ℎ6𝑠)
; (16) 

 the compression ratio across the compressor is given by: 

 𝐶𝑀𝑅 =
𝑃6

𝑃5
; (17) 

 the coefficient of performance the VCC subsystem is given 

by: 

 𝐶𝑂𝑃𝑉𝐶𝐶 =
𝑄𝑒𝑣𝑎

𝑊𝑐𝑜𝑚
. (18) 

The calculation formulas of the performance indicators of 

the ORC–VCC system are shown as follows: 

 the coefficient of performance for the ORC–VCC system 

is given by: 

 𝐶𝑂𝑃𝑆 = 𝜂𝑂𝑅𝐶𝐶𝑂𝑃𝑉𝐶𝐶; (19) 

 the ratio of Qeva to overall mass flows of the ORC–VCC 

system is calculated by: 

 𝐶𝑃𝑅𝑚 =
𝑄𝑒𝑣𝑎

𝑚𝑂𝑅𝐶+𝑚𝑉𝐶𝐶
; (20) 

 the overall thermal efficiency of the solar driven ORC–

VCC system is defined as: 

 𝜂𝑡 = 𝜂𝑆𝑜𝑙𝑎𝑟𝐶𝑂𝑃𝑆; (21) 

 the cooling power per square meter of the collector is cal-

culated as follows: 

 𝑃𝑐 =
𝑄𝑒𝑣𝑎

𝐴𝑐𝑜𝑙
. (22) 

Based on the theoretical model presented above, a simulation 

code is developed to simulate the performance characteristics of 

the solar driven ORC–VCC system with various working flu-

ids.  

The input values of operating parameters are listed in  

Table 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Results and discussion  

4.1. Model validation 

Before presenting the results of thermodynamic analysis, a brief 

discussion on validation of the present calculating program for 

system simulation would be appropriate. 

Due to their similar integrated cycle configuration, data of Li 

et al. [17] are used as a reference for comparisons. Since the or-

ganic Rankine cycle is driven by a boiler instead of a solar col-

lector in the reference, the product of coefficient of perfor-

mance for ORC–VCC system is used as the index parameter for 

comparison under the same operating conditions (mORC = 1 kg/s, 

Teva = 5°C, Tcon = 40°C, Tboil = 60‒90°C, exp = 0.80, com = 0.75 

and pump = 0.75) and working fluids (R290, R600, R600a and 

R1270). Based on different boiler temperatures, Fig. 2 compares 

the product of the coefficient of performance for the ORC–VCC 

system between the current work and the reference. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The comparison of results indicates a very good agreement 

between the results, which confirms the validity of our simula-

tion model. 

 

Fig. 2. Validation of the calculation model. 

Table 2. Condition of simulation for the solar driven ORC-VCC system.  

Parameter Symbol Typical value Range 

Working fluid mass flow in ORC mORC 1.0 kg/s – 

Evaporation temperature Teva ‒5°C – 

Generation exit temperature Tgen 80°C 60‒90°C 

Condensation temperature Tcon 40°C – 

Ambient temperature Tamb 40°C – 

Compressor isentropic 
efficiency 

ηcom 80 – 

Expander isentropic efficiency ηexp 85 – 

Pump isentropic efficiency ηpump 90 – 

Solar radiation intensity I 1000 W/m2 – 
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4.2. Performance characteristics 

This section illustrates the strategy presented on working fluid 

selection in our case study. We propose to assess the perfor-

mance characteristics of the solar-powered ORC–VCC with  

a temperature that ranges between 60‒90°C and 1000 W/m2 of 

beam solar radiation. 

4.2.1. Influence of working fluid types on ORC subsys-

tem 

The influence of generation temperature (Tgen) on the parameters 

(ORC, WRm, VRF and SP) of ORC driven by solar energy using 

the investigated working fluids, while keeping the other operat-

ing conditions constant are presented in Figs. 3‒6. 

Figure 3 illustrates the influence of generation temperature 

(Tgen) on organic Rankine cycle efficiency (ORC) of the wor-

king fluids, namely R152a, R161, R1234yf, R1234ze(E), 

R1233zd(E), R290, R1270, R600a, R600, R601a, R601, R13I1, 

RE170 and R123. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It can be found from the figure profiles that the thermal effi-

ciency of ORC depends largely on heat source temperatures, 

where it increases with the increase of Tgen for all investigated 

working fluids. This is because the increase of generation tem-

perature results in enhancement of the heat added to the genera-

tor (Qgen), which increases the thermal efficiency. 

By comparing the simulation results of the thermal effi-

ciency obtained for each working fluid, it can be seen that the 

differences in thermal efficiency between every working fluid 

are negligible when Tgen < 70°C. However, at Tgen ˃ 70°C, the 

differences get noticeable, where it is obvious that the working 

fluid R123 exhibits the highest thermal efficiency among the in-

vestigated working fluids, followed by R601, R1233zd(E), 

R601a and RE170, whereas R1234yf and R1270 have the mini-

mum thermal efficiency.  

Figure 4 shows the effects of the generation exit temperature 

on the ratio WRm of ORC driven by solar energy using the work-

ing fluids R152a, R161, R1234yf, R1234ze(E), R1233zd(E), 

R290, R1270, R600a, R600, R601a, R601, R13I1, RE170 and 

R123. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The ratio WRm is defined as the ratio of net power output 

(Wnet) of ORC to the ORC mass flow rate, reflecting the power 

capability of the working fluid per unit mass flow rate. 

It can be found from the profiles of Fig. 4 that WRm exhibits 

the same behaviour as the thermal efficiency (ORC), where it 

rises as Tgen rises for every working fluid that has been studied. 

This is because, when the condensation temperature (Tcon) is 

constant, h4s and h3 remain unchanged, but the difference be-

tween h1 and h2s increases with increasing Tgen, which causes 

WRm to increase. 

By comparing the simulation results of WRm obtained for 

each working fluid, it can be found that R601 exhibits the high-

est WRm among the investigated working fluids, followed by 

RE170, R600 and R601a, whereas R13I1 and R1234yf have the 

minimum WRm under the generation temperature range consid-

ered. 

The effect of generation temperature (Tgen) on VFR is illus-

trated in Fig. 5. The VFR is defined as the specific volume vari-

ation across the expander in an isentropic process, which ac-

counts for the effect of compressibility through the expansion.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Influence of Tgen on ORC. 

 

Fig. 4. Influence of Tgen on WRm. 

 

Fig. 5. Influence of Tgen on VRF. 
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As it is seen from Fig. 5, with the increase of Tgen , VFR for 

all working fluids increases. Examining the profiles of VFR for 

each working fluid in the figure, it can be found that the working 

fluids R601, R123 and R1233zd(E) have the highest VFR, while 

the working fluids R161, RE170, R600a and R13I1 have the 

lowest VFR. The low VFR leads to high ORC. This result is in 

line with what Macchi and Perdichizzi [33] found.  

Macchi and Perdichizzi [33] state that higher turbine effi-

ciency is produced by lower VFR values. Furthermore, accord-

ing to Invernizzi et al. [34], the VFR needs to be less than 50 in 

order to attain a turbine efficiency of more than 80%. Since the 

VFR for all working fluids in this study is less than 4.5, a turbine 

efficiency of more than 80 % may be attained. 

The variation of the expander size parameter (SP) with (Tgen) 

is plotted and presented in Fig. 6. According to Lakew and Bol-

land [35]; Stijepovic et al [36], SP is a measure of expander size 

that corresponds to the real expander size. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As it is seen from the figure, with the increase of generation 

temperature, SP for all working fluids decreases. This is ex-

plained by the fact that, according to Eq. (10), a higher genera-

tion temperature causes a greater enthalpy drop between the ex-

pander's inlet and outlet in addition to increasing thermal effi-

ciency and resulting in a lower SP. 

By comparing the simulation results of SP obtained for each 

working fluid, it can be observed that at all heat source temper-

atures, the working fluids R601, R601a and R123 have the high-

est SP, while the working fluids R1234yf, R1270, R161, R13I1, 

R1234ze(E), R152a and RE170) have the lowest SP. 

According to Eq. (10), the working fluids R1234yf, R1270, 

R161, R13I1, R1234ze(E), R152a and RE170 have a higher 

pressure and density at the expander outlet, which lowers the 

volumetric flow of working fluids at the expander outlet (V2), 

and consequently SP. 

From the discussion above, it is evident that working fluid 

RE170 is the most suitable working fluid among the fourteen 

examined working fluids for ORC in the heat source tempera-

ture range of 60‒90°C in terms of ORC, WRm, VFR and SP. 

4.2.2. Influence of working fluid types on VCC subsys-

tem 

The influence of generation temperature (Tgen) on the parameters 

(Qeva and COPVCC) of VCC using the investigated working fluids 

while keeping the other operating conditions constant are pre-

sented in Figs. 7‒8. 

Figure 7 illustrates the influence of generation temperature 

(Tgen) on cooling power (Qeva) of the working fluids, namely 

R152a, R161, R1234yf, R1234ze(E), R1233zd(E), R290, 

R1270, R600a, R600, R601a, R601, R13I1, RE170 and R123. It 

can be found from the figure profiles that the cooling power of 

the vapour compression cycle (VCC) depends largely on heat 

source temperatures, where it increases with the increase of Tgen 

for all investigated working fluids.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

By comparing the simulation results of the cooling power 

obtained for each working fluid, it can be seen that the working 

fluid R601 exhibits the highest cooling power among the inves-

tigated working fluids, followed by RE170, R600 and R601a, 

while R1234yf and R13I1 have the minimum cooling power.  

The comparison of cycle performance COPVCC among the  

14 candidate refrigerants is illustrated in Fig. 8.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Influence of Tgen on SP. 

 

Fig. 7. Influence of Tgen on Qeva. 

 

Fig. 8. Influence of Tgen on COPVCC. 
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By comparing the simulation results of the coefficient of per-

formance (COPVCC) obtained for each working fluid, it can be 

seen that the working fluid R123 exhibits the highest coefficient 

of performance among the investigated working fluids, followed 

by R601, R1233zd(E) and RE170), while R1234yf, R1270 and 

R290 have the minimum coefficient of performance. 

From the discussion above, it is evident that working fluids 

RE170 and R601 are the most suitable working fluids among the 

fourteen examined working fluids for the VCC system in the 

heat source temperature range of 60‒90°C in terms of Qeva and 

COPVCC. 

4.2.3. Influence of working fluid types on solar driven 

ORC–VCC system 

The influence of generation temperature (Tgen) on the parameters 

COPs, CPRm and t of the ORC–VCC system using the inves-

tigated working fluids while keeping the other operating condi-

tions constant are presented below in Figs. 9‒11. 

Figure 9 represents the effect of the generation temperature 

on the coefficient of performance (COPs) of the ORC–VCC sys-

tem using R152a, R161, R1234yf, R1234ze(E), R1233zd(E), 

R290, R1270, R600a, R600, R601a, R601, R13I1, RE170 and 

R123 as working fluids. It is observed from the figure that the 

coefficient of performance (COPs) of each working fluid in-

creases with the increase in generation temperature. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

By comparing COPs of the investigated working fluids, it 

would be observed that R123 exhibits the highest COPs among 

the investigated working fluids, followed by R601, R1233zd(E), 

R601a, and RE170, while R1234yf and R1270 have the mini-

mum COPs. This higher COPs of R123, R601, R1233zd(E), 

R601a and RE170 is due the fact that the working fluids have 

higher values of ORC as evident in Fig. 2 and COPVCC in Fig. 8, 

thus leading to the highest COPs for R123, R601, R1233zd(E), 

R601a and RE170 in Fig. 9. 

The influence of generation temperature on CPRm is shown 

in Fig. 10. The CPRm is defined as the ratio of Qeva to 

(mORC+mVCC), which reflects the refrigerating capacity of the 

working fluid per unit mass flow rate. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As it is seen from the figure with the increase of generation 

temperature, the profiles of CPRm for all working fluids in-

crease. By comparing, the simulation results obtained for CPRm 

for investigated working fluids, it can be found that RE170 ex-

hibits the highest CPRm among the investigated working fluids, 

followed by R601, R600 and R601a, while R1234yf and R13I1 

have the minimum CPRm.  

Figure 11 illustrates the influence of generation temperature 

(Tgen) on the total efficiency of the solar air conditioning system 

(t) using the investigated working fluids. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It can be found from the figure profiles that the total effi-

ciency of the ORC–VCC system depends largely on heat source 

temperatures, where it increases with the increase of Tgen for all 

investigated working fluids. 

It is obvious that R123 exhibits the highest total efficiency 

among the investigated working fluids, followed by R601, 

R1233zd(E), R601a and RE170, while R1234yf and R1270 have 

the minimum total efficiency. 

From the discussion above, it is evident that the working flu-

ids R601, R601a, R1233zd(E) and RE170 are the most suitable 

 

Fig. 9. Influence of Tgen on COPs. 

 

Fig. 10. Influence of Tgen on CPRm. 

 

Fig. 11. Influence of Tgen on t. 
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working fluids among the fourteen examined working fluids for 

the ORC–VCC system in the heat source temperature range of 

60‒90°C in terms of COPs, CPRm and t. 

5. Conclusions  

In the present work, theoretical investigations of the perfor-

mance characteristics were performed for a solar ORC powered 

VCC for an air conditioning system for residential buildings op-

erating with low GWP working fluids, less than 150, in both cy-

cles (ORC and VCC). 

Fourteen promising working fluids R152a, R161, R1234yf, 

R1234ze(E), R1233zd(E), R290, R1270, R600a, R600, R601a, 

R601, R13I1, RE170 and R123 were selected and compared un-

der the same operating conditions to identify the suitable work-

ing fluid which may yield the high system efficiency. 

The performance characteristics studied include the organic 

Rankine cycle efficiency (ORC), the ratio (WRm) of net power 

output (Wnet) for ORC to mass flow (mORC) rate for ORC, volu-

metric flow ratio (VFR), expander size parameter (SP), cooling 

power (Qeva) of VCC, coefficient of performance (COPVCC) of 

VCC, coefficient of performance (COPs) of the ORC–VCC sys-

tem, the ratio (CPRm) of cooling power (Qeva) to (mORC+mVCC), 

and the total efficiency of solar air conditioning system (t). 

Based on the results obtained from the present study, the 

main conclusions are listed as follows: 

 The variation in the generation temperature has a signifi-

cant impact on the performance characteristics of the solar 

ORC–VCC system. 

 The performance parameters ORC, WRm, VFR, Qeva, 

COPs, CPRm and t of investigated working fluids in-

crease with the increasing of generation temperature. 

 The expander size parameter (SP) of investigated working 

fluids decreases with the increasing generation tempera-

ture. 

 The coefficient of performance (COPVCC) of the VCC is 

unaffected by variations in the generation temperature. 

 In terms of the parameter ORC of the ORC, the working 

fluids R601, R1233zd(E), R601a and RE170 have the 

maximum ORC among the fourteen examined working flu-

ids in the heat source temperature range of 60‒90°C. 

 In terms of the parameter WRm of the ORC, the working 

fluids R601, RE170, R600 and R601a have the maximum 

WRm among the fourteen examined working fluids in the 

heat source temperature range of 60−90°C. 

 In terms of the parameter VFR of the ORC, the working 

fluids R161, RE170, R600a and R13I1 have the lowest 

VFR among the fourteen examined working fluids in the 

heat source temperature range of 60‒90°C.  

 In terms of the parameter SP of the ORC, the working flu-

ids R1234yf, R1270, R161, R13I1, R1234ze(E), R152a 

and RE170 have the lowest SP among the fourteen exam-

ined working fluids in the heat source temperature range of 

60‒90°C. 

 In terms of the parameter Qeva of the VCC, the working 

fluids R601, RE170, R600 and R601a have the maximum 

Qeva among the fourteen examined working fluids in the 

heat source temperature range of 60‒90°C. 

 In terms of the parameter COPVCC of the VCC, the working 

fluids R123, R601, R1233zd(E) and RE170 have the max-

imum COPVCC among the fourteen examined working flu-

ids in the heat source temperature range of 60‒90°C. 

 In terms of the parameter COPs of the ORC–VCC system, 

the working fluids R123, R601, R1233zd(E), R601a and 

RE170 have the maximum COPs among the fourteen ex-

amined working fluids in the heat source temperature range 

of 60‒90°C. 

 In terms of the parameter CPRm of the ORC–VCC system, 

the working fluids RE170, R601, R600 and R601a have 

the maximum CPRm among the fourteen examined work-

ing fluids in the heat source temperature range of 60−90°C. 

 In terms of the parameter t of the ORC–VCC system, the 

working fluids R601, R1233zd(E), R601a and RE170 have 

the maximum t among the fourteen examined working 

fluids in the heat source temperature range of 60−90°C. 

By analysing the performance characteristics of investigated 

working fluids, the investigated RE170 fluid emerges with the 

best performances in most of the cases, which confirms that it 

could be a promising working fluid in terms of performance 

characteristics for ORC–VCC system.  

Overall, from the view point of the performance characteris-

tics and GWP, the working fluid RE170 (GWP = 1) is the most 

suitable working fluid for the ORC–VCC system through the 

comprehensive comparison of ORC, WRm, VFR, SP, Qeva, 

COPVCC , COPs, CPRm and t for the fourteen working fluids. 

References 

[1] Maalem,Y., Fedali, S., Madani, H., & Tamene, Y. (2020). Perfor-

mance analysis of ternary azeotropic mixtures in different vapor 

compression refrigeration cycles. International Journal of Re-

frigeration, 119, 139–151. doi: 10.1016/j.ijrefrig.2020.07.021 

[2] Li, C., Zhou, J., Cao, Y., Zhong, J., Liu, Y., Kang, C., & Tan, Y. 

(2014). Interaction between urban microclimate and electric air-

conditioning energy consumption during high temperature sea-

son. Applied Energy, 117, 149–156. doi: 10.1016/j.apenergy. 

2013.11.057 

[3] Martins, M., Mauran, S., Stitou, D., & Neveu, P. (2012). A new 

thermal hydraulic process for solar cooling. Energy, 41, 104–112. 

doi: 10.1016/j.energy.2011.05.030 

[4] Maalem, Y., & Madani, H. (2024). Energetic performance inves-

tigation of ejector air conditioning cycles using the environment 

friendly gas R161 (Fluoroethane) as substitute to the phase-out 

R22 (Chlorodifluoromethane). International Journal of Ther-

mofluid Science and Technology, 11, 110201. doi: 

10.36963/IJTST.2024110201 

[5] Zeyghami, M., Goswami, D.Y., & Stefanakos, E. (2015). A re-

view of solar thermo-mechanical refrigeration and cooling meth-

ods. Renewable and Sustainable Energy Reviews, 51, 1428–

1445. doi: 10.1016/j.rser.2015.07.011 

[6] Egrican, A. N., & Karakas, A. (1986). Second law analysis of 

a solar powered Rankine cycle/vapor compression cycle. Journal 

of Heat Recovery Systems, 6, 135–141. doi: 10.1016/0198-

7593(86)90073-1 

[7] Louajari, M., Mimet, A., & Ouammi, A. (2011). Study of the ef-

fect of finned tube adsorber on the performance of solar driven 

https://doi.org/10.1016/j.ijrefrig.2020.07.021
https://doi.org/10.1016/j.apenergy.2013.11.057
https://doi.org/10.1016/j.apenergy.2013.11.057
https://doi.org/10.1016/j.energy.2011.05.030
https://doi.org/10.1016/j.rser.2015.07.011


Performance Characteristics Investigation of a Solar Rankine Cycle Powered Air Conditioning System… 

 

107 
 

adsorption cooling machine using activated carbon-ammonia 

pair. Applied Energy, 88, 690–698. doi: 10.1016/j.apenergy. 

2010.08.032 

[8] Luo, H., Wang, R., & Dai, Y. (2010). The effects of operation 

parameter on the performance of a solar-powered adsorption 

chiller. Applied Energy, 87, 3018–3022. doi: 10.1016/j.apenergy. 

2010.03.013 

[9] Quoilin, S., Orosz, M., Hemond, H., & Lemort, V. (2011). Per-

formance and design optimization of a low-cost solar organic 

Rankine cycle for remote power generation. Solar Energy, 85, 

955–966. doi: 10.1016/j.solener.2011.02.010 

[10] Tchanche, B.F., Lambrinos, G., Frangoudakis, A., & Papadakis, 

G. (2011). Low-grade heat conversion into power using organic 

Rankine cycles  A review of various applications. Renewable 

and Sustainable Energy Reviews, 15, 3963–3979. doi: 10.1016/j. 

rser.2011.07.024 

[11] Molés, F., Navarro-Esbrí, J., Peris, B., Mota-Babiloni, A., & 

Kontomaris, K. (2015). Thermodynamic analysis of a combined 

organic Rankine cycle and vapor compression cycle system acti-

vated with low temperature heat sources using low GWP fluids. 

Applied Thermal Engineering, 87, 444–453. doi: 10.1016/j.ap-

plthermaleng.2015.04.083 

[12] Asim, M., Leung, M.K.H., Shan, Z., Li, Y., Leung, D.Y.C., & Ni, 

M. (2017). Thermodynamic and Thermo-economic Analysis of 

Integrated Organic Rankine Cycle for Waste Heat Recovery from 

Vapor Compression Refrigeration Cycle. Energy Procedia, 143, 

192–198. doi: 10.1016/j.egypro.2017.12.670 

[13] Saleh, B. (2016). Parametric and working fluid analysis of a com-

bined organic Rankine-vapor compression refrigeration system 

activated by low-grade thermal energy. Journal of Advanced Re-

search, 7, 651–660. doi: 10.1016/j.jare.2016.06.006 

[14] Aphornratana, S., & Sriveerakul, T. (2010). Analysis of a com-

bined Rankine-vapour-compression refrigeration cycle. Energy 

Conversion and Management, 51, 2557–2564. doi: 10.1016/j.en-

conman.2010.04.016 

[15] Cihan, E. (2014). Cooling performance investigation of a system 

with an organic Rankine cycle using waste heat sources. Journal 

of Thermal Science and Technology, 34(1), 101–109. 

[16] Bu, X., Wang, L., & Li, H. (2013). Performance analysis and 

working fluid selection for geothermal energy-powered organic 

Rankine-vapor compression air conditioning. Geothermal En-

ergy, 1, 1–14. doi: 10.1186/2195-9706-1-2 

[17] Li, H., Bu, X., Wang, L., Long, Z., & Lian, Y. (2013). Hydrocar-

bon working fluids for a Rankine cycle powered vapor compres-

sion refrigeration system using low-grade thermal energy. Energy 

and Buildings, 65, 167–172. doi: 10.1016/j.enbuild.2013.06.012 

[18] Wang, H., Peterson, R., Harada, K., Miller, E., Ingram-Goble, R., 

Fisher, L., Yih, J., & Ward, C. (2011). Performance of a com-

bined organic Rankine cycle and vapor compression cycle for 

heat activated cooling. Energy, 36, 447–458. doi: 10.1016/j.en-

ergy.2010.10.020  

[19] Yue, C., You, F., & Huang, Y. (2016).Thermal and economic 

analysis of an energy system of an ORC coupled with vehicle air 

conditioning. International Journal of Refrigeration, 64, 152–

167. doi: 10.1016/j.ijrefrig.2016.01.005  

[20] Hu, B., Guo, J., Yang, Y., & Shao, Y. (2022). Performance anal-

ysis and working fluid selection of organic Rankine steam com-

pression air conditioning driven by ship waste heat. Energy Re-

ports, 8, 194–202. doi: 10.1016/j.egyr.2022.01.094 

[21] Kim, K.H., & Perez-Blanco, H. (2015). Performance analysis of 

a combined organic Rankine cycle and vapor compression cycle 

for power and refrigeration cogeneration. Applied Thermal Engi-

neering, 91, 964–974. doi: 10.1016/j.applthermaleng.2015.04. 

062 

[22] Khatoon, S., Almefreji, N.M.A., & Kim, M.H. (2021). Thermo-

dynamic study of a combined power and refrigeration system for 

low-grade heat energy source. Energies, 14(2), 410. doi: 10.3390/ 

en14020410 

[23] Jeong, J., & Kang, Y.T. (2004). Cycle of a refrigeration cycle 

driven by refrigerant steam turbine. International Journal of Re-

frigeration, 27, 33–41. doi: 10.1016/S0140-7007(03)00101-4 

[24] Küçük,E., & Kılıç, M. (2023). Exergoeconomic and Exergetic 

Sustainability Analysis of a Combined Dual-Pressure Organic 

Rankine Cycle and Vapor Compression Refrigeration Cycle. Sus-

tainability, 15(8), 6987. doi: 10.3390/su15086987 

[25] Wang, Z., Zhao, Y., Xia, X., Zhang, S., Xiao, Y., Zhang, X., & 

Chen, W. (2024). Experimental study of the thermodynamic per-

formance of the ORC-VCC system with a zeotropic mixture. Ap-

plied Thermal Engineering, 250, 123534. doi: 10.1016/j.ap-

plthermaleng.2024.123534 

[26] Qureshi.F.M., Chandio, M.W., Memon, A.A., Kumar, L., & 

Awad, M.M. (2024). Thermal analysis of solar energy based or-

ganic Rankine cycle cascaded with vapor compression refrigera-

tion cycle. Energy Nexus, 14, 100291. doi: 10.1016/j.nexus.2024. 

100291 

[27] Al-Sayyab, A.K.S., Mota-Babiloni, A., & Navarro-Esbrí, J. 

(2023). Performance Evaluation of Modified Compound Organic 

Rankine-Vapour Compression Cycle with Two Cooling Levels, 

Heating, and Power Generation. Applied Energy, 334, 120651. 

doi: 10.1016/j.apenergy.2023.120651 

[28] Mota-Babiloni, A., Navarro-Esbrí, J., Barragán, A., Molés, F., & 

Peris, B. (2014). Drop-in energy performance evaluation of 

R1234yf and R1234ze (E) in a vapor compression system as 

R134a replacements. Applied Thermal Engineering, 71, 259–

265. doi: 10.1016/j.applthermaleng.2014.06.056 

[29] Calm, J.M., & Hourahan, G.C. (2011). Physical, safety, and en-

vironmental data summary for current and alternative refriger-

ants. Proceedings of the 23rd International Congress of Refrig-

eration, Prague, Czech Republic, 21–26 August 2011, ID 915. 

[30] Sokhansefat, T., Kasaeian, A., Rahmani, K., Heidari, A.H., 

Aghakhani, F., & Mahian, O. (2018). Thermoeconomic and en-

vironmental analysis of solar flat plate and evacuated tube collec-

tors in cold climatic conditions. Renewable Energy, 115, 501–

508. doi: 10.1016/j.renene.2017.08.057 

[31] Li, P., Li, J., Pei, G., Munir, A., & Ji, J. (2016). A cascade organic 

Rankine cycle power generation system using hybrid solar energy 

and liquefied natural gas. Solar Energy, 127, 136–146. doi: 

10.1016/j.solener.2016.01.029 

[32] Yaiche, MR., Bouhanik, A., Bekkouche, S.M.A., Malek, A., & 

Benouaz, T. (2014).  Revised solar maps of Algeria based on sun-

shine duration. Energy Conversion and Management, 82, 114–

23. doi: 10.1016/j.enconman.2014.02.063 

[33] Macchi, E., & Perdichizzi, A. (1981). Efficiency Prediction for 

Axial-Flow Turbines Operating with Nonconventional Fluids. 

Journal of Engineering for Power, 103, 718–724. doi: 10.1115/1. 

3230794 

[34] Invernizzi, C., Iora, P., & Silva, P.(2007). Bottoming micro-Ran-

kine cycles for micro-gas turbines. Applied Thermal Engineering, 

27, 100–110.doi: 10.1016/j.applthermaleng.2006.05.003 

[35] Lakew, A.A., & Bolland, O. (2010). Working fluids for low-tem-

perature heat source. Applied Thermal Engineering, 30, 1262–

1268. doi: 10.1016/j.applthermaleng.2010.02.009 

[36] Stijepovic, M.Z., Linke, P., Papadopoulos, A.I., & Grujic, A.S. 

(2012). On the role of working fluid properties in Organic Ran-

kine Cycle performance. Applied Thermal Engineering, 36, 406–

413. doi: 10.1016/j.applthermaleng.2011.10.057 

 

https://doi.org/10.1016/j.apenergy.2010.08.032
https://doi.org/10.1016/j.apenergy.2010.08.032
https://doi.org/10.1016/j.apenergy.2010.03.013
https://doi.org/10.1016/j.apenergy.2010.03.013
https://doi.org/10.1016/j.solener.2011.02.010
https://doi.org/10.1016/j.rser.2011.07.024
https://doi.org/10.1016/j.rser.2011.07.024
https://doi.org/10.1016/j.nexus.2024.100291
https://doi.org/10.1016/j.nexus.2024.100291
https://doi.org/10.1115/1.3230794
https://doi.org/10.1115/1.3230794
https://www.sciencedirect.com/journal/applied-thermal-engineering/vol/36/suppl/C


 

 

 



 

1. Introduction 

Nowadays, heat and electricity are key components of produc-

tion costs in breweries [1], hence the desire to manage them in 

the best possible way. Additionally, waste heat utilization for 

breweries is, after waste water utilization/reduction or bio-waste 

usage [2,3], one of the most potent ways of decreasing the plants 

environmental impact [4]. The waste heat in a brewery is being 

rejected at a temperature range of 30−130°C [5]. While the us-

age of high temperature heat is not a problem, the heat with tem-

peratures below 50°C is often wasted. One of the possibilities of 

using low temperature waste heat is to integrate it with its own 

heating/preheating system or local district heating. If the tem-

perature level of the waste heat is low, it can be transformed us-

ing heat pumps [6]. 

In many plants, the results of the energy audit indicate spe-

cific improvements that should be applied to obtain the appro-

priate environmental effect [5,7]. However, auditors rarely delve 

into improving the efficiency of cooling processes. 

Breweries have a constant need for moderate to low temper-

ature cooling [8]. The plant analysed in this article has a very 

effective high-capacity compressor refrigeration system, with 

R717 or anhydrous ammonia (NH3) as the refrigerant. The in-

stallation is constantly modernized and its operation is opti-

mized in order to obtain the maximum efficiency. From the per-

spective of the optimization of the cooling system itself, there 

are few to no possibilities to improve the efficiency, but there 

are many possibilities of waste heat management. This opens up 

completely different possibilities for the plant, which, from the 

point of view of the brewery, could expand its activities with the 

commercial sale of heat for consumers or for its own needs. In 

the first case, the effect would be to increase the plant’s income, 

and in the other case, it would reduce the plant’s operating costs 

by increasing the energy efficiency. In both cases, the positive 

ecological effect is the reduction of primary energy, which di-

rectly translates into the reduction in carbon dioxide (CO2) as 

well as other pollutant emissions. 
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Abstract 

This paper discusses 2 examples of using waste heat from a brewery cooling process with heat pumps. The first example 

is the transfer of condensation heat to the heat usable for bottling, mashing or in the return flow of a district heating system 

to increase the water temperature. The second is the use of superheating heat to increase the return water temperature of 

a district heating network or mashing, lautering or bottling. Both possible solutions for the use of heat pumps offer real 

possibilities of introducing part or all of the waste heat of the cooling system to the level of useful temperatures. The 1st 

concept (usage of heat of condensation and discharge gas heat) is much more interesting because it gives real savings for 

the plant and possibilities of selling heat to an external recipient. The temperature level is also sufficient to cover all own 

technological purposes at temperatures up to 70°C. 
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Nomenclature 

COP – coefficient of performance  

e  – emission 

EC – emission coefficient 

GWP – global warming potential  

h – specific enthalpy, kJ/kg 

ODP – ozone depletion potential  

P – power, kW 

Q – heating power, kW 

T – temperature, ºC 

 

Greek symbols 

η – isentropic efficiency 

 

Subscripts and Superscripts 

a – annual 

b – including irreversibility 

c – condenser 

g – heating 

hp – heat pump 

ref – refrigeration 

 

Abbreviations and Acronyms 

CHP – combined heat and power plant 

DH – district heating 

 

In the case of selling the heat to local district heating, there 

are two scenarios for existing municipal systems: connect the 

hot water to the supply pipeline at high temperatures or connect 

it to the return pipeline as a kind of preheating for the combined 

heat and power plant (CHP) [9,10]. 

In the case of using the heat for own purposes, it can be used 

either for hot water and heating of premises, or for production 

processes (as a direct heat source or a source for preheating) [5]. 

This article may be a guideline for both plant owners and energy 

auditors whose possibilities to improve efficiency are worth an-

alysing. For plants with similar cooling systems, the presented 

solutions may turn out to be interesting 

2. Materials and methods  

2.1. Plant and cooling system description 

The cooling system of the described brewery is an installation 

that uses R717 (ammonia) as a refrigerant. It is a single-stage 

installation equipped with a compressor rack system consisting 

of screw compressors and with three central filter dryers. The 

heat of condensation is dissipated by spray evaporative conden-

sers. Refrigeration system receivers can be divided into 3 main 

groups: 

 working on direct evaporation (tanks, fermentation 

tanks and air coolers), 

 plate and shell-and-tube exchangers for cooling liquids 

(below 0°C monopropylene glycol solution necessary 

in the production process and for the air-conditioning 

cycle), 

 accumulative water coolers. 

The installed cooling capacity of the compressor unit is 

18 600 kW with an evaporative condenser at a condensing tem-

perature of Tc = 25.5°C and an evaporator with an evaporation 

temperature of T0 = 7°C. The developed power of the compres-

sors’ electric motors is 4400 kW under these conditions, while 

the spray-evaporative condensers are prepared to dissipate 

24 950 kW with the use of 370 kW of fan power. The infor-

mation received shows that there is a power reserve of 1800 kW 

on the side of the condensing unit, to cope with in the event of 

a failure of one of the compressors. In addition, one of the dis-

charge lines has been equipped with a shell-and-tube exchanger 

for heat recovery from superheated vapour with a nominal 

power of 1 MW. During the on-site inspection, it was found that 

it is possible to retrofit all discharge lines with heat recovery ex-

changers for superheated refrigerant. 

Discharge high-temperature heat is mainly used to produce 

hot water at a temperature not exceeding 60°C. In the case of the 

described installation, it is not possible to obtain higher temper-

atures, therefore the heat is not used for the production of do-

mestic hot water, but only for the heating of the office building 

in winter and transition periods, in which fan-convectors are in-

stalled. In summer, heat is dissipated into the outside air. 

Obtaining higher water temperatures from the heat recovery 

system in the analysed system is unjustified due to the increase 

of condensing pressure, which in turn causes a decrease in the 

coefficient of performance (COP). In addition, it is difficult to 

obtain constant operating parameters of the heat recovery instal-

lation due to the variability of the heat flux, which is shown in 

Fig. 1. The discharge heat can not be used in winter, as the re-

frigeration system is not used frequently. Also, the temperature 

of the obtained medium makes the use of such a heat source 

questionable. 

The specificity of the breweries is the fact that the demand 

for cooling power varies depending on the production volume, 

 

Fig. 1. Weekly heat exchangers load in the compressor  

refrigeration system. 1st week is in January, 

while 52nd week is in December. 
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which in turn depends on the beer sales, which increase with the 

outside air temperature. According to the data provided by the 

plant staff and shown in Fig. 1, the demand for cooling power 

decreases significantly in the winter months and the main reason 

for that is the decrease in sales. In the case of small and mi-

crobreweries, the heat usage depends on the brewing period − 

most of the high temperature is used during the first days of the 

process (mashing, malting, lautering), while the cooling effect 

is used at the end of the process. This creates problems with the 

efficient utilization of waste heat from the cooling system. On 

the other hand, for big plants, as in our case, the beverage pro-

duction is constant and parallel, meaning that all processes occur 

at almost the same time, but for different batches of product. 

Based on Fig. 1, the average cooling capacity of the plant 

varies significantly from 498 kW in week 50 (December) of the 

year to over 7050 in week 15 (April) and 7023 kW in week 27 

(July). In view of the above, the waste heat load on the conden-

sers varies from 600 kW to 8500 kW. After eliminating the ex-

treme values, it can be assumed that an average of 6000 kW of 

waste heat can be recovered. The average annual cooling capac-

ity developed by the cooling plant is Q0 = 4344 kW. The average 

annual load of the condensers Qc = 5179 kW. 

From the data provided by the brewery technical staff, the 

average condensing pressure over the year is 10.2 bar. The evap-

oration pressure is virtually constant at 3.28 bar and is the same 

throughout the year for process reasons. In the months when the 

outside temperature makes it possible to lower the condensing 

pressure, it is around 9.2 bar. The automatic control system 

makes it possible to achieve this low condensing pressure and it 

is the optimum operating point for the system, which is impos-

sible to achieve in the summer months. According to the data 

received from the brewery, the average coefficient of perfor-

mance of the installation on the side of the condensing unit is 

COP = 4.45. However, to maintain such a low temperature of 

condensation, it is necessary to continuously optimize the pro-

cess of heat extraction, which is associated with the cost of water 

evaporated in the spray evaporative condensers and the opera-

tion of fans used to disperse heat by forced convection. 

The brewery staff did not provide us with the amount of heat 

utilized by the system, so we gathered data for different brewer-

ies from the literature [11−13] and calculated the heat shares 

consumed for different technological processes. It is presented 

in Table 1 together with the corresponding temperature levels. 

2.2. Waste heat utilization concepts 

The plant does not have large needs in terms of heat supply for 

office spaces, but its needs are not sufficiently met in winter, 

while in summer there is no real possibility of using waste heat. 

However, in the vicinity of the plant, there is a district heating 

network supplying heat to single-family housing estates as well 

as a number of plants, which realize their heating needs through-

out the year using local boiler houses. Therefore, an attempt has 

been made to propose such solutions, which would contribute to 

waste heat management. One of them assumes the use of both 

superheated vapour and condensation heat, while the other pre-

sents a solution that uses only the superheated vapour heat. Both 

concepts are feasible and can benefit both the plant and other 

heat consumers. The biggest benefit is in the reduction of emis-

sions. In the first case, there is virtually no change to the existing 

refrigeration plant and in the second case, the change to the ex-

isting plant consists of adding superheated vapour heat recovery 

exchangers. 

2.2.1. 1st case: Usage of heat of condensation and  

discharge gas 

The concept is based on the implementation of a cooling and 

heating system realized by means of two-stage water/water heat 

pumps, using R717 as a refrigerant. A potential heat receiver 

taken into account is at the return of the district heating network 

- the increase of water return temperature reduces heat supplied 

by the heating plant. Supply and return temperatures vary from 

70°C to 125°C and from 44°C to 60°C, for outdoor temperatures 

14.4 and 18°C, respectively. We have chosen the return of the 

district heating as the heat receiver because it has a lower tem-

perature than the supply, which will increase the heat pumps 

COP. 

Another potential receiver, according to Table 1, is the bot-

tling stage or first two parts of mashing (requiring 45−62°C). 

Bottling requires a temperature of 70°C, but it is performed di-

rectly by the heated water, so no additional heat exchange occurs 

in this step. 

The criteria that were set for the design task are as follows: 

 obtain heat at a temperature level of +70°C, which is 

suitable as a heat source for the district heating return 

during the whole year or for mashing or bottling (tech-

nological heat); 

 the condenser has to remain evaporative-type, as it en-

sures sufficient heat dissipation even if there is no heat 

reception on the district heating or technological side; 

 use the entire condenser heat load (heat of condensation 

and superheated discharge vapour); 

 do not make significant structural changes to the plant’s 

refrigeration system that could cause a decrease in its 

COP; 

 minimize heat transfer losses of the produced heat at 

useful temperatures; 

 produce heat with the lowest operating and investment 

costs; 

 possibly increase the coefficient of performance of the 

plant’s cooling system; 

 reduce water and/or electricity consumption for the con-

denser drive; 

Table 1 Brewery heat sources temperatures and heat  shares in plants 

total heat consumption [11−13]. 

Heat source Temperature, °C Heat share, % 

Mashing 45−70 25 

Lautering 70−80 13 

Bottling 70−80 10 

Boiling 100 52 

Cooling 2−20 20 
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 use techniques that avoid legal restrictions on the use of 

synthetic refrigerants; 

 do not increase flow resistance in the district heating 

system. 

The heat pumps lower heat source is the water used for cool-

ing of spray-evaporative condensers, as there is no need to inter-

fere with the cooling installation of the plant on the refrigerant 

side. The danger of a fatal influence of the heat recovery instal-

lation on the operation of the primary cycle is avoided. A water-

to-water heat pump installation makes it possible to utilize all 

waste heat. The water used for condenser cooling would be 

cooled by about 3 to 4 K, which changes the dew temperature 

and has a beneficial effect on the cooling cycle of the refrigera-

tion plant − COP is increased due to a lower condensation tem-

perature. By installing heat pumps, it is possible to reduce the 

amount of water evaporated for dissipating the heat load of the 

plant’s refrigeration system or to reduce the energy consumption 

of the condenser fans. The schematic and simplified drawing is 

shown in Fig. 2, which includes the utilization of the cooling 

effect in air conditioning (AC) systems etc. 

2.2.2. 2nd case: Usage of discharge gas heat 

The criteria that were set for the design task are as below: 

 obtain heat at a temperature level up to +87°C, which is 

suitable as a heat source for the district heating network; 

 utilize the heat of superheated vapours without changing 

the operating conditions of the refrigeration plant; 

 do not make significant changes in the design of the 

plant’s refrigeration system that could cause a decrease 

in its COP; 

 minimize heat transfer losses of the produced heat at use-

ful temperatures; 

 produce heat with as little operating and investment cost 

as possible; 

 use techniques that avoid legal restrictions on the use of 

synthetic refrigerants; 

 do not increase flow resistance in the district heating sys-

tem. 

The water leaving the superheated vapour heat recovery sys-

tem is too cold (up to 53.7°C) to be used for direct injection into 

the district heating network or for processes other than the first 

stage of mashing. Thus, it was decided to use single-stage high-

temperature heat pumps that would be able increase the temper-

ature of water leaving the heat recovery system. 

The concept assumes the use of high-temperature single-

stage water/water heat pumps for which the bottom heat source 

would be water used to remove the heat from the superheated 

vapours of the brewery’s refrigeration system, and the refriger-

ant making the heat pump cycle would be R717. Such an ap-

proach, compared to the idea presented in the previous subsec-

tion, requires interference with the brewery’s refrigeration plant 

and the installation of an exchanger to recover the heat of super-

heated vapours from the discharge line. It was decided to apply 

a high-temperature single-stage heat pump, which is able to heat 

up water returning from district heating network receivers from 

60°C to  87°C.  

Heat exchangers would be installed in the mixing branch. In 

such a solution, it is possible to increase the temperature of water 

returning from the district heating and to introduce heat to the 

consumers. For this purpose, it is necessary to install pumps to 

cover the hydraulic losses in the transmission on the supply pipe 

between the location of the mixing branch to the consumers and 

in the return pipe to the mixing branch with the heat exchangers 

of the additional heat source. It is also necessary to install 

a three-way mixing valve to change the flow through the heat 

 

Fig. 2. Simplified schematic diagram of the system proposed in the first case. 
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recovery system and to control the temperature in the heating 

network supply, which varies with the outside air temperature. 

The system is designed to operate all year. What is variable 

is the system efficiency and the amount of heat supplied to the 

district heating network depending on the return temperature 

from the heating system consumers, load on the cooling system 

and load of the heating installation. The schematic and simpli-

fied drawing is shown in Fig. 3. 

The application of such a solution, as opposed to the previ-

ous one, does not change the COP of the brewery’s refrigeration  

system. It will also not significantly affect the savings on cool-

ing water for spray-evaporative condensers. It only serves the 

purpose of utilizing the heat of superheated vapours in a useful 

way. In order to utilize it and feed it into the district heating net-

work, it is necessary to use a heat pump capable of heating the 

return water from the district heating network by a minimum of 

25 K. 

2.3. Calculations 

The cycle consists of four components: compressor, condenser, 

throttling valve and evaporator. Pressure drops are not consid-

ered in the ideal cycle. All refrigerants thermo-physical data 

were calculated using the CoolProp library [14]. 

For both the brewery refrigeration system and heat pumps, 

we first determined the pressure of evaporation and condensa-

tion for given saturation temperatures. The suction enthalpy h1 

was calculated at the evaporation pressure with a 3−10 K super-

heat. The ideal enthalpy at discharge h2 was calculated using the 

condensation pressure and under the assumption of isentropic 

compression s2 = s1. The real enthalpy h2b was calculated assum-

ing isentropic efficiency η: 

 ℎ2𝑏 = ℎ1 +
ℎ2− ℎ1

𝜂
. (1) 

Throttling was isenthalpic from the subcooled point h3 (2−5 K) 

at the condensation pressure. The calculations do not take into 

account the power consumed by the pumps, as this is highly de-

pendent on the length and height of the pipeline. 

The coefficient of performance for the  refrigeration  system  

(COPref) is the ratio of its specific cooling power h1 − h3 to spe-

cific compression power h2b – h1 or real cooling power Q0 to real 

compressor power consumption P in the case of the real COP. 

The coefficient of performance for the heat pump system 

(COPhp) is the ratio of its specific condensation power h2b − h3 

to specific compression power h2b − h1. 

As stated in the system description, the brewery’s refrige-

ration system works on R717, condensing temperature of 

Tc = +25.5°C and evaporation temperature of T0 = 7°C, super-

heat 10 K and subcooling 2 K. Knowing that the measured an-

nual cooling COP was 4.45 we assumed the compressor isen-

tropic efficiency (η) to be 0.63. 

 We performed simulations of the heat pump cycle working 

on two different pure low global warming potential (GWP) and 

zero ozone depletion potential (ODP) refrigerants: R290 (pro-

pane) and R717 (ammonia). We chose these refrigerants be-

cause there are many commercial heat pumps on the market for 

the two chosen refrigerants. 

For the 1st case heat pump cycle, the following values were 

assumed: evaporation temperature 10−20°C, condensation tem-

perature 75°C. The assumed cooling power of the evaporator is 

Q0 = 5.179 MW (the power from the refrigeration systems con-

densers). The compressor isentropic efficiency is η = 0.78 for 

the second stage and 0.83 for the first stage. 

For the 2nd case heat pump cycle, the following values were 

assumed: evaporation temperature 43°C, condensation temper-

ature 90°C. The assumed cooling power of the evaporator is  

Q0 = 1.2 MW (the heat of superheated vapour from the refriger-

ation system compressors) and  the  compressor  isentropic  effi- 

 

Fig. 3. Simplified schematic diagram of the system proposed in the second case. 
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ciency η =  0.78. 

The carbon dioxide emission caused by the electricity con-

sumed by the system is equal to the used electricity P and carbon 

dioxide emission coefficient (ECCO2): 

 𝑒CO2
= 𝑃𝑎 ⋅ ECCO2. (2) 

The carbon dioxide emission factor can be taken from the 

annual data for a given country. In the exemplary brewery, the 

end user electricity is taken from the Polish electrical grid, so its 

ECCO2 = 685 kg/MWh [15]. In order to compare the carbon di-

oxide emissions of the electrical heat pump with the professional 

heat and power plant we used the value of ECCO2 = 94.83 kg/GJ 

[16], which corresponds to the direct burning of coal. 

The exact compression power of the exemplary brewery’s 

refrigeration plant is not known, but its mean yearly COP is 

equal to 4.45. The average annual compressor power Pa of the 

refrigeration system can be calculated as in Eq. (3): 

 𝑃𝑎 =
𝑄0,𝑟𝑒𝑓

COP𝑟𝑒𝑓
. (3) 

The heat losses from the preinsulated pipes connecting the 

brewery with local district heating (DH) depend on the type of 

insulation, pipe diameter and most importantly the distance and 

temperature. The average heat losses for our pipeline are be-

tween 18–80 W/m [17]. For the calculations we used the me-

dium value of 49 W/m, knowing that the distance to the DH net-

work was 1 km. It means that the transfer losses constitute less 

than 1% of the heating power in the first case and less than 4% 

in the second case. 

3. Results and discussion  

For R717 in the first case, the heat pump obtained Qc = 6.93 MW 

of thermal power in the condenser with the use of P = 1.75 MW 

of electric power to supply the compressor. It translates to the 

heating COP of 3.95. 

For R290 in the first case, the heat pump obtained  

Qc = 7.14 MW of thermal power in the condenser with the use 

of P = 1.97 MW of electric power to supply the compressor, 

which translates to the heating COP of 3.64. 

The heat pumps COP is higher for the R717 heat pump than 

for the R290, so this refrigerant was chosen. The advantage of 

this solution is that the current exemplary plant is also equipped 

with the refrigeration system working on R717, so both devices 

can be maintained by the same staff. 

Heat pumps produce hourly 24.9 GJ of heat, which translates 

to 218 124 GJ/year supplied to the district heating at the average 

meteorological year in Central and Eastern Europe (Poland). If 

this amount of heat would come directly from burning coal then 

the emissions would equal 20 684.7 tons of CO2. Instead, it 

comes from the electrical grid, so it consumes 15 330 MWh 

a year which translates to 10 501 tons of CO2. 

By investing in heat pumps to absorb the heat load of the 

condensers, the plant can additionally benefit from the lowering 

of condensation temperature of the existing refrigeration instal-

lation by about 1.5−2 K, which would increase its annual aver-

age efficiency by a further 8%. Currently, the average annual 

efficiency of the cooling system is COP = 4.86. Therefore, the 

average annual electricity demand for the compressor (Pa) 

would decrease from 969 kW to 829 kW. The decrease of CO2 

emissions eCO2 caused by the decrease of the plants refrigeration 

system power consumption is 840 tons a year. 

Further environmental and economic savings can be ob-

tained by reducing the need for evaporating water in the cooling 

process of spray-evaporative condensers. In relation to the data 

on water consumption by the plant, with the consumption of 

71  388 m3 of water, the savings may be about 2500 m3 a year. 

For the second case: R717, the heat production is 

Qg = 1.45 MW in the condenser at a temperature 90°C with the 

use of P = 0.65 MW of electric power to supply the compressor. 

It translates to the heating COP of 2.23.  

Compared to the previous solution, the plant cannot count on 

electricity savings due to the lowering of the condensing tem-

perature. Savings due to the reduction of water evaporation in 

spray evaporative condensers will be about 10 times lower than 

in the 1st case. 

The cooling power constitutes on average 20% of the total 

heat usage in the brewery (Table 1). From the data of the brew-

ery, we know that the average annual cooling system condenser 

power is 20% higher than the evaporator power (24% of the to-

tal). If this heat is used as a lower heat source for the heat pumps 

described in the 1st case, then the heat gained from the heat 

pumps could cover the demand for 31% of the total heat used in 

the brewery. According to Table 1, the temperatures obtained 

from this case are usable only for 2/3 of mashing and all bottling, 

which takes 26.5% of the total heat consumed by the brewery. 

This means that the heat pumps could work with safety allow-

ance. This is the most rational usage of waste heat as the waste 

heat source. It is the most coherent with the needs for heat, com-

pared to selling it to district heating. 

If we proceed with the same calculations for the second case, 

then the heat pumps heat source (heat of superheat vapour) con-

sists only of 5.5% of the total heat used in the brewery. This 

means that only 6.6% of the brewery’s total heat consumption 

could be served by the heat pumps. 

4. Conclusions 

This paper discusses 2 examples of using waste heat from 

a brewery cooling process with heat pumps. The first example 

was the transfer of condensation heat to the heat usable for bot-

tling, mashing or in the return flow of a district heating system 

to increase the water temperature. The second was the use of 

superheating heat to increase the return water temperature of a 

district heating network or mashing, lautering or bottling. 

Both possible solutions for the use of heat pumps offer real 

possibilities of introducing part or all of the waste heat of the 

cooling system to the level of useful temperatures. The 1st con-

cept (usage of heat of condensation and discharge gas heat) is 

much more interesting because it gives real savings for the plant 

and possibilities of selling heat to an external recipient. The tem-

perature level is also sufficient for own technological purposes. 

The 2nd concept provides very small amounts of heat but on 

temperature levels that can be directly used for district heating. 

Both cases will be less effective if the distance between the 

brewery and the heat recipient is large. In our case, the distance 

of 1 km generated heat losses of less than 1–4%. 
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Looking more broadly when selling the heat to the municipal 

district heating, it should be analysed whether the heat generated 

by the heat pumps will be supplied to the district heating net-

work, the source of which is a combined heat and power plant 

(CHP, cogeneration) or a heating plant. In the case of a heating 

plant, when heat is introduced to DH from another source the 

benefits are manifested directly in the reduction of fuel con-

sumption and in an almost double decrease of annual carbon di-

oxide generation. In both cases, if the heat pumps and cooling 

devices were coupled with renewable energy sources, the de-

crease of environmental impact would be even higher. Unfortu-

nately in the example considered here, that was impossible. 

When the heat source for the heating network is a CHP plant, 

connecting additional heat sources to the network is even harm-

ful. This is due to the fact that heat in district heating powered 

by cogeneration plants is a waste energy generated in the con-

version of chemical energy contained in fuel into electricity. All 

CHP plants have a problem with heat management because it is 

not used for central heating in summer. The coherence of the 

solutions presented in cases 1st and 2nd does not coincide with 

the increase in demand for heat, which will result in the fact that 

any amount of heat introduced into the district heating network 

means that it must be dispersed in the environment by cooling 

towers. This situation could happen if a city has one company 

responsible for municipal district heating network and another 

for heat generation (for example city of Wroclaw, Poland). 

When analysing the feasibility of a heat recovery system, it 

is important to consider the issues of cooperation of the designed 

system with other systems and the global impact on the environ-

ment. Often, the environmental outcome is dependent on the co-

operation of the heat sources and one may come to the wrong 

conclusion by considering only the local effect at the plant level. 

The final conclusion should therefore be as follows: the pro-

cessed waste heat should only be fed into district heating net-

works whose sources are heat plants or local boiler houses.  
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1. Introduction 

Two problems arise when using refrigeration and air condition-

ing devices in Iraq. The first is the electrical energy crisis and 

the attempt to reduce the use of electricity, and the second is the 

rise in climate temperatures, especially in the middle of summer, 

to be more than 50ºC [1]. In addition, another problem appears 

in different cities of Iraq, Karbala as an example, that have high-

rise buildings close to each other and equipped with cooling de-

vices, which is a  greater rise in temperatures as a result of the 

expulsion of heat from the cooling devices on the lower floors 

and its impact on the cooling devices on the upper floors. In-

creasing the air temperature in this manner significantly raises 

the temperature and pressure of the refrigerant gas exiting the 

compressor. This, in turn, results in a higher pressure ratio, 

which leads the cooling unit to consume more electricity and 

may eventually cause the compressor to stop working perma-

nently. 

The method of cooling air by allowing water to evaporate is 

known as evaporative cooling, so it is highly suitable and highly 

effective in hot and dry climates. The two qualities of being hot 

and dry make evaporative cooling perfect, as its effectiveness 

increases with the increasing temperature and decreasing hu-

midity, unlike what can be seen with mechanical cooling sys-

tems, which have a reduced efficiency when the outside air tem-

perature increases [2,3], but direct evaporative cooling is insuf-

ficient to achieve the level of temperature comfort requirem- 
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Nomenclature 

A   ‒ surface area at air-water interface, m2 

cpu ‒ specific heat of the humid air, J/(kg K) 

COP ‒ coefficient of performance 

hc ‒ coefficient of convection heat transfer, W/(m2 K) 

hLVS ‒ vapour specific enthalpy at surface temperature, J/kg 

hm  ‒ coefficient of mass transfer, kg/(m2 s) 

hVS  ‒ vapour specific enthalpy at saturated surface temp., J/kg 

𝑚̇𝑎 – mass flow rate of air, kg/s 

Nu  ‒ Nusselt number 

Pr – Prandtl number  

Q – heat flux applied, W/m2 

Re – Reynolds number  

RLe – Lewis relationship 

T    – bulk temperature, °C 

Tcond– air temperature at the condenser, °C 

𝑇𝑠 – surface temperature, °C 

𝑇1 – dry bulb temperature of the inlet air, °C 

𝑇2 – dry bulb temperature of the outlet air, °C 

W – humidity ratio, kgw/kga 

 

Greek symbols 

ε ‒ cooling effectiveness 

ϑ  ‒ volume of the used evaporative, m3 

 – dynamic viscosity, Pas 

ρw – density, kg/m3 

 

Subscripts 

a   – air 

s   – surface  

w  – water 

ents and relative humidity in very hot climates (such as the sum-

mer in Iraq), so it is fruitful to use evaporative cooling as pre-

cooling to cool the condenser in split air conditions and thus ob-

tain a high coefficient of performance and reduce the use of elec-

trical energy and provide suitable working conditions. 

Several researches have been conducted focusing on cooling 

the condenser of the split cooling device to enhance its perfor-

mance. Hwang et al. [4] experimentally evaluated a 9 kW 

(2.6  tonnes) split heat pump system using an advanced styling 

of the evaporative-cooled condenser. It involves a tank of an 

acrylic box, 0.94 m wide, 0.66 m long and 0.66 m high. The 

tubes of the condenser were submerged in a cooling water tank 

to remove the heat from the condensing process. The rotating 

disks were partially submerged in the water bath as the air was 

blown over them. The disks transport a small layer of water from 

the bath to the air stream, where it evaporates. Compared to the 

baseline air-cooled results, the new design showed better perfor-

mance, with a capacity increase of 1.8 to 8.1% and a COP in-

crease of 11.1 to 21.6%. The disadvantages of Hwang's system 

are that it is too complicated, heavy and large. Goswami et al. 

[5] investigated the improvement of air-to-air vapour compres-

sion air conditioner performance by the application of indirect 

evaporative cooling. The system was modified with a media pad 

evaporative cooler, pump and source of water. The results show 

that an electric energy saving of twenty per cent was obtained 

by utilizing an evaporative-cooled air condenser. 

Wang et al. [6] studied experimentally the possibility to in-

crease the coefficient of performance of an air conditioning sys-

tem using an evaporative cooling condenser. The data revealed 

an inverse relation between COP and the condenser inlet dry 

bulb temperature. The saturated temperature of the condenser 

increased from 2.4ºC to 6.6ºC by utilizing the evaporative cool-

ing. It is also indicated that an increase in the mass flow rate of 

the refrigerant that passes through the evaporator results in the 

increase of COP from 6.1% to 18%. Elshiaty et al. [7] conducted 

practical experiments to evaluate the coefficient of performan-

ce and energy reduction in an air conditioning package unit.  

A comparison between two identical air conditioners was car-

ried out, one was an ordinary air conditioner and the second was 

upgraded with a pump, water supply and nozzles that spray wa-

ter onto the condenser, including optimized water consumption 

sprayers. The findings demonstrated that the coefficient of per-

formance and the consumption of electrical power mainly rely 

on the surrounding conditions due to their effects on condensing 

temperature and pressure. The evaporative cooling enhanced 

COP by around 42.2% and reduced the electrical power con-

sumption by 14.55%. 

For an experimental evaluation of the energy saving utilizing 

different kinds of evaporative cooling systems, Chaktranond and 

Doungsong [8] retrofitted the condensing part in a split air con-

ditioner unit with a water sprayer, cellulose corrugated pad,  wa-

ter source and a pump. The authors illustrated an increase in the 

consumption of electrical power energy of around 4% when the 

ambient temperature was raised by 1ºC. In addition, it was found 

that a decrease in power consumption of around 15% with an 

increase in COP by up to 48% due to large contact surface be-

tween air-stream and water. In regions where temperatures 

range from 50 ºC to 60 ºC, Alhamdo et al. [9] experimentally 

and theoretically investigated how to enhance condenser perfor-

mance to improve the temperature of the evaporator outlet fluid. 

The result indicated that applying the spray water on the con-

denser is the best technique for improving the performance. The 

authors also presented a cost-benefit analysis related to the cost-

benefit ratio, net present value, life cycle cost and payback pe-

riod.  

In Iraq, where temperatures can rise to 55ºC, Eidan et al. [10] 

investigated the impact of condenser evaporative pre-cooling on 

a tiny air conditioner of window type. They claimed that pre-

cooling lowers the consumption of the peak power, and incre-

ases the working range to extremely high temperatures. It was 

also reported that the compressor can operate at a voltage of 16% 

less than 220 V by the use of evaporative pre-cooling. 

To improve the cooling performance and reduce the con-

sumption of electrical energy, this work attempts to explore the 

possibility of integrating a split air conditioning unit with a di-

rect evaporative cooling system. A mathematical equation is de-

veloped to predict the cooling effectiveness which results in 

avoiding high costs of the experimental tests. The significance 

of this work lies in its contribution to offering ideal operating 

conditions for a split air conditioning unit that works in regions 
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under an extremely hot and dry climate and/or installed within 

high-rise buildings such as in the case of Karbala city. As far as 

the authors are aware, no previous studies have addressed this 

particular issue. 

2. Optimum operational conditions  

There is an increasing interest in reducing electrical energy con-

sumption as a result of global warming and energy crisis. There-

fore, conserving energy and using environmentally friendly de-

vices is very important, especially in hot regions with tempera-

tures of 45−50ºC and long summers, where the use of electrical 

energy for cooling devices reaches 70% of the total energy used 

[6]. Increasing the outside air temperature increases the pressure 

and temperature of the refrigerant in the condenser unit, which 

in turn increases electrical energy consumption and reduces the 

cooling capacity of the cycle because, in a high-temperature en-

vironment, the refrigerant passing through the condenser might 

not completely condense, causing a mixture of liquid and vapour 

to enter the evaporator. Thus, the coefficient of performance of 

the cooling device decreases greatly as the outside air tempera-

ture rises [11]. The COP decreases by about 2−4% with each 

degree of increase in the temperature of the condenser [12,13]. 

The standard value of COP is 2.96 [14], which is at an outdoor 

air temperature approximately equal to 32.2ºC), and it is re-

quired to use evaporative cooling to cool the condenser when 

the outside air temperature is higher than 32.2ºC [15]. The ad-

dition of evaporative cooling to cool the condenser leads to 

lowering the temperature and pressure of the refrigerant in the 

condenser, thus increasing COP, reducing electrical energy 

consumption, increasing the duration of the cooling unit, and 

not stopping the cooling device, as the device is exposed to 

refrigerant pressures suitable for the compressor and obtaining 

high cooling capacities. 

3. Equipment and system setup 

3.1. Types of condensers 

In heat pumps, condensers come in three different varieties: 

evaporative, water and air-cooled. The type used in conventional 

small tonnage is mainly air-cooled which needs a high air flow 

rate to enhance the performance. The bigger tonnage market 

uses water-cooled condensers, which rely on heat transfer from 

the refrigerant tube to the water flow.  

The air-cooled condenser has a lower heat transfer coeffi-

cient compared to the water-cooled condenser. In the evapora-

tive condensers, the evaporation of water into the air stream pro-

duces cooling. As a result, the water-cooled condensers require 

more water pumping and chemical treatment. Only sensible heat 

transfer is used in the air-cooled condenser, but both sensible 

and latent heat transfers are used in the evaporative condenser. 

Because of this, the evaporative condenser requires less airflow 

rate than an air-cooled condenser, allowing the present design to 

use a smaller fan and motor. 

One of the main benefits of using an evaporative condenser 

over an air-cooled condenser is the lowered condensing temper-

ature. More heat transfer is provided to the evaporative conden-

ser by latent heat transfer, increasing its overall heat transfer co-

efficient over that cooled only by air. The condensing tempera-

ture of the evaporative condenser is lowered because of the 

smaller temperature differential caused by the improved overall 

heat transfer coefficient for a comparable quantity of transferred 

heat. Furthermore, rather than the dry-bulb temperature, the con-

densing temperature of this strategy is restricted by the air's wet-

bulb temperature. 

3.2. Performance of different refrigerants  

R-410A typically operates in near-critical conditions when used 

in air conditioning systems at high outside temperatures. When 

the outside temperature rises, especially over 35ºC, the R-410A 

system performance can deteriorate more quickly than the R-22 

system performance. 

R-410A and R-22 air conditioners running at a high ambient 

temperature were compared by Payne et al. [16]. The identical 

condenser and evaporator heat exchangers were used to evaluate 

the two air conditioning systems. Normalized ratios were used 

to compare the R-410A system's capacity and COP to those of 

the R-22 system. At 35ºC, the capacities of the R-410A and  

R-22 systems matched, while at 27 ºC, the COPs matched. The 

authors reported that the ratio of the normalized capacity, R-22 

against R-410A, declined from 1.05 to 0.90, and COP decreased 

from 1.05 to 0.80 when the ambient temperature was changed 

from 25ºC to 55ºC. The R-410A system appeared to be further 

susceptible to the rising outdoor temperature, according to the 

data. 

In a thorough modelling study of comparing R-410A to  

R-22 systems, Rice [17] essentially verified the same findings. 

Thus, when subjected to an identical condenser evaporative pre-

cooling load, the R-22 apparatus experiences a less relative 

power reduction in comparison to the R-410A apparatus. Put 

differently, the refrigerant functions throughout a wide range of 

enthalpy changes in the two-phase area, which enhances the 

overall effectiveness of heat transfer from the condenser and al-

lows it to reject more heat into the ambience at a fixed mass flow 

rate. As a result, precooling benefits energy savings for R-410A 

systems more than it does for R-22 units. Utilizing water for 

evaporative cooling only when the dry bulb temperature rises 

over 32.2ºC is one way to conserve water, as opposed to utilizing 

it throughout the cooling season. To optimize the annual operat-

ing cost savings and minimize water use, it may be advantageous 

for R-22 to utilize water only when dry bulb temperatures sur-

pass 32.2ºC. It is important to note, nevertheless, that utilizing 

R-410A results in far larger annual and peak energy reductions 

than using R-22. Additionally, if the equipment is used at all dry 

bulb temperatures rather than just when the dry bulb surpasses 

32.2ºC, R-410A can save even more energy [15]. 

3.3. Modelling of direct evaporative cooler 

The transformation of sensible heat into latent heat is the basic 

idea behind direct evaporative cooling. The ambient air wet-

bulb temperature is represented by the lowest temperature that 

can be reached. The unsaturated air cools through the process of 

heat and mass transfer. 
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The following definition applies to the total differential heat 

flow: 

 𝛿𝑄 = 𝑑𝐴[ℎ𝑐(𝑇𝑠 − 𝑇𝑎) + 𝜌𝑤ℎ𝐿𝑉𝑆ℎ𝑚(𝑊𝑠 − 𝑊𝑎)]. (1) 

Assuming that the vapour and air are ideal gases, the following 

can be determined using the mixture’s specific enthalpy, which 

is the total of the individual enthalpies: 

 𝛿𝑄 =
ℎ𝑐𝑑𝐴

𝑐𝑝𝑢
[(ℎ𝑠 − ℎ𝑎) +

(𝑊𝑠−𝑊𝑎)

𝑅𝐿𝑒
(ℎ𝐿𝑉𝑆 − 𝑅𝐿𝑒ℎ𝑉𝑆)]. (2) 

If the magnitude of 𝑅𝐿𝑒= 1, then, the second term in Eq. (12) can 

be ignored:  

 𝛿𝑄 =
ℎ𝑐𝑑𝐴

𝑐𝑝𝑢
(ℎ𝑠 − ℎ𝑎). (3) 

It can be written as 

 𝛿𝑄𝑠 = ℎ𝑐𝑑𝐴(𝑇𝑠 − 𝑇𝑎). (4) 

The following relation is used to determine the effectiveness of 

direct evaporative cooling [18]: 

 𝜀 =
𝑇1−𝑇2

𝑇1−𝑇𝑠
. (7) 

Accordingly, 

 𝜀 = 1 − exp (−
ℎ𝑐𝐴

𝑚̇𝑎𝑐𝑝𝑢
). (8) 

The following relationship determined the coefficient of con-

vection heat transfer across an evaporative medium of cellulose 

as reported by Dowdy and Karabash [19]: 

  Nu = 0.10 (
𝑙𝑒

𝑙
)

0.12

Re0.8Pr0.33, (9) 

where 𝑙𝑒 is defined as 

 𝑙𝑒 =
𝜗

𝐴
. (10) 

3.4. System description 

The study was conducted in Karbala, Iraq, located at a latitude 

of 32º and longitude of 44º. The maximum temperature in this 

city during the summer is 49.5ºC, according to data from the 

Iraqi Meteorological Organization [1]. That was on August 12, 

2022, and the relative humidity at that temperature was 12%. 

Thus, this day is selected in the current work starting from 8 a.m. 

to 5 p.m. 

The hot outside air passes through the cooling pad unit, to 

which water is pumped from the top. The hot outside air is evap-

oratively cooled, and then the air enters the condensing unit and 

the refrigerant entering into the condensing unit is cooled, as 

shown in Fig. 1. 

4. Result and discussion 

The air temperature as it exits the cooling pad unit and enters the 

condensing coil (Tcond) was calculated at different times of the 

day (from eight in the morning until five in the evening).  

Figure 2 shows the change in dry bulb outdoor air temperature, 

relative humidity and temperature of the air exit from the cool-

ing pad unit at different periods of the daytimes.  

The temperature of the air leaving the cooling pad unit (Tcond) 

increases with time and then decreases with increasing temper-

ature and decreasing humidity. This helps the split air-condition-

ing unit perform well during peak hours, as increases COP and 

decreases electrical energy consumption. It is interested to men-

tion that the average temperature of the air leaving the cooling 

pad unit in the extreme summer of the Karbala city is less than 

32.2ºC at which the standard COP is 2.96. Therefore, COP of 

the split air-conditioning unit that uses evaporative cooling is 

always higher than the standard COP in the city of Karbala. 

It can be concluded that the use of evaporative cooling in the 

split air condition unit is considered a very good solution to con-

front high temperatures, increase electrical energy consumption, 

and obtain COP higher than the standard at all times of summer. 

The psychometric chart’s process lines for the condenser’s 

outdoor air temperature were constructed using the relative hu-

midity and dry bulb. The enthalpy change through the evapora-

tive-cooled condenser (referred to as DEC) and conventional 

condenser (referred to as CV) is shown in Fig. 3. Process line  

1 to 2 demonstrates how the sensible heat transferred from the 

refrigerant raised the air temperature through the traditional con-

denser while maintaining a steady humidity ratio. The refriger-

ant phase change was the initial cause of the heat released into 

the air from the condenser. But in the case of the evaporative 

cooled condenser, latent heat transfer from the evaporation of 

water passing through the wetted medium caused the air temper-

ature to drop from T1 to T3, and the humidity ratio  to  rise  from  

 

Fig. 1. A schematic illustration of the evaporative cooling system. 

 

Fig. 2. Change of outside air temperature, relative humidity, 

and temperature of air passing the condenser (Tcond) with time. 
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W1 to W3. This process is represented by line 13 in Fig. 3, 

known as an adiabatic process or a constant enthalpy line. The 

process line 34 illustrates the temperature of the air passing 

across the condenser which increases by the sensible heat trans-

fer obtained from the heat rejected by the refrigerant inside the 

condenser. The chart shown in Fig. 3 indicates that the evapora-

tive cooled condenser has a process line of 134, whereas the 

traditional condenser has a process line of 12. The wetted cool-

ing pad surface drew heat from the surrounding air during the 

process of evaporative cooling, which led to sensible heat loss 

from the air and consequent latent heat uptake by the water. 

5. Conclusions 

Using an air-cooled condenser in hot climates, especially in the 

middle of summer when temperatures are more than 50ºC, leads 

to a rise in the pressure and temperature of the refrigerant gas 

coming out of the compressor, which in turn increases the elec-

trical energy consumption and decreases the coefficient of per-

formance, and may end up causing the compressor to stop work-

ing ultimately.  

Using an evaporative cooling condenser to be integrated 

with a split air condition unit leads to the following conclusions: 

 The use of evaporative cooling in a split air conditioner en-

hances performance, making it an effective method for re-

ducing energy consumption and maintaining high values of 

coefficient of performance through the summer. The perfor-

mance enhancement is achieved by lowering the condens-

ing temperature. 

 Considering the extremely hot summer in the Karbala city, 

the air temperature leaving the cooling pad unit reaches be-

low 32.2ºC. As a result, the typical COP of 2.96 is ex-

ceeded.  

 The required amount of the evaporative condenser’s airflow 

rate is lower than that for air-cooled condensers. 

 By using the same condenser evaporative pre-cooling, the 

R-410A system receives a greater reduction in the relative 

power compared to the R-22 system. Consequently, it can 

be suggested that the R-410A system is highly exposed to 

increasing external temperature. 

 The current findings show the potential of reducing the re-

quired chemical treatment and water pumping for water-

cooled condensers. 

Acknowledgements  

We express our gratitude to Al-Furat Al-Awsat Technical Uni-

versity, our institution, for their assistance and for providing us 

with the necessary time to compose and finish this study. 

References 

[1] Iraqi Agrometeorological Network. https://www.agromet.gov. 

iq/eng/index.php [accessed 3 Aug 2022]. 

 

Fig. 3. Psychometric chart of the condenser air. 



Kadhim H.T., Aldamaad M. 

 

122 
 

[2] Foster, R.E. (1998). Evaporative air-conditioning contributions to 

reducing greenhouse gas emissions and global warming. Pro-

ceedings of American Society of Heating, Refrigerating and Air-

Conditioning Engineers, Toronto.  

[3] Aldamaad, M.A., & Kadhim, H.T. (2023). Theoretical investiga-

tion of combining cooling tower and cooling coil with direct evap-

orative cooler. International Journal of Air-Conditioning and Re-

frigeration, 31(12), 12. doi: 10.1007/s44189-023-00028-6 

[4] Hwang, Y., Radermacher, R., & Kopko, W. (2001). An experi-

mental evaluation of a residential-sized evaporatively cooled con-

denser. International Journal of Refrigeration, 24(3), 238−249. 

doi: 10.1016/S0140-7007(00)00022-0 

[5] Goswami, D.Y., Mathur, G.D., & Kulkarni, S.M. (1993). Exper-

imental investigation of performance of a residential air condi-

tioning system with an evaporatively cooled condenser. Journal 

of Solar Energy Engineering, 115(4), 206–211. doi: 10.1115/1. 

2930051 

[6] Wang, T., Sheng, C., & Nnanna, A.G.A. (2014). Experimental 

investigation of air conditioning system using evaporative cool-

ing condenser. Energy and Buildings, 81, 435−443. doi: 10.1016/ 

j.enbuild.2014.06.047 

[7] El Shiaty, R., Swilem, A.M.S., Abdelwali, H., & Yousuf, A. 

(2018). Evaluation of energy saving in a package air conditioner 

with optimum atomized water spray type evaporative system 

(Case Study: A villa in Kuwait). American Journal of Engineer-

ing Research, 7(12), 277−285.  

[8] Chaktranond, C., & Doungsong, P. (2010). An experimental eval-

uation of energy saving in a split-type air conditioner with evap-

orative cooling systems. International Transaction of Engineer-

ing Management & Applied Sciences Technology, 1(1), 9−18.  

[9] Alhamdo, M.H., Theeb, M.A., & Abdulhameed, J.J. (2015). Us-

ing evaporative cooling methods for improving performance of 

an air-cooled con-denser. Universal Journal of Mechanical Engi-

neering, 3(3), 94−106. doi: 10.13189/ujme.2015.030304 

[10] Eidan, A.A., Alwan, K.J., AlSahlani, A., & Alfahham, M. (2017). 

Enhancement of the performance characteristics for air-condi-

tioning system by using direct evaporative cooling in hot cli-

mates. Energy Procedia, 142, 3998−4003. doi: 10.1016/j.egypro. 

2017.12.311 

[11] Dossat, R.J. (1991). Principal of Refrigeration, Prentice Hall, 

New Jersey. 

[12] Cengel, Y.A., Boles, M.A., & Kanoğlu, M. (2011). Thermody-

namics: An Engineering Approach (5 ed.). McGraw-Hill, New 

York.  

[13] Hajidavalloo, E. (2007). Application of evaporative cooling on 

the condenser of window-air-conditioner. Applied Thermal Engi-

neering, 27(11-12), 1937−1943. doi: 10.1016/j.applthermaleng. 

2006.12.014 

[14] Hu, S.S., & Huang, B.J. (2005). Study of a high efficiency resi-

dential split water-cooled air conditioner. Applied thermal engi-

neering, 25(11-12), 1599−1613. doi: 10.1016/j.applthermaleng. 

2004.11.011  

[15] Shen, B., New, J., & Ally, M. (2019). Energy and economics 

analyses of condenser evaporative precooling for various cli-

mates, buildings and refrigerants. Energies, 12(11), 2079. doi: 

10.3390/en12112079 

[16] Payne, W.V., & Domanski, P.A. (2002). A comparison of an R22 

and an R410A air conditioner operating at high ambient temper-

atures. International Refrigeration and Air Conditioning Confer-

ence. 532. http://docs.lib.purdue.edu/iracc/532 [accessed 3 Aug. 

2022]. 

[17] Rice, C.K. (2005). Investigation of R-410A Air conditioning sys-

tem performance operating at extreme ambient temperatures up 

to the refrigerant critical point. Final report. Oak Ridge National 

Laboratory. doi: 10.13140/RG.2.2.34623.71848 

[18] Aldamaad, M.A., & Kadhim, H.T. (2024). Theoretical study of 

cooling effectiveness based on heat and mass transfer in direct 

evaporative system. AIP Conference Proceedings, 3199, 020009. 

doi: 10.1063/5.0217224 

[19]  Dowdy, J.A., & Karabash, N.S. (1987). Experimental determina-

tion of heat and mass transfer coefficients in rigid impregnated 

cellulose evaporative media. ASHRAE Transactions, 93(2), 

382−395.

 



 

1. Introduction 

Thermodynamic modelling of organic Rankine cycles (OCRs) 

has been the subject of increasing interest in the fields of engi-

neering. These cycles, based on the principle of the classic Ran-

kine cycle, are fundamental for the efficient generation of en-

ergy from renewable and sustainable sources. Unlike conven-

tional cycles that use water as the working fluid, organic Ran-

kine cycles employ organic compounds with low boiling points 

as working fluids, enabling the utilization of low-temperature 

heat sources such as waste heat from industrial processes or so-

lar energy. The increasing interest in renewable and environ-

mentally friendly sources of energy has driven research and de-

velopment efforts towards power generation systems based on 

this technology. 
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Abstract 

The potential for generating electricity through solar energy makes Brazil a very promising country in this segment, with 

several possibilities for the use of solar energy, whether in the thermal or photovoltaic part, due to the high incidence of 

solar radiation throughout much of the country, especially in the Northeast region. In this study, an analysis of the perfor-

mance of the organic Rankine cycle (ORC) that produces electricity using solar concentrators was performed. The fluids 

used in the system were classified as dry type  toluene, isobutane, isopentane, R227ea, R113, R114, R245fa and R600. 

During the study, the energy and exergy analysis of the system was conducted for different evaporator pressures  

(500−2500 kPa), and two types of solar collectors were tested (parabolic trough collector and parabolic compound collec-

tor). In addition, a system case study was simulated for radiation and temperature conditions in the city of João Pessoa, 

Brazil. Based on this analysis, the performance of the cycle components was examined, and the first and second law effi-

ciencies of the system were compared for different configurations. The solar collector (parabolic trough collector) proved 

to be the most suitable for the studied cycle. With the adequate selection of the refrigerant, collector and evaporation 

pressure, the first and second law efficiencies of the cycle improve up to 41% and 44%, respectively. For the city of João 

Pessoa, the highest exergy efficiency occurs in the month of January, the hottest month of the year when the sun shines 

brightly, and the lowest exergy efficiency occurs in the month of June. 
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Nomenclature 
𝑎1, 𝑎2, 𝑎3 – heat loss coefficients, 1/K, W/(m2 K), W/(m2 K2) 

A – area, m2 

Cp – specific heat at constant pressure, kJ/(kg K) 

DNI – direct normal irradiance, W/m2 

Ex – exergy, kW  

h ‒ specific enthalpy, kJ/kg 

∆ℎ – enthalpy change, kJ/kg 

𝑚̇ ‒ mass flow rate, kg/s 

P – pressure, kPa 

𝑄̇ ‒ heat transfer rate, kJ/kg 

s – entropy, kJ/(kg K) 

T – temperature, K 

𝑣 – specific volume, m3/kg 

w – work, kJ/kg 

𝑊̇ ‒ power, kW 

 

Greek symbols 

ε ‒ effectiveness of the heat exchanger 

𝜂 – efficiency 

𝜓 ‒ exergy, kJ/kg 

 

Subscripts and Superscripts 

a – solar collector aperture 

amb – ambient 

b  – pump 

collector – solar collector  

con – condensation 

condenser – condenser 

evaporator – evaporator 

f, fluid  – fluid 

i – point in the cycle 

in, out  – inlet, outlet 

liq – liquid 

o – dead-state conditions 

Pump,isen  − isentropic pump process 

rad  – radiation 

regenerator– regenerator  

sun – surface of the sun  

t  – turbine 

ther – overall thermal  

Turbine,isen − isentropic turbine process 

𝐼𝐼, 𝐶𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 − second law of the collector 

𝐼𝐼, 𝐶𝑜𝑛𝑑𝑒𝑛𝑠𝑒𝑟 − second law of the condenser 

𝐼𝐼, 𝐸𝑣𝑎𝑝𝑜𝑟𝑎𝑡𝑜𝑟 – second law of the evaporator 

𝐼𝐼, 𝑅𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 – second law of the regenerator  

𝐼𝐼, 𝑇𝑢𝑟𝑏𝑖𝑛𝑒 – second law of the turbine 

 

Abbreviations and Acronyms 

CPC – compound parabolic collector 

FPC – flat plate solar collector 

HTF – heat transfer fluid 

ORC – organic Rankine cycle  

PTC – parabolic trough collector 

Colonna et al. [1] provided a bibliographic review, illustrat-

ing the concept of organic Rankine cycles, emphasizing that 

these cycle technologies offer flexibility in terms of capacity and 

temperature for thermal energy conversion applications. The au-

thors highlight that these systems have broad applications in co-

generation systems, involving both heating and cooling, as well 

as thermal energy distribution systems. In this study, the funda-

mental elements of the thermodynamic cycle, such as the work-

ing fluid, design aspects, and the advantages and disadvantages 

in comparison to other technologies, are detailed. 

According to Loni et al. [2], the relationship between solar 

irradiation and the use of solar thermal energy combined with 

thermodynamic cycles is a promising technology due to the high 

compatibility between the operating temperature of the collec-

tors and the temperature required for the cycle to function, meet-

ing the minimum conditions to achieve viable efficiency. In this 

perspective, research and development efforts in the context of 

using it as a secondary source of energy employ these solar col-

lector systems in subprocesses of the cycles, such as enhancing 

boiler heating. 

Petrollese et al. [3] investigated the solar energy concentrate 

ion plant (CSP) with an organic Rankine cycle integrated into 

the Ottana solar facility as a means of concentrating solar tech-

nologies for power supply. In this case, the thermal plant con-

sists of a CSP unit (630 kW) with thermal storage coupled to a 

400 kW concentrated photovoltaic plant with electrochemical 

storage, acting to promote planned energy profiles for the suc-

ceeding day based on meteorological data and weather forecasts. 

Regarding the CSP plant, it was determined that the ORC per-

formance is inherently related to the thermal oil operational pro-

files, inlet temperature, and ambient temperature. Therefore, the 

researchers emphasized the significant importance of the daily 

start-up and shut-down phases of the ORC unit to enhance the 

overall plant performance. 

Ancona et al. [4] conducted an analysis of a prototype of an 

organic Rankine cycle coupled to a commercial model of a solar 

collector, aiming to reduce the annual costs of electricity for 

a household. Initially, the collector surface and the tank were 

sized to simulate the performance of organic fluids and low-

global warming potential mixtures. Results show that the system 

with R134a can cover approximately 39% of the yearly electric-

ity demand, corresponding to more than 1150 kWh. 

An optimization analysis of the low-temperature solar or-

ganic Rankine cycle was conducted by Delgado-Torres and Gar-

cía-Rodríguez [5]. The study involved examining twelve poten-

tial working fluids for ORC and four stationary solar collector 

models to determine the most efficient system with the mini-

mum required area. One viable application observed by the au-

thors is the integration of the organic Rankine cycle with solar 

thermal energy and the low-energy consumption desalination 

technology, reverse osmosis. Jing et al. [6] developed a mathe-

matical model to optimize a system of low temperature solar 

thermal electric generation based on compound parabolic con-

centrators (CPC) and an organic Rankine cycle working with 

HCFC-123, and evaluated its annual performance in different 

areas of Canberra, Singapore, Bombay, Lhasa, Sacramento and 

Berlin. Kumar and Shukla [7] investigated the application of 

benzene as the working fluid for the ORC system to assess the 

performance of the organic Rankine cycle. The thermal solar 

plant modelled for this study features a binary cycle, where the 
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first cycle operates with the heat transfer fluid in a liquid state, 

and the second cycle operates with the organic fluid, benzene. 

To analyse the efficiency behaviour, output powers of 8 kW, 

9  kW, and 10 kW were applied. The best result was obtained at 

the 9 kW power level, where the ORC system efficiency ranged 

from 32.87% to 54.98%, with the turbine outlet temperature var-

ying from 259.53°C to 127.22°C. 

Sonsaree et al. [8] proposed a model for a small-scale solar 

organic Rankine cycle power plant in Thailand with R-245af, 

operating with a compound parabolic concentrator, evacuated-

tube or flat-plate collectors as the devices for generating heat. 

The maximum power output, the CO2 emission, and the eco-

nomic analysis in terms of the levelised cost of electricity were 

analysed. Stand et al. [9] proposed in their study an idea for  

a hybrid solar-biomass system for electricity generation in re-

mote areas in Colombia. In this case, the hybridization integrates 

the supercritical Brayton cycle (SBC) and organic Rankine cy-

cle, a solar field composed of concentrated solar tower technol-

ogy, and coconut shell biomass. For the elaboration of this work, 

energy and exergy analysis were necessary for the following 

scenarios: solar-biomass hybrid SBC-ORC, SBC-ORC/Solar, 

and SBC-ORC/Biomass. The study concluded that the solar-bi-

omass hybrid system SBC-ORC presented the best exergetic ef-

ficiency among the three cases, thus showing the possibility of 

implementing this project. Additionally, they also highlighted 

the coconut shell's high calorific value and the dissemination of 

its energetic use to contribute to the socioeconomic development 

of the agricultural sector in Colombia. 

Gupta et al. [10] reviewed the main thermodynamic methods 

applied in organic Rankine cycles, with the authors' primary fo-

cus being on the issue of multi-utilization of ORC to couple con-

centrated solar collectors with an environmentally viable bio-

mass system, where ORC would supply more than one type of 

energy, i.e. applied in the context of thermal and electrical en-

ergy conversion. 

The storage system in thermal solar energy projects is essen-

tial for utilizing electrical energy during periods of reduced solar 

irradiation. Therefore, based on this scenario, Lakhani et al. [11] 

developed a dynamic model applied to the thermal energy stor-

age system using latent heat in solar thermal power plants with 

an organic Rankine cycle. The mentioned energy storage system 

consists of a shell-and-tube heat exchanger where the phase 

change material is stored on the shell side, while the heat transfer 

fluid (HTF) flows through the tubes. Through this mechanism, 

HTF can meet the plant's nighttime demand during moments 

when the organic fluid cannot reach the saturation temperature.  

Li et al. [12] performed an experimental study on a parabolic 

trough concentrated solar ORC system by using nitrate salt as 

the heat transfer and storage medium, and a single screw ex-

pander for power conversion. They carried out energy and ex-

ergy analyses of the overall system evaluating the dynamic 

changes in the temperature of PTC, molten salt tank and ORC. 

It was observed that the collector efficiency, expander efficiency 

and ORC efficiency were relatively lower than the published 

data. In accordance with Ahmadi et al. [13], organic Rankine 

cycles originating from a geothermal source can be technically 

viable, favouring the substitution of conventional fossil energy 

sources. The choice of a hybrid system that operates under fa-

vourable low-temperature conditions, such as geothermal en-

ergy (below 150°C), enables a systematic approach in which the 

authors emphasize the economic aspect of the ORC's efficiency 

applied in this context.  

The nanofluid acting as the working fluid has a long history 

of experiments and scientific foundation that enabled the manu-

facturing of specific thermodynamic components for this type of 

fluid. Therefore, Saadatfar et al. [14], through a modelling pro-

gram, designed the thermodynamic cycle to produce energy, 

heating and cooling using an organic Rankine cycle with nano-

fluid as the working fluid. This research involved a comparison 

between an organic nanofluid and a base fluid, namely silver 

nano pentane and pure pentane, respectively. The established 

analysis concluded that the best cycle efficiency results were 

found for the organic nanofluid, requiring smaller heat exchang-

ers and expanders. 

More recently, Rejeb et al. [15] developed a 3E mathemati-

cal model (energy, exergy and economic) to simulate and opti-

mize a poligeneration system (H2, O2, electricity and heat pro-

duction) consisting of solar photovoltaic thermal collectors with 

organic Rankine cycle, proton exchange membrane (PEM) elec-

trolyser and liquefied natural gas. They used the non-dominated 

sorting genetic algorithm II (NSGA-II) to estimate the optimal 

results for the proposed system with the energy efficiency, cost 

rate and net output power as the objective functions.  

Youtao et al. [16] evaluated a direct vapour generation for  

a solar organic Rankine cycle (DVG-ORC) system under differ-

ent operating conditions. The results show that the evaporation 

temperature has different impacts on the system performance. 

R245ca and R1336mzz(Z) exhibit a higher net output power at 

different evaporation temperatures, with R1336mzz(Z) only re-

ducing it by 3.73–5.26% compared to R245ca. In addition, 

R1336mzz(Z), of low global warming potential (GWP), demon-

strates the highest system efficiency, making it the most suitable 

working fluid for the DVG-ORC system due to its environmen-

tal friendliness and safety. 

Maytorena and Buentello-Montoya [17] simulated a para-

bolic trough collector system filled with benzene under solar ir-

radiation for use in an organic Rankine cycle. Different inlet 

temperatures (465, 475 and 485 K), mass fluxes (168, 336 and 

504 kg/(m2s)), and solar-concentrated heat fluxes (15.1, 18.5 

and 22.2 kW/m2) are used in the simulations. The results indi-

cate that increasing the mass flow rate decreases the fluid evap-

oration rate, the fluid evaporation rate is directly affected by the 

solar heat flux and the mass flux affects the point where evapo-

ration begins (tube lengths of 10, 15 and 25 m for mass fluxes 

of 168, 336 and 504 kg/(m2s), to 15.1 kW/m2, respectively). 

Based on recent literature, this article aims to explore the 

thermodynamic modelling of these innovative cycles, highlight-

ing their benefits, challenges and potential applications. It also 

aims to encourage studies related to the search for more sustain-

able fluids, collaborating to intensify the research and develop-

ment of ORC plants applied to solar thermal systems in the con-

text of electric generation. Its main contribution is a study of the 

potential of a solar power generation plant using the organic 

Rankine cycle in a city in the northeast region of Brazil, the city 
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of João Pessoa (never studied), through an energy and exergy 

analysis with different fluids and solar concentrators in a simple 

plant without storage, which can be applied by entrepreneurs in 

the region and reproduced by other researchers for mapping re-

sources in other regions. 

2. Method and materials  

Figure 1 shows a methodological routine flowchart of the study. 

The methodological procedures applied in the work were based 

on mathematical modelling and simulation of a traditional con-

ventional regenerative Rankine cycle scheme with the coupling 

of solar concentrators as a heat source. The input data are cycle 

parameters, concentrator characteristics, type of fluids and solar 

irradiance. With this data, an energetic and exergy analysis is 

made. The efficiency results are reported as a function of the 

evaporation temperature. 

2.1. Cycle studied  

Figure 2 shows the typical low-temperature organic Rankine cy-

cle configuration with solar concentrators in the heat supply 

function as the hot source for system operation. The processes 

in Fig. 2 are: 

 Process 12: The working fluid enters the pump as a sat-

urated liquid and leaves under pressure as a subcooled 

liquid. There is no heat transfer during the process. 

 Process 23: With the compression of the liquid per-

formed by the pump, the compressed fluid is slightly 

heated in the regenerator using the saturated vapour that 

leaves the turbine. 

 Process 34: Heat is supplied to the compressed liquid in 

the evaporator due to heat exchange with the fluid from 

the solar field. The temperature of the organic Rankine 

fluid increases at constant pressure, passing the fluid to 

a  superheated state. 

 Process 45: After the expansion of the fluid performed 

by the turbine, there is a decrease in the temperature and 

pressure properties until it enters the regenerator. 

 Process 56: Saturated vapour passes through the regen-

erator to heat the compressed fluid. 

 Process 61: Heat rejection in the condenser. The satu-

rated vapour becomes saturated liquid. 

 Process 78: Solar field fluid is pumped to the solar con-

centrator. 

 Process 89: Solar fluid is heated in a solar concentrator. 

 Process 97: Solar fluid supplying heat to organic fluid 

in the evaporator. 

This type of configuration is not only applicable to solar col-

lectors but also in other applications, such as in geothermal en-

ergy systems, due to its simplicity and low cost. 

The system was mathematically modelled in the software 

EES  Engineering Equation Solver. To develop the model, the 

mass and energy balance equations were adopted for control 

volumes in a steady state regime, with negligible kinetic and po-

tential energy variations and flow without a pressure drop. The 

equations and conditions adopted are described in the following 

sections. 

 

Fig. 1. Flowchart of methodology used in the research.  

 

Fig. 2. Organic Rankine cycle with solar concentrators. 
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2.2. The energy analysis of the cycle studied 

An energy analysis is performed for the studied cycle, through 

the equation of the first law of thermodynamics applied to all 

cycle components. The energy equations of the cycle compo-

nents are described as follows: 

Figure 3 shows the control volume in the turbine. In this 

equipment, work is produced, so the energy balance is described 

by 

 𝑊̇𝑇𝑢𝑟𝑏𝑖𝑛𝑒 = 𝑚̇(ℎ4 − ℎ5). (1) 

Through the isentropic efficiency of the turbine, it is possible to 

determine the real work between 4 and 5 and the enthalpy at the 

output, according to the following equation: 

 𝜂𝑇𝑢𝑟𝑏𝑖𝑛𝑒,𝑖𝑠𝑒𝑛 =
ℎ4−ℎ5

ℎ4−ℎ5𝑠
. (2) 

Figure 4 shows the control volume in the condenser. In this 

heat exchanger, the heat exchange between 6 and 1 is given by 

the following equation: 

 𝑄̇𝑐𝑜𝑛𝑑𝑒𝑛𝑠𝑒𝑟 = 𝑚̇(ℎ6 − ℎ1). (3) 

Figure 5 shows the volume control in the pump. The pump 

fluid is an incompressible fluid, i.e., 𝑣1 = 𝑣2, so the pump work 

between 1 and 2 is given by the following equations: 

 −𝑤𝑃𝑢𝑚𝑝 = ∫ 𝑣𝑑𝑃 ≅ 𝑣1(𝑃2 − 𝑃1) = ℎ2𝑠 − ℎ1, (4) 

 ℎ2𝑠 = ℎ1 + 𝑣1(𝑃2 − 𝑃1). (5) 

Through the isentropic efficiency of the pump, it is possible to 

determine the real work between 1 and 2 and the enthalpy at the 

output, according to the following equation: 

 𝜂𝑃𝑢𝑚𝑝,𝑖𝑠𝑒𝑛 =
ℎ2𝑠−ℎ1

ℎ2−ℎ1
. (6) 

Figure 6 shows the control volume in the regenerator. The 

heat transfer in the regenerator is calculated by the following 

equation: 

 𝑄̇𝑟𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 = 𝜀𝑚̇𝐶𝑝(𝑇5 − 𝑇2). (7) 

Figure 7 shows the control volume in the evaporator. The 

heat transfer in the evaporator is calculated by the following 

Eqs. (8)−(13):  

 𝑄̇𝑒𝑣𝑎𝑝𝑜𝑟𝑎𝑡𝑜𝑟 = 𝑚̇(ℎ4 − ℎ3), (8) 

 𝜂ORC =
𝑊̇𝑙𝑖𝑞

𝑄̇𝑒𝑣𝑎𝑝
= 1 −

𝑄̇𝑐𝑜𝑛𝑑𝑒𝑛𝑠𝑒𝑟

𝑄̇𝑒𝑣𝑎𝑝𝑜𝑟𝑎𝑡𝑜𝑟
, (9) 

 𝜂𝑡ℎ𝑒𝑟 = 𝜂ORC ∙ 𝜂𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 , (10) 

 𝐴𝑎 =
𝑄̇𝑒𝑣𝑎𝑝𝑜𝑟𝑎𝑡𝑜𝑟

DNI∙𝜂𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟
, (11) 

 𝜂𝑡ℎ𝑒𝑟 =
𝑊̇𝑙𝑖𝑞

DNI∙𝐴𝑎
. (12) 

Considering that there are no heat losses to the surroundings 

in the evaporator between the ORC and the solar collector circuit 

and taking into account the definition of the collector efficiency 

and the overall efficiency of the solar ORC in the configuration 

with heat transfer fluid, the thermal efficiency is given by 

 𝜂𝑡ℎ𝑒𝑟 =
𝑊̇𝑙𝑖𝑞

DNI∙𝐴𝑎
= 𝜂𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 [𝜂ORC +

∆ℎHTF,7→𝑖𝑛(8)(𝜂ORC−1)

∆ℎHTF,𝑖𝑛(8)→𝑜𝑢𝑡(9)
]. (13) 

 

 

Fig. 3. Turbine control volume. 

 

Fig. 4. Condenser control volume. 

 

Fig. 5. Pump control volume 

 

Fig. 6. Regenerator control volume. 

 

Fig. 7. Evaporator control volume. 
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2.3. The exergy analysis of the organic Rankine cycle 

Exergy is a thermodynamic property that defines the maximum 

theoretical work that can be obtained as the reference environ-

ment interacts to equilibrium with the system of interest. There-

fore, 𝑇𝑜 represents the dead-state temperature for exergy calcu-

lations, ℎ𝑜 and 𝑠𝑜 stand for the enthalpy and entropy of the op-

erating fluid in the dead-state conditions (at the pressure and 

temperature), respectively. Additionally, ℎ𝑖 and 𝑠𝑖 represent en-

thalpy and entropy for each point in the cycle. Using these vari-

ables, exergy 𝜓𝑖  is determined for each point in the cycle ac-

cording to the following equation: 

 𝜓𝑖 =  ℎ𝑖− ℎ𝑜 − 𝑇𝑜(𝑠𝑖−𝑠𝑜). (14) 

The second-law efficiency of various devices with steady-

state flow can be determined based on its general definition, 

which is the ratio of the recovered exergy to the supplied exergy. 

The second-law efficiencies of the turbine, condenser, evapora-

tor, and regenerator can be defined through Eqs. (15)−(18), re-

spectively:  

 𝜂𝐼𝐼,𝑇𝑢𝑟𝑏𝑖𝑛𝑒 =
𝑊̇𝑙𝑖𝑞

(𝜓4−𝜓5)
, (15) 

 𝜂𝐼𝐼,𝐶𝑜𝑛𝑑𝑒𝑛𝑠𝑒𝑟 = 1 − [
𝑇𝑜(𝑠6−𝑠1)+ 

𝑄̇𝑐𝑜𝑛𝑑𝑒𝑛𝑠𝑒𝑟
𝑇𝑐𝑜𝑛

 

𝑚̇(𝜓6−𝜓1)
], (16) 

 𝜂𝐼𝐼,𝐸𝑣𝑎𝑝𝑜𝑟𝑎𝑡𝑜𝑟 =
𝑚̇𝑓𝑙𝑢𝑖𝑑(𝜓4−𝜓3)

𝑚̇HTF(𝜓9−𝜓7)
, (17) 

 𝜂𝐼𝐼,𝑅𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 =
𝑚̇𝑓𝑙𝑢𝑖𝑑(𝜓3−𝜓2)

𝑚̇HTF(𝜓5−𝜓6)
. (18) 

The exergetic efficiency, or the second law of a coupled sys-

tem, can help reduce irreversibility in the system and increase 

the efficiency of thermal processes. The increased efficiency, in 

turn, reduces the energy required by the systems, given that the 

expression for the exergetic efficiency can be defined by (Hep-

basli [18]) 

 𝜂𝐼𝐼,𝐶𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 =
𝑚̇HTF(𝜓9−𝜓8)

Ex𝑟𝑎𝑑
. (19) 

The exergy of solar radiation was calculated using the Petela 

equation presented in Eq. (20) (Hepbasli [18]): 

 Ex𝑟𝑎𝑑 = 𝐴𝑎 ∙ DNI ∙ [1 +
1

3
(

𝑇𝑜

𝑇𝑠𝑢𝑛
)

4

−
4

3

𝑇𝑜

𝑇𝑠𝑢𝑛
]. (20) 

The term within parentheses has a value of 0.934 for the surface 

temperature of the sun at 6000 K and an ambient temperature of 

298 K. 

2.4. Refrigerant fluid selection 

Due to the huge variety of working fluids available for use in 

organic Rankine cycles, it was necessary to carry out the selec-

tion of representative fluids for computer simulation. The crite-

ria for the selection were: 

 Critical temperature higher than the minimum study tem-

perature; 

 Dry fluids, i.e. θ < 87° (θ is the angle of inclination of the 

tangent line to the saturated vapour curve (dT/ds), humid 

θ > 93°; isentropic fluids θ ≅ 90°, evaluated at the satu-

ration temperature for 80% of the critical pressure); 

 Give preference to hydrocarbons, as they have a simpler 

molecular structure and lower cost;  

 Search for fluids of distinct thermodynamic properties to 

enrich comparisons; 

 Toxicity category A by the American Society of Heating, 

Refrigerating and Air-Conditioning Engineers 

(ASHRAE). 

 Fluids used in the literature, to verify their efficiency, 

since they have already been selected for this purpose in 

other studies. 

Applying the criteria described above, a shortlist of 8 poten-

tial fluids was arrived at for study: toluene, isobutane, isopen-

tane, R227ea, R113, R114, R245fa, R600. 

2.5. Solar collectors 

Table 1 shows collectors for heating water or producing energy 

and their operating temperature range (Nafey and Sharaf [19]).  

Given various types of solar collectors, three types of collec-

tors are most studied: flat plate collector (FPC), parabolic trough 

collector (PTC) and compound parabolic collector (CPC). Lin-

ear Fresnel reflectors and solar towers have the characteristic of 

having their performance determined by the geometry of the so-

lar field and the arrangement of the individual mirrors, and there 

is no efficiency equation independent of the geometric configu-

ration. The efficiency equations for parabolic, evacuated tube, 

flat plate and compound parabolic collectors are easier to find in 

the literature. 

Among the collectors with an experimentally determined ef-

ficiency curve, only the parabolic trough and compound para-

bolic trough collectors are widely used for power production. 

These choices are related to the temperature range linked to the 

efficiency of these two collectors for concentration systems, 

since they are the main collectors used in this type of application 

(Kalougirou [20]). For this reason, these two classes of collec-

tors were simulated, according to Eq. (21) and Table 2: 

     𝜂𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 = 

            𝜂0 − 𝑎1(𝑇̅𝑓 − 𝑇𝑎𝑚𝑏) −
𝑎2(𝑇̅𝑓−𝑇𝑎𝑚𝑏)

DNI
−

𝑎3(𝑇̅𝑓−𝑇𝑎𝑚𝑏)
2

DNI
. (21) 

Table 1. Solar collectors and operating temperature range.  

Type of Collector Operating Range (°C) 

Flat plate collector 80−100 

Evacuated tube collector 80−160 

Compound parabolic collector 120−170 

Parabolic trough collector 170−300 

 

Table 2. Parameters of solar collectors.  

Type Collector η0 a1 a2 a3 

PTC EuroTrough 0.750 0.039 0.0003 0.000045 

CPC 
CPC Aosol 

1.12X² 
0.736 4.610 0.0000 0.000000 
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This collector efficiency is related to the efficiency of zero 

loss (𝜂0), heat loss coefficients with temperature (𝑎1, 𝑎2, 𝑎3), 

and finally, the technical parameters of irradiance on the collec-

tor (DNI) and the average temperatures of the fluid flowing in-

side the collector (𝑇𝑓̅) and the surroundings (𝑇𝑎𝑚𝑏). 

2.5. Validation 

To ensure the accuracy of the thermodynamic model developed 

within the scope of this study and the reliability of the obtained 

results, this model must be validated by studies in the literature. 

In order to verify the developed model, the organic Rankine cy-

cle was simulated in a manner analogous to the work of Del-

gado-Torres and García-Rodríguez [5] comparing collector effi-

ciency parameters, ORC efficiency and overall efficiency (ther-

modynamic and solar cycle). The calculated parameters inclu-

ded the heat supplied by the system, i.e. by the solar concentra-

tors, the rejected heat, as well as the work of the pumps and tur-

bines, which were already considered in a situation close to re-

ality, without assuming compression and expansion as isen-

tropic. 

Table 3 reports the results found by the thermodynamic sim-

ulation of the organic Rankine cycle in comparison with the re-

sults of Delgado-Torres and García-Rodríguez [5]. With the 

consolidated program in EES, different configurations were in-

vestigated for the solar ORC cycle. Table 3 shows the parame-

ters considered in the simulation. 

For the simulated cycle, the Terminol-VP1 fluid was chosen 

due to its suitability for use in solar concentrating systems. It 

was also verified that it meets the desired temperature require-

ment, remaining non-flammable within the temperature and 

pressure range used in the simulation proposed by this study. 

Furthermore, to gather information regarding the average fluid 

temperature in the collector (𝑇𝑓̅), temperatures of 300°C were 

assumed for the parabolic trough collector, 170°C for the com-

pound parabolic collector, and 100°C for the flat plate solar col-

lector, in a non-concentrated configuration, to obtain results 

with a high level of reliability for this temperature range applied 

to both collectors [20]. The pumping power of the heat transfer 

fluid was neglected. 

The System Advisor Model (SAM) software was used to 

study the direct normal irradiation of the location of CEAR – 

Center for Alternative and Renewable Energy. The representa-

tive average days of each month were chosen according to those 

recommended by Klein [21]. The average values for direct solar 

radiation corresponding to each representative day, according to 

data from the year 2020, can be seen in Fig. 8, showing the av-

erage direct normal irradiance (DNI) for each month of the year 

over a one-day period. This analysis is important for developing 

the calculations set out above. The normal direct irradiance of 

João Pessoa for each typical day chosen shows variations 

throughout the 24 hours analysed depending on meteorological 

factors, such as cloudiness and rain. The hottest months in João 

Pessoa are from November to March. However, the graph for 

2020 showed atypical behaviour for December and February. 

June is the coldest month.  

3. Results and discussion 

3.1. Validation of the ORC with benchmark 

Table 4 presents the verified efficiency results of the organic 

Rankine cycle and the global efficiency of the solar cycle for 

different collectors and fluids. The calculated results of the pre-

sent study are quite satisfactory and show good agreement with 

the reference work by Delgado-Torres and García-Rodríguez [5] 

used for validation, with percentage errors of less than 5%. 

3.2. Cycle with parabolic trough collector  

Figure 9 shows the energetic and exergetic efficiency of the or-

ganic Rankine cycle for the parabolic trough collector (PTC) 

collector. This collector presented a greater range of use of or-

ganic fluids for the solar organic Rankine cycle, as it obtained 

the best overall system efficiency, in addition to the smaller 

opening areas required for installation. This is justified by the 

fact that the average operating temperature range is greater 

than that of other collectors, which makes it possible to obtain 

greater applicability for different fluids. 

Table 3. Input parameters for the proposed simulation. 

Fluids of the Organic Rankine Cycle 

Isobutane; Isopen-

tane; Toluene; 

R245fa 

Isentropic efficiency of the turbine (𝜼𝒕) 0.75 

Isentropic efficiency of the pump (𝜼𝒃) 0.80 

Effectiveness of the regenerator (ε) 0.80 

Evaporation pressure 500−2500 kPa 

Working fluid in the collector Terminol-VP1 

Ambient temperature (𝑻𝒂𝒎𝒃) 25°C 

Condensation temperature (𝑻𝒄𝒐𝒏𝒅) 25°C; 

Average irradiance on the collector (DNI) 1000 W/m² 

Net power generated 1 kW 

Solar collectors used FPC; PTC; CPC 

 

 
Fig. 8. Average DNI for each month of the year. 
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As shown in Fig. 9, the toluene fluid, which is a dry fluid, 

presents the highest efficiencies with the variation of evapora-

tion pressure. This is related to the fluid saturation curve, in 

which the toluene saturation temperature is greater than that of 

other fluids analysed for the same simulated evaporation pres-

sure. As can be seen, the cycle using toluene fluid at a pressure 

of 2500 kPa achieves 21.62% thermal efficiency and 23.61% 

exergy efficiency. 

Figure 10 shows the variation in the mass flow in relation to 

the evaporation pressure. It can be noted that there is an in-

versely proportional relationship between these two variables, in 

which the circulating flow of fluid in the system decreases as the 

pressure increases. Toluene and isopentane were the fluids that 

presented the lowest mass flow values within the pressure range 

chosen for the simulation, in which the mass flow values did not 

exhibit significant variations. Furthermore, at higher pressures, 

the mass flow values did not vary significantly, remaining al-

most constant. Mass flow rates are directly related to the system 

size and required pumping power. 

Figure 11 shows the variation in the opening area in relation 

to the evaporation pressure. The opening area decreases with the 

increasing evaporation pressure. R227ea fluid at 50 kPa pressure 

requires 117.8 m2 and at 250 kPa pressure requires 8.3 m2. Fur-

thermore, a relationship can be seen in which not necessarily in-

creasing the collector area will increase the cycle efficiency. In 

general, among the fluids analysed, the area values did not show 

sudden changes beyond a pressure of 1500 kPa. Toluene, R113 

and isopentane fluids require smaller areas to install a solar plant 

of this model.  

Figure 12 presents the exergy efficiency analysis of the tur-

bine as a function of the evaporation pressure. For different fluid 

flow rates, the change in turbine exergy destruction depends on 

the evaporator pressure. If R227ea is chosen as the refrigerant, 

the exergy efficiency of the turbine is maximum, and the exergy 

efficiency increases from 84.27% to 85.18%. However, if tolu-

ene is used, the exergy efficiency increases from 80.71% to 

82.45%. 

Figure 13 shows the exergy efficiency of the condenser as 

a function of the evaporation pressure. When R227ea is used as  

Table 4. Validation of the results of the present study with the reference work. 

Cycle Parameters Organic Rankine Cycle Efficiency Solar Power Cycle Efficiency 

Collector Fluid Pcond (kPa) Pevap (kPa) T2 (°C) 
ηORC (%) 

Reference 

ηORC (%) 
Present 
Study 

Error 
(%) 

η (%) 

Reference 

η (%) 
Present 
Study 

Error 
(%) 

Aosol 1.12 X 
(CPC) 

Isobutane 404.7 1400 95 9.95 9.86 0.90 3.91 3.98 1.79 

Isopentane 109.2 491.6 95 10.49 10.51 0.19 4.03 4.11 1.99 

R245fa 177.8 829.6 95 10.14 10.15 0.10 3.97 4.04 1.76 

VITOSOL 
200F (FPC) 

Isobutane 404.7 1371 95 9.85 9.96 1.12 4.32 4.40 1.85 

Isopentane 109.2 491.6 95 10.49 10.51 0.19 4.45 4.54 2.02 

R245fa 177.8 829.6 95 10.14 10.15 0.10 4.39 4.47 1.82 

VITOSOL 300 
(Evacuated) 

Isobutane 404.7 2395 145 14.94 14.41 3.55 8.11 7.96 1.85 

Isopentane 109.2 1288 145 16.40 16.48 0.49 8.51 8.78 3.17 

R245fa 177.8 2087 145 15.46 15.48 0.13 8.26 8.44 2.18 

 

 

Fig. 10. Mass flow rate as a function of evaporation pressure  

for the PTC collector. 

 

Fig. 9. Exergy and energy efficiency as a function  

of evaporation pressure for the PTC collector. 
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a refrigerant, depending on the evaporator pressure, the maxi-

mum variation in the exergy efficiency of the condenser is ap-

proximately 50.27%, ranging from 48.14% to 96.81%. How-

ever, if toluene is preferred, the variation in the condenser ex-

ergy efficiency is minimal and approximately 0.08%, ranging 

from 99.4% to 99.48%. For the different refrigerants, the 

changes in the regenerator exergy efficiency are shown in 

Fig. 14. When R227ea is used, the change in the exergy effi-

ciency of the heat exchanger is maximum depending on the 

evaporator pressure, ranging from 25.44% to 52.85%. However, 

if toluene is chosen as the refrigerant, the change in the exergy 

efficiency of the heat exchanger is minimal at 1.18%. 

Figure 15 shows the exergy efficiency of the evaporator as 

a function of the evaporation pressure. When R227 and R114 

are used as refrigerants, the evaporator exergy efficiency is max-

imum and reaches up to 30% depending on the evaporator pres-

sure. 

 

 

Fig. 15. Evaporator exergy efficiency as a function  

of evaporation pressure.  

 

Fig. 11. PTC collector aperture area as a function  

of evaporation pressure.  

 

Fig. 12. Turbine exergy efficiency as a function  

of evaporation pressure. 

 

Fig. 14. Regenerator exergy efficiency as a function  

of evaporation pressure. 

 

Fig. 13. Condenser exergy efficiency as a function  

of evaporation pressure. 
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3.3. Cycle with compound parabolic collector  

Figures 16 and 17 show the resulting performance parameters 

and the variation in the mass flow for the compound parabolic 

collector (CPC) as a function of the evaporation pressure, re-

spectively. For application in CPCs, the thermodynamic analy-

sis showed an unfeasibility entropy generation for the toluene 

fluid within the recommended temperature operating range of 

the solar concentrator, a factor consistent with works found in 

current literature, in which there is the possibility of using iso-

butane and R245fa in these lower temperature ranges, in which 

they are common in geothermal applications [13]. As can be 

seen, using CPC collector in the cycle depending on the fluid 

only achieves 1.83% thermal efficiency and 2.02% exergy effi-

ciency. 

The efficiencies of the plant with the CPC concentrator for 

all fluids used in the simulation are very low. In addition, the 

areas calculated with these fluids (Fig. 18) make applications 

related to power plants with solar energy unfeasible from a prac-

tical point of view. It can be highlighted that for R600, the pres-

ence of a  minimum area of 60 m² with low flow provides a max-

imum efficiency of 1.8% for this working fluid, and this should 

be the operating point selected in the case of using this working 

fluid coupled to CPC. Therefore, it is recommended to use an-

other type of collector with higher temperatures, such as PTC, 

as it makes more sense to obtain greater efficiency and a smaller 

opening area. 

3.4. Case study (João Pessoa, Brazil) 

The effect of solar radiation and ambient temperature on the sys-

tem performance in a city is evaluated in this section. The city 

of João Pessoa, in eastern Brazil, has impressive solar potential 

due to the abundance of solar radiation throughout the year. 

Therefore, it was chosen as an option for implementing the stud-

ied system. 

Figures 19 and 20 demonstrate how solar irradiation and am-

bient temperature affect exergy and thermal efficiency, respec-

 

Fig. 19. System exergy efficiency with PTC collector for the year 

2020 in the city of João Pessoa, Brazil.  

 

Fig. 18. CPC collector aperture area as a function  

of evaporation pressure.  

 

Fig. 16. Exergy and energy efficiency as a function  

of evaporation pressure for the CPC collector. 

 

Fig. 17. Mass flow rate as a function of evaporation pressure  

for the CPC collector. 
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tively. According to Fig. 19, the greatest exergy efficiency oc-

curs in the months of January (21.37%), March (21.26%) and 

November (21.35%) − the hottest months of the year, when the 

sun shines intensely. Based on Fig. 8, the greater the solar irra-

diation, the greater the exergy and thermal efficiency. Unlike 

solar intensity, which positively affects exergy efficiency, an in-

crease of the ambient temperature decreases exergy and thermal 

efficiency. Therefore, its lowest value occurs in June. Decem-

ber's results are atypical for the year 2020. 

4. Conclusions  

In this study, cycle energy and exergy analyses based on the 

evaporator pressure change were performed for a power gener-

ation plant using solar energy with different refrigerants. It can 

be concluded that: 

 With the adequate selection of the refrigerant, collector, 

and evaporation pressure, the first and second law efficien-

cies of the cycle improve up to 41% and 44%, respectively. 

 The best use of incident solar radiation occurred with the 

fluid toluene among the refrigerants used, due to the high 

thermal and exergy efficiency of the cycle, and presented 

the smallest opening area (4.6 m2) required per unit kW, 

indicating that its adoption would result in a more compact 

solar field, while R227ea presented the lower thermal and 

exergy performance than other refrigerants. 

 The parabolic trough collector achieved the best results 

from the point of view of energy (21.62%) and exergy 

(23.62%) efficiency, due to obtaining high temperatures, 

which resulted in the optimum concentration efficiency. 

 The thermodynamic analysis of the compound parabolic 

collector showed an unfeasible entropy generation in the 

heat exchangers for isopentane and toluene, indicating the 

impossibility of using these working fluids within the se-

lected pressure range at the maximum temperatures 

reached by this type of collector. The use of a compound 

parabolic collector in the cycle depending on the fluid 

achieves only 1.83% thermal efficiency and 2.02% exergy 

efficiency. 

 Depending on the refrigerant and evaporator pressure, the 

exergy efficiency of the turbine reaches 86.22%, while that 

of the evaporator reaches 76.6%. 

 For the city of João Pessoa, the highest exergy efficiency 

occurs in the months of January (21.37%) and November 

(21.35%), the hottest months of the year, when the sun 

shines brightly, and the lowest exergy efficiency occurs in 

the month of June (19.41%). 

Finally, this study on the organic Rankine cycle with solar 

concentrators can assist research and development projects in 

the dissemination and maturation of the topic in the national ter-

ritory, being another option to be analysed from an economic 

and environmental point of view for its more significant inser-

tion in the Brazilian electrical matrix. 
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1. Introduction 

In the face of the escalating contradiction between energy sup-

ply and demand, the development of energy-saving products has 

become a current focus, and building energy efficiency is also 

an essential content [1]. With building energy consumption in-

tensifying, waste reuse and energy-saving materials have been 

increasingly widely studied [2]. Foamed ceramics are environ-

mentally friendly materials. Compared with ordinary ceramics, 

foamed ceramics perform better in heat preservation, insulation, 

sound insulation, and other aspects due to the formation of 

a large number of bubbles in the firing process [3]. Moreover, 

foamed ceramics have the characteristics of lightweight and 

high-strength. It can be used not only as an excellent filtration 

or carrier material [4] but also for artificial bone repair or drug-

loaded materials [5]. In construction engineering, foamed ce-

ramics, as a new building material, have also been extensively 

used for thermal insulation of external walls [6], reducing con-

struction loads while achieving good effects. Due to the excel-

lent performance of foamed ceramics, the preparation process 

and properties have also received more and more attention from 

researchers [7]. Sandoval et al. [8] prepared porous ceramics by 

using mullite as raw material and the direct foaming method 

(1,600 °C, two hours). They conducted an analysis of the micro-

structure in order to comprehend the impact of bovine serum al-

bumin as a foaming and binding agent. Alias et al. [9] utilized 

treated desulfurization sludge to generate porous ceramics 

through foaming. They analyzed the porosity and mechanical  
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Nomenclature 

𝐿 – mass loss rate 

𝑚 – mass, kg  

𝑚1 – mass of the sample, kg 

𝑚2 – mass of the sample after immersing in water and drying, kg 

𝑚3 – mass of the dry sample, kg 

𝑚4 – mass of the sample after cooling, kg 

𝑃 – failure load, MN  

𝑆 – area of pressure surface, m2 

𝑉 – volume, m3 

𝑤𝑎 – mass water absorption rate 

 

Greek symbols 

ρ – density, kg/m3  

σ – compressive strength, MPa

strength of the samples and found that the increased porosity 

significantly reduced the flexural strength of the samples after 

sintering at 1,200°C for three hours. Hu et al. [10] prepared po-

rous ceramics using Al2O3-SiO2, TiO2 and silicon carbide (SiC) 

with low density and high porosity. Jia et al. [11] studied the 

properties of porous ceramics prepared by the freeze-gelation 

method. They discovered that the samples had relatively high 

mechanical strength and good adiabatic properties. According to 

the current practical requirements of foamed ceramics in build-

ing material applications, there is a higher demand for its various 

properties. Moreover, deeper research on energy-saving proper-

ties of building materials is also needed to face further develop-

ment of green buildings. Currently, many materials have been 

applied to prepare foamed ceramics. This article conducted an 

in-depth study on the sintering preparation process of foamed 

ceramics using potassium feldspar tailings as raw material. The 

ceramic properties under different sintering preparation pro-

cesses were analysed using the single-factor variable method. 

This paper contributes to further optimizing the preparation of 

foamed ceramics, improving their performance and achieving 

better application in the construction materials market. 

2. Materials and methods 

2.1. Experimental subjects 

Produced by firing natural ores, ceramics are characterized by 

high hardness, low density, and corrosion resistance, and have 

extensive applications in daily life, art, culture and the construc-

tion industry [12]. With the progress of technology and evolving 

demands, there has been an increasing focus on researching var-

ious new types of ceramics [13]. 

Adding SiC foaming agent to cores can produce foamed (po-

rous) ceramics, a novel functional material. Compared to regular 

ceramics, foamed ceramics exhibit significantly enhanced prop-

erties and further broaden their range of applications. 

Foamed ceramics are light as abundant pores are generated 

during sintering. Moreover, their stable skeleton structure pro-

vides excellent strength, making them highly suitable for appli-

cations in the construction industry. The presence of pores al-

lows for adequate heat and sound insulation, making them ex-

cellent thermal and acoustic insulating materials. Moreover, the 

high porosity enables reliable filtration and adsorption capabili-

ties [14]. Additionally, foamed ceramics exhibit exceptional re-

sistance to corrosion from acids and alkalis, providing a distinct 

advantage in scenarios like wastewater filtration and high-tem-

perature dust removal [15]. 

The study of the preparation process for foamed ceramics 

holds significant practical value due to their excellent perfor-

mance and diverse application scenarios. It enables better con-

trol over product performance and ensures alignment with mar-

ket demand. 

2.2. Experimental materials 

The following materials are considered: 

(1)  Potassium feldspar tailings: They are produced by a min-

ing company in Henan Province. Their chemical compo-

sition contains a large amount of SiO2 and Al2O3, making 

them suitable for ceramic preparation. Their main com-

ponents are shown in Table 1. 

(2)  Silicon carbide (SiC) foaming agent: It is prepared by Si-

nopharm Group Chemical Reagent Co., Ltd., and is 

chemically pure. In a high-temperature environment, SiC 

can react with oxygen [16] to produce bubbles, and the 

reaction equations of this process are: 

 SiC + O2 → SiO2 + CO ↑,   

 SiC + O2 → SiO2 + CO2 ↑.   

2.3. Experimental equipment 

The main equipment used in the experiment is listed in Table 2. 

2.4. Ceramic preparation process 

The preparation process of ceramics is shown in Fig. 1. Based 

on Fig. 1, the preparation steps are outlined as follows: 

(1) Potassium feldspar was ball-milled with the SiC foaming 

agent; 

(2) A suitable amount of water was added to moisten the 

mixture, and then it was screened using a 100-mesh sieve; 

(3) The mixture was pressed into a mould and pressed to 

form the desired shape; 

(4) The moulded sample was dried in an oven for 12 hours; 

(5) The ceramic embryo was sintered and foamed in a cham-

ber furnace. 

The sample was heated at a rate of 15°C/min to 300°C, kept 

at 300°C for 50 min, and heated again at a rate of 15°C/min until 

reaching the sintering temperature. After being held at this tem-

Table 1. Main chemical composition of potassium feldspar.  

 Chemical composition, wt% 

SiO2 46.87 

Al2O3 10.93 

K2O   9.46 

Fe2O3   1.42 

Na2O   1.36 
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perature for a certain period of time, it was cooled down to room 

temperature to obtain the experimental sample. 

This study investigated three parameters, namely SiC con-

tent, sintering temperature and holding time for sample prepara-

tion using a single-factor variable method [17]. The interpreta-

tion of these factors is shown below. 

(1)  SiC content: SiC content impacts the gas generation 

within the ceramic embryo, subsequently influencing the 

formation of porosity. 

(2)  Sintering temperature [18]: The sintering temperature af-

fects the reaction of the foaming agent during the sinter-

ing process, thereby affecting the internal structure and 

properties of the sample. 

(3)  Heat preservation time: The sample may only foam ade-

quately if the heat preservation time is short, resulting in 

small pores and high bulk density. Conversely, an exces-

sively long heat preservation time can lead to continued 

growth of pores, resulting in thinner pore walls and re-

duced compressive strength. Therefore, selecting an ap-

propriate heat preservation time is essential. 

2.5. Performance testing 

The following parameters were investigated: 

(1)  Bulk density: The sample was dried in an oven until no 

further change in mass; its mass was called 𝑚, and its 

bulk density was calculated:  

 𝜌 =
𝑚

𝑉
, (1) 

 where V is volume. 

(2)  Water absorption rate: The sample was weighed using  

a static water mechanics balance, and its mass of the sam-

ple was denoted as 𝑚1. The sample was immersed in wa-

ter until saturated and then dried, and its mass was de-

noted as 𝑚2. The water absorption rate was calculated: 

 𝑤𝑎 =
𝑚2−𝑚1

𝑚1
× 100%.  (2) 

(3)  Compressive strength: Using a microcomputer-con-

trolled pressure testing machine, the sample was cut into 

standard blocks. The area of pressure surface (𝑆) is cal-

culated. A pressure test was conducted. If the failure load 

was 𝑃, the compressive strength was 

 𝜎 =
𝑃

𝑆
.  (3) 

(4)  Thermal conductivity coefficient: it was determined us-

ing a TCi thermal conductivity meter. 

(5)  Acid resistance: The dry sample with a mass of 𝑚5 was 

added with 20% sulfuric acid, boiled for one hour, 

washed and burned in a crucible at 700 °C until constant 

weight. After cooling at room temperature, its mass was 

weighed and denoted as 𝑚4. The mass loss rate is calcu-

lated: 

 𝐿 =
𝑚3−𝑚4

𝑚3
× 100%.  (4) 

3. Results and analysis 

The properties of the sample mixed with different SiC contents 

are presented in Table 3. 

It can be observed that an increase in SiC content resulted in 

a higher number of internal pores within the samples, leading to 

a decrease in bulk density and a significant increase in water ab-

sorption rate. Specifically, the water absorption rate of the 

1.5 wt% SiC sample showed a 22.92% increase compared to the 

0.5 wt% SiC sample. The increased SiC content contributed to 

Table 2. Experimental equipment. 

Equipment 
Model 

number 
Factory 

Electronic balance HZF-A200 
Shanghai Shuangxu 
Electronics Co., Ltd. 

Planetary ball mill YXQM 
Guangzhou Gurui 
Technology Co., Ltd. 

Standard test sieve 100 mesh 
Xinxiang Tongxin Ma-
chinery Co., Ltd. 

Microcomputer con-
trol pressure tester 

YAW-300 
Xian County Rushi 
Technology Co., Ltd. 

Vacuum drying oven DZ-1BCIV 
Tianjin Taisite Instru-
ment Co., Ltd. 

Chamber furnace SX-G 
Tianjin Zhonghuan 
Electric Furnace Co., 
Ltd. 

Static water mechan-
ics balance 

JY5001 
Hebei Ningke Instru-
ment Co., Ltd. 

Crucible 
TC5645-

30 
Jinan Zhongbote Spe-
cial Ceramics Co., Ltd. 

Constant water bath 
pan 

HH-2S 
Shanghai Jingxin In-
dustrial Development 
Co., Ltd. 

TCi thermal conduc-
tivity analyzer 

C-THERM 
Shanghai RaocheLab 
Technology Develop-
ment  Co., Ltd. 

 

 

Fig. 1. Flow chart of the ceramic preparation process. 

Table 3. Effect of SiC content on properties. 

 0.5 wt% 1.0 wt% 1.5 wt% 

Bulk density, g/cm3 0.51 0.43 0.35 

Water absorption rate, % 7.11 18.02 30.03 

Compressive strength, MPa 7.23 5.35 2.12 

Thermal conductivity coeffi-
cient, W/(m·K) 

0.07 0.06 0.05 

Acid-resistance mass loss 
rate, % 

0.92 1.12 3.16 
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a rise in the number of internal pores, which subsequently re-

duced the compressive strength and thermal conductivity of the 

samples. The compressive strength decreased from 7.23 MPa to 

2.12 MPa, while the thermal conductivity decreased from 

0.07 W/(m·K) to 0.05 W/(m·K). With the increase of pores, the 

contact area between the sample and acid increased, leading to 

decreased acid resistance. It can be concluded that the changes 

in water absorption rate, compressive strength, and mass loss 

were significant when increasing SiC content from 1.0 wt% to 

1.5 wt%. Therefore, opting for a SiC content of 1.0 wt% was 

more suitable. 

The properties of the samples mixed with 1.0 wt% SiC under 

a heat preservation time of 30 minutes at different sintering tem-

peratures are presented in Table 4. 

It can be observed that as the sintering temperature increased, 

the reaction of SiC became more intense, resulting in the for-

mation of a more significant number of expansion pores in the 

embryo. However, as the sintering temperature continued to rise, 

there was a possibility of pore rupture and penetration, leading 

to an increase in the water absorption rate. Specifically, the wa-

ter absorption rate increased by 9.61% from 1,200°C to 1,250°C 

and by 35.49% from 1,250°C to 1,300°C. These findings indi-

cated that the sample contained more pores at higher sintering 

temperatures. Additionally, in the presence of multiple pores, 

the sample became more susceptible to cracking under pressure, 

decreasing compressive strength. The sample's compressive 

strength at 1,300°C was only 20.63% of that at 1,250°C. Simi-

larly, the mass loss rate exhibited a significant increase, from 

1.21% at 1,250°C to 4.37% at 1,300°C. While the sample 

demonstrated the lowest thermal conductivity coefficient at 

1,300°C, their compressive strength and water absorption rate 

were poor. Therefore, a sintering temperature of 1,250°C was 

preferred. 

Table 5 shows the properties of the samples under different 

heat preservation durations when the SiC content and sintering 

temperature were fixed at 1.0 wt% and 1,250°C.  

According to Table 5, it can be observed that as the heat 

preservation time was extended, the bulk density of the sample 

decreased, and the water absorption rate increased. This was be-

cause a longer heat preservation time allowed for more complete 

foaming of the sample, resulting in a decrease in density, an in-

crease in water absorption rate, and a decrease in compressive 

strength. For instance, at a heat preservation time of 60 minutes, 

the compressive strength was only 1.03 MPa, indicating a sig-

nificant decrease of 78.32% compared to the 30-minute heat 

preservation time. The thermal conductivity coefficient in-

creased when extending the heat preservation time from 

50  minutes to 60 minutes, reaching 0.06 W/(m·K). This could 

be attributed to the appearance of more penetrating holes within 

the sample, enhancing gas convection and subsequently increas-

ing the thermal conductivity coefficient. In addition, the mass 

loss rate in the acid resistance test also increased due to the in-

crease of pores, rising from 1.21% at 30 minutes to 3.547% at 

60 minutes. Thus, a heat preservation time of 30 minutes was 

more suitable. 

4. Conclusions 

This study investigated the foamed ceramics prepared by sinter-

ing with SiC foaming agent to achieve better application of ce-

ramic materials in practical construction projects. The results 

showed that increasing the amount of SiC led to more pores, 

higher water absorption rate, and lower compressive strength. 

An appropriate SiC content was found to be 1.0 wt%. Improving 

the sintering temperature resulted in a more complete reaction 

of the foaming agent, more pores, lower compressive strength 

and higher mass loss. An appropriate sintering temperature was 

determined to be 1,250°C. Extending the heat preservation time 

generated more internal pores in the samples, and the optimal 

time was 30 minutes. 

A sample sintered using 1.0 wt% SiC at 1,250°C and insu-

lated for 30 minutes exhibits good performance with a compres-

sive strength of 4.75 MPa and a thermal conductivity coefficient 

of 0.06 W/(m·K), making it suitable for practical applications. 

However, this study also has some limitations. For instance, it 

only investigated the influence of sintering preparation pro-

cesses on performance and lacked analysis of sample phase tran-

sitions and pore structures. In future work, a comparison will be 

made among more preparation methods, and the performance of 

the samples will be further analyzed. 
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1. Introduction 

Flows encountered in machines and industry can be frequently 

classified as steady-state. These flows can be simulated using 

three-dimensional (3D) models of unsteady flow. Consequently, 

it may appear that current Computational Fluid Dynamics 

(CFD) methods adequately address the needs of designers, en-

gineers and researchers. However, in practice, such methods are 

rarely employed at the initial stages of the flow analysis or de-

scription. This is mainly due to the extensive computational time 

required for CFD simulations with today’s available computing 

speed. The simulations are even more challenging when the 

fluid velocity magnitude passes through the value of the local 

sound speed [1]. Moreover, certain characteristics of the flow 

can only be evaluated through an analysis of the time-independ-

ent version of the model [2]. As a result, fast one-dimensional 

(1D) transonic steady-state approaches remain essential.  

This article, therefore, reintroduces a fast general method of 

transonic trajectory determination (TTD) that is competitive 

with conventional time-consuming approaches (such as the 

Newton Critical Point [3] or asymptotical convergence of time-

dependent solutions [4]). The method has been developed by the
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Nomenclature 

A ‒ cross-section area of the flow channel, m2 

𝐀 ‒ main matrix of the governing equation system 

b ‒ vector of the source terms 

𝐶 – perimeter of the flow channel, m 

𝑐𝑝 – specific heat at constant pressure, J/(kg K) 

ℎ – specific enthalpy, J/kg 

l – dummy parameter 

M ‒ mass flow rate, kg/s 

n ‒ size of the velocity-state vector 

p ‒ absolute static pressure, MPa 

𝑞 ‒ heat flux, J/(s m2) 

r ‒ channel radius, m 

s ‒ specific entropy, J/(kg K)  

t ‒ static temperature, oC 

T – absolute static temperature, K 

v – specific volume, m3/kg 

V – vector tangent to the trajectory 

𝑤 – velocity, m/s 

𝑥 – saturated vapour mass fraction 

𝑦 – saturation index 

z – spatial coordinate, m 

 

Greek symbols 

α – void fraction 

ρ – mass density, kg/m3 

𝝈 – velocity-state vector 

𝜏  – shear stress, Pa 

Ω – phase space 

 

Subscripts and Superscripts 

0 – intersection point of the subcooled liquid expansion curve with 

          the saturated liquid line 

B – flow channel inlet 

c – critical 

calc– calculated 

exp – experimental 

IN – nozzle inlet 

onset– nucleation onset 

sat – saturation 

T – throat 

w – wall 

 

Abbreviations and Acronyms 

CFD – computational fluid dynamics 

DEM – delayed equilibrium model 

HEM – homogeneous equilibrium model 

HRM – homogenous relaxation model 

IF – impossible flow 

NCP – Newton critical point 

PF – possible flow 

PIF – possible-impossible flow 

SMD LN – Super Moby Dick Long Nozzle experiment 

TTD – transonic trajectory Determination 

WAHA – wavefront algorithm for high-speed aerodynamics 

author in a previous paper [5] but appears to be underappreciated 

and underutilized. This could be since in its original presentation 

[5] only the mathematical proof of its validity was given. Hence, 

this paper provides a more practical demonstration of the 

method’s correctness. Namely, a confrontation of results ob-

tained by application of the mentioned method with results ob-

tained from the well-known Wavefront Algorithm for High-

speed Aerodynamics (WAHA) code [6], utilizing the Delayed 

Equilibrium Model (DEM). To verify the method, selected flow 

cases of the Moby Dick experiment [7] were simulated and an-

alysed.  

The DEM was chosen because it is sufficiently complex in 

some mathematical aspects (the 5-component velocity-state vec-

tor) allowing for a demonstration of the method’s universality. 

Moreover, previous studies have shown that it aligns closely 

with the subsonic results of the Moby Dick experiment, with ex-

cellent predictivity of the critical mass flow rate [8]. Nonethe-

less, any other two-phase homogeneous relaxation flow model 

could serve equally well for verification purposes [5]. In turn, 

the results of simulations using the WAHA code were selected 

as reference data, because the code has undergone extensive ex-

perimental validation [9]. Furthermore, simulations of the Moby 

Dick experiment conducted with the WAHA code were pro-

vided by the authors of the article [8]. 

The first known to the author attempts at formulating a gen-

eral approach for Transonic Trajectory Determination (TTD) 

were conducted in the 1960s [10]. The cited report presents an 

approach, called the "optimum-point method", dedicated to sin-

gle-equation nozzle flow models, including those with nonequi- 

librium. However, single-equation flow models are generally 

too simplistic to accurately capture phenomena in flows other 

than gases. Consequently, this method lacks the generality 

needed for broader applications. The same report briefly de-

scribes other approaches but all of them focus on highly simpli-

fied models. In the late 1980s, significant advancements in TTD 

were made when the methodology of dynamical systems theory 

was successfully applied to a broad class of mathematical mod-

els describing 1D two-phase flows [2]. It was demonstrated that 

the direction of the transonic trajectory at the singular point can 

be determined using the aforementioned theory. This result was 

crucial for applying the shooting method to solve the initial-

value problem (see Section 3). However, the models studied and 

the assumptions made, simplified the problem to the extent that 

the applied solution algorithms cannot be considered general 

methods. Subsequent work has tackled more complex flows, in-

corporating factors such as heat transfer between the fluid and 

the environment and friction effects. For instance, in [11], a ver-

sion of the Newton Critical Point (NCP) method was applied to 

solve the compressible Euler equations, including gravity and 

heat source terms. While the method demonstrated speed and 

accuracy, this performance might be attributed to the simula-

tions being limited to perfect gas flows without friction effects. 

Simultaneously, several codes were developed to describe 1D 

unsteady two-phase flows, including: RELAP5, TRAC, CATH-

ARE, TRACE and WAHA. RELAP5 is a thermal-hydraulic 

simulation code developed for analysing flows and accidents re-

lated to light water nuclear reactor systems [12]. TRAC is a ther-

mal-hydraulic code, devoted to nuclear reactor flows in general, 
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capable of handling non-equilibrium conditions [13]. CATH-

ARE is an approach based on a six-equation two-fluid model, 

designed for reactor safety and accident analysis [14]. TRACE 

is a thermal-hydraulic simulation tool with multidimensional 

modelling capabilities, aimed at safety analysis of nuclear reac-

tors [15]. WAHA is a 1D thermal-hydraulic code based on a six-

equation two-fluid model for modelling transient flows such as 

water hammer and pressure wave propagation phenomena in 

piping systems [16]. It is capable of handling non-equilibrium 

conditions and flexible channels. RELAP5, CATHARE and 

WAHA are strictly 1D approaches while the remaining codes 

allow for 2D and 3D analysis. All the mentioned codes are tran-

sient flow approaches. Therefore, in the following years, the 

methods of solving the considered problems were dominated by 

the use of unsteady flow models in which the steady-state solu-

tion was obtained in asymptotic convergence of the transient-

flow solutions. Although it was both practically verified and an-

alytically demonstrated [17] that these traditional time-marching 

methods converge slowly. The most recent works, in which 

TTD did not involve the use of transient flow models, were con-

ducted by teams that included the author of this paper. In [5], the 

developed methods were applied to modelling two-phase carbon 

dioxide flows. The determination of the critical mass flow rate 

in two-phase carbon dioxide flows using DEM and the Homo-

geneous Equilibrium Model (HEM) was investigated in [18]. 

Then, a development of the DEM was described in [19]. In these 

two papers, the methods proposed here were applied. In the most 

recent publication [20], the author critically analysed the relax-

ation equations used in modelling multiphase transonic flows. 

Admittedly, the proposed methods were not used, but many of 

the author's insights that emerged during the methods' develop-

ment were applied. 

The second proposed approach adopts the Rankine–Hu-

goniot jump conditions in a two-phase flow described by the 

DEM to predict the normal shock wave (that may potentially 

occur in the flow) and the trajectory following the shock. Thus, 

the proposal may be seen as not particularly innovative; How-

ever, to the best of the author's knowledge, this approach has 

only been theoretically outlined in the context of 1D modelling 

of steady transonic two-phase flows using the HEM and the Ho-

mogeneous Relaxation Model (HRM) [1]. More practically, in 

the context of the two-phase flows, it was investigated only in 

[21], but also with the application of a very simplistic model. 

Certainly, a similar method has not been used with the DEM. 

Furthermore, aside from this work, no practical (implementa-

tion-oriented) description of a comparable method has been pub-

lished. This gap in the literature presents a unique opportunity 

to explore the method’s applicability, which could lead to valu-

able insights into the research domain. 

Nevertheless, the behaviour of normal shocks has been fre-

quently investigated using transient models. For example, in 

[22], the WAHA code was applied to simulate the Moby Dick 

experiment flows that often contained a shock wave. Also, CFD 

methods were applied in similar kinds of simulations. For in-

stance, the significant challenge of capturing shocks in steam 

turbines was addressed in [23]. In [24], the developed CFD 

model was successfully validated against the non-equilibrium 

condensation in Gyarmathy’s nozzle under high-pressure condi-

tions. Moreover, condensation-induced shock waves were well 

captured by this model. In [25], based on a CFD analysis, the 

Laval nozzle was designed to give a more significant pressure 

drop than a conventional nozzle by eliminating the shock wave 

strings at the nozzle throat. 

2. The two-phase flow model and the submodels 

2.1. Delayed Equilibrium Model 

Due to the reasons explained in the introduction, the DEM was 

chosen to simulate the selected flow cases of the Moby Dick ex-

periment. The DEM assumes the existence of three fractions, 

although it is treated as a two-phase model. Those fractions are 

the metastable liquid phase (subscript ML), the saturated liquid 

phase (subscript SL), and the saturated vapour phase (subscript 

SG). The metastable fraction is assumed to have the same pres-

sure as the saturated phases but higher temperature, as it is as-

sumed to undergo an isentropic expansion. Therefore, the DEM 

takes into account the thermal non-equilibrium effects, but it 

does not include the mechanical non-equilibrium effects (the ve-

locities of the phases are equal since they are perfectly mixed – 

a homogenous mixture). The model consists of three conserva-

tion equations of mass, momentum, and energy, and two state 

equations (describing specific volume v and the specific en-

thalpy h), respectively: 

 𝑤
𝑑ρ

𝑑𝑧
+ 𝜌

𝑑𝑤

𝑑𝑧
= −𝜌𝑤

1

𝐴

𝑑𝐴

𝑑𝑧
 , (1) 

 
𝑑𝑝

𝑑𝑧
+ 𝜌𝑤

𝑑𝑤

𝑑𝑧
= −

τ𝑤𝐶

𝐴
, (2) 

 𝜌𝑤
𝑑ℎ

𝑑𝑧
− 𝑤

𝑑𝑝

𝑑𝑧
= 𝑤

τ𝑤𝐶

𝐴
+

𝑞𝐶

𝐴
 , (3) 

 𝑣 = 𝜌−1 = (1 − 𝑦)𝑣𝑀𝐿 + (𝑦 − 𝑥)𝑣𝑆𝐿 + 𝑥𝑣𝑆𝐺  , (4) 

 ℎ = (1 − 𝑦)ℎ𝑀𝐿 + (𝑦 − 𝑥)ℎ𝑆𝐿 + 𝑥ℎ𝑆𝐺 . (5) 

Those equations describe a flow in a horizontal channel of 

variable cross-section area and contain the following quantities 

associated with the flowing two-phase mixture: p – the absolute 

static pressure, v – the specific volume, ρ – the mass density, 

w – the velocity, h – the specific enthalpy, x – the saturated va-

pour mass fraction, y – the saturation index. As well as the geo-

metrical parameters of the flow channel (A – the cross-section 

area, C – the perimeter) that are functions of the spatial coordi-

nate 𝑧 measured from the channel inlet along its axis. Finally, τw 

is the wall shear stress (determined from the Lockhart-Martinelli 

model) and q is the heat flux. However, the last one is assumed 

to be zero since the flows in the transonic nozzle are treated as 

adiabatic. 

The saturation index is defined as follows: 

 𝑦 =
𝑀𝑆𝐺+𝑀𝑆𝐿

𝑀𝑆𝐿+𝑀𝑆𝐺+𝑀𝑀𝐿
=

𝑀𝑆𝐺+𝑀𝑆𝐿

𝑀
= 𝑥 +

𝑀𝑆𝐿

𝑀
 , (6) 

where M stands for the two-phase mixture mass flow rate (the 

remaining MS with appropriate subscripts stand for mass flow 

rates of the considered phases). 
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To complete the model, a mass balance equation for satu-

rated fractions must be added to the system of Eqs. (1−5, 7). This 

closure equation has been developed for water [26] in the fol-

lowing form: 

 
𝑑𝑦

𝑑𝑧
= (𝐶1

𝐶

𝐴
+ 𝐶2) (1 − 𝑦) [

𝑝𝑠𝑎𝑡(𝑇𝑀𝐿)−𝑝

𝑝𝑐−𝑝𝑠𝑎𝑡(𝑇𝑀𝐿)
]

𝐶3
, (7) 

 𝐶1 = 0.008390,   𝐶2 = 0.633691 m−1,   𝐶3 = 0.228127.  

In the above relation, psat is the saturation pressure at the met-

astable liquid water temperature TML and pc is water’s critical 

pressure. 

2.2. Metastable liquid thermodynamic properties 

model 

The flow model presented in the previous section contains the 

thermodynamic variables of the metastable liquid phase, 

namely: vML, hML and TML. Therefore, it is required to formulate 

a submodel describing these quantities. Below, such a submodel 

is formulated. In fact, it is a simplified and limited version of the 

metastable liquid phase thermodynamic properties model, but it 

is consistent, simple, fast and clearly explained. 

The specific enthalpy of the metastable fraction can be mod-

elled based on the first law of thermodynamics in the form: 

dh = vdp + Tds (s stands for the specific entropy). This form 

needs to be integrated from conditions determined by the inter-

section point of the subcooled liquid expansion curve with the 

saturated liquid line, up to conditions given by the mixture pres-

sure p and temperature of the metastable liquid TML. If the prop-

erties in the mentioned intersection point are denoted with sub-

script 0 then the specific enthalpy of the metastable fraction is 

given by the following formula: 

 ℎ𝑀𝐿(𝑝, 𝑇𝑀𝐿) = ℎ0 + ∫ (𝑣𝑀𝐿 + 𝑇𝑀𝐿
𝑑𝑠𝑀𝐿

𝑑𝑝
)

𝑝

𝑝0
𝑑𝑝. (8) 

It is worth noticing that calculation of the specific enthalpy, 

with the above formula, requires utilization of a metastable liq-

uid state equation to determine vML for given p and TML. As well 

as, additional assumptions/relations for calculating TML and 

dsML/dp. In this investigation (as in many others studies, e.g. 

[27,28]) it was assumed that the metastable liquid fraction is 

subjected to an isentropic expansion (thus dsML/dp = 0) and that 

it is incompressible: 

 𝑣𝑀𝐿 = 𝑣0, (9) 

as a result, the metastable fraction specific enthalpy is a function 

of only pressure: 

 ℎ𝑀𝐿(𝑝) = ℎ0 + ∫ 𝑣0 𝑑𝑝
𝑝

𝑝0
= ℎ0 + 𝑣0(𝑝 − 𝑝0). (10) 

In order to obtain an expression for TML, let us analyse the 

process starting from the state 0 by applying the first law of ther-

modynamics in the following way: 

 𝑇0 𝑑𝑠 = 𝑑ℎ − 𝑣0 𝑑𝑝 = 𝑘 𝑐𝑝,0 𝑑𝑇 − 𝑣0 𝑑𝑝, (11) 

where k is a correction factor that allows one to include the de-

viation of the considered process from the isobaric process. In 

the case of an ideal gas, the value of k is one, and the specific 

heat at constant pressure cp,0 is constant. For simplicity, let us 

approximate the behaviour of the metastable liquid by those as-

sumptions. Then, in the isentropic flow, the metastable liquid 

temperature is given by the following equation: 

 𝑇𝑀𝐿 ≈ 𝑇0 + ∫
𝑣0

 𝑐𝑝,0
𝑑𝑝

𝑝

𝑝0
= 𝑇0 +

𝑣0

 𝑐𝑝,0
(𝑝 − 𝑝0). (12) 

2.3. Nucleation onset 

Finally, the pressure at which nucleation in the metastable frac-

tion starts must be specified.  It should be noted that this quantity 

is decisive for the application of a metastable liquid flow model 

or a two-phase flow model. However, it may be related to the 

metastable liquid existence limits, which are determined based 

on the metastable liquid properties model [29]. Here, a simple 

approach is adopted (in order to be consistent with the WAHA 

code simulations), assuming that it is a function of the fluid tem-

perature at the channel inlet TIN: 

 𝑝𝑜𝑛𝑠𝑒𝑡 = 0.965 𝑝𝑠𝑎𝑡(𝑇𝐼𝑁). (13) 

2.4. Summary 

Incorporating Eq. (4) and Eq. (5) into Eqs. (1−3), and then in-

cluding Eq. (9) and Eq. (10) in the resulting system and Eq. (12) 

in Eq. (7), we derive a practical (ready for implementation) for-

mulation of the model. This formulation consists of the equa-

tions for the conservation of mass, momentum, energy, and the 

closure Eq. (7), and it includes only the following gradients: 

dA(z)/dz, dp/dz, dx/dz, dy/dz, dw/dz, dvSL(p)/dz, dvSG(p)/dz. The 

first gradient is determined entirely by the flow channel geome-

try, while the last two depend solely on p. Moreover, in the ap-

plied Lockhart-Martinelli model τw = τw(p, x, y, w),  while A and 

C are functions of z. Thus, the practical formulation comprises 

four equations with four independent variables, which are the 

gradients of pressure p, vapour mass fraction x, saturation index 

y, and fluid velocity w. 

3. Topological aspects of the modelling and con-

ventional solution procedure 

In a case where the flow channel inlet is fed with fluid/liquid in 

its supercritical, subcooled or metastable state, a single-phase 

flow model must be applied before a two-phase flow approach. 

The single-phase flow model consists of Eqs. (1)−(3) supple-

mented with state equations describing the supercritical, sub-

cooled or metastable liquid properties. These governing equa-

tions operate until the nucleation onset. Subsequently, a two-

phase flow model should be applied. 

As long as the expansion goes from the supercritical state 

through subcooled and metastable liquid states the fluid com-

pressibility remains low, ensuring that the flow is subsonic. 

Consequently, the single-phase flow model solutions could be 

determined by conventional forward-marching integration of the 

governing equations’ system. However, the determination of the 

transonic solution of the DEM (or other two-phase flow models) 

is not that simple. It requires an in-depth topological analysis 

based on the dynamical systems theory, as conducted by Bilicki 
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et al. [2]. Below, only the essential elements of that analysis are 

presented, which are necessary to understand the foundation of 

conventional solution procedure as well as the proposed (in the 

next section) fast method. 

3.1. General and autonomous form of the governing 

equation system 

Practically all known one-dimensional models of a steady-state 

flow can be presented in the form of the following nonlinear or-

dinary first-order differential equation system [2]: 

 𝐀(𝝈)
𝑑𝝈

𝑑𝑧
= 𝒃(𝑧, 𝝈). (14) 

The size and elements of the matrix A and the vector σ de-

pend on the model type. The vector σ consists of n quantities 

describing a thermodynamic state of the fluid, and if necessary, 

the velocity of the fluid (in this case it is called the velocity-state 

vector). The elements of the matrix A depend only on σ's com-

ponents, and b’s elements additionally depend on the spatial co-

ordinate z. The set of governing Eqs. (14) supplied with the vec-

tor σB = [σ1,B, σ2,B, …, σn,B] (describing the flow inlet conditions, 

the inlet is located at zB) creates an initial-value problem. A so-

lution to the problem is a trajectory σ(z) in n + 1 dimensional 

phase space Ω, an approximation of which can sometimes be 

obtained by numerical integration of the equation system (14). 

The system of Eqs. (14) can be solved with respect to the 

derivatives of σ’s components by using Cramer‘s rule: 

 
𝑑𝜎𝑖

𝑑𝑧
=

𝑁𝑖(𝑧,𝝈)

𝐷(𝝈)
,        𝑖 = 1, 2, … , 𝑛, (15) 

where D denotes the determinant of A, and Ni are determinants, 

each of which is created by replacing the i-th column of A with 

b. The most practically useful form of the equation system is 

obtained by application of the dummy parameter l: 

 
𝑑𝑧

𝑑𝑙
= 𝐷,       

𝑑σ𝑖

𝑑𝑙
= 𝑁𝑖. (16) 

It is worth noticing that in the above autonomous form, the 

independent variable is not 𝑧 but the dummy parameter l. 

To complete this part, it should be noted that, in accordance 

with the previous section, the applied DEM uses a 5-component 

velocity-state vector defined as follows: 

 𝝈 = [𝑧, 𝑝, 𝑥, 𝑦, 𝑤]. (17) 

3.2. Topological structure of the phase space 

Each possible state of a system is represented as a point in the 

phase space Ω. For example, if in the mathematical model n = 3, 

then σ consists of three components—say, pressure 𝑝, enthalpy 

ℎ, and velocity w. Consequently, the state of the fluid and flow 

in any cross-section of the flow channel is determined by the 

values of these three parameters, along with the spatial coordi-

nate z. Thus, in this example, the phase space is 4-dimensional. 

In general, however, the phase space is n +1 dimensional. For 

simplicity, the most interesting features of its structure are pre-

sented as projections onto the pressure p – spatial coordinate 𝑧 

plane, as shown in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Accordingly, the black, green and red curves present projec-

tions of n + 1 dimensional trajectories on the p−z plane. Each 

solid line is a projection of a solution to the initial-value prob-

lem mentioned in the previous subsection. The inlet conditions 

related to those flows differ only in the velocities. Conse-

quently, all trajectories related to the solid lines start from the 

same values of the inlet pressure pB, inlet density ρB and inlet 

specific enthalpy hB but they are related to different mass flow 

rates. 

Three distinct classes of points in the phase space must be 

distinguished: 

1. Regular points at which D ≠ 0. At each of these points, 

equation systems (14), (15) and (16) are equivalent. Any nu-

merical forward-marching integration of system (14) start-

ing from the inlet conditions B = [zB, σ1,B, σ2,B,…, σn,B] and 

proceeding toward the channel outlet through only the reg-

ular points, provides an appropriate approximation to a phy-

sically acceptable analytic solution. At such points, system 

(14) satisfies the existence and uniqueness requirements 

(only one trajectory passes through any regular point). A 

trajectory consisting of only regular points is fully subsonic 

or fully supersonic. Figure 1 shows projections of three sub-

sonic trajectories  the green curves. They are called Possi-

ble Flow (PF) trajectories. 

2. Turning points at which D = 0 and all Ni ≠ 0. At those 

points, the systems (14) and (15) are not equivalent. Numer-

ical integration of (14), in the vicinity of the turning point, 

produces a systematically accumulating numerical error. As 

a result, the integration could become impossible even be-

fore reaching the turning point. This is because |dσi/dz| → ∞ 

while D → 0. However, the autonomous system (16) satis-

fies the existence and uniqueness requirements at those 

points. Hence, during its numerical integration, one can 

simply pass through a turning point and can obtain a proper 

approximation of a trajectory that, at the turning point, 

changes direction along the z-axis (the red curves in Fig. 1). 

The one-dimensional steady-state flow cannot change direc-

tion in the channel. Therefore, those trajectories are physi-

cally acceptable only if they pass through a point of inlet 

conditions B and the turning point is located at the end of 

the channel. Consequently, the solutions that pass through 

turning points localized inside of the channel are called Im- 

 

Fig. 1. Projection of solutions to the initial-value problems. 
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possible Flow (IF) trajectories. 

In work [1], it was shown that D = 0 occurring at the 

channel end is also a choking criterion (or critical flow con-

dition) since D = 0 means that at this point the fluid’s veloc-

ity reaches the local speed of sound, and as a result, the mass 

flow rate and the subsonic part of the trajectory are un-

changeable even despite a possible pressure drop occurring 

beyond the channel exit. 

Figure 1 shows a projection of three IF trajectories (the 

red curves). They pass through the turning points F, G, H. 

Turning points determine the curve D = 0 (the projection of 

this curve is shown in Fig. 1 as the brown dashed line). 

3. Singular points at which D = 0 and all Ni = 0. Here are 

considered only nondegenerate singular saddle points like S 

at which rank (A) = n – 1 and through which exactly two 

trajectories pass. Namely, B-S-E1 and B-S-E2 in Fig. 1 (but 

only B-S-E1 is "really" a transonic trajectory since on B-S-

E2 the velocity of the fluid reaches the speed of sound 

merely at point S to decrease just after it [1]). 

According to Eq. (16), dz = Ddl and dσi = Nidl. There-

fore, at those points, finite changes Δz and Δσi calculated by 

the numerical methods are equal to 0 regardless of the inte-

gration step size Δl. It means that the numerical algorithms 

cannot neither “start from” nor “pass through” this kind of 

points (they simply "get stuck" in these points - in the theory 

of differential equations, such points are called equilibrium 

points). Therefore, contrary to remaining trajectories, the 

transonic trajectory cannot be determined by a conventional 

numerical forward-marching integration (even of the sys-

tem 16). 

In [1], it was shown that when D = 0 and an arbitrary 

Ni = 0 then all remaining Ns also vanish. 

3.3. Conventional solution method - NCP  

Formally, NCP is a shooting method that starts from singular 

saddle points and uses the multidimensional, globally conver-

gent Newton-Raphson algorithm to fit into given inlet condi-

tions [11]. The general concept can be described in 4 steps: 
1. Guess a singular saddle point coordinates. 

2. Find the transonic trajectory passing through the singular 

saddle point (or at least, its subsonic part and related inlet 

conditions). 

3. Calculate the deviation of the found solution at the channel 

inlet from the desired inlet values. 

4. Figure out how to change the guessed singular point pa-

rameters (using the Newton-Raphson algorithm) to de-

crease the deviation calculated in the previous step. 

Those steps are repeated until the aforementioned deviation 

is sufficiently low. 

The above description (however excellent in describing the 

general concept) does not illustrate the enormous overall numer-

ical operations number, and as a result, the huge time consump-

tion connected with conducting the NCP procedure. The com-

putation time is so high mostly due the step 4. This issue is ex-

tensively explained by the author in [30]. 

Nevertheless, NCP is still faster and more accurate than the 

asymptotical convergence to a steady state solution of the unste- 

ady model solutions [11]. 

3.4. Possible-Impossible Flow algorithm 

In fact, the Possible-Impossible Flow (PIF) algorithm is not able 

to determine the transonic trajectory related to given inlet con-

ditions. Thus, it cannot be treated as a solution procedure for the 

problem considered. However, it is very fast and can be used as 

a preliminary step towards the solution. Since, with each PIF it-

eration, the region of phase space that contains the subsonic part 

of the sought trajectory is narrowed down. Thus, this trajectory 

part could be localized in an arbitrarily small region of the phase 

space (however, in practice, the numerical errors preclude re-

stricting the region arbitrarily). The idea of PIF is based on the 

fact that the sought transonic trajectory lies between PF and IF 

trajectories (Fig. 1). As it was mentioned earlier, those trajecto-

ries can be easily obtained by numerical forward-marching inte-

gration of the equation system (16). The PIF algorithm has been 

widely used, for instance by Bouré et al. [31], or more recently 

by Lorenzo et al. [28] in the form that can be described in the 

following steps: 

1. Calculate an intermediate mass flow rate M = (MPF + 

MIF)/2 and related inlet velocity 𝑤. 

2. Integrate system of Eqs. (16) from the inlet conditions and 

at each step, check if D has changed the sign. 

3. If D has changed its sign before the end of the channel, then 

assign the value of M to MIF. If D has not changed its sign 

before the end of the channel, then assign the value to MPF. 

4. If (MIF – MPF) is low enough then stop, otherwise go to 

point 1. 

As a result of conducting the PIF algorithm, we obtain two 

values of the mass flow rate that are, respectively, the upper and 

lower limit for the critical mass flow rate. Similarly, we get two 

trajectories (IF and PF) that restrict the phase space to the region 

containing subsonic part of the sought transonic trajectory. 

Those "border" trajectories share with the transonic trajectory 

all values of the inlet parameters excluding velocity. The data 

obtained as a result of conducting the PIF algorithm are a basis 

for application of the fast transonic trajectory determination ap-

proach that is proposed in the next section.  
In [30], the author proposed an even faster-converging ver-

sion of the PIF algorithm. 

4. Proposition of fast transonic trajectory deter-

mination approach 

It is worth noting that the concept of a general procedure leading 

to TTD was initially, albeit imprecisely, introduced as early as 

in 1964 [10]: „The singularity problem can also be attacked by 

means of trial-and-error procedures, wherein numerous integra-

tions are performed, each with a slightly different value for the 

mass flow (...). Once a subsonic solution is available that is suf-

ficiently close to the critical one, the integration can then be 

started from a supersonic initial point obtained by extrapolating 

the subsonic solution across the singularity”. The mentioned 

trial-and-error procedure is described in the previous subsection 

as the PIF algorithm, which at that time was not referred to by 

this name. However, the final step of the above procedure, 
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namely the extrapolation of the subsonic solution across the sin-

gularity, is the tricky part. It is crucial to precisely determine the 

point of the subsonic trajectory to start the extrapolation. From 

Fig. 1, it is evident that extrapolation from point R (or any point 

to its right) would fail, as it would result in a clear discontinuity 

in the obtained trajectory (or subsonic trajectory). Moreover, to 

extrapolate ‘across the singularity‘ it is necessary to know where 

the singularity is located (the PIF algorithm does not localise it), 

and what ‘across’ means. Unfortunately, the author of [10] did 

not clarify those issues. He believed the approach would require 

a ‘considerable consumption of computer time' and abandoned 

it. Instead, he developed a significantly less general method 

(briefly described in the introduction). In this section, not only 

are the ‘mystery points’ clearly identified and the procedures for 

their determination described, but also explanations are pro-

vided that refer to the previously characterized structure of the 

phase space and the initial-value problem, complementing and 

enhancing the aforementioned concept. 

The proposed fast TDD method can be divided into four 

stages: 

1. Conduction of the PIF algorithm in order to obtain approx-

imations of trajectories around the singular saddle point. 

2. Utilization of the obtained data for determination of the 

singular saddle point coordinates. 

3. Determination of the direction of the transonic trajectory at 

the singular saddle point from the obtained data. 

4. Integration “from” the singular point up to B and down to 

E1. 

4.1. Generalised method of singular saddle point de-

termination 

The proposed method utilises the fact that the saddle singular 

point is an intersection point of the following curves: D(σ) = 0, 

Ni(z, σ) = 0 (as shown in Fig. 1 or Fig. 2). In fact, the main de-

terminant of the system of equations (14) D is not explicitly de-

pendent on the spatial coordinate z. It depends on the compo-

nents of the vector σ. However, the solution of the initial-value 

problem determines value distributions of the components along 

the nozzle (Fig. 1) and thus it assigns a spatial coordinate for 

each value of D. Therefore, the points at which D = 0 can be 

presented (in any σi − z plane) as curve D(σ(z)) = 0 consisting of 

turning points that belong to different trajectories (e.g. point G 

and H in Fig. 2). 

 

 

 

 

 

 

 

 

 

 

As a result of conducting the PIF algorithm, a set of trajec-

tories is obtained. Each trajectory can be recognized as an IF or 

a PF trajectory (as explained earlier). However, to perform the 

considered procedure, only one last-found PF trajectory (green 

solid line in Fig. 2) and two last-found IF trajectories (red solid 

lines in Fig. 2) are required. Nevertheless, the PIF algorithm 

must be conducted at least to the iteration in which the turning 

point spatial coordinate of the last-found IF trajectory is not 

lower than the nozzle throat coordinate (zH ≥ zT). The mentioned 

trajectories, together with the channel geometry, determine the 

related mass flow rates. The necessary two of them are presented 

in Fig. 2, namely, MH and MR.  

Determination of the saddle singular point approximation re-

quires the following steps: 

1. Approximate the curve D(σ) = 0 by the straight line passing 

through points G and H. 

2. Determine a point Sk(zk, σk) that lies on the line. At this 

point zk = zH + Δz. 

3. Take Mi = MH + Δz(MR – MH)/(zR – zH). 

4. Use the gradient descent method (take σk = [σk,1, …, σk,n] 

as a starting point) to determine σ0 = [σ0,1, …, σ0,n] for 

which D = 0 but keep wρ = Mi/A(zi) at each step of this 

method. 

5. Determine zI that satisfies the mass conservation equation: 

A(zI) = Mi/[ρ(σ0)·w(σ0)]. Point I(zI, σ0) lies on the approxi-

mation of the D(σ0) = 0 curve.  

6. If all Ni at point I have different signs than in point H, then 

repeat the previous steps with smaller Δz until the required 

accuracy is reached (if the accuracy is reached, I is the 

sought approximation of the singular saddle point S).  

Otherwise, go to the first step but replace G with H and H 

with I.  

The gradient descent method (also called the steepest de-

scent method) is a first-order iterative optimisation algorithm for 

finding the minimum of a function [32]. However, here the al-

gorithm was used to find σ0 at which D = 0. This is based on the 

fact that between the starting point where D > 0 and the point 

where D has a negative minimum value there is a point at which 

D = 0. 

The proposed method is generalised in the sense that it may 

be applied for any model described by Eq. (14) regardless of the 

equations number. The singular point found by means of the 

above algorithm corresponds to certain inlet conditions. Those 

conditions may be thought as the better approximation of the 

original inlet conditions (Fig. 1, point B) since points G and H 

are located close to point S. In other words, the higher the num-

ber of PIF iterations, the better the accuracy of the solution. 

4.2. Determination of a vector tangent to the transonic 

trajectory at the singular point 

Figure 3 shows the points L, N, P that are inflection points of the 

subsonic trajectories. Each of the vectors: VL, VN, VP is tangent 

to a trajectory at a corresponding inflection point. The points M, 

O, R represent local pressure minima. It is worth noticing that 

the closer to point S the subsonic trajectory lies, the closer the 

inflection point of this trajectory is to the pressure minimum 

point of this trajectory. Finally, at the transonic trajectory those 

points merge together into point S. Consequently, the direction 

of V1 can be approximated by the direction of VP. Thus, to per-

form the considered procedure, only the last-found (by the PIF 

algorithm) PF trajectory is required. The higher  the  number  of  

 

Fig. 2. Illustration of the singular saddle point S determination. 
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PIF iterations, the smaller the distance between points R and S 

and the better accuracy of the V1 direction approximation. 

The direction of VP can be directly used to carry out the in-

tegration “from” the found saddle singular point giving an ap-

proximation (B-P-P'-E1
' ) of the subsonic and supersonic parts of 

the sought transonic trajectory. Nevertheless, the higher accu-

racy can be reached by using VP as a first guess for well-known 

iterative methods of eigenvector determination, e.g. the inverse 

power method [32]. 

The topological considerations revealed that it is impossible 

to start integration strictly from the singular point. Thus, it is 

now necessary to clarify the previously used mental shorthand: 

integration “from” the singular point. 

Making a step (either upstream or downstream) along V1 (or 

its approximation) determines a point that is eligible for starting 

numerical integration. The up-stream integration when it 

reaches zB, determines the inlet conditions corresponding to the 

considered singular saddle point. Similarly, down-stream inte-

gration determines the outlet conditions. Therefore, the de-

scribed procedure is a solution to an initial-value problem of the 

system of equations (16) with initial values: z = zS and σ = σS. 

5. Proposition of after-shock trajectory determi-

nation approach 

Oblique shocks, expansion waves, and complex shock interac-

tions require at least 2D modelling to be fully represented. 

Mostly because they involve strong changes in both the magni-

tude of flow variables and the flow direction. However, since 

normal shock waves are perpendicular to the flow direction and 

cause abrupt changes in flow properties (such as pressure, tem-

perature, density and velocity) without a flow direction change, 

they can be captured in 1D modelling. A normal shock wave 

forms when the supersonic flow decelerates to subsonic speed. 

In a convergent-divergent nozzle, this type of shock typically 

appears near the throat in the divergent section.  
Figure 4 depicts a transonic trajectory (S-1-E1) consisting of 

the subsonic part (on the left side from point S) and the super-

sonic part (on the right side from point S). A normal shock can 

theoretically occur at any point along the supersonic portion of 

the trajectory (for example at an arbitrary point 1) and the al-

ready mentioned jump from the supersonic to subsonic speed 

must satisfy the conservation of mass, momentum and energy 

(or in other words the Rankine-Hugoniot relations). For the ini-

tial point 1, infinitely many possible subsonic states satisfy the 

required conditions.  
 

 

 

 

 

 

 

 

 

 
 

However, an assumption that the jump is associated with the 

lowest possible entropy generation determines state 2 (that lies 

on the curve D = 0, Fig. 4) as the final (after-shock) state. Down-

stream integration of the system of Eqs. (16) from this state 

yields a subsonic after-shock trajectory depicted as the blue line 

in Fig. 4. However, to integrate toward the outlet section the sign 

of the integration step size dl must be chosen such that Ddl > 0. 

It is worth emphasizing that the brown line segment on the left 

side of S is distinct from the segment on the right side, even 

though the condition D = 0 is satisfied on both sides. Each point 

on the left part corresponds to a different mass flow rate, while 

the points on the right side are associated with a constant mass 

flow rate, specifically that of the transonic trajectory (S-1-E1).  
Figure 5 presents the flowchart for the point 2 determination 

algorithm. The blocks in the orange  frame  are  the  implementa- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Projection of the solutions to the initial-value problem on plane 

p−z and vectors tangent to PF trajectories at inflection points. 

 

Fig. 4. Normal shock wave in 1D modelling. 

 

Fig. 5. Flow chart of after-shock fluid state determination approach. 
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tion of the Rankine-Hugoniot relations. The values of ερ and εD 

determine the accuracy of the solution. 

The blocks describing how to calculate y2 and ρ2
' are correct 

only for the DEM but with appropriate modifications, the algo-

rithm can be used with other models. 

Figure 4 illustrates that, for a constant mass flow rate (repre-

sented by the specific brown curve), changes in the flow varia-

bles due to the jump depend on the spatial coordinate as well as 

the shape and orientation of the curve. 

6. Implementation of the solution procedures 

The methods proposed in this article, along with the author’s 

improvements to the PIF algorithm, the model of metastable liq-

uid properties and the Lockhart-Martinelli model were inte-

grated into the described procedure for solving the initial-value 

problem and implemented in C++. The water properties were 

determined using library functions from the CoolProp program 

[33]. 

7. Results and discussion  

The primary objective of this section is to verify the correctness 

of the proposed fast TTD method. Therefore, differences be-

tween the solutions determined using the proposed method and 

those obtained with the WAHA code are presented. Experi-

mental data on the simulated flows are provided mostly as evi-

dence that the simulated flows are indeed transonic. Conse-

quently, the degree of convergence between the simulation re-

sults (obtained with the fast TTD method) and the experimental 

data is insignificant (experimental validation of the DEM is not 

the purpose of this article). The comparison between experi-

mental data depicting shock waves and the results obtained from 

the proposed shock wave modelling approach serves solely as 

a proof of concept, employed here due to the lack of other veri-

fication methods. 

7.1. Verification of the fast transonic trajectory deter-

mination approach 

Simulation result quality depends on the model chosen and the 

methods applied to obtain these results, and it should always be 

assessed through experimental validation. However, to verify 

the solution method (or its part), it is essential to compare its 

results with those obtained from another, ideally unquestiona-

ble, solution method using the same model, submodels and flow 

cases. Therefore, to verify the correctness of the proposed fast 

TTD method, simulation results of the WAHA code using the 

DEM model were chosen. Those results refer to selected flow 

cases of the Moby Dick experiment. Only cases exhibiting un-

questionable shock waves have been considered, as these unde-

niably represent instances of transonic flow. From these cases, 

only those with a high probability of being normal shock waves 

were selected. As previously explained, the closer a shock wave 

forms to the nozzle throat, the more it resembles a 1D capturable 

shock wave (a normal shock wave). However, if the shock oc-

curs too close to the throat, the supersonic trajectory segment is 

too short for adequate method verification. The cases that best 

meet the described requirements were used to verify the method 

and are presented in Figs. 6−8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Verification of the proposed TTD method by comparison with simulation results obtained from the WAHA code. Moby Dick experiment, flow  

case 4b: a) the experimental nozzle geometry (r – channel radius); b) the absolute static pressure distribution; c) the void fraction distribution. 
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The WAHA code is designed to model the behaviour of 

shock waves and other complex flow phenomena in high-speed 

flows. It uses a time-dependent 1D six equation two-fluid 

model. The authors of the article [8] implemented the DEM us-

ing the functionality of the WAHA code and subsequently sim-

ulated the flow cases of the Moby Dick experiment. They ob-

 

Fig. 7. Verification of the proposed TTD method by comparison with simulation results obtained from the WAHA code. Moby Dick experiment,  

flow case 5b: a) the absolute static pressure distribution; b) the void fraction distribution. 

 

Fig. 8. Verification of the proposed TTD method by comparison with simulation results obtained from the WAHA code. Moby Dick experiment,  

flow case 6b: a) the absolute static pressure distribution; b) the void fraction distribution. 
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tained results through the asymptotic convergence of the un-

steady solutions to the steady-state solution. Due to the high time 

consumption of this method, they restricted their calculations to 

the nozzle cut at a distance z = 0.6 m from the inlet cross-section 

(the experimental nozzle geometry is illustrated in Fig. 6a) as-

suming that the absolute static pressure at this new outlet cross-

section is a fraction of the pressure at the nozzle inlet: 

 𝑝(𝑧 = 0.6 m)  =  0.37 𝑝𝐼𝑁. (18) 

Those calculations resulted in data describing water tran-

sonic flows with a shock wave (Figs. 6−8, the red lines). 

For each of the three selected flow cases, the absolute static 

pressure distribution (shown in Figs. 6b, 7a and 8a) and the void 

fraction distribution (shown in Figs. 6c, 7b and 8b) along the 

nozzle are presented. 

In all cases, the inlet pressure is nearly identical (pIN ≈ 

4 MPa), while the inlet temperatures differ. In case 4b, the liquid 

entering the nozzle is the most subcooled, whereas in case 6b, it 

is the least subcooled. This is reflected in the void fraction dis-

tributions (for both simulations and experimental data): in case 

6b, the void fraction rises above zero at the smallest distance 

from the throat (zexp ≈ 0.12 m), while in case 4b this occurs at 

the largest distance (zexp ≈ 0.45 m). The initial perfect conver-

gence of the calculated void fraction distributions (the black and 

red lines) confirms that the same condition for the onset of nu-

cleation was applied in both simulations, Eq. (13).  
In all cases, the differences between the two simulations are 

meaningful for the verification only up to z ≈ 0.52 m. From this 

cross-section onward, the shock waves predicted by DEM-

WAHA have a rapidly increasing impact on the preceding parts 

of the red trajectories. In the proposed steady flow approach 

marked with DEM (the black line), the shock wave does not in-

fluence the trajectory in front of it (this is a direct consequence 

of the features of the proposed method and can be seen in all 

figures as a discontinuity of the black line). In the case of the 

unsteady asymptotic approach (DEM-WAHA), this influence is 

present due to the nature of the applied solution method: the as-

ymptotic convergence never fully captures the discontinuity (in 

other words, accurately reflecting this discontinuity would re-

quire an infinitely long computation time). Therefore, the dis-

crepancy between the solutions being compared, introduced by 

the DEM-WAHA shock waves, should not be included in the 

verification process. This can be easily accomplished by analys-

ing only the differences between DEM and DEM-WAHA dis-

tributions before z = 0.52 m. Such comparison is shown in  

Fig. 9. The relative discrepancy between pressure predictions for 

a cross-section located at a distance 𝑧 from the nozzle inlet was 

calculated as follows: 

 Δ𝑝(𝑧) =  
𝑝 𝐷𝐸𝑀−𝑊𝐴𝐻𝐴 − 𝑝 𝐷𝐸𝑀

𝑝 𝐷𝐸𝑀−𝑊𝐴𝐻𝐴
 100. (19) 

Figure 9 indicates that the maximal absolute discrepancy for 

all flow cases appears near the nozzle throat (zT = 0.5 m). How-

ever, the absolute relative discrepancy in the worst-case scenario 

(flow case 4b) is slightly less than 9%. The analogue verification 

was conducted based on the comparison of void fraction distri-

butions. However, for the article conciseness, it is not presented. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The author decided it is sufficient to mention that the relative 

discrepancy in void fraction distributions is calculated in the fol-

lowing way: 

 Δα(𝑧) =  
𝛼 𝐷𝐸𝑀−𝑊𝐴𝐻𝐴 – 𝛼 𝐷𝐸𝑀

𝛼 𝐷𝐸𝑀−𝑊𝐴𝐻𝐴
 100, (20) 

and achieves the maximal absolute value of approximately 6% 

also in case 4b.  

The nature of the flows considered is such that pressure de-

creases monotonically until a shock wave occurs. Consequently, 

the denominator in Eq. (19) also decreases. This means that even 

if the pressure difference in the numerator (and thus the error) 

remained constant, the relative error would still increase. There-

fore, it should be acknowledged that the relative error calculated 

using Eq. (19) is unfavourable for the positive verification of the 

proposed method, although it remains below 10%. The more fa-

vourable relative error can be obtained by putting in the denom-

inator of Eq. (19) a mean pressure of the process (pmean ≈  

2.37 MPa), then the absolute maximal relative discrepancy is 

around 7%. Even more favourable is putting in the denominator 

the inlet pressure, then the absolute maximal relative discrep-

ancy is around 4.2%. 

In the author’s opinion, these facts lead to the conclusion that 

the correctness of the fast TTD method is positively verified. 

It is worth noting that Fig. 9, before z = 0.45 m, shows oscil-

lations  or rather noise, particularly in cases 4b and 5b  and 

refractions, which are most noticeable in cases 6b and 5b. The 

noise on the right side of Fig. 9 may stem from the shock wave 

predicted by the DEM-WAHA model. However, the mentioned 

noise observed on the left side appears exclusively in the sec-

tions associated with single-phase flows (before the nucleation 

onset). The author suspects that to accelerate the DEM-WAHA 

calculations, a single precision was used in those sections, which 

likely contributed to the observed noise. The mentioned refrac-

tions are due to differences in the spatial discretization of the 

nozzle geometry. For all presented flow cases, DEM-WAHA 

uses the same spatial discretization (in the range shown in Fig. 9, 

this consists of 693 intervals, each 0.75 mm long). In contrast, 

DEM, using the proposed methods, operates with an adaptive 

 

Fig. 9. Distribution of the relative discrepancy  

between pressure predictions, see Eq. (19). 
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integration step, resulting in a different spatial discretization for 

each flow case (that is not uniform also along the nozzle). 

Within the mentioned range, case 4b required the fewest inter-

vals (3 028), while case 6b required the most intervals (5 659). 

The author believes that if DEM-WAHA calculations were per-

formed with identical discretization, for each case, as that ap-

plied in DEM, the discrepancy between the simulations would 

be even smaller than those presented above. 

7.2. Verification of after-shock trajectory determina-

tion approach 

In Figs. (6)−(8), experimental data (represented by circles) show 

absolute static pressure distributions. In all flow cases, a mono-

tonic pressure drop is observed up to z = 0.532 m. However, for 

all cases considered, the next data point at 𝑧 = 0.671 m shows 

a pressure higher than that at z = 0.532 m. The substantial dis-

tance between these points, along with the convex shape formed 

by the four points, preceding the point at z = 0.532 m, indicates 

the presence of a shock wave between z = 0.532 m and z =  

0.671 m. The flows are therefore transonic: the fluid velocity 

increases monotonically from the inlet to the cross-section 

slightly downstream of the throat, where it passes through the 

value of the local speed of sound and then in the divergent noz-

zle part (somewhere between z = 0.532 m and z = 0.671 m) the 

velocity decreases to a value lower than the local speed of sound.  

The above-mentioned figures also present the distributions 

of void fraction, experimental critical mass fluxes and the error 

associated with each simulation in predicting these fluxes. This 

error was calculated as follows: 

 error =  
𝑀𝑒𝑥𝑝 –𝑀𝑐𝑎𝑙𝑐

𝑀𝑒𝑥𝑝
 100. (21) 

It is evident that each of the simulations, thus DEM itself, pre-

dicts the pressure distributions and void fractions accurately up 

to the nozzle throat (z = 0.5 m). However, the pressure drops 

beyond the throat are highly overestimated, leading to an over-

estimation of the void fractions in the associated region. 

The predicted shock waves in Figs. (6)−(8) are represented 

by the discontinuities in the black lines. It can be seen that the 

subsonic trajectories behind these discontinuities align well with 

the last three experimental pressure points in each of the flow 

cases. However, this alignment does not validate the proposed 

method: the relatively flat trajectories predicted by DEM in this 

region, make it easy to adjust the jump (discontinuity) location 

to achieve a trajectory that matches the mentioned points but the 

experimental void fraction distribution is not well approximated 

by this trajectory. This demonstrates that the implemented DEM 

is not capable of accurately describing the shock wave, which is 

not surprising given that Eq. (7) was developed based on data 

that only capture the distributions up to the throat  specifically 

related to flashing  and therefore does not account well for con-

densation that is caused by the shock wave and for the influence 

of the diffuser geometry on the following subsonic flow. 

If these trajectories accurately described both the void frac-

tion and pressure distributions, it would imply that DEM to-

gether with the proposed method are effective for predicting 

normal shock waves. Unfortunately, this is not the case; thus, 

the presented data can only serve as proof of concept. They 

demonstrate that the method has been implemented and utilized 

with DEM. Moreover, the results obtained do not reveal any er-

rors or inconsistencies in the method. 

8. Conclusions  

The proposed fast method for determining transonic trajectories 

is competitive with traditional, time-consuming approaches 

(such as the Newton Critical Point method or the asymptotic 

convergence of time-dependent solutions). The novelty of the 

proposed method lies in leveraging the well-known fast PIF al-

gorithm to confine the phase space region, enabling the applica-

tion of the author’s (new) techniques for identifying the saddle 

singular point and determining the trajectory passing through it. 

The author also enhanced the PIF algorithm to achieve greater 

speed and ensure compatibility with the proposed approaches. 

This paper not only provides a mathematical description of the 

method but also offers a computational verification: a confron-

tation of results obtained by application of the mentioned 

method with results obtained from the well-known WAHA, uti-

lizing DEM. The maximum absolute pressure discrepancy be-

tween the compared simulations (calculated conservatively) was 

less than 9%, which the author considers sufficient to prove the 

correctness of the method. This method can be applied to models 

as complex as DEM (such as HRM) as well as to simpler models 

(such as HEM and Isentropic Homogeneous Equilibrium mo-

del). 

The presented analysis regarding the proposed normal shock 

wave modelling serves as proof of concept: the proposed 

method has been successfully implemented and it operates with 

DEM (however it can be used also with HRM, HEM and Isen-

tropic Homogeneous Equilibrium model). Furthermore, the re-

sults obtained do not indicate any inconsistencies in the method. 

In the case of this method, the novelty is its implementation-

oriented description that allows for easy implementation for all 

the above-mentioned models. Moreover, for DEM, such a me-

thod was never applied before this work. Thus, the presented re-

sults are unique. 

For transonic flow with a constant mass flow rate, variations 

in flow variables across the shock depend on both the spatial 

location of the shock and the shape and orientation of D = 0 

curve. The latter is influenced by the type of two-phase flow 

model applied. 
After comparing the simulation results with experimental 

data, it has become clear that together with the implemented 

DEM, the proposed method is unable to accurately describe the 

shock waves: it can provide a precise representation of the pres-

sure distribution behind the shock wave, but the corresponding 

void fraction distribution is significantly underestimated com-

pared to the experimental data. The author thinks that this dis-

crepancy partially arises from the application of Eq. (7), which 

was developed based on data that only consider distributions of 

flow variables up to the throat and does not adequately account 

for the condensation induced by the shock wave. However, also 

the proposed algorithm of the after-shock trajectory determina-

tion can be responsible as it assumes that the jump (shock) is 

associated with the lowest possible entropy generation. Thus, 
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the resulting following shock void fraction is lower than this 

caused by higher entropy generation. In the future, the contribu-

tions of each of these mechanisms should be thoroughly inves-

tigated and modelled accordingly. Finally, as the least probable 

reason, it should be pointed out that, contrary to the assumption 

adopted, the analysed waves may not be normal shock waves 

but oblique shock waves. In such a case, neither the presented 

modelling nor the measurement techniques used in the experi-

ment are sufficient to describe and capture this phenomenon. 

Finally, it is important to summarize the key advantages and 

limitations of the proposed methods. The disadvantages are rel-

atively few, with the most significant being the need to develop 

a custom implementation of the calculation procedures de-

scribed. While existing numerical libraries (available for many 

programming languages) can assist in this process, it remains 

a labour-intensive task that requires both programming exper-

tise and the ability to apply numerical methods to simulate flow 

phenomena effectively. Integrating the proposed methods into 

commercial solvers such as Fluent of the ANSYS environment 

seems to be possible by using the User-Defined Function func-

tionality. Probably the biggest advantage of such an implemen-

tation would be the possibility of using a user-friendly (graph-

ical) interface when defining the boundary conditions of the 

simulation and performing calculations. However, the author 

anticipates that the biggest advantage of the presented proce-

dures, namely the short computation time, may be compromised 

in such an implementation. The second major limitation is that 

the proposed procedures cannot be extended to determine time-

dependent solutions. Consequently, these methods are not suit-

able for modelling unsteady flow. However, it is important to 

note that any unsteady flow model must first be validated against 

its steady-state version, for which the presented methods are in-

dispensable. 

The primary advantage of the described methods lies in their 

exceptional speed, making them suitable for incorporation into 

more complex, multi-stage, and multi-iterative analyses. An-

other significant benefit is that the solutions produced are con-

siderably smoother than those obtained using the WAHA code. 

This smoothness simplifies interpretation of the results, as po-

tential irregularities or non-monotonic behaviour in the trajec-

tory are more likely to reflect actual phenomena rather than ar-

tefacts of the solution method. Furthermore, if doubts about the 

results arise, the high computational efficiency of these methods 

allows for easy repetition with a substantially increased number 

of steps, which would be far more challenging with conventional 

approaches. 

Another major advantage is that, outside the vicinity of the 

singular saddle point, the methods enable dynamic adjustment 

of the integration step size. This feature enables acceleration of 

the calculations for specific flow channel geometries (pipes, 

slowly changing cross-section area channels) while making it 

possible to enhance the accuracy in areas where geometry re-

mains unchanged, but the onset of nucleation requires a reduc-

tion in the integration step. 
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1. Introduction 

The use of different types of non-conventional renewable energy 

sources is necessary to fulfill the continuously increasing energy 

demands. In order to use and convert solar energy into useful 

thermal energy for the various mankind applications, it is essen-

tial that solar thermal energy conversion systems deliver maxi-

mum efficiencies [1]. To improve the performance of thermal 

systems nanofluids are also widely used for the heat transfer, 

cooling and others applications [2]. The use of nanofluids and 

nanotechnology in thermal energy conversion systems improves 

its performance without any harmful environmental impact. 

Nanofluid is a colloidal mixture of nano-sized particles in 

a host (base) fluid to affect the thermophysical properties and 

improve the heat transfer characteristics of base fluids, which 

are useful for different practical applications [3]. Nanofluids are 

now used frequently as coolants, lubricants, hydraulic fluids and 

metal cutting fluids. There are many research works that con-

centrate on nanofluids containing different nanoparticles with 

various  volume  concentrations  and  sizes  [4].  Various  base 
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Abstract 

In this work, an analytical study is carried out on the performance of copper-based nanoparticles and water in flat-plate solar 
collectors. The effect of copper-based nanoparticles on various thermophysical properties of collectors has been studied and 
compared with water under the same conditions. The effects of temperature rise parameter from 0.0018 to 0.025, volume per-
centage of nanoparticles from 0 to 1 and mass flow rate in the range of 0.012 to 0.170 kg/s have been considered. The mass flow 
rate range covers both laminar and turbulent flow conditions. A detailed parametric study was carried out by developing appro-
priate MATLAB codes for various performance and energy equations to investigate the effects of volume percentage of nano-
particles and mass flow rate on the basic thermophysical properties and performance parameters, including Nusselt number, heat 
transfer coefficient, collector plate factor, heat removal factor, Reynolds number, collector heat gain, fluid outlet temperature 
and thermal efficiency. A new number has been introduced to find out the optimal value of mass flow rate for optimizing 
collector performance. From the analysis it was found that water collector achieved the maximum thermal efficiency of 53.7% 
for the highest value of mass flow rate of 0.1675 kg/s. For the nanofluid collector, the maximum efficiency is 70.5% for 
a nanofluid volume fraction of 0.48 and for the highest considered value of mass flow rate of 0.1675 kg/s. The nanofluid collector 
is predicted to provide up to 16.8% higher energy efficiency than the water collector. 
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Nomenclature 

Ac – collector surface area, m2 

Cb – bond conductance, W/(m2 K) 

CP – specific heat capacity, J/(kg K) 

D – diameter of tube, m 

Di – inner diameter of tube, m 

f – friction factor  

F – fin efficiency  

F' – collector efficiency factor 

FP – collector efficiency factor 

FR – heat removal factor 

h – heat transfer coefficient, W/(m2 K) 

I – intensity of solar radiation, W/m2 

k – thermal conductivity, W/(m K) 

L – length of collector, m 

Nu – Nusselt number 

m – mass flow rate, kg/s 

Pr ‒ Prandtl number 

Qu – useful heat gain, W 

Re – Reynolds number  

t – thickness, m  

T – temperature, K 

Tfm – mean fluid temperature, K 

Tpm – mean plate temperature, K 

 

TEIF– thermal efficiency improvement factor 

ΔT – temperature drop, = Tfo − Tfi, oC 

ΔT/I – temperature rise parameter, oC m2/W 

UL – overall heat loss coefficient, W/(m2 K) 

V – velocity of fluid in the collector, m/s 

W – riser tube spacing, m 

 

Greek symbols 

ηth – thermal efficiency  

 – dynamic viscosity, N s/m2 

ρ – density, kg/m3 

ϕ – volume fraction 

(τα) – effective transmittance-absorptance product 

 

Subscripts and Superscripts 

a – ambient  

avg – average  

bf – base fluid  

f – fluid  

in – inlet  

ir – inner  

out – outlet 

nf – nanofluid 

np – nanoparticle 

p – plate 

 

fluids such as ethylene glycol, form amide, water, etc., have 

been used by the researchers. The enhancement in thermal prop-

erties is achieved by mixing nano-sized particles, dispersed uni-

formly in the base fluids [5]. Nanoparticles have a larger relative 

surface area since particle size is very small, thus providing 

higher suspension stability that improves the thermal conductiv-

ity of the mixture [6,7]. 

Nanofluid is a colloidal suspension of nanoparticles of size 

1 to 100 nm (10-9 m) in the base fluid, and this is the term first 

given by Choi in 1995 [8]. Depending on the application, 

nanofluids have been made of various materials such as metals, 

metal oxides, ceramics and carbon nanotubes (CNT). Alim et al. 

[9] carried out a theoretical study, investigating the effects of  

4 different nanoparticles (NPs), namely alumina oxide (Al2O3), 

titanium oxide (TiO2), silicon dioxide (SiO2), and copper oxide 

(CuO), on thermal energy efficiency and entropy generation 

(EG), based on the second law of thermodynamics for the flat-

plate collectors. They explored the effects of different concen-

trations and volume flow rates on the efficiencies of the flat-

plate collector and found that CuO nanoparticles deliver the 

highest enhancement over the other types of nanoparticles. 

Moghadam et al. [10] carried out experimental research us-

ing the CuO nanoparticles and water as base fluid in the flat-

plate collector. They found an enhancement in the collector ef-

ficiency with increasing the mass flow rate for both types of flat-

plate collectors, i.e. for nanofluid based and water based flat 

plate collectors.. Shojaeizadeh et al. [11] carried out a theoretical 

study for the exergy performance considering Al2O3H2O 

nanofluid as the heat transfer fluid (HTF) in a flat-plate collec-

tor. They investigated various parameters, including volume 

concentration, solar radiation, plate absorber area, mass flow 

rate, ambient temperature, and the fluid inlet temperature, on the 

flat-plate collector exergy efficiency. 

Mahian et al. [12] carried out a theoretical study considering 

Al2O3 nanofluid in a flat-plate solar collector. They have inves-

tigated the effects of solar radiation and ambient temperature on 

the entropy generation in the collector. They took the nanopar-

ticles with different sizes as 25, 50, 75 and 100 nm, volume per-

centages of up to 4 vol% and mass flow rates within the range 

between 0.1 and 0.8 kg/s. They reported that, as the nanofluid 

concentration enhances, the entropy generation rate decreases. 

Said et al. [13] performed theoretical analysis for a flat-plate 

collector using single wall carbon nanotubes (SWCNTs) based 

nanofluid. They evaluated and compared the 2nd law exergetic 

efficiency and pumping power performance of the SWCNT 

nanofluid based solar collector with the Al2O3, SiO2 and TiO2 

nanofluid based solar collectors. Sint et al. [14] carried out the-

oretical analysis using the program developed in MATLAB soft-

ware in order to estimate the thermal performance of the flat-

plate solar collector by using CuO and H2O based nanofluid. 

They reported that the collector efficiency is a function of vol-

ume percentage and nanoparticle size. The collector efficiency 

was found to be maximum when the values of the total heat loss 

coefficient are at a minimum. Furthermore, the collector effi-

ciency was found to be maximum when the collector heat re-

moval factor have its maximum value.  

Tong et al. [15] carried out experimental research using H2O, 

Al2O3 with base fluid H2O, and CuO with base fluid H2O. They 

have evaluated the absorber performance for a fixed flow rate of 

0.047 kg/s. They have reported that Al2O3 in a H2O base fluid at 

a volume percentage of 0.01%, has the highest energy efficiency 

of 77.5% while CuO with H2O base fluid has maximum effi-

ciency of 73.9%. They also found that entropy generation was 
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the highest for H2O based collector and the lowest for Al2O3 

nanofluid with 1.0 %vol. fraction. 

Esen et al. [16] reported the modelling of new solar air 

heater (SAH) efficiency by using the least-squares support vec-

tor machine (LS-SVM) method. They carried out their research 

for the SAH with double-pass channel. They have compared the 

predicted and experimental results and after that proposed that 

LS-SVM model can be used for estimating the efficiency of 

SAHs with reasonable accuracy. In another work, Esen et al. 

[17] carried out their study on SAH system by using artificial 

neural network (ANN) and wavelet neural network (WNN) 

models. The authors compared the predicted and experimental 

results and proposed that WNN model can be used for estimat-

ing some parameters of SAHs with sufficient accuracy. 

Ozgen et al. [18] performed an experimental investigation 

using aluminium cans as an absorbing plate in the double-pass 

channel of a flat-plate SAH. They considered different arrange-

ments of the aluminium cans in the absorber plate. For the first 

type (Type I) they were staggered as zigzag and for the second 

one (Type II) they were arranged in order. Type III was a flat 

absorber plate (without cans). They used two values of air mass 

flow rates, 0.03 kg/s and 0.05 kg/s. They obtained the highest 

thermal efficiency for the Type I configuration at a mass flow 

rate of 0.05 kg/s. 

In the study of Esen et al. [19], experiments were performed 

to find out how the use of different refrigerants affects thermal 

performance of a two-phase thermosyphon solar collector. 

Three identical small-scale solar water heating systems, using 

refrigerants R-134a, R407C, and R410A, were constructed and 

tested side-by-side under various environmental and load condi-

tions. Oflaz et al. [20] carried out experimental study to explore 

the thermohydraulic performance of a heat exchanger tube with 

the combined use of SiO2-water nanofluids with newly designed 

conical wire inserts. The inserts were placed in a tube with five 

distances ranging from 0 to 33.6 mm and SiO2-water nanofluids 

were used at four volume concentrations (0.5–1.25%). They ob-

tained the best performance evaluation criteria of 1.75 at Reyn-

olds number of 3338 and volume concentration of 1.25% for 

conical wire inserts with pitch ratio of 0.  

Based on the literature review it is found that most of the 

studies have been carried out using alumina oxide (Al2O3) nano-

particles. To the best knowledge of the authors, the effects of 

copper (Cu) nanofluid as water-based fluid on the flat plate solar 

collector characteristics and the comparison with a water-based 

collector for both, i.e. laminar and turbulent flow conditions 

have not been studied in detail by any investigator up to now. 

The effect of temperature rise parameter and nanofluid volume 

fraction in the range of 0–1 have also not been reported by the 

researchers. Thermophysical properties, and various energy and 

performance parameters for the collectors have been evaluated 

by developing suitable MATLAB code. 

2. Solar collector system description  

and methodology 

In the flat collectors, nanofluid and water enters through circular 

shape riser tubes (Fig. 1). For the present analysis a single trans- 

parent glass cover has been considered. To minimize the losses 

proper insulation is provided in the bottom and on the sides of 

the collectors. 

The input data for the performance evaluation of the collec-

tor, including the physical dimensions of the flat-plate collector, 

its operating parameters like mass flow rate and inlet tempera-

ture, as well as environmental conditions like the solar irradi-

ance, wind velocity, and ambient temperature, were considered 

as given in Table 1. The arrangement of the flat-plate collector 

and riser tubes that were considered in the present analysis is 

shown in detail in Fig. 1. 

 

Fig. 1. A schematic of the structure and basic components 

of a flat-plate solar collector. 

Table 1. Specifications of the collector and parameters for 

the present analysis.  

Parameter Value Unit 

Collector di-
mension 

length 2.0 

m width 0.95 

height 0.095 

Absorption area, Ac 1.90 m2 

Header pipe diameter, DH 0.022 m 

Distance between two parallel 
tubes, W 

0.145 m 

Riser pipe diameter, Do 0.01 m 

Riser pipe thickness, t 0.910-3 m 

Collector tubes  
diameter, D 

0.009 m 

Working fluid 
Cu nanofluid and water 
(H2O) as the base fluid 

No. of glazing, Ng 1  

Thermal emission of absorption 
sheet, εp 

0.07  

Solar absorption of absorption sheet 0.95  

Glass cover emissivity, εg 0.88  

Collector plate thickness, t 0.005 m 

Collector plate thermal conductivity, 
kp 

383 W/(m K) 

Collector tilt 35 deg 

Insulation thermal conductivity, ki 0.05  W/(m K) 

Back insulation thickness, tb 0.05 m 

Solar radiation, I 900 W/m2 

Wind velocity, Vw 3.2 m/s 

Ambient temperature, Ta 300 K 

Inlet temperature, Ti 301 K 

Mass flow rate, m 0.012−0.170 kg/s 

 

https://www.sciencedirect.com/topics/engineering/solar-air-heater
https://www.sciencedirect.com/topics/engineering/solar-air-heater
https://www.sciencedirect.com/topics/engineering/support-vector-machine
https://www.sciencedirect.com/topics/engineering/support-vector-machine
https://www.sciencedirect.com/topics/engineering/artificial-neural-network
https://www.sciencedirect.com/topics/engineering/artificial-neural-network
https://www.sciencedirect.com/topics/physics-and-astronomy/neural-network
https://www.sciencedirect.com/topics/materials-science/aluminum
https://www.sciencedirect.com/topics/materials-science/aluminum
https://www.sciencedirect.com/topics/physics-and-astronomy/air-masses
https://www.sciencedirect.com/topics/physics-and-astronomy/air-masses
https://www.sciencedirect.com/topics/engineering/solar-water-heating-system
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2.1. Properties of nanofluids 

2.1.1. The density of the nanofluid, is evaluated based on the 

principle of the mixture rule as follows [20−22]: 

 𝜌𝑛𝑓 = 𝜙𝜌𝑛𝑝 + (1 − 𝜙)𝜌𝑏𝑓, (1) 

where ϕ represents volume fraction of nanoparticles, and sub-

scripts np and bf stand for nanoparticles and base fluid, respec-

tively. 

2.1.2. The specific heat of a nanofluid is predicted by using the 

thermal equilibrium model: 

 𝐶𝑃,𝑛𝑓 =
𝜙(𝜌𝐶)𝑛𝑝+(1−𝜙)(𝜌𝐶)𝑏𝑓

𝜌𝑛𝑓
. (2) 

2.1.3. The thermal conductivity of nanofluid can be evaluated 

as the equation given by Maxwell, which shows a good agree-

ment with the experimental data over the other proposed  

models [9,10]: 

 
𝑘𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑛𝑝+2𝑘𝑏𝑓−2𝜙(𝑘𝑏𝑓−𝑘𝑝)

𝑘𝑛𝑝+2𝑘𝑏𝑓+𝜙(𝑘𝑏𝑓−𝑘𝑝)
. (3) 

The conductivity of the base fluid is evaluated at the average 

temperature (Tavg) from the following equation [14]: 

 𝑘𝑏𝑓 = 0.6065 [1.488445 + 4.12292 (
𝑇𝑎𝑣𝑔

298.15
  ) −

                                                1.63866 (
𝑇𝑎𝑣𝑔

298.15
  )] . (4) 

2.1.4. Dynamic viscosity of a nanofluid can be calculated by 

the equation that follows from the Brinkman’s model  

 
𝜇𝑛𝑓

𝜇𝑏𝑓
=

1

(1−𝜙)2.5, (5) 

where the viscosity of the base fluid is given as  

 𝜇𝑏𝑓 = 2.414 × 10−5 ×  10
247.8

𝑇𝑎𝑣𝑔−140. (6) 

2.1.5. The energy efficiency of the solar collector is defined 

by [23] 

 𝜂𝑡ℎ =
𝑄𝑢

𝐴𝑐𝐼
, (7) 

where Ac is a collector surface area, I is the intensity of solar 

radiation, and Qu represents the useful heat gain from available 

solar energy and is expressed by [23] 

 𝑄𝑢 = 𝑚𝐶𝑃(𝑇𝑜𝑢𝑡 − 𝑇𝑖𝑛). (8) 

2.1.6. Useful heat gain can also be calculated as 

 𝑄𝑢 = 𝐴𝑐𝐹𝑅[𝐼(𝜏𝛼) − 𝑈𝐿(𝑇𝑓𝑚 − 𝑇𝑎), (9) 

where FR denotes the heat removal factor, (τα) represents the ef-

fective transmittance-absorptance product, UL is the overall heat 

loss coefficient, Tfm is the mean temperature of the fluid and Ta 

is the ambient temperature. It can also be calculated in terms of 

UL and mean temperature of an absorber plate (Tpm): 

 𝑄𝑢 = 𝐴𝑐[𝐼(𝜏𝛼) − 𝑈𝐿(𝑇𝑝𝑚 − 𝑇𝑎)]. (10) 

2.1.7. The collector heat removal factor is calculated as 

 𝐹𝑅 =
𝑚𝐶𝑃

𝐴𝑐𝑈𝐿
 [1 − exp (−

𝑈𝐿𝐹′𝐴𝑐

𝑚𝐶𝑃
)]. (11) 

Here, F ' is the collector efficiency factor which can be calculated 

as 

 F'= 

1

𝑈𝐿

W[
1

𝑈𝐿
(𝐷+(𝑊−𝐷)𝐹)]+

1

𝐶𝑏
+

1

𝜋𝐷ℎ𝑓

, (12) 

where: W − tube spacing, F − fin efficiency D − diameter of the 

tube, Cb − bond conductance. The fin efficiency can be calcu-

lated as [14] 

 𝐹 =  
tanh(𝑚

𝑊−𝐷

2
)

𝑚
𝑊−𝐷

2

. (13) 

2.1.8. New mean temperature of the absorber plate is calcu-

lated as 

 𝑇𝑝𝑚 = 𝑇𝑖𝑛 +
𝑄𝑢

𝐴𝑐𝐹𝑅𝑈𝐿
(1 − 𝐹𝑅). (14) 

2.1.9. The collector’s heat transfer coefficient can be calcu-

lated as 

 ℎ𝑛𝑓 =
Nu𝑘𝑛𝑓

𝐷𝑖𝑟
, (15) 

where Nu is the Nusselt number and Dir is the tube’s inner di-

ameter. 

2.1.10. The Reynolds number can be calculated as 

 Re𝑛𝑓 =
𝜌𝑛𝑓𝑉𝐷𝑖𝑟

𝜇𝑛𝑓
. (16) 

2.1.11. Prandtl number can be calculated as 

 Pr𝑛𝑓 =
𝜇𝑛𝑓𝐶𝑃,𝑛𝑓

𝑘𝑛𝑓
. (17) 

2.1.12. The average temperature of the flow can be calculated 

as 

 𝑇𝑎𝑣𝑔 = 𝑇𝑓𝑚 =
𝑇𝑜𝑢𝑡+𝑇𝑖𝑛

2
. (18) 

2.1.13. The Nusselt number for a flat-plate collector having na-

noparticles is evaluated using the correlation [24−27]: 

 Nu𝑛𝑝 =
𝑓

8
(Re−1000)Pr

1+12.7 (
𝑓

8
)

1
2

(Pr
2
3−1)

. (19) 

2.1.14. The Nusselt number for a water-based flat-plate collec-

tor is obtained from 

 Nu𝑏𝑓 = 0.023Re0.8Pr0.4. (20) 

2.1.15. The friction factor is evaluated using the formula 

 𝑓 = [0.79ln(Re) − 1.64)]−2. (21) 
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3. Results and discussion 

3.1. Evaluation of thermophysical properties 

The thermophysical properties of various nanoparticles and wa-

ter are provided in Table 2. Figures 2 to 7 show the effect of 

different parameters on thermophysical properties of copper-

based nanofluid flat-plate collector and their comparison with 

the properties of water-based collector. 

Figure 2 shows the variation of nanofluid density (ρnf) with 

change in the nanoparticles volume fraction (ϕ) from 0.02 to 

0.95 (3 values for the present analysis), which was evaluated us-

ing Eq. (1). It can be seen that the density of nanofluid is increas-

ing with an increase in ϕ.  

Figure 3 represents the effect of temperature rise parameter 

(ΔT/I) on the nanofluid density, where ΔT = Tfo − Tfi. For the 

present analysis, parameter (ΔT/I) was taken in the range of 

0.0018 to 0.026, whereas the value of solar radiation (I) is fixed 

at 900 W/m2. Other system and operating parameters are given 

in detail in Table 1. It can be seen that the density of nanofluid 

with ϕ = 0.95 is the highest as compared to other ϕ values. But 

it can also be seen that water has a higher density than the 

nanofluid with ϕ = 0.02.  

Figures 4 and 5 show the effect of volume fraction on the 

specific heat of nanofluid- and water-based collectors. It can be  

Table 2. Thermophysical properties of various nanoparticles  

and water [21−26]. 
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Copper oxide  CuO 6000 551 34 

Copper Cu 8978 388 381 

Alumina oxide  Al2O3 3960 774 40 

Water H2O   997 4180 0.607 

 

 

Fig. 2. Variation of density with volume fraction for copper-based 

nanofluids and water. 

 

Fig. 3. Effect of temperature rise parameter on the density for 

copper-based nanofluids at different volume fractions and water. 

 

Fig. 4. Variation of specific heat with volume fraction for copper 

nanofluid and water-based collectors. 

 

Fig. 5. Effect of temperature rise parameter on specific heat for 

copper nanofluid based collectors with different particle volume 

fractions and water based collector. 
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seen from Fig. 4 that the specific heat of nanofluid decreases 

with the increasing volume fraction of nanoparticles. From  

Fig. 5 it can be seen that specific heat shows inversely propor-

tional values as ϕ increases. It can also be concluded from this 

figure that water have the highest specific heat compared to the 

considered nanofluids. 

Figures 6 and 7 display thermal conductivity of a nanofluid 

as a function of volume fraction, and the comparison with the 

water thermal conductivity. It can be seen from Fig. 6 that the 

increase in thermal conductivity of the nanofluid is steeper when 

nanoparticle volume fractions exceeds 0.48. The thermal con-

ductivity shows an enhancement which is directionally propor-

tional to the increasing volume fraction of nanoparticles, owing 

to their better heat-conducting properties as compared to the 

base fluid. As the values of ϕ increase, more nanoparticles are 

added to the fluid, which enhances the thermal conductivity of 

nanofluid. Figure 7 demonstrates the variations of thermal con-

ductivity with temperature rise parameter for different values of 

volume fraction. The thermal conductivity shows a similar trend 

as in Fig. 6. 

3.2. Evaluation of Reynolds number 

Figure 8 presents the effect of the volume fraction on the Reyn-

olds number (Re) of the nanofluid- and water-based collectors. 

The Reynolds number was evaluated using Eq. (16). It can be 

seen that while calculating Re, the density, velocity, and viscos-

ity play the important role. It can be seen that the Reynolds num-

ber is decreased by increasing the volume fraction for the 

nanofluid-based collector while for the water collector it is con-

stant. This is because when the volume fraction is increased, the 

nanofluid becomes more viscous, which makes the fluid more 

dense and more resistant to flow. This phenomenon reduces the 

fluid velocity, and as the Reynolds number depends on the fluid 

flow velocity, hence it results in lower values of Re. Moreover, 

as it can be seen from the figure, the highest value of mass flow 

rate corresponds with the highest value of the Reynolds number. 

Figure 9 is presented to show the effect of the temperature 

rise parameter on the Reynolds number  for  different  values  of  

 

Fig. 6. Thermal conductivity of water and copper nanofluids with 

different volume fractions. 

 

Fig. 7. Effect of temperature rise parameter for copper nanofluid 

collector with different particle volume fractions 

and water collector. 

 

Fig. 9. Effect of temperature rise parameter on the Reynolds  

number for nanofluid-based and water solar collectors. 

 

Fig. 8. Variation of Reynolds number with volume fraction 

for copper nanofluid and water  

for laminar and turbulent flow region. 
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volume fraction. It can be seen from the figure that Re decreases 

with an increase in ΔT/I. Among all curves, water collector has 

higher values of Re over the nanofluid-based collector for all 

values of ΔT/I. Furthermore, the nanofluid-based collector with 

the lowest value of ϕ has higher values of Re over the collector 

using nanofluid with higher values of ϕ.  

3.3. Evaluation of Nusselt number and heat transfer  

coefficient 

Figure 10 shows the Nusselt number (Nu) variations with the 

change in volume fraction and for different values of mass flow 

rate (m), which has been evaluated using Eqs. (19) and (20) for 

nanofluid collector (Fig. 10a) and water-based collector 

(Fig. 10b), respectively. It can be seen that Nu of nanofluid col-

lector decreases with an increase in ϕ. Adding more nanoparti-

cles increases the nanofluid volume fraction, which increases 

the nanofluid viscosity and makes nanofluid thicker. Higher vis-

cous fluids have less flowing ability and for the higher viscous 

fluid the rate of heat transfer is low, therefore the Nusselt num-

ber (Nu) decreases with an increase in the volume percentages 

of  nanoparticles. Furthermore, it can also be concluded that the 

highest value of 𝑚̇ shows the highest value of Nu for both types 

of collectors. 

Figure 11 shows the variations of the Nusselt number with 

the temperature rise parameter for different volume fractions for 

both collectors. It can be seen that the Nu decreases with an in-

crease in volume fraction (ϕ) from 0.02 to 0.95 for nanofluid 

collector. Furthermore, Nu values remain constant for all values 

of ϕ corresponding to increase in the values of (ΔT/I). For water 

collector Nu decreases with an increase in the value of ΔT/I but 

the Nu values are higher as compared to nanofluid collector. 

3.4. Evaluation of heat transfer coefficient 

Figure 12 shows the comparison of heat transfer coefficient (h) 

for nanofluid and water collectors for different values of volume 

fraction. It can be seen that for water collector (Fig. 12b), values 

 

Fig. 10. Variation of Nusselt number with volume fraction  

for copper nanofluid (a) and water (b). 

 

Fig. 11. Effect of temperature rise parameter on the Nusselt number 

for copper nanofluid at different volume fractions (a) and water (b). 

 

Fig. 12. Variation of heat transfer coefficient with volume fraction 

for copper nanofluid (a) and water (b). 
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of h remain constant for all values of ϕ, but it is found that they 

increase with an increase in the values of m. While on the other 

side, it can be seen that for nanofluid collector (Fig. 12a) h is 

increasing with an increase in the value of ϕ and m. 

Figure 13 shows the comparison of heat transfer coefficients 

of the nanofluid and water collectors for different values of tem-

perature rise parameter and mass flow rate. It can be seen that 

for both collectors show decreasing values of h with an increase 

in the value of ΔT/I. It can also be concluded from this figure 

that for nanofluid collector, the highest value of ϕ shows higher 

values of h over the other values of ϕ. 

3.5. Evaluation of plate efficiency factor and heat  

removal factor 

Figure 14 depicts a comparison of the collector plate efficiency 

factor (FP) of the nanofluid-based and water-based collectors for 

different values of volume fraction and mass flow rate. As it can 

be seen, for both collectors FP shows increasing values with an 

increase in m. 

Figure 15 shows the effect of temperature rise parameter on 

the collector plate efficiency factor for nanofluid- and water-

based collectors for different values of volume fraction. It can 

be seen that for both type of collectors FP decreases with an in-

crease in the value of ΔT/I. 

Figure 16 shows the collector heat removal factor (FR) com-

parisons of nanofluid and water collectors for different values of 

volume fraction and mass flow rate. It can be seen from the fig-

ure that for nanofluid collector the value of FR increases up to 

the values of ϕ = 0.45 and declines with further increase of ϕ.  

Figure 17 shows a comparison of the heat removal factor of 

the nanofluid- and water-based collectors with changes in the 

 

Fig. 14. Variation of plate efficiency factor with volume  

fraction for copper nanofluid and water collectors. 

 

Fig. 16. Variation of heat removal factor with volume fraction 

for (a) copper nanofluid collector and (b) water collector. 

 

Fig. 13. Effect of temperature rise parameter on heat transfer 

coefficient for copper nanofluid collector with different particle 

volume fractions and water collector. 

 

Fig. 15. Effect of temperature rise parameter on plate efficiency 

factor for copper nanofluid collector with different particle volume 

fractions and water collector. 
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temperature rise parameter and volume fraction. For both col-

lectors, it shows decreasing values of FR with an increase in the 

value of ΔT/I. 

3.6. Evaluation of useful heat gain and energy effi-

ciency 

Figures 18−22 show variations of useful heat gain (Qu) and en-

ergy efficiency (ηth) of the nanofluid- and water-based collec-

tors. It can be seen from these figures that nanofluid collector 

has higher values of Qu and ηth compared to water. This is be-

cause due to nanoparticles, nanofluid-based collector have 

higher thermal conductivity than water-based collector; these 

nanoparticles absorb more heat with the same collector surface 

area. In result, nanofluid collector has higher rate of heat ex-

change between the flowing fluid and collector surfaces (tubes). 

Figure 18 shows a comparison of a collector useful heat gain 

between the nanofluid and water collectors for different values 

of volume fraction and mass flow rate. The results indicate that 

for water collector, Qu value increases with an increase in the 

values of m and it remain constant when ϕ increases, but for the 

nanofluid collector, it increases up to ϕ = 0.45. The Qu values 

for the nanofluid-based collector are higher compared to the wa-

ter-based collector for all values of m and ϕ. 

Figure 19 depicts a comparison of the useful heat gain vari-

ations with the temperature rise parameter between the water-

based collector and nanofluid-based collectors with different na-

noparticle volume fractions. For both collectors, Qu decreases 

with an increase in the values of ΔT/I. It can also be seen from 

this figure that values of Qu for nanofluid collector are higher 

compared to the water based collector for all values of ϕ which 

used for the present nanofluid collector. 

In Fig. 20 a comparison of a collector energy efficiency (ηth) 

between the nanofluid and water collectors as a function of vol-

ume fraction and mass flow rate. From the analysis it was found 

that water collector has attained maximum value of ηth = 53.7% 

for the highest value of m. Furthermore, the nanofluid collector 

 

Fig. 18. Variation of useful heat gain with volume fraction 

for copper nanofluid and water-based collectors. 

 

Fig. 20. Variation of energy efficiency with volume fraction  

for copper nanofluid and water-based collectors. 

 

Fig. 17. Effect of temperature rise parameter on the plate 

 efficiency factor for copper nanofluid collector with 

 different particle volume fractions and water collector. 

 

Fig. 19. Effect of temperature rise parameter on the useful heat gain 

for copper nanofluid collector with different particle volume  

fractions and water collector. 
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has maximum ηth of 70.5% for ϕ = 0.48 and the highest consid-

ered value of m. Thus the nanofluid collector was found to have 

16.8% higher energy efficiency than the water collector. 

Figure 21 presents the variation of collector energy effi-

ciency (ηth) with the temperature rise parameter for the 

nanofluid-based collectors with different volume fractions of 

nanoparticles and the water based collector. It can be seen that 

for both types of collectors the value of ηth decrease with increas-

ing values of ΔT/I. It can also be found from the figure that water 

has values of ηth lower than those predicted for the nanofluid 

collector for all ϕ values considered. 

3.7. Evaluation of fluid outlet temperature 

Figure 22 shows a comparison of the outlet fluid temperature 

(Tfo) between the nanofluid- and water-based collectors, chang-

ing with the volume fraction and for different values of mass 

flow rate. It can be seen that for both collector types Tfo de-

creases with an increase in m. From Fig. 22a it can be seen that 

for the water collector, Tfo is constant for all values of ϕ, i.e. no 

effect of ϕ is visible due to no presence of nanoparticles. Fur-

thermore, from Fig. 22b it can be seen that Tfo for the nanofluid 

collector is increasing with enhancing the values of ϕ from 0.02 

to 0.95. This is due to the fact that nanoparticles increase the 

surface area so that more solar energy is absorbed by the collec-

tor plate. Nanoparticles in the fluid also improve the convective 

heat transfer, which accelerates the heat absorption rate. So, fi-

nally the nanofluid based solar collector can extract more heat, 

which delivers the high fluid outlet temperature over the without 

nanoparticles based collector.  

Figure 23 presents a comparison of the changes in the outlet 

fluid temperature with the temperature rise parameter between 

the nanofluid-based collectors at different volume fractions of 

nanoparticles and the water-based collector. It can be found that 

for both collector types, values of Tfo increase as the value of 

ΔT/I increase. It can also be seen from the figure that water col-

lector exhibits lower Tfo values compared to the nanofluid col-

lector for all considered ϕ values. 

4. Optimal thermal and thermodynamic  

performance of collector 

4.1. Evaluation of thermal efficiency improvement  

factor 

In order to evaluate the enhancement of thermal performance of 

the thermal system after application of any technique and for 

comparison to the reference (base) system Sahu et al. [27] pro-

 

Fig. 21. Effect of temperature rise parameter on the collector  

energy efficiency for copper nanofluids with different particle  

volume fractions and water. 

 

Fig. 23. Effect of the temperature rise parameter on fluid outlet 

temperature for water and for copper nanofluids  

with different particle volume fractions. 

 

Fig. 22. Variation of the fluid outlet temperature with volume 

fraction for water (a) and copper nanofluid (b). 
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posed the parameter, called as thermal efficiency improvement 

factor (TEIF), which can be calculated as  

 TEIF =
(𝜂𝑡ℎ)𝑛𝑓−(𝜂𝑡ℎ)𝑏𝑓

(𝜂𝑡ℎ)𝑏𝑓
. (22) 

Figure 24 shows the change of thermal efficiency improve-

ment factor of a nanofluid collector with the volume fraction and 

for various values of mass flow rate. It can be seen from the fig-

ure that ϕ = 0.48 delivers the highest value of TEIF = 64.6% for 

the lowest value of m, while for the highest value of m the value 

of TEIF for ϕ = 0.48 is 31.1%. 

Figure 25 demonstrates the variation of thermal efficiency 

improvement factor with the temperature rise parameter and vol-

ume fraction. It can be seen that ϕ = 0.48 shows the highest val-

ues of TEIF, while ϕ = 0.95 shows the lowest values of all ϕ 

considered for all values of ΔT/I. Furthermore, TEIF values in-

crease when the value of ΔT/I increases for all values of ϕ. 

5.1. Evaluation of Sahu number 

Figure 26 shows the effect of mass flow rate on the collector 

outlet fluid temperature (Tfo) for all values of volume fraction 

which were considered in the present analysis. It is clear from 

this figure that for both collector types, outlet temperature de-

creases with an increase in the mass flow rate. For mass flow 

rate exceeding 0.06 kg/s, Tfo decreases at a higher rate. At mass 

flow rates larger than m = 0.12 kg/s, for water collector and for 

the nanofluid collector of ϕ = 0.02 and 0.48, the values of Tfo are 

almost close to the collectors inlet temperature Tfi (shown by 

horizontal dotted line), i.e. both collector types show negligible 

temperature rise. Furthermore, it can also be concluded that as 

the mass flow rate increases, the outlet fluid temperature of the 

nanofluid collector is higher than that for the water collector. 

From the present analysis, it was found that the trends of chan-

ges in collector outlet fluid temperature and energy efficiency 

with mass flow rate are opposite. 

It can be seen from Fig. 26 that collector outlet fluid temper-

ature decreases with the increasing mass flow rate and at higher 

values of mass flow rate, the values of the collector outlet fluid 

temperature (Tfo) are very close to the inlet fluid temperature 

(Tfi). As per the authors’ knowledge, any dimensionless number 

has been suggested to date by any investigator to evaluate the 
percentage of collector outlet fluid temperature with its operat-

ing mass flow rate. So, this manuscript fourth author suggested 

the following formula to evaluate this:  

 Sahu Number = 100 − (
𝑇𝑓𝑜 

𝑇𝑓𝑜− 𝑇𝑓𝑖 
). (23) 

Figure 27 shows the variation of Sahu number with the mass 

flow rate for both collector types using Eq. (23). It can be seen 

from the figure that Sahu number is decreasing with m for both 

types of collectors. Furthermore, it can be concluded that for wa-

ter and for nanofluid for all values of ϕ, after certain values of m 

Sahu number goes below zero (shown by vertical dotted lines 

for water and nanofluid solar collectors) to the negative values; 

this means after this value of m collectors are not able to deliver 

the temperature rise (ΔT = Tfo − Tfi) significantly. For example, 

from Fig. 27 we can obtain the critical value of m = 0.07 kg/s for 

water by simply putting the vertical line towards the horizontal 

coordinate (flowrate–axis). Similarly, for nanofluid collector of  

 

Fig. 24. Variation of thermal efficiency improvement factor 

of a nanofluid collector with the volume fraction and flow rate. 

 

Fig. 25. Effect of temperature rise parameter on the thermal 

 efficiency improvement factor for the present nanofluid collector. 

 

Fig. 26. Variation of fluid outlet temperature with the mass flow 

rate for nanofluid collector with different particle volume fractions 

and water collector. 

https://www.google.com/search?sca_esv=dbec97f3c192e658&sxsrf=ACQVn08DrQsVaEK1DRRoucxqAk8FGYtz3g:1713786789761&q=evaluate&spell=1&sa=X&ved=2ahUKEwiWwcum4dWFAxX2Z2wGHcz0BZsQBSgAegQIBxAC
https://www.google.com/search?sca_esv=dbec97f3c192e658&sxsrf=ACQVn08DrQsVaEK1DRRoucxqAk8FGYtz3g:1713786789761&q=evaluate&spell=1&sa=X&ved=2ahUKEwiWwcum4dWFAxX2Z2wGHcz0BZsQBSgAegQIBxAC
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 ϕ = 0.02 the critical value of m is 0.095 kg/s. Thus, it can be 

seen that the Sahu number is an effective number to obtain the 

optimal value of m for both types of collectors. 

6. Conclusions  

In the present work the performances of the copper water-based 

flat plate solar collectors were examined theoretically using 

MATLAB. The effects of the temperature rise parameter,  

ΔT/I = 0.0018–0.025, volume fraction ϕ = 0–1 and mass flow 

rate, m = 0.012–0.170 kg/s, were considered in the investigation. 

Then a detailed parametric study was carried out to investigate 

the effects of volume fraction and mass flow rate, thermophysi-

cal properties, Nusselt number, heat transfer coefficient, collec-

tor plate factor, heat removal factor, Reynolds number, collector 

heat gain, fluid outlet temperature, and thermal efficiency. The 

Sahu number was introduced to find the optimum values of mass 

flow rate for both collector types. The main findings of the pre-

sent work can be summarised as follows:  

1. With increasing nanoparticles’ volume fraction, the den-

sity and thermal conductivity of nanofluids based flat-plate 

collector improves, while the specific heat decreases. 

2. With increasing volume fraction, the Reynolds number and 

Nusselt number of a nanofluid collector decreases. 

3. With increasing volume fraction, the heat transfer coeffi-

cient, useful heat gain and collector fluid outlet tempera-

ture increase, but their values are higher compared to water 

(H2O)-based collector for all values of volume fraction. 

4. From the analysis it was found that the water collector has 

attained a maximum value of ηth = 53.7% for the highest 

value of mass flow rate. Furthermore, for the nanofluid col-

lector, the maximum thermal efficiency is 70.5% for  

ϕ = 0.48 and for the highest value of mass flow rate, thus  

a maximum of 16.8% higher efficiency compared to a wa-

ter collector was obtained. 

5. The highest value of the thermal efficiency improvement 

factor equal to 64.6% was obtained for ϕ = 0.48 and for the 

lowest value of the mass flow rate, while for the highest 

value of mass flow rate, the value of thermal efficiency im-

provement factor for ϕ = 0.48 is 31.1%. 

6. The Sahu number is an effective number to obtain the op-

timal value of mass flow rate for both types of collectors. 
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1. Introduction 

Needless to say, there is no life without fresh water. It is not only 

the water we drink, water is part of everything we do. Yet, it is 

increasingly becoming scary. Already, around 2/3rd of the total 

population faces water scarcity at least once a month. Islands 

and coastal areas, in particular areas, are at the forefront of cli-

matic change due to global warming [1]. Therefore, in those 

places, droughts happen more frequently, and freshwater 

sources are drying up, resulting in critical day-zero situations 

(people have to stand in cue for the daily quota of water) in ma-
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Abstract 

The availability of freshwater is a significant challenge in today's world, especially in arid and coastal regions. As a solu-
tion, purifying existing open water reservoirs or saline water could help bridge the gap between demand and supply. Solar 
distillation presents a promising method, requiring low initial investment and leaving no harmful environmental impact. 
However, limited yield due to the traditional design of a solar system is still a problem. Therefore, in the present study, the 
traditional design of the solar still, i.e. single slope solar still or conventional solar still (CSS) is modified with jute wick 
(MSS) at an inclination angle of 30º. The length-to-width ratio was kept at 3:1 to avoid shadows at the corners. The studies 
were conducted to assess how jute fibre as a wick, wind speed and solar intensity affected the CSS’s distillate production. 
The total yield was found to be 2.69 and 3.208 kg/m2 per day for CSS and MSS, respectively. Additionally, daily thermal 
efficiency was analysed to check the feasibility and practicability of the systems. It was evident that incorporating jute 
wick improves the thermal efficiency of CSS by 26.6%. These findings recommend MSS as a promising and economically 
viable solution for enhancing solar still performance. 

Keywords: Energy; Solar distillation; Solar still; Tilted wick; Jute wick; Distillate yield 
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Nomenclature 

Age ‒ area of glass exposed, m2 

IS(t) ‒ solar intensity, W/m2 

Lvap ‒ latent heat of vaporisation, J/kg  

ṁp – hourly distillate yield, kg/h 

Tw – temperature of water, K 

 

Greek symbols 

ηd(t) – daily thermal efficiency of the system 

 

Subscripts and Superscripts 

ge – glass exposed 

vap – vaporisation  

w – water 

 

Abbreviations and Acronyms 

CSS – conventional solar still 

MSS – modified solar still 

SEM – scanning electron microscopy 

 

 

jor cities of both developed and developing nations. So, the pop-

ulation depends on fresh waterfalls from nearby water sources, 

i.e. canals and groundwater. However, extensive use of these re-

sources results in ecological unbalance. Generally, near coastal 

areas, the availability of fresh water is limited; moreover, their 

populations depend on nearby sources, i.e. transportation of 

fresh water, and ocean water if found purified [2]. The trans-

ported water is not economical and feasible in the long term. So, 

they need a place solution to combat the current scenario. Ac-

cording to the World Health Organization (WHO), the palatabil-

ity of drinking water has been standardized in the form of total 

dissolved solids (TDS) [3]. Ocean water contains high TDS of 

more than 35 ppb (parts per billion). In this context, the TDS 

value of less than 300 ppm is highly considered for drinking wa-

ter, while those between 300−600 ppm can be used for drinking 

water. However, a TDS value above 600 ppm is not considered 

for drinking purposes [4]. 

Various techniques such as nanofiltration [5], electrocoagu-

lation [6], electro-oxidation [7], and reverse osmosis [8] are 

available to treat ocean water. However, due to sophisticated 

mechanisms and certain drawbacks, such as more energy con-

sumption, these methods are limited to being used in nearby 

coastal areas [9]. Hence, an alternative low-cost technique 

named solar distillation can be used to treat saline water in 

nearby oceans. Solar distillation is a technique used to treat sa-

line water or impure water with the help of solar radiation. It 

works on the principle of evaporation and condensation. During 

the process, the saline water is poured into the watershed, and 

sunlight that passes through the transparent covers and reaches 

the watershed water surface heats the water. The absorbed heat 

causes the water molecules to gain energy and transition from 

liquid to vapour through evaporation. During the process, the 

impurities, such as salts, bacteria, and other contaminants, are 

left behind in the wick. The vapour accumulates on the inner 

surface of the transparent cover due to temperature differences. 

This condensed water is collected in a separate container at the 

lowest point of the still. The evaporation and condensation pro-

cess continues in a continuous cycle under available sunlight 

[10]. Wicks are materials with a high water-absorbing tendency 

due to capillary action such as sponges, cotton, jute fibre, khes 

cloth, polyester cloth, terry cloth, and so on [11]. The introduc-

tion of wick results in a higher evaporation rate, which increases 

the overall distillate of the solar still compared to the conven-

tional one. Moreover, inclined wicks have better distillate output 

compared to horizontal wicks [12]. Literature [13] suggests the 

inclination of the wick should be equal to the latitude of the lo-

cation to collect maximum solar radiation throughout the day. In 

order to store maximum solar radiation throughout the day, 

some special collectors with a roughened surface (such as  

W-contoured, taper-contoured and reverse taper-contoured tur-

bulators) [14] can be used and for maintaining the energy in 

transferring medium, micro-channel [15], mini-channel [16], 

and heat pipe [17] or exchanger can be employed [17]. For in-

stance, Munisamy et al. [18] experimented by inclining the tilted 

wick solar still at 30ºC. Terry cloth, jute cloth, polyester, and fur 

fabric cloth were used as the wick material. The maximum dis-

tillate was obtained for the fur fabric followed by jute, terry 

cloth, and polyester fabric. The author found that fur fabric cloth 

has high water absorbency while low capillary rise compared to 

jute cloth. Furthermore, Hansen et al. [19] tested the porosity, 

absorbency, capillary rise, and heat transfer coefficient of vari-

ous wick materials for the distillate enhancement of the inclined 

solar still. The results revealed that the porosity of the wick ma-

terial is an important area of assessment. The high porosity of 

the wick material has more voids that enable water vapour to 

move easily toward the condensing surface. In addition, [20] has 

tested the various parameters affecting the distillate yield of 

wick-type solar still, i.e. climatic, operational, and design pa-

rameters. Janarthanan et al. [21,22] have theoretically and ex-

perimentally tested the effect of floating tilted wick solar stills. 

Mahdi et al. [23] used charcoal pieces to reduce the thermal in-

ertia of watershed-type solar still. The reduction in thermal iner-

tia provided by the wet wick extends the contact time of water-

shed water with the wick to enhance the evaporation rate [24]. 

Furthermore, Fayaz et al. [25] experimentally tested the effect 

of inclination and flow rate over the wick. The author found an 

angle of 30º as the best for the latitude of the location and the 

optimum flow rate value was 0.20 g/(m2s). The flow rate of the 

watershed water was based on experimental testing and the wick 

should remain completely wet during the experimentation. Modi 

et al. [26] reported a significant improvement in the distillate 

yield of 23.71% by modifying conventional solar still (CSS) 

with jute wick.  

A concise summary of results regarding the wick-based dis-

tillation is shown in Table 1. The literature review on the distil-

late yield of stills suggests that the inclination of the wick and 

materials used for the wick are the factors that influence the dis-

tillate yield. However, limited study has been conducted on the 

effect of the tilted wick inner part of the watershed. This creates  
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a research gap in understanding the impact of the wick’s tilt angle 

on the distillation process. Exploring the influence of the wick’s 

inclination within the watershed is a crucial factor for several rea-

sons. The tilt angle can affect the flow dynamic of heat transfer 

within the still. The combined effect of the low-cost jute wick 

material and its inclination has not been extensively studied. So, 

to fill this gap a low-cost jute fibre was used as a wick material 

of the watershed inner part to enhance the distillate yield of the 

solar still. The findings were not limited to the fact that a higher 

number of fins have always shown better performance than ar-

rangements with lower number of fins.  

A review of existing literature highlights that both the incli-

nation of the wick and the material used significantly influence 

the distillate yield in solar stills. However, there is a noticeable 

lack of comprehensive research focusing on the use of jute ma-

terial as a wick under a location latitude inclination. This gap 

limits our understanding of how the wick’s tilt angle impacts the 

efficiency of the distillation process. The inclination angle plays 

a critical role in influencing heat transfer dynamics within the 

still. Despite the potential of low-cost jute material, its combined 

effect with varying inclinations on the performance of solar stills 

remains underexplored. To address this gap, this study utilizes 

an affordable jute fibre as the wick material and investigates its 

inclination within the basin to enhance distillate yield, offering 

a novel approach to improving solar still performance. Addition-

ally, thermal and economic analyses were performed for better 

understanding. 

 

2. Materials and methods  

2.1. Fabrication of setup  

The jute cloth was purchased domestically from a local shop. 

Raw image of the jute fiber and its microscopic images at 132× 

and 230× magnification are shown in Fig. 1. Upon closer exam-

ination through scanning electron microscopy (SEM) analysis, 

the jute fiber revealed a unique surface morphology character-

ized by its inherent roughness and fibrous structure. These fea-

tures play a critical role in enhancing capillary action and im-

proving water retention, both of which are crucial for the effi-

cient functioning of the solar still. The porosity of the jute fibers, 

although visually identifiable from the SEM images, directly 

contributes to their water absorption capability. This property 

facilitates prolonged water retention within the wick, ensuring 

steady evaporation rates over time. In this study, a tilted wick 

inner part of the watershed solar still was constructed using 

stainless steel grade 304. The aspect area of the still, made of 

24-gauge sheet, was 1.8 m × 0.59 m × 0.8 m. The upper part of 

the still was covered with 5 mm toughened glass sheet with a 

transmissivity of 90%. The glass was adjusted at an angle of 45o 

so that maximum radiation could be accumulated during the day. 

The low-cost jute fiber is used as a wick for the experimental 

study. A galvanized iron (GI) sheet that was 30° slanted under 

the location’s latitude supported the inclined wick, Fig. 2(B). 

Prior to experimentation under the environmental conditions, 

the setup was tested with external radiation panels, Fig. 2(A). 

 

Table 1. Summary of distillate yield from solar stills with wick. 

Solar still type Wick material Inclination or height Observation Reference 

Individual watershed  khes cloth 30⁰ 

Maximum distillate yield: 
• CSS – 2.894 kg/m2/day 
• MSS with tilted wick and flat plate collector – 

3.997 kg/m2/day 

[13] 

Double slope multi wick 
black cotton cloth, 

jute cloth 
10,13, 16, 19, 22, 25, 

28,31, 34, 37 cm 

Maximum productivity for 2 cm water depth: 
• reference still – 3020 l/day 
• black cotton cloth – 9012 l/day 
• jute wick – 7040 l/day 

[27] 

Inclined individual slope jute wick 20⁰, 30⁰ 

Distillate enhancement compared to CSS: 
• jute wick with solar still – 62% 
• parabolic concentrator solar tracker + wick 

type solar still's efficiency – 276% 

[28] 

Individual slope  khes cloth 0, 15, 30, and 45⁰ 

Maximum distillate yield: 
• 0⁰ – 3.1 kg/m2/day 
• 15⁰ – 3.51 kg/m2/day 
• 30⁰ – 3.60 kg/m2/day 
• 45⁰ – 3.41 kg/m2/day 

[28] 

Individual slope 
V-shaped floating jute 

cloth wick 
24⁰ 

Winter: 
• daily productivity – 3.23 kg/m2 

Summer: 
• daily productivity – 6.2 kg/m2 

[29] 

Individual slope  jute cloth 13⁰ 
• Maximum daily yield in April – 4.57 kg/m2 
• Overall efficiency in the month of April – 46% [30] 

Inclined individual slope  
jute cloth, terry cloth, 
polyester cloth, and 

fur fabric 
30⁰ 

Productivity: 
• fur fabric cloth as wick – 3.63 l/day. 
• jute as wick – 3.39 l/day. 
• polyester cloth as wick - 2.56 l/day. 
• terry cloth as a wick – 2.85 l/day 

[18] 
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2.2. Experiment procedure 

The experiments were performed under the environmental con-

ditions of Chandigarh University of Mohali, Punjab for the lati-

tude of 30.7712° N, 76.5783° E. The experiments were carried 

out for 3 days in March 2020 and the best day results were dis-

closed in this study. The details on experimental setup are shown 

in Fig. 3. The solar still was oriented towards the South to obtain 

the maximum solar radiation throughout the day. Five K-type 

thermocouples were used to measure the temperature of differ-

ent components of the still. The thermocouples were attached to 

a data logger which recorded the temperature data of the com-

ponents during experiment time. Each day, the experiment was 

performed for the available period of solar intensity, i.e. for ap-

proximately10 hours, from 9:00 am to 7:00 pm, maintaining the 

level of the basin water at 3 cm. The distillate output from the 

setup was measured each hour using a weighing pan. The solar 

intensity was measured using a solarimeter, while an anemome-

ter was used to measure the wind velocity during the day. The 

experiments were performed for two cases, viz.: (1) conven-

tional solar still (CSS) and (2) modified solar still (MSS). The 

case of the modified solar still was the conventional solar still 

modified with a tilted jute wick. The experimentation on CSS 

was performed on 13 March 2020 while for MSS the experimen-

tation was performed on 15 March 2020. Table 2 shows the 

range and accuracy of the instruments used during experimenta-

tion. 

2.3. Thermal performance 

Thermal efficiency is the ratio of output to input energy of the 

system. The output energy is defined as the energy required to 

evaporate the basin water and input energy is expressed in solar 

intensity. Moreover, thermal efficiency serves as a modest 

Table 2. Details of used instruments during experimentation.  

Instruments Range Accuracy 

Solarimeter 0−1500 W/m2 ±1 W/m2 

K-type thermocouples ±200oC ±0.1 m/s 

Anemometer 0−30 m/s ±0.1⁰C 

Weighing pan 0−5 kg ±0.001 g 

Data logger − − 

 

 

Fig. 1. Image of (a) jute fibre, and its SEM images: (b) at 132× magnification, (c) at 230× magnification. 

 

Fig. 2. Images of (A) experimental setup with external radiation panel and (B) wick adjusting stand. 
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measure to assess a distiller's capacity to harness the solar radi-

ation available within its area. As such, it stands as a benchmark 

for comparing the thermal effectiveness between MSS and CSS.  

The system’s daily thermal efficiency varies with time and 

depends on the hourly distillate yield (𝑚̇𝑝), solar intensity (IS(t)), 

latent heat of vaporization (𝐿𝑣𝑎𝑝), and the area of glass exposed 

(Age) to incident solar radiation. It can be calculated using the 

equation 

 𝜂𝑑(𝑡) = 
∑ 𝑚̇𝑝𝐿𝑣𝑎𝑝

3600 ∑ IS(𝑡)𝐴𝑔𝑒
. (1) 

Additionally, the 𝐿𝑣𝑎𝑝 can be determined from the equation 

[3132]  

 𝐿𝑣𝑎𝑝  =  3.1615×106 (1 − 7.616×10−4 𝑇𝑤), (2) 

where Tw stands for the temperature of water. 

3. Results and discussion  

The effect of jute fibre as a wick on the distillate yield of the 

individual watershed slope solar still was investigated under ac-

tual climatic conditions. In the present study, the distillate yield 

of the modified solar still is evaluated. Moreover, the results of 

distillate yield obtained from MSS were compared with those ob-

tained from CSS. 

3.1. Variation of solar intensity and wind velocity 

The solar intensity and wind velocity during the experimental 

days are shown in Fig. 4, respectively. The average radiations 

falling on the surface are approximately similar in the trend for 

the experimental days. Besides this, the wind velocity fluctuates 

throughout the experiment duration time for both days. The 

maximum solar intensity of approximately 1000 W/m2 and 

980 W/m2 was estimated at 12:00 pm − 1:00 pm for CSS and 

MSS, respectively. After 1:00 pm the solar intensity decreases 

to 220 W/m2 at 6:00 pm – 7:00 pm. Similarly, the wind velocity 

fluctuates throughout the day. It was low during the day, and 

increased during the off-shine hours, the wind velocity increased 

and was found to be maximum during the late hours of testing. 

3.2. Variation of the component’s temperature and 

productivity of the conventional solar still  

The temperatures of CSS and MSS components are shown in 

Fig. 5. In the case of CSS, the glass and watershed water is di-

rectly exposed to solar radiation, while in the case of MSS the 

 

Fig. 4. Variation of solar intensity and wind velocity. 

 

 

Fig. 3. Components of experimental setup. 
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glass and inclined jute wick are directly subjected to solar radi-

ation. The watershed water of the MSS is not subjected to direct 

solar radiation due to the placement of the wick above the wa-

tershed. In the case of CSS, the glass and watershed temperature 

increases with increased solar radiation until 1:00 pm, after that 

the energy stored in the form of latent heat of the watershed wa-

ter further elevates the temperature of water for the next hour. 

However, due to the direct incident radiation on the glass and 

the increased evaporation rate of the watershed water, the glass 

temperature surged but remained lower than the watershed tem-

perature. This may be due to the wind velocity and heat loss to 

the surroundings. 

3.3. Distillate yield of the CSS and MSS 

The temperatures of CSS and MSS components are the distillate 

yield and accumulated yield of the CSS and MSS, shown in 

Fig. 6. The distillate yield strictly depends on the difference be-

tween watershed water and glass temperature in the case of CSS. 

However, in the MSS, the tilted wick temperature plays a vital 

role. It is directly proportional to the daily distillate yield ob-

tained with MSS, which is 19.2% higher compared to CSS. The 

jute fibre as a wick has high capillary rise, which increases the 

surface area thermal inertia resulting in an increase in the evap-

oration rate. In the case of CSS, the maximum distillate yield of 

402.3 g/m2 was obtained between 1:00 and 2:00 p.m. during the 

maximum temperature difference between water and glass. Simi-

larly, the maximum distillate output of MSS was achieved be-

tween 1:00 and 2:00 p.m. and was 468 g/m2. Furthermore, the 

temperature of the wick played an important role in increasing the 

evaporation rate. Also, the cumulative yield of 2.69 kg/m2/day 

and 3.208 kg/m2/day was achieved for CSS and MSS, respec-

tively.  

 

3.4. Thermal performance of the CSS and MSS 

Thermal performance is a vital parameter in evaluating the per-

formance of the solar still. Therefore, it is utmost important to 

compare the daily thermal efficiency of the CSS and MSS. Fig-

ure 7 portrays the comparison in the daily thermal efficiency of 

the respected models. It can be clearly seen that, while introduc-

ing wick to CSS, it has higher surface area, and consequently 

a higher distillate yield that has severely influenced the daily ef-

ficiency of the system. Figure 7 shows comparative energy effi-

ciency for both respective models. Higher daily efficiency of 

41.29% was reported for MSS, while for CSS it was 32.61%. 

4. Conclusions  

The experimental investigation was performed by modifying the 

conventional solar still (CSS) with and without jute fibre wick 

at the latitude of the location. The experiments were performed 

on the actual environmental conditions. The following conclu-

sions were made on the basis of experiments. 

 

Fig. 5. Temperature variations of CSS and MSS components. 

 
Fig. 7. Daily thermal efficiency of CSS and MSS. 

 

Fig. 6. Hourly and cumulative distillate yield of CSS and MSS. 
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 The evaporation rate of the solar still is proportional to the 

solar intensity during the day. 

 Jute fibre as a wick has significant benefits such as good 

capillary rise, low cost, and ease of availability. 

 Yearly maintenance of watershed surface and glass can be 

helpful to increase the overall distillate yield of the still. 

 The daily distillate yield obtained from MSS was 19.2% 

higher when compared to CSS. 

 Properties such as capillary action, porosity, and wettabil-

ity of the wicks should be an important assessment area 

and should be considered for future work. 

 Investigating the effects of chemical or thermal treatments 

on jute fibre properties (e.g., hydrophilicity, durability) 

could further enhance its performance. 

 Treating jute fibre with hydrophilic coatings or anti-bacte-

rial agents can improve its longevity and performance in 

solar stills operating in diverse environmental conditions. 

 A comprehensive environmental and economic life-cycle 

assessment of jute fibre-based systems is recommended to 

validate their sustainability and long-term viability. 
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1. Introduction 

Heat exchange between flowing fluids is one of the most im-

portant physical processes of concern, and a variety of heat ex-

changers are used in different types of installations, like process 

industries, power plants, HVACs (heating, ventilation, and air 

conditioning systems), etc. The purpose of constructing a heat 

exchanger is to get an efficient method of heat transfer from one 

fluid to another, by direct contact or by indirect contact. The heat 

transfer occurs by three principles: conduction, convection and 

radiation. In a heat exchanger, the heat transfer through radiation 

is not taken into account as it is negligible in comparison to con-

duction and convection [1].  

There are generally two methods observed in literature to 

augment heat transfer, i.e. active and passive techniques [2]. Ac-

tive techniques require an external source of energy to improve 

heat transfer efficiency. Examples of such methods include the 
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Abstract 

This research investigates the heat transfer and fluid flow characteristics of a double pipe heat exchanger enhanced with 
perforated turbulators. The study focuses on the effects of varying Reynolds numbers and geometric configurations, par-
ticularly the number of perforations in the inserts, on thermal performance. Using the finite volume method and Ansys 
Fluent simulations, the heat exchanger was analysed under different conditions, comparing the results with a smooth tube 
configuration. The findings reveal that the pitch ratio of 2.5 has shown the highest heat transfer capacity followed by pitch 
ratios of 4.5 and 6.5. Further, irrespective of relative pitch ratio, the ring with no perforations has shown the highest value 
of average Nusselt number and in the case of perforation, the open area ratio of 0.068 has yielded the best thermal perfor-
mance.  

Keywords: Computational fluid dynamics; Double pipe heat exchanger; Perforated ring turbulators; Tangent placed 

turbulator; Thermohydraulic performance 
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Nomenclature 

Cp ‒ specific heat, J/(kg K)  

d, D ‒ diameter, mm  

Dh ‒ hydraulic diameter, mm  

Fr – friction factor  

h ‒ ring thickness, mm 

H ‒ heat transfer coefficient, W/(m2 K) 

I  ‒ uniform heat flux, W/m2 

K – thermal conductivity, W/(m K) 

L – length, mm 

Nu – Nusselt number, =H Dh/K 

P ‒ roughness pitch between the rings, mm 

p – pressure, Pa  

Pr ‒ Prandtl number, = ν/α 

PR ‒ pitch ratio, = p/Dh 

Re – Reynolds number, = ρvDh/μ 

T – temperature, K  

u, v, w‒ velocity components, m/s 

x, y, z ‒ Cartesian coordinates, m 

 

Greek symbols 

α – thermal diffusivity, m2/s  

λ – open area ratios 

 – dynamic viscosity, Pas  

ν – kinematic viscosity, m2/s  

ρ – density, kg/m3  

 

Subscripts and Superscripts 

i – inner  

h – hydraulic  

o – outer  

 

Abbreviations and Acronyms 

CFD – computational fluid dynamics 

PTT – twisted tape with perforations 

PCR – perforated ring 

 

 

use of cams and reciprocating plungers to create induced pulsa-

tions, employing a magnetic field to disturb light particles in 

a fluid stream, and implementing mechanical aids. Other tech-

niques involve surface vibration, fluid vibration, electrostatic 

fields, as well as methods like suction, injection, and jet im-

pingement, all of which depend on an external power source to 

achieve enhanced heat transfer [3]. 

Passive techniques involve altering the flow channel’s sur-

face or design through various modifications, or insertion of dif-

ferent-sized particles (particularly nano or micro) in fluid [4]. 

These can include adding components like inserts or swirl flow 

devices, modifying the surface with treatments or roughness, ex-

tending surfaces, using displaced enhancement devices, employ-

ing coiled tubes, etc. [5]. Over time, various advanced designs 

have been introduced to balance acceptable pressure levels 

while improving heat transfer efficiency. Enhancements in heat 

exchanger performance have been achieved by optimizing sur-

face area, incorporating turbulence-inducing elements, minimiz-

ing the fluid’s overall thermal resistance, and lowering pumping 

power requirements for a given heat load [6,7]. The flow pattern 

within a heat exchanger’s passage is inherently intricate, with 

the natural formation of vortices. This complexity increases sig-

nificantly when the geometric configuration is altered, as such 

modifications amplify interruptions in the flow. By introducing 

elements like vortex generators or louvers, it is possible to har-

ness this phenomenon to create intentional, large-scale vortices 

along the flow direction. Commonly used vortex generators in-

clude devices like twisted tapes, ring-shaped inserts, baffles, tur-

bulators, winglets, and pins, which are widely implemented to 

improve the efficiency of heat exchangers. Detailed investiga-

tions into heat transfer enhancements have been conducted by 

researchers, such as Khoshvaght-Aliabadi et al. [8], Sinha et al. 

[9], and Hu et al. [10]. 

Researchers have explored various inserts to enhance heat 

transfer in heat exchangers. Thianpong et al. [11] introduced 

a novel approach by incorporating twisted tapes with perfora-

tions (PTT) into heat exchanger tubes. These tapes are designed 

with holes along their entire length, which significantly boosts 

the heat transfer rate. Their findings revealed an impressive im-

provement of 36−85% compared to plain tubes without PTT. 

Additionally, they discovered that reducing the pitch ratio and 

twist ratio of the tapes further enhances heat transfer efficiency. 

Eiamsa-ard [12] expanded on this concept by employing multi-

ple twisted tapes within the same tube, ranging from two to four 

tapes. This configuration resulted in thermal performance fac-

tors superior to those achieved with a single twisted tape, with 

an observed efficiency increase of 0.94−1.4%. Murugesan et al. 

[13] explored the use of twisted tape inserts with trapezoidal cuts 

and found that these modified inserts significantly improved 

thermal performance. In another study, Murugesan et al. [14] 

investigated twisted tapes with U-shaped cuts, discovering that 

this design achieved a thermal enhancement factor of 1.22 with 

a twist ratio of 2.0. Promvonge [15] conducted an experimental 

study combining wire coils and twisted tapes inside a heat ex-

changer tube. The wire coil was wound around the twisted tape 

along its entire length, creating a swirl flow within the tube. This 

combination nearly doubled the efficiency compared to using 

twisted tape alone. Eiamsa-ard et al. [16] extended this concept 

by experimenting with variable-pitch coils, finding that adjust-

ing the coil pitch resulted in the highest efficiency. 

Arulprakasam Jothi et al. [17] focused on using conical strip 

inserts as turbulators inside a circular tube. They experimented 

with conical strips having varying twist ratios in both staggered 

and non-staggered arrangements. Their research showed that the 

staggered arrangement of conical strips with a twist ratio of 

3 achieved the highest Nusselt number. Promvonge and Eiamsa-

ard [18] conducted a study where they utilized a combination of 

conical-ring and twisted-tape inserts within a circular tube. 

Their findings revealed that this hybrid configuration signifi-

cantly improved the heat transfer rate, achieving an enhance-

ment of over 10% compared to using conical-ring inserts alone. 

This demonstrates the synergistic effect of combining different 

types of inserts in optimizing thermal performance in heat ex-

changers.  

This research paper focuses on double pipe heat exchang-

ers, and the following are the highlights of relevant work previ-
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ously conducted in this field. Saud Ghani et al. [19] experimen-

tally demonstrated that double pipe heat exchangers improve air 

conditioning performance by reducing compressor work and in-

creasing efficiency. Rennie and Raghavan [20] numerically an-

alysed double pipe helical heat exchangers, providing key de-

sign insights for enhancing temperature control and uniformity 

in liquid food processing. Structural modifications in double 

pipe heat exchangers primarily involve the incorporation of ele-

ments such as fin inserts [21,22], wire inserts [23,24], and tape 

inserts [25], as well as alterations to pipe designs [26,27]. Addi-

tionally, techniques like employing porous media [28] and inte-

grating generators and turbulators [29] are also utilized. 

Sheikholeslami and Ganji [30] used circular perforated rings tur-

bulators on air side in their double pipe heat exchanger. They 

placed turbulators in radial direction of the tube and found that 

thermal performance enhances with an increase in open area ra-

tio. Salem et al. [31] performed comparative experimental study 

on flower and conventional segmental baffles in double pipe 

heat exchanger and observed that flower design achieve better 

characteristics than traditional baffles. Banihashemi et al. [32] 

investigated the impact of using moving turbulators in heat ex-

changers, comparing them to stationary turbulators. They found 

that rotating turbulators, particularly those with smaller angle 

ratios, greatly improved thermal efficiency and performed better 

than the stationary versions. Nakhchi et al. [33] studied double-

pipe heat exchangers that utilized perforated, inclined elliptic 

turbulators. Their findings revealed a 217.4% rise in the Nusselt 

number and a 39.4% improvement in heat transfer. They achie-

ved a thermal efficiency of 1.85 without notable increases in 

friction loss. Kumar [34] conducted a study on the impact of 

hemispherical turbulators in a double pipe heat exchanger. The 

study showed that while the turbulators enhanced heat transfer, 

they also led to an increase in the friction factor. The highest 

performance indicator recorded was 1.41.  

In present research work, heat transfer and fluid flow prop-

erties in a double pipe heat exchanger that uses perforated tur-

bulators inserts were explored. The turbulators were placed tan-

gentially to the inner tube. The novelty of this research lies in 

the use of tangential perforated ring turbulators to enhance heat 

transfer in a double pipe heat exchanger, offering a unique de-

sign innovation compared to the perforated turbulators studied 

by Sheikholeslami and Ganji [30]. The tangential orientation of 

the turbulators induces swirling flows and enhanced turbulence 

near the heat transfer surfaces, leading to improved fluid mixing 

and thermal performance. Unlike [30], which focused on axial 

perforations, this study investigates the effects of open area ratio 

on both heat transfer and pressure drop. Additionally, demon-

strating superior heat transfer rates and overall performance, it 

provides new insights into optimizing heat exchanger design. 

The heat exchanger performance were evaluated for varying op-

erating condition, i.e. Reynolds number, and varying geometric 

condition, i.e. number of perforations in the inserts. 

2. Materials and methods  

The double-tube heat exchanger featuring perforated rings was 

numerically simulated using finite volume method. Using com-

mercial code Ansys [35], the heat exchanger was analysed for 

different operating and geometric parameters. Further, compar-

ison was also made with smooth tubes in heat exchanger. The 

working fluid for this analysis is air, which flows through a con-

stant heat flux tube equipped with perforated rings.  

The present model consists of two concentric tubes: a larger 

outer tube with an inner diameter (Di) of 50 mm and an outer 

diameter (Do) of 60 mm, and a smaller inner tube with an inner 

diameter of (di) 28 mm and an outer diameter (do) of 30 mm. 

The smaller tube is equipped with perforated rings, which serve 

to ensure a steady flow of hot air in the outer tube. The perfo-

rated rings are made of copper and vary in open area ratios and 

depths, affecting the fluid flow behaviour. Figure 1a depicts 

schematic diagram of double-tube heat exchanger with perfo-

rated rings. Two views were zoomed out from Fig. 1a. Firstly, 

the inlet cross section, which shows the location of perforated 

ring, i.e. tangentially to the inner tube. 

The rings were placed at two different locations, i.e. at the 

top and at the bottom. In the second view, the inner tube is dis-

played. It shows how perforations were made on the rings, i.e. 

along the circumference of the circle. Further, for better under-

standing, 3D geometrical model of present work is shown in 

Fig. 1b. 

 

(a) 

 

(b) 

Fig. 1. (a) Schematic diagram with zoomed view; (b) 3D geometric 

model of double pipe heat exchanger with tangential perforated 

ring turbulators. 
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The study examines different mass flow rates and open area 

ratios (λ = 0, 0.088, 0.068 and 0.056). A constant heat flux of 

1000 W/m² is applied along the entire length of the 1200 mm dou-

ble-tube system, with turbulent flow conditions analysed in the 

range of Reynolds numbers from 6000 to 14 000 and pitch ratios 

(PR) of 2.5, 4.5 and 6.5. Pitch ratio is the ratio of roughness pitch 

to the hydraulic diameter. The kε turbulence renormalisation 

group (RNG) model with enhanced wall treatment for swirl-dom-

inated flow and thermal effects was used for the simulation in An-

sys Fluent.  

The cold air flowing in the annular gap was heated by the 

constant heat flux provided on the inner tube wall. The perfo-

rated rings (PCR) enhance the total convective area for better 

heat transfer. Different PCRs characterised by their number of 

holes and roughness patterns, are installed on the hot water tube 

to analyse thermo-hydraulic performance. The entrance and exit 

lengths within this system are not fixed; instead, they vary based 

on the pitch, which can range from 75 to 195 mm. As the pitch 

changes within this range, both the entrance and exit lengths ad-

just accordingly, reflecting the dependency of these dimensions 

on the chosen pitch value. It was ensured that the flow reaches 

a fully-developed state. The complete details of the numerical 

models are provided in Table 1. 

3. Numerical modelling  

3.1. Governing equations  

The governing equations for the flow system have been formu-

lated for three different flow scenarios: steady laminar, unsteady 

laminar, and turbulent. This section concentrates on the conser-

vation equations applicable to laminar and turbulent flow con-

ditions. The model is very helpful in present geometry as it ac-

curately predicts the swirling flow conditions. The RNG kε tur-

bulence model is having a quite similar structure to standard kε 

but differs in how it manages turbulent viscosity, diffusion, and 

heat transfer enhancement. The standard kε model is effective 

for many turbulence scenarios but less suitable for large adverse 

pressure gradients.  

The mathematical expression of the principle of conserva-

tion of mass applied to an elemental control volume within 

a fluid under motion, known as continuity equation, is given by 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+  

𝜕𝑤

𝜕𝑧
= 0. (1) 

The variables u, v and w are velocity components in x-, y- and z-

direction, respectively.  

The governing equations for momentum conservation in the 

fluid domain along the three coordinate axes are formulated as 

follows: 

x-momentum equation 
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y-momentum equation 
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z-momentum equation 
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where p is the pressure,  is the density and ν is the kinematic 

viscosity. 

Assuming that the flow is steady and incompressible with 

constant thermal conductivity and without heat generation and 

viscous heating, the energy equation is as follows: 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑦
= 𝛼 (

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2 +
𝜕2𝑇

𝜕𝑦2), (5) 

where α is the thermal diffusivity and T is the temperature.  

To simplify the numerical simulation, the following assump-

tions were made in present work: 

 the flow is steady throughout the simulation, 

 there is no pressure variation in the y-direction, 

 shear forces in the y-direction are assumed to be zero, 

 effect of gravity on body forces is neglected, 

 the flow is incompressible, 

 the flow entering the test section is fully developed, 

 axial heat conduction in the fluid is considered insignifi-

cant, 

 air properties are held constant at standard atmospheric 

conditions. 

3.2. Material properties 

In the present study, the inner and outer tube contain water and 

air, respectively. Copper was chosen as the material for the tube 

wall and perforated rings due to its superior thermo-physical 

characteristics, high thermal conductivity, machinability, and low 

cost. The thermo-physical properties of the working fluid and tube 

material considered in the simulation are tabulated in Table 2. 

 

Table 1. Details of geometric parameters of the double-tube with per-

forated rings shaped roughness. 

Parameters Range of value 

Total length of tubes, L 1200 mm 

Air tube inner diameter 50 mm 

Air tube outer diameter 60 mm 

Pitch between the rings 75 mm, 135 mm, 195 mm 

Pitch ratio (roughness pitch to hy-
draulic diameter ratio), PR = p/Dh 

2.5, 4.5, 6.5 

Hydraulic diameter, Dh 30 mm 

Perforated ring thickness 4 mm, 5 mm, 6 mm 

Uniform heat flux, I 1000 W/m2 

Reynolds number, Re 
6000, 8000, 10000, 12000, 

14000 

Number of holes used in perfo-
rated ring, N 

3, 5 

Diameter of holes 4 mm 

Open area ratio, λ 0.0833, 0.068, 0.056 

Open area ratio for perforated 
ring without hole, λ 

0 

Prandtl number, Pr 0.707 
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3.3. Boundary conditions 

For the numerical analysis of the double-tube heat exchanger 

with perforated rings, the boundary conditions are set for the in-

let (velocity), outlet (pressure), and wall surfaces of the model. 

A no-slip boundary condition is applied to all solid surfaces, and 

a turbulence intensity of 5% is used for these walls. The inlet 

flow conditions are defined by a Reynolds number range of 6000 

to 14 000. The outer wall of heat exchanger holds adiabatic con-

dition. The simulation is performed using velocity-pressure cou-

pling, Green-Gauss node-based methods, and a second-order 

upwind scheme for calculating momentum, turbulent kinetic en-

ergy, and dissipation rate. 

3.4. Mesh generation and grid independence test 

In computational modelling, the mesh represents a discrete ap-

proximation of the geometric model of the double tube. Achiev-

ing the ideal balance of automation, validity, accuracy, and effi-

ciency in meshing often requires compromises. The primary 

goals of meshing include ensuring valid simulations, enhancing 

accuracy, and optimizing computational efficiency through 

high-quality graded meshes and flexible control of mesh den-

sity. In this study, 3D uniform meshing was employed, specifi-

cally using a regular tetrahedron format. This approach involves 

boundary-based node smoothing and domain boundary recov-

ery. The mesh was generated for the double tube with perforated 

rings with specific conditions: a span angle centre of fine reso-

lution, smooth transitions, and an element size of 1 mm, as illus-

trated in Fig. 2. The perforated rings were resolved by mesh and 

no separate approach was opted for them. This method combines 

the best aspects of various meshing tools into a single environ-

ment to produce high-quality meshes. The maximum skewness 

observed is 0.8, with an average skewness of 0.25. The highest 

skewness values are found in the perforated ring. The domain’s 

orthogonal quality is 0.95, indicating satisfactory mesh quality. 

Additionally, the cell wall distance y (distance of the cell centre 

of the first layer of elements from the wall) is set to achieve  

y+ > 1, considering the high Reynolds number in the model. 

Once computations are completed, if the results remain con-

sistent across different mesh elements, it indicates that the mesh 

is independent, meaning that further changes to the mesh will 

not affect the results. This concept is crucial for ensuring the 

reliability of comparative results. 
A grid independence test was performed using a solution-

adaptive refinement method to ensure that the mesh is optimized 

for the simulation. This method adjusts the mesh to be as effec-

tive as possible for solving the flow problem while avoiding un-

necessary computational costs. According to Table 3, after 

reaching 939 124 elements, the heat transfer results stabilized 

and were accurate for the geometric model. At this mesh size, 

the Nusselt number remained constant regardless of further grid 

adjustments.  

3.5. Validation of present work  

To validate the current numerical method and model, the results 

were compared with those from a study by Sheikholeslami and 

Ganji [30]. Their research investigated heat transfer in a double 

pipe with perforated roughness, 1200 mm in length, with inner 

and outer diameters of 50 mm and 60 mm, respectively. The 

study evaluated Nusselt numbers and friction factors across dif-

ferent Reynolds numbers (6000, 8000, 10 000, 12 000, 14 000). 

The comparison of these results, illustrated in Fig. 3, indicated 

a deviation of ±9% to 12% from experimental data, which is 

deemed acceptable for CFD simulations using Fluent 14.0. 

Further, comparisons were also made between CFD results 

for the smooth tube and Dittus-Boelter correlation, and a devia-

tion of 3% was observed. 

4. Results and discussion 

The research focused on analysing the heat transfer performance 

and pressure drop characteristics of a double tube heat ex-

changer featuring perforated rings, comparing these results with 

those of a smooth tube under identical conditions. A three-di-

mensional model was developed using Ansys Workbench 14.0 

for the numerical simulation. 

The study investigated how different configurations of per-

forations (none, three or five) affected the heat transfer and fric- 

Table 2. Thermophysical properties of working fluid and materials 

considered. 

Properties Copper Air Water 

Density,  (kg/m3) 8978 1.225 998.2 

Specific heat, Cp, (J/(kg K)) 381 1006.4 4182 

Thermal conductivity, K  
(W/(m K)) 

387.6 0.028 0.6 

Viscosity,  (Pa s) − 1.7894×10-5 0.001003 

 
 

Fig. 2. Meshed image of the inner tube with  

tangentially placed perforated rings. 

Table 3. Variation of Nusselt number with grid size. 

Number of nodes Number of elements Nusselt number 

79390 197 959 23.091230 

131 146 404 845 33.771310 

197 566 797 580 36.156780 

220 502 939 124 36.182411 
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tion characteristics of the heat exchanger. The hydraulic diame-

ter for the annular gap was 30 mm, and the simulations covered 

Reynolds numbers from 6000 to 14 000. The analysis results, 

presented through the figures, illustrate the variations in Nusselt 

number (Nu) and friction factor due to the presence of the PCRs. 

In order to examine the heat transfer rate of any fluid flow, 

the importance of Nusselt number cannot be undermined. In 

such situation, the study of the effect on Nu due to various mod-

ification performed on the existing arrangement becomes imper-

ative. Here, different dimension geometries were examined to 

analyse the variation in Nu with respect to Re. The change in Nu 

with the change in Re for different geometries at PR = 2.5, 4.5 

and 6.5 is shown in Fig. 4a−c, respectively. It can be seen from 

Fig. 4 that Nu increases with the increase in Re for all geome-

tries. For PR = 2.5, the highest increase in Nu is observed for the 

case of open area ratio λ = 0 followed by with an open area ratio 

of 0.068, 0.083 and 0.056, respectively. Apparently, the lowest 

rate of increase in Nu was obtained for smooth tube. The trend 

of Nu changes with respect to Re at PR = 4.5 and PR = 6.5 was 

observed to be similar to that observed for the case PR =2.5, as 

shown in Fig. 4b and c, respectively. Unlike the trends of Nu 

with respect to Re, the difference in the Nu value noted for 2.5 

PR is different from that obtained for the cases PR = 4.5 and 6.5. 

Largest difference in Nu values was observed between the open 

area ratio of 0.056 and the smooth tube at PR = 2.5, which is 

comparable to the difference noted between Nu values for the 

open area ratio 0.056 and the smooth tube at PR = 4.5. The effect 

of open area ratio on the variation in Nu is noteworthy at PR = 

2.5 and 4.5 but upon examining the case for PR = 6.5, it was 

found that the value of Nu for the open area ratios of 0.056 and 

0.083 are very close to each other at every value of Re. Nu val-

ues suggested that the heat transfer is dominated by convection 

at all three values of PR for all geometries except the smooth 

surface where the convection effect was not found to be of much 

significance. The heat transfer between the fluid flow is also  

a function of friction factor. Since friction ratio indicates the 

friction loss occurring in the system during the flow, it causes 

reduction in the overall heat transfer from or to the system. 

The change in the value of friction factor relative to Re for 

the considered geometry configurations is plotted in Fig. 5. As 

can be seen, Fig. 5a−c have been plotted to analyse the effect of 

change in Re on friction factor for different configurations at  

PR = 2.5, 4.5 and 6.5, respectively. At PR = 2.5, the change in 

the friction ratio for smooth pipe with  respect  to  Re  is  obtained  

 
Fig. 4. Variation of average Nusselt number with Reynolds number 

for different configurations of heat exchanger. 

 

Fig. 3. Validation plot for roughened  

and smooth tube configuration. 
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as the lowest among all configurations with a negligible change. 

This behaviour of friction ratio for smooth pipe is similar to the 

behaviour obtained at PR = 4.5 and 6.5 with respect to Re val-

ues. Among different configurations, open area ratio λ = 0.056 

exhibits low friction factor, followed by open area ratios λ = 

0.083 and 0.068. It was found that configuration with an open 

area ratio of λ = 0 showed the highest friction factor at all values 

of Re. Interestingly, the difference in the friction ratio values at 

PR = 4.5 and 6.5 is less as compared to the difference in the 

friction ratio values obtained for PR = 2.5 at all values of Re. 

Hence, the improvement in the heat transfer can be achieved in 

the case of smooth pipe after examining the friction factor. But 

looking at Nu, the overall heat transfer for smooth pipe is some-

how reduced when compared to other configurations.  

5. Conclusions 

In this study, the heat transfer and fluid flow characteristics of 

a double pipe heat exchanger equipped with perforated turbula-

tors were comprehensively analysed. The findings demonstrate 

that the incorporation of these turbulators significantly enhances 

the heat transfer performance across various operating condi-

tions and geometric configurations. The Nusselt number in-

creased with Reynolds number for all examined geometries, 

with the most pronounced improvements observed for configu-

rations with specific open area ratios. Additionally, the friction 

factor analysis revealed that while the use of turbulators in-

creases frictional losses, it concurrently enhances overall heat 

transfer, making it a promising modification for improving the 

thermal efficiency of heat exchangers. This research provides 

valuable insights into optimizing heat exchanger designs for bet-

ter thermal performance under diverse conditions.  
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1. Introduction 

Electricity has gained the status of the most popular and most 

frequently used form of energy [1, 2]. The process of generating, 

transmitting and using electricity is fully mastered. Energy has 

become an object of purchase and sale. The main factor deter-

mining the price the consumer must pay is, of course, the amount 

of energy he uses. However, the feature that determines its use-

fulness for electrical loads is its quality [3]. 

The best power quality is one in which the voltage curve is 

uninterrupted and perfectly sinusoidal, and its frequency is 

rated. The value of the rated voltage is equal to the root mean 

square (RMS) voltage [4]. The ideal state is impossible to 

achieve, so for each customer, sufficient electricity quality pa-

rameters are determined that do not adversely affect the opera- 

tion of the facility. All deviations from the ideal are subject to 

examination and evaluation [5–7]. The basic place of measure-

ment, observation and testing is most often the point of connec-

tion to the power grid. The next measurement place is the point 

on the loads terminals [8].  

Power quality is one of the most serious dilemmas in the 

modern world [9]. It is expected that in the near future, the vast 

majority of electricity users will have to face, to a greater or 

lesser extent, complications caused by the issue of energy qual-

ity. 

2. Power quality parameters 

The dynamic development of devices containing high-power 

semiconductor elements has begun a new and most dynamically  
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Abstract 

The article presents an assessment of the parameters of power quality obtained from renewable sources. The assessment was 
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Nomenclature 

a – initial value at t = 0 

b – function trend 

n – speed, rpm 

Pst – short-term light flicker 

Plt – long-term light flicker 

p – number of analysed data 

r – height, m 

SOi – cleaned seasonality indicators 

𝑆𝑡 
𝑖  – difference between empirical and model values 

T – time, month 

t – time, month 

𝑦̂ – regression function 

𝑦̂∗ – regression function taking into account seasonality 

𝑦̂𝑇
𝑃 – forecasting 

 

Abbreviations and Acronyms 

HV – high voltage 

LV – low voltage 

MV – medium voltage 

RES – renewable energy sources 

RMS – root mean square  

 

developing chapter in the field of power quality. The focus be-

gan to be on removing potential sources of power quality degra-

dation by introducing new technical solutions [10–13].  

Power quality is an interdisciplinary field that is difficult to 

interpret clearly. It means something different to the supplier 

and the consumer of energy, and manufacturers of electrical 

equipment understand the concept of power quality even differ-

ently. The most appropriate definition of power quality is as fol-

lows [3]: 

"Power quality is a set of parameters describing the proper-

ties of the process of supplying energy to the user under normal 

operating conditions, determining the continuity of the power 

supply (long and short interruptions in the power supply) and 

characterizing the supply voltage (value, asymmetry, frequency, 

shape of the time course)". The normal operating conditions de-

scribed in the definition mean: 

 a state in which power produced is equal to demand, 

 connection works in networks proceed without disruptions, 

 short circuits are removed by automatic protection equip-

ment, 

 factors such as did not occur:  

o temporary electricity supply contracts, 

o a non-compliance with standards or technical require-

ments by users of electrical installations and devices 

(connections and operation), 

o extraordinary events: 

 events caused by nature (difficult atmospheric con-

ditions, natural disasters), power shortage resulting 

from external events, 

 undesirable actions of third parties, 

 actions of public authorities, 

 strikes, 

 forces majeure. 

The term power quality is often replaced by electromagnetic 

compatibility, which is not entirely correct. This is most likely 

due to the mutual overlap of fields, for example in the context 

of the emissivity of conducted disturbances and their impact on 

voltage parameters [14]. 

The PN-EN 50160 [15–17] standard applies mainly to en-

ergy suppliers and specifies the parameters of the supply voltage 

in terms of value, frequency, correct shape and phase voltage 

asymmetry. The standard also specifies the permissible levels of 

deviations of power quality parameters from the rated voltage. 

The standard regarding electromagnetic compatibility of 

electrical devices PN-EN IEC 61000-4-11:2020-11 [18] de-

scribes the levels of interference emission for loads. Electro-

magnetic compatibility applies not only to disturbances and the 

impact of electrical equipment on the power quality, but also to 

the condition of the power system. 

2.1. Power quality assessment 

The measurement of quality parameters should be continuous 

for a period of at least one week that is representative for a given 

network [19]. Each measured parameter is averaged over 10 mi-

nutes. The concept of a representative week refers to the normal 

state of network operation (normal network operation and no 

emergency events). If emergency events occur, they should be 

omitted in the assessment of power quality parameters. 

There are three methods of assessment: 

 specifying the number or percentage of values that exceed 

the permissible values, 

 comparison of maximum measured values with permissi-

ble values, 

 comparison of statistical parameters of measured quanti-

ties with limits. 

Permissible limits define parent and child documents. The 

superior document in the process of assessing the power quality 

is the Decree of the Minister of Climate and Environment of 

March 22, 2023 on detailed conditions for the operation of the 

electricity system (Dz. U. 2023 r., 819) [20]. A subordinate doc-

ument is the PN-EN 50160 standard: Parameters of supply volt-

age in public distribution networks, which has been updated six 

times so far, i.e. in 2008, 2010, 2015, 2018, 2020 and 2023 [17]. 

The basic disorders encountered in installations are: 

 voltage fluctuations, 

 voltage dips, 

 voltage increases, 

 power outages. 

Voltage fluctuations occurring for various reasons in low 

voltage (LV), medium voltage (MV) and high voltage (HV) net-

works are transferred to the low-voltage network, causing the 

phenomenon of flickering light (flicker). It is the impression of 

instability of visual perception caused by a light stimulus whose 

luminance or spectral distribution changes over time. Measuring 

the flicker phenomenon is an indirect way of assessing voltage 

fluctuations [21–23]. 
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The measure of the nuisance of light flicker is the short-term 

light flicker severity factor (Pst) and long-term light flicker se-

verity factor (Plt). The nuisance of light flickering caused by 

voltage fluctuations depends on both the amplitude of the fluc-

tuations and the frequency of their occurrence. 

Table 1 specifies the permissible limits of the power quality 

parameter [17]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Analysing Table 1, it can be seen that the limit value of the 

power quality parameter has been increased in standard PN-EN 

50160 [17] compared to previous regulations and the period ful-

filling the set limit values has been increased from 95% to 100% 

of the observation time. Additionally, limit values have been de-

fined for the Pst coefficient. 

3. Evaluation of power quality parameters for re-

newable energy sources 

Connecting renewable energy sources (RES) to the power sys-

tem results in decentralized generation, which involves [24]: 

 bidirectional energy flow, 

 access to a large number of power electronic devices (in-

verters, controllers), 

 stochastic nature of renewable energy generation. 

The quality of energy in a microgrid is influenced by three 

sides at the same time: 

 load side, 

 distributed generation side, 

 energy network site. 

This approach significantly complicates the analysis and 

control of the power system [25]. Therefore, attention to the is-

sue of power quality in microgrids is becoming increasingly 

common [26–34].  

Analysis of selected power quality parameter was carried out 

for two different renewable energy sources: a wind farm and 

a hydroelectric power plant. 

The analysis of only one selected parameter, which is flicker, 

i.e. an indirect way of assessing voltage fluctuations, was carried 

out due to the expected basic disturbances encountered in the 

network cooperating with RES. Only the values of indicators re-

lated to voltage fluctuations are analysed, while other qualitative 

parameters such as the value of the voltage asymmetry coeffi-

cient, voltage distortion and power are not its purpose and will 

not be included in this analysis. Due to the specific nature of the 

studied objects, it was assumed that variable weather conditions 

and changes in load or energy production may lead to voltage 

fluctuations in the grid cooperating with RES, and the analysed 

Pst and Plt are key parameters in the analysis of voltage fluctua-

tions. 

Figure 1 shows the general conceptual diagram of the meas-

urement system for all analysed renewable sources. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The analysed wind farms consist of two wind turbine towers 

with a height of 24.5 m. Three-propeller wind turbines of the 

type: VESTAS HSW 250 T (250 kW) and VESTAS V-20-100 

(100 kW) with dimensions r = 8.75 m, total height 33.50 m and 

a 0.4 kV cable line from two wind turbine towers and a 0.4 kV 

cable-distribution cabinet.  

The VESTAS V 20-100 wind farm is equipped with an asyn-

chronous generator with a power of 110 kW, generator voltage 

400 V, frequency 50 Hz. Synchronous rotation speed  

n = 45.05 rpm. Speed in generator operation: n = 45.86 rpm. 

The HSW 250T power plant is equipped with two asynchro-

nous generators with a capacity of 80 kW and 250 kW. The gen-

erator voltage is 400 V, frequency 50 Hz. The generator is 

equipped with a set of protections that control the parameters of 

the power grid and prevent the generator from island operation. 

The generator protections will cause it to be switched off in the 

event of an increase or decrease in voltage and an increase in the 

generator frequency above 50.5 Hz and a decrease in frequency 

below 49.8 Hz.  

The analysed small hydroelectric power plants are equipped 

with two asynchronous generators with a capacity of 200 kW 

each. The first power plant is equipped with Francis and Kaplan 

turbines, in a vertical arrangement with a transmission belt, 

while the second is equipped with Kaplan turbines, in a vertical 

arrangement with a transmission belt. Connection to the network 

via a MV/LV transformer 21000/400 400 kVA. The system is 

equipped with fully automated capacitor banks. Control of 

switching the turbines on and off is fully automated, e.g. in the 

event of voltage failures on the network side. Operation is some-

times switched to manual control, e.g. during maintenance ac-

tivities. 

 

Fig. 1. General conceptual diagram of the measurement system. 

Table 1. Permissible limits for light flicker. 

Param-
eter 

Factor Time 

Permissible limits 

Regulation 
[20] 

Standard 
PN-EN50160 [17] 

Flicker 

Pst 10 min – 

Up to 35 kV: 1.2 for 95% 
measurement data set 
Over 35 kV: 1.0 for 95% 
measurement data set 

Plt 2h 
Plt ≤ 1 for 95% 
measurement 

time 

Up to 35 kV: 1.0 for 100% 
measurement data set 

Over 35 kV: 0.8 for 100% 
measurement data set 
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The full observation time of the recorded parameters was one 

week, which is consistent with the assumption [17] regarding 

the assessment of the quality parameters of electric power con-

cerning a representative measurement period. 

The measurements of the quality of electric power for two 

wind power plants and two hydroelectric power plants presented 

in the work were carried out at the same measurement time for 

a given group of RES sources. The mentioned power plants of 

a given type were installed in similar locations. The measure-

ment points designated in this way were intended to check the 

impact of the power system on the mentioned power plants and 

to exclude any possible interference from the network on the 

discussed selected parameters of the quality of electric power. 

Figures 2 and 3 show sample graphs for a representative 

measurement period for two different wind farms. In Figs. 2 and 

3, Plt is marked in red, while the Pst coefficient is marked in blue. 

The description of the X-axis data in Figs. 2 and 3 is the meas-

urement time in the format day, hour. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Analysing Figs. 2 and 3, it can be seen that increasing most 

of the limit values of power quality parameters significantly af-

fects the conditions for meeting the normative restrictions, re-

sulting in their failure to meet them. 

Figures 4 and 5 show sample graphs for a representative 

measurement period for two different hydropower plants. In 

Figs. 4 and 5, Plt is marked in red, while the Pst coefficient is 

marked in blue. The description of the X-axis data in Figs. 4 and 

5 is the measurement time in the format day, hour. 

Analysing Fig. 4, it can be seen that despite exceeding the 

Pst coefficient in some measurement data values, the coefficient 

meets the standard requirements for 95% of the measurement 

data set. Analysing Fig. 5, it can be seen that increasing most of 

the limit values of power quality parameters significantly affects 

the conditions for meeting the normative restrictions, resulting 

in their failure to meet them. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Seasonality of renewable energy sources 

One type of statistical series is a time series, which can be de-

fined as a sequence of observations of a phenomenon in subse-

quent units of time, e.g. years, quarters, months [35,36]. The 

phenomenon under consideration may be subject to certain reg-

ularities, the detection and description of which is the aim of 

time series analysis [37].  

The basic functions of the time series include: 

 the regression function described by the formula:  

 

Fig. 3. Sample graph for a representative measurement period  

for the second wind farm. 

 

Fig. 2. An example graph for a representative measurement period  

for the first wind farm. 

 

Fig. 5. Sample graph for a representative measurement period  

for the second hydroelectric power plant. 

 

Fig. 4. Sample graph for a representative measurement period  

for the first hydroelectric power plant. 
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 𝑦̂ = 𝑎 + 𝑏𝑡, (1) 

 the difference between empirical and model values de-

scribed by the formula: 

 𝑆𝑡
𝑖 = 𝑦𝑡 − 𝑦𝑡̂ , (2) 

 seasonality index described by: 

 𝑆𝑖  =
∑ 𝑆𝑡

𝑖𝑚
𝑖=1

𝑝
, (3) 

 determination of modified theoretical values taking into 

account seasonality described by: 

 𝑦̂∗ = 𝑦̂+𝑆𝑂𝑖 , (4) 

 forecasting described by: 

 𝑦̂𝑇
𝑃 = 𝑏  𝑇+a+𝑆𝑂𝑖 . (5) 

Based on the observations of the flicker Pst variability, the 

type of seasonality can be identified. In the example discussed, 

it is additive in nature. 

Figures 6 and 7 show example charts of the seasonality func-

tion for two different wind farms. Analysing the charts (Figs. 6  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and 7) it can be observed that the seasonality function has a pos-

itive trend. The measure of model fit is low. This is most likely 

due to the nature of changes in the flicker coefficient for a wind 

farm. 

Figures 8 and 9 show example charts of the seasonality func-

tion for two different hydropower plants. Analysing the charts  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(Figs. 8, 9) it can be observed that the seasonality function has  

a positive trend. The model fit measure is higher. This is most 

likely due to lower variability of changes in the flicker coeffi-

cient for a hydropower plant. 

By determining the basic functions of time series in accord-

ance with the relationship (1) and (5), the regression function 

and forecasting take the form: 

 for wind power plants: 

o first power plant: 

 𝑦̂ = 0.19 + 0.00021𝑡, (6) 

𝑦̂𝑇
𝑃 = 0.00021  24+0.19+0.005 = 0.20004, (7) 

o second power plant: 

 𝑦̂ = 0.17 + 0.00019𝑡, (8) 

𝑦̂𝑇
𝑃 = 0.00019  24 + 0.17 + 0.007 = 0.1815, (9) 

 for hydroelectric power plants: 

o first power plant: 

 𝑦̂ = 0.09 + 0.00015𝑡, (10) 

Fig. 6. An example chart of the seasonality function  

for the first wind farm. 

 

Fig. 7. An example of a chart of the seasonality function  

for the second wind farm. 

 

Fig. 8. An example of a seasonality function chart for the first  

hydroelectric power plant. 

 

Fig. 9. An example chart of the seasonality function for the second  

hydroelectric power plant. 
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 𝑦̂𝑇
𝑃 = 0.00015  24 + 0.09 + 0.072 =  0.1656, (11) 

o second power plant: 

 𝑦̂ = 0.09 + 0.00015𝑡, (12) 

 𝑦̂𝑇
𝑃 = 0.00015  24 + 0.09 + 0.0071 =  0.1646. (13) 

From the analyses performed, it can be concluded that the 

seasonality for hydropower plants is constant and remains at the 

same level. The forecast growth of flicker for a period of  

24 months is 0.16. 

Data for wind farms are more volatile. This is directly related 

to the nature of the installation's operation. The forecast growth 

of flicker for a period of 24 months is between 0.18–0.20. 

5. Conclusions  

The seasonality of microgrids connected to the power system 

affects the power quality parameters only for specific renewable 

sources. 

From the analyses carried out, it can be concluded that for 

wind farms, the tightening of normative requirements has an im-

pact on the flicker, resulting in a failure to meet the require-

ments. Connecting the installation does not affect the values of 

other parameters. Based on such a modified seasonality model 

for a wind farm, future values can be predicted with greater pre-

cision, but the forecast accuracy is not high. 

However, for a hydroelectric power plant, there are no power 

quality parameters that are influenced by the installation despite 

the stricter requirements. Flicker has no influence on the season-

ality of network operation. Based on such a modified seasonality 

model for a hydropower plant, future values can be forecast with 

much greater precision and accuracy. 

Research and assessment of the power quality are an im-

portant and necessary element in the reliability and safety of the 

power system operation [38]. In installations using renewable 

energy sources, various loads with non-linear current-voltage 

characteristics are often used. Loads such as power electronic 

devices, due to their widespread use and non-linear characteris-

tics, are the most common cause of poor power quality [39]. The 

share of non-linear loads in the overall balance of power in-

stalled at a single consumer increased to the level that new phe-

nomena appeared in the supply voltage. It can therefore be con-

cluded that the structure of microgrids may be a source of addi-

tional problems with power quality. The designated measure-

ment points were intended to exclude any possible interference 

from the network on the selected parameters of the power qual-

ity discussed. The measurements of selected parameters of the 

power quality conducted and presented in the article are the first 

approach to the analysis of the mutual influence of various RES 

located in similar locations. The analysis of selected parameters 

of the power quality conducted was intended to verify the need 

for mutual, synchronous measurements in the future in order to 

determine the characteristic features of the given RES. The con-

ducted studies were also intended to check whether similar RES, 

located close to each other, negatively affect each other, which 

was not observed in the studied measurement period. 
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1. Introduction 

The overuse of fossil energy has brought serious energy crisis 

and environmental pollution to the world. Fuel cells are very at-

tractive options because of their high efficiency, clean operation 

and fuel flexibility [1]. Since ammonia is safer, less expensive, 

easier to store and transport, and non-flammable at normal con-

ditions, it has become a viable fuel for fuel cells [2]. Moreover, 

the technological foundation for the production of ammonia has 

been already established. Consequently, there is a growing in-

terest in the use of ammonia in fuel cells, especially solid oxide 

fuel cells (SOFCs) [3–5]. 

Traditional methods of studying fuel cells are usually based 

on idealized assumptions. Finite time thermodynamics (FTT) 

takes into account the irreversibility and actual operating condi-

tions of the actual power and energy systems, and provides more 

realistic models for performance optimization [6]. One of the 

main purposes of FTT is to provide valuable means to optimize 

thermal and/or fluidic systems by seeking systems performance 

boundaries considering under finite time and finite size con-

straints [7]. 

The primary areas of study in finite-time thermodynamics 

include finite-time availability, optimum routes of thermody-

namic processes, and novel assessment indices [8,9]. These in-

clude conventional thermodynamic devices such as power 

plants [10], heat pumps [11], fuel cells [12,13], and so on. Ge et 

al. [14] used finite time thermodynamic theory to optimize  
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Nomenclature 

Acell ‒ active cell area, m2 

ex ‒ exergy, J/mol 

Er ‒ cell reversible voltage, V 

E0 ‒ voltage at standard pressure, V 

EPC ‒ exergetic performance coefficient  

Ex ‒ exergy, W 

F ‒ Faraday's constant, C/mol 

h ‒ molar enthalpy, J/mol 

j ‒ current density, A/m2 

𝑚̇   ‒ mass flow rate, kg/h 

𝑛H2,𝑒𝑞𝑢‒ equivalent molar flow rate of H2,  mol/s 

𝑛H2,𝑐𝑜𝑛𝑠𝑢𝑚𝑒𝑑‒ actual consumed molar flow rate of H2,  mol/s 

nfuel ‒ amount of fuel required, mol 

p ‒ pressure, atm 

pi ‒ partial pressure of i-th component, atm 

pi
TB ‒ partial pressure of i-th component at three-phase boundary, atm 

P ‒ power density, A/m2 

𝑅 ‒ gas constant, J/(mol·K) 

RΩ ‒ electrolyte resistivity, Ω m 

s ‒ molar entropy, J/(mol K) 

tele ‒ electrolyte thickness, mm 

T ‒ operating temperature, K 

Te ‒ ambient temperature, K 

TL ‒ temperature of the low-temperature heat source, K 

Uf ‒ fuel utilization, % 

Vact,an ‒ anodic activation overpotential, V 

Vact,ca ‒ cathodic activation overpotential, V 

Vcon,an‒ anodic concentration overpotential, V 

Vcon,ca ‒ cathodic concentration overpotential, V 

Vohm ‒ Ohmic overpotential, V 

W ‒ output power, W 

xi ‒ mole fraction 

 

Greek symbols 

 ‒ exergy efficiency 

 

Subscripts and superscripts 

0 ‒ standard conditions 

act ‒ activation 

an ‒ anode 

ca ‒ cathode 

con ‒ concentration 

fc ‒ fuel cell 

H2 ‒ hydrogen 

H2O  ‒ water 

O2 ‒ oxygen 

ohm  ‒ Ohmic 

 

Abbreviations and Acronyms 

DA-SOFC ‒ direct ammonia-fed solid oxide fuel cells 

EDI ‒ exergy destruction index  

ESI ‒ exergy sustainability index  

FTT  ‒ finite time thermodynamic (model) 

GA ‒ genetic algorithm  

HT-PEMFC ‒ high temperature proton exchange membrane fuel cell  

MSR ‒ methanol steam reforming  

ORC ‒ organic Rankine cycle  

PEMFC ‒ proton exchange membrane fuel cell 

the performance by setting work, power and efficiency as opti-

mization targets and configuration of an internal combustion en-

gine. Chen et al. [15] applied the finite time thermodynamic the-

ory to build a novel solar driven system and analysed the effects 

of solar irradiance on the thermodynamic performance of the 

system. Li et al. [13] developed a finite-time irreversible ther-

modynamic model of proton exchange membrane fuel cell 

(PEMFC) and produced the ecological performance coefficient 

and the finite-time ecological objective function. Guo et al. [16] 

derived finite-time thermodynamic indexes such as exergy effi-

ciency, exergy destruction index (EDI) and exergy sustainability 

index (ESI) to better evaluate the performance of the fuel cell. 

Li et al. [17] applied finite time thermodynamic theory to ana-

lyse and optimize the power system of a vehicle mounted high 

temperature proton exchange membrane fuel cell (HT-PEMFC) 

integrating methanol steam reforming (MSR) and organic Ran-

kine cycle (ORC). The results showed that higher operating tem-

perature and anode pressures are beneficial to improve overall 

performance and that systems operating at optimum parameters 

have better thermodynamic, economic and environmental per-

formance. 

To improve the performance of fuel cells in economic and  

ecological terms, many optimization studies have been done for 

different operating parameters [18]. Hajabdollahi and Fu [19] 

set up a SOFC cogeneration system optimized with the objective 

function of maximum exergy efficiency and minimum total cost 

rate, and the optimal exergy economic configuration of the sys-

tem was obtained. Mert et al. [20] carried out multi-objective 

optimization work on a vehicle-mounted proton exchange mem-

brane fuel cell system using a genetic algorithm (GA) and opti-

mized the system with the goals of maximizing power output, 

energy efficiency and minimizing power generation costs.  

You et al. [21] used the NSGA-II method to perform two sets of 

multi-objective optimizations on the SOFC system with five key 

objectives: energy efficiency (maximization), system energy ef-

ficiency (maximization), system net output power (maximiza-

tion), freshwater production (maximization), and system total 

cost (minimization), achieving optimal system performance in 

three typical scenarios. Forough and Roshandel [22] used ge-

netic algorithms to perform multi-objective optimization of 

SOFC stacks with minimum energy cost, maximum output 

power, minimum energy cost and maximum power efficiency as 

objective functions. Mojaver et al. [23] used a genetic algorithm 

for the multi-objective optimization of the SOFC power gener-

ation system. The current density and the inlet temperature of 

the stack were used as input variables when the sum of energy 

efficiency and product unit cost were taken as the objective 

function, comparing the performance of SOFC-O based and 

SOFC-H based power generation systems under optimal operat-

ing conditions. 

In this paper, we first analyse the irreversibility of  

DA-SOFC from the point of view of finite time thermodynamics, 

and establish a mathematical model of exergetic efficiency ϕ and 
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EPC considering irreversible polarizations. Secondly, the per-

formance of DA-SOFC is analysed, and the effects of operating 

temperature, operating pressure, fuel utilisation, electrolyte 

thickness and electrode porosity on the exergetic efficiency and 

EPC of DA-SOFC are studied. The results obtained can provide 

theoretical guidance for the optimization design and practical 

application of DA-SOFCs. 

2. Exergetic performance analysis model of  

DA-SOFC 

Conventional SOFCs typically use oxygen ions as the conduct-

ing electrolyte (SOFC-O), such as the commonly used yttria sta-

bilised zirconia (YSZ). In addition, SOFC can also use protons 

as conductive electrolytes (SOFC-H). In solid oxide fuel cells 

based on oxygen ion conductivity, there are still problems to be 

solved such as low cell efficiency due to higher anode concen-

tration overpotential [24]. This paper will focus on the redox re-

action in solid oxide fuel cells based on oxygen ion conduction, 

and study the problems such as reducing the concentration over-

potential at the anode, so as to improve the oxygen ion conduc-

tion and cell efficiency.  

O2– ions must flow through the electrolyte in solid oxide fuel 

cells based on oxygen ion conducting electrolytes. Air or pure 

oxygen gas should be supplied to the fuel cell's cathode side. 

Oxygen is converted to oxygen ions at the cathode-electrolyte 

junction. At the interface between the anode and electrolyte, 

these ions go through the electrolyte and react electrochemically 

with hydrogen gas to form water vapour. Ammonia fuel ther-

mally breaks down to make hydrogen. At the anode side of the 

fuel cell, the ammonia fuel is fed in and thermally decomposes 

with the help of a catalyst to produce H2 and N2.  

Decomposition-produced hydrogen diffuses to the anode-

electrolyte interface, where it electrochemically interacts with 

oxygen ions to make water vapour. The fuel cell releases hydro-

gen, nitrogen and unreacted ammonia fuel, and produces water 

vapour. The hydrogen concentration is diluted as a result of cre-

ation of nitrogen during the thermal breakdown of ammonia, 

which lowers the fuel cell's reversible potential. At low temper-

atures and without a catalyst, the decomposition rate is slower, 

but at high temperatures and with a catalyst, the decomposition 

rate is faster.  

Based on series process assumptions [15,25,26]: 

 ammonia fully participates in gasification reactions, 

 by volume, air is composed of 79% non-O2 fraction and  

21% O2, 

 every gas is deemed ideal and gas leakage is negligible, 

 all reaction processes are steady-state within the stack, 

 the temperature distribution of the stack is uniform, 

 using environmental conditions (temperature and pressure 

of 25℃ and 1 atm ≈ 1,013 bar, respectively) as reference 

conditions, exergy analysis is conducted under design con-

ditions, 

the mathematical expressions for the output power, output effi-

ciency, ecological objective function and ecological coefficient 

of performance of the direct ammonia-fed solid oxide fuel cell 

were derived in [27].  

The single DA-SOFC voltage can be obtained [27]: 

 𝑉 = 𝐸𝑟 − 𝑉𝑎𝑐𝑡,𝑎𝑛 − 𝑉𝑎𝑐𝑡,𝑐𝑎 − 𝑉𝑜ℎ𝑚 − 𝑉𝑐𝑜𝑛,𝑎𝑛 − 𝑉𝑐𝑜𝑛,𝑐𝑎. (1) 

The output power density of DA-SOFC is [27]: 

 𝑃 =
𝑃𝑐𝑒𝑙𝑙

𝐴𝑐𝑒𝑙𝑙
= 𝑗𝑉𝑐𝑒𝑙𝑙 = 𝑗(𝐸𝑟 − 𝑉𝑎𝑐𝑡,𝑎𝑛 − 𝑉𝑎𝑐𝑡,𝑐𝑎+  

 +𝑉𝑐𝑜𝑛,𝑎𝑛 − 𝑉𝑐𝑜𝑛,𝑐𝑎) = 𝑗(𝐸0 +
𝑅𝑇

2𝐹
𝑙𝑛(

𝑝H2(𝑝O2)
1
2

𝑝H2O
) +  

 −
𝑅𝑇

𝐹
𝑠𝑖𝑛ℎ−1(

𝑗

𝑧𝐽𝑐𝑎
) −

𝑅𝑇

𝐹
𝑠𝑖𝑛ℎ−1(

𝑗

𝑧𝐽𝑎𝑛
) − 𝑗𝑡𝑒𝑙𝑒𝑅𝛺 +  

 −
𝑅𝑇

2𝐹
𝑙𝑛 (

𝑝H2
𝑇𝐵𝑝H2O

𝑝H2𝑝H2O
𝑇𝐵 ) −

𝑅𝑇

4𝐹
𝑙𝑛 (

𝑝O2

𝑝O2
𝑇𝐵)). (2) 

For a more detailed derivation and working scheme chart the 

reader can be referred to reference [27]. 

Energy loss and deterioration in output performance can re-

sult from heat loss and friction between the gas and the channel 

during DA-SOFC operation. The second law of thermodynam-

ics requires that exergy analysis be carried out in order to thor-

oughly assess the thermodynamic performance of DA-SOFC. 

The potential and kinetic energies of the steady state system are 

negligible. The logistical exergy mainly includes physical ex-

ergy and chemical exergy [28], which are calculated by the for-

mula: 

 𝐸𝑥 = 𝑚̇ ∙ 𝑒𝑥 = 𝑚̇(𝑒𝑥𝑐ℎ + 𝑒𝑥𝑝ℎ), (3) 

 𝑒𝑥𝑐ℎ = ∑𝑥𝑖𝑒𝑥0,𝑖
𝑐ℎ + 𝑅𝑇0 ∑𝑥𝑖𝑙𝑛𝑥𝑖, (4) 

 𝑒𝑥𝑝ℎ = (ℎ− ℎ0) − 𝑇0(𝑠 − 𝑠0), (5) 

where xi and 𝑒𝑥0,𝑖
𝑐ℎ are the mole fraction of the substance and the 

standardized chemical exergy, respectively; T0 is the ambient 

temperature; h0 and s0 are the specific enthalpy and entropy of 

the reference state, respectively; h–h0 represents the change in 

molar enthalpy and s–s0 the change in molar entropy. 

In the direct ammonia fuel cell system, the total energy input 

is: 

 𝐸𝑥𝑖𝑛
𝑓𝑐
= 𝐸𝑥NH3.,𝑖𝑛 + 𝐸𝑥O2,𝑖𝑛. (6) 

The efficient use of energy is reflected in the exergy effi-

ciency of DA-SOFC, which is expressed as follows: 

  =
𝑃

𝐸𝑥
𝑖𝑛
𝑓𝑐 =

𝑗(𝐸𝑟−𝑉𝑎𝑐𝑡,an−𝑉𝑎𝑐𝑡,𝑐𝑎−𝑉𝑜ℎ𝑚−𝑉𝑐𝑜𝑛,𝑎𝑛−𝑉𝑐𝑜𝑛,𝑐𝑎)𝐴

𝐸𝑥H2,in+𝐸𝑥O2,𝑖𝑛
. (7) 

The exergy balance equation of the steady-state system is 

expressed as: 

 𝐸𝑥𝐷 = ∑𝑄(1 −
𝑇0

𝑇
) −𝑊 + ∑𝐸𝑥𝑖𝑛

𝑓𝑐
−∑𝐸𝑥𝑜𝑢𝑡

𝑓𝑐
, (8) 

where ExD is the exergy loss rate. 

The DA-SOFC thermodynamic performance is analysed us-

ing the exergetic performance coefficient (EPC). It is defined as 

the output power to exergy destruction rate ratio, combining 

thermodynamic and exergy performance. EPC may be described 

as follows: 
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 𝐸𝑃𝐶 =
𝑃

𝐸𝑥𝐷
=

𝑗(𝐸𝑟−𝑉𝑎𝑐𝑡,an−𝑉𝑎𝑐𝑡,𝑐𝑎−𝑉𝑜ℎ𝑚−𝑉𝑐𝑜𝑛,𝑎𝑛−𝑉𝑐𝑜𝑛,𝑐𝑎)𝐴

∑𝑄(1−
𝑇0
𝑇
)−𝑃+∑𝐸𝑥

𝑖𝑛
𝑓𝑐
−∑𝐸𝑥𝑜𝑢𝑡

𝑓𝑐 . (9) 

3. Results and discussion 

To numerically analyse and compare studied DA-SOFC per-

formance based derived models, the same data sets of a DA-

SOFC single cell as in [27] are employed. 

3.1. Effects of operating temperature on DA-SOFC per-

formance 

The operating temperature of DA-SOFC is crucial for its perfor-

mance. In a suitable high-temperature environment, the electro-

chemical reaction rate is accelerated and the electrode activity is 

improved, which helps to reduce the polarization loss inside the 

fuel cell stack and thereby increase the efficiency and power 

density of the fuel cell. Increasing the temperature is beneficial 

for the rapid conduction of electrons and oxygen ions and en-

hances the electrical conductivity of DA-SOFC. However, at ex-

cessively high operating temperatures, fuel cell components 

may be affected by corrosion and its life can be reduced. As well, 

inconsistent thermal expansion coefficients of components may 

lead to cracks and failures inside the components. In addition, 

high-temperature operation usually requires expensive special 

materials such as high-temperature alloys and ceramics, increas-

ing manufacturing costs and also requiring the introduction of 

more complex thermal management systems. Therefore, accu-

rately selecting and controlling the operating temperature is vital 

for ensuring the efficient and stable operation of DA-SOFC. 

Figures 1 and 2 present the exergy efficiency 𝜙 and EPC 

varying with current density at different operating temperatures, 

respectively. One can see that the operating temperature of DA-

SOFC has a significant impact on exergy evaluation indicators. 

The exergy efficiency  and exergy performance coefficient 

EPC of DA-SOFC both increase with the increase of operating 

temperature. In the high current density range, as the operating 

temperature increases, the electrochemical reaction rate signifi-

cantly increases, thereby improving the fuel utilization effi-

ciency, reducing fuel waste, and effectively reducing the exergy 

loss of the system. At the same time, increasing the temperature 

also leads to an increase in ionic conductivity, significantly re-

ducing the ionic conduction resistance and slowing down the 

waste heat generation caused by ionic transmission resistance. 

Therefore, during the operation of DA-SOFC, the unrecoverable 

exergy loss is significantly reduced. As shown in Fig. 2, in the 

low current density range, the improvement degree of EPC by 

increasing temperature is much smaller than that in the high cur-

rent density range. This is mainly because under low current 

density conditions, the electrochemical reaction rate is relatively 

slow, so the influence of operating temperature on the activity 

of electrons and ions is relatively limited. However, when the 

current of DA-SOFC is 15 000 A/m2 and the operating tempera-

ture is increased from 1043 K to 1103 K, EPC increases by 61%. 

Therefore, increasing the operating temperature can signifi-

cantly improve the exergy performance of DA-SOFC. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.2. Effects of operating pressure on DA-SOFC perfor-

mance 

As is known to all, increasing the operating pressure can signif-

icantly improve the thermodynamic performance of DA-SOFC. 

First of all, increasing the operating pressure helps to increase 

the gas diffusion rate and makes it easier for reactants to be 

transported inside the fuel cell flow field, so that fuel and oxygen 

can be used more effectively, thereby improving the overall ef-

ficiency. Secondly, a higher operating pressure is conducive to 

reducing the flow resistance and improving the response speed 

of the fuel cell. However, increasing the operating pressure will 

consume more power from auxiliary equipment such as com-

pressors, requiring higher costs, and the manufacturing and 

maintenance costs of the system may also increase. Therefore, 

when considering increasing the operating pressure, multiple 

factors such as performance improvement, system cost, and ma-

terial strength must be comprehensively considered to find the 

best operating parameters to meet the needs of specific applica-

tion scenarios. In general, optimizing the operating pressure is 

one of the important strategies to improve the performance of 

fuel cell systems, but various factors need a careful trade-off. 

Figures 3 and 4 reflect the changes of exergy efficiency  

and exergy performance coefficient EPC with the current den-

sity under different operating pressures p. As can be seen from 

 

Fig. 1. ϕ varying with current density at different 𝑇. 

 

Fig. 2. EPC varying with current density at different 𝑇. 
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the figures, the exergy efficiency  and exergy performance co-

efficient EPC of DA-SOFC both increase with the increase of 

operating temperature. When the current density is 15 000 A/m2 

and the operating pressure changes from 1 atm to 2 atm, the ex-

ergy efficiency  and exergy performance coefficient EPC in-

crease by 11.1% and 22.5%, respectively. Therefore, when the 

current density and operating temperature are constant, increas-

ing the operating pressure can significantly improve the exergy 

performance indicators of DA-SOFC. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3. Effects of fuel utilization on DA-SOFC performance 

Fuel utilization rate Uf has an important impact on the per-

formance of fuel cells. A higher fuel utilization rate Uf means 

more efficient conversion of fuel into electrical energy, thereby 

improving the overall efficiency of the fuel cell. By maximizing 

the available portion of fuel chemical energy, the economy and 

sustainability of the fuel cell system can be significantly im-

proved. This has positive significance for realizing clean energy 

conversion and mitigating climate change in the field of sustain-

able energy. However, multiple aspects such as fuel supply, re-

action kinetics, and system design need to be comprehensively 

considered to achieve optimal fuel utilization rate Uf. Therefore, 

in the development and optimization of fuel cell technology and 

applications, maximizing the fuel utilization rate is one of the 

key considerations for achieving efficient, economical and sus-

tainable energy conversion. 

Figures 5 and 6 present the influence of fuel utilization rate 

Uf on the exergy performance indicators of DA-SOFC under dif-

ferent operating pressures when the inlet flow rate and the oper-

ating temperature are constant. The exergy efficiency  and ex-

ergy performance coefficient EPC of DA-SOFC both increase 

with the increase of fuel utilization rate Uf. Increasing the fuel 

utilization rate Uf can reduce the consumption of underutilized 

fuel in the system through non-electrochemical pathways, there-

by reducing unnecessary heat generation. A higher fuel utiliza-

tion rate Uf also means a more effective power generation pro-

cess, reducing the energy loss caused by electrochemical reac-

tions inside the system and helping to slow down the tempera-

ture rise of the system and further reducing the release of waste 

heat. When the operating temperature is 1073 K, the current den-

sity is 15 000 A/m2 and the fuel utilization rate is 0.9, the ex-

ergetic performance coefficient is increased by 22.2%. There-

fore, improving fuel utilization can reduce cell heat loss and im-

prove the exergetic performance coefficient. In summary, under 

certain conditions, increasing fuel utilization can improve the fi-

nite time thermodynamic performance of DA-SOFC. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.4. Effects of electrolyte thickness on DA-SOFC per-

formance 

Electrolyte thickness is a key design parameter for fuel cells and 

has an important impact on system performance. When the elec-

 

Fig. 3. ϕ varying with current density at different p. 

 

Fig. 4. EPC varying with current density at different p. 

 

Fig. 5. ϕ varying with fuel utilization at different p. 

 

Fig. 6. EPC varying with fuel utilization at different p. 
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trolyte thickness is too large, the internal resistance of the fuel 

cell also increases due to the increase in the resistance of the ion 

transport path. This will increase the resistance of current trans-

mission in the electrolyte and reduce the overall conductivity of 

the fuel cell, thus affecting the output power. A thicker electro-

lyte may also lead to an increase in the voltage drop between 

electrodes, thus affecting the fuel cell system efficiency. Sec-

ondly, a thicker electrolyte increases the gas diffusion path and 

hinders the effective transportation of fuel and oxygen. This af-

fects the utilization efficiency of reactants and reduces the rate 

of electrochemical reactions. Therefore, the response speed of 

the fuel cell is slower, affecting its dynamic performance, which 

may be limited, especially in applications that require a quick 

response. Therefore, when designing a fuel cell, it is necessary 

to carefully balance the influence of electrolyte thickness on re-

sistance and reaction rate. 

Figures 7 and 8 demonstrate the influence of electrolyte 

thickness tele on the exergy performance indicators of DA-SOFC 

when the operating temperature is constant.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The exergy efficiency φ and exergy performance coefficient 

EPC of DA-SOFC both decrease with the increase of electrolyte 

thickness. Increasing the electrolyte thickness of DA-SOFC has 

a significant impact on waste heat generation. There are multiple 

reasons for the increase in waste heat generation in DA-SOFC 

due to an increase in electrolyte thickness. First, increasing the 

electrolyte thickness will significantly increase the internal re-

sistance of the fuel cell, leading to greater Ohmic losses. Sec-

ondly, due to the increase in electrolyte thickness, the diffusion 

path of fuel and oxygen in the fuel cell becomes longer, increas-

ing the resistance to mass transfer. This leads to more diffusion 

limitations, reducing the utilization efficiency of fuel, thereby 

increasing the proportion of chemical energy that is not con-

verted into electrical energy and is converted into thermal en-

ergy. Therefore, although an increase in electrolyte thickness is 

beneficial to some aspects of performance, it simultaneously 

brings greater resistance and diffusion limitations, resulting in 

additional waste heat generation. All these reasons will lead to 

an increase in exergy loss, resulting in a decrease in exergy effi-

ciency  and exergy performance coefficient EPC. 

3.5. Effects of porosity on DA-SOFC performance 

The porosity of fuel cell electrodes greatly affects DA-SOFC 

performance. Moderate porosity can improve gas diffusion and 

electron conduction, and promote the effective transmission of 

reactants in the electrode. Higher porosity helps to increase gas 

passage in the electrode, provides more active surfaces and pro-

motes catalytic reactions. However, too high porosity may also 

lead to a loose electrode structure and reduce the effective elec-

trode surface area, thereby affecting the reaction rate. Too high 

or too low porosity may lead to the concentration of mechanical 

stress and affect the stability of the electrode structure, thus af-

fecting DA-SOFC life. An increase in porosity may lead to an 

extension of the gas flow path and an increase in gas diffusion 

resistance. Therefore, when optimizing the porosity value of fuel 

cell electrodes, factors such as gas diffusion, electron conduc-

tion and reaction rate need to be comprehensively considered to 

achieve the appropriate performance. 

Figures 9 and 10 present the influence of electrode porosity 

ε on the exergy performance indicators of DA-SOFC when the 

operating temperature is constant. The exergy efficiency  and 

exergy performance coefficient EPC of DA-SOFC both de-

crease with the increase of electrode porosity ε. A moderate pore 

structure can improve the uniform distribution of fuel in the 

electrode, improve the utilization efficiency of fuel, help to max-

imize the conversion of chemical energy into electrical energy, 

and reduce the proportion of unused energy converted into ther-

mal energy, thereby improving the thermal efficiency of the fuel 

cell. When increasing the porosity, EPC increases. When the 

current density is 15 000 A/m2 and the porosity increases from 

0.6 to 0.8, EPC increases by 6.8%. From this analysis, it can be 

seen that the exergy performance and ecological performance of 

the fuel cell can be improved by adjusting the microstructure of 

the electrode, thereby improving the finite time thermodynamic 

performance of DA-SOFC. 

4. Conclusions 

A novel finite time thermodynamic model formulating the ex-

ergy efficiency and EPC is derived for a DA-SOFC. The effects 

of parameters including the operating temperature, operating 

pressure, fuel utilization, electrolyte thickness and electrode po-

rosity  on  the  finite  time  thermodynamic  performance  of  the  

 

Fig. 7. ϕ varying with current density at different tele. 

 

Fig. 8. EPC varying with current density at different tele. 
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studied irreversible DA-SOFC are investigated. The main re-

sults of this work could be concluded as follows: 

1) Increasing the operating temperature T, inlet pressure p, and 

fuel utilization rate Uf  is beneficial for reducing waste heat 

generation of DA-SOFC, decreasing exergy loss and entropy 

production rate, and thereby improving performance indica-

tors such as exergy efficiency and exergy performance coef-

ficient of DA-SOFC. The increase in inlet pressure will con-

sume additional external power, leading to a more complex 

system, increased cost and weight. 

2) Reducing the electrolyte thickness (tele) can improve the ther-

modynamic performance of DA-SOFC. However, in practi-

cal work, a thinner electrolyte will make it difficult to effec-

tively isolate the heat between the electrodes, which may 

lead to uneven temperature distribution and even thermal 

runaway, affecting the stack stability and lifespan. In the real 

design of DA-SOFC, a reasonable electrolyte thickness and 

electrode porosity need to be selected for DA-SOFC accord-

ing to specific application scenarios. 

3) The derived finite time thermodynamic model can be further 

employed to obtain optimal operating parameters and struc-

tural parameters under different application scenarios. These 

optimization results can be used to guide engineering design 

and operation control. 
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1. Introduction 

Many researchers have recently diverted their interest to nano-

technology innovation as it offers a variety of opportunities for 

designing and manufacturing goods with advancements in heat 

transfer. Hybrid nanofluids flowing across an annular cylindri-

cal region are used in nuclear power plants, hot rollers, heat ex-

changers and heat storage systems to transfer heat. The 

nanofluid has colloidal suspensions of nanoparticles in a base 

fluid. Choi and Eastman [1] reported on investigating nanofluids 

and heat characteristics. 

The term ‘hybrid’ describes the combination of various uni-

que nanoparticles that create a homogeneous phase. The metal 

and metal oxide nanoparticles such as Al, Cu, Fe, MgO, Al2O3, 

TiO2 and SiO2 are disseminated in oil, water, kerosene and eth-

ylene glycol (base fluids). The wide range of applications of hy-

brid nanofluids has a revolutionary approach to heat transfer ac-

cepted among researchers. A conventional fluid that contains 

both metallic and non-metallic nanoparticles has enhanced ther-

mophysical properties, which demonstrated that the hybrid 

nanofluids (Al2O3-Cu-H2O) had a higher diffusivity than the 

mononanofluids described by Suresh et al. [2]. Devi and Devi 

[3] and Kanchana et al. [4] investigated stiff isothermal bound-

ary conditions in heat transfer and show an improvement in the 

fraction factor for the suspension of two nanoparticles in water. 

Waini et al. [5] found  that  Cu-Al2O3  has  a  higher  heat transfer  
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Nomenclature 

a – radius of the inner cylinder, m 

b – radius of the outer cylinder, m 

B0 – magnetic field, T 

Bi1 – Biot number cylinder 1, Bi1 = 
ℎ1𝑎

𝜅𝑓
 

Bi2 – Biot number cylinder 2, Bi2 = 
ℎ2𝑎

𝜅𝑓
 

Cp – specific heat at constant pressure, kJ/(kg K) 

Da – Darcy number 

Ec – Eckert number, Ec = 
𝑈𝑤

2

(𝑐𝑝)
𝑓

(𝑇𝑤−𝑇∞)
 

g ‒gravitational acceleration, m/s2 

h1, h2– convective heat transport coefficients, W/(m2⸱K) 

M – magnetic parameter, M = √
𝜎𝛽0

2𝑎2

𝜇𝑓
 

Mc – mixed convection parameter, Mc = 
𝑔(𝜌𝛽0)𝑓(𝑇𝑤−𝑇0)𝑎2

𝑢0𝜇𝑓
 

m ‒ shape factor of different nanoparticles 

N ‒ radiation parameter, N = 
4𝜎𝑇∞

3

𝜒𝜅𝑓
 

Nu ‒ Nusselt number 

n – exponential index 

Pr ‒Prandtl number, Pr = 
(𝜇𝐶𝑝)

𝑓

𝜅𝑓
 

p ‒ pressure, kPa 

Q0 – THS coefficient 

Qe – ESHS coefficient 

Qc – quadratic convection parameter, Qc = 
(𝜌𝛽1)𝑓(𝑇𝑤−𝑇0)

(𝜌𝛽0)𝑓
   

QE – exponential space-related heat source parameter, QE = 
𝑄𝑒𝑎2

𝜈𝑓(𝜌𝐶𝑝)
𝑓

 

QT – temperature related heat source parameter, QT = 
𝑄0𝑎2

𝜈𝑓(𝜌𝐶𝑝)
𝑓

 

 

R – dimensionless radial axis  

r – radial axis  

T – temperature, K  

U – nondimensional velocity, m/s 

u – dimensional velocity, m/s 

z – common axis 

 

Greek symbols 

  – angle of inclination, rad 

  – thermal expansion coefficient, K-1 

  – nondimensional temperature, K 

  – thermal conductivity, W/(m⸱K)  

  – aspect ratio,  

 – dynamic viscosity, Pas 

𝜈 – kinematic viscosity, m2/s 

σ – Stefan Boltzmann constant, W/(m2 K4) 

ρ – density, kg/m3 

 – skin friction coefficient 

  – volume fraction 

 

 Subscripts and Superscripts 

hnf – hybrid nanofluids  

nf – nanofluids 

f – fluids 

 

Abbreviations and Acronyms 

LBA – linear Boussinesq approximation  

NBA – non-linear Boussinesq approximation 

THS – temperature dependent heat source parameter 

ESHS– exponential space-related heat source parameter 

MHD – magnetohydrodynamics

rate than Cu with H2O as a base fluid. 

The annular cylindrical region geometry for heat transfer is 

very essential in industrial applications such as turbomachines, 

engineering, heating, chemical industries, solar collectors and 

heat exchangers. Shahzadi and Nadeem [6] investigated the heat 

transfer in an inclined annular duct filled with nanofluids and 

observed that silver nanoparticles can enhance more pressure 

gradients than pure blood. Mixed convective flow in a vertical, 

concentric cylinder exposed to the heat source, thermal radiation 

in the presence of porous matrix was observed by Oni [7]. Meba-

rek-Oudina et al. [8] investigated the heat source aspect ratio in-

crement in the fluid temperature over an annular-spaced vertical 

cylinder. Mebarek-Oudina et al. [9] has investigated natural os-

cillatory convective flow in a circular inclined annulus area 

filled with molten metal, obtaining the best stabilization for the 

system tilted at a 30o angle. 

The linear Boussinesq approximation (LBA) truncates the 

density variation expansion of the Taylor series with tempera-

ture after the second term, assuming a linear density variation 

with temperature, and this LBA holds good only when the tem-

perature difference is slightly varied. The mathematical model 

created using LBA becomes erroneous in other circumstances. 

The nonlinear Boussinesq approximation (NBA) with tempera-

ture as a result Δρ = −ρβ(T – Tw)2 was identified by Goren [10] 

in 1996. In the investigation of free convection in the presence 

of buoyancy force between two plates, by considering the non-

linear quadratic fluctuations in density with temperature, an in-

crease in heat transfer is noticed by Vajravelu and Sastri [11]. 

The term Δρ/ρ is a nonlinear Boussinesq approximation using 

the Taylor series expansion. The mixed convective flow over 

vertical wavy-shaped surface in the presence of porous medium 

with nanofluid, using nonlinear Boussinesq approximation was 

inspected by Kameshwaran et al. [12]. 

The magnetohydrodynamics (MHD) is interaction of electri-

cally conducting fluids in the influence of magnetic field, plays 

a major role in industrial applications of heat transfer analysis 

such as aircraft, designs of the fins, cooling of reactors, in geo-

physics and astrophysicists. Numerous studies have been con-

ducted on MHD flow over the years. Sravan Kumar [13] inves-

tigated hybrid nanofluids as copper-ferrous oxide nanoparticles 

with ethylene glycol as base fluid and noticed that the heat flow 

rate of copper-ferrous oxide is reduced compared to copper with 

ethylene glycol as base fluid. Aladdin et al. [14] analysed the 

rate of heat transfer which is diminished in copper-aluminium 

oxide as compared to copper with water base fluids in MHD free 

convection flow over a plate. The experimental observation of 

forced convection over concentric tubes of heat exchangers of 

Cu-Al2O3 nanoparticles as high thermal conductivity is analysed 

by Phanindra et al. [15]. Sheikholeslami et al. [16] examined the 

transient natural convection flow along a moving vertical plate 

in nanofluids with isothermal and isoflux boundary conditions. 

Sheikholeslami and Ganji [17] studied the heat and mass trans-
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fer in the influence of thermal radiation between two parallel 

plates of unsteady flow and discovered that an increment in ra-

diation effect increases the boundary layer thickness of concen-

tration. Suresh et al. [18] studied that heat transfer of copper-

aluminium oxide/H2O hybrid nanofluid with variation of pres-

sure over a uniformly heated circular tube is increased when 

compared with pure water.  
The study of viscous dissipation effects in the usteady 

nanofluid flow over an exponentially moving vertical plate with 

Lorentz force, analysed by Sravan Kumar et al. [19], resulted in 

the enhancement of fluid velocity in the boundary layer. The 

comparative study of the dissipative and radiative flow of hybrid 

nanofluid between two coaxial cylinders studied by Hayat et al. 

[20] focuses on the viscous dissipation effects of hybrid nanoflu-

ids which are dominant when compared with nanofluids. 

The novelty of the present work is nonlinear Boussinesq ap-

proximation which is Δρ/ρ = −[(T – T0)β0 + (T – T0)2β1], an anal-

ysis including the MHD, radiation effects, and viscous dissipa-

tion effects of the hybrid nanofluid in a heated inclined porous 

concentric cylindrical region. The complicated non-dimensional 

set of nonlinear coupled equations is solved by a numerical 

method, using the 4th order RK method with a shooting tech-

nique to obtain solutions for the velocity and temperature. The 

outcomes are presented graphically and analysed in detail. The 

physical model focuses on industrial applications such as elec-

tronic cooling systems, environmental monitoring systems and 

medicine. 

2. Mathematical formulation 

The mixed convection of Cu-Al2O3-H2O hybrid nanofluid of 

NBA approximation in an inclined two concentric cylinders is 

schematically depicted in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The convective boundary conditions at the inner and outer 

cylinder respectively are 𝜅ℎ𝑛𝑓
𝜕𝑇

𝜕𝑟
= ℎ1(𝑇 − 𝑇0) and 𝜅ℎ𝑛𝑓

𝜕𝑇

𝜕𝑟
=

−ℎ2(𝑇 − 𝑇𝑤). The cylindrical coordinate system with the r-axis 

in the radial direction and the z-axis as the common axis is con-

sidered. The inner cylinder radius is a ≤ r ≤ b. The annulus with 

an unlimited length, and the fluid flow that is independent of z, 

is represented in the model given below (see Shahzadi and 

Nadeem [6], Oni [7]):  

 Conservation of mass 

 
1

𝑟
(

𝜕

𝜕𝑟
(𝑟𝑢)) = 0, (1) 

 Conservation of momentum 

 
𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

1

2

𝜕

𝜕𝑟
(𝑟

𝜕𝑢

𝜕𝑟
) −

𝑢𝜇ℎ𝑛𝑓

𝛫𝜌ℎ𝑛𝑓
−

1

𝜌ℎ𝑛𝑓

𝜕𝑝

𝜕𝑧
−

1

𝜌ℎ𝑛𝑓
𝜎𝐵0

2 +  

+
𝑔

𝜌ℎ𝑛𝑓
[(𝜌𝛽0)ℎ𝑛𝑓(𝑇 − 𝑇0) + (𝜌𝛽1)ℎ𝑛𝑓(𝑇 − 𝑇0)2] 𝑐𝑜𝑠 𝛼 = 0, (2) 

 Conservation of energy 

 
𝜅ℎ𝑛𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

[
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇

𝜕𝑟
)] +

1

(𝜌𝐶𝑝)
ℎ𝑛𝑓

𝜕𝑞𝑟

𝜕𝑟
+  

 +
𝑄0

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝑇 − 𝑇0) +
(𝑇𝑤−𝑇0)

(𝜌𝐶𝑝)
ℎ𝑛𝑓

𝑄𝑒 𝑒𝑥𝑝 (
−𝑛𝑟

𝑎
) + (3) 

 + (
𝜕𝑢

𝜕𝑟
)

2 𝜇ℎ𝑛𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

= 0,  

with the boundary conditions of dimensional form as given by 

Srinivasacharya et al. [21]:  

at r = a:  𝑢′ = 0,       𝜅ℎ𝑛𝑓
𝜕𝑇

𝜕𝑟
= ℎ1(𝑇 − 𝑇0), 

(4) 

at r = b:  𝑢′ = 0,       𝜅ℎ𝑛𝑓
𝜕𝑇

𝜕𝑟
= −ℎ2(𝑇 − 𝑇𝑤). 

The volume fraction, thermal expansion coefficients, den-

sity, specific heat, dynamic viscosity, and thermal conductivity 

of hybrid nanofluid are given by (see [3,4,22−24]): 

 𝜙 = 𝜙𝐶𝑢 + 𝜙𝐴𝑙2𝑂3
, (5) 

 (𝜌𝛽0)ℎ𝑛𝑓 = ((1 − 𝜙) + 𝜙𝐶𝑢
(𝜌𝛽0)𝐶𝑢

(𝜌𝛽0)𝑓
+  

 𝜙𝐴𝑙2𝑂3

(𝜌𝛽0)𝐴𝑙2𝑂3

(𝜌𝛽0)𝑓
) (𝜌𝛽0)𝑓, (6) 

 (𝜌𝛽1)ℎ𝑛𝑓 = ((1 − 𝜙) + 𝜙𝐶𝑢
(𝜌𝛽1)𝐶𝑢

(𝜌𝛽1)𝑓
+  

 𝜙𝐴𝑙2𝑂3

(𝜌𝛽1)𝐴𝑙2𝑂3

(𝜌𝛽1)𝑓
) (𝜌𝛽1)𝑓, (7) 

 𝜌ℎ𝑛𝑓 = ((1 − 𝜙) + 𝜙𝐶𝑢
𝜌𝐶𝑢

𝜌𝑓
+ 𝜙𝐴𝑙2𝑂3

𝜌𝐴𝑙2𝑂3

𝜌𝑓
) 𝜌𝑓, (8) 

 (𝜌𝐶𝑝)
ℎ𝑛𝑓

= ((1 − 𝜙) + 𝜙𝐶𝑢

(𝜌𝐶𝑝)
𝐶𝑢

(𝜌𝐶𝑝)
𝑓

+  

 +𝜙𝐴𝑙2𝑂3

(𝜌𝐶𝑝)
𝐴𝑙2𝑂3

(𝜌𝐶𝑝)
𝑓

) (𝜌𝐶𝑝)
𝑓
, (9) 

 𝜇ℎ𝑛𝑓 =
1

(1−𝜙)2.5 𝜇𝑛𝑓, (10) 

 

Fig. 1. Schematic representation of flow geometry. 
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𝜅ℎ𝑛𝑓

𝜅𝑓
= (11) 

 =
(

(𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3
𝜙

)+(𝑚−1)𝜅𝑓+(𝑚−1)((𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3)−(𝑚−1)𝜅𝑓𝜙

(
(𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3

𝜙
)+(𝑚−1)𝜅𝑓+((𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3)−𝜅𝑓𝜙

.  

The non-dimensional quantities are given by (see [7]):  

 

𝑈 =
𝑢

𝑢0
,          𝑃 =

𝑝𝑎

𝑢0𝜈𝑙

𝜃 =
𝑇−𝑇0

𝑇𝑤−𝑇0
,         𝑅 =

𝑟

𝑎
,          𝑍 =

𝑧

𝑎

}. (12) 

The values of thermophysical properties of hybrid nanoflu-

ids are tabulated in Table 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Further, the dimensionless quantities describing thermo-

physical properties are denoted by:  

 𝐴1 =
1

(1−𝜙)2.5 ,  

 𝐴2 = (1 − 𝜙) + 𝜙𝐶𝑢
(𝜌𝛽0)𝐶𝑢

(𝜌𝛽0)𝑓
+ 𝜙𝐴𝑙2𝑂3

(𝜌𝛽0)𝐴𝑙2𝑂3

(𝜌𝛽0)𝑓
 ,  

 𝐴3 = (1 − 𝜙) + 𝜙𝐶𝑢
𝜌𝐶𝑢

𝜌𝑓
+ 𝜙𝐴𝑙2𝑂3

𝜌𝐴𝑙2𝑂3

𝜌𝑓
 ,  

𝐴4 =
(

(𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3
𝜙

)+(𝑚−1)𝜅𝑓+(𝑚−1)((𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3)−(𝑚−1)𝜅𝑓𝜙

(
(𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3

𝜙
)+(𝑚−1)𝜅𝑓+((𝜙𝜅)𝐶𝑢+(𝜙𝜅)𝐴𝑙2𝑂3)−𝜅𝑓𝜙

. 

Using non-dimensional quantities given by Eqs. (12) and 

thermophysical properties represented by Eqs. (5)−(11), 

Eqs. (1)−(4) are transformed to the following forms:  

 𝐴1 (
𝑑2𝑈

𝑑𝑅2 +
1

𝑅

𝑑𝑈

𝑑𝑅
) + 𝑀𝑐(𝐴2𝜃 + 𝐴3𝑄𝑐𝜃2) 𝑐𝑜𝑠(𝛼) +  

 −
𝐴1

Da
𝑈 − 𝑝 − 𝑀2𝑈 = 0 , (13) 

 
𝐴4

Pr
(

𝑑2𝜃

𝑑𝑅2 +
1

𝑅

𝑑𝜃

𝑑𝑅
) + 𝑄𝑇𝜃 + 𝑄𝐸 𝑒𝑥𝑝(−𝑛𝑅) +  

 −
𝑁

Pr

𝑑2𝜃

𝑑𝑅2 + 𝐴1Ec (
𝑑𝑈

𝑑𝑅
)

2

= 0 , (14) 

at R = 1: 𝑈 = 0,          
𝑑𝜃

𝑑𝑅
=

𝐵𝑖1

𝐴4
𝜃 ,  

(15) 

at R = λ: 𝑈 = 0,          
𝑑𝜃

𝑑𝑅
=

𝐵𝑖2

𝐴4
(1 − 𝜃) .  

The physical quantities like non-dimensional Nusselt num-

bers (Nu1 and Nuλ) and skin friction coefficients (τ1 and τλ) are 

defined as [25]:  

at R = 1: Nu1 =
𝜅ℎ𝑛𝑙

𝜅𝑙
(

𝑑𝜃

𝑑𝑅
)

𝑅=1
,     𝜏1 =

𝜇ℎ𝑛𝑙

𝜇𝑙
(

𝑑𝑈

𝑑𝑅
)

𝑅=1
.  

(16) 

at R = λ: N𝑢𝜆 = (
𝜅ℎ𝑛𝑙

𝜅𝑙
+ 𝑁) (

𝑑𝜃

𝑑𝑅
)

𝑅=𝜆
,   𝜏𝜆 = (

𝜇ℎ𝑛𝑙

𝜇𝑙
+ 𝑁) (

𝑑𝑈

𝑑𝑅
)

𝑅=𝜆
 

3. Numerical method 

The non-dimensional Eqs. (13)–(14) with the dimensionless 

boundary condition Eq. (15) are numerically solved using  

the 4th order RK shooting technique method [24]. By using  

[U, U', θ, θ'] = [y1, y2, y3, y4], the system of equations can be 

written in the first-order differential equations as follows: 

 

𝑦1
′ =𝑦2

𝑦2
′ =

−1

𝐴1
(𝑀𝑐(𝐴2𝑦3+𝐴3𝑄𝑐𝑦3

2) cos 𝛼−
𝐴1𝑦1

𝐷𝑎
−𝑝−𝑀2𝑦1)−

𝑦2
𝑅

,

𝑦3
′ =𝑦4

𝑦4
′ =

−𝑃𝑟

𝐴4
(𝑄𝑇𝑦3+𝑄𝐸𝑒𝑥𝑝(−𝑛𝑅)−

𝑁𝑦3
𝑃𝑟

+𝐴1𝐸𝑐𝑦1
2)−

𝑦4
𝑅

 (17) 

with boundary conditions: 

 at R = 1:    𝑦1 = 0,           𝑦4 =
𝐵𝑖1

𝐴4
𝑦3,  

(18) 

 at R = λ:       𝑦1 = 0,         𝑦4 =
𝐵𝑖2

𝐴4
(1 − 𝑦3).  

and corresponding initial conditions: 

 𝑦1(1) = 0,       𝑦2(1) = 𝑡1,  

(19) 

 𝑦3(1) = 𝑡2,      𝑦4(1) =
𝐵𝑖1

𝐴4
𝑡2,  

 

where t1 and t2 are the initial values. The initial conditions are 

approximated to satisfy the boundary conditions. Table 2 gives 

the information of QT for Nusselt number at r=1. 

4. Results and discussion  

The analysis of heat transfer between two concentric cylinders 

in an annulus is presented through graphs and tables. Figures 

2−15 show various effects such as those of MHD (M), radiation 

(N), viscous dissipation (Ec), volume fraction   , etc. on veloc-

ity U(R) and temperature θ(R). The data on graphs and in tables 

are obtained for the fixed effective parameters, such as Mc = 2, 

Qc = 0.5,  = /4, Da = 0.1, QT = 0.01, QE = 0.1, Pr = 6.0674, 

Bi1 = Bi2 = 0.3, M = 0.5, Ec = 0.1, N = 1 and  = 0.01 [25]. 

In the performance of magnetic field, Fig. 2 displays the ve-

locity profiles for different magnetic parameter (M2) values. As 

M2 increases, the fluid velocity decreases. This is due to the Lo-

rentz force, a resistive force generated by the interaction of the 

transverse magnetic field with in the convective fluid. This force 

opposes the flow, reducing the fluid velocity and leading to 

a thin momentum boundary layer. MHD is used in medicinal 

field to study plasma of human body in biological and environ-

mental monitoring systems. The effect of viscous dissipation in 

Table 1. H2O, Cu and Al2O3 hybrid nanofluids thermophysical proper-

ties at 300 K.  

Properties Cu Al2O3 H2O 
Different shape 
of nanoparticle 

m 

ρ, kg⸱m−3 8933 3970 997.1 
 

3 

, W⸱m−1⸱K−1 401 40 0.613 
 

5.7 

β⸱10−5, K−1 1.67 0.85 21 
 

4.8 

μ, kg⸱m−1⸱s−1 - - 0.00089 

 

3.7 
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temperature graph observed in Fig. 3 shows that the thickness of 

thermal boundary increases with increasing Ec, which is due to 

the conversion of mechanical energy into thermal energy. This 

results in additional heating of the fluid, leading to a rise in tem-

perature within the boundary layer and an enhancement of heat 

transfer.  

In Figs. 4−5, we observe that the radiation effect (N) de-

creases the velocity for different values of N due to the temper-

ature difference and boundary layer thickness. In the tempera-

ture plot, as temperature increases for different values of N due 

to its increased thermal conductivity, addition of nanoparticles 

may lead to influencing radiative heat transfer between the cyl-

inders. Hybrid nanofluids can be used as a coolant in electronic 

devices such as computers, televisions and smartphones, so as 

to prevent overheating and improve dissipation of heat. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The concentration of nanoparticles refers to volume fraction 

() and from Figs. 6 and 7 we noticed that the volume fraction 

in velocity profile decreases, as nanoparticle concentration in-

creases. Due to the suspension of nanoparticles in the base flu-

ids, density is increased, leading to a decrement in velocity pro-

files of the fluid in a porous cylinder. Whereas, in the tempera-

ture profile, the energy increases as the volume fraction in-

creases. This is due to the good thermal conductivity of the 

nanofluid and larger surface area of nanoparticles, which enable 

more efficient heat transfer.  

In Figs. 8 and 9, we observe the combined effect of expo-

nentially related heat source parameter (ESHS) (QE) on U(R) 

and θ(R), showing an increment in QE leading to more effective 

heat transfer in increased velocity. The temperature profile for 

varied QE is increased, because the ESHS mechanism gives an 

additional heat source to the system. It can be seen that the ve-

locity increases for platelet-shaped nanoparticles when com-

pared to cylinder, brick, and spherical-shaped nanoparticles, as 

shown in Fig. 10. The temperature profiles fluctuate, as seen in 

Fig. 11, with the platelet-shaped nanoparticles having a high 

temperature at the inner cylinder and a lower profile at the outer 

cylinder when compared to the cylinder, brick, and spherical-

shaped nanoparticles. 

In Fig. 12, we observe that as quadratic convection Qc in-

creases, the momentum profile also increases because of its 

strong buoyancy force. Further, a higher momentum is observed 

in the quadratic convection than in LBA. The behaviour of the 

velocity graphs for the various values is plotted in Fig. 13, and 

it is observed that permeability for the lower value of Da gives 

an increment in the momentum of the porous region compared 

to the clear region Da = 0. From Fig. 14 we can visualize the 

effect of mixed convection (Mc) on the velocity, which increases 

with Mc due to the domination of buoyancy force to the inertial 

force. This results in an effective improvement of heat transfer. 

As the angle of inclination   increases , the velocity decreases 

due to the least domination of acceleration by gravity, as shown 

in Fig. 15. 

By comparing results of Thriveni and Mahantesh [25] (see 

Table 2) we noticed that the present study outcomes are in good 

agreement as regards QT values of the Nusselt number at the 

lower wall. Table 3 illustrates the significance of skin friction 

for different effects such as M 2, Mc, Qc, and Da, showing an 

increasing trend of the velocity at the surface. Though the angle  

 
Fig. 2. Velocity for different values of M2. 

 
Fig. 3. Temperature for different values of Ec. 

 
Fig. 4. Velocity for different values of N. 

 
Fig. 5. Temperature for different values of N. 
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Fig. 6. Velocity for different values of ø. 

 
Fig. 7. Temperature for different values of ø. 

 
Fig. 8. Velocity for different values of QE. 

 
Fig. 10. Velocity for different values of m. 

 
Fig. 11. Temperature for different values of m. 

 
Fig. 9. Temperature for different values of QE. 

 
Fig. 12. Velocity for different values of Qc. 

 
Fig. 13. Velocity for different values of Da. 
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gets smaller, there is an increase in velocity at the lower wall of 

the cylinder. 

5. Conclusions  

The hybrid nanofluid flow in a convectively heated system of 

two concentric cylinders containing porous medium with the ef-

fects of MHD, thermal radiation, viscous dissipation, as well as 

exponential space-related heat source parameter and tempera-

ture-dependent heat source parameter was considered. The non-

linear and coupled equations were numerically solved using the 

shooting 4th order RK method. The analysis of MHD, thermal 

radiation, viscous dissipation, volume fraction, and Darcy num-

ber are discussed graphically. The findings of this study are as 

follows: 

1. The strong magnetic effect (M 2) enhances effective heat 

transfer by the influence of Lorentz forces, which results 

in reduction of the boundary layer thickness.  

2. The effect of viscous dissipation (Ec) on the temperature 

profiles is strong due to conversion of mechanical energy 

into thermal energy, and leads to an overall increase in heat 

transfer. 
3. The thermal radiation effect (N) increases the heat flow 

rate, and enhances the potential of overall thermal perfor-

mance. 

4. The rate of heat transfer of hybrid nanofluids is higher 

when compared to pure nanofluids. 
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