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1. Introduction 

Granular materials have wide and growing applications in 

modern technologies, especially in the field of energy systems 

and devices. As filling porous materials, owing to their structure, 

they could offer far higher Nusselt numbers, and thereby in-

creased heat transfer rates in the case of laminar flow, compared 

to non-filled flow spaces [1,2].  

Recent advances involve the use of porous materials to en-

hance heat transfer in energy storage systems, such as shell-and-

tube thermal energy storage (TES) units with composites in the 

form of multiple PCMs with alumina nanoparticles, or cascaded 

aluminium foam [3], or porous SiC/paraffin composite PCMs 

[4]. In thermochemical energy storage systems, porous materials 

are the constituents of composite thermochemical materials [5]. 

Fluid-saturated porous cavities are also the subject of extensive 

studies in terms of convection heat transfer  in  various  cooling  
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Abstract 

The steadily growing interest in applying granular media in various novel and advanced technologies, particularly in the 

energy sector, entails the need to gain in-depth knowledge of their thermal and flow behaviour and develop simulation 

predictive tools for systems’ design and optimisation. The focus of the present study is on the numerical modelling of the 

thermal decomposition of solid fuel grains in a packed bed while considering a non-classical description of heat transfer in 

such a medium. The work aims to assess the influence of the relaxation time and thermo-physical properties of the medium 

on the nature of the solution and highlight the factors that are the source of local non-equilibrium affecting thermal wave 

speed propagation. The analysis of the predicted temperature distribution was carried out based on the developed transient 

one-dimensional thermal and flow model, taking into account the moisture evaporation and the devolatilization of fuel 

particles. Obtained simulation results showed a significant increase in the temperature gradients with increased relaxation 

times for the case of wet granular bed. They also demonstrated the variable dynamics of thermal wave propagation due to 

the change in the packed bed structure with the process progress. For a relaxation time of 100 s, a several-fold increase in 

the temperature signal propagation speed during the fuel bed thermal decomposition was predicted. 

 

Keywords: Reactive media; Granular material; Non-Fourier model; Relaxation time; Hyperbolic equations 
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Nomenclature 

a – thermal diffusivity, m2/s 

A, B  matrices of coefficients 

c  specific heat, J/(kg K) 

c  vector of source terms 

h – enthalpy, J/kg 

p – pressure, Pa 

q – heat flux, W/m2  

R – particle diameter, m  

t – time, s  

T – temperature, K  

V – velocity, m/s 

w(1), w(2) – variables 

x – space coordinate, m 

y – vector of unknowns 

 

Greek symbols 

 –  density, kg/m3 

 –  thermal conductivity, W/(m K) 

𝜎 – Stefan-Boltzmann constant, 

          5.6710-8 W/(m2 K4) 

 – wave propagation speed, s 

  – relaxation time, s 

 

Subscripts and Superscripts 

c – conduction 

g – gas 

r – radiation 

s  solid  

sg – solid to gas 

w – water  

wg – water to gas 

0 – initial  

 

Abbreviations and Acronyms 

PCM – phase change materials 

TES – thermal energy storage 

 

applications in the area of electronics, solar and nuclear energy 

systems, or heat exchangers [6]. In addition, granular packed 

beds serve as the adsorption media in refrigeration devices [7]. 

Furthermore, axially graded porous materials have gained an in-

terest in the context of cooling systems, where not only the re-

quired temperature but also its uniformity in the medium is of 

concern [8]. Following the efforts towards sustainable develop-

ment through energy saving, pollution reduction, and the use of 

available alternative biogenic fuels, the common have become 

porous burners [9], which due to enhanced heat transfer ensures 

more efficient and stable combustion, and thus enables the com-

bustion of low-grade fuels with low pollutant emission levels. 

Along with this, porous materials have also been considered in 

the context of direct-contact heat exchangers for flue gas heat 

recovery [10]. Therefore, modelling heat transfer in such media 

becomes one of the key aspects in predicting the performance of 

energy-efficient systems. This also refers to various technolo-

gies of thermal conversion of solid fuels. The description of tran-

sient heat transport in granular media such as reactive packed 

beds is a difficult issue due to all heat transport mechanisms be-

ing involved and the variability of the particle structure during 

the material physicochemical transformations that accompany 

its thermal conversion. During the process, the particles change 

shape, can swell, shrink, and fragment, but above all their po-

rosity changes. These changes in structure significantly affect 

the dynamics of gas flow through the bed and its diffusion in the 

particles themselves, and thus the efficiency of phase transitions 

and chemical reactions. This may cause large local temperature 

differences between the solid and gas phases, reaching in the 

case of high-temperature processes even several hundred de-

grees [11]. Numerical analyses indicate that even for particles of 

relatively small size, with a diameter of a few millimetres, the 

predicted heating times of the particles when taking into account 

the intra-particle convection of water vapour and released pyrol-

ysis gases are longer compared to the case with no convection 

accounted for [12]. Due to non-uniform porosity distribution in 

packed beds of fuel particles, this effect can lead to local ther-

modynamic non-equilibrium. 

The classical equilibrium description of transport phenom-

ena in thermal-flow devices, based on Fick's, Newton's and Fou-

rier's laws of gradient type, brings the issues to parabolic equa-

tions [13,14]. Their solutions demonstrate an instantaneous 

change in parameters at any point in the medium (e.g. tempera-

ture, pressure) in response to a change in parameters at another 

point in the medium. This nature of change is due to the assumed 

infinite speed of signal propagation, which is a non-physical ef-

fect. Closer to reality is the non-equilibrium approach, which in-

troduces the hyperbolic-type equations for mass, momentum 

and heat fluxes. These take into account the relaxation times of 

the fluxes and thus satisfy the assumption of a non-zero propa-

gation speed of disturbances [15].  

Among the works regarding the non-classical, i.e. non-Fou-

rier, description of heat transfer, theoretical analyses dominate. 

Following the need to account for the complex geometry, differ-

ent boundary conditions and the variability of thermo-physical 

parameters, research has largely focused on numerical studies 

with the use of different solution methods [16]. It shall be noted 

that the limited number of experimental data in this area [17] 

significantly hinders the verification of the non-Fourier model 

predictions, leaving the question of the validity of its applicabil-

ity to inhomogeneous materials still unresolved.  

The literature review indicates that few works are dedicated 

to the analysis of the application of a non Fourier-type heat con-

duction model in the mathematical description of thermochemi-

cal processes. These include the works on combustion, both ex-

perimental [18] and theoretical [19], which point to the non-Fou-

rier model as a more adequate description of heat transfer. This 

paper thus focuses on the numerical modelling of transport phe-

nomena in a thermally processed reactive granular packed bed. 

The objective is to demonstrate the effect of variable structure-
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related medium properties on the speed of a heat propagation 

wave. Based on the variant simulation results of a packed bed of 

solid particles undergoing thermal decomposition, the meaning 

of a relaxation time in the approach considered is discussed. 

2. Modelling heat transfer in granular media 

The classical heat conduction model, based on Fourier's law, is 

considered to sufficiently reproduce the characteristics of the 

heat transfer process in most engineering issues, also involving 

granular media when processes are slowly varying and heat 

pulses are small. However, due to the wave-like nature of the 

heat transfer [20], also in homogeneous materials, in processes 

of high dynamics and large thermal pulses, the predictions of the 

classical heat conduction model deviate significantly from the 

experimental data. Then, the problem description requires the 

use of an alternative model, proposed by Cattaneo and Vernotte, 

defining the heat flux as follows:  

 𝒒 + 
𝜕𝒒

𝜕𝑡
= −∇𝑇, (1) 

where  represents the thermal conductivity of a material, t is 

the time. Parameter  is the relaxation time, which is a key factor 

in the description that determines the delay of heat flux with re-

spect to the temperature gradient. It is a function of the thermo-

dynamic parameters of the medium and, thereby, is a variable 

quantity. The higher the temperature, the shorter the relaxation 

time. It is therefore recognised that a non-classical approach to 

heat transfer (Eq. (1)) should be used when the relaxation time 

is of an order of characteristic process time. proposed procedure 

is correct for the class of problems).  

Experimental studies regarding granular media indicate 

much longer relaxation times compared to those reported for 

gases and solids and are of the order of a few to several seconds 

[19,21]. The reason behind this is a significant difference in heat 

transfer patterns through gas and solid phases. In engineering 

practice (e.g. pyrolysis reactors, gasifiers) the packed bed struc-

ture is complex, wherein the fuel particles are of irregular shape 

sizes with dimensions ranging from millimetres and centimetres. 

Nevertheless, just to highlight and visualize the possible occur-

rence of significant local temperature gradients in a two-compo-

nent (solid/gas) reactive system, an example of non-homogene-

ous medium of a simplified geometry, heated on one side, may 

be considered, as illustrated in Fig. 1. The figure shows the tem-

perature (Fig. 1a) and gas (air) flow velocity fields (Fig. 1b) in 

a chequerboard-type geometry (sized 6 cm  4 cm) that repre-

sent a small section of the granular bed. It is composed of square 

solid elements (grey fields in Fig. 1b) and voids (closed cavi-

ties), each sized 1 cm  1 cm. Though very simplified, such a 

case may mimic the densely packed granular (solid/air) bed of 

fuel particles with high flow resistance, to show the general ther-

mal and flow patterns in such a system. The discussed computa-

tional case is two-dimensional and transient. Each element of 

the domain consisted of 100 cells (1010). The thermo-physical 

properties of coal and air were adopted for the solid and voids, 

respectively. The initial temperature of the domain was set to 

300 K and the stepwise increase of temperature to 600 K at the 

left boundary of the domain was assumed.  

The simulation results displayed in Fig. 1a, showing the pa-

rameters’ distribution after the 60 seconds of bed heating, 

clearly indicate the uneven temperature distribution in the 

packed bed cross-section transverse to the thermal wave propa-

gation, which is due to the difference in thermal behaviour be-

tween the phases. As can be observed from the figure, the tem-

perature differences in the granular bed cross-section may ex-

ceed 100 K. For the case considered, when comparing tempera-

tures of the upper and bottom sub-layers, these differences may 

be estimated at ~150 K, 120 K and 70 K, at the cross-lines rep-

resenting x = 0.5 cm, x = 1 cm, and x = 1.5 cm, respectively. 

Obviously, the thermal front propagates faster through the solid 

owing to larger material thermal conductivity as compared to 

gas medium, leading to more uniform heat transfer through the 

solid. By contrast, in the cavities, the convective flows are gen-

erated as a result of the temperature gradient-induced variations 

in gas density, as demonstrated in Fig. 1b. In consequence, ther-

mal convection in cavities slows down heat transfer by conduc-

tion through the medium. The issue of energy transfer in the 

granular medium becomes far more complex for a reactive case, 

when additional intense mass exchange phenomena related to 

devolatilization, evaporation and chemical reactions, affecting 

the fluid flow dynamics come into play. Relaxation time as the 

resultant of these coupled effects depends on the particle diam-

eter, bed porosity and heating rate. 

 

 

(a) 

 

(b) 

Fig. 1. Temperature field (a) and gas velocity distribution (b) 

in heated granular bed – 2D simulation in  a simplified 

chequerboard-type geometry, t = 60 s. 
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2.1. Thermal wave propagation 

The analysis of thermal wave propagation may be reduced to the 

solution of the energy balance problem while taking into ac-

count the equation for the heat flux of relaxation type (Eq. (1)). 

In a one-dimensional case, assuming there is no macroscopic 

gas movement (i.e., for a porous bed with closed pores), the 

problem reduces to a system of equations: 

 {
𝜌𝑐

𝜕𝑇

𝜕𝑡
+

𝜕𝑞

𝜕𝑥
= 0


𝜕𝑞

𝜕𝑡
+ 

𝜕𝑇

𝜕𝑥
= −𝑞

, (2) 

where  and c denote material density and specific heat, respec-

tively. This system of equations for a given vector of unknowns 

 𝒚 = [
𝑇
𝑞

] (3) 

may be represented in matrix form [19] 

 𝑨
𝜕𝒚

𝜕𝑡
+ 𝑩

𝜕𝒚

𝜕𝑥
= 𝒄, (4) 

where 

 𝑨 = [
𝜌𝑐 0
0 

], 𝑩 = [
0 1
 0

] , 𝒄 = [
0

−𝑞
].  

Considering the source-free conditions, the analysis of the prob-

lem given by Eqs. (3) and (4), and using the method of charac-

teristics, one may arrive at the solution given as 

 {

𝑑𝑤(1)

𝑑𝑡
= 0   if   

𝑑𝑥

𝑑𝑡
= 𝜉 

𝑑𝑤(2)

𝑑𝑡
= 0   if  

𝑑𝑥

𝑑𝑡
= −𝜉

, (5) 

where the variables w(1) and w(2) are defined as 

 𝛿𝑤(1) = 𝛿𝑇 + √
𝜃

𝜌𝑐
𝛿𝑞, (6) 

 𝛿𝑤(2) = 𝛿𝑇 − √
𝜃

𝜌𝑐
𝛿𝑞. (7) 

Parameter ξ in Eq. (5) represents the temperature signal propa-

gation speed, which is dependent on the thermo-physical prop-

erties of a medium and the relaxation time, and is expressed as: 

 𝜉 = √


𝜌𝑐𝜃
. (8) 

One should note that in the case of non-homogeneous media, 

parameter  is an effective quantity ( = ef) that accounts for 

all mechanisms of heat transfer. The signal propagation speed is 

therefore influenced by the structure of the packed bed, such as 

the packing density, additionally affecting the fluid flow charac-

teristics. It is thus related to the thermochemical process type. 

For instance, measurements regarding large-scale coal carboni-

sation report the temperature front to propagate through the 

packed coal layer with the speed of the order of 10-6 m/s during 

the main process stage, which further increases up to the order 

of 10-4 m/s at the end stage owing to largely increased post-de-

volatilization bed porosity [22,23]. Experimental studies on the 

combustion of biomass reveal that the propagation speed of the 

burning front through such beds may vary between ~110-4 m/s 

and 510-4 m/s, depending on the single particle combustion 

characteristics and bed density [24]. 

2.2. Integrated model of transport phenomena in 

a reactive granular bed 

The one-dimensional numerical model, developed to simulate 

the thermal decomposition process of a packed bed of fuel par-

ticles was utilised to study the impact of relaxation time and 

physical parameters of the bed on the predicted dynamics of heat 

propagation. This model was previously used for simulating the 

real-scale coal coking process ([22]) and showed good agree-

ment between the predictions and experimental data in terms of 

the total duration time of fuel decomposition. However, a dis-

crepancy was observed in the temperature profile representing 

the moisture evaporation stage, which was considered to be due 

mostly to the simplified model of drying implemented. Having 

regard to the multiparameter impacts, the focus in the present 

work is on the effect of the key properties of a packed bed, such 

as moisture content and porosity, on the thermal wave propaga-

tion speed. 

The process to be considered involves the packed bed drying 

and devolatilization stages. The proposed model is composed of 

balance equations, including mass balance for (i) solid and (ii) 

moisture released from the fuel, (iii) mass transport for gas mix-

ture, (iv) momentum balance equation for gas mixture, (v) en-

ergy balance equation with convection term for packed bed, 

given as, respectively [22]: 

 
𝜕(𝜀𝑠𝜌𝑠)

𝜕𝑡
= −𝑊̇𝑠𝑔, (9) 

 
𝜕(𝜀𝑤𝜌𝑤)

𝜕𝑡
= −𝑊̇𝑤𝑔, (10) 

 
𝜕(𝜀𝑔𝜌𝑔𝑣𝑔)

𝜕𝑥
= 𝑊̇𝑠𝑔 + 𝑊̇𝑤𝑔, (11) 

 
𝜕(𝜀𝑔𝜌𝑔𝑣𝑔𝑣𝑔)

𝜕𝑥
= −

𝜕(𝜀𝑔𝑝)

𝜕𝑥
−

𝜀𝑔𝜇𝑣𝑔

𝐾
, (12) 

 
𝜕(𝜌𝑐𝑇)

𝜕𝑡
+

𝜕(𝜀𝑔𝜌𝑔𝑣𝑔𝑇)

𝜕𝑥
= −

𝜕𝑞

𝜕𝑥
− 𝑊̇𝑠𝑔ℎ𝑠𝑔 − 𝑊̇𝑤𝑔ℎ𝑤𝑔. (13) 

wherein the heat flux is described by the relaxation-type equa-

tion 

 𝑞 + 
𝜕𝑞

𝜕𝑡
= −𝑒𝑓

𝜕𝑇

𝜕𝑥
. (14) 

Parameter  in Eqs. (9)  (13) represents the volume fraction of 

the component (phase), and subscripts s, w, g refer to solid, wa-

ter, and gas, respectively. Source term 𝑊̇𝑠𝑔 stands for the mass 

release rate due to thermal decomposition (devolatilization) and 

is described through Arrhenius law, whereas 𝑊̇𝑤𝑔 denotes the 

evaporation rate that is defined using a simplified approach [25], 

and p is the pressure. Quantities  and K stand for fluid viscosity  
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and packed bed permeability. The bed is assumed to be iso-

tropic, wherein the properties are averaged in the control vol-

ume. Thermo-physical properties of the packed fuel bed, i.e. 

density (), specific heat (c) and thermal conductivity (ef) are 

the effective properties resulting from the fractions of solid, gas, 

and moisture. In addition, as regards the thermal conductivity, 

both, conduction (c) and radiation through the bed voids (r), 

were taken into account [22]. For the purpose of the analysis, the 

data of air were adopted for the gas mixture. The properties of 

gas and solid are summarised in Table 1.  

The case of a layer (L) of granular packed bed heated on both 

sides is considered. Assuming the process to be symmetric, the 

simulations were performed for the half-width of the considered 

packed bed, i.e. the calculation domain was 0  x  L/2 (Fig. 2). 

The initial conditions were as follows: 

 𝑇(𝑥, 0) = 𝑇0, (15) 

 𝑝(𝑥, 0) = 𝑝0, (16) 

 𝑣𝑔(𝑥, 0) = 0, (17) 

 𝑠(𝑥, 0) = 𝑠,0, (18) 

 𝑤(𝑥, 0) = 𝑤,0. (19) 

The assumed boundary conditions include the values for tem-

perature, evolved gas velocity and pressure, respectively: 

 𝑇(0, 𝑡) = 𝑓(𝑡),    
𝜕𝑇

𝜕𝑥
|

(𝐿/2,𝑡)
= 0, (20) 

 𝑣𝑔(0, 𝑡) = 0,      
𝜕𝑣𝑔

𝜕𝑥
|

(𝐿/2,𝑡)
= 0, (21) 

 𝑝(𝐿/2, 𝑡) = 𝑝0. (22) 

Function f(t) in boundary conditions (Eq. (20)) represent the 

time-varying temperature at x = 0, adopted from measurements 

[22,23].  

The problem was solved partly implicitly. The mass and mo-

mentum equations were solved using explicit schemes, while an 

unconditionally stable implicit Crank-Nicolson algorithm was 

used to solve the energy equation. Further details of the model, 

including the numerical schemes used, can be found in the pre-

vious work [22].  

3. Results and discussion  

The variant simulations were performed to demonstrate the 

effect of packed bed properties, such as initial moisture content 

and porosity on the nature of solution and thermal front propa-

gation speed, depending on the assumed relaxation time. Fol-

lowing previous studies [22], the relaxation time of 900 s was 

adopted as the maximum value considered. Furthermore, it shall 

be noted that simulation results regarding thermal behaviour of 

a spherical porous fuel particle undergoing decomposition in a 

hot gas stream indicate its heating times to be of the order of tens 

of seconds [12]. The mentioned study revealed that the outflow 

of released moisture and gas from the grain interior greatly con-

tributes to slowing down the dynamics of its heating and decom-

position. The characteristic process times for less porous parti-

cles are longer due to higher flow resistance. For instance, in the 

case of a 3 mm wet coal particle with a uniform thermal bound-

ary condition at its surface and the intraparticle gas convection 

accounted for, the predicted heating time is around 60 s, whereas 

in the case of the same size wet biomass particle (far more po-

rous) it is more than twice as short (~26 s). One may expect these 

times to be larger when considering the three-dimensional na-

ture of transport processes and associated non-uniform particle 

surface heating in a granular packed bed. 

In Fig. 3 the time-varying temperature evolution in reactive 

moist granular bed (w=0.08, Fig. 3a) is compared with that for 

dry granular bed (Fig. 3b). In both bed cases, two significantly 

 

Fig. 2. A schematic representation of the considered one-dimen-

sional problem of transport processes in reactive granular 

packed bed; L – total width of the bed layer. 

Table 1. Thermo-physical properties adopted for simulation.  

Parameter Value Ref. 

𝜺𝒔,𝟎  0.55  

𝝆𝒔 [kg/m3] 𝜌𝑠 = 𝜌𝑠(𝑇) [26] 

𝒄𝒔 [J/(kg K)] 𝑐𝑠 = 𝑐𝑠(𝑇) [27] 

 

 

𝝆𝒈 [kg/m3] 

𝒄𝒈 [J/(kg K)] 


𝒈

 [Pa s] 

𝒈 [W/(m K)] 

(air, approximation of tabulated 

data) 

𝜌𝑔 = 𝜌𝑔(𝑇)  

𝑐𝑠 = 𝑐𝑠(𝑇) 


𝑔

= 
𝑔

(𝑇) 

𝑔 = 𝑔(𝑇) 

[22] 

K [m2] 5.010-11  

ef [W/(m K)]  𝑒𝑓 = 𝑒𝑓(𝑇) = 𝑐(𝑇) + 𝑟(𝑇), 

𝑐(𝑇) = 0.0031 exp(0.063𝑇) +

                +𝜀𝑤𝜌𝑤, 

𝑟(𝑇) = 4𝜎𝑅𝑒𝑇3 

[22], 

[26], 

[28] 

𝝆𝒘 [kg/m3] 1000.0  

𝒄𝒘 [J/(kg K)] 4200.0  

𝒉𝒘𝒈 [J/kg] 2200.0103  

𝒉𝒔𝒈 [J/kg] 200.0103 [29] 
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different relaxation times are taken into account, i.e.  = 100 s 

and   = 900 s. The simulation results show similar trends for 

both packed beds as regards the effect of relaxation time. 

Namely, for lower relaxation time the thermal front propagates 

through the granular medium faster than for the larger one. As 

expected, however, a considerable difference is observed in 

heating dynamics between wet and dry medium. In the case of 

a moist bed, there is a delay pronounced in the temperature in-

crease above 373 K that is due to the thermal energy consump-

tion for moisture evaporation. Unlike for the dry bed case, the 

results demonstrate a thermal front clearly separating the heated 

medium part from the cooler one. In other words, for the wet 

medium, the temperature gradients (dT/dx) are larger. As a con-

sequence, the difference between temperatures predicted for dif-

ferent relaxation times may reach hundreds of degrees. This may 

be seen in the case of simulated temperature curves for the pro-

cess duration time of 14.4 hours (curves marked with 3, Fig. 3a), 

wherein the difference between predictions obtained for consid-

ered relaxation times at the distance of approx. x = 0.12 m from 

the heated boundary (x = 0) exceeds 200 degrees. For the dry 

bed case, characterized by a less sharp thermal front, these dif-

ferences are far below 100 degrees, as displayed in Fig. 3b. 

The model predictions indicated a quite significant impact of 

porosity (gas volume fraction) on the heat front propagation 

speed. The time–varying temperature distribution in dry packed 

granular bed (w = 0) for different porosities, 0.45 and 0.55, and 

relaxation time of 100 s, are depicted in Fig. 4.  As can be seen, 

heat propagates faster in the less dense packed bed, i.e. of larger 

porosity, owing to an increased contribution of radiation through 

the inter-particle voids. Furthermore, the differences in the tem-

perature evolutions between granular beds differing in porosities 

increase with time, which clearly reveals the influence of varia-

ble structure-related bed properties. Nevertheless, these differ-

ences are smaller than those observed for temperature distribu-

tions, when water phase transition (moisture evaporation) comes 

into play, as shown in Fig. 3a (curves no. 3). The global effect 

of variable bed properties on the thermal wave propagation 

speed can be demonstrated by the analysis of a change in ther-

mal diffusivity term (a = /( c)) during the process. Figure 5 

presents the variation of thermal diffusivity in time along the 

 

Fig. 4. An effect of initial porosity, g = 0.45 (solid line) and 

g = 0.55 (dashed line), on the propagation speed of thermal front 

in reactive granular packed bed,  w=0,   = 100 s; 1 – t = 1.8 h, 

2− t =5.4 h, 3 − t =14.4 h. 

 

Fig. 5. The predicted change of thermal diffusivity (a = /( c)) 

in wet granular bed undergoing thermal decomposition, g=0.45, 

w=0.08,  = 100 s. 

 

(a) 

 

(b) 

Fig. 3 An effect of moisture content on the propagation speed of ther-

mal front in reactive granular bed (half of the medium) with initial 

porosity of g = 0.45, for different relaxation times,  = 100 s (solid 

line) and  = 900 s (dashed line):  a) w=0.08, b) w=0 (dry fuel);  

1 – t = 1.8 h, 2− t =5.4 h, 3 − t =14.4 h 
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packed bed layer of initial moisture content of 8%vol. and po-

rosity of 0.45 during its thermal decomposition. As can be seen 

from the figure, the a value is below 110-6 m2/s in the cool un-

reacted part of a packed bed. As the process of decomposition 

proceeds, the thermal diffusivity increases by several times with 

the temperature rise and related change in the bed structure, 

reaching the value of over 810-6 m2/s at the end stage of the 

process. This corresponds with a nearly fivefold increase in the 

temperature signal propagation speed, i.e. from ~ 0.710-5 to 

~ 2.710-5 m/s, respectively. 

4. Conclusions 

In the paper, the non-classical approach was used to describe 

heat transfer in the reactive granular bed. Based on the predic-

tions of the developed thermal and flow model that involves the 

relaxation-type (non-Fourier) heat conduction equation, the im-

pact of the bed properties, including moisture content and po-

rosity, on the thermal wave propagation speed through the me-

dium was discussed. The simulation results served to indicate 

the role of a non-classical approach in the modelling of transport 

processes in reactive media of non-homogeneous inner struc-

ture. The obtained numerical results showed the dominant im-

pact of moisture on slowing down heat propagation in the 

packed bed, leading to an increase in local temperature gradi-

ents.  

The relaxation time accounted for in the developed one-di-

mensional model is a parameter that involves the coupled effects 

contributing to the change in energy flow direction in the inter-

particle voids, and thereby, to the delay in heat conduction in the 

medium. In this sense, the estimated value of relaxation time is 

affected by a degree of mathematical model simplification and, 

in particular, whether it accounts for the microscale effects of 

mass transfer. As regards the thermal processing of fuel parti-

cles, the precise determination of this characteristic time would 

require the detailed analysis of particle heating and devolatiliza-

tion under a temperature gradient field. This would involve the 

use of mesoscale models enabling to map the interphase surface, 

as well as their experimental verification. 
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1. Introduction 

Turbulent round jet impingement has been studied for a long 

time. However, due to its complexity and high heat transfer per-

formance, this phenomenon still attracts the attention of re-

searchers and is a subject of both numerical and experimental 

studies [1]. The description of this process is influenced by var-

ious factors such as the Reynolds number, the Prandtl number, 

the nozzle-to-impingement-plate distance ratio (H/D), the noz-

zle shape, the inlet velocity profile, and many others [1‒4], 

whose make it challenging to compare the results from different 

studies [5]. Numerical analysis of jet impingement can be car-

ried out using direct numerical simulation (DNS), large eddy 

simulation (LES), or Reynolds averaged Navier-Stokes (RANS) 

approach. The first two methods provide insight into the physics 

of the process but are computationally expensive compared to 
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Abstract 

Impinging jets are one of the most effective techniques of heat transfer intensification, therefore they are continuously 

applied in various engineering areas. On the other hand, a numerical modelling of complex phenomena contributing to an 

overall heat transfer effect (and the Nusselt number value) is still not sufficient and suffers from lack of generalization. The 

extensive studies have been conducted to unify approach to the impinging jet modelling and construct the model (in Ansys 

Fluent software), which allows mirroring of the results. Presented work discusses differences in representation of impinging 

jet between various turbulence models based on the turbulence kinetic energy, momentum and energy budgets. It allows 

deep understanding of influence of geometrical and flow parameters on fluid mechanics phenomena interaction and final 

effect. The most significant results are connected with linking of Nusselt number distribution with analyzed budgets’ terms. 

Each term contributes to the distribution and cannot be omitted. Drawn conclusions explain the origin of reported in litera-

ture differences and includes suggestions, how to evaluate the Nusselt number distribution results coming from various 

turbulence models. At this stage of research to have a complete image of relation between the particular quantities budgets 

and heat transfer effect it is suggested to consider also the turbulence kinetic energy dissipation budget, which will fil opened 

by this research gap. 
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Nomenclature 

𝐶𝑃 ‒ specific heat capacity, J/(kg K) 

𝐷 ‒ inlet diameter, m 

𝑓 ‒ elliptic relaxation function 

𝐻 ‒ nozzle-to-impingement-plate-distance, computational  

domain height, m 

H/D ‒ nozzle-to-impingement-plate-distance to inlet diameter ratio 

𝑘 ‒ turbulence kinetic energy, m2/s2 

Nu ‒ Nusselt number 

𝑃 ‒ average pressure, Pa 

Pr ‒ Prandtl number 

𝑞̇ ‒ wall heat flux, W/m2 

Re ‒ Reynolds number 

𝑆 ‒ strain rate tensor, 1/s 

𝑇 ‒ average temperature, K 

𝑇𝑖𝑛 ‒ reference inlet temperature, K 

𝑇𝑤 ‒ local wall temperature, K 

𝑢𝑖𝑢𝑗  ‒ Reynolds stress term, m2/s2 

𝑈 ‒ average radial velocity, m/s 

|𝑈| ‒ average inlet velocity, m/s 

𝑈𝑖 , 𝑈𝑗‒ average velocity components, m/s 

𝑣2̅̅ ̅ ‒ velocity fluctuation 

𝑉 ‒ average axial velocity, m/s 

𝑥 ‒ radial coordinate, m 

𝑥𝑖 , 𝑥𝑗  ‒ Cartesian coordinates, m 

x/D ‒ radial coordinate to inlet diameter ratio 

𝑦 ‒ axial coordinate, m  

y+ ‒ dimensionless distance from the wall 

 

Greek symbols 

𝛼 ‒ heat transfer coefficient, W/(m2K) 

𝛼𝑘 ‒ inverse effective Prandtl number 

 

 

𝛽∗ ‒ model constant 

𝛾 ‒ intermittency 

𝜀 ‒ turbulence dissipation rate, m2/s3 

𝜆 ‒ thermal conductivity, W/(m K) 

𝜇 ‒ dynamic viscosity, Pa s 

𝜇𝑒𝑓𝑓  ‒ effective viscosity, Pa s 

𝜇𝑡 ‒ turbulent viscosity, Pa s 

𝑢𝑗𝜃 ‒ turbulent heat flux, Km/s 

𝜌 ‒ density, kg/m3 

𝜎𝑘, 𝜎𝑡‒ turbulent Prandtl number 

𝜔 ‒ specific turbulent dissipation rate, 1/s 

𝛺 ‒ magnitude of the vorticity rate, 1/s 

 

Subscripts and Superscripts 

E ‒ energy equation 

k ‒ turbulence kinetic energy equation 

M ‒ momentum equation 

 

Abbreviations and Acronyms 

CONV ‒ convection term 

DIFF ‒ diffusion term 

DISS ‒ dissipation term 

DNS ‒ direct numerical simulation 

LES ‒ large eddy simulation 

PRESS ‒ pressure term 

PROD ‒ production term 

RANS ‒ Reynolds averaged Navier-Stokes 

RNG ‒ renormalisation group 

RS ‒ Reynolds stress term 

SST ‒ shear stress transport 

TDIFF ‒ turbulent diffusion term 

TKE ‒ turbulence kinetic energy 

UDF ‒ user-defined function 

the last one [1]. The third method is more suitable from an engi-

neering perspective, where turbulent flow is more common, and 

it is a valuable tool for analyzing and predicting heat transfer 

performance [1]. Despite many research efforts in this field, 

there are still discrepancies in predicting the local Nusselt num-

ber distribution numerically, especially in the position of its sec-

ondary maximum [6,7]. 

According to Kořínek et al. [8], the resolution of near-wall 

mesh significantly affected the heat transfer of the round jet im-

pingement when using scale-resolving-simulation methods. 

They found that mesh refinement in the longitudinal direction is 

more crucial than in the perpendicular direction. Furthermore, 

they observed that grid refinement was particularly beneficial 

for LES and DES (detached eddy simulation) calculations when 

dealing with cases of low nozzle-to-plate distance. The paper by 

Domino and Wenzel [9] described the results of DNS calcula-

tions for a series of non-isothermal turbulent impinging jet con-

figurations. The simulations showed an increase in radial mixing 

as the jet temperature increased. Regions of large negative pro-

duction of turbulence kinetic energy were noted to be a function 

of the difference between the axial and radial normal stresses, 

with crucial inflection points occurring where their magnitudes 

changed. A large recirculation structure was evident in all sim-

ulations, highlighting a faster mixing of nest-like structures at 

the higher nozzle-to-impingement-plate-distance ratio. Magag-

nato et al. [4] conducted DNS calculations to examine the im-

pact of the Prandtl number on the heat transfer of a circular im-

pinging jet. In this study, the temperature field was considered 

as a passive scalar. The study confirmed that the Prandtl number 

affects the value of the Nusselt number at a fixed Reynolds num-

ber. The distribution of the Nusselt number along the plate ex-

hibited similar features at different Prandtl numbers and showed 

a characteristic secondary maximum for both analyzed Reyn-

olds numbers (5 300 and 10 000) at Pr = 0.025 and Pr = 0.01. 

Huang et al. [10] developed a turbulence model for jet impinge-

ment heat transfer based on the k‒ω SST (shear stress transport) 

turbulence model, which considered the effects of the cross-dif-

fusion term and the Kato-Launder model. The modified model 

agreed well with the cases studied and overcame the false sec-
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ondary Nusselt number maximum (not observed in the experi-

mental studies) at a high nozzle-plate spacing for slot jets, which 

the standard k‒ω SST turbulence model predicted. The study 

indicated that the pressure gradient played an essential role in 

turbulent slot impinging jet, and the effect of the cross-diffusion 

term should be taken into account in the boundary layer. Devel-

oped shear stress transport (SST) model was used by Zhang et 

al. [11] to simulate turbulent round jet impingement heat trans-

fer. The model included an additional switching function for 

cross-diffusion correction, which provided accurate results in 

terms of heat transfer by capturing the closest first maximum, 

local minimum, and secondary maximum compared to other 

models, except for problems at low nozzle-plate spacing. The 

inner maximum at the stagnation point was linked to the radial 

pressure gradient, Therefore reinforcing sensitivity to pressure 

in a turbulence model can help to improve the prediction of heat 

transfer characteristics. The paper by Huang et al. [12] discussed 

a modification of the k‒ω SST model for swirling impinging 

jets, specifically the SST model with curvature correction 

(SSTCC) and the modified SST model using the cross-diffusion 

term (SSTCD). They noticed that the SSTCC model might 

falsely enhance the effect of swirl/streamline curvature com-

pared to the experimental results. However, the effect of curva-

ture correction could be ignored downstream, leading to a simi-

lar performance of the SSTCC and SST models. The authors 

concluded that the SSTCD model significantly improves the 

SST model to predict heat transfer in the flows demonstrated in 

the paper. Menzler et al. [6] evaluated the Ansys GEKO turbu-

lence model for its ability to determine the local and integral 

Nusselt number of an impinging jet. The GEKO (generalized k-

ω) turbulence model has some parameters that can be adjusted. 

The authors achieved an accuracy of about 10% in the prediction 

of the local Nusselt number, while adjusting those parameters, 

but the limits of the recommended parameters were exceeded. 

The study by Chitsazan et al. [2] presented the results of numer-

ical simulations of a single impinging round jet using different 

numerical parameters. The researchers compared the results of 

different implementations of the k‒ω SST model, identifying the 

low Reynolds number damping modification (correction of tur-

bulent viscosity) as essential to predict the secondary maximum. 

The study was concluded that good results could be achieved 

with a  coarse grid if the boundary region is resolved adequately. 

Moreover, polyhedral grids lead to good quality results with 

lower memory requirements, cell numbers, and shorter run times 

than other cell shapes. The quality of results obtained for various 

shapes of the elements was similar to that of polyhedral grids. 

Huang et al. [13] investigated the effects of roughness on heat 

transfer and flow structures for round jet impingement using the 

shear stress transport model with the transition model. The study 

showed that roughness enhanced heat transfer by 2.53% to 

6.08% compared to a smooth surface, but this enhancement is 

nonmonotonic due to changes in the secondary maximum of 

heat transfer. Increasing roughness height enhanced turbulent 

intensity and led to an early occurrence of the secondary heat 

transfer maximum, which is crucial for heat transfer augmenta-

tion. Kaewbumrung and Plengsa-Ard [14] examined a single air 

jet impingement at a constant temperature, employing different 

RANS turbulence models (𝑣2̅̅ ̅ − 𝑓 and four Reynolds stress tur-

bulence models) to compare with published measurement data. 

The focus was on the secondary maximum of the Nusselt num-

ber, which was clearly generated using the ratio of H/D = 2. The 

𝑣2̅̅ ̅ − 𝑓 model was found to have better numerical precision in 

analysis of the local Nusselt number and velocity profiles. The 

first maximum of the Nusselt number location was observed at 

0.5 diameter from stagnation point (x/D) due to the change in 

the radial flow velocity, while a secondary maximum was ob-

served at a radial distance of approximately x/D = 2.05. The 

study by Siddique et al. [15] aimed to predict the flow pattern 

and determine the local value of the Nusselt number for varying 

heat flux input boundary conditions. The research based on the 

SST + Gamma-Theta turbulence model, successfully captured 

the turbulence phenomenon of intermittency, flow separation, 

local velocity gradient, and transition. The findings suggested 

that the Nusselt number is the least affected by the nozzle-target 

spacing in the stagnation region because the velocity gradient 

development was dominated by an impinging jet momentum. 

However, the development of the velocity gradient on the target 

surface dominated after the stagnation region. Finally, the de-

pendency of the nozzle-target spacing caused a more significant 

impact under constant heat flux boundary conditions as a result 

of the further development of a thermal boundary layer. The ex-

perimental study by Kumar et al. [16] referred to the heat trans-

fer characteristics of a free-surface single-phase circular liquid 

jet impinging on a smooth, flat surface under varying nozzle di-

ameter, nozzle-to-plate spacing, and Reynolds number. The re-

sults revealed that the local Nusselt number reached maximum 

in the stagnation region and decreased downstream. The Nusselt 

number was found to be a function of the Reynolds number, the 

Prandtl number, system length, and the Weber number. Com-

parison of a free surface and a submerged jet exhibited that the 

heat transfer rate was higher in the case of a submerged jet. 

Some recent review publications have collected research in 

various areas of the jet impingement, such as the influence of 

target surface shape and geometry configuration [1,17], ex-

cited jets [17], nanofluids [17‒19], single jet impingement 

[1,19], jet arrays [1,19], swirling jet impingement [19] and 

synthetic jets  [19].  

The literature overview reveals a focus on improving heat 

transfer prediction through the modification or development of 

existing turbulence models. Additionally, there has been an in-

crease in the number of publications that present DNS analysis, 

which can provide valuable insight into jet impingement flow 

and heat transfer physics. Other investigations aimed to enhance 

heat transfer using various working fluids or target surfaces. In 

addition to numerous numerical investigations, new experi-

mental studies emerged. According to Barbosa et al. [1], the be-

havior of geometric and flow parameters in the jet impingement 

is well understood, but their interactions are complex. Recent 

studies on the numerical simulation of jet impingement have 

mainly concentrated on a single jets. The choice of turbulence 

model plays a crucial role, and based on various studies, the k‒

ω SST turbulence model has been identified as a reliable and 

efficient option for accurate modeling of jet impingement while 

minimizing computing time. 
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Despite extensive numerical research, it remains challenging 

to find studies in the literature that attempt to identify, describe, 

and explain the sources of differences in the heat transfer behav-

ior of various turbulence models. Before modification and de-

velopment of turbulence models, it is crucial to conduct an anal-

ysis that provides a deeper understanding of the physics behind 

commonly used turbulence models. Such an analysis can be 

based on turbulence kinetic energy (TKE), momentum, and en-

ergy budgets, and it gives valuable insights into the characteris-

tics of these models.  

The literature contains several publications that focus on the 

transport equations and analysis of TKE, which can be broadly 

classified into two groups. The first group includes studies that 

rely on DNS and experimental methods, while the second group 

comprises budgets obtained through RANS calculations. In a 

DNS study by Domino and Wenzel [9], the TKE values were 

calculated on the surfaces parallel to the impinged one at three 

different inlet temperature values. The authors observed that the 

TKE values increased with increasing inlet temperature, with 

the maximum value found at x/D ≈ 0.5. Negative TKE produc-

tion was noted near the impinged surface at values of x/D < 6. 

The study also showed that the sign of TKE production changed 

when the axial component of the Reynolds stress surpassed the 

radial one. An experimental study by Alekseenko et al. [3] was 

related to a budget of axial momentum and TKE on lines parallel 

to the impinged surface for conventional and swirling jets. For 

the momentum budget, the study showed that the viscous term 

was negligible compared to other terms, and convection was 

characterized by an almost constant positive value near the jet 

axis. For the TKE budget, the viscous term, the same as for mo-

mentum, was negligible. Maximum magnitudes of dissipation, 

diffusion of pressure and shear stress production were observed 

near x/D ≈ 0.5, corresponding to the region of the mixing layer. 

The convection term and turbulent diffusion possessed opposite 

signs, and the production term had local maxima in the mixing 

regions for all analyzed cases. In two publications by Ries et al. 

[20,21], DNS numerical analysis and PIV (particle image veloc-

imetry) experimental study were presented. They studied jet im-

pingement on inclined surfaces at 0°, 45° and 90°. The produc-

tion of TKE was negative in the vicinity of the wall in the stag-

nation region, and was balanced by pressure-related diffusion 

rather than viscous dissipation. Molecular and pressure-related 

diffusion dominated, while dissipation was relatively small. In 

an experimental study conducted by Nishino et al. [22], the TKE 

budget was presented. The study exhibited that the negative 

TKE production occurred near the wall and was compensated 

by pressure diffusion. 

The analysis of TKE, the budget of TKE, and the momentum 

calculated on the basis of the RANS results can be found in four 

publications by Kura et al. In the first paper [23], the authors 

presented the TKE values in two parallel lines: one at the im-

pinged wall and another outside the boundary layer. They noted 

that only the values inside the boundary layer are meaningful. 

The TKE values were then compared with the distribution of the 

local Nusselt number, where inflection points were observed at 

nearly the exact locations of the Nusselt number maxima. In the 

second paper [24], the TKE budget obtained by 𝜁 − 𝑓 turbulence 

model was presented to show the difference between various im-

pinged surfaces such as flat, convex, and concave. Additionally, 

a comparison between momentum budgets by 𝜁 − 𝑓 and 𝑣2̅̅ ̅ − 𝑓 

turbulence models was presented. In the case of the TKE budget, 

the authors concluded that the overall trend is the same for all 

types of surfaces, but the only differences refer to the maximal 

values and their positions. The momentum budget was prepared 

on two lines perpendicular to the impinged surface, the first be-

ing located at the stagnation zone that begins to decay, and the 

further where the second Nusselt maximum occurs. The 𝑣2̅̅ ̅ − 𝑓 

turbulence model was characterized by a significantly higher 

momentum diffusion near the wall than the 𝜁 − 𝑓 turbulence 

model. The third investigation [25] compared TKE production 

and dissipation between different types of target surfaces. The 

general conclusion was that the tendency was similar, but the 

highest TKE production was observed in the stagnation zone for 

the convex case. The last investigation [26] presented a compar-

ison between the TKE budget for two different inlet conditions. 

Regarding the budget, the authors showed that diffusion and dis-

sipation dominated production and convection ones. The con-

vective term possessed a negative value near the stagnation 

point and changed its sign near the location of the Nusselt num-

ber secondary maxima occurrence. The link between the values 

and trends of TKE and Nusselt number were pointed out.  

Numerical investigations such as the DNS and experimental 

studies are priceless for understanding the physics of jet im-

pingement, but they are expensive and time-consuming. On the 

other hand, analysis of the TKE and transport equations based 

on the RANS calculations may only partially explain this phe-

nomenon, because they are just the models. However, such an 

analysis can still help to identify why various turbulence models 

lead to a different tendency of the results in simulating jet im-

pingement and to modify and further develop the RANS turbu-

lence models. Unfortunately, finding a comparative and com-

plex analysis of various turbulence models in the literature that 

describes and explains the sources of discrepancies in heat trans-

fer results is challenging. There are very few comprehensive 

analyses, which enable configuration of the numerical model. 

Therefore, the authors decided to present their research, which 

fills the gap and meets the need of the readers. 

The previous research [27] considered the heat transfer of 

classic jet impingement. In the numerical studies, 80 different 

cases were investigated, which included five different turbu-

lence models (k–ε RNG Kato-Launder, k–ω SST Kato-Launder, 

intermittency transition, transition SST, and 𝑣2̅̅ ̅ − 𝑓), four geo-

metrical configurations described by the dimensionless ratio of 

H/D (where H is the computational domain height, D is the inlet 

diameter) such as H/D = 1, 2, 4 and 6, and 4 hydrodynamic pa-

rameters defined by the Reynolds number (Re = 10 000, 20 000, 

23 000 and 30 000), 

 Re =
𝜌|𝑈|𝐷

𝜇
, (1) 

where: 𝜌 is the fluid density; |𝑈| is the average inlet velocity, 

𝐷 is the inlet diameter, and 𝜇 is the fluid dynamic viscosity. 



Understanding of RANS-modeled impinging jet heat transfer… 

 

17 
 

The study produced valuable findings, including the 80 dis-

tributions of local Nusselt number along the heated wall. The 

local Nusselt number was defined as follows: 

 Nu =
𝛼𝐷

𝜆
, (2) 

 𝛼 =
𝑞̇

𝑇𝑤−𝑇𝑖𝑛
, (3) 

where: 𝛼 is the heat transfer coefficient, 𝐷 is the inlet diam-

eter, 𝜆 is the fluid thermal conductivity, 𝑞̇ is the wall heat 

flux, 𝑇𝑤 is the local wall temperature, and 𝑇𝑖𝑛 is the reference 

inlet temperature. 

Based on the previous analysis [27], the authors could com-

pare various turbulence models and investigate their features un-

der various geometrical and hydrodynamical conditions and pre-

sented systematic analyses with precise definitions of numerical 

model settings and comparisons with numerous experimental 

and numerical studies. As a result of the research, three turbu-

lence models, which are the k–ε RNG Kato-Launder, k–ω SST 

Kato-Launder, and the Intermittency transition model, have 

been selected. This paper is an extension of previous studies to-

wards the TKE values. Analyses were conducted for the three 

above-mentioned turbulence models and two geometrical con-

figurations with presentation of the TKE, momentum, and en-

ergy budgets. The results are compared with the local Nusselt 

number distribution. They lead to explanation of differences be-

tween turbulence models prediction of heat transfer and formu-

lation of the guidelines for selection of turbulence model suita-

ble for particular research problem. An additional benefit of pre-

sented studies is a transparent and easy-to-be reproduced numer-

ical model. It is worth to mention that listing of own function 

used to calculate diffusion term of momentum and energy equa-

tions is included. 

2. Mathematical model, geometry, and boundary 

conditions 

Figure 1 shows the geometry and boundary conditions of the 2D 

axisymmetric model. The justification of the 2D axisymmetric 

model was based on the numerical analysis of 3D and 2D geom-

etries presented in [27]. In this model, air at a constant tempera-

ture of 293 K and a fully developed profile enters the computa-

tional domain through the inlet channel. After forming a jet, the 

air impinged on the bottom wall (heated with a constant heat 

flux of 1000 W/m2), then creates a wall jet along the heated sur-

face and escapes the computational domain via the right surface. 

The air used in the analysis was considered as Newtonian, in-

compressible fluid with constant thermophysical properties  

(𝜌 = 1.225 kg/m3, 𝐶𝑃 = 1006.43 J/(kg K), 𝜆 = 0.0242 W/(m K), 

𝜇 = 1.7894×10-5 Pa s). The steady-state analysis involved three 

transport equations, mass, momentum, and energy [28]: 

 
𝜕𝑈𝑗

𝜕𝑥𝑗
= 0, (4) 

 𝜌
𝜕(𝑈𝑖𝑈𝑗)

𝜕𝑥𝑗
= −

𝜕𝑃

𝜕𝑥𝑖
+

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕𝑈𝑖

𝜕𝑥𝑗
+

𝜕𝑈𝑗

𝜕𝑥𝑖
) − 𝜌𝑢𝑖𝑢𝑗], (5) 

 𝜌
𝜕(𝑈𝑗𝑇)

𝜕𝑥𝑗
=

𝜕

𝜕𝑥𝑗
(

𝜆

𝐶𝑃

𝜕𝑇

𝜕𝑥𝑗
− 𝜌𝑢𝑗𝜃), (6) 

where: 𝑈𝑖 , 𝑈𝑗 are the average velocity components, 𝑥𝑖 ,𝑥𝑗  are the 

Cartesian coordinates, 𝜌 is the density, 𝑃 is the average pressure, 

𝜇 is the dynamic viscosity, 𝑢𝑖𝑢𝑗 is the Reynolds stress term, cal-

culated by the Boussinesq hypothesis, 𝑇 is the average temper-

ature, 𝜆 is the thermal conductivity, 𝐶𝑃 is specific heat capacity, 

𝑢𝑗𝜃 is the turbulent heat flux.  

Additionally, RANS equations such as turbulence kinetic  

energy 𝑘, turbulent dissipation rate 𝜀, specific turbulent dissipa-

tion rate 𝜔 and intermittency 𝛾 were incorporated for turbulence 

modeling [28]. To ensure accuracy, a block-structured mesh was 

prepared for each geometrical configuration, and y+ was kept 

equal to or below 1. The y+ value is a dimensionless parameter 

that represents the distance from the first grid cell to the surface 

wall. The total cell number for the first geometrical configura-

tion (H/D = 2) was equal to 63 100, and for the second (H/D = 

6) it was 68 600 cells. Both meshes have passed the grid inde-

pendence test. The discretization of the second geometrical case 

is presented in Fig. 2.  

 

Fig. 1. Geometry and boundary conditions. Inlet diameter D = 0.02 m. 

 

Fig. 2. Mesh for H/D = 6, D = 0.02 m, y+ < 1,  

and total cell number = 68  600. 
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The numerical calculations were performed in Ansys Fluent 

18.1, where the pressure-based solver with SIMPLE (Semi-Im-

plicit Method for Pressure Linked Equations) algorithm was 

used. The second-order numerical scheme was chosen for the 

pressure, momentum, turbulence, and energy equations. The in-

sight of the mesh and detailed description of the numerical pro-

cedure can be found in the previous publication [27]. The model 

validation presented in this publication included a comparison 

of 16 turbulence models with 11 different experimental anal-

yses. All source data are stored in the open repository [29]. 

Figure 3 presents the local Nusselt number distribution along 

the heated wall for different Reynolds number values and one 

geometrical configuration (H/D = 2). The purpose of this figure 

is to demonstrate that for the same geometrical configuration, 

the Nusselt number distribution does not vary significantly with 

different Reynolds numbers, which is particularly evident for 

normalized Nusselt number which is defined as Nu/Rem. In the 

literature, the scaling factor for the Nusselt number is typically 

set to be Nu/Re2/3 [1,11,30], but the exponent m can vary be-

tween 0.55 and 0.87 for a single jet impingement [1]. At values 

of x/D greater than 2.0, no differences in the Nusselt number 

distribution are observed at various Reynolds numbers which is 

especially very clear when the scaling factor is equal to Nu/Re3/4 

(Fig. 3(b)). However, near the stagnation point (x/D < 2.0), some 

discrepancies are visible, primarily due to variations in the inlet 

profile, which significantly affects the local Nusselt number dis-

tribution in that region. Furthermore, comparing the local 

Nusselt number distribution for geometrical configuration (H/D 

= 2 and 6) at the same Reynolds number in Fig. 4 reveals differ-

ent trends, especially at various H/D. Two particular trends of 

the Nusselt number distribution can be distinguished depending 

on the H/D parameter [2,4,7,10,11,31,32]. At H/D < 6.0 (con-

firmed in [27]), there is a characteristic secondary maximum in 

the Nusselt number distribution. In contrast, at higher values of 

H/D, the second Nusselt number maximum does not occur 

(some turbulence models may exhibit an artificial/false second-

ary Nusselt number maximum, which is not observed in experi-

mental studies [10,27]). Therefore, in this publication, the au-

thors will compare the results of two H/D values at a constant 

Reynolds number of 23 000. Based on the literature and previ-

ous studies the authors have selected three turbulence models 

which are most appropriate for modeling the jet impingement 

phenomenon. These models will also be used for the comparison 

of results. 

In the presented study, the analysis is focused on the Reyn-

olds number equal to 23 000, two different configurations (H/D 

= 2 and 6), and three previously selected turbulence models (k–

ε RNG Kato-Launder, k–ω SST Kato-Launder, intermittency 

transition). The primary objective of this analysis is to demon-

strate the differences between turbulence models concerning 

low (H/D = 2) and high (H/D = 6) geometrical configurations 

and to provide valuable insights into the turbulence modeling of 

round jet impingement. 

3. The budgets 

To conduct a comparative study, the authors utilize the values 

of k (turbulence kinetic energy, TKE) and budget of TKE, axial 

 
Fig. 3. (a) Local Nusselt number distribution. (b) Normalized local Nusselt number distribution. k–ω SST Kato-Launder turbulence model, H/D = 2. 

 

Fig. 4. Comparison of local Nusselt number distribution at heated wall, 

between different values of H/D and Reynolds number. k–ω SST Kato-

Launder turbulence model. 
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and radial momentum, and energy. The analysis thoroughly 

compares the terms of the budget equations, which are defined 

below. The generic form of the turbulence kinetic energy equa-

tion k, which consists of four terms, is presented as follows: 

 CONV𝑘 = PROD𝑘 − DISSk + DIFF𝑘, (7) 

where: CONV – convection term, PROD – production term, 

DISS – dissipation term, DIFF – diffusion term. The subscript k 

means turbulence kinetic energy. 

The choice of the turbulence model influences the k transport 

equation. In the post-processing stage, the convection, produc-

tion, and dissipation terms can be directly calculated, while the 

diffusion term is determined as a closure term. Table 1 presents 

details of each term in Eq. (7) for analyzed turbulence models.   

The generic form of the axial and radial momentum equa-

tions, which consists of four terms, is presented as follows: 

 CONV𝑀,𝑖 = PRESS𝑀,𝑖 + DIFF𝑀,𝑖 + RS𝑀,𝑖, (8) 

where: CONV – convection term, PRESS – pressure term, DIFF 

– diffusion term, RS – Reynolds stress term. The subscript M 

means the momentum equation, and i indicates the axial (y) or 

radial (x) coordinate.  

The axial and radial momentum equations are the same for 

all turbulence models. During the post-processing stage, the 

convection and pressure terms can be calculated quickly and di-

rectly. On the other hand, the diffusion term is obtained using 

a ‘User-Defined Function’ (UDF), a script that uses the Gauss-

Ostrogradsky Theorem (see the Appendix). Lastly, the Reynolds 

stress term is determined as a closure term. The details of each 

term in the momentum budget can be found in Table 2. 

The last one is the energy transport equation; it consists of 

three terms and is presented below in a generic form: 

 CONV𝐸 = DIFF𝐸 + TDIFF𝐸, (9) 

where: CONV – convection term, DIFF – diffusion term, TDIFF 

– turbulent diffusion term. The subscript E means the energy 

equation. 

The energy equation is the same for all turbulence models. 

The convection term is calculated directly in the post-process, 

but similarly to the momentum equation, the diffusion term is 

obtained by the UDF (see the Appendix). The turbulent diffu-

sion term is determined as the closure term. Each term of the 

energy equation is presented in Table 3.  

It is commonly seen in literature that budgets are typically 

prepared on a single line that is either parallel or normal to the 

heated wall [3,20‒22,24‒26,32]. The location at which the 

budget is calculated plays a crucial role. When the budget is cal-

culated near the wall, the dissipation and diffusion terms in the 

TKE equation tend to dominate over the other terms, making it 

Table 1. The turbulence kinetic energy equation terms [28]. 

Term k–ε RNG Kato-Launder k–ω SST Kato-Launder Intermittency transition 

Convection 𝜌 (𝑈
𝜕𝑘

𝜕𝑥
+ 𝑉

𝜕𝑘

𝜕𝑦
) 

Production min 𝜇𝑡𝑆Ω, 10𝜌𝜀  min 𝜇𝑡𝑆Ω, 10𝜌𝛽∗𝑘𝜔  𝛾min 𝜇𝑡𝑆Ω,10𝜌𝛽∗𝑘𝜔  

Dissipation 𝜌𝜀 𝜌𝛽∗𝑘𝜔 min max 𝛾, 0.1 , 1.0 𝜌𝛽∗𝑘𝜔 

Diffusion 
𝜕

𝜕𝑥
(𝛼𝑘𝜇𝑒𝑓𝑓

𝜕𝑘

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝛼𝑘𝜇𝑒𝑓𝑓

𝜕𝑘

𝜕𝑦
) 

𝜕

𝜕𝑥
 (𝜇 +

𝜇𝑡

𝜎𝑘

)
𝜕𝑘

𝜕𝑥
 +

𝜕

𝜕𝑦
 (𝜇 +

𝜇𝑡

𝜎𝑘

)
𝜕𝑘

𝜕𝑦
  

𝜕

𝜕𝑥
 (𝜇 +

𝜇𝑡

𝜎𝑘

)
𝜕𝑘

𝜕𝑥
 +

𝜕

𝜕𝑦
 (𝜇 +

𝜇𝑡

𝜎𝑘

)
𝜕𝑘

𝜕𝑦
  

 

where: 𝜌 is the density, g/m3; 𝑘 is the turbulence kinetic energy, m2/s2; 𝑈 is the average radial velocity, m/s; 𝑉 is the average axial velocity, m/s; 
 𝑥 is the radial coordinate, m; 𝑦 is the axial coordinate, m; 𝜇 is the dynamic viscosity, Pa·s; 𝜇𝑡 is the turbulent viscosity, Pa·s;  

𝑆 =  

𝜕𝑈

𝜕𝑥

1

2
 
𝜕𝑈

𝜕𝑦
+

𝜕𝑉

𝜕𝑥
 

1

2
 
𝜕𝑉

𝜕𝑥
+

𝜕𝑈

𝜕𝑦
 

𝜕𝑉

𝜕𝑦

  is the strain rate tensor, 1/s; Ω =  
0

1

2
 
𝜕𝑈

𝜕𝑦
−

𝜕𝑉

𝜕𝑥
 

1

2
 
𝜕𝑉

𝜕𝑥
−

𝜕𝑈

𝜕𝑦
 0

  is the magnitude of the vorticity rate, 1/s; 𝜀 is the turbulence 

dissipation rate, m2/s3; 𝛽∗ is a model constant; 𝜔 is the specific turbulent dissipation rate, 1/s; 𝛾 is the intermittency, -; 
 𝜎𝑘 is the turbulent Prandtl number,  -; 𝜇𝑒𝑓𝑓 is the effective viscosity, Pa·s; 𝛼𝑘 is the inverse effective Prandtl number, -. 

Table 2. The momentum equation terms [28]. 

Term 
k–ε RNG Kato-Launder, k–ω SST Kato-Launder, Intermittency transition 

Axial Radial 

Convection 𝜌 (𝑈
𝜕𝑉

𝜕𝑥
+ 𝑉

𝜕𝑉

𝜕𝑦
) 𝜌 (𝑈

𝜕𝑈

𝜕𝑥
+ 𝑉

𝜕𝑈

𝜕𝑦
) 

Pressure −
𝜕𝑃

𝜕𝑦
 −

𝜕𝑃

𝜕𝑥
 

Diffusion 
𝜕

𝜕𝑥
(𝜇

𝜕𝑉

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜇

𝜕𝑉

𝜕𝑦
) 

𝜕

𝜕𝑥
(𝜇

𝜕𝑈

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜇

𝜕𝑈

𝜕𝑦
) 

Reynolds stress 
𝜕

𝜕𝑥
 𝜇𝑡 (

𝜕𝑈

𝜕𝑦
+

𝜕𝑉

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜇𝑡2

𝜕𝑉

𝜕𝑦
−

2

3
𝑘) 

𝜕

𝜕𝑥
(𝜇𝑡2

𝜕𝑈

𝜕𝑥
−

2

3
𝑘) +

𝜕

𝜕𝑦
 𝜇𝑡 (

𝜕𝑈

𝜕𝑦
+

𝜕𝑉

𝜕𝑥
)  

where: 𝜌 is the density, kg/m3; 𝑈 is the average radial velocity, m/s; 𝑉 is the average axial velocity, m/s; 𝑥 is the radial coordinate, m; 
𝑦 is the axial coordinate, m; 𝜇 is the dynamic viscosity, Pa·s; 𝜇𝑡 is the turbulent viscosity, Pa·s; P is the average static pressure, Pa. 



Gurgul S., Fornalik-Wajs E. 
 

20 
 

challenging to observe the tendency of the convection and pro-

duction terms, which are more significant away from the wall. 

The results of other studies [3,20‒22,26] support this statement. 

In this paper, the authors analyze the budgets along vertical lines 

perpendicular to the heated wall to eliminate local value disturb-

ances and observe the tendency of all equations terms. Each ver-

tical line originates at the wall and extends 3 mm away. The 

endpoint of each line is selected to capture the region of maxi-

mum TKE values, located between 2 mm (0.1D) and 3 mm 

(0.15D) away from the heated wall, for both H/D = 2 and 6, and 

Re = 23 000. The results represent the integral value along the 

distance mentioned. Figure 5 shows the contour plot of the TKE 

values with the placement of its maximum, and velocity magni-

tude for k–ω SST Kato-Launder turbulence model. At H/D = 2 

(Fig. 5(a)), the maximum occurs between x/D = 1.25 and 2, and 

approximately 0.1D from the wall. The literature results show 

similar region where the TKE maximum is located [9,14,23, 

26,30]. At H/D = 6 (Fig. 5(c)) the maximum is located closer to 

the axis, between x/D = 0.9 and 1.4, and approximately the same 

distance from the heated wall (0.1D). Comparison between the 

TKE values (Figs. 5(a) and (c)) and velocity magnitude (Figs. 

5(c) and (d)) for the same value of H/D suggests that the position 

of the maximal value of TKE is placed in the region of the strong 

interaction of the wall jet with the jet stream. 

4. Results 

4.1. Turbulence kinetic energy 

Figure 6 compares the local turbulence kinetic energy (TKE) 

values on the line parallel to the heated wall between two geo-

metrical configurations (H/D = 2 and 6) for three turbulence 

models. Analysis of the local k values for both geometrical con-

figurations and all turbulence models shows that there is a max-

imum in their distribution, and further (x/D > 2.5) the values 

gradually decrease. Furthermore, it can be observed that the 

TKE values are relatively low in the stagnation region (x/D < 

0.5), this statement is supported by the DNS results [20]. The 

high turbulence kinetic energy values at the stagnation point 

cause overprediction in the Nusselt number value. However, this 

problem can be resolved by incorporating the Kato-Launder lim-

iter, which restricts the production of TKE at the stagnation 

point [10,27,33]. The results shown in Figs. 5 and 6 indicate 

a  shift of relatively high values of k toward the stagnation point 

in the case of H/D = 6, which is consistent with the location of 

the highest values of the Nusselt number around the centerline, 

as suggested in [7]. On the other hand, at H/D = 2, the first 

Nusselt number maximum moved from the stagnation point and 

occurs at about x/D = 0.5. The relation between the local Nusselt 

number distribution of presented turbulence models is consistent 

with the relation between their TKE local values. If at the same 

radial position (x/D), the local TKE values obtained with the  

k–ε RNG Kato-Launder turbulence model are lower than values 

of TKE obtained with the intermittency transition turbulence 

model, and the same tendency is observed between their local 

Nusselt number values. The same pattern is observed across the 

entire range of x/D values for both geometrical configurations 

(except the near stagnation region at x/D < 0.5 and H/D = 6). 

It  has been observed that the maximal values of the TKE are 

consistent with the second  maximum of the Nusselt number dis-

tribution. It appears that other researchers have observed the oc-

currence of high values of TKE or turbulence intensity near the 

second Nusselt number maximum, as mentioned in [1,13,23,26, 

32,34]. Interestingly, for a case of H/D = 2, the maximum value 

of k is observed ahead of the second maximum of the Nusselt 

number distribution and at H/D = 6, the maximum value of k is 

observed after the second maximum of the Nusselt number (for 

the k–ω SST Kato-Launder and Intermittency turbulence mod-

els). On the other hand, the k–ε RNG Kato-Launder turbulence 

model gives a results in which maximum in TKE values exists, 

but there is no second maximum in the Nusselt number (which 

is more consistent with experimental studies [35‒ 40]). Increas-

ing the H/D value causes a shift of the TKE maximal values to-

wards the stagnation point for all analyzed turbulence models. 

Additionally, the TKE values obtained with k–ω SST Kato-

Launder and k–ε RNG Kato-Launder turbulence models de-

crease with an increase in the H/D parameter. However, the re-

sults obtained with the intermittency transition model exhibit a 

different tendency with an increase in the H/D parameter, lead-

ing to a rise in maximal value of TKE. The maximal values of 

TKE at H/D = 2 occur between x/D = 1.25 and x/D = 2.0, while 

for H/D = 6, they occur between x/D = 1.0 and x/D = 1.5. The 

analysis of the lowest H/D value confirms similarities in the lo-

cal TKE distribution between all analyzed turbulence models. 

In  the case of H/D = 6, the local TKE value distribution ob-

tained with the k–ε RNG Kato-Launder turbulence model dif-

fers from the other two models of a constant offset. 

4.2. Turbulence kinetic energy budget 

In Fig. 7, a budget of turbulence kinetic energy, Eq. (7), is pre-

sented, and a few observations can be formulated. The TKE pro-

duction and dissipation terms exhibit maximum positive and 

negative values in the case of k–ε RNG Kato-Launder and inter-

mittency transition turbulence models, while the diffusion and 

dissipation terms dominate in the case of k–ω SST Kato-Laun-

der turbulence model. These findings are consistent with an ex-

perimental study [3], which also reported maximum magnitudes 

of the production and dissipation terms. However, their maximal 

values in the experimental study are located near the x/D = 0.5, 

Table 3. The turbulence kinetic energy equation terms [28].  

Term 
k–ε RNG Kato-Launder, k–ω SST Kato-

Launder, Intermittency transition 

Convection 𝜌 (𝑈
𝜕𝑇

𝜕𝑥
+ 𝑉

𝜕𝑇

𝜕𝑦
) 

Diffusion 
𝜕

𝜕𝑥
(
𝜆

𝐶𝑃

𝜕𝑇

𝜕𝑥
) +

𝜕

𝜕𝑦
(
𝜆

𝐶𝑃

𝜕𝑇

𝜕𝑦
) 

Turbulent diffusion 
(turbulent heat flux) 

𝜕

𝜕𝑥
(
𝜇𝑡

𝜎𝑡

𝜕𝑇

𝜕𝑥
) +

𝜕

𝜕𝑦
(
𝜇𝑡

𝜎𝑡

𝜕𝑇

𝜕𝑦
) 

where: 𝜌 is the density, kg/m3; 𝑈 is the average radial velocity, m/s; 
𝑉 is the average axial velocity, m/s; 𝑥 is the radial coordinate, m; 
𝑦 is the axial coordinate, m; 𝜇 is the dynamic viscosity, Pa·s; 
𝜇𝑡 is the turbulent viscosity, Pa·s; 𝑇 – average static temperature, K; 
𝜆 is the thermal conductivity, W/(m·K); 𝐶𝑃 is specific heat capacity, 
J/(kg·K); 𝜎𝑡  is the turbulent Prandtl number, -. 
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which is closer to the stagnation point than the position of pro-

duction and dissipation terms maximal values obtained by the 

presented numerical analysis. In the case of H/D = 2, the max-

ima and minima of all terms in the TKE equation are located 

between x/D = 1.0 and x/D = 2.0. A shifting towards the stagna-

tion point can be seen for the second geometrical configuration 

(H/D = 6). The maxima and minima values are smaller than 

those of the H/D = 2 case. Another interesting observation is that 

the convection term changes sign, what was also reported in [3]. 

Other terms, such as production and diffusion, are always posi-

tive, while dissipation is negative. The research conducted 

through experimental and numerical (DNS) studies [9,20,22,41] 

has revealed that the production of turbulence kinetic energy is 

negative in the stagnation region, which is opposite to the values 

 

Fig. 5. Local values of TKE, with a position of its maximum, and local values of velocity magnitude. k–ω SST Kato-Launder turbulence model,  

Re = 23 000, D = 0.02 m. (a) TKE, H/D = 2. (b) Velocity magnitude, H/D = 2. (c) TKE, H/D = 6. (d) Velocity magnitude, H/D = 6. 
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predicted by RANS turbulence models. According to the results 

of the RANS, the production of turbulence kinetic energy is al-

ways positive, indicating the energy transfer from the mean flow 

to the eddies. As mentioned in [9], this challenges the RANS 

and LES models. The relatively low TKE production values in 

the stagnation region are due to the Kato-Launder limiter [10]. 

The production term of TKE (Fig. 7) and local values of TKE 

(Fig. 6) exhibit a similar tendency, location of their maxima cor-

respond to each other. The maximum values of the production 

term correspond to the second maximum value of the local 

Nusselt number. When the H/D parameter is equal to 2, all tur-

bulence models exhibit similar behavior in terms of the TKE 

production. The analysis of the convection term reveals a posi-

tive value near the stagnation point, and its sign change near the 

location of the first and second local Nusselt number maxima. 

In addition, the convection term's lowest value corresponds with 

the local Nusselt number minimum, while its maximal value oc-

curs behind the secondary Nusselt number maximum. Moreo-

ver, the k–ε RNG Kato-Launder turbulence model results show 

a different behavior in the second geometrical configuration 

(H/D = 6), as presented in Fig. 7(f). The convection term in this 

configuration has its local minima and maxima, but it is always 

positive. This observation is particularly interesting as the k–ε 

RNG Kato-Launder turbulence model does not show a false sec-

ondary Nusselt number maximum in this geometrical configu-

ration. Hence, it suggests a connection between the Nusselt 

number distribution and the convection term of the turbulence 

kinetic energy budged. The shape of the dissipation term mirrors 

the production term, what has been noticed in [9]. The diffusion 

maximum and dissipation minimum are observed near the 

Nusselt number second maximum. Compared to the other two 

models, the k–ε RNG Kato-Launder turbulence model exhibits 

flatter and lower absolute values for these two terms. All terms 

of the turbulence kinetic energy equation exhibit higher absolute 

values for H/D = 2 than for H/D = 6. The tendency of all terms 

is quite similar for the k–ω SST Kato-Launder and intermittency 

transition turbulence models across both geometrical configura-

tions (Fig. 7(a)–(d)). The k–ε RNG Kato-Launder turbulence 

model results show differences in trend between H/D = 2 and 

H/D = 6 cases. In the first geometrical configuration, the shape 

is similar to the other two turbulence models, but in the second 

case the shape does not exhibit second maximum and all terms 

except dissipation are positive. 

4.3. Momentum budget 

The momentum equation budget, Eq. (8), is considered sepa-

rately for the axial and radial coordinates. Figures 8 and 9 show 

the radial and axial components of the momentum budget, re-

spectively. The characteristic of all terms in the momentum 

equation is similar for all analyzed turbulence models and both 

geometrical configurations. In the case of the radial (x) compo-

nent, the convection and pressure terms are the dominant ones, 

while the Reynolds stress term takes the lowest values. Compar-

ing the H/D = 6 case with the H/D = 2 shows that features of all 

terms' are similar, but the values are significantly lower in the 

case of H/D = 6. The analysis of the axial momentum component 

budget reveals some similarities to that of the radial component. 

The convection and pressure terms are also dominant, whereas 

the Reynolds stress term is larger than the same term in the case 

of the radial momentum equation. The diffusion term is almost 

negligible, which aligns with the findings presented in [22]. 

There is a significant difference in the characteristics of axial (y) 

momentum equation terms between H/D = 2 and H/D = 6, espe-

cially visible in the stagnation region x/D < 1.0. Almost whole 

turbulence kinetic energy is concentrated in this region. With an 

increase in the x/D parameter, especially in the range x/D > 2.0, 

all terms tend to approach 0. On the basis of the analysis of all 

cases, the convection and pressure terms exhibit a mirror-like 

shape. In the case of the radial (x) momentum, the pressure term 

is always positive, the diffusion and Reynolds stress terms are 

always negative, and the convection term changes sign. On the 

other hand, the pressure term is always negative for the axial (y) 

momentum equation, while the convection and Reynolds stress 

terms are positive. The almost negligible diffusion term changes 

sign near x/D = 2.5. The large absolute values of the convection 

 
 

Fig. 6. Comparison of local values of TKE on a parallel to the heated wall line, between two geometrical configurations H/D values 

and Re = 23 000, for various turbulence models (a) H/D = 2; (b) H/D = 6. Re = 23 000. 
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and pressure terms in both components of the momentum equa-

tion clearly mark the limit of the stagnation region at x/D ≈ 1.0. 

The minimum and maximum values of the pressure and convec-

tion terms correspond to the first maximum value of the local 

Nusselt number. A link between radial (x) pressure gradient and 

the first Nusselt number maximum has been mentioned in [11]. 

The maximum and minimum values of the pressure and convec-

tion terms are closer to the stagnation point at H/D = 6 (x/D ≈ 

0.25) than at H/D = 2 (x/D ≈ 0.5). This is also reflected in the 

shift of the first maximum of the local Nusselt number towards 

the jet axis. In contrast to the budget of TKE, it is hard to see 

any relation between the sign change in the convection term of 

the radial momentum component and the local Nusselt number 

distribution in this case. For example, at H/D = 2, the sign 

change occurs before the local minimum in the Nusselt number 

and behind the second Nusselt number maximum at H/D = 6. 

The convection and pressure terms of the axial momentum equa-

tion component show values that are almost constant near the 

axis. A similar observation on the constant value of the convec-

tion term can be found in [3]. The Reynolds stress term in the 

axial momentum component equation takes higher values for the 

k–ε RNG Kato-Launder turbulence model at the stagnation point 

than the other two models in the case of H/D = 6. 

 

Fig. 7. Comparison of TKE budget, between two geometrical configurations (H/D values 2 and 6) and for various turbulence models.  

(a) k–ω SST Kato-Launder, H/D = 2; (b) k–ω SST Kato-Launder, H/D = 6; (c) intermittency transition, H/D = 2; (d) intermittency  

transition, H/D = 6; (e) k–ε RNG Kato-Launder, H/D = 2; (f) k–ε RNG Kato-Launder, H/D = 6; Re = 23 000. 
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4.4. Energy budget 

The last budget is related to the energy equation, Eq. (9), and 

presented in Fig. 10. It was observed that the shapes of all terms 

remain similar, regardless of the turbulence model used and the 

geometrical configurations. However, there was one exception 

to this observation, which is presented in Fig. 10(f). The diffu-

sion term is always positive for all cases, and the convection and 

turbulent diffusion terms are always negative. The crossing 

point between convection and turbulent diffusion terms is very 

characteristic. This point occurs prior to the second Nusselt 

number maximum. In Fig. 10(f), which presents the results of 

the k–ε RNG Kato-Launder turbulence model at H/D = 6, the 

crossing point is located far from the stagnation point at x/D > 

3.0, and the curves tend to converge. The observation is partic-

ularly interesting because, for this geometrical configuration and 

this specific turbulence model, the second Nusselt number max-

imum does not exist. This raises the possibility of a potential 

correlation between these two terms and the distribution of the 

 

Fig. 8. Comparison of radial momentum budget, between two geometrical configurations (H/D values 2 and 6) and for various turbulence models.  

(a) k–ω SST Kato-Launder, H/D = 2; (b) k–ω SST Kato-Launder, H/D = 6; (c) itermittency transition, H/D = 2, (d) intermittency transition, 

 H/D = 6; (e) k–ε RNG Kato-Launder, H/D = 2; (f) k–ε RNG Kato-Launder, H/D = 6; Re = 23 000. 
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local Nusselt number. The convection and diffusion terms dom-

inate in the stagnation region, while the turbulent diffusion term 

is close to 0. As the value of x/D increases, the role of turbulent 

diffusion becomes more significant, while the impact of the con-

vection term decreases. This tendency is clear, especially out-

side the stagnation region x/D > 1.0. In the k–ω SST Kato-Laun-

der and intermittency transition turbulence models, the diffusion 

term shows local minima and maxima, which correspond to the 

distribution of the local Nusselt number, but in the k–ε RNG 

Kato-Launder turbulence model the diffusion term does not ex-

hibit the extrema. The tendency of all terms is similar for the  

k–ω SST Kato-Launder and intermittency transition turbulence 

models but differs for the k–ε RNG Kato-Launder turbulence 

model. The absolute values of all terms are lower at H/D = 6 

compared to H/D = 2. It has been observed that the k–ω SST 

Kato-Launder and intermittency transition turbulence models 

exhibit local minima and maxima in the convection and turbu-

lent diffusion terms at H/D = 2. This corresponds to the second 

Nusselt number maximum. However, at H/D = 6, the maxima 

and minima are small or non-existent. All terms have almost 

constant values near the axis at x/D < 0.5. 

 

Fig. 9. Comparison of axial momentum budget, between two geometrical configurations (H/D values 2 and 6) and for various turbulence models.  

(a) k–ω SST Kato-Launder, H/D = 2; (b) k–ω SST Kato-Launder, H/D = 6; (c) intermittency transition, H/D = 2; (d) intermittency transition, 

 H/D = 6; (e) k–ε RNG Kato-Launder, H/D = 2; (f) k–ε RNG Kato-Launder, H/D = 6; Re = 23 000. 
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5. Summary 

The publication presented a budget of the turbulence kinetic en-

ergy, momentum, and energy equations together with the local 

values of TKE in the case of turbulent round jet impingement. 

The comparative analysis was prepared for one Reynolds num-

ber (Re = 23 000), three selected turbulence models, and two 

geometrical configurations (H/D = 2 and 6). This analysis might 

help identify the essential transport phenomena in the RANS nu-

merical modeling of turbulent heat transport. The study also in-

cludes comparison of the results of transport equation budgets 

with the local Nusselt number values, which might provide in-

sights into the relation between transport equation terms and the 

local Nusselt number distribution. This study can be used for 

further analysis and considerations, and in the future, it can be 

enriched with more formal analysis such as the curve sketching 

technique. This method would allow for a more precise determi-

nation of minima and maxima, inflection points for budgets, and 

the local Nusselt number. Some general conclusions from this 

study are presented below: 

 

 

Fig. 10. Comparison of energy budget, between two geometrical configurations (H/D values 2 and 6) and for various turbulence models.  

(a) k–ω SST Kato-Launder, H/D = 2; (b) k–ω SST Kato-Launder, H/D = 6; (c) Intermittency transition, H/D = 2; (d) intermittency transition, 

 H/D = 6; (e) k–ε RNG Kato-Launder, H/D = 2; (f) k–ε RNG Kato-Launder, H/D = 6. Re = 23 000. 
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TKE and TKE budget 

 Maximal values of TKE are consistent with the loca-

tion of the second Nusselt number maximum, at H/D = 

2 occurring between x/D = 1.25 and 2.0, while at H/D 

= 6, it is between x/D = 1.0 and 1.5. 

 In the TKE budget, production and dissipation terms 

dominate in the k–ε RNG Kato-Launder and intermit-

tency transition turbulence models. In contrast, the dif-

fusion and dissipation terms dominate in the k–ω SST 

Kato-Launder turbulence model. 

 The maxima and minima of all terms in the TKE budg-

ets can be found between x/D = 1.0 and 2.0 at lower 

geometrical configuration (H/D = 2). An increase in the 

H/D value shifts those maxima and minima towards the 

stagnation point. 

 The maximal values of the production term in the TKE 

budget correspond to the maximal values of the local 

Nusselt number distribution. 

Momentum budget 

 The behavior of all terms in the momentum equation is 

similar for all analyzed turbulence models for both ge-

ometrical configurations. 

 The convection and pressure terms in the radial and ax-

ial momentum equations dominate. The diffusion term 

in the axial momentum equation is almost negligible. 

 The large absolute values of the convection and pres-

sure terms in the equations of both momentum compo-

nents identify the stagnation region's limit at x/D ≈ 1.0. 

 The minimum and maximum values of the pressure and 

convection terms in the momentum budgets correspond 

to the first Nusselt number maximum. 

Energy budget 

 In the energy equation budget, the convection and dif-

fusion terms dominate in the stagnation region. 

 The crossing point between the convection and turbu-

lent diffusion terms in the energy equation budget co-

incides with the second Nusselt number maximum for 

the k–ω SST Kato-Launder and intermittency transi-

tion turbulence models. This crossing point does not 

occur for the k–ε RNG Kato-Launder turbulence model 

at the H/D = 6 case, which corresponds to a lack of sec-

ondary Nusselt number maximum. 

General 

 The trend of the transport equation budget for the k–ε 

RNG Kato-Launder turbulence model at the H/D = 6 

case differs from the other two presented turbulence 

models. 

 The convection term is the only term in TKE and radial 

momentum budget that changes its sign across the x/D 

parameter. 

 The analysis of all transport equation budgets shows 

that in the H/D = 6 case, the values of all terms are 

lower than in the H/D = 2 case, maybe with one excep-

tion for the axial momentum budget, where they are 

higher at the stagnation point. 

Guideline 

 None of the presented budgets alone describes the 

Nusselt number distribution. Each equation contributes 

to it, so only together they properly describe the phys-

ics of this phenomenon. Moreover, none of the equa-

tion terms can be neglected (even if they are relatively 

small compared to other terms), and each of them in-

fluences the heat transfer. 

 In the boundary layer, molecular diffusion transports 

the heat from the wall, and then in the outer layer the 

convection mechanism plays a significant role in the 

heat transfer mechanism. Those two terms are the most 

important ones in the energy equation, which creates 

the general shape of the Nusselt number distribution 

and its high values. Moreover, the convection term is 

responsible for the first Nusselt number maximum. 

However, convection and molecular diffusion terms 

alone cannot describe the second Nusselt number max-

imum, for which the turbulent diffusion term is respon-

sible. Because of that, the energy equation budget 

might seem to be the most important one to analyze, 

but both terms responsible for Nusselt number maxima 

– convection (first one) and turbulent diffusion (second 

one) are described by other transport equations – mo-

mentum and TKE equations, respectively. Therefore, 

the focus should be on the momentum (axial and radial) 

and the turbulence kinetic energy budgets. 

 Jet's movement toward the wall is represented by the 

convective term in the momentum budget, then it im-

pinged on the wall, which causes the increase in the 

pressure due to slowing down of the fluid. The high 

pressure in the stagnation region forced radial move-

ment of the fluid, so it can be said that the pressure term 

of the momentum budget contributes to the develop-

ment of the flow. Both phenomena (convection term in 

axial momentum budget supported by the pressure 

term in radial momentum budget) determined the ex-

istence of the first Nusselt number maximum. 

 The second Nusselt number maximum represents the 

development of a turbulent boundary layer in a wall jet 

and its interaction with the jet stream. Proper modeling 

of turbulence (like TKE equation terms) is crucial to 

adequately describe the Nusselt number distribution in 

a whole range, which is why various turbulence models 

describe the Nusselt number distribution differently. 

 Both the k–ω SST Kato-Launder and the intermittency 

transition turbulence models tend to generate a second-

ary Nusselt number maximum. For low values of H/D 

(H/D = 2), it is the real (observed in the experimental 

studies), but for high values of H/D (H/D = 6) is the 

fake one (not observed in the experimental studies). On 

the other hand, the k–ε RNG Kato-Launder turbulence 

model does not tend to generate a secondary Nusselt 
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number maximum, and it is a better option for higher 

H/D values. 

 The selection of the best turbulence model that de-

scribes the heat transfer of the impingement jet in 

a  range of various Reynolds numbers and values of 

H/D cannot be made on the presented study. It only 

supports the recommendations of the previous analysis. 

The source of the difference is probably in the dissipa-

tion and diffusion terms of the TKE equation. Further 

research should also include the ε/ω transport equations 

budgets. 
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Appendix 

In general, the diffusion term of any variable in finite volume 

method can be calculated by the equation: 

 
𝜕

𝜕𝑥
 Γ

𝜕𝜙

𝜕𝑥
 +

𝜕

𝜕𝑦
 Γ

𝜕𝜙

𝜕𝑦
 =

1

𝑉𝑐
∑ Γ𝑓

𝜙𝑐−𝜙𝑛𝑐

𝑑𝑛𝑐
𝐴𝑓𝑛𝑓⃗⃗⃗⃗ 𝑓 , (10) 

where: 𝜙 is the variable (e.g.: temperature, velocity, etc.); Γ is 

the diffusion coefficient; 𝑉𝑐  is  the  cell  volume;  𝐴𝑓  is  the  face 

area; 𝑛𝑓⃗⃗⃗⃗  is the face unit normal vector; 𝑑𝑛𝑐 is the distance be-

tween the cell centroids; 𝜙𝑐 is the variable value at the cell cen-

ter; 𝜙𝑛𝑐 is the variable value at the neighbor cell center;  sub-

script 𝑓 indicates cell face.  

Figure 11 shows a graphical representation of all variables 

in that equation: 

The implementation of Eq. (10) for 2D axisymmetric model, 

using built-in UDF functions, such as connectivity macros [42], 

for the energy equation, the diffusion term is presented below. 

The code must be compiled first and then used in the Ansys Flu-

ent model.

 

Fig. 11. Graphical representation of all variables in Eq. (10). 

#include "udf.h" 
#include "sg.h" 
 
DEFINE_ON_DEMAND(on_demand_energy_diffusion_term){ 
Domain *d; 
Thread *t; 
cell_t c; 
d = Get_Domain(1); 
real xc[ND_ND];  /* cell centroid */ 
real xf[ND_ND]; /* face centroid */ 
 
thread_loop_c(t,d){ 
         
/* loop through all cells in the model */ 
begin_c_loop(c,t){ 
 
/* face variables */ 
face_t f; 
Thread *tf; 
int n; 
C_CENTROID(xc,c,t);     /* get cell centroid data */ 
real phi_f = 0;   /* values at the face center */ 
real diff = 0;       /* diffusion term */ 
/* cell, face connectivity macros defined in [42] */ 
real A[2]; 
real ds; 
real es[2]; 
real A_by_es; 
real dr0[2]; 
real dr1[2]; 
             
/* loop through all faces in the cell */ 
c_face_loop(c, t, n){ 
                 
    f = C_FACE(c,t,n); 
    tf = C_FACE_THREAD(c,t,n); 
    F_CENTROID(xf,f,tf); /* get face centroid data */ 
 
 



Understanding of RANS-modeled impinging jet heat transfer… 

 

29 
 

 

 

 

References 

[1] Barbosa, F.V., Teixeira, S.F.C.F., & Teixeira, J.C.F. (2023). Con-

vection from multiple air jet impingement ‒ A review. Applied 

Thermal Engineering, 218, 119307. doi: 10.1016/j.applthermal-

eng.2022.119307 

[2] Chitsazan, A., Klepp, G.,& Glasmacher, B. (2021). Numerical 

prediction of the second peak in the Nusselt number distribution 

from an impinging round jet. International Journal of Heat and 

Technology, 39(4), 1243–1252. doi: 10.18280/ijht.390422 

[3] Alekseenko, S.V., Bilsky, A.V., Dulin, V.M., & Markovich, D.M. 

(2007). Experimental study of an impinging jet with different swirl 

rates. International Journal of Heat and Fluid Flow, 28(6), 1340–

1359. doi: 10.1016/j.ijheatfluidflow.2007.05.011 

[4] Magagnato, F., Secchi, F., Forooghi, P., Straub, S., & Frohnapfel, 

B. (2021). DNS of turbulent heat transfer in impinging jets at dif-

ferent Reynolds and Prandtl numbers. World Congress in Compu-

tational Mechanics and ECCOMAS Congress, 300, 1–12. doi: 

10.23967/wccm-eccomas.2020.299 

[5] van Hout, R., Rinsky, V., & Grobman, Y.G. (2018). Experimental 

study of a round jet impinging on a flat surface: Flow field and 

vortex characteristics in the wall jet. International Journal of Heat 

and Fluid Flow, 70, 41–58. doi: 10.1016/j.ijheatfluidflow.2018. 

01.010 

[6] Menzler, J. E., Klusmann, M., Wulfmeier, M., Büschgens, D., & 

Pfeifer, H. (2023). Simulation of gas jet impingement cooling in 

continuous heat treatment lines with the ANSYS GEKO turbu-

lence model. HTM - Journal of Heat Treatment and Materials, 

78(2), 91–104. doi: 10.1515/htm-2022-1042 

[7] Ahmed, Z.U., Al-Abdeli, Y. M., & Guzzomi, F.G. (2017). Flow 

field and thermal behaviour in swirling and non-swirling turbulent 

impinging jets. International Journal of Thermal Sciences, 114, 

241–256. doi: 10.1016/j.ijthermalsci.2016.12.013 

[8] Korinek, T., Frana, K., Hujer, J., & Škarohlíd, J. (2022). Influence 

of local grid refinement on prediction of impinging jet heat trans-

fer using Scale-Resolving-Simulation methods. Case Studies in 

Thermal Engineering, 36, 102159. doi: 10.1016/j.csite.2022. 

102159 

[9] Domino, S.P., & Wenzel, E.A. (2023). A direct numerical simula-

tion study for confined non-isothermal jet impingement at moder-

ate nozzle-to-plate distances: Capturing jet-to-ambient density ef-

fects. International Journal of Heat and Mass Transfer, 211, 

124168. doi: 10.1016/j.ijheatmasstransfer.2023.124168 

[10] Huang, H., Sun, T., Zhang, G., Li, D., & Wei, H. (2019). Evalua-

tion of a developed SST k–ω turbulence model for the prediction 

of turbulent slot jet impingement heat transfer. International Jour-

nal of Heat and Mass Transfer, 139, 700–712. doi: 10.1016/ 

j.ijheatmasstransfer.2019.05.058 

[11] Zhang, G., Huang, H., Sun, T., Li, N., Zhou, B., & Sun, Z. (2019). 

Analysis of the performance of a new developed shear stress 

transport model in a turbulent impinging jet flow. Physics of Flu-

ids, 31(11), 115110. doi: 10.1063/1.5118675 

[12] Huang, H., Sun, T., Li, N., & Zhang, G. (2022). Sensitization of 

the modified SST model to the swirling and curvature for turbulent 

    if (BOUNDARY_FACE_THREAD_P(tf)){ /* if face is the boundary face */ 
             

BOUNDARY_FACE_GEOMETRY(f,tf,A,ds,es,A_by_es,dr0); 
phi_f = 0.0242/1006.43; /* thermal conductivity/Cp */ 

 
phi_f = phi_f*(C_T(F_C0(f,tf),THREAD_T0(tf))-F_T(F_C0(f,tf),THREAD_T0(tf)))*A_by_es/ds; 

    } 
    else{   /* if face is an interior face */ 
                 

INTERIOR_FACE_GEOMETRY(f,tf,A,ds,es,A_by_es,dr0,dr1); 
phi_f = 0.0242/1006.43; /* thermal conductivity/Cp */ 

 
phi_f = phi_f*(C_T(F_C0(f,tf),THREAD_T0(tf))-C_T(F_C1(f,tf),THREAD_T1(tf))) 
*A_by_es/ds;                 

    } 
                     
    if (THREAD_TYPE(tf) == THREAD_F_AXIS){ /* if axis */ 
        diff  -= 0;                          
    } 
    else{ 
 
        /* phi_f * face normal */ 

phi_f = phi_f * (xf[0] - xc[0])/sqrt((xf[0] - xc[0])*(xf[0] - xc[0])+(xf[1] - xc[1])*(xf[1] - xc[1])) 
+ phi_f * (xf[1] - xc[1])/sqrt((xf[0] - xc[0])*(xf[0] - xc[0])+(xf[1] - xc[1])*(xf[1] - xc[1])); 

                         
        diff += -phi_f/xf[1]; /* scale face value by face center radius and sum */ 
    } 
} 
 
/* The diffusion term for a cell (for 2D axisymmetric case, volume must be scaled by radius) */ 
C_UDMI(c,t,0) = xc[1] * diff / C_VOLUME(c,t);    
 
} 
end_c_loop(c,t) 
} 
} 

https://doi.org/10.1016/j.applthermaleng.2022.119307
https://doi.org/10.1016/j.applthermaleng.2022.119307
https://doi.org/10.18280/ijht.390422
https://doi.org/10.1016/j.ijheatfluidflow.2007.05.011
https://doi.org/10.23967/wccm-eccomas.2020.299
https://doi.org/10.23967/wccm-eccomas.2020.299
https://doi.org/10.1016/j.ijheatfluidflow.2018.01.010
https://doi.org/10.1016/j.ijheatfluidflow.2018.01.010
https://doi.org/10.1515/htm-2022-1042
https://doi.org/10.1016/j.ijthermalsci.2016.12.013
https://doi.org/10.1016/j.csite.2022.102159
https://doi.org/10.1016/j.csite.2022.102159
https://doi.org/10.1016/j.ijheatmasstransfer.2023.124168
https://doi.org/10.1016/j.ijheatmasstransfer.2019.05.058
https://doi.org/10.1016/j.ijheatmasstransfer.2019.05.058
https://doi.org/10.1063/1.5118675


Gurgul S., Fornalik-Wajs E. 
 

30 
 

impinging jet heat transfer. International Journal of Heat and 

Mass Transfer, 182, 121980. doi: 10.1016/j.ijheatmasstransfer. 

2021.121980 

[13] Huang, H., Sun, T., Zhang, G., Liu, M., & Zhou, B. (2021). The 

effects of rough surfaces on heat transfer and flow structures for 

turbulent round jet impingement. International Journal of Ther-

mal Sciences, 166, 106982. doi: 10.1016/j.ijthermalsci.2021. 

106982 

[14] Kaewbumrung, M., & Plengsa-Ard, C. (2023). Numerical simula-

tion of jet impingement relaminarization using nonlinear eddy vis-

cosity turbulence models. Engineering Applications of Computa-

tional Fluid Mechanics, 17(1), 2162132. doi: 10.1080/ 

19942060.2022.2162132 

[15] Siddique, M.U., Syed, A., Khan, S.A., & Meyer, J.P. (2022). On 

numerical investigation of heat transfer augmentation of flat target 

surface under impingement of steady air jet for varying heat flux 

boundary condition. Journal of Thermal Analysis and Calorime-

try, 147(6), 4325–4337. doi: 10.1007/s10973-021-10785-4 

[16] Kumar, A., Yogi, K., & Prabhu, S.V. (2023). Experimental and 

analytical study on local heat transfer distribution between smooth 

flat plate and free surface impinging jet from a circular straight 

pipe nozzle. International Journal of Heat and Mass Transfer, 

207, 124004. doi: 10.1016/j.ijheatmasstransfer.2023.124004 

[17] Hussain, L., Khan, M.M., Masud, M., Ahmed, F., Rehman, Z., 

Amanowicz, Ł., & Rajski, K. (2021). Heat transfer augmentation 

through different jet impingement techniques: A state-of-the-art 

review. Energies, 14(20), 6458. doi: 10.3390/en14206458 

[18] Wai, O.J., Gunnasegaran, P., & Hasini, H. (2022). A Review on 

Experimental and Numerical Investigations of Jet Impingement 

Cooling Performance with Nanofluids. Micromachines, 13(12), 

2059. doi: 10.3390/mi13122059 

[19] Plant, R.D., Friedman, J., & Saghir, M.Z. (2023). A review of jet 

impingement cooling. International Journal of Thermofluids, 17, 

100312. doi: 10.1016/j.ijft.2023.100312 

[20] Ries, F., Li, Y., Rißmann, M., Klingenberg, D., Nishad, K., Bohm, 

B., Dreizler, A., Janicka, J., & Sadiki, A. (2018). Database of near-

wall turbulent flow properties of a jet impinging on a solid surface 

under different inclination angles. Fluids, 3(1), 1–22. doi: 

10.3390/fluids3010005 

[21] Ries, F., Li, Y., Klingenberg, D., Nishad, K., Janicka, J., & Sadiki, 

A. (2018). Near-wall thermal processes in an inclined impinging 

jet: analysis of heat transport and entropy generation mechanisms. 

Energies, 11(6), 1354. doi: 10.3390/en11061354 

[22] Nishino, K., Samada, M., Kasuya, K., & Torii, K. (1996). Turbu-

lence statistics in the stagnation region of an axisymmetric im-

pinging jet flow. International Journal of Heat and Fluid Flow, 

17(3), 193–201. doi: 10.1016/0142-727X(96)00040-9 

[23] Kura, T., Fornalik-Wajs, E., Wajs, J., & Kenjeres, S. (2019). Heat 

transfer intensification by jet impingement – numerical analysis 

using RANS approach. E3S Web of Conferences, 108, 01025. doi: 

10.1051/e3sconf/201910801025 

[24] Kura, T., Fornalik-Wajs, E., Wajs, J., & Kenjeres, S. (2018). Local 

Nusselt number evaluation in the case of jet impingement. Journal 

of Physics: Conference Series, 1101(1), 012018. doi: 10.1088/ 

1742-6596/1101/1/012018 

[25] Kura, T., Fornalik-Wajs, E., Wajs, J., & Kenjeres, S. (2018). Tur-

bulence models impact on the flow and thermal analyses of jet im-

pingement. MATEC Web of Conferences, 240, 01016. doi: 

10.1051/matecconf/201824001016 

[26] Kura, T., Wajs, J., Fornalik-Wajs, E., Kenjeres, S., & Gurgul, S. 

(2020). Thermal and Hydrodynamic Phenomena in the Stagnation 

Zone—Impact of the Inlet Turbulence Characteristics on the Nu-

merical Analyses. Energies, 14(1), 105. doi: 10.3390/en14010105 

[27] Gurgul, S., & Fornalik-Wajs, E. (2023). On the Measure of the 

Heat Transfer Performance of RANS Turbulence Models in Single 

Round Jet Impingement. Energies, 16(21), 7236. doi: 10.3390/ 

en16217236 

[28] Ansys Fluent, Release 18.1: Theory Guide. ANSYS Inc., 2018. 

[29] Gurgul, S., & Fornalik-Wajs, E. (2023). Turbulent single round jet 

impingement – numerical data collection, V1, AGH University of 

Krakow. doi: 10.58032/AGH/2SRV8O 

[30] Uddin, N., Neumann, S.O., & Weigand, B. (2013). LES simula-

tions of an impinging jet: On the origin of the second peak in the 

Nusselt number distribution. International Journal of Heat and 

Mass Transfer, 57(1), 356–368. doi: 10.1016/j.ijheatmasstrans-

fer.2012.10.052 

[31] Hadžiabdić, M., & Hanjalić, K. (2008). Vortical structures and 

heat transfer in a round impinging jet. Journal of Fluid Mechanics, 

596, 221–260. doi: 10.1017/S002211200700955X 

[32] Hattori, H., & Nagano, Y. (2004). Direct numerical simulation of 

turbulent heat transfer in plane impinging jet. International Jour-

nal of Heat and Fluid Flow, 25(5), 749–758. doi: 10.1016/j.ijheat-

fluidflow.2004.05.004 

[33] Wienand, J., Riedelsheimer, A., & Weigand, B. (2017). Numerical 

study of a turbulent impinging jet for different jet-to-plate dis-

tances using two-equation turbulence models. European Journal 

of Mechanics - B/Fluids, 61, 210–217. doi: 10.1016/j.euromech-

flu.2016.09.008 

[34] Zuckerman, N., & Lior, N. (2005). Impingement Heat Transfer: 

Correlations and Numerical Modeling. Journal of Heat Transfer, 

127(5), 544–552. doi: 10.1115/1.1861921 

[35] Katti, V., & Prabhu, S.V. (2008). Experimental study and theoret-

ical analysis of local heat transfer distribution between smooth flat 

surface and impinging air jet from a circular straight pipe nozzle. 

International Journal of Heat and Mass Transfer, 51(17–18), 

4480–4495. doi: 10.1016/j.ijheatmasstransfer.2007.12.024 
 

[36] Gao, N., Sun, H., & Ewing, D. (2003). Heat transfer to impinging 

round jets with triangular tabs. International Journal of Heat and 

Mass Transfer, 46(14), 2557–2569. doi: 10.1016/S0017-

9310(03)00034-6 

[37] Baughn, J.W., Hechanova, A.E., & Yan, X. (1991). An experi-

mental study of entrainment effects on the heat transfer from a flat 

surface to a heated circular impinging jet. Journal of Heat Trans-

fer, 113(4), 1023–1025. doi: 10.1115/1.2911197 

[38] Baughn, J. W., & Shimizu, S. (1989). Heat transfer Measurements 

from a surface with uniform heat flux and an impinging jet. Jour-

nal of Heat Transfer, 111(4), 1096–1098. doi: 10.1115/1.3250776 

[39] Lytle, D., & Webb, B. (1994). Air jet impingement heat transfer 

at low nozzle-plate spacings. International Journal of Heat and 

Mass Transfer, 37(12), 1687–1697. doi: 10.1016/0017-9310(94) 

90059-0 

[40] Lee, D.H., Song, J., & Jo, M.C. (2004). The effects of nozzle di-

ameter on impinging jet heat transfer and fluid flow. Journal of 

Heat Transfer, 126(4), 554–557. doi: 10.1115/1.1777583 

[41] Tummers, M.J., Jacobse, J., & Voorbrood, S.G.J. (2011). Turbu-

lent flow in the near field of a round impinging jet. International 

Journal of Heat and Mass Transfer, 54(23–24), 4939–4948. doi: 

10.1016/j.ijheatmasstransfer.2011.07.007 

[42] Ansys Fluent, Release 18.1: ANSYS Fluent UDF Manual. AN-

SYS Inc., 2018. 

https://doi.org/10.1016/j.ijheatmasstransfer.2021.121980
https://doi.org/10.1016/j.ijheatmasstransfer.2021.121980
https://doi.org/10.1016/j.ijthermalsci.2021.106982
https://doi.org/10.1016/j.ijthermalsci.2021.106982
https://doi.org/10.1080/19942060.2022.2162132
https://doi.org/10.1080/19942060.2022.2162132
https://doi.org/10.1007/s10973-021-10785-4
https://doi.org/10.1016/j.ijheatmasstransfer.2023.124004
https://doi.org/10.3390/en14206458
https://doi.org/10.3390/mi13122059
https://doi.org/10.1016/j.ijft.2023.100312
https://doi.org/10.3390/fluids3010005
https://doi.org/10.3390/fluids3010005
https://doi.org/10.3390/en11061354
https://doi.org/10.1016/0142-727X(96)00040-9
https://doi.org/10.1051/e3sconf/201910801025
https://doi.org/10.1051/e3sconf/201910801025
https://doi.org/10.1088/1742-6596/1101/1/012018
https://doi.org/10.1088/1742-6596/1101/1/012018
https://doi.org/10.1051/matecconf/201824001016
https://doi.org/10.1051/matecconf/201824001016
https://doi.org/10.3390/en14010105
https://doi.org/10.3390/en16217236
https://doi.org/10.3390/en16217236
https://doi.org/10.58032/AGH/2SRV8O
https://doi.org/10.1016/j.ijheatmasstransfer.2012.10.052
https://doi.org/10.1016/j.ijheatmasstransfer.2012.10.052
https://doi.org/10.1017/S002211200700955X
https://doi.org/10.1016/j.ijheatfluidflow.2004.05.004
https://doi.org/10.1016/j.ijheatfluidflow.2004.05.004
https://doi.org/10.1016/j.euromechflu.2016.09.008
https://doi.org/10.1016/j.euromechflu.2016.09.008
https://doi.org/10.1115/1.1861921
https://doi.org/10.1016/j.ijheatmasstransfer.2007.12.024
https://doi.org/10.1016/S0017-9310(03)00034-6
https://doi.org/10.1016/S0017-9310(03)00034-6
https://doi.org/10.1115/1.2911197
https://doi.org/10.1115/1.3250776
https://doi.org/10.1016/0017-9310(94)90059-0
https://doi.org/10.1016/0017-9310(94)90059-0
https://doi.org/10.1115/1.1777583
https://doi.org/10.1016/j.ijheatmasstransfer.2011.07.007
https://doi.org/10.1016/j.ijheatmasstransfer.2011.07.007


1. Introduction 

Steam-based vacuum systems, employed within steam power 

plant cycles, hold tremendous significance in improving their 

energy efficiency. They are usually structured as a three-stage 

assembly, comprising a steam jet (steam ejector) and a mixing 

heat exchanger. Figure 1 presents a schematic diagram illustrat-

ing such a vacuum system. 

The arrangement depicted above draws a vapour-air mixture 

from the condenser space in order to eliminate inert gases and 

maintain a vacuum during its operation. In such a system, the 

ejector draws vapours from the condenser space and compresses 

them into a mixing chamber to separate air from steam. The con-

figuration of three such interconnected elements allows for 

a high vacuum to be achieved in the condenser, thereby improv-

ing heat exchange parameters and the overall efficiency of the 

energy system by enhancing the thermal cycle efficiency. In the 

literature [1–3] there exist vacuum system models based on ther-

modynamics and gas dynamics. In reference [2], thermody-

namic functions are employed to calculate the enthalpy and en-

tropy of superheated and saturated steam. The paper provides a 

detailed discussion of a single-stage vacuum cycle model, and 

then, for a larger number of stages, repeats the calculation se-

quence using this model. An important observation in this work 

is the statement that multi-zone heat exchangers can only be 

considered in the lowest stage of the condenser, which, in a cas-

cading condensate flow configuration, means that sequentially 

cooled condensates achieve subcooling only in the final stage. 
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Nomenclature 

A – heat exchange surface area, m2 

deo – diameter of the outlet nozzle of the supply nozzle, m 

dm – diameter of the mixing chamber (cylindrical section), m 

hp – enthalpy of saturated steam, hp = f(pυs, x), J/(kg·K)  

hs – enthalpy of condensate, hs = f(pυs, x), J/(kg·K)  

ℎH2O
𝑖𝑛  – enthalpy of the cooling water at the inlet of the heat 

            exchanger, J/(kg·K) 

ℎH2O
𝑜𝑢𝑡  – enthalpy of the cooling water at the outlet of the heat  

            exchanger, J/(kg·K) 

k – polytropic exponent for superheated steam  

lm – length of the mixing chamber, m 

𝑚̇𝑒 – mass flow rate of the feed stream to the ejector, kg/s 

𝑚̇𝑛
𝑖𝑛 – mass flow rate of water vapour at the inlet of the mixing heat  

            exchanger (excluding the feed steam to the ejector), kg/s 

𝑚̇𝑛
𝑜𝑢𝑡 – mass flow rate of water vapour at the outlet of the mixing heat  

            exchanger, kg/s 

𝑚̇𝑝  – mass flow rate of inert gas, kg/s 

𝑚̇𝑠  – mass flow rate of condensate stream, kg/s 

 

 

𝑚̇𝑠,𝑜𝑝 – mass flow rate at the ejector suction, kg/s 

𝑚̇𝑡,𝑜𝑝 – mass flow rate at the ejector outlet, kg/s 

𝑚̇𝑤 – mass flow rate of the cooling water, kg/s 

Pat – atmospheric pressure, Pa 

Ps – suction pressure in the ejector, Pa 

Pt – discharge pressure of the ejector, Pa 

Pws – steam pressure in the heat exchanger, Pa 

𝑞H2O  – heat flow carried by the exiting cooling water, W 

ts – saturation temperature, ts = f(pυs), °C 

tw,in – inlet water temperature to the heat exchanger, °C 

tw,out – temperature of the cooling water, °C 

tw,out – outlet water temperature from the heat exchanger, °C  

 

Greek symbols 

∆𝑃𝑑𝑝𝑝– measured difference of pressure at orifice system, Pa 

𝛥𝑡𝑙𝑜𝑔 – logarithmic temperature difference, °C 

𝜂𝑑 – efficiency of the ejector diffuser  

𝜋𝑡 – ejector compression ratio  

𝜒𝑚 =
𝑚̇𝑠,𝑜𝑝

𝑚̇𝑒
 – ejection ratio  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The paper also utilizes an analogy to the flow through an or-

ifice for modeling the flow of inert gas through microporosities. 

However, this analogy is debatable because the flow occurs 

through microporosities (long channels with small diameter), 

where the influence of viscosity on channel permeability plays 

a significant role. The idealized model of gas flow through an 

orifice assumed by the authors (short channel with a large diam-

eter) does not correspond to the physics of flow through micro-

channels (porosities in the condenser). Consequently, it may be 

inferred that an erroneous assumption was made in this case. In 

the case of such flow, a more physically accurate model describ-

ing channel permeability with viscosity taken into account 

should be used. A proposed model for viscous flow through mi-

croporosities without heat exchange could be the Fanno model, 

and if heat exchange also occurs in such a microchannel, the 

Rayleigh model could be applied. In papers [1,3], highly simpli-

fied models are presented, allowing only for the determination 

of pressure values in the prevailing heat exchangers, while ne-

glecting heat exchange processes. Unfortunately, due to the 

complex phase separation process in intercooler condensers, the 

models discussed above do not delve into the physics of the heat 

exchange phenomenon in intercooler condensers. Publication 

[4] focuses on the analysis and assessment of the performance 

of steam power plants, including vacuum systems. The author 

introduces advanced methods for evaluating energy efficiency 

and optimizing thermal processes. Book [5] provides extensive 

information on the design and applications of steam turbines, 

including vacuum systems. It also discusses re-rating techniques 

that can help improve the efficiency of existing installations. 

The functioning of the condenser in the presence of inert gases 

has been discussed in prior studies [6,7] emphasizing the critical 

role played by vacuum maintenance systems utilised in steam 

power plant setups. 

The topic related to the impact of the operation of vacuum 

systems remains relevant. Research is being conducted using 

new computational methods, such as in the work [8], where 

a model of a steam power plant's vacuum system was presented, 

and attempts were made to extrapolate and approximate opera-

tional parameters using a neural network. In the work [9], calcu-

lations of the vacuum system were presented using ejector char-

acteristics obtained from a CFD model. There are also numerous 

other works related to vacuum systems themselves or focused 

on improving the performance of energy condensers due to the 

presence of inert gases. However, these are not the subject of 

this analysis.  

The application of steam ejector systems in power plants is 

not limited to providing vacuum in condensers. In the following 

studies, other uses of steam ejector systems in steam power 

plants are presented. Two-phase ejector systems can also be em-

ployed as safety systems for nuclear reactors [10]. Additionally, 

a 660MW supercritical coal-fired power plant, combined with 

a steam ejector, is suggested to raise the feedwater temperature, 

 

Fig. 1. Three-stage vacuum system: 1 inlet of steam-air mixture from 

the steam power plant condenser, 2  inlets of driving steam into the 

ejectors, 3  outlets of condensate from the mixing heat exchangers,  

4  vapour outlet, 5  supply of cooling water to the heat exchangers. 
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ensuring NOx reduction capability during low load operation 

[11].  

The presented model allows for the prediction of the param-

eters of a power condenser system (pressure and saturation tem-

perature) based on equations that describe the processes occur-

ring in the inert gas extraction system. 

2. Model of the air removal system for the power 

plant condenser 

A model of the air removal system, as presented here, can be 

employed in the comparative analysis of component perfor-

mance within the energy system. Through a differential analysis 

of theoretical calculations against measurement data, one can 

gather information to identify the causes of deteriorating perfor-

mance in energy systems. This holds significant operational and 

economic importance due to the cost associated with replacing 

worn-out components (potential shutdown of the entire power 

block) and reducing fuel consumption to compensate for addi-

tional heat losses resulting from inefficient condenser operation. 

Given that the power block operates for extended periods in  

a steady-state condition, with transient states occurring only dur-

ing start-up or shutdown, the focus of this study is on the analy-

sis of the steady-state condenser air removal system. Figure 2 

illustrates an example of such a system along with a description 

of the variables used in the presented theoretical model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the model, it was assumed that the initial state of variables 

for calculations is set as for the system operating under nominal 

working conditions. Known boundary conditions at the outlet of 

the final heat exchanger and the supply parameters of individual 

ejectors were used in the calculations. 

To calculate the changes in system parameters during vent-

ing, a model consisting of fundamental equations was estab-

lished. 

The equations were applied as follows:  

 equations (1) and (2), were utilized to determine variables 

governing heat exchangers at I, II, III stage parameters,  

 equations (3) and (4) were employed to determine varia-

bles defining the functioning of the ejectors at I, II, III 

stage.  

The equations were formulated separately for each stage, 

taking into account boundary values characterizing the limits of 

each stage.  

Input data required for the calculations of the heat exchanger 

(Fig. 3) includes the following parameters: 𝑚̇𝑛
𝑜𝑢𝑡, 𝑚̇𝑝, 𝑚̇𝑒 and 

𝑃𝑤,𝑠. The calculations for this heat exchanger are intended to de-

termine two specific data points: 𝑚̇𝑛
𝑖𝑛 and 𝑚̇𝑜𝑝. These values are 

essential for assessing and understanding the performance of the 

heat exchanger. Additionally, there are parameters and variables 

that are derived from closure equations, with one of them being 

𝑚̇𝑠. These derived values play a crucial role in the overall anal-

ysis of the heat exchanger's behaviour and characteristics. In 

summary, this information provides a framework for conducting 

calculations and analysis related to the specified heat exchanger, 

with a focus on input data, sought data, and derived parameters 

and variables. 

Mass balance of the steam-gas mixture at the inlet to the heat 

exchanger (see Fig. 3) is expressed by: 

 𝑚̇𝑛
𝑖𝑛 + 𝑚̇𝑝 + 𝑚̇𝑒 = 𝑚̇𝑠 + 𝑚̇𝑛

𝑜𝑢𝑡 + 𝑚̇𝑝, (1) 

 𝑚̇𝑜𝑝 = 𝑚̇𝑛
𝑖𝑛 + 𝑚̇𝑝 + 𝑚̇𝑒 , (2) 

where 𝑚̇𝑜𝑝 is the total mass flow rate of the steam-gas mixture 

at the inlet to the heat exchanger. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ejectors, as illustrated in Fig. 4, involve the following key 

details: 

 Input data essential for performing calculations for the 

ejector consists of the following parameters: 𝑃𝑡 (specifi-

cally equal to 𝑃𝑤𝑠), 𝑚̇𝑝, 𝑚̇𝑒, and 𝑚̇𝑜𝑝. These parameters 

are fundamental for conducting accurate assessments and 

analyses.  

 The calculations for the ejector aim to determine two spe-

cific pieces of data: 𝑃𝑠, and 𝑚̇𝑛
𝑖𝑛. These values are sought 

to gain a comprehensive understanding of the ejector's op-

erational characteristics.  

 

Fig. 3. Schematic diagram of the modeled heat exchanger. 

 

Fig. 2. Steam vacuum system employed in steam power plant systems:  

1  steam turbine, 2  ejectors, 3  measurement orifice, 4  interstage 

heat exchangers, 5  steam power plant condenser, I – first stage, 

II – second stage, III – third stage. 
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 Furthermore, within the context of closure equations, there 

are parameters and variables that result from these equa-

tions. One such variable is 𝜋𝑡. These derived variables play 

a significant role in the overall analysis of the ejector's per-

formance. 

 

 

 

 

 

 

 

 

 

 

 

 

In summary, this information provides a structured frame-

work for conducting calculations and assessments related to the 

ejector, highlighting input data, sought data, and variables that 

result from closure equations to comprehensively evaluate the 

ejector's functionality. 

The required parameters are determined from the system of 

equations: 

 𝑃𝑠 =
𝑃𝑡

𝜋𝑡
, (3) 

 𝑚̇𝑜𝑝 − 𝑚̇𝑒 = 𝑚̇𝑝 + 𝑚̇𝑛
𝑖𝑛 . (4) 

The labels used in Fig. 4 and the symbols in Eqs. (3) and (4) 

represent the following, respectively (see also Nomenclature): 

Ps – suction pressure in the ejector, Pt – discharge pressure of 

the ejector, Pe – supply pressure in the ejector, 𝜋𝑡 – ejector com-

pression ratio. 

The remaining stages of the vacuum system and their basic 

components are described by similar equations as in the previ-

ously described systems. It is evident that the condenser pressure 

is 𝑃𝑠𝑘 = 𝑃𝑠, at the first stage of ejector system, and the mass flow 

rate of vapour sucked from the condenser is 𝑚̇𝑠𝑘,𝑜𝑝 = 𝑚̇𝑠,𝑜𝑝.  

The system of equations provided earlier has been aug-

mented with additional closure equations that describe the flow 

characteristics of the ejector and heat exchanger. This compre-

hensive description includes equations that characterize the be-

haviour of the analysed components of the vacuum system. 

2.1. Supplementary equations for the ejector  

In Fig. 5, the symbols adopted in the ejector calculation are pre-

sented. The figure also presents proprietary software for deter-

mining the parameters of the designed steam ejector. The soft-

ware was developed based on the mathematical description of 

the steam ejector as presented in [3] with all the necessary sym-

bols provided to determine the ejector's parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Schematic diagram of the vacuum ejector. 

 

Fig. 5. Sample calculations of the steam ejector subsystem. 
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The general equations utilized are: 

 𝑃𝑠 =
𝑃𝑡

𝜋𝑡
, (5) 

 𝑚̇𝑠,𝑜𝑝 = 𝑚̇𝑡,𝑜𝑝 − 𝑚̇𝑒, (6) 

where: 𝑚̇𝑠,𝑜𝑝– mass flow rate at the ejector suction, 𝑚̇𝑡,𝑜𝑝 – mass 

flow rate at the ejector outlet. 

The parameter 𝜋𝑡 is determined based on the equation: 

 𝜋𝑡 =
𝛽𝑠𝜋𝑑

[1−𝑘
𝐵𝑜−𝜒𝑚𝐸𝑜

1+𝜒𝑚
]
, (7) 

where each parameter is determined from the following relation-

ships: 

 𝜋𝑑 = (1 + 𝜂𝑑
𝑘−1

2
)

𝑘

𝑘−1
, (8) 

 𝛽𝑠 =
𝑝2

𝑝𝑠1
≈ (

𝑖𝑠2

𝑖𝑠1
)

𝑘

𝑘−1
. (9) 

For an ejector with a conical-cylindrical geometry of the 

mixing chamber, additional auxiliary equations are: 

 𝐵𝑜 = [1 −
𝜁𝑒𝑠

2

𝑙𝑚

𝑑𝑚

(1−
𝑐𝑠2
𝑐𝑒2

)
2

(1+
𝑐3,𝑐𝑟
𝑐𝑒2

)
√

𝛼𝑚

2,25

4
]

𝑐𝑒2

𝑐3𝑐𝑟
− (1 + 𝜆

𝑙𝑚

𝑑𝑚
), (10) 

 𝐸𝑜 = 1 +
𝜆

2

𝑙𝑚

𝑑𝑚
(2 +

1

1,5−
1

√𝛼𝑚

) − (2 +

𝜆

2

𝑙𝑚
𝑑𝑚

1,5−
1

√𝛼𝑚

)
𝑐𝑠2

𝑐3𝑐𝑟
, (11) 

where (see also Nomenclature): 𝜁𝑒𝑠 – hydraulic resistance coef-

ficient (𝜁𝑒𝑠/2  0.05), 𝜆 – coefficient of friction of the fluid 

against the chamber wall (λ = 0.004), 𝑐 – fluid velocity for 

a given ejector geometry (Fig. 5), 

 𝛼𝑚 = (
𝑑𝑚

𝑑𝑒𝑜
)
2

, (12) 

 
𝑐𝑒2

𝑐3𝑐𝑟
= 𝜙𝑒2√

𝑘+1

𝑘−1
√

𝑖𝑒1

𝑖𝑠1
(1 −

𝑖𝑒2

𝑖𝑒1
) (

1+𝜒𝑚
𝑖𝑒1
𝑖𝑠1

+𝜒𝑚

), (13) 

 
𝑐𝑠2

𝑐3𝑐𝑟
= 𝜙𝑠√

𝑘+1

𝑘−1
√(1 −

𝑖𝑠2

𝑖𝑠1
) (

1+𝜒𝑚
𝑖𝑒1
𝑖𝑠1

+𝜒𝑚

), (14) 

 𝑛 =
𝑘−1

𝑘
, (15) 

 
𝑐𝑠2

𝑐𝑒2
=

𝑐𝑠2

𝑐3𝑐𝑟

𝑐3𝑐𝑟

𝑐𝑒2
. (16)  

In the initial stage of calculations, preliminary values for the 

compression ratio as a function of the ejection ratio should be 

assumed (βs), as well as the geometry of the ejector and param-

eters resulting from gas transformations, i.e., the enthalpy ratios 

(pressure) during expansion in the suction chamber and the driv-

ing nozzle: 

 𝑘,    
𝑖𝑒2

𝑖𝑒0
=

𝑖𝑠2

𝑖𝑒1
≈ (

𝑝𝑠2

𝑝𝑠1
)
𝑛

,    
𝑖𝑒𝑜

𝑖𝑒1
≈ (

𝑝𝑠1

𝑝𝑒1
)
𝑛

,    𝜙𝑒2,    𝜙𝑠.  

 

where: 𝑖 – fluid enthalpy for a given ejector geometry (Fig. 5), 

𝜙𝑠 – coefficient for velocity determining the influence of fluid 

friction against the suction chamber wall, 𝜙𝑒2 – coefficient for 

velocity determining the influence of fluid friction against the 

nozzle wall, 𝑘   isentropic exponent. 

2.2. Additional equations for heat exchange in the con-

densate separator 

The equations describing the heat transfer from condensing 

steam to cooling water, assuming that the heat fluxes are equal, 

are presented, i.e. (𝑞H2O = 𝑞𝑘 = 𝑞𝑠) 

 𝑞H2O = 𝑚̇𝑤(ℎH2O
𝑖𝑛 − ℎH2O

𝑜𝑢𝑡 ), (17) 

 𝑞𝑘 = 𝑘𝐴𝛥𝑡𝑙𝑜𝑔, (18) 

 𝑞𝑠 = 𝑚̇𝑠(ℎ𝑝 − ℎ𝑠).  (19) 

From the above equations, variables resulting from addi-

tional closure equations were determined, describing parameters 

such as: 𝑡𝑤,𝑜𝑢𝑡  the temperature of the cooling water heated by 

the condensing steam stream at the outlet of the heat exchanger 

(where 𝑡𝑤,𝑜𝑢𝑡 = 𝑓(ℎH2O
𝑜𝑢𝑡 )), ℎH2O

𝑜𝑢𝑡   enthalpy of the cooling water 

at the outlet of the heat exchanger, 𝑚̇𝑤  mass flow rate of the 

cooling water, ℎH2O
𝑖𝑛   enthalpy of the cooling water at the inlet 

of the heat exchanger, 𝑞H2O  heat flow carried by the exiting 

cooling water, 𝑚̇𝑠  mass flow rate of condensate at the outlet 

of the heat exchanger, 𝑡𝑠  saturation temperature (𝑡𝑠 = 𝑓(𝑝𝑣𝑠)), 

𝑡𝑤,𝑖𝑛  inlet water temperature to the heat exchanger, 𝛥𝑡𝑙𝑜𝑔  

logarithmic temperature difference, and: 

 ℎH2O
𝑜𝑢𝑡 =

𝑞H2O−𝑚̇𝑤ℎH2O
𝑖𝑛

𝑚̇𝑤
, (20) 

 𝑚̇𝑠 =
𝑘𝐴𝛥𝑡𝑙𝑜𝑔

(ℎ𝑝−ℎ𝑠)
, (21) 

 𝛥𝑡𝑙𝑜𝑔 =
(𝑡𝑠−𝑡𝑤,𝑖𝑛)−(𝑡𝑠−𝑡𝑤,𝑜𝑢𝑡)

𝑙𝑛(
(𝑡𝑠−𝑡𝑤,𝑖𝑛)

(𝑡𝑠−𝑡𝑤,𝑜𝑢𝑡)
)

. (22) 

3. Methodology and calculation results 

The computational algorithm for a steam power plant vacuum 

system is presented in Fig. 6. The diagram illustrates the se-

quence of initializing individual calculation steps along with 

boundary conditions for the specific heat exchangers and ejec-

tors. Table 1 presents the constants used in the calculations, 

which allow for the reproduction of the calculations presented 

in this paper. The key system in the vacuum system of a steam 

power plant is the ejector system, for which the constants used 

in the calculations are presented in Fig. 5. The mass flow rate 

from the feed stream to the ejector determines the suction and 

delivery flows and pressure to the heat exchangers according to 

the algorithm shown in Fig. 6.  
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The preliminary calculation results for the pressure in the 

condenser and individual heat exchangers (condensate separa-

tors) are presented. The calculation results show the influence of 

an additional element, namely the measurement cross, on the 

pressure in the condenser. It is evident that the vacuum is dete-

riorated due to the additional resistance posed by the measure- 

ment cross, contributing to the overall efficiency reduction of 

the thermal circuit. This suggests that additional measurement 

elements placed at the outlet of the vacuum system should have 

low flow resistance. Please note that the model used has not been 

verified with the actual vacuum system of the power generation 

system. Figure 7 shows the calculation results of the pressure in 

the individual elements of the vacuum system. Figure 8 presents 

the characteristic of the jet considered in the vacuum system cal-

culations. The characteristic describes the behaviour of three jets 

installed in the vacuum system. 

In Figs. 9, 10, and 11, characteristics describing the opera-

tion and thermodynamic parameters of heat exchangers associ-

ated with the ejector system of each vacuum stage are presented. 

It is evident that the influence of the ejection ratio on the satura-

tion pressure in the individual heat exchangers is a nonlinear 

function dependent on mass flow rates. The logarithmic temper-

ature difference is also related to the mass flow rates of conden-

sate extracted from the inter-stage heat exchangers. It can be ob-

served that for a constant difference in cooling water tempera-

ture, the logarithmic difference depends on the saturation tem-

perature value, which is linked through the thermodynamic 

properties of water vapour with the saturation pressure. 

 

Table 1. Assumed input parameters for calculations. 

Mass flow rate of the feed stream 
to the ejector. 

𝑚̇𝑒 = 𝑙𝑜𝑜𝑝  0.8: 0.2: 24  kg/h 

Atmospheric pressure. 𝑃𝑎𝑡 = 101.325 kPa 

Measured difference of pressure 
at orifice system. 

∆𝑃𝑑𝑝𝑝 = 10 kPa 

Assumed nominal inlet tempera-
ture of the cooling water. 

𝑡𝑤,𝑖𝑛 = 20 °C 

Assumed nominal outlet temper-
ature of the cooling water. 

𝑡𝑤,𝑜𝑢𝑡  = 25 °C 

Flow rate of inert gases measured 
in orifice system. 

𝑚̇𝑡,𝑜𝑝3 = 1 kg/h 

 

 

Fig. 6. Algorithm for the calculation of the heat exchangers, ejectors, and the entire vacuum system. 
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4. Conclusions  

In the paper, a vacuum cycle model has been presented, which 

was developed for the purpose of diagnosing elements of the 

vacuum system in the energy system. 

The results of preliminary pressure calculations in various 

elements of the vacuum system revealed the influence of addi-

tional measurement probe resistance on the vacuum drop in the 

condenser, which may reduce the overall system efficiency. The 

presented results draw attention to the magnitude of the vacuum 

drop in the condenser resulting from the installation of the meas-

uring system at the outlet of the vacuum system chimney. The 

results also allow for the determination of the pressure value in 

the water separators at different stages of the vacuum system. 

However, it is worth noting that the presented model serves as 

a diagnostic tool that can be used to analyse elements of the vac-

uum system in energy systems. Nevertheless, this model still re-

quires verification with real data and further research. 

 

Fig. 7. Calculation of pressure values in the heat exchanger system of 

the steam venting and condensation in the power plant condenser. 

 

Fig. 9. Logarithmic temperature difference as a function of the mass 

flow rate of cooling water. 

 

Fig. 10. Mass flow rate of inert gases as a function of the mass flow 

rate of steam supplied to the ejector nozzle. 

 

Fig. 11. Pressure in heat exchanger systems as a function 

of the ejection ratio. 

 

Fig. 8. Characteristic of jets obtained from calculations in the vacuum 

system of the power generation system. 
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The paper provides a significant contribution to understand-

ing and improving vacuum systems in steam power plants, 

which may contribute to increasing the energy efficiency of such 

systems in the future. 
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1. Introduction 

The ongoing pursuit of energy-efficient and environmentally 

sustainable cooling technologies has catalyzed the development 

of several alternatives to conventional vapour compression sys-

tems. A notable breakthrough in this domain is adsorption cool-

ing technology, which harnesses the principles of adsorption and 

desorption of a refrigerant onto an adsorbent material. This ap-

proach has garnered significant attention for its ability to effec-

tively utilize waste heat and significantly reduce greenhouse gas  

emissions, marking a substantial leap in eco-conscious cooling 

solutions. Due to their innovative operating mechanism, adsorp-

tion cooling systems present a promising prospect, yet they are 

continuously subject to enhancements and development. These 

systems are characterized by a relatively modest Coefficient of 

Performance (COP) and considerable size, factors which cur-

rently limit their competitiveness in the broader market. The 

challenge in optimizing these devices lies in the complexity and 

cost associated with adjusting various interdependent parame-

ters, which intricately affect the device's performance. In this  
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Nomenclature 

𝑎𝑠𝑣 ‒ interfacial area density, m-1 

Dp ‒ diameter of the bed particles, m 

ℎ𝑠𝑣 ‒ heat transfer coefficient in porous bed, W/(m2K) 

k  ‒ thermal conductivity of the medium W/(m K) 

𝑚̇ – mass flow rate 

Nu – Nusselt number 

P – pressure, Pa 

T – temperature, K 

 

Greek symbols 

𝜀 ‒ porosity of the medium 

τ ‒ time, s 

Subscripts and Superscripts 

a – average 

A – absolute 

f – fluid 

s   – surface 

t ‒ total  

𝑣 – vapour 

 

Abbreviations and Acronyms 

CFD   ‒ computational fluid dynamics 

COP   – coefficient of performance 

PISO  – pressure implicit with splitting of operators  

UDF   – user defined function 

context, Computational Fluid Dynamics (CFD) emerges as an 

invaluable tool for advancing our understanding and enhancing 

the efficiency of these systems. 

In paper [1], numerical simulations of a real-scale adsorption 

chiller, including a sorption chamber with a bed, condenser, and 

evaporator, were conducted. The results were verified against 

experimental setups, showing high consistency with deviations 

not exceeding 2%. This demonstrates the legitimacy of the usage 

of numerical models for optimizing adsorption chillers. In the 

study [2], the authors present a methodology for conducting nu-

merical simulations of adsorption and desorption processes in 

adsorbent beds, utilizing CFD techniques. The research focuses 

on analyzing the impact of various factors, such as the cooling 

water temperature and cycle duration, on the performance of ad-

sorption chillers. In another work, researchers employed CFD 

simulations to examine the influence of silica gel grain size on 

the efficiency of the adsorption process, thereby identifying op-

timal grain dimensions for maximal operational effectiveness 

[3]. Similarly, investigations into the spatial distribution of po-

rosity gradients have illuminated their critical role in enhancing 

the cooling performance of adsorption-based systems. Employ-

ing CFD simulations, researchers have validated the signifi-

cance of directional porosity distribution in improving cooling 

efficiency [4]. Analysis of various adsorbent-adsorbate combi-

nations has revealed superior performance in coated beds versus 

densely packed ones [5]. The impact of the temperature of the 

cooling and heating medium on the sorbent bed was described 

in the paper [6]. Despite these advancements, there remains 

a need to fully comprehend the impact of adsorbent bed geome-

try on the performance of adsorption chillers, particularly in 

light of novel adsorbent materials and innovative bed configu-

rations that have emerged in recent years. In the study [7], the 

authors designed and constructed a fin of the heat exchanger, 

increasing the efficiency of the adsorption process. The im-

provement was not significant due to the limitations of 3D print-

ing; however, this remains an interesting direction for future re-

search. In the paper [8] the authors proposed using a modified 

plate heat exchanger in adsorption devices. Both experimental 

and numerical results showed a 310% increase in differential 

water absorption after 300 seconds from the start of adsorption 

compared to standard adsorbers with aluminium fins. 

One of the most critical components in adsorption chillers is 

the adsorbent bed. The design and structural geometry of the bed 

significantly influences heat and mass transfer processes, thus 

directly impacts the overall efficiency of the adsorption chiller. 

Extensive research has been undertaken to explore the effect of 

bed geometry on the efficiency of the adsorption process. Stud-

ies have shown, that a thin, flatbed geometry outperforms a cy-

lindrical configuration in analyzed conditions [9]. Additionally, 

research findings suggest that a compact bed layout with a high 

surface-to-volume ratio can enhance chiller efficiency [5]. In the 

study [10], the authors conducted research on optimizing the ad-

sorbent bed. It focuses on optimal geometric parameters and the 

impact of metal additives. Numerical simulations were used, an-

alyzing the adsorbent bed with metals and silica gel/water pair. 

The study reveals that adding aluminium particles significantly 

enhances cooling performance, showing a 300% efficiency in-

crease with the addition of aluminium particles. In a different 

study [11], adsorbent beds with vacuum tubes and fins were ex-

perimentally tested. It was found that beds with more fins short-

ened the cooling time but lengthened the preheating and desorp-

tion times. The system's optimal performance was achieved with 

four fins, and additional fin enhancement did not further im-

prove the efficiency of the adsorption cooling system. This sug-

gests that each bed geometry has an optimal number of fins, and 

more fins do not always equate to better performance. In the pa-

per [12], the impact of fin thickness and height, as well as plate 

type, on the efficiency of an adsorbent bed were investigated. 

The study revealed that decreasing fin thickness could enhance 

water adsorption by up to 8%, and reducing fin height from 

30mm to 20mm could increase adsorption by up to 17%. Addi-

tionally, the type of plate used was found to be significant, with 

a copper plate improving water adsorption by up to 9% com-

pared to an aluminium plate. Using CFD simulations, the im-

portance of the Z-direction in porosity distribution and its sig-

nificant impact on cooling efficiency have been validated [13]. 

Furthermore, investigations into different adsorbent-adsorbate 

pairings have demonstrated improved performance in coated 

beds compared to packed beds [14]. 

Despite these research advancements, a comprehensive un-

derstanding of how the geometry of the adsorbent bed influences 

the performance of adsorption chillers remains crucial. The ef-

ficiency of adsorption in cooling systems is a complex measure 

of how effectively the system utilizes the adsorption-desorption 

cycle to generate a cooling effect. This process is more compli-

cated than a simple relationship between the amount of water 



CFD analysis of the effect of bed geometry on H2O adsorption and desorption efficiency 

 

41 
 

vapour adsorbed by the adsorbent and the efficiency of cooling. 

Key aspects, such as adsorption capacity and rate, are significant 

but represent only a part of the equation. In thermodynamic 

terms, the timing of the cycle involving adsorption and desorp-

tion is fundamental. A cycle that is too short may not provide 

sufficient regeneration of the adsorbent, while a cycle that is too 

long can decrease overall operational efficiency. Therefore, not 

only the intensity of vapour adsorption is important, but also the 

optimization of the cycle time based on specific conditions and 

system requirements. Furthermore, the geometry and size of the 

device are crucial. The time required to switch between the ad-

sorption and desorption phases and the stabilization of the pro-

cess can impact efficiency to the extent that lengthening the cy-

cle becomes more advantageous. In this context, optimizing the 

adsorbent bed and heat exchanger geometries is particularly im-

portant. Efficient and controlled heat transfer is essential for 

maximizing the cycle's efficiency. This research aims to demon-

strate specific correlations between the geometry of the adsor-

bent bed and the adsorption process, ultimately influencing the 

efficiency of adsorption-based cooling devices. 

2. Methods 

The sample analyzed is a representative part of a plate heat ex-

changer used in adsorption refrigeration devices. The model 

consists of a wall simulating the heat exchanging surface, where 

a convective boundary condition is established with a heat trans-

fer coefficient of 600 W/(m²K), consistent with the experimental 

setup described in the literature [15], and a temperature of 303 

K, corresponding to the cooling water temperature for the adsor-

bent bed. On this wall, a layer of silica gel, serving as an adsor-

bent in a water vapour atmosphere (adsorbate), is applied. The 

silica gel sample is enclosed in an aluminium frame, which re-

stricts vapour flow in one direction, and an adiabatic boundary 

condition is applied to it. This inflow is modelled as a pressure 

boundary condition with a PA  = 2000 Pa and an incoming water 

vapour temperature Tv = 290.15 K. The operating pressure 

within the model is set to 0 Pa, and the model features only a 

vapour inlet with no outlet. The study involved simulating the 

adsorption process in beds of various dimensions, where the 

base dimensions are set as 100×80×6 mm (Fig. 1). 

 

 

 

 

 

 

 

 

 

The model was discretized using the SWEEP method. Pre-

pared geometry enabled the creation of a well-organized struc-

tural mesh across the entire model. In order to perform grid con-

vergence tests, three grids differing by a factor of 1.5 in their 

characteristic dimension were generated. Each grid was charac-

terized by a minimum orthogonal quality equal to 1. Detailed 

information about the prepared grids is gathered in Table 1. Dif-

ferences in the values of adsorbed vapour and average tempera-

ture in the adsorption bed between the results obtained for the 

individual grids result from the applied global grid size. Consid-

ering the very small differences in values between the fine and 

medium grids, it was decided to use the medium density grid 

(Fig. 2) for further work, as a compromise between computa-

tional cost and solution accuracy.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In this study, a CFD modelling approach for the adsorption 

process as described in paper [2] was adopted. The calculations 

were performed using Ansys Fluent software. For the modeling 

of the porous volume, the equilibrium model was replaced with 

a non-equilibrium model, which is defined by two parameters: 

Interfacial Area Density and Heat Transfer Coefficient in AN-

SYS Fluent software. 

Interfacial Area Density asv is a parameter used in multiphase 

flow simulations within porous media. It measures the area of 

the interface between different phases (e.g. liquid and solid) per 

unit volume of the porous material. This parameter is crucial for 

predicting phenomena such as mass and heat transfer accurately 

 𝑎𝑠𝑣  =  
6(1−𝜀𝑡)

𝐷𝑝
. (1) 

Heat transfer coefficient hsf in a porous medium is a param-

eter that quantifies the efficiency of heat transfer between the 

fluid and the solid structure within the porous material 

 
1

ℎ𝑠𝑓
=  

𝐷𝑝

𝑘𝑓Nu
+

𝐷𝑝

10𝑘𝑓
. (2) 

The simulation was conducted under transient conditions. It 

was assumed that the flow of water vapour is laminar. The 

Green-Gauss node based gradient computation scheme, along 

with the QUICK momentum discretization scheme, were em-

ployed. A pressure-based solver utilizing the PISO scheme was 

used. 

 

Fig. 1. Geometry analyzed in the simulations. 

Table 1. Parameters of meshes used in the grid convergence study. 

Mesh 

Characteristic 
dimension of 

mesh elements 
[mm] 

Total 
number 
of mesh 

elements 

Orthogonal 
quality 

Average bed 
tempera-
ture [K] 

Uptake 
[kg/kg] 

Coarse 0.7 125350 1 315.255 0.1209 

Medium 0.5 207360 1 314.925 0.1212 

Fine 0.3 613452 1 314.903 0.1212 

 

 

Fig. 2. Numerical mesh generated. 
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The model was verified against an experiment available in 

the literature [15]. The experiment was conducted on a specially 

constructed experimental setup that simulated the operation of 

an adsorption refrigeration device. The sorption capacity of 

a silica gel sample was analyzed under various temperatures of 

the cooling/heating medium. The maximum deviation between 

the numerical simulation and experimental data did not exceed 

2% (Fig. 3), indicating very good convergence of the developed 

numerical model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For further simulations, initial conditions were set: T = 

303.15 K, P = 2000 Pa, and H2O uptake 0 g/g. Each cycle con-

sisted of two stages: adsorption, where the sorption bed was 

cooled, and regeneration (desorption), where the bed was 

heated. As the adsorption process ends and desorption begins, 

the function of the heat exchanger plate switches from cooling 

to heating. Consequently, expressions for the cyclic change of 

the boundary condition from 303.15 K to 353.15 K were intro-

duced. During desorption, as vapour is released from the bed, 

the boundary condition changes from a pressure inlet to a pres-

sure outlet. For this purpose, a UDF (user defined function) was 

prepared and implemented to monitor the P in the adsorption 

bed. This function calculates and returns the Pa in a specified 

area, allowing observation of P changes over time. Moreover, it 

defines pressure boundary conditions that trigger the change in 

boundary conditions. Iterative calculations, consisting of 3000 

time steps (5 full cycles of 600 seconds each) were performed. 

Each step lasted one second and could include up to 500 itera-

tions until a reduction of normalized residuals by four orders of 

magnitude was achieved. However, it's important to note that 

sudden changes in temperature and pressure may lead to dis-

crepancies in simulation results. Therefore, during transitions 

from adsorption to desorption and vice versa, a reduction in the 

time step of the simulation from 1 s to 0.005 s for the next 5 

seconds was applied. As a result, convergence was achieved at 

the level of 4x10−5 for all residuals. Additionally, the vapour ve-

locity at the inlet, temperature in the adsorption bed, and the 

amount of water vapour adsorbed by the bed were monitored. 

Within the scope of this study, the adsorption process was 

simulated for beds of various dimensions. The base dimensions 

of the bed were 100×80×6 mm. The first step involved examin-

ing the effect of increasing the bed height to 6 mm and 9 mm 

(Fig. 4a). Subsequently, an analysis was conducted on changing 

the bed length to 50 mm and 150 mm (Fig. 4b). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. Results 

Due to significant differences in saturation values between var-

ious stages of the simulation, different scales were applied to 

better illustrate the processes occurring within the bed (Figs. 5a, 

5b). Graphical distribution of the amount of vapour adsorbed by 

the sorption bed (Figs. 5a, 6a,7a) at τ = 300 s, corresponding to 

the end of the adsorption process in the first cycle, and at 600 s, 

corresponding to the end of the desorption process in the first 

cycle. Similarly, the amount of vapour adsorbed after 2700 s 

(Figs. 5b, 6b, 7b) – marking the end of the adsorption process in 

the last cycle, and at 3000 s - marking the end of desorption in 

the last analyzed cycle. The graphical distributions (Figs. 5, 6, 

7) indicate that for all analyzed geometries, both adsorption and 

desorption processes occur most efficiently near the wall 

 

Fig. 3. Comparison of experimental and numerical results: average 

bed temperature and the amount of adsorbed water vapour in the bed. 

a)        

A      B     C 

b)        

D           B           E 

            Compilation of silica gel mass depending on the geometry of the bed.  

Geometry A B C D E 

Mass of silica gel [kg] 0.01776 0.03552 0.05328 0.00888 0.02664 

 

Fig. 4. Dimensions of the simulated samples: a) various heights of the adsorbent bed, b) various lengths of the adsorbent bed. 
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heated/cooled by the heat exchanger and at the water vapour in-

let surface, highlighting the significance of T on the adsorp-

tion/desorption processes. It is observed that the saturation of 

the bed with water vapour increases with each process cycle, 

suggesting that adsorption and desorption do not occur uni-

formly. The ratio of the amount of adsorbed vapour to the size 

of the bed is highest for the bed with the smallest height and 

lowest for the tallest bed, confirming the importance of the dis-

tance from the centre of the bed to the heat exchange surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The amount of vapour adsorbed was analyzed for beds of 

varying heights (Fig. 8). The stabilization of the process in suc-

cessive cycles was quickest for the bed with the lowest height 

and slowest for the bed with the greatest height. For beds B and 

C heights, similar saturation values after the desorption process 

were observed in the initial cycles, which increased with subse-

quent cycles. According to the analysis of graphical distribu-

tions, the most vapour relative to the amount of adsorbent mate-

rial in each cycle was adsorbed by bed A, stabilizing at 0.132 

kg/kg. The least amount of vapour was adsorbed in bed C, sta-

bilizing at 0.111 g/g which represents a difference of approxi-

mately 20%. In the adsorption bed A, vapour desorbed to a level 

of 0.041 kg/kg, whereas in the bed C, it desorbed to 0.074 kg/kg, 

constituting a difference of about 45%. The dynamics of the pro-

cess varied depending on the height of the bed. Adsorption was 

most intense for the bed A and least intense for the bed C. This 

can be attributed to the fact that cooling of the bed during the  

adsorption process significantly influences its progression,  and  

a)               

b)                

Fig. 6. Distribution of the amount of vapour adsorbed by the sorption bed with dimensions of 100×80×3 mm (B)  

after adsorption and desorption process a) in the first cycle of the process b) in the last cycle of the process. 

a)             

b)              

Fig. 5. Distribution of the amount of vapour adsorbed by the sorption bed with dimensions of 100×80×3 mm (A)  

after adsorption and desorption process: a) in the first cycle of the process b) in the last cycle of the process. 

a)                

b)                

Fig. 7.  Distribution of the amount of vapour adsorbed by the sorption bed with dimensions of 100×80×3 mm (C)  

after adsorption and desorption process a) in the first cycle of the process b) in the last cycle of the process. 
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heat exchange within the bed itself is inefficient. 

A comparison of Ta in sorption beds with different geome-

tries during the processes of adsorption and desorption was ex-

amined (Fig. 9).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The bed A reaches an Ta  at the end of each cycle stage that 

is closest to the T occurring in the heat exchanger, 308 K after 

adsorption and 350 K after desorption. This facilitates the most 

efficient adsorption/desorption process and has a direct impact 

on greater control over the process. In the case of the bed C, the 

Ta in the bed deviates more significantly from the T of the cool-

ing/heating medium, recording 320 K at the end of the adsorp-

tion process and 337 K after desorption, which affects the 

amount of vapour adsorbed. 

The mass flow of water vapour adsorbed by the sorption bed 

is illustrated (Fig. 10). Negative values indicate that vapour is 

being released and evaporates from the sorption bed. During the 

first cycle, where the saturation of each bed with water vapour 

was 0 kg/kg, the most intense 𝑚𝑣̇  occurred in the bed C, reach-

ing 1.13×10−2 g/s, which directly depended on the volume of the 

sorbent. In subsequent cycles, as conditions stabilize, the differ-

ences in 𝑚𝑣̇  decrease, in the last cycle for beds B and C, they are 

very similar, with the initial adsorption rate being approximately 

3.02×10−3 g/s. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Subsequently, an analysis was conducted to assess the im-

pact of bed length on the adsorption process. An aluminium 

frame restricted the steam inlet and directed the steam along the 

length of the bed. Beds with dimensions of 50×80×6 mm (D), 

100×80×6 mm (B), and 150×80× 6 mm (E) were analyzed 

(Fig. 5b). 

Similarly to Figs. 5−7, Figs. 11−13 illustrate the graphical 

distribution of the amount of vapour adsorbed by the sorption 

bed at times corresponding to the end of the adsorption process 

in the first and last cycles, as well as at times corresponding to 

the end of the desorption process in the first and last cycles. The 

graphical distributions indicate similar dependencies as ob-

served in the earlier analysis. The most efficient adsorption and 

desorption processes occur near the wall heated/cooled by the 

heat exchanger and at the surface where water vapour enters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. Comparison of the Ta  in sorption beds  

for different bed heights. 

 

Fig. 10. Results of solar collector field simulation  

– hourly heating output. 

a)               

b)               

Fig. 11. Distribution of the amount of vapour adsorbed by the sorption bed with dimensions of 50×80×6 mm (D)  

after adsorption and desorption process a) in the first cycle of the process, b) in the last cycle of the process. 

 

Fig. 8. Comparison of the amount of water vapour adsorbed  

for different bed heights. 
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The amount of vapour adsorbed for beds of varying lengths 

was analyzed (Fig. 14). The saturation value for the shortest bed 

D  in the fifth cycle at the end of adsorption was 0.123 kg/kg, 

while for the longest bed E it was 0.117 kg/kg. In the case of 

desorption at the end of the process, the saturation for a bed D 

was 0.0645 kg/kg, and for E it was 0.0641 kg/kg. The length of 

the bed was more significant for the adsorption process than for 

desorption. It is observed that the impact of bed length on the 

process is less significant compared to the previously discussed 

bed height. It is noteworthy that as the duration of a single cycle 

increases, the differences in saturation also increase. This is at-

tributed to the fact that the more saturated the bed is, the greater 

the resistance it poses to the flow of adsorbed vapour. Such a 

connection can be beneficial in selecting the optimal cycle time 

for a heat exchanger of a specific size. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Similarly to the case of vapour adsorbed by the bed, the Ta 

within the sorption bed shows little variation for different 

lengths of the adsorption bed (Fig. 15). Ta stabilizes by the sec-

ond cycle, reaching 314 K at the end of adsorption and 341 K at 

the end of desorption. These similar Ta in the sorption bed may 

explain the comparable dynamics of the adsorption and desorp-

tion processes discussed earlier. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The mass flow of water vapour adsorbed by the bed for dif-

ferent lengths of the bed is illustrated (Fig. 16). Similar to the 

analysis of the height of the sorption bed, during the first cycle, 

where the saturation of each bed with water vapour was 0 kg/kg, 

the most intense 𝑚̇𝑣 occurred. The 𝑚̇𝑣 stabilizes by the second 

a)                

b)                

Fig. 12. Distribution of the amount of vapour adsorbed by the sorption bed with dimensions of 100×80×6 mm (B) after adsorption and desorption  

process a) in the first cycle of the process, b) in the last cycle of the process. 

a)                 

b)                 

Fig. 13. Distribution of the amount of vapour adsorbed by the sorption bed with dimensions of 150×80×6 mm (E)  

after adsorption and desorption process a) in the first cycle of the process b) in the last cycle of the process. 

 

Fig. 14. Comparison of the amount of water vapour adsorbed  

for different lengths of the bed. 

 

Fig. 15. Comparison of the average temperature in sorption beds 

for different lengths of the bed. 
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cycle for each of the analyzed cases. For the bed E, 𝑚̇𝑣 is high-

est, registering 4.094×10−3 g/s  at the beginning of the adsorption 

stage and −5.554×10−3 g/s at the end of desorption. The lowest 

𝑚̇𝑣 was in the bed D, with values of 1.559×10−3 g/s at the begin-

ning of adsorption and −2.112×10−3 g/s at the beginning of de-

sorption. In the case of varying bed lengths, a clear difference in 

ṁ𝑣 between the beds is observed for all cases. It can be con-

cluded that increasing the length of the bed has a direct impact 

on enhancing the suction force of water vapour. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The saturation of water vapour in the adsorbent bed during 

the last, fifth cycle of simulation post-adsorption and desorption 

processes for all analyzed bed geometries was compiled (Fig. 

17). Additionally, the mass of water vapour adsorbed by these 

beds is presented. The highest saturation, indicating the greatest 

sorption capacity, was exhibited by bed A, characterized by the 

shortest distance from the heat source to the centre of the bed, 

measuring 3 mm. Despite having a sorbent material volume 

three times smaller than bed C, bed A adsorbed only 20% less 

vapour. This underscores the significant impact of this parame-

ter on the adsorption process and thus the efficiency of the de-

vice. For the analyzed cycle length (300 s), the saturation differ-

ences in samples varying in length (B, D, E) are minimal, 

whereas the differences in the amount of adsorbed vapour are 

substantial, reaching about 70%. In the analyzed case, designing 

a longer and thinner bed in the adsorption device would be much 

more advantageous. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Conclusions 

The paper presents a method for CFD modelling of the entire 

adsorption and desorption cycles which enhances understanding 

of the relationship between these processes and the impact of 

various factors such as the cycle duration, the temperature of the 

cooling/heating medium, operating pressure, and the geometry 

of the sorbent bed on their dynamics. Until now, literature has 

only modelled either adsorption or desorption processes individ-

ually, not the full cycles. This approach allows for the observa-

tion of what happens during the transitional period between pro-

cesses and how this affects their course, which is a novel aspect. 

The obtained results demonstrate a significant impact of the 

adsorbent bed's geometry on the adsorption and desorption pro-

cesses, emphasizing the crucial role of the distance from the bed 

centre to the cooling or heating source in the efficiency of these 

processes. The difference in the amount of vapour adsorbed rel-

ative to the amount of sorbent material in beds of different ana-

lyzed heights during the adsorption process was 20% higher for 

the 3 mm bed (A) compared to the 9 mm bed (C). During de-

sorption, the difference in desorbed vapour relative to the 

amount of sorbent was even greater among these cases of geom-

etry and exceeded 40%. The results indicate that heat exchange 

significantly influences the progression and control of the ad-

sorption and desorption processes. The length of the bed, affect-

ing the water vapour path to the bed's centre, also impacts these 

processes, particularly in longer cycles. This discovery high-

lights the increased resistance caused by water vapour saturation 

in the sorption bed, which becomes more significant in a more 

saturated bed, a condition more common in longer cycle dura-

tions. These results offer valuable insights for designers of cool-

ing devices based on adsorption technology. Appropriately tai-

lored geometry of the heat exchanger with the sorbent bed can 

achieve the same effects despite a smaller amount of sorbent, 

which translates into a smaller device size and cost. 
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1. Heat transfer during flow condensation  

in trending application 

There is a gap in knowledge about condensation at elevated sat-

uration temperatures and corresponding high reduced pressures. 

The condensation process in high-temperature heat pumps oc-

curs usually at temperatures higher than 80°C. Most of the ex-

isting experimental data has been collected for temperatures be-

low 40°C, which is related to HVAC (heating, ventilation, air 

conditioning) applications of refrigerants. For temperatures 

higher than 120°C, most low boiling fluids operate at parameters 

close to the thermodynamic critical point, where there are sig-

nificant changes in density and viscosity of the liquid and vapour 

phases, which has a significant impact on interfacial phenom-

ena. Over the past century, there have been many papers that 

have dealt with the modelling of the heat transfer coefficient 

during condensation. Most of the literature models are created 

for specific experimental parameters and are not intended to be 

applied to a wide range of refrigerants. In recent years, research 

on high-temperature heat pumps where saturation temperatures 

and saturation pressures are much higher than in classical appli-

cations have become important [1]. The use of new environ-

mentally neutral refrigerants is also principal. For this reason,  
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Abstract 

The paper presents a modified in-house model for calculating heat transfer coefficients during flow condensation, which 

can be applied to a variety of working fluids, but natural refrigerants in particular, at full range thermodynamic parameters 

with a particular focus on increased saturation pressure. The modified model is based on a strong physical basis, namely 

the hypothesis of analogy between the heat transfer coefficient and pressure drop in two-phase flow. The model verification 

is based on a consolidated database that consists of 1286 data points for 7 natural refrigerants and covers the reduced 

pressure range (the ratio of critical pressure and saturation pressure) from 0.1 to 0.8 for different mass velocities and 

diameters. The new version of the in-house model, developed earlier by Mikielewicz, was compared with 4 other mathe-

matical models widely recommended for engineering calculations and obtained the best consistency results. The value of 

the mean absolute percentage error was 28.13% for the modified model, the best result among the scrutinised methods. 
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Nomenclature 

cp – specific heat capacity, J/(kg K)  

Con – confinement number 

d – inner diameter od tube, m 

g – gravitational acceleration, m/s2 

G – total mass flux, kg/(m2s) 

hlv – latent heat of evaporation, J/kg 

Jg – dimensionless vapour velocity, 𝐽𝑔 =
𝑥𝐺

√𝑔𝑑𝜌𝑣(𝜌𝑙−𝜌𝑣)
 

Nu – Nusselt number 

P – pressure, N/m2 

Pr – reduced pressure, 𝑃𝑟 = 𝑃𝑠𝑎𝑡 𝑃𝑐𝑟𝑖𝑡⁄  

Pra – Prandtl number 

Re – Reynolds number 

T – temperature, °C 

v – specific volume, m3/kg 

x – vapour quality 

Xtt – Martinelli’s correlating parameter, 𝑋𝑡𝑡 = [
𝜇𝑙

𝜇𝑣
]
0.1

[
1−𝑥

𝑥
]
0.9

[
𝜌𝑣

𝜌𝑙
]
0.5

 

Greek symbols 

α – heat transfer coefficient, W/(m2K) 

μ – dynamic viscosity, Pa s 

ρ – density, kg/m3 

λ – thermal conductivity, W/(m K) 

σ – surface tension, N/m 

 

Subscripts and Superscripts 

crit – critical 

l – liquid 

LO – liquid only 

sat – saturation 

tf – two phase 

v – vapour 

VO – vapour only 

 

Abbreviations and Acronyms 

MAPE – mean absolute percentage error 

RMS – two phase multiplier due to Muller-Steinhagen and Heck

natural refrigerants such as isobutane or propane are gaining 

popularity in heat pump applications and others. Condensation 

heat transfer coefficient prediction is also important for the po-

tential application of advanced thermodynamic cycles [2]. Some 

novel cycles require modelling of such complex phenomena as 

condensation inside spray ejector [3]. 

2. Methods of calculating the heat transfer  

coefficient during condensation 

In [4] model for the calculation of heat transfer coefficient dur-

ing condensation within channels has been published, hereinaf-

ter named an in-house model. The method was based on a cor-

relation originally developed for flow boiling. The basis for the 

analysis involved predicting heat transfer coefficients in flow 

condensations and assessing them against correlations devel-

oped for annular flow structures. In this context, flow boiling 

and flow condensation were treated as symmetrical phenomena. 

The comparisons yielded satisfactory results. Additionally, the 

study examined nonadiabatic effects in the heat transfer coeffi-

cient model, incorporating the blowing parameter into the mod-

elling process. The modifications were found to have significant 

effects on condensation for small qualities, affirming that 

nonadiabatic effects are less critical for higher qualities. Simi-

larly, in the case of flow boiling, the most substantial changes to 

the heat transfer coefficient occurred for smaller qualities. Later 

in [5] a method for calculation of heat transfer coefficient during 

flow boiling was proposed to take into account the reduced pres-

sure effect. In this paper, a modified Muller-Steinhagen and 

Heck two-phase multiplier was introduced to consider the ef-

fects of increased reduced pressures. Promising results have 

been obtained, however there was still room left for further mod-

ifications. In [6] authors presented the newest version of two 

phase pressure drop model based on the Müller-Steinhagen and 

Heck method. 

The outcomes of modelling focused on heat transfer and  

 

pressure drop during the condensation of R134a and R404A 

refrigerants in minichannels have been presented in [7]. Internal 

diameters ranged from 0.31 mm to 3.30 mm. The study specifi-

cally examines the local heat transfer coefficient and pressure 

drop in individual minichannels, with a comparative analysis 

against methods proposed by other researchers. Drawing from 

the measured data, the authors introduced their own correlation 

for calculating the local heat transfer coefficient. 

The study [8] introduces a novel and straightforward model 

for determining the local heat transfer coefficient during flow 

condensation within plain pipes. The proposed model accounts 

for two distinct regimes distinguished by the value of mass flux. 

For both regions, a new correlation is presented, resembling the 

single-phase heat transfer coefficient model. Corresponding 

Reynolds and Prandtl numbers are based on the sum of superfi-

cial liquid and vapour versions. These models emphasize the 

significant role of the superficial vapour Reynolds number in 

governing the heat transfer coefficient. The model demonstrates 

predictive capability for estimating the heat transfer coefficient 

across a range of channels including microchannels and conven-

tional channels, encompassing various refrigerants.  

Shah [9] presented a straightforward dimensionless correla-

tion designed for predicting heat-transfer coefficients in the con-

text of film condensation inside pipes. The dataset encompasses 

various fluids such as water, R-11, R-12, R-22, R-113, metha-

nol, ethanol, benzene, toluene, and trichloroethylene undergoing 

condensation in pipes of horizontal, vertical, and inclined orien-

tations with diameters ranging from 7 mm to 40 mm. Addition-

ally, a dataset for condensation within an annulus has been ana-

lysed. The parameter range covered includes reduced pressures 

spanning from 0.002 to 0.44, saturation temperatures ranging 

from 21°C to 31°C and vapour velocities from 3 m/s to 300 m/s, 

and vapour qualities from 0% to 100%. A new version [10] of 

correlation extended for a wider range of parameters was pub-

lished in 2009. The presented method has been shown to be in  
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Table 1. Formulas of analysed methods.  

Model Formula Purpose 

Mikielewicz [4,5] 

𝛼𝑇𝑃𝐵

𝛼𝐿𝑂

= √𝑅𝑀𝑆
𝑛  

𝑅𝑀𝑆 =  1 + 2 
1

𝑓1
− 1 𝑥Con𝑚 (1 − 𝑥)

1
3 + 𝑥3

1

𝑓1𝑧
 

Turbulent flow: 𝑓1 =
 
𝜌𝑙
𝜌𝑣

 

 
𝜇𝑙
𝜇𝑣

 
0.25 ,    𝑓1𝑧 =

 
𝜇𝑣
𝜇𝑙

 

 
𝜆𝑙
𝜆𝑣

 
1.5  

𝑐𝑝𝑙

𝑐𝑝𝑣
  

Laminar flow: 𝑓1 =

𝜌𝑙
𝜌𝑣
𝜇𝑙
𝜇𝑣

 ,     𝑓1𝑧 =  
𝜆𝑣

𝜆𝑙
  

General correlation  
for condensation inside 
conventional and mini/ 

microtubes 

Bohdal [7] Nu = 25.084Re𝑙
0.258Pra𝑙

−0.495𝑃𝑟−0.288  
𝑥

1 − 𝑥
 
0.266

 
Condensation in mini/ 

microchannels 

Dorao and Fernandiono [8] 

Nu𝐽 = 0.023Re𝑡𝑓
0.8Pra𝑡𝑓

0.3 

Nu𝐽𝐽 = 41.5𝑑0.6Re𝑡𝑓
0.4Pra𝑡𝑓

0.3 

Nu = √(Nu𝐽9 + Nu𝐽𝐽9)
9

 

General correlation for 
condensation in tubes 

Shah 1979 [9] 𝛼 = 0.023Pra𝑙
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Re𝑙 > 3000 

Correlation for condensa-
tion in tubes for annular 

flow 

Shah 2009 [10] 

𝛼 =  ℎ𝑖   for    𝐽𝑔 ≥  𝐽𝑔𝐶 
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General correlation for 
condensation in plain 

tubes 

Shah 2019 [11] 
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𝛼 =  ℎ𝑖 + ℎNu   for    𝐽𝑔 <  𝐽𝑔𝐶, 𝐹𝑟𝑙 > 0.012 

for other regimes 
ℎ = ℎ𝐼𝐼 + ℎNu 

ℎ𝑖 = 0.023Re𝑙
0.8Pra𝑙

0.4  
𝜇𝑙
⬚

14𝜇𝑣
 

𝑛2

(1 − 𝑥)0.8 +
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𝜆𝑙
𝑑

 

𝑛2 = 0.0058 + 0.557𝑃𝑟 
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General correlation for 
condensation in conven-

tional and mini/micro 
tubes 

Cavallini 2006 [12] 
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good agreement with data ranging from highly turbulent flows 

to laminar flow conditions. The ability to predict heat transfer 

in mini- and microchannels was introduced in [11]. Improved 

versions of correlation are much more complex in comparison 

to the original form. 

Cavallini et al. [12] introduced a novel method for determin-

ing the condensation heat transfer coefficient of refrigerants 

within horizontal plain tubes with inner diameters exceeding 

3  mm (D > 3 mm). The proposed method was intentionally de-

signed for simplicity, facilitating its immediate application in 

heat exchanger modelling and design for both traditional and 

emerging fluids in the HVAC industry. Notably, the method pri-

oritizes accuracy and has been tested across an experimental da-

tabase from various researchers, ensuring reliability with re-

duced experimental uncertainties. To maintain simplicity, the 

method employs two equations, each catering to temperature 

difference independent and dependent fluid flows. Parameters 

influencing condensation heat transfer are incorporated into the 

equations. The accuracy of the method was validated through a 

comprehensive comparison with data from HCFCs (hydrochlor-

ofluorocarbons), HFCs (hydrofluorocarbons), HCs (hydrocar-

bons), carbon dioxide, ammonia, and water. Application of the 

temperature-dependent part of correlation is often complicated 

because wall temperature is usually not known. Nearly no data 

source provides precise information on the experimental value 

of the wall temperature. For design purposes, wall temperature 

has to be calculated iteratively. Equations for analysed methods 

are presented in Table 1. 

2.1. Modification of in-house model 

Mikielewicz and Mikielewicz [4] developed earlier a semi-em-

pirical method for modelling heat transfer during boiling and 

condensation in minichannels. It is based on the hypothesis the 

total energy dissipation in the two-phase flow with boiling is a 

sum of two contributions, namely the dissipation of energy from 

the shearing flow and dissipation due to bubble generation. In 

case of condensation in the flow, the dissipation due to bubble 

generation is not present. The main equation includes the term 

modelling the resistance in two-phase flow and the term model-

ling the flow resistance associated with the nucleation process 

during boiling. The modified main equation presents only the 

term corresponding to the flow resistance because this paper fo-

cus on the modelling of heat transfer during condensation: 

 
𝛼𝑇𝑃𝐵

𝛼𝐿𝑂
= √𝑅𝑀𝑆

𝑛 Con0.34,  (1) 

where n = 0.76 for Rel > 2300 and n = 2 for Rel < 2300. 

The flow resistance term is modelled using the modified 

Muller-Steinhagen and Heck correlation [5]: presented in Eq. 

(2), 

 𝑅𝑀𝑆 = [1 + 2  
1

𝑓1
− 1 𝑥Con𝑚] (1 − 𝑥)1/3 + 𝑥3 1

𝑓1𝑧
, (2) 

where for turbulent flow 

 𝑓1 =
 
𝜌𝑙
𝜌𝑣

 

 
𝜇𝑙
𝜇𝑣

 
0.25  ,    𝑓1𝑧 =

 
𝜇𝑣
𝜇𝑙

 

 
𝜆𝑙
𝜆𝑣

 
1.5  

𝑐𝑝𝑙

𝑐𝑝𝑣
  (3) 

and for laminar flow 

 𝑓1 =

𝜌𝑙
𝜌𝑣
𝜇𝑙
𝜇𝑣

 ,    𝑓1𝑧 =  
𝜆𝑣

𝜆𝑙
 . (4) 

Parameter 𝛼𝐿𝑂 is the heat transfer coefficient for the single-

phase liquid flow and 𝛼𝑇𝑃𝐵 represents the heat transfer coeffi-

cient during condensation in Eq. (1). Authors recommend stand-

ard Dittus-Boelter correlation for prediction of forced internal 

convection for single liquid phase heat transfer coefficient. The 

modification introduced in the present work is based on the in-

troduction of the confinement number (Con), which is variation 

of Bond number, into the two-phase flow multiplier RMS. The 

flow resistance part was multiplied by the confinement number 

raised to the power of 0.34. The Con number, 

 Con =
√

𝜎

𝑔(𝜌𝑙−𝜌𝑣)
2

𝐷
, (5) 

describes changes in the nature of the flow at high values of re-

duced pressure. It includes gas and liquid phase densities, sur-

face tension, diameter and gravitational acceleration. This mod-

ification allows to take into account the change in physical prop-

erties that affect the heat transfer process at high values of re-

duced pressure. Surface tension alongside density has an im-

mense effect on two phase flow structures which has been 

shown in experimental research [13]. For reduced pressure 0.2 

where surface tension and difference in phase specific densities 

are high annular flow was observed at quality as low as 7%. For 

a reduced pressure 0.8 in the vicinity of the critical point annular 

flow occurred at around 50% quality. Surface tension and dif-

ference in phase densities decrease significantly for high values 

of reduced pressure.  

2.2. Consolidated database  

The modelling was based on a consolidated database that con-

sists of 1286 measurement points published in 7 research papers. 

It includes data for 7 different natural refrigerants, different di-

ameters, mass velocities and reduced pressures. The database in-

cludes values of reduced pressures ranging from 0.1 to as high 

as 0.809. Internal tube diameters vary from 0.76 mm to 

9.43  mm. Mass velocity ranges from 75 kg/m2s to 1000  kg/m2s. 

Variation of quality is from 0% to 100%. Consolidated database 

is presented in Table 2. 

2.3. Results 

The consolidated database was compared with 7 methods for 

predicting the heat transfer coefficient during condensation due 

to Bohdal et al. [7], Dorao and Fernandiono [8], Shah [9–11] and 

Cavallini et al [12]. The calculation code was written in Engi-

neering Equation Solver EES.  

The mean absolute percentage error is given by the equation  

 MAPE =
1

𝑁
∑

𝐴−𝐹

𝐴
× 100%, (6) 

where: N ‒ number of points, A ‒ real value, F ‒ forecast value. 

Results of calculations are presented in Table 3. The best re-

sult was the modified Mikielewicz correlation for which the 
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mean absolute percentage error (MAPE) was 28.13%. The sec-

ond best model was the Cavallini [12] correlation. The third best 

correlation was the original Mikielewicz correlation which 

achieved MAPE = 38.97%. The fourth best method was the 

model due to Shah [11] which resulted in MAPE = 40.04%. 

Doaro and Fernandiono achieved a slightly worse result of 

40.78%. The other correlations returned worse results due to 

their empirical nature ‒ they were created for completely differ-

ent conditions and specified refrigerants. The results of the cal-

culations are shown in Table 3 and the histogram of discrepan-

cies is in Fig. 1. Figure  2 presents histogram with modelling 

results. Figure 3 shows the results of modelling with the modi-

fied Mikielewicz correlation for all considered data sources 

separately. 

Results of modelling for data above reduced pressure 0.5 is 

presented in Table 4. Table 5 presents results for data below re-

duced pressure 0.5. The new modification slightly lowered val-

ues of error for low pressure experiments to 26.29% from 

30.89%. Both values are close to the typical measurement error 

for two phase flow heat transfer measurement which is usually 

between 20% and 30%. The main improvement lies in data 

points with high pressure. In this region, new correlation has an 

error 31.63% whereas the old version has 54.33% and the best 

other correlations have values of MAPE around 50%. The main 

goal of the research was to correct modelling results for high 

values of saturation pressure, but new modification managed to 

increase accuracy in the whole spectrum of reduced pressure. 

Table 2. Consolidated database.  

 Authors 
Diameter 

[mm] 
Fluid 

Mass velocity 
[kg/(m2·s)] 

Reduced pres-
sure 

Number of measure-
ment points 

1 Macdonald et al. [14,15] 0.76‒1.45 R290 150‒450 0.254‒0.809 260 

2 Zhuang et al. [16] 4 Ethane 101‒255 0.22‒0.522 230 

3 Zhuang et al.  [17] 4 Methane 99‒254 0.43‒0.76 286 

4 Milkie et al. [18] 7.75 n-Pentane 150‒600 0.04‒0.17 163 

5 Moreira et al. [19] 9.43 
Propylene, R290, 

R600a 
50‒250 0.12‒0.32 110 

6 Del Col et al. [20] 1 Propylene 80‒1000 0.35 109 

7 Longo [21] 4 Propylene, R290 75‒400 0.15‒0.88 125 

 

 

Fig. 1. Properties change in function of reduced pressure for R290. 

 

Fig. 2. Comparison of MAPE for calculated methods. 

Fig. 3. Results of modeling with modified Mikielewicz correlation. 

Table 3. Results of calculations for eight modelling methods.  

Model 

Mean  
relative 
absolute 

error 

Number 
of points 

within 

30% 

Percentage 
of points 

within 

30% 

Mikielewicz modi-
fied 

28.13% 892 69.36% 

Mikielewicz [4] 38.97% 662 51.48% 

Bohdal [7] 163.46% 223 17.34% 

Dorao and Fernan-
diono [8] 

40.78% 724 56.30% 

Shah 1979 [9] 93.17% 273 21.23% 

Shah 2009 [10] 45.55% 727 56.53% 

Shah 2019 [11] 40.04% 727 56.53% 

Cavallini 2006 [12] 38.38% 772 60.03% 
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Although changes below a reduced pressure of 0.5 are not spec-

tacular, corrections for high saturation pressure are significant. 

The new version also managed to fit the most points inside the 

30% error area for both regions. 

Graphical comparison of correlations for all analysed data 

sources are shown in Figs. 4‒10. Figure 4 presents graph for 

Macdonald et al. [14,15] data. Figure 5 presents graph for 

Zhuang et al. [16] data.  

Figure 6 presents graph for Zhuang et al. [17] data. Figure 7 pre-

sents graph for Del Col et al. [18] data. Figure 8 presents graph 

for Moreira et al. [19] data. Figure 9 presents graph for Milkie 

[20] data. Figure 10 presents graph for Longo et al. [21] data. 

Distributions present data for R290, ethane, methane, propylene 

and R600a. The modified Mikielewicz method performed the 

best of all analysed methods for all data sources. 

Table 4. Results of calculations for eight modelling methods for data 

points with reduced pressure higher than 50%. 

Model 
Mean rela-
tive abso-
lute error 

Number of 
points 
within 

30% 

Percent-
age of 
points 
within 

30% 

Mikielewicz modi-
fied 31.63% 319 72.01% 

Mikielewicz [4] 54.33% 167 37.70% 

Bohdal [7] 176.58% 47 10.61% 

Dorao and Fernan-
diono [8] 57.58% 242 54.63% 

Shah 1979 [9] 167.00% 19 4.29% 

Shah 2009 [10] 49.67% 272 61.40% 

Shah 2019 [11] 52.32% 272 61.40% 

Cavallini 2006 [12] 51.61% 278 62.75% 

 

Table 5. Results of calculations for eight modelling methods for data 

points with reduced pressure lower than 50% 

Model 
Mean rela-
tive abso-
lute error 

Number 
of points 

within 

30% 

Percent-
age of 
points 
within 

30% 

Mikielewicz modi-
fied 

26.29% 573 67.97% 

Mikielewicz [4] 30.89% 495 58.72% 

Bohdal [7] 156.57% 176 20.88% 

Dorao and Fernandi-
ono [8] 

31.95% 482 57.18% 

Shah 1979 [9] 54.38% 254 30.13% 

Shah 2009 [10] 43.39% 455 53.97% 

Shah 2019 [11] 33.58% 455 53.97% 

Cavallini 2006 [12] 31.43% 494 58.60% 

 

Fig. 4. Comparison of correlations for R290 [14,15]. 

 

Fig. 5. Comparison of correlations for ethane [16]. 

Fig. 6. Comparison of correlations for methane [17]. 

 

Fig. 7. Comparison of correlations for propylene [20]. 
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3. Conclusions  

A modified in-house method for the prediction of heat transfer 

coefficients during condensation of natural refrigerants with 

special emphasis on high values of reduced pressure has been 

proposed. A  developed model has been formulated with the aim 

of achieving high accuracy while maintaining a straightforward 

structure. The modification is based on the fact that the two-

phase flow multiplier used in the in-house model is modified 

with the adjusted value of the confinement number. Significant 

improvements have been obtained especially in the high range 

of reduced pressure values. 

The modelling was based on an accumulated database of 

experimental measurement data, which consists of 1286 

measurement points for 7 natural refrigerants. The database 

includes values of reduced pressures ranging from 0.1 to as high 

as 0.809. Channel internal diameters range from 0.76 mm to 

9.43 mm. Mass velocity range from 75 kg/(m2s) to 

1000 kg/(m2s). A full range of distribution of quality from 0% 

to 100% is considered. The new method was compared with 7 

models from the literature and obtained the smallest value of 

mean absolute percentage error (MAPE) 28.13% while 69.36% 

had an error value lower than 30%. The second best method 

achieved 38.38% MAPE and 60.03% points below 30%error 

value. For data above 50% of reduced pressure model achieved 

31.64% MAPE while second best method in this region 

achieved 49.67%. The other methods surpassed 50% MAPE. 

The outcomes reveal a highly satisfactory agreement with 

experimental data. 
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1. Introduction 

The growing interest in sustainability across all industries is 

prompting, among others, a search for innovative building ma-

terials in which environmentally friendly plant wastes can par-

tially replace standard building materials. A major advantage of 

such solutions is concrete utilization reduction in the production 

of building materials, which contributes to decreasing carbon di-

oxide emissions into the atmosphere while ensuring the use of 

plant waste such as hemp shives [1,2]. Moreover, bio-based 

building composites are easier to recycle and often have an ad-

ditional advantage as they have better thermal conductivity than 

traditional building materials, making buildings more energy ef-

ficient. 
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Abstract 

This article presents the results of experimental measurements of the physical properties of new environmentally friendly 
bio-based composite building materials containing hemp shives bonded with a magnesium binder. Some of the tested 
materials contained an admixture of phase change material (PCM) of variable proportions in the binder to increase the heat 
capacity of building elements (walls), which can positively affect room temperature regulation. Densities and porosities 
are key parameters describing building materials, directly affecting mechanical, acoustic, and, most importantly, hygro-
thermal properties, including thermal conductivity, water vapor permeability, water absorptivity, and sorption curves. The 
experiment was carried out for ten different samples of bio-based building composites, differing in the bulk density ob-
tained during the manufacturing process and in the PCM proportion. As part of the experiment, true density tests were 
conducted on a helium pycnometer. Then, the geometric densities of the tested materials (which may differ from the bulk 
density obtained during production) were measured using the Archimedes method, making it possible to obtain the total, 
closed, and open porosity values. Tests were also carried out for selected traditional building materials, such as red brick 
and autoclaved aerated concrete, to compare the results obtained. 

Keywords: Bio-based building materials; Bio-based composites; Magnesium binder; Hemp shives; Phase change mate-

rial (PCM); Helium pycnometer; Porosity measurement 

 

 

 

Vol. 45(2024), No. 3, 57‒66; doi: 10.24425/ather.2024.151216 

Cite this manuscript as: Wendołowicz, M., Mikos-Nuszkiewicz, N., Cieślikiewicz, Ł., Sinka, M., Bajare, D., & Łapka, P. Research of 

the physical properties of bio-based building materials with phase change material. Archives of Thermodynamics, 45(3), 57‒66. 

Co-published by 

Institute of Fluid-Flow Machinery 

Polish Academy of Sciences 

Committee on Thermodynamics and Combustion 

Polish Academy of Sciences 

 
Copyright©2024 by the Authors under licence CC BY 4.0 

 
http://www.imp.gda.pl/archives-of-thermodynamics/ 

http://www.imp.gda.pl/archives-of-thermodynamics/


Wendołowicz M., Mikos-Nuszkiewicz N., Cieślikiewicz Ł., Sinka M., Bajare D., Łapka P. 
 

58 
 

Nomenclature 

mdry ‒ mass of a dry sample, kg 

msat ‒ mass of a saturated sample containing isopropyl alcohol, kg 

msat,air‒ mass of a saturated sample containing isopropyl alcohol, meas-

ured in isopropyl air, kg 

msat,iso‒ mass of a saturated sample containing isopropyl alcohol, meas-

ured in isopropyl alcohol, kg 

Vg ‒ geometric volume, m3 

Vp – open pore volume, m3 

Vt – total volume, m3 

 

Greek symbols 

𝜖𝑐 – closed porosity 

𝜖𝑜 – open porosity 

𝜖𝑡 – total porosity 

ρg – geometric density, kg/m3 

ρl – liquid density, kg/m3 

ρt – true density, kg/m3 

 

Subscripts and Superscripts 

Air – measurement performed in air  

Iso – measurement performed in isopropyl alcohol 

 

Abbreviations and Acronyms 

PCM – phase change material 

 

Moreover, this solution can still be improved by adding 

phase change materials (PCMs) to the binder, e.g., in the form 

of microcapsules, which are designed to increase the thermal ca-

pacity of building elements (e.g., walls) through phase change 

transformation [3–5]. In this way, energy losses to the environ-

ment can be reduced during cold weather, while heat gains can 

be decreased during hot periods [5], and, as a result, energy con-

sumption needed for space heating and cooling can be lowered 

[6]. Hemp-based building materials have very good thermal in-

sulation properties (i.e., their thermal conductivity is typically in 

the range of 0.080.2 W/(m K) [7]), good acoustic performance, 

and very good moisture accumulation and buffering behavior. 

However, traditional hemp concrete based on a lime binder is 

very fragile and has very weak mechanical properties, i.e. its 

compressive strength is typically below 0.50.6 MPa [7]. It can-

not be used in places directly exposed to water, i.e. the hemp 

concrete wall must be protected from direct rainfall with plaster 

and by protruding roof eaves and from groundwater by horizon-

tal waterproofing and a raised foundation. However, hemp con-

crete is characterized by low microbiological corrosion because 

hemp shives consist of only the woody inner part of the hemp 

stalk and contain no nutrient elements. It is mainly used as a wall 

filling material, for thermal insulation, and to regulate the indoor 

microclimate, but it cannot be considered a load-bearing mate-

rial. Therefore, many modifications of this material were pro-

posed in the literature [8] in order to improve its mechanical per-

formance and increase its application range. One of the possible 

ways is to use alternative binders that have better mechanical 

properties than those based on lime ones [9]. For example, the 

use of magnesium binders, as in the case of the material ana-

lyzed in this paper, can increase the strength up to 3.8 MPa [9]. 

The prospects for using PCMs in the building sector, includ-

ing application in bio-based composite building materials, are 

widely reported in the literature. These materials are studied on 

both the numerical simulation and experimental levels. For ex-

ample, Sawadogo et al. [10] conducted experiments in which 

different properties of hemp concrete with PCM (i.e. capric 

acid), such as melting and solidification temperatures and en-

thalpies, thermal conductivity, and general thermal perfor-

mance, were investigated. A similar experiment was conducted 

by Meng et al. [11] where, by using simulations and an experi-

ment, they compared the parameters inside an ordinary room 

and a room additionally insulated with a PCM layer and pre-

sented possible efficiency gains with the use of this material. 

Hemp concrete as a bio-based composite material does not 

have clearly and easily defined thermal and moisture parameters 

[12]. It is influenced by many factors, from the type of binder 

and its admixtures [8,13], the amount of binder used, the degree 

of grinding of the plants [7,14], and the harvesting period of the 

hemp seed [15]. The plurality of solutions available, whether in 

terms of available binders, PCMs, or the form of PCM added to 

the building material itself, makes it necessary to pay great at-

tention to the development of available experimental databases 

that could be used for mathematical modeling of hygro-thermal 

performances [16,17] or comparison of bio-based building ma-

terials. 

Key physical parameters describing the structure of building 

materials include density and porosity. Their values directly af-

fect mechanical [18], acoustic [19], and hygro-thermal proper-

ties [20,21], including thermal conductivity [22,23], water vapor 

permeability [8], and moisture sorption [24,25]. It is supposed 

that some of these properties depend more specifically on the 

pore size or the type of pores in the structure of the materials 

[26,27], hence it is important not only to know the total porosity 

but also the open and closed porosity or the pore size distribution 

in the structure. Glé et al. [24] point out that open and closed 

porosity values have an especially important role in determining 

the acoustic properties of materials. Wei et al. [28] conclude that 

the lower open porosity results in lower water absorption and 

weaker evaporation performance. 

Methodology for measuring the porosity of building materi-

als containing bio-additives, like hemp shives, is a matter of con-

cern due to the occurrence of pores in biocomposite materials 

ranging in size from a few nanometers to even millimeters [29]. 

Brewer et al. [29] used helium pycnometry combined with pow-

der micro-granular pycnometry to calculate the densities and po-

rosities of biochar. Jiang et al. [30] identify radiation-based (e.g. 

microscopy) and porosimetry-based (such as water immersion 

porosimetry) methods as the main experimental techniques 

while suggesting the use of several of them to be able to achieve 

a comprehensive research result. Glé et al. [24] extensively de-

scribe aspects of density and porosity measurements of hemp 

shives themselves and suggest pycnometry (powder, helium, air, 

nitrogen, or mercury-based) as the optimal method for measur-

ing the properties of ground biocomposites. They also suggested 
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X-ray computed tomography as one option, but due to its time-

consuming nature, it should be rather used for local structure 

studies. Delanoy et al. [31] studied the porosities of two different 

hemp concretes (with a lime-based binder and a natural cement) 

using an air porosimeter. Wei et al. [28] studied the properties 

of bio-based composite building materials created from corn res-

idue and magnesium cement using the Archimedes method and 

acetone-based pycnometry. Ferroukhi et al. [32] used pyc-

nometry to find densities and porosities of hemp concrete based 

on a lime binder containing PCM. However, experimental data 

on the physical properties of bio-based building composites 

studied in this paper, i.e. hemp concrete created with magnesium 

binder, is difficult to find in the literature, and additionally, such 

results for materials containing PCM are also notably lacking. 

This article presents the results of an experimental study in 

which the values of geometric and true density, as well as total, 

open, and closed porosity, were measured for 10 samples of bio-

based building composites made of hemp shives and magnesium 

binder. Three of them contained microencapsulated PCM in dif-

ferent proportions, seven were bio-based composite samples 

with a different bulk density, and additionally, two conventional 

building materials were studied for comparison purposes. A he-

lium pycnometer was used to determine total porosity and true 

density, while the Archimedes method based on measurements 

in isopropyl alcohol was used to determine open porosity. 

2. Description of the method and materials inves-

tigated 

2.1. Investigated materials 

Bio-based composite materials with different bulk densities ob-

tained during the manufacturing of the biocomposite samples by 

the research team from the Riga Technical University were 

tested [9]. All samples were made by mixing hemp shives, mag-

nesium binder (MgO), magnesium chloride (MgCl2) water solu-

tion, and water needed for the initial preparation of materials. To 

3 samples, microencapsulated PCM was added in the form of 

concentrated water dispersion. Different mass shares of constit-

uents were used to obtain tested composites, as presented in Ta-

ble 1.  

In the applied hemp shives (Natūralus Pluoštas, Lithuania), 

almost 74% of all plant pieces were characterized by lengths 

ranging from 1 to 30 mm, with the longest pieces reaching up to 

40 mm. The base bulk density of the hemp components was in 

the range of 80110 kg/m3, while compacted bulk density was 

115 kg/m3. Magnesia named RKMH-F (produced by RHI AG, 

Austria) and calcined at the temperature of 750°C was used to 

prepare the composite. Its composition consists of 74% MgO 

with an admixture of CaO, SiO2, Fe2O3, and Al2O3 in a range of 

14%. Magnesium chloride (Chemische Fabrik Kalk, Germany) 

in the form of flakes was applied and, before adding to the mix-

ture, was initially diluted in water in a 1:1 by-mass proportion. 

Additionally, some water was used to initially moisturize dry 

hemp particles, which strongly absorb water [33]. 

PCM-containing samples were produced by adding concen-

trated water dispersion of microcapsules MikroCapsPCM25-

S50 (MikroCaps d.o.o., Slovenia) with the paraffin wax en-

closed in a polyurethane shell. The average size of the micro-

capsules varied from 1 to 15 μm, and the PCM content inside 

the dry capsule was 8286%, while in the dispersion, it was 41-

45% wt. Paraffin used was characterized by latent heat in the 

range of 140175 kJ/kg and melting/solidification temperature 

of 2327°C. 

The PCM-free materials were designated D200, D300, 

D400, D500 and D600 (as listed in Table 1) referring to their 

approximate bulk densities. The densities of these samples var-

ied due to the use of variable amounts of MgO and MgCl2 solu-

tion relative to the other components (see Table 1). Also, the 

sample Ind400 was analyzed, which was specified for its differ-

ent industrial methods of manufacture. Samples containing 

PCMs were named PCM0, PCM5, PCM10 and PCM20. More-

over, autoclaved aerated concrete and red brick, available in the 

Polish market, were used as comparative conventional building 

materials. 

The compositions of all tested bio-based composite samples 

were calculated with reference to the mass proportion of hemp 

shives (see Table 1). The numbers in the names of samples with 

PCM, i.e. 0, 5, 10 and 20, refer to the mass ratio of the PCM-

water dispersion to the mass of MgO used for composite prepa-

ration. In fact, sample PCM0 does not contain PCM, but is the 

Table 1. Ingredients contents for preparing bio-based composite samples referring to 1 unit of hemp shives (mass proportions). 

Sample name 
Hemp 
shives 

MgO 
MgCl2 solution 1:1 

with water 
Water to initially 

moisten the hemp 
PCM water dispersion (41-

45% wt. of PCM) 
PCM mass frac-

tion (%) 

D200 1.00 0.50 0.32 1.30 - - 

D300 1.00 1.00 0.63 0.70 - - 

D400 1.00 1.93 1.22 0.50 - - 

D500 1.00 2.44 1.53 0.50 - - 

D600 1.00 3.00 1.89 0.50 - - 

Ind400 1.00 1.85 1.17 1.00 - - 

PCM0 1.00 2.00 1.26 1.00 0.00 0.0 

PCM5 1.00 2.00 1.26 1.00 0.10 1.2 

PCM10 1.00 2.00 1.26 1.00 0.20 2.3 

PCM20 1.00 2.00 1.26 1.00 0.40 4.5 
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reference sample for other materials in this batch, the production 

of which required a different composition of ingredients than the 

samples named "D", as shown in Table 1. Sample PCM0 has a 

composition most similar to D400, but during production, a bit 

more binder and twice as much water to pre-wet the hemp shives 

were used. Taking into account the mass shares of the individual 

components, the mass shares of PCM in the samples were 0.0, 

1.2, 2.3 and 4.5% for samples PCM0, PCM5, PCM10 and 

PCM20, respectively.  

2.2. Total porosity investigation using a helium pyc-

nometer 

Four small fragments were extracted from different parts of 

a larger block of tested materials to measure the true density and 

total porosity of developed bio-based building composites, from 

which 13 finely ground samples were prepared for measuring on 

a helium pycnometer. The materials were ground to fine dust 

using a laboratory grinder, with liquid nitrogen applied to in-

crease the brittleness of the bio-based fibers and facilitate the 

grinding of these samples. All samples were then dried in a la-

boratory drier at 60°C for at least 5 days. Weight measurements 

showed that this period was sufficient to consider the ground 

samples dried. After drying, density measurements were started 

using a helium pycnometer AccuPyc 1345. 

The ground material (as shown in Fig. 1) was poured into 

a cleaned, dry-air rinsed and weighed 3.5 cm3 steel vessel and 

then weighed. A laboratory scale with an accuracy of 0.001 g 

was used to weigh the samples. To increase the accuracy of the 

measurement, an effort was made to place as much powdered 

material as possible in the vessel, additionally kneading it (the 

device required a certain minimum mass of material to be placed 

inside the steel vessel). The sample was then placed inside the 

device and sealed tightly. Figure 1 also shows a filter, which is 

essential for conducting experiments on bulk substances. The 

measurement began with 10 cycles of purging the prepared sam-

ple with helium to remove air and any residual moisture and en-

sure homogeneous conditions inside, followed by 30 measure-

ment cycles. Each cycle consisted of filling the vessel with 

a certain volume of helium until an overpressure of about 1.35 

bar at 25°C was reached. When pressure stability was reached, 

an automatic valve to a vessel of known volume was opened, 

and the system was again waiting for equilibrium to be reached. 

Knowing the thermodynamic parameters, the device calculated 

the volume of the material, and using the known mass of the 

sample, its true density (𝜌𝑡) could be determined. Based on the 

information about the true density and geometric density, the to-

tal porosity of the test samples was determined. 

2.3. Open porosity investigation 

The bio-based composite samples in the shape of cubes with 

sides of about 50 mm (some of which are shown in Fig. 2), 3 of 

each type that came from the same production batch as the sam-

ples investigated on the pycnometer, were tested. For conven-

tional materials, 4 cuboidal samples were prepared from auto-

claved aerated concrete and brick with volumes similar to the 

bio-based composite samples (i.e. in the range of 105180 cm3). 

Samples were cut out of the large blocks using an angle grinder, 

and then they were smoothed and aligned with sandpaper to ob-

tain parallel walls. After the samples were prepared, they were 

placed in a laboratory drier and dried at about 60°C to remove 

moisture from them. Over the following days, the weights of the 

samples were recorded until they reached a constant mass of mdry 

in three consecutive measurements. Then, the dimensions of the 

samples were measured to the nearest 0.01 mm, three times in 

each of the three dimensions, to be able to estimate their geo-

metric volumes (𝑉𝑔) and then calculate their geometric densities 

(𝜌𝑔). 

After drying, the samples were weighed, and then saturated 

with isopropyl alcohol. To do this, they were placed inside 

a sealed vessel filled with isopropyl alcohol to the point that the 

samples were completely submerged, and then a vacuum pump 

was used to create a vacuum (at 0.85 bar gauge pressure) to 

remove air from the pores. The samples were in the vessel until 

it was determined that no more air bubbles were coming out. 

Higher-density materials required several hours to remove air, 

while porous materials required at least 23 hours. After satura-

tion, the samples were removed from the vessel and immediately 

placed in a dish with isopropyl alcohol located on a scale, where 

their apparent masses (msat,iso) were measured (the operation is 

shown in Fig. 3). During the measurements, care was taken that 

the sample placed in the glass beaker did not come into contact 

with the walls and the wires that held the dish. Measuring the 

mass in isopropyl alcohol took from 2 to as long as 5 hours. 

Samples with higher density needed much more time to stabi-

lize. After the tests, the density of isopropyl alcohol (𝜌𝑙) was 

determined using Archimedes' law and a standard of known vol-

ume. This one may have varied depending on the room condi-

tions or as a result of the dissolution of substances contained in 

the bio-based building composite samples. 

 

 

 

Fig. 1. Exemplary sample prepared for testing  

in helium pycnometer. 
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After measuring the apparent mass, the samples were re-

moved from the vessel, slightly wiped from the outside to re-

move the lingering liquid layer from the surface, and then 

weighed to obtain the mass of the sample saturated with isopro-

pyl alcohol (msat,air). The open porosity was calculated based on 

mass measurements, and with known total porosity, the closed 

porosity value can be obtained. This was done using the follow-

ing steps. 

Geometric density is defined as the ratio of a dry sample's 

mass (𝑚𝑑𝑟𝑦) to its geometric volume (𝑉𝑔): 

 𝜌𝑔 =
𝑚𝑑𝑟𝑦

𝑉𝑔
. (1) 

The volume of open pores is calculated from the following 

equation: 

 𝑉𝑝 =
𝑚𝑠𝑎𝑡,𝑎𝑖𝑟− 𝑚𝑑𝑟𝑦

𝜌𝑙
, (2) 

where: 𝜌𝑙 is isopropyl alcohol density, and 𝑚𝑠𝑎𝑡,𝑎𝑖𝑟  is the mass 

of the sample saturated with isopropyl alcohol measured in air. 

The total volume, which is the volume of the solid, including 

the pores inside its structure, is defined as the difference in the 

saturated weight of the sample measured in air (𝑚𝑠𝑎𝑡,𝑎𝑖𝑟) and in 

isopropyl alcohol (𝑚𝑠𝑎𝑡,𝑖𝑠𝑜): 

 𝑉𝑡 =
𝑚𝑠𝑎𝑡,𝑎𝑖𝑟− 𝑚𝑠𝑎𝑡,𝑖𝑠𝑜

𝜌𝑙
. (3) 

Open porosity is defined as the ratio of open pore volume 

(𝑉𝑝) to total volume (𝑉𝑡): 

 𝜖𝑜 =
𝑉𝑝

𝑉𝑡
, (4) 

while total porosity is determined from the formula: 

 𝜖𝑡  = (1 − 
𝜌𝑔

𝜌𝑡
) ∙ 100%, (5) 

where 𝜌𝑡 is a true density, which is the density of a solid phase. 

Closed porosity is calculated as the difference between total 

porosity and open porosity: 

 𝜖𝑐 = 𝜖𝑡  −  𝜖𝑜. (6) 

3. Results 

From the results shown in Fig. 4 it can be deduced that the geo-

metric density results of samples that do not contain PCM are 

very close to the assumed bulk density values included in the 

sample names. The largest difference occurs for D200 samples 

containing the lowest amount of binder. The largest standard de-

viation values were also achieved for these samples. This may 

be due to the brittleness of the samples since the small amount 

of binder used in their production made them extremely fragile, 

and they may have lost some material. As a result, their mass 

might be smaller and their geometric dimensions irregular, re-

sulting in difficulties in measuring accurately. It is worth noting 

 

Fig. 2. Archimedes test samples (from the left: D300, D500, PCM20, red brick, and autoclaved aerated concrete). 

 

 

Fig. 3. A sample during measurement of apparent mass  

in isopropanol. 
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that the geometric density value of Ind400 samples is slightly 

higher than that of D400. For the comparative materials, it can 

be seen that red brick is much denser, which means it is also 

more massive, while autoclaved aerated concrete places its den-

sity between D500 and D600 samples. 

Samples containing PCM achieve similar geometric densi-

ties for each composite type (see Fig. 5). As the content of the 

PCM increases, no clear trend in the density variation is noticed. 

Moreover, the standard deviations for the samples with PCM are 

low, and all results obtained were similar for every sample type. 

Most interestingly, even though the basic PCM0 samples were 

manufactured with ingredients fractions very similar to the sam-

ples labeled D400, it can be seen from a comparison of Figs. 4 

and 5 that the values of their geometric densities are much closer 

to those of D500. This is due to the higher amount of water used 

during the preparation of the PCM0 mixture than for D400, 

which resulted in a more liquid mixture consistency and greater 

susceptibility to compaction. 

The results in Fig. 6 show the relationship between true den-

sity and bulk density (bio-based composite samples are ordered 

according to the rise in geometric density). An increase in true 

density with an increase in bulk density can be observed due to 

a higher amount of binder in denser samples and, thus, a lower 

proportion of hemp shives – the trend is clear. Moreover, the 

values of the true density of pure hemp shives and magnesium 

binder are also presented for comparison. Since magnesium 

binder is denser than plant fibers, samples with higher bulk den-

sity have more of it. Samples labeled D200 and D300 differ sig-

nificantly in their true density from the observed trend for oth-

ers, and a significant spread of results for D200 should be 

pointed out. These results show that achieving an even distribu-

tion of the binder in the low-density samples in the manufactur-

ing process is difficult, and samples could be highly macroscop-

ically non-homogenous. In contrast to the results of the geomet-

ric density test, the differences between D400, D500, D600 and 

Ind400 samples are relatively small. In this case, the density of 

the D400 samples is higher than the value for Ind400. However, 

it is worth noting that autoclaved aerated concrete has a higher 

true density than all bio-based composite samples, unlike its ge-

ometric density. 

Samples containing PCM have almost the same true densi-

ties. However, comparing Figs. 6 and 7, it can be seen that they 

have values slightly smaller than those of the D400 and Ind400 

samples and much lower than those of D500. 

True density values (sometimes called solid density) for 

hemp concrete made of lime-metakaolin binder found in the lit-

erature range from 1.655 to 2.155 g/cm3 [34]. These values 

should be considered only as a certain point of reference due to 

the different compositions of the materials tested and the use of 

different binders. Nevertheless, they allow for the conclusion 

that the results obtained in this work are realistic. Interesting re-

sults of density studies were presented by Ferroukhi et al. [32], 

who show that as the proportion of PCM in the bio-based com-

posite structure increased (i.e., PCM amount was 0, 5, 10, and 

15% of the mass of lime binder), the values of true density and 

geometric density significantly decreased. For samples investi-

gated in this work, Figs. 5 and 7 show only small changes in 

density values with a change in the PCM proportion. Figure 5 

shows an increase in density with an increase in PCM for sam-

ples PCM0, PCM5 and PCM10, but sample PCM 20 disrupts 

this trend, while in Fig. 7, true density decreases with the rise in 

the PCM amount, similarly as in [32]. Slightly different trends 

 

Fig. 4. Mean geometric density of the tested samples without PCM 

(minimal and maximal expanded uncertainty:  

0.004 and 0.044 g/cm3, respectively). 

 

 

Fig. 5. Mean geometric density of the tested samples containing 

PCM (minimal and maximal expanded uncertainty:  

0.004 and 0.055 g/cm3, respectively). 

 

Fig. 6. Mean true density of the tested samples without PCM (mini-

mal and maximal expanded uncertainty: 0.019 and 0.0149 g/cm3, 

respectively). 
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in [32] can be due to much higher shares of PCM in the tested 

composites than in this work, i.e. 3.3, 6.6 and 9.2% wt. vs. 1.2, 

2.3 and 4.5%, respectively, that can better reflect general com-

posites behaviour. 

The total porosity values of the bio-based composites shown 

in Fig. 8 vary from nearly 90% for the D200 samples to 70% for 

the D600 samples. These differences are naturally due to the 

varying mass content of hemp shives, which are much more po-

rous than the magnesium binder, i.e., the lower the sample den-

sity, the higher the mass share of hemp shives, and the higher 

the porosity. Moreover, less binder resulted in more macropores 

in the composite. The porosity value of autoclaved aerated con-

crete does not differ from biocomposites and is very close to 

Ind400, while red brick is much less porous through its very 

compact structure. 

The results in Fig. 9 show that the total porosity of the sam-

ples with PCM is similar to each other and close to that of the 

D500 samples but slightly lower than that of autoclaved aerated 

concrete. No correlation between the PCM content in the com-

posite and its porosity value was observed. 

The open porosity results in Fig. 10 show that this porosity 

decreases with the bulk density of the samples. Again, the values 

for D200 and D300 are significantly different (i.e., higher) than 

for the other composites. A similar level of open porosity as for 

D200 and D300 achieves the autoclaved aerated concrete. More-

over, the Ind400 open porosity value clearly exceeds that of 

D400. Among all the samples tested, the values of open porosity 

significantly exceed those of closed porosity, which is largely 

related to the structure of the hemp shives that are highly porous 

with closed pores.  

The lowest open and closed porosity has red brick. Its closed 

porosity value is only 3.2%, while the open one is 40.2%. The 

autoclaved aerated concrete has a slightly higher open porosity 

of 3.6%. This shows well the structure of autoclaved aerated 

concrete, which is blown during production, and many small 

cracks are formed in it. The closed porosity values of bio-based 

composites range from 10.3% to 16.5% and seem chaotic – no 

relationship between bulk density and closed porosity is visible. 

For PCM samples, the open porosity fluctuates around 63%, 

which is comparable to D400 samples and much less than auto-

claved aerated concrete (see Fig. 11). This time, however, an in-

teresting relationship was obtained for the closed porosity re-

sults – as the proportion of PCM increases, the value of closed 

porosity decreases from 11.5% for PCM0 to 10.0% for PCM20. 

Literature values for the total porosity of lime-metakaolin-

based hemp concrete reach values in the range of 7279% [34]. 

 

Fig. 7. Mean true density of the tested samples containing PCM 

(minimal and maximal expanded uncertainty: 

0.019 and 0.057 g/cm3, respectively). 

 

Fig. 8. Mean total porosity of the tested samples without PCM (min-

imal and maximal expanded uncertainty:  

0.61 and 3.04 pp, respectively). 

 

Fig. 9. Mean total porosity of the tested samples containing PCM 

(minimal and maximal expanded uncertainty:  

0.61 and 3.51 pp, respectively). 

 

 

Fig. 10. Mean closed and open porosity of the tested samples  

without PCM (minimal and maximal expanded uncertainty:  

0.74 and 1.74 pp for open porosity, and 1.54 and 4.09 pp for closed 

porosity, respectively). 
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In this study, total porosities of 89.6% and 84.3% were achieved 

for specimens D200 and D300, respectively, with a much lower 

density than those tested in the literature, while other compo-

sites' results are in line with the data presented in [34]. An inter-

esting aspect is the studies of open porosity presented in the lit-

erature, where results ranged from 50% for the vacuum satura-

tion method [35] to 76% for the air porosimetry [36]. The po-

rosity results achieved by Ferroukhi et al. [32] for PCM materi-

als were in the range from 74.9% for a reference sample to 

73.1% for a sample named HC15PCM. The values shown in 

Fig. 9 are very close to these, although one should consider the 

different compositions of the biocomposite samples and differ-

ent constituents used in [31] and this study. 

All combined standard uncertainties presented in Figs. 411 

take into account both measurement uncertainties due to inaccu-

racies of the instruments (mainly related to weight measure-

ments on balances, but also geometrical measurements, volume 

with a pycnometer or isopropyl alcohol density) and standard 

deviations of the results obtained from multiple samples. In the 

case of the uncertainty calculation for total porosity, where each 

of the 13 samples had a different uncertainty in volume meas-

urement, the measurement with the largest relative uncertainty 

was selected, and this error was assumed for the whole material. 

Finally, an expanded uncertainty was calculated by applying  

a coverage factor k = 2, for which the confidence coefficient is 

better than 95%. 

4. Conclusions 

In the conducted experiments, the values of the basic parameters 

of bio-based composite building materials, such as densities  

(i.e. true and geometric) and porosities (total, open, and closed), 

were measured. The results obtained can find application as in-

put data in numerical models simulating the hygro-thermal be-

havior of wall elements or help in assessing the utility of con-

sidered building materials. The basic properties of the biocom-

posites were also compared with autoclaved aerated concrete, 

some of whose properties were quite similar to bio-based mate-

rials, and with the much denser and less porous red brick. 

The applied measurement techniques achieved results that 

can be considered realistic when compared to similar experi-

ments described in the literature. For densities, total porosity, 

and open porosity measurements, results with satisfactory meas-

urement uncertainties were obtained, while it should be high-

lighted that a significant part of these uncertainties may be due 

to the heterogeneous structure of the biocomposite building ma-

terials. However, it should be emphasized that the calculated 

values of the closed porosity of the tested materials, due to the 

large relative uncertainties (i.e. reaching even close to 100%), 

can only be considered indicative. To achieve more reliable 

closed porosity measurement results, a different measurement 

method should be developed, which is dependent on a lower 

number of intermediate measurements. 

Most of the parameters studied show a clear relationship be-

tween the bulk density of the samples (which is controlled by 

the amount of binder added to their production) and the individ-

ual parameters. As the bulk density decreases, the true and geo-

metric densities decrease also while the porosity increases. The 

situation is completely different in the case of samples contain-

ing PCM – a correlation between the mass share of microcap-

sules with PCM and the studied parameter was found only for 

the closed porosity. This may indicate a lack of regularity during 

manufacturing or a small effect of the microencapsulated PCM 

on the studied parameters. In terms of properties, the samples 

with PCM reach values between those obtained for D400 and 

D500. 
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1. Introduction 

A new area of research that connects energy generation and con-

sumption is thermal energy storage. Phase change materials with 

high energy storage density and isothermal working qualities are 

particularly significant in latent heat storage units. The effective 

and efficient heat storage of the thermal energy storage system 

depends on the use of phase change material (PCM). Finding 

a compromise between competing PCM selection attributes is 

usually necessary when choosing the best PCM to meet specific 

requirements. Thermal properties (e.g., latent heat of transition, 

thermal conductivity, specific heat, thermal stability, etc.); phys-

ical properties (e.g., density, volume change, vapour pressure); 

chemical properties (e.g., recycle, toxicity, flammability); ki-

netic properties (e.g., supercooling, phase separation); economic 

performance (e.g., cost); and certain managerial considerations 

are among the important requirements that must be met. All 

these requirements are considered as the PCM selection attribu- 
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Nomenclature 

Cp – specific heat, kJ/(kg K) 

K – thermal conductivity, W/(m K) 

LH – latent heat of fusion, kJ/kg 

t – time, min 

T – temperature, oC 

 

Greek symbols 

ρ – density, kg/m3  

 

Subscripts and Superscripts 

i – attribute  

j – alternative  

l – liquid 

s – solid  

 

Abbreviations and Acronyms 

AHP – analytic hierarchy process 

 

BWM – best-worst method 

CoCoSo – combined compromise solution 

COPRAS – complex proportional assessment 

CRITIC – criteria importance through intercriteria correlation 

EDAS – evaluation based on distance from average solution 

EXPROM2– extension of PROMETHEE 

MADM – multi-attribute decision-making 

MEREC – method based on the removal effect of criteria 

MOORA – multi-objective optimization of ratio analysis 

MULTIMOORA – multi-objective optimization of ratio analysis  

                                plus the full multiplicative form 

PCM  – phase change material 

PROMETHEE – preference ranking organization method for enrich- 

                            ment evaluations 

TOPSIS  – technique for order preference by similarity to ideal  

                  solution 

VIKOR  – višekriterijumsko kompromisno rangiranje 

WASPAS– weighted aggregated sum product assessment 

WPM – weighted product method  

tes. As a number of PCM materials are available in the market, 

selecting the right PCM for a particular application becomes dif-

ficult and challenging. No single PCM can possess all the re-

quired properties and characteristics and hence selection of 

a best PCM for a given energy storage application is considered 

as a multi-attribute decision-making (MADM) problem.  

Any MADM method for PCM selection involves the (i). 

PCM alternatives, (ii). PCM selection attributes, (iii). weights of 

importance assigned to the PCM selection attributes, and (iv). 

performance data of the PCM alternatives corresponding to the 

selection attributes. The chosen MADM method process the 

given data keeping in view of these four components and sug-

gests the best PCM for the given energy storage application for 

optimal storage performance. The person making the decision 

(known as decision-maker) considers the importance of each se-

lection attribute for the particular application based on his/her 

expertise and professional judgment.  

Over the past ten years, researchers used several MADM 

methods to establish reliable methodologies for selecting the 

best PCMs for certain applications [1–16]. It is observed from 

the literature review on PCM selection that the researchers used 

different MADM methods. Even a particular MADM method 

like TOPSIS (technique for order preference by similarity to 

ideal solution) was used by the researchers for different applica-

tions. Two or more MADM methods were also used for a given 

application by many researchers in their works. Some of the 

widely used MADM methods for PCM selection were: tech-

nique for order preference by similarity to ideal solution (TOP-

SIS) [1–3,5,7–12,15,16], višekriterijumsko kompromisno rang-

iranje (VIKOR) [2,11,16], multi-objective optimization of ratio 

analysis (MOORA) [6,7], multi-objective optimization of ratio 

analysis plus the full multiplicative form (MULTIMOORA) [6], 

complex proportional assessment (COPRAS) and weighted ag-

gregated sum product assessment (WASPAS) [11], preference 

ranking organization method for enrichment evaluations (PRO-

METHEE) [2], extension of PROMETHEE (EXPROM2) [16], 

evaluation based on distance from average solution (EDAS) [7], 

combined compromise solution (CoCoSo) [6], weighted product 

method (WPM) [14], etc. For obtaining the weights of im-

portance of the PCM selection attributes, the methods like ana-

lytic hierarchy process (AHP) and fuzzy AHP [2], entropy 

method [3], best-worst method (BWM) [6], criteria importance 

through intercriteria correlation (CRITIC) [7], method based on 

the removal effect of criteria (MEREC) [11], range analysis 

[15], compromise weights approach [16], etc. were used by the 

researchers and those weights were utilized in the MADM meth-

ods for processing the data. Fuzzy scales were also used for con-

verting the qualitative attributes into quantitative ones [2,16]. 

However, the fuzzy logic uses different membership functions 

and defuzzification methods and application of these functions 

and approaches may produce different results [17]. It is also ob-

served that TOPSIS method is the widely used method by the 

researchers for PCM selection.  

An important observation is that the researchers [116] used 

the properties and characteristics of the phase change materials 

such as latent heat of fusion, thermal conductivity for solid state 

(and liquid state), specific heat for solid state (and liquid state), 

density for solid state (and liquid state), cost, maintenance and 

operational costs, technological complexities, compatibility, 

flammability, risk levels, etc. for selection of a best PCM from 

amongst the available PCMs. Using the available data related to 

the properties and characteristics a large number of PCMs, the 

researchers used MADM methods and conducted simulation 

studies to choose a best PCM for the given application. After 

choosing a particular PCM, the researchers had then suggested 

that particular PCM for use in the given application. However, 

real experimentation was not conducted by the researchers 

[1−16] on the alternative PCMs to decide the selection of right 

PCM. It was because of the difficulty of experimenting on 

a large number of PCMs which is a costly and time-consuming 

activity.  

Only limited number of research works are available on the 

real experimentation conducted on the PCMs for the purpose of 

selecting a best PCM out of the available ones. However, the 

number of PCMs experimented in such works is very less, be-

cause of the difficulty of experimenting on a large number of 
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PCMs. Oró et al. [18] studied a thermal energy storage system 

using PCM for low temperature applications such as commercial 

freezers. A set of PCM formulations based on ammonium chlo-

ride-water binary system were tested and analyzed to provide 

information useful for the selection of PCM with regard to their 

melting range, latent heat, stability under cycling, and cost. Yu 

et al. [19] conducted testing of GH-33 and GH-37 PCMs in 

boards mounted on internal surfaces of the main sun-facing 

walls of buildings for heating and curing of construction ele-

ments made of precast concrete. The theoretical and experi-

mental study results suggested that the use of 50 mm thick board 

made of GH-37 composite PCM on the internal surface of the 

main sun-facing wall of the curing building provided the best 

thermal performance. Prieto et al. [20] tested thermal energy 

storage systems containing PCMs such as LiOH-LiBr and 

LiOH-KOH for direct steam generation concentrating solar 

power plants. After a deep characterization process, the LiOH-

KOH was selected. Thus, it can be understood that the selection 

of best PCM for a given application was carried out by most of 

the researchers using MADM methods and simulations only.  

Even though the above-mentioned MADM methods are use-

ful for selection of right PCM for a given application, they also 

have drawbacks. For example, the TOPSIS approach necessi-

tates extensive computations that become more difficult as the 

number of alternatives and attributes increases. The ranks of al-

ternatives provided by the TOPSIS method can vary depending 

on the different normalization techniques applied to standardize 

the data. In the case of VIKOR method, there is additional pro-

cessing needed. The method could lead to different outcomes for 

the same attribute weights in different ranking lists depending 

upon the weight allotted to "the majority of attributes". The other 

MADM techniques have drawbacks of their own and require  

a significant amount of processing [21,22].  

The weights of the PCM selection attributes decided by the 

decision-maker are called the subjective weights. The AHP 

method [2] generates a large number of comparison matrices by 

comparing attributes and alternatives on a scale from 1 to 9. The 

issue of contradictory judgements occasionally comes up. Fur-

thermore, the way the weights are determined (arithmetic mean, 

geometric mean, etc.) can affect the choice results. The BWM 

strategy [6] outperforms the AHP method in terms of judgment 

consistency, but it also requires a significant amount of compu-

tational work due to the increase in pairwise comparisons be-

tween the worst, best, and other criteria.  

The weights of the PCM selection attributes can also be de-

termined using objective approaches by utilizing methods like 

the entropy method [3], CRITIC [7], MEREC [11], etc. These 

weights are called the objective weights since the decision-

maker has no control over how they are determined. It should be 

highlighted, nevertheless, that the decision-maker has no role in 

the objective weights, which are determined by the given nu-

merical values of the attributes. These objective weights may be 

(most probably) entirely different from the decision-maker's 

opined subjective weights. The opinions of the decision-makers 

who actually deal with the practical values of the attributes in 

a given decision-making situation are therefore not taken into 

consideration, which makes the evaluation and ranking of the  

 

alternatives using such objective attribute weights potentially 

meaningless. Recently, a few studies have begun using compo-

site weights in PCM selection, which combine the objective and 

subjective weights [16]. These compromise weights might not 

be utilized at all in actual decision-making scenarios and simply 

remain as an academic exercise.  

The research questions (RQs) related to selection of a right 

alternative PCM using MADM methods are: 

1. RQ1: Is there a simple and effective MADM method to 

weigh the PCM selection attributes logically and evaluate 

the performance of alternative PCMs used in different en-

ergy storage units?  

2. RQ2: Can such chosen MADM method handle both quali-

tative and quantitative PCM selection attributes?  

3. RQ3: If such simple and effective MADM method exists, 

will it be easy to comprehend and practical to use for selec-

tion of best PCM for different energy storage applications?  

4. RQ4: Will the objective weights obtained from the perfor-

mance data of the PCM selection attributes really meaning-

ful? 

5. RQ5: Is it feasible to have an appropriate MADM method 

that is both reliable and resistant to changes in the PCM 

selection attributes’ weights? Can such kind of MADM 

method regarded as best? 

The main objective of this research paper is to answer to the 

above-mentioned RQs. Hence, an attempt is made in this paper 

to develop an improved MADM method based on simple rank-

ing procedure. The proposed decision-making method addresses 

the above research questions. The proposed method is a simple, 

systematic, logical, and effective MADM method to process the 

performance data of the alternative PCMs corresponding to dif-

ferent PCM selection attributes (both quantitative and qualita-

tive), to logically decide the weights of importance of the PCM 

selection attributes, and to rank the alternative PCMs based on 

their total performance. The proposed method is applied for 

PCM selection in three different thermal energy storage appli-

cations.  

The proposed decision-making methodology, named as, 

BHARAT-II, is explained in detail in the next section. 

2. Proposed decision-making methodology for 

PCM selection 

The following is a description of the steps of the proposed meth-

odology for PCM selection. 

Step 1: Determine the PCM selection attributes Ai (i = 1, 2,..., 

m), and the alternative PCMs Bj (for j = 1, 2,..., n). The PCM 

selection attributes are both non-beneficial (i.e., lower values are 

desired) and beneficial (i.e., higher values are desired).  

Step 2: Decide the order of importance of the PCM selection 

attributes to obtain the weights wi (for i = 1, 2,..., m). The order 

of importance is in terms of 1, 2, 3, 4, and so on, based on how 

significant they are in relation to each other. An average rank 

will be given if two or more attributes are thought to be equally 

important.  

For example, let there are four PCM selection attributes − 

W, X, Y, and Z − and the ranks of 1, 2, 3, and 4 are assigned to 
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them. Matrix A1 shows the rank relations:  

               W       X        Y        Z 
 

 A1 = 

𝑊
𝑋
𝑌
𝑍

  [

1 2 3 4
1/2 1 3/2 4/2
1/3 2/3 1 4/3
1/4 2/4 3/4 1

].  

It may be noted that in matrix A1, the diagonal elements are 

1 (i.e., rWW = 1, rXX = 1, rYY = 1, and rZZ = 1) and the elements 

below the diagonal are the reciprocals of the rank relations of 

the selection attributes given above the diagonal (i.e. 

rXW = 1/rWX, rYW = 1/rWY, rZW = 1/rWZ, rYX = 1/rXY, rZX = 1/rXZ, 

rZY = 1/rYZ).  

The arithmetic means of each row of the A1 matrix are cal-

culated and these are 2.5 (i.e., 10/4), 1.25 (i.e., 5/4), 0.833333 

(i.e., 3.33333/4) and 0.625 (i.e., 2.5/4), respectively. The grand 

summation of these row sums is equal to 5.208333 (i.e., 2.5 + 

1.25 + 0.83333 + 0.625). Now dividing each row sum with the 

grand sum of 5.208333 gives the A2 matrix, which corresponds 

to the weights of the four selection attributes considered:  

 A2 = [

0.48
0.24
0.16
0.12

] .  

Similar to the AHP and BWM approaches, if the consistency 

check is performed to check for consistency of rank relations 

provided in matrix A1, the matrix A3 is computed as A1*A2: 

 A3 = A1*A2 = [

1.92
0.96
0.64
0.48

].   

Now A4 matrix is computed as A3/A2: 

 A4 = A3/A2 = [

1.92/0.48
0.96/0.24
0.64/0.16
0.48/0.12

] =  [

4
4
4
4

].  

Now the maximum eigen value (λmax) is computed: 

 λmax = average of A4 = (4+4+4+4)/4 = 4.   

Consistency index (CI) = (λmax–m)/(m1) = (44)/(41) = 0; 

the no. of attributes = size of A1 matrix = 4. 

The CI value of 0 indicates that the rank relations provided 

in A1 matrix are absolutely consistent and there is no error pre-

sent in the judgements of rank relations. As a result, weights of 

0.48, 0.24, 0.16, and 0.12 can be assigned to the attributes W, X, 

Y, and Z respectively. By expanding this method to any number 

of attributes and giving each one a rank, the attributes’ weights 

may be found. It may be stated here that techniques such as AHP 

and BWM seldom provide absolute consistency in the assess-

ments of relative importance. Thus, the proposed method is 

more dependable. 

Step 3: For every alternative PCM, obtain the performance 

data corresponding to the PCM selection attributes. The perfor-

mances may be in qualitative or quantitative terms. Transform 

the qualitative attribute data (expressed in descriptive language) 

into quantitative data by applying a straightforward scale and 

avoiding the use of fuzzy logic. Rao [21−23] proved that there 

is no need of using fuzzy scales and simple ordinary scales will 

serve the same purpose. Simple ordinary scales can simply re-

place the fuzzy scales provided by different researchers to deal 

with linguistic or qualitative attributes using different member-

ship functions. Table 1, for example, shows the transformation 

of a qualitative or linguistic attribute into a quantitative attribute 

on 11-point scale. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Step 4: Normalize the data for a PCM selection attribute by 

comparing it to the attribute's "best" value for various alternative 

PCMs. To obtain the normalized data, repeat this normalization 

process for each attribute. When referring to a beneficial attrib-

ute, the term "best" denotes the highest value that is available, 

and when referring to a non-beneficial attribute, the lowest value 

that is available. Normalization is required for the performance 

measurements of alternative PCMs. For a beneficial attribute, 

the normalized value (xji)norm is xji/xi.best; and for a non-beneficial 

attribute, it is xi.best/xji. The i-th attribute's best value is repre-

sented by xi.best. The standing positions of the alternative PCMs 

in relation to the "best" values of the attributes are clearly dis-

played by this kind of normalization of the data with reference 

to the "best" values.  

Step 5: Total score of an alternative PCM is ∑ wi*(xji)norm 

and it is the result of multiplying the selection attributes’ weights 

with the corresponding normalized data of the attributes for the 

alternatives.  

Step 6: Arrange the alternative PCMs in decreasing order, 

based on their total scores. The alternative PCM that receives 

the highest total score is considered best for the particular PCM 

selection problem investigated.  

The flowchart of the proposed decision-making method is 

shown in Fig. 1. 

Table 1. Transformation of a qualitative attribute into a quantitative at-

tribute using a 11-point scale.  

Linguistic  
expression 

Fuzzy 
scale 

value for 
a benefi-
cial at-
tribute 

[23] 

Fuzzy 
scale 

value for 
a non-

beneficial 
attribute 

[23] 

Simple 
scale 

value for 
a benefi-
cial at-
tribute 

Simple 
scale 

value for 
a non-
benefi-
cial at-
tribute 

Exceptionally 
low 

0.0455 0.9545 0.0 1.0 

Extremely low  0.1364 0.8636 0.1 0.9 

Very low 0.2273 0.7727 0.2 0.8 

Low 0.3182 0.6818 0.3 0.7 

Below average 0.4091 0.5909 0.4 0.6 

Average  0.5 0.5 0.5 0.5 

Above average 0.5909 0.4091 0.6 0.4 

High 0.6818 0.3182 0.7 0.3 

Very high 0.7727 0.2273 0.8 0.2 

Extremely high 0.8636 0.1364 0.9 0.1 

Exceptionally 
high 

0.9545 0.0455 1.0 0 
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3. Applications of proposed decision-making 

method to the case studies of phase change ma-

terial selection for energy storage 

3.1. Case study 1: PCM selection for a domestic water 

heating system using LH storage unit 

Gadhave et al. [16] conducted a case study to decide the right 

PCM for a domestic water heating system containing a PCM-

based LH storage system, a storage tank with water, and addi-

tional accessories such as a circulation pump, flowmeter, valve, 

etc. The decision-making problem considered 15 alternative 

PCMs, designated from M1 to M15, analyzed under 5 selection 

attributes. Figure 2 shows the goal, selection attributes, and the 

alternative PCMs for case study 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now to select a best PCM out of 15 PCMs, the steps of the 

proposed decision-making method are carried out as described 

below. 

Step 1: Table 2 shows the PCM selection attributes and the 

alternative PCMs considered by Gadhave et al. [16]. The selec-

tion attributes are the material properties: latent heat of fusion 

(LH), thermal conductivity for solid state (Ks), thermal conduc-

tivity for liquid state (Kl), specific heat for solid state (Cps), spe-

cific heat for liquid state (Cpl), density for solid state (ρs), den-

sity for liquid state (ρl), and cost (C). The attributes LH, Ks, Kl, 

Cps, Cpl, and ρs, and ρl are beneficial and C is non-beneficial. 

The cost (C) is expressed linguistically and the corresponding 

quantitative values on a simple ordinary scale are assigned using 

Table 1 and shown in parentheses. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Step 2: To determine the weights of the 8 PCM selection at-

tributes, ranks are assigned. The rank 1 is assigned to LH as it is 

considered much more important for the given application. In 

this case study, the attributes ρs and ρl are considered equally 

significant. Hence, an average rank of 2.5 (i.e., (2+3)/2) is allo- 

cated. Comparably, Ks and Kl have an average rank of 4.5 (i.e., 

(4+5)/2); Cps and Cpl have an average rank of 6.5 (i.e., (6+7)/2); 

and C has a rank of 8. The attributes have been assigned the 

same ranks as those shown in Table 3. The rank relationships 

and weights of the 8 attributes are shown in Table 3. 

 

 

Fig. 2. Goal, selection attributes, and the alternative PCMs of case study 1. 

  

Fig. 1. Flowchart of the proposed decision-making method. 

Table 2. Data of the 8 attributes and 15 alternative PCMs of case study 1.  

PCM 
LH 

kJ/kg 
Ks 

W/(m K) 
Kl 

W/(m K) 
Cps 

kJ/(kg K) 
Cpl 

kJ/(kg K) 
ρs 

kg/m3 
ρl 

kg/m3 
C 

P116-Wax (M1) 209 0.14 0.277 2.89 2.89 786 786 H (0.3) 

Stearic acid (M2) 211.6 1.6 0.3 1.76 2.27 940 940 VH (0.2) 

Lauric acid (M3) 178 1.6 0.147 1.6 2.27 870 870 A (0.5) 

Palmitic acid (M4) 201 0.29 0.21 2 2.37 942 862 A (0.5) 

n-Eicosane (M5) 248 0.426 0.146 1.926 2.4 910 769 L (0.7) 

Medicinal paraffin (M6) 146 0.3 2.1 2.25 2.2 830 830 L (0.7) 

Paraffin wax (M7) 210 0.24 0.15 2.9 2.1 860 780 L (0.7) 

Paraffin wax (M8) 190 0.24 0.22 2 2.15 910 790 L (0.7) 

Stearic acid (M9) 169 0.29 0.29 1.59 1.59 965 847 A (0.5) 

Sodium sulphate decahy-
drate (M10) 

180 0.15 0.3 2 2 1460 1458 H (0.3) 

Sodium acetate trihydrate 
(90%)+graphite (10%) (M11) 

190 2.5 2.5 2.5 2.5 1350 1350 H (0.3) 

RT55 (M12) 172 0.2 0.2 2 2 880 770 L (0.7) 

RT60 (M13) 167.6 0.2 0.2 2 2 880 770 VL (0.8) 

n-Hexacosane (M14) 256 0.21 0.21 2 2 778.3 770 A (0.5) 

RT50 (M15) 160 0.2 0.2 2 2 880 760 L (0.7) 
 

VH: Very High; H: High; A: Average; L: Low; VL: Very Low 
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The CR value for the rank relations matrix containing 8 PCM 

selection attributes is 0. Thus, there exists absolute consistency 

in the judgments of rank relations. The last column of Table 3 

gives the weights of the 8 PCM selection attributes. 

Step 3: The linguistic expressions of the attribute C are trans-

formed to quantitative values using Table 1 without the need of 

using fuzzy logic. These values are shown in Table 2 in paren-

theses. The values are assigned to non-beneficial C based on Ta 

ble 1. After assigning like this, the assigned values for C can be 

considered beneficial for the sake of normalization.  

Step 4: The data is normalized based on the "best" PCM for 

each attribute. The best values of the attributes are shown in bold 

inside Table 2. Table 4 shows the normalized values. For exam-

ple, the normalized value of 0.816406 for LH corresponding to 

M1 is obtained by (209/256); the value of 0.056 for Ks corre-

sponding to M1 is obtained by (0.14/2.5). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Step 5: Total scores of alternative PCMs are calculated by 

multiplying the selection attributes’ weights with the corre-

sponding normalized data of the attributes for the alternatives. 

For example, the total score of PCM designated as M1 is com-

puted as: 

 Total score (M1) = 0.37353*0.816406 + 0.083 + 0.056 +   

 0.083*0.1108 + 0.05746*0.996552 + 0.05746*1 +   

 0.14941*0.538356 + 0.14941*0.539095 +   

 0.04669*0.375 = 0.612029.   

The total scores of the PCMs are given in Table 5. 

 

 

 

 

 

 

 

 

 

 

 

Table 3. Rank relationships of the 8 attributes in case study 1. 

Attributes 

Attributes 

LH Ks Kl Cps Cpl ρs ρl C 
Means 
of rows 

Weights 
of attributes 

LH 1 4.5 4.5 6.5 6.5 2.5 2.5 8 36 0.37353 

Ks 1/4.5 1 1 6.5/4.5 6.5/4.5 2.5/4.5 2.5/4.5 8/4.5 8 0.083 

Kl 1/4.5 1 1 6.5/4.5 6.5/4.5 2.5/4.5 2.5/4.5 8/4.5 8 0.083 

Cps 1/6.5 4.5/6.5 4.5/6.5 1 1 2.5/6.5 2.5/6.5 8/6.5 5.53843 0.05746 

Cpl 1/6.5 4.5/6.5 4.5/6.5 1 1 2.5/6.5 2.5/6.5 8/6.5 5.53843 0.05746 

ρs 1/2.5 4.5/2.5 4.5/2.5 6.5/2.5 6.5/2.5 1 1 8/2.5 14.4 0.14941 

ρl 1/2.5 4.5/2.5 4.5/2.5 6.5/2.5 6.5/2.5 1 1 8/2.5 14.4 0.14941 

C 1/8 4.5/8 4.5/8 6.5/8 6.5/8 2.5/8 2.5/8 1 4.5 0.04669 

Total = 96.3768 1.000 

 

Table 4. Normalized values for case study 1.  

PCM Normalized values 

LH Ks Kl Cps Cpl ρs ρl C 

M1 0.816406 0.056 0.1108 0.996552 1 0.538356 0.539095 0.375 

M2 0.826563 0.64 0.12 0.606897 0.785467 0.643836 0.644719 0.25 

M3 0.695313 0.64 0.0588 0.551724 0.785467 0.59589 0.596708 0.625 

M4 0.785156 0.116 0.084 0.689655 0.820069 0.645205 0.591221 0.625 

M5 0.96875 0.1704 0.0584 0.664138 0.83045 0.623288 0.527435 0.875 

M6 0.570313 0.12 0.84 0.775862 0.761246 0.568493 0.569273 0.875 

M7 0.820313 0.096 0.06 1 0.726644 0.589041 0.534979 0.875 

M8 0.742188 0.096 0.088 0.689655 0.743945 0.623288 0.541838 0.875 

M9 0.660156 0.116 0.116 0.548276 0.550173 0.660959 0.580933 0.625 

M10 0.703125 0.06 0.12 0.689655 0.692042 1 1 0.375 

M11 0.742188 1 1 0.862069 0.865052 0.924658 0.925926 0.375 

M12 0.671875 0.08 0.08 0.689655 0.692042 0.60274 0.528121 0.875 

M13 0.654688 0.08 0.08 0.689655 0.692042 0.60274 0.528121 1 

M14 1 0.084 0.084 0.689655 0.692042 0.533082 0.528121 0.625 

M15 0.625 0.08 0.08 0.689655 0.692042 0.60274 0.521262 0.875 

 

Table 5. Total scores of 15 PCMs of case study 1.  

PCM No. PCM Total score PCM No. PCM Total score 

M1 P116-Wax 0.612029 M9 Stearic acid 0.543704 

M2 Stearic acid 0.65604 M10 Sodium sulphate decahydrate 0.673313 

M3 Lauric acid 0.601936 M11 Sodium acetate trihydrate (90%) +  
graphite (10%) 

0.836491 

M4 Palmitic acid 0.610559 

M5 n-Eicosane 0.679525 M12 RT55 0.553467 

M6 Medicinal paraffin 0.591894 M13 RT60 0.552883 

M7 Paraffin wax 0.627383 M14 n-Hexacosane 0.654616 

M8 Paraffin wax 0.589825 M15 RT50 0.534933 
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Step 6: The alternative PCMs are arranged in decreasing or-

der of their total scores. The PCMs are ranked from highest to 

lowest total scores as follows: M11-M5-M10-M2-M14-M7-

M1-M4-M3-M6-M8-M12-M13-M9-M15. 

With the highest total score, the PCM identified as M11 can 

be considered as the best choice for the given application of do-

mestic water heating system. Gadhave et al. [16] used entropy 

and AHP methods for obtaining the weights of the attributes and 

finally combined those weights to get the compromised weights 

of 0.4208, 0.0853, 0.0805, 0.0353, 0.0354, 0.1624, 0.1616, and 

0.0187 for LH, Ks, Kl, Cps, Cpl, ρs, ρl, and C, respectively. The 

compromise weights were then used by Gadhave et al. [16] in 

TOPSIS, VIKOR, and EXPROM2 methods to calculate the 

scores and then ranked the PCMs.  The PCMs were ranked from 

highest to lowest total scores as follows: 

 TOPSIS [16]: M11-M2-M14-M5-M10-M6-M3-M7-M1-

M4-M8-M9-M12-M13-M15, 

 VIKOR [16]: M11-M5-M14-M2-M1-M7-M10-M4-M8-

M3-M12-M9-M13-M15-M6, 

 EXPROM2 [16]: M11-M2-M5-M10-M14-M7-M1-M4-

M3-M8-M9-M6-M12-M13-M15. 

These methods also suggested M11 as the best choice. How-

ever, it may be noted that the compromise weights were obtained 

by combining the objective weights obtained by entropy method 

and the subjective weights obtained by AHP method. In fact, the 

objective weights obtained and the subjective weights obtained 

by Gadhave et al. [16] were completely different. The objective 

and subjective weights were then combined to form the compro-

mise weights. The compromise weights might not be utilized at 

all in actual decision-making scenarios and it simply remains as 

an academic exercise. However, for fair comparison, if the com-

promise weights used by Gadhave et al. [16] in TOPSIS, VI-

KOR, and EXPROM2 methods are used in the proposed deci-

sion-making method, then the PCMs can be arranged in the fol-

lowing order. 

 Proposed method (using the compromise weights):  

M11-M10-M5-M2-M14-M7-M4-M1-M3-M8-M6-M9-

M12-M13-M15. 

Using the same compromise weights as those used in VI-

KOR, TOPSIS, and EXPROM2, the proposed decision-making 

method also suggested M11 as the best choice. The last choice 

is M15. It may be noted once again that the proposed decision-

making method is involved in simple normalization procedure 

and the calculation of total scores of PCMs compared to the 

computationally intensive TOPSIS, VIKOR, and EXPROM2 

methods. The ranks assignment procedure and the subsequent 

determinations of the weights of the PCM selection attributes by 

the decision maker are more logical compared to the compro-

mise or combined weights used by Gadhave et al. [16]. The pro-

posed method makes it easy to convert qualitative attributes into 

quantitative, does not require the use of fuzzy scale as that used 

by Gadhave et al. [16].  

3.2. Case study 2: PCM selection for a triple tube heat 

exchanger unit 

Yang et al. [15] presented the results of simulation conducted to 

investigate the impact of PCMs’ thermophysical characteristics 

on a triple tube heat exchanger (TTHX) unit's heat storage ratio. 

The weights assigned to the attributes were obtained using range 

analysis at various time scales. Lastly, the ranking and selection 

process was carried out using the TOPSIS method. Figure 3 

shows the goal, selection attributes, and the alternative PCMs 

for case study 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The findings showed that the heat storage rate was signifi-

cantly influenced by the thermophysical characteristics. The 

PCM PlusICE-S117 was found to be the ideal PCM when the 

melting time was 20 minutes, since the PCM density and ther-

mal conductivity attributes were given greater weights. But 

when the melting time was 150 or 250 min, the most important 

attributes to take into account were the PCM density and melting 

enthalpy, and the alternative urea-NaCl was considered as the 

best one. 

The decision-making problem considered 12 alternative 

PCMs, designated from P1 to P12, analyzed under 5 selection 

attributes. Now to select a best PCM out of the 15 PCMs, the 

steps of the proposed decision-making method are carried out as 

described below. 

Step 1: Table 6 shows the PCM selection attributes and the 

alternative PCMs considered by Yang et al. [15]. The selection 

attributes are the material properties: melting temperature (Tm), 

density (ρ), latent heat of fusion (LH), specific heat (Cp), and 

thermal conductivity (K).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Goal, selection attributes, and the alternative PCMs 

of case study 2. 

Table 6. Data of the 5 attributes and 12 alternative PCMs of case study 2. 

PCM 
No. 

PCM 
Tm 
°C 

Ρ 
kg/m3 

LH 
kJ/kg 

Cp 
kJ/(kgK) 

K 
W/(mK) 

P1 RT82 82 770 170 2000 0.2 

P2 RT90HC 90 850 170 2000 0.2 

P3 Urea-NH4Cl 102 1348 214 2090 0.58 

P4 Urea-NaCl 112 1372 230 2020 0.6 

P5 Urea-K2CO3 102 1415 206 2020 0.58 

P6 MgCl2·6H2O 116 1450 167 2610 0.57 

P7 Mg(NO3)2·6H2 90 1550 163 2480 0.49 

P8 PlusICE-S117 117 1450 160 2610 0.7 

P9 PlusICE-H105 105 1700 125 1500 0.5 

P10 PlusICE-X120 120 1245 180 1500 0.36 

P11 PlusICE-A95 95 900 205 2200 0.22 

P12 PlusICE-X90 90 1200 135 1510 0.36 
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Yang et al. [15] ignored the thickness of the tube walls and 

assumed the thermophysical properties of the PCM as equal in 

the liquid and solid phases. All these 5 selection attributes are 

beneficial.  

Step 2: For sub-case 1 of Yang et al. [15], when the heat 

storage rate was considered for the first 20 minutes, density ρ 

was considered much more important followed by thermal con-

ductivity K. Hence, rank 1 is given to ρ, rank 2 is given to K, 

rank 3 is given to LH, rank 4 is given to Tm, and rank 5 is given 

to Cp. Table 7 displays the rankings assigned to the 5 attributes 

along with the weights derived (similar to the procedure ex-

plained in section 2). 

 

 

 

 

 

 

 

 

 

 

 
 

 

It may be noted that the CR value for the rank relations ma-

trix containing 5 PCM selection attributes is 0. Thus, there exists 

absolute consistency in the judgments of rank relations. The last 

column of Table 7 gives the weights of the 5 PCM selection at-

tributes. 

Step 3: The values shown in Table 6 are already quantitative 

in nature and there is no need of transformation. All 5 attributes 

are of beneficial type.  

Step 4: The data shown in Table 6 is normalized based on 

the "best" PCM for each attribute. The best values of the attrib-

utes are shown in bold in Table 6. The normalized values are 

shown in Table 8. For example, the normalized value of 

0.683333 for Tm corresponding to P1 is obtained by (82/120). 

Similarly, the other data is normalized and given in Table 8.  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Step 5: Total scores of alternative PCMs are calculated by 

multiplying the selection attributes’ weights with the corre-

sponding normalized data of the attributes for the alternatives. 

For example, the total score of PCM designated as P1 is com-

puted as: 

 Total score (P1) = 0.109489*0.683333 +   

 0.437956*0.452941 + 0.145985*0.73913 +   

 0.087591*0.766284 + 0.218978*0.285714 = 0510773.   

The total scores of the PCMs are given in Table 9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Step 6: The alternative PCMs are arranged in decreasing or-

der of their total scores. The PCMs are ranked from highest to 

lowest total scores as follows: 

 P8-P4-P6-P5-P3-P7-P9-P10-P12-P11-P2-P1.  

With the highest total score, the PCM identified as P8 (i.e. 

PlusICE-S117) can be considered as the best choice for the 

given application of PCM selection for a triple tube heat ex-

changer unit (for the sub-case-1 of case study-2).  

For sub-case 2 of Yang et al. [15], when the heat storage rate 

was considered for the first 150 minutes, density ρ was consid-

ered much more important followed by latent heat L. Hence, 

rank 1 is given to ρ, rank 2 is given to LH, rank 3 is given to Tm, 

rank 4 is given to K, and rank 5 is given to Cp. Table 10 displays 

the rankings assigned to the 5 attributes along with the weights 

derived. 

 

 

 

 

 

 

 

 

 

 

 

 

For sub-case 3 of Yang et al. [15], when the heat storage rate 

was considered for the first 250 minutes, density ρ was consid-

ered much more important followed by latent heat LH, K, Tm, 

and Cp. Hence, rank 1 is given to ρ, rank 2 is given to LH, rank 

3 is given to K, rank 4 is given to Tm, and rank 5 is given to Cp. 

Table 11 displays the rankings assigned to the 5 attributes along 

with the weights derived (similar to the procedure explained in 

section 2). 

Table 7. Rank relationships of the 5 attributes of case study 2 and the cor-

responding weights (sub-case 1 of considering heat storage rate when the 

melting process continues up to 20 minutes).  

Attrib-
utes 

Tm ρ LH Cp K 
Means  
of rows 

Weights  
of attributes 

Tm 1 1/4 3/4 5/4 2/4 3.75/5=0.75 0.75/6.85=0.109489 

ρ 4 1 3 5 2 15/5=3 3/6.85=0.437956 

L 4/3 1/3 1 5/3 2/3 (15/3)/5=1 1/6.85=0.145985 

Cp 4/5 1/5 3/5 1 2/5 (15/5)/5=0.60 0.6/6.85=0.087591 

K 2 1/2 3/2 5/2 1 7.5/5=1.5 1.5/6.85=0.218978 

Total = 6.85 1.000000 

 

Table 8. Normalized values for sub-case 1 of case study 2.  

PCM Tm ρ L Cp K 

P1 0.683333 0.452941 0.73913 0.766284 0.285714 

P2 0.75 0.5 0.73913 0.766284 0.285714 

P3 0.85 0.792941 0.930435 0.800766 0.828571 

P4 0.933333 0.807059 1 0.773946 0.857143 

P5 0.85 0.832353 0.895652 0.773946 0.828571 

P6 0.966667 0.852941 0.726087 1 0.814286 

P7 0.75 0.911765 0.708696 0.950192 0.7 

P8 0.975 0.852941 0.695652 1 1 

P9 0.875 1 0.543478 0.574713 0.714286 

P10 1 0.732353 0.782609 0.574713 0.514286 

P11 0.791667 0.529412 0.891304 0.842912 0.314286 

P12 0.75 0.705882 0.586957 0.578544 0.514286 

 

Table 9. Total scores of 15 PCMs of sub-case 1 of case study 2. 

PCM No. PCM Total Score 

P1 RT82 0.510773 

P2 RT90HC 0.538682 

P3 Urea-NH4Cl 0.827748 

P4 Urea-NaCl 0.857118 

P5 Urea-K2CO3 0.837582 

P6 MgCl2·6H2O 0.85129 

P7 Mg(NO3)2·6H2 0.821402 

P8 PlusICE-S117 0.888427 

P9 PlusICE-H105 0.819852 

P10 PlusICE-X120 0.707434 

P11 PlusICE-A95 0.591309 

P12 PlusICE-X90 0.640242 

 

Table 10. Rank relationships of the 5 attributes of sub-case 2 of case study 

2 and the corresponding weights (considering heat storage rate when the 
melting process continues up to 150 minutes).  
 

Attrib-
utes 

Tm ρ L Cp K 
Means  
of rows 

Weights  
of attributes 

Tm 1 1/3 2/3 5/3 4/3 5/5=1 1/6.85=0.145985 

ρ 3 1 2 5 4 15/5=3 3/6.85=0.437956 

L 3/2 1/2 1 5/2 2 7.5/5=1.5 1.5/6.85=0.218978 

Cp 3/5 1/5 2/5 1 4/5 3/5=0.6 0.6/6.85=0.087591 

K 3/4 1/4 2/4 5/4 1 3.75/5=0.75 0.75/6.85=0.109489 

Total= 6.85 1.000000 
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Table 12 shows the total scores of 12 PCMs corresponding 

to melting process timings. The alternative PCMs can be ar-

ranged in the descending order of the total scores for all the three 

sub-cases of case study 2 

 proposed method (for tmelting=250 minutes):  

P4-P8-P6-P5-P3-P7-P9-P10-P12-P11-P2-P1. 

 proposed method (for tmelting=150 minutes):  

P4-P8-P6-P5-P3-P7-P9-P10-P12-P11-P2-P1. 

 proposed method (for tmelting=20 minutes):  

P8-P4-P6-P5-P3-P7-P9-P10-P12-P11-P2-P1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The alternative PCM P4 is considered as the best PCM if the 

melting time of 150 minutes as well for up to 250 minutes. How-

ever, the alternative PCM P8 is found as the best alternative 

PCM for melting time of 20 minutes.  

It may be mentioned here that Yang et al. [15] used different 

weights of the attributes for the three sub-cases of case study 2 

and used these weights in TOPSIS method to evaluate the alter-

native PCMs. 

The weights used by Yang et al. [15] for sub-case 1 were: 

0.092, 0.404, 0.214, 0.036 and 0.254 for Tm, ρ, LH, Cp and K, 

respectively.  

The weights used by Yang et al. [15] for sub-case 2 were: 

0.112, 0.405, 0.320, 0.056 and 0.107 for Tm, ρ, LH, Cp, and K, 

respectively. The weights used by Yang et al. [15] for  

sub-case 3 were: 0.094, 0.408, 0.340, 0.053 and 0.105 for Tm, ρ, 

L, Cp and K, respectively. The ranking of PCMs for different 

melting times were as given below: 

 TOPSIS [15] (for tmelting=250 minutes): P4-P5-P3-P7-

P6-P8-P9-P10-P11-P12-P2-P1. 

 TOPSIS [15] (for tmelting=150 minutes): P4-P5-P3-P7-

P6-P8-P9-P10-P12-P11-P2-P1. 

 TOPSIS [15] (for tmelting=20 minutes): P8-P4-P5-P6-

P3-P9-P7-P10-P12-P11-P2-P1. 

 

For fair comparison, the same three sub-cases with the same 

weights of attributes, as considered by Yang et al. [15], are at-

tempted using the proposed decision-making method and the 

following rankings are obtained 

 proposed method (for tmelting=250 minutes) for the same 

weights used in TOPSIS [15]: 

P4-P5-P3-P8-P6-P7-P9-P10-P11-P12-P2-P1. 

 proposed method (for tmelting=150 minutes) for the same 

weights used in TOPSIS [15]: 

P4-P5-P3-P8-P6-P7-P9-P10-P11-P12-P2-P1. 

 proposed method (for tmelting=20 minutes) for the same 

weights used in TOPSIS [15]: 

P4-P8-P5-P3-P6-P9-P7-P10-P12-P11-P2-P1. 

It is clear that using the same weights as those used in TOP-

SIS [15], the proposed decision-making method also suggested 

P4 as the first choice and P5 as the second choice for the sub-

cases of tmelting=250 minutes and tmelting=150 minutes. It may be 

noted that the TOPSIS method used by Yang et al. [15] involves 

too lengthy calculations for normalization, calculating the ob-

jective weights using range analysis method, and then using 

those objective weights in the remaining computationally inten-

sive steps. However, the procedure suggested by the proposed 

method is straightforward and simple to comprehend, in contrast 

to the TOPSIS method. As seen in this case study, the proposed 

method allows the use of weights of attributes calculated by 

other methods or as decided by the decision-maker based on in-

tuition or experience.  

3.3. Case study 3: PCM selection for an optimal Trombe 

wall performance 

Thermal energy storage in buildings considerably lowers the en-

ergy demand of the building by releasing its stored energy when 

the need arises. Buildings use Trombe walls to store and distrib-

ute thermal energy, which controls the ambient temperature in 

each space. PCMs have been investigated extensively for latent 

heat thermal energy storage within the walls of Trombe to en-

hance performance. Oulah [5] investigated 11 alternative PCMs 

for selection of a suitable PCM for optimal Trombe wall perfor-

mance using TOPSIS method. The heat of fusion, thermal con-

ductivity, density, and cost were the four attributes taken into 

account. Except the cost attribute, the remaining attributes are 

of beneficial type.  

Figure 4 shows the schematic of the PCM selection problem 

and Table 13 shows the data of the 4 attributes and 11 alternative 

PCMs. The best values of the attributes are shown in bold in 

Table 13. 

Following the steps of the proposed decision-making 

method, the data given in Table 13 is normalized and is shown 

in Table 14. Table 15 displays the rankings assigned to  

the 4 attributes along with the weights derived. 

Table 12. Total scores of 12 PCMs corresponding to melting process  
continued up to 20 minutes (sub-case 1), 150 minutes (sub-case 2)  

and 250 minutes (sub-case 3).  

PCM 
No. 

PCM Total score 
(tmelting=20 

min) 

Total score  
(tmelting=150 

min) 

Total score  
(tmelting=250 

min) 

P1 RT82 0.510773 0.558381 0.543869 

P2 RT90HC 0.538682 0.588723 0.571778 

P3 Urea-NH4Cl 0.827748 0.835966 0.835183 

P4 Urea-NaCl 0.857118 0.870326 0.867546 

P5 Urea-K2CO3 0.837582 0.84326 0.842478 

P6 MgCl2·6H2O 0.85129 0.850414 0.844853 

P7 Mg(NO3)2·6H2 0.821402 0.823862 0.822037 

P8 PlusICE-S117 0.888427 0.8653 0.866212 

P9 PlusICE-H105 0.819852 0.81325 0.807384 

P10 PlusICE-X120 0.707434 0.744747 0.72702 

P11 PlusICE-A95 0.591309 0.65085 0.633427 

P12 PlusICE-X90 0.640242 0.654149 0.645547 

 

Table 11. Rank relationships of the 5 attributes of sub-case 3 of case 

study 2 and the corresponding weights (considering heat storage rate 

when the melting process continues up to 250 minutes). 

Attrib-
utes 

Tm ρ L Cp K 
Means  
of rows 

Weights  
of attributes 

Tm 1 1/4 2/4 5/4 3/4 3.75/5=0.75 0.75/6.85=0.109489 

ρ 4 1 2 5 3 15/5=3 3/6.85=0.437956 

L 2 1/2 1 5/2 3/2 7.5/5=1.5 1.5/6.85=0.218978 

Cp 4/5 1/5 2/5 1 3/5 3/5=0.6 0.6/6.85=0.087591 

K 4/3 1/3 2/3 5/3 1 5/5=1 1/6.85=0.145985 

Total= 6.85 1.000000 
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It may be noted that the CR value for the rank relations ma-

trix containing 4 PCM selection attributes is 0. Thus, there exists 

absolute consistency in the judgments of rank relations. The last 

column of Table 15 gives the weights of the 4 PCM selection 

attributes. 

Now using the normalized data of the attributes given in Ta-

ble 14 and the weights of the attributes given in the last column 

of Table 15, the total scores of the 11 alternative PCMs are cal-

culated and are given in Table 16. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The PCMs are now arranged in the descending order of the 

total scores: 

 P5-P11-P10-P9-P8-P6-P7-P1-P2-P4-P3.  

From the total scores of 11 PCMs, it can be understood that 

PCM designated as P5 (i.e., Capric acid and palmitic acid) is the 

first choice and PCM designated as P11 (i.e. MnCl2•4H2O) is 

the second choice for the Trombe wall.  

It may be noted that Oulah et al. [5] used the objective 

weights of the attributes obtained by the entropy method (the 

weights were: 0.020109, 0.7127, 0.1124 and 0.1549 for the heat 

of fusion, thermal conductivity, density, and cost respectively). 

In fact, the objective weights are not much meaningful as they 

do not take into account the decision-maker’s preferences. Us-

ing the objective weights, Oulah et al. [5] obtained the following 

rankings using the TOPSIS method: 

 TOPSIS [5]: P5-P11-P8-P9-P10-P6-P7-P1-P2-P3-P4. 

It can be seen that the entropy method suggests a bigger 

weightage of 0.7127 for thermal conductivity. Obviously, the al-

ternative PCM which is the best with reference to the thermal 

conductivity emerges as the first choice (in this case, the PCM 

designated as P5) and the ranking of other PCMs will also be 

affected by such a higher weightage assigned to thermal conduc-

tivity. That was why Rao [21] opined that attributes weights 

should be decided by the decision-maker only as he/she is going 

to face the advantage or disadvantage of his/her decision. How- 

 
 

Fig. 4. Goal, selection attributes, and the alternative PCMs 

of case study 3. 

Table 13. Data of the attributes for case study 3.  

PCM 
Heat  

of fusion 
kJ/kg 

Thermal  
conductivity 

W/(m K) 

Density 
kg/m3 

Cost 
$/kg 

Paraffin C13-24 (P1) 189 0.21 760 2 

RT-27 (P2) 179 0.2 800 3.6 

RT-18 (P3) 134 0.2 756 3.6 

n-Octadecane (P4) 179 0.2 750 5 

Capric acid and palmi-
tic acid (P5) 

177 2.2 784 1.78 

Capric acid (P6) 142.7 0.2 815 1.5 

Capric acid + 1 deca-
nol (P7) 

126.9 0.2 817 1.6 

Mn(NO3)2•6H2O (P8) 125.9 0.6 1700 2 

SP25A8 Hydrated salt 
(P9) 

180 0.6 1380 1.8 

CaCl2•6H2O (P10) 187 0.53 1710 1.8 

MnCl2•4H2O (P11) 175 1 1490 2 

 

Table 14. Normalized data of the attributes for case study 3.  

PCM 
Heat  

of fusion 
kJ/kg 

Thermal 
conductivity 

W/(m K) 

Density 
kg/m3 

Cost 
$/kg 

Paraffin C13-24 (P1) 1 0.095455 0.444444 0.75 

RT-27 (P2) 0.94709 0.090909 0.467836 0.416667 

RT-18 (P3) 0.708995 0.090909 0.442105 0.416667 

n-Octadecane (P4) 0.94709 0.090909 0.438596 0.3 

Capric acid and pal-
mitic acid (P5) 

0.936508 1 0.45848 0.842697 

Capric acid (P6) 0.755026 0.090909 0.476608 1 

Capric acid + 1 
decanol (P7) 

0.671429 0.090909 0.477778 0.9375 

Mn(NO3)2•6H2O (P8) 0.666138 0.272727 0.994152 0.75 

SP25A8 Hydrated salt 
(P9) 

0.952381 0.272727 0.807018 0.833333 

CaCl2•6H2O (P10) 0.989418 0.240909 1 0.833333 

MnCl2•4H2O (P11) 0.925926 0.454545 0.871345 0.75 

 

Table 15. Rank relationships of the 4 attributes of case study 3 and the 

corresponding weights. 

Attributes 

Heat 
of fu-
sion 
kJ/kg 

Thermal 
conduc-

tivity 
W/(mK) 

Den-
sity 

kg/m3 

Cost 
$/kg 

Means  
of rows 

Weights 
of attributes 

Heat of fu-
sion 

1 1/4 3/4 2/4 2.5/4=0.625 
0.625/5.20833 

= 0.12 

Thermal 
conductiv-
ity 

4 1 3 2 10/4=2.5 
2.5/5.20833 

= 0.48 

Density 4/3 1/3 1 2/3 
(10/3)/4 

= 0.83333 
0.83333/5.20833 

= 0.16 

Cost 2 1/2 3/2 1 5/4=1.25 
1.25/5.20833 

= 0.24 

Total= 5.20833 1.00000 

 

Table 16. Total scores of 11 PCMs of case study 3.  

PCM Total Scores of PCMs 

Paraffin C13-24 (P1) 0.416929 

RT-27 (P2) 0.332141 

RT-18 (P3) 0.299453 

n-Octadecane  (P4) 0.299463 

Capric acid and palmitic acid (P5) 0.867985 

Capric acid (P6) 0.450497 

Capric acid + 1 decanol (P7) 0.425652 

Mn(NO3)2•6H2O (P8) 0.54991 

SP25A8 Hydrated salt (P9) 0.574318 

CaCl2•6H2O (P10) 0.594367 

MnCl2•4H2O (P11) 0.648708 
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ever, for fair comparison, if the same objective weights are used 

in the proposed method, the alternative PCMs can be arranged 

as shown below 

 proposed method (using the objective weights of  

Oulah et al. [5]): P5-P11-P8-P9-P10-P6-P7-P1-P2-P3-P4.  

The ranking is exactly same as that given by Oulah et al. [5] 

due to the reasons explained above.  

4. Discussion  

The research questions (RQs) related to selection of a right al-

ternative PCM are reproduced below and discussion is made: 

1. RQ1: Is there a simple and effective MADM method to 

weigh the PCM selection attributes logically and evaluate 

the performance of alternative PCMs used in different en-

ergy storage units?  

Yes, it is possible to develop such a simple and effective 

MADM method for PCM selection as proved in three dif-

ferent case studies of energy storage units. 

2. RQ2: Can such chosen MADM method handle both quali-

tative and quantitative PCM selection attributes?  

Yes, the proposed decision-making method can handle 

both qualitative and quantitative attributes. This has been 

clearly demonstrated in the first case study. The suggested 

method can transform the qualitative (i.e. linguistically ex-

pressed) attributes into quantitative ones with the aid of 

simple linear scales. 

3. RQ3: If such simple and effective MADM method exists, 

will it be easy to comprehend and practical to use for se-

lection of best PCM for different energy storage applica-

tions?  

Yes, it is already shown in case studies 1, 2, and 3 that the 

proposed method can easily deal with information at hand. 

Even to deal with the qualitative information of the attrib-

utes, simple ordinary linear scales can be used instead of 

fuzzy logic-based scales. The proposed method is easy to 

comprehend and practical to use for selection of right alter-

native PCM for different energy storage applications. 

4. RQ4: Will the objective weights obtained from the perfor-

mance data of the PCM selection attributes really mean-

ingful? 

No, not meaningful. The objective weights may be (most 

probably) entirely different from the decision-maker's 

opined subjective weights. The opinions of the decision-

makers who actually deal with the practical values of the 

attributes in a given decision-making situation are therefore 

not taken into consideration, which makes the evaluation 

and ranking of the alternatives using such objective attrib-

ute weights potentially meaningless. Recently, a few stud-

ies have begun using composite weights in PCM selection, 

which combine the objective and subjective weights 

[3,7,16]. These compromise weights might not be utilized 

at all in actual decision-making scenarios and simply re-

main as an academic exercise. 

5. RQ5: Is it feasible to have an appropriate MADM method 

that is both reliable and resistant to changes in the PCM 

selection attributes’ weights? Can such kind of MADM 

method regarded as best? 

There is no doubt that an MADM method must be reliable. 

However, an MADM method need not be resistant to 

changes in the attributes’ weights. How is it justified that 

the MADM method suggests the same ranking of alterna-

tives even if the attributes’ weights changed? It is unjusti-

fied and meaningless. It can be seen from the three sub-

cases of case study. When the ranks and the weights im-

portance of the PCM selection attributes are changed, the 

rankings are changed. Weights of importance are changed 

means the priorities of the decision-maker are changed. 

Then how an MADM method should remain insensitive? 

Rao [21] opined that the researchers may suggest that a par-

ticular MADM method indicates a particular alternative as 

the first choice within certain percentage of variation in 

each attribute’s weight. One need not look upon at an 

MADM method which is resistant to any changes in the at-

tributes’ weights of importance. 

The five research questions (RQs) answered above will 

make the readers more informed about the assignment of 

weights to the attributes and the application of the proposed 

MADM method for right PCM selection for a given application. 

The three case studies have amply demonstrated the poten-

tial of the proposed method as a multi-attribute decision-making 

method. It is important to observe that the ranking remains the 

same even if the fuzzy scales given in Table 1—rather than the 

simple linear scales—are used to translate the linguistic expres-

sions used by the decision-maker. This is quite helpful when 

making decisions in real-world situations.  

5. Conclusions  

Thermal energy storage is an emerging field of study that links 

the production and consumption of energy. Particularly im-

portant in latent heat storage units are phase change materials 

with high energy storage density and isothermal working char-

acteristics. Selecting the right PCM is crucial to the effective and 

efficient heat storage of the thermal energy storage system. Se-

lecting the right PCM to satisfy certain requirements typically 

necessitates finding a compromise between opposing attributes. 

A large number of researchers select PCMs according to cost, 

availability, and experience. However, PCMs in the present 

work are chosen using a variety of attributes. The research work 

reported in this paper tackled the PCM selection problem by us-

ing a simple and effective decision-making method, named as 

BHARAT-II.  

Three case studies of PCM selection are presented to illus-

trate the potential of the proposed methodology. The first case 

study addressed the issue of choosing the best PCM selection for 

a domestic water heating latent heat storage system by consid-

ering 15 different PCMs and 8 selection attributes; the second 

case study addressed the problem of selecting the best PCM for 

a triple tube heat exchanger unit by considering 12 different 

PCMs and 5 selection attributes with three sub-cases; the third 

case study addressed the problem of best PCM selection for la-

tent heat thermal energy storage within the walls of Trombe to 
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enhance performance considering 11 PCMs and 4 selection at-

tributes. 

It may be noted that in the case of widely used AHP method 

for determining the weights of importance of the selection at-

tributes, the decision-maker must indicate the relative relevance 

of each attribute compared to all other attributes. However, 

a novel feature of the proposed method is that, it simply ranks 

all of the attributes (1 to n) according to their priority as per the 

understanding of the decision-maker. A relative importance ma-

trix is then created using these ranks to further establish the 

weights. Even though the idea seems to be simple, it has the ad-

vantage of ensuring consistency while prioritizing one attribute 

over another. The consistency index is always 0 (i.e. fully con-

sistent). In AHP or BWM, this is not feasible, particularly for 

the decision-making problems containing a large number of at-

tributes. Furthermore, the proposed method clearly explained 

that the objective weights obtained from the performance data 

of the PCM selection attributes are not really meaningful, and 

the composite weights which combine the objective and subjec-

tive weights remain as an academic exercise and actually not 

used in the real decision-making scenarios. 
The second novel feature of the proposed method is that it 

can include any number of alternative PCMs and any number of 

quantitative and qualitative PCM selection attributes simultane-

ously and aids in calculating the total score values that assess the 

alternative PCMs for the selection problem under consideration. 

The third novel feature of the proposed method is that it does not 

require the use of fuzzy scales to transform qualitative attributes 

into quantitative attributes. Using the simple linear scales that 

the method suggests, decision-makers may find it simpler to as-

sign numerical values to the qualitative attributes. This fact is 

explained in the first case study presented. The proposed method 

tackles the PCM selection problem holistically, and is easy for 

decision-makers to put into practice.  

The proposed methodology offers a general procedure that 

may be used to address a range of selection problems that 

emerge in the disciplines of energy and thermal engineering that 

involve ambiguity, multiple attributes, and alternatives. 
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1. Introduction 

Siegenthaler's comprehensive book [1] presents both individual 

and central heating systems. Design solutions for building heat-

ing systems and issues of heating power control in the entire dis-

trict heating network as well as in individual buildings are de-

scribed. Also presented is the principle of the operation of mi-

crostations installed in apartments. Such microstations are in-

tended for both domestic hot water (DHW) preparation and 

apartment heating. With a microstation installed in the apart-

ment, only one heat substation is used instead of the two substa-

tions previously required – one to heat the building and the other 

to supply the apartment with domestic hot water. 

A comprehensive analysis of central heating systems, con-

cerning mainly operating and control issues, is presented in [2]. 

Attention is drawn to the frequent occurrence of excessively 

high temperatures of return water from apartments and the entire 

building, which are only 3–5°C lower than the district heating 
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Abstract 

This paper presents an analysis of the heat flow in a plate heat exchanger located at a building heat exchange station. The 
plate heat exchanger is the main source of heat for the building system based on microsubstations in the building apartments. 
The co-operation of the heat exchange station with the substations in the apartments is also described. Such microstations are 
intended for both domestic hot water preparation and apartment heating. The method of calculating the product of the heat 
transfer coefficient k and the heat exchange surface area A is presented. In order to verify the correctness of the measured 
values of the temperatures of hot and cold water at the heat exchange station inlet and outlet, they were compared to the 
values calculated using the -NTU method. Good agreement was found between the results of the calculations and the meas-
urements. Recommendations were made for the temperature of return water to the heating station. The cost of operating the 
district heating network could be reduced by increasing the surface area of central heating radiators in apartments, so that the 
temperature of return water to the heating station could be lowered. 
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Nomenclature 

𝐴 ‒ heat transfer surface area of the exchanger, m2 

𝐶̇ ‒ heat capacity rate, W/K 

𝑐̅ ‒ water mean specific heat, J/(kg K) 

𝑘 ‒ heat transfer coefficient, W/(m2K) 

𝑚̇ ‒ water mass flow rate, kg/s 

NTU ‒ number of heat transfer units 

𝑄̇ ‒ heat flux, W 

𝑄̇𝑚 ‒ mean  heat flux, W 

𝑇 ‒ temperature, C 

𝑉̇ ‒ water volume flow rate, m3/s 

 

Greek symbols 

Δ𝑇𝑚– logarithmic mean temperature difference, C 

𝜀 – heat exchanger efficiency 

𝜌 – density, kg/m3 

Subscripts and Superscripts 

max – maximum 

min – minimum 

np – medium with low parameters (water in the building system) 

pnp – water return from the building system to the station exchanger 

pwp – water return from the station exchanger to the heat distribution  

   network 

znp – outlet of water supplying the building system from the heat  

   exchange station exchanger 

zwp – inlet of water from the heat distribution network to the heat  

   exchange station exchanger 

wp – medium with high parameters (network water) 

 

Abbreviations and Acronyms 

DHW – domestic hot water 

SCADA – supervisory control and data acquisition 

 

system water temperature at the heat exchange station supply. It 

should be added that if a heat exchange station supplies a resi-

dential building equipped with microstations in each unit, which 

is the case analysed in this paper, the temperature of the building 

return water is only about 2°C lower than that of the water in the 

district heating system. In such a situation, it is necessary to se-

lect optimal values of both the network water temperature and 

flow rate to ensure a proper supply of heat and hot water to the 

building, while maintaining low costs of network water genera-

tion and low consumption of energy needed for pumping water 

in the district heating network.  

Issues related to the operation and control of district heating 

networks are the subject of numerous publications in scientific 

journals. This is partly due to the increasing use of renewable 

energy sources in central district heating systems and the appli-

cation of new solutions in the supply of buildings with heat and 

hot water. 

Ensuring a stable room temperature and adequate operating 

efficiency by means of predictive control for a district heating 

station is the subject of [3]. In China, the control of a heating 

station is mostly realized through weather compensation control. 

This leads to substantial variations in room temperature and to 

high consumption of energy needed for water pumping in the 

heating network. 

A literature review of the integration of renewable energy 

sources with low-temperature district heating systems was con-

ducted by Sarbu et al. [4]. A low-temperature district heating 

system makes it possible to provide large amounts of heat. This 

is, however, due to the low temperature in decentralized heat 

pumps (HPs) that are needed to raise the temperature of the me-

dium before it enters buildings. 

Heat exchange substations located in individual apartments, 

also called micro heat exchange stations or logotherms, provide 

an individual heat supply for heating and hot water preparation. 

They are used in multi-family housing where the building has 

one main source generating heat in a boiler room or in a heat 

exchanger plant. The heating medium from the main source of 

the building heat supply is transported by the heating system to 

individual apartments equipped with heat exchange substations 

(logotherms). Such a thermal energy management system will 

just as well find application in commercial premises, as it ena-

bles individual regulation of the heating medium, making it pos-

sible to set individual preferences for thermal comfort. A heating 

system in a residential or commercial building based on one 

main heat source and logotherms in individual units makes it 

possible to produce domestic hot water efficiently and supply 

the heating medium. The main source of heat for the building 

can be a gas boiler room, an oil boiler room or a heat exchange 

station. In the case of a boiler room, heat is produced directly on 

site, whereas in the case of a heat exchange station, thermal en-

ergy is produced at a combined heat and power plant or at a heat-

ing plant, and then distributed to the heat exchange station, 

where it feeds the building internal heating system through 

a heat exchanger.  

The advantage of boiler plants is their operation with modu-

lated power, which makes it possible to adjust the power of the 

device to the consumers’ current heat demand. When logo-

therms show less demand for heat from the main source, boiler 

rooms with modulated power lower the operating parameters.  

If the heat exchange station is the main heat source, there is 

a need to take into account the relevant operating parameters of 

the district heating network. When logotherms co-operate with 

a heat exchange station, it is necessary to pay attention to the 

operating parameters of the heat exchange station on the primary 

side, i.e. on the side of the working medium with high tempera-

ture, and on the secondary side, i.e. on the side of the heating 

system of the building. Thermal energy has to be supplied to the 

customer in the amount and with parameters strictly defined, and 

at the same time care has to be taken to ensure appropriate pa-

rameters of the district heating network on the primary side so 

that they should match the performance characteristic of the 

sources of energy. The parameters of the district heating net-

work are strictly defined by the heat distribution company. The 

distribution company is obliged to maintain the parameters of 

the heat distribution network at both the heat consumer’s and the 

heat producer’s end.  

This paper presents an analysis of the heat flow in a plate 

heat exchanger located at a heat exchange station. The heat ex-

changer is the main source of heat for the building system based 

on substations in the building apartments. The co-operation of 
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the heat exchange station with the substations in the apartments 

will also be described. 

2. Heat source: the heat exchange station co-op-

erating with the district heating system 

Heat exchange stations are sets of devices connecting the heat 

distribution network to the internal system of a building. They 

are a part of the heating system affected both by the network and 

the internal system of the facility. 

The station is the place where the heat exchange occurs be-

tween the heat distribution network and the consumer. The ther-

mal energy in the heat exchange station is transported through 

the heating medium. The heat exchange station transforms the 

high values of temperature and pressure of the heating medium 

flowing in the network, the so-called high parameter medium, 

into lower values in the consumers’ systems. 

The set of devices making up the heat exchange station reg-

ulates the heating medium on the side of both high and low pa-

rameters. 

The main elements of the station are a heat exchanger, a cir-

culation (feed) pump, valves, filters and a heat meter. The com-

position of the station elements depends on technological as-

pects, the requirements of the consumer's system and of the dis-

tribution network. 

Heat exchange stations can be divided based on many crite-

ria. One of them is the number of buildings connected to them. 

Individual heat exchange stations supply just one facility with 

thermal energy, whereas group stations supply a few. Heat ex-

change stations can also be divided depending on the method of 

the heat distribution network connection to the consumer’s sys-

tem. In this division, direct and indirect heat exchange stations 

are distinguished. In direct stations, the same medium flows in 

the network and in the consumer’s system. In indirect systems, 

there are two separate circuits, and the heat exchange is realized 

through a heat exchanger. Apart from these classification meth-

ods, there are also other divisions of heat exchange stations. 

Despite their different functions and kinds, the main task of 

heat exchange stations is to supply thermal energy from the heat 

distribution network to the consumer.  

The parameters of the heat distribution network result from 

the operating parameters of the receivers. The main parameters 

are temperature and pressure. Quantitative, qualitative and 

quantitative-qualitative regulation of the network is used. Qual-

itative regulation consists in changing the supply and the return 

temperature. Quantitative regulation consists of changing the 

heating medium mass flow rate in the pipeline. The supply tem-

perature in the summer period is constant and is about 70C, 

whereas in the heating season it is 135C. It should be remem-

bered that in the heating season the temperature of the heating 

medium in the network varies depending on the temperature of 

the ambient air. The heat distribution network must have an ap-

propriate amount of thermal energy to satisfy the current de-

mand of the consumers. The consumers’ demand depends 

mainly on atmospheric conditions, i.e. the ambient temperature. 

The water circulates in the heat distribution network thanks to 

the work of circulation pumps. The pumps are located both in 

the source of heat generation and in special facilities referred to 

as intermediate pumping stations. 

3. Structure and operating principle of a heat  

exchange microstation 

Heat exchange microstations (logotherms), shown in Fig. 1, are 

made in various configurations. They can be one- and two-func-

tion devices. Some deliver heat only for room heating, others 

can heat domestic water only. Two-function logotherms are able 

to provide heat for both central heating and domestic hot water 

preparation. The advantages of microstations are their small size 

and compact structure [5–10]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The logotherm basic elements are [11] a mounting 

plate/housing, a console with connections including shut-off 

valves, piping, a heat exchanger (for domestic hot water sys-

tems), a filter, a vent, various types of control valves: a mixing 

valve, a return limiter, a differential pressure regulator, a ther-

mostatic valve. 

The simplest models of microstations do not even need an 

electronic regulator. The principle of their operation is based, 

among other things, on specially designed hydraulic regulators, 

and thermostatic and differential pressure valves.  

In their models of microstations, the Herz company used 

a hydrodynamic regulator, which is the most important element 

of the heat exchange substation located in an apartment. It is re-

sponsible for ensuring the correct temperature of domestic hot 

water [12]. The basis of the hydrodynamic regulator operation 

is the pressure difference upstream and downstream of the reg-

ulator, caused by the flow of domestic hot water collected by the 

consumer. Figure 2 shows a simplified diagram of domestic hot 

water generation in heat exchange substations located in indi-

vidual apartments based on a self-actuated dynamic regulation 

unit.  

A self-actuated dynamic regulation unit is composed of a pri-

mary and a secondary part. One element of the structure of the 

self-actuated dynamic regulation unit is a movable drive element 

connected centrally to a stem. The stem moving in the regulator 

opens and closes the supply of the heating medium on the pri- 

 

Fig. 1. Diagram of a logotherm fed from a heat exchanger in a district 

heating substation [11]. 
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mary side of the heat exchanger. The cold water flowing through 

the primary part of the regulation unit has to be heated in the 

plate heat exchanger. The cold water is heated by the heating 

medium flowing through the regulator's secondary part. Flowing 

through the regulator's primary part, the cold water causes  

a pressure drop due to hydraulic resistance. The resulting differ-

ence in pressure causes the opening of the secondary part, which 

allows the heating medium to flow. A rise in the flow of cold 

water involves an increase in the flow of the heating medium. 

The self-actuated dynamic regulation unit is equipped with 

a DHW priority valve. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In their models of microstations, the Flamco company (for-

merly Meibes) [11] uses three-way PM-Regler valves (Fig. 3). 

The PM-Regler valve is a hydraulic switching and control valve 

that controls the process of the switching of the heating medium 

flow. When domestic hot water is drawn, it directs the heating 

medium to the heat exchanger to heat cold water. When the do-

mestic hot water intake ends, the PM-Regler valve directs the 

heating medium to the central heating circuit. Like the Herz self-

actuated dynamic regulation unit, the PM-Regler valve has the 

domestic hot water priority. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Additional equipment of logotherms includes an electric ac-

tuator, a water meter, a heat meter, an electronic regulator, 

a room temperature-setting device, circuit pumps, circulation 

pumps, etc. 

Domestic hot water preparation by the logotherm consists of 

the rapid heating of cold water in the exchanger, being a part of 

the logotherm assembly. The heat exchange microstation starts 

operating only if there is a demand for hot water or central heat-

ing. In the standby mode, the heating medium flows through 

a bypass, referred to as the thermal bridge, the temperature of 

which is kept at the working temperature level using a return 

temperature limiter. Owing to that, the heating medium is al-

ways available if a need arises to switch on the logotherm. This 

enables the heating medium minimal circulation which is to en-

sure an appropriate temperature of the medium at the logotherm 

inlet. 

4. Internal heating system based on heat  

exchange microstations located in individual 

apartments 

The internal heating systems commonly utilized by thermal en-

ergy consumers are pump systems where a circulation pump is 

used to force the heating medium flow. The circulation pump 

overcomes hydraulic resistances in the system piping.  

Most often, a two-pipe arrangement of the system is used. In 

the building's internal system feeding logotherms, there are three 

pipes (Fig. 4). One of them supplies the heat exchange substa-

tion with domestic cold water, and another supplies the substa-

tion with heat feeding the heating medium. The third pipe carries 

heating water away from the logotherm. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The pipes in the internal heating system are run both verti-

cally and horizontally. In a system co-operating with 

logotherms, a circulation bridge, called a clip, should be in-

stalled at the end of each riser (Fig. 5). The circulation bridge 

makes it possible to regulate the temperature of the heating wa-

ter feeding the microstation and of the water returning from the 

system to the heat source. 

The task of the circulation bridge is to maintain the minimal 

temperature in the pipe feeding the logotherm. On the market, 

there are clips with adjustable temperature settings in the range 

 

Fig. 4. Diagram of the clip installed at the end of the heating riser. 

 

Fig. 2. Simplified diagram of hot water generation  

in exchanger stations [12]. 

 

Fig. 3. PM-Regler valve. 
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from 45°C to 65°C and clips with a single pre-setting. In the 

latter case, if a need arises to regulate the operation of the inter-

nal system distributing heat in the building, the clip has to be 

replaced with a clip with adjustable settings or a clip with a dif-

ferent temperature pre-setting that activates the valve located on 

the circulation bridge. The operating principle of the valve 

mounted on risers is to observe the feed water temperature: if 

the temperature in the riser drops to values below the setting, the 

valve opens, forcing the heating medium flow from the feed riser 

to the return riser. In the same way the feed riser is filled with 

hot water with a temperature higher than the value of the circu-

lation bridge setting. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The clips mounted within logotherms operate based on the 

same principle as the circulation bridges mounted on the internal 

system risers. This enables the flow of the heating medium close 

to the logotherm, thus shortening the time of waiting for the heat 

needed to supply the substation. If the heating medium cools 

down in the branch feeding the substation, the valve opens, forc-

ing the heating medium flow to the branch returning to the 

source of supply. 

Apart from circulation bridges, the internal network distrib-

uting heat in the building can also be regulated using tempera-

ture limiters (Fig. 6) intended for the control of the temperature 

of the return from the apartment's individual central heating sys-

tem to the heating medium return. This valve regulates the flow 

by limiting the water flow through the apartment's central heat-

ing system, which results in increased cooling of the heating me-

dium and a reduction in the return temperature. Temperature can 

be regulated in the range from 25°C to 60°C. 

 

 

 

 

 

 

 

 

 

 

 

 

The minimum and the maximum temperature of the heating 

medium in the primary circuit should total 60°C and 80°C, re-

spectively. 

5. Description of the heat exchange station  

and the logotherm system under analysis 

The analysis of the operation of the heat exchange station with 

a system feeding logotherms was performed using the heat ex-

change system feeding the internal system based on logotherms. 

Figure 7 presents a schematic diagram of the heat exchange sta-

tion from which the data for the analysis were obtained.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The station is made of two heat exchangers supplied simul-

taneously and connected in parallel. In both exchangers, the me-

diums flow in a counter-current configuration. The heat ex-

change station, both on the exchanger's primary and secondary 

side, was equipped with heat meters with the ability to transmit 

data through a communication card and a controller to a super-

visory control and data acquisition (SCADA) system, and the 

data were then recorded. The data transmitted from the station 

are represented in the on-line mode on the system visualization, 

in the SCADA system, on purpose-made synoptic schemes 

showing the heat exchange station operation. 

6. Heat flow analysis 

The heat flow in a plate heat exchanger was analyzed using the 

-NTU method and the measuring data for which the values of 

the heat flow rate transferred from the network water to the wa-

ter heating the building are almost equal. 

The exchanger analysis by means of the -NTU method 

makes use of thermal equations transformed into a dimension-

less form. The method will be used to assess the impact of 

changes in the exchanger operating parameters on outlet temper-

atures of the mediums flowing through the exchanger on the side 

of the high and the low parameters. The following formula was 

used to calculate the efficiency of the countercurrent plate heat 

exchanger: 

 𝜀 =  
1−exp[−𝑁𝑇𝑈(1−

𝐶̇𝑚𝑖𝑛
𝐶̇𝑚𝑎𝑥

)]

1−
𝐶̇𝑚𝑖𝑛
𝐶̇𝑚𝑎𝑥

exp[−𝑁𝑇𝑈(1−
𝐶̇𝑚𝑖𝑛
𝐶̇𝑚𝑎𝑥

)]
, (1) 

where the number of heat transfer units (NTU) is expressed as: 

 

Fig. 5. Circulation bridge installed on the riser [11]. 

 

Fig. 6. Heating water return temperature limiter of residential central 

heating system. 

 

Fig. 7. Schematic diagram of the thermal node from which  

the data was obtained. 
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 𝑁𝑇𝑈 =
𝑘𝐴

𝐶̇𝑚𝑖𝑛
. (2) 

In order to calculate the number of the heat transfer units, it 

is necessary to determine the product of the heat transfer coeffi-

cient k and the exchanger heat exchange surface area A, using 

the relation defining the mean heat flux transferred in the ex-

changer: 

 𝑄̇𝑚 =  𝑘𝐴∆𝑇𝑚. (3) 

After relevant transformations, product kA can be estab-

lished using the following equation: 

 𝑘𝐴 =  
𝑄̇𝑚

∆𝑇𝑚
. (4) 

In order to determine product 𝑘𝐴, it is necessary to establish 

the mean transferred heat flux 𝑄̇𝑚 and the logarithmic mean 

temperature difference ∆𝑇𝑚. Adopting the denotation of the inlet 

and outlet temperatures of the cold and hot medium presented in 

Fig. 8, the logarithmic mean temperature difference is calculated 

using the following formula: 

 ∆𝑇𝑚 =  
(𝑇𝑧𝑤𝑝−𝑇𝑧𝑛𝑝)−(𝑇𝑝𝑤𝑝−𝑇𝑝𝑛𝑝)

𝑙𝑛(
𝑇𝑧𝑤𝑝−𝑇𝑧𝑛𝑝

𝑇𝑝𝑤𝑝−𝑇𝑝𝑛𝑝
)

. (5) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Heat flow rate 𝑄̇𝑚 in formula (4) was calculated as the arith-

metic mean of heat flux 𝑄̇𝑤𝑝 given off by hot water and heat flux 

𝑄̇𝑛𝑝 absorbed by cold water. The following formula was used to 

calculate the heat flow rate transferred from the water with 

a higher temperature (water from the heat distribution network): 

 𝑄̇𝑤𝑝 =  𝑚̇𝑤𝑝𝑐𝑤̅𝑝(𝑇𝑧𝑤𝑝 − 𝑇𝑝𝑤𝑝), (6) 

where the water mean specific heat 𝑐𝑤̅𝑝 and the water mass 

flow rate 𝑚̇𝑤𝑝 are defined by the following relations: 

 𝑐𝑤̅𝑝 =  
𝑐𝑤𝑝(𝑇𝑧𝑤𝑝)+𝑐𝑤𝑝(𝑇𝑝𝑤𝑝)

2
, (7) 

 𝑚̇𝑤𝑝 =  𝑉̇𝑤𝑝 ⋅ 𝜌(𝑇𝑝𝑤𝑝). (8) 

The heat flow rate absorbed by the building internal system 

is given by equation given below: 

 𝑄̇𝑛𝑝 =  𝑚̇𝑛𝑝𝑐𝑛̅𝑝(𝑇𝑧𝑛𝑝 − 𝑇𝑝𝑛𝑝), (9) 

where 𝑐𝑛̅𝑝 and 𝑚̇𝑛𝑝 are calculated as: 

 𝑐𝑛̅𝑝 =  
𝑐𝑛𝑝(𝑇𝑧𝑛𝑝)+𝑐𝑛𝑝(𝑇𝑝𝑛𝑝)

2
, (10) 

 𝑚̇𝑛𝑝 =  𝑉̇𝑛𝑝 ⋅ 𝜌(𝑇𝑝𝑛𝑝). (11) 

The mean heat flow rate is determined as the arithmetic mean 

of the given off heat flow rate 𝑄̇𝑤𝑝 and the absorbed heat flow 

rate 𝑄̇𝑛𝑝: 

 𝑄̇𝑚 =  
𝑄̇𝑤𝑝+𝑄̇𝑛𝑝

2
. (12) 

Knowing the average heat flow rate value from Eq. (4), prod-

uct kA is calculated, and then the number of heat transfer units 

(NTU) is established. In order to calculate the exchanger effi-

ciency, it is necessary to know the maximum and the minimum 

heat capacity rates 𝐶̇𝑚𝑎𝑥 and 𝐶̇𝑚𝑖𝑛, defined as follows: 

 𝐶̇𝑚𝑎𝑥 =  𝑚̇𝑛𝑝𝑐𝑛̅𝑝, (13) 

 𝐶̇𝑚𝑖𝑛 =  𝑚̇𝑤𝑝𝑐𝑤̅𝑝. (14) 

Calculating the heat exchanger efficiency from Eq. (1), it is 

possible to determine the cold water temperature 𝑇𝑧𝑛𝑝 and the 

hot water temperature 𝑇𝑝𝑤𝑝, taking account of the definition of 

the exchanger thermal efficiency: 

 𝜀 =  
𝐶̇𝑚𝑎𝑥(𝑇𝑧𝑛𝑝−𝑇𝑝𝑛𝑝)

𝐶̇𝑚𝑖𝑛(𝑇𝑧𝑤𝑝−𝑇𝑝𝑛𝑝)
. (15) 

Transforming Eq. (15), the following is obtained: 

 𝑇𝑧𝑛𝑝 = 𝑇𝑝𝑛𝑝 + 𝜀
𝐶̇𝑚𝑖𝑛

𝐶̇𝑚𝑎𝑥
(𝑇𝑧𝑤𝑝 − 𝑇𝑝𝑛𝑝). (16) 

After Eq. (16) is used to calculate the temperature of the wa-

ter feeding the internal system 𝑇𝑧𝑛𝑝, the exchanger heat balance 

equation:  

 𝐶̇𝑚𝑎𝑥(𝑇𝑧𝑛𝑝 − 𝑇𝑝𝑛𝑝) =  𝐶̇𝑚𝑖𝑛(𝑇𝑧𝑤𝑝 − 𝑇𝑝𝑤𝑝), (17) 

can be used to determine the temperature of the network water 

leaving the heat exchanger 𝑇𝑝𝑤𝑝: 

 𝑇𝑝𝑤𝑝 = 𝑇𝑧𝑤𝑝 −
𝐶̇𝑚𝑎𝑥

𝐶̇𝑚𝑖𝑛
(𝑇𝑧𝑛𝑝 − 𝑇𝑝𝑛𝑝). (18) 

The following measuring data of the heat exchange station 

feeding the logotherm were adopted for the thermal calculations: 

 Tzwp = 71.1C – temperature of the heat distribution net-

work water feeding the exchanger of the heat exchange sta-

tion, 

 Tpwp = 43.3C – temperature of the network water leaving 

the exchanger of the heat exchange station, 

 𝑉̇𝑤𝑝 = 1.835 m3/h – network water volume flow rate, 

 

Fig. 8. Changes in the temperature of hot and cold water  

in a counter-current thermal station. 
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 Tpwp = 61.4C – temperature of the medium heated in the 

exchanger of the heat exchange station, 

 Tpwp = 39.8C – temperature of the medium returning to the 

exchanger of the heat exchange station, 

 𝑉̇𝑛𝑝 = 2.403 m3/h – volume flow rate in the building sys-

tem. 

Considering that:  

 𝑐𝑤̅𝑝 =  𝑐𝑤𝑝 (
𝑇𝑧𝑤𝑝+𝑇𝑝𝑤𝑝

2
) = 𝑐𝑤𝑝(57.2℃) = 4181.82 

J

kg⋅K
,  

 𝑚̇𝑤𝑝 =  𝑉̇𝑤𝑝 ⋅ 𝜌(𝑇𝑝𝑤𝑝) =  

 1.835
m3

h
⋅

1

3600 s
⋅ 990.90 

kg

m3 = 0.505 
kg

s
,  

the heat flow given off by hot water 𝑄̇𝑤𝑝 totals: 

 𝑄̇𝑤𝑝 =  𝑚̇𝑤𝑝𝑐𝑤̅𝑝(𝑇𝑧𝑤𝑝 − 𝑇𝑝𝑤𝑝)  =  58.81 kW.  

The heat flow rate absorbed by cold water 𝑄̇𝑛𝑝 was deter-

mined in the similar manner: 

 𝑐𝑛̅𝑝 = 𝑐𝑛𝑝 (
𝑇𝑧𝑛𝑝+𝑇𝑝𝑛𝑝

2
) = 𝑐𝑛𝑝(50.6℃) = 4179.88 

J

kg⋅K
,  

 𝑚̇𝑛𝑝 =  𝑉̇𝑛𝑝 ⋅ 𝜌(𝑇𝑝𝑛𝑝) =  

 2.403
m3

h
⋅

1

3600 s
⋅ 992.26 

kg

m3 = 0.662 
kg

s
,  

 𝑄̇𝑛𝑝 =  𝑚̇𝑛𝑝𝑐𝑛̅𝑝(𝑇𝑧𝑛𝑝 − 𝑇𝑝𝑛𝑝) =  59.66 kW.  

The mean heat flow rate transferred in the exchanger is: 

 𝑄̇𝑚 =  
𝑄̇𝑤𝑝+𝑄̇𝑛𝑝

2
=

58810 W+59660 W

2
= 59235.0 W.  

After the logarithmic mean temperature difference ∆𝑇𝑚 is 

established: 

 ∆𝑇𝑚 =  
(𝑇𝑧𝑤𝑝−𝑇𝑧𝑛𝑝)−(𝑇𝑝𝑤𝑝−𝑇𝑝𝑛𝑝)

𝑙𝑛(
𝑇𝑧𝑤𝑝−𝑇𝑧𝑛𝑝

𝑇𝑝𝑤𝑝−𝑇𝑝𝑛𝑝
)

=  

 
(71.1℃−61.35℃)−(43.25℃−39.8℃)

𝑙𝑛(
71.1℃−61.35℃

43.25℃−39.8℃
)

= 6.1℃,  

product kA is calculated: 

 𝑘𝐴 =  
𝑄̇𝑚

∆𝑇𝑚
=

59235.0 W 

6.1 K
= 9710.7 

W

K
.  

Considering that: 

 𝐶̇𝑚𝑎𝑥 =  𝑚̇𝑛𝑝𝑐𝑝̅𝑛 =  𝑚̇𝑛𝑝𝑐𝑝̅𝑛 =   

 0.662 
kg

s
⋅ 4179.88 

J

kg⋅K
= 2767.08 

W

K
,  

 𝐶̇𝑚𝑖𝑛 =  𝑚̇𝑤𝑝𝑐𝑝̅𝑤 =  𝑚̇𝑤𝑝𝑐𝑝̅𝑤 =  

 0.505 
kg

s
⋅ 4181.83 

J

kg⋅K
= 2111.82 

W

K
,  

 
𝐶̇𝑚𝑖𝑛

𝐶̇𝑚𝑎𝑥
=

2111.82 
W

K

2767.08 
W

K

= 0.763.  

The value of the number of the heat transfer units NTU is 

determined:  

 𝑁𝑇𝑈 =
𝑘𝐴

𝐶̇𝑚𝑖𝑛
=  

9768.06 
W

K

2111.61 
W

K

= 4.63.  

The efficiency of the heat exchange station totals: 

 𝜀 =  
1−exp[−𝑁𝑇𝑈(1−

𝐶̇𝑚𝑖𝑛
𝐶̇𝑚𝑎𝑥

)]

1−
𝐶̇𝑚𝑖𝑛
𝐶̇𝑚𝑎𝑥

exp[−𝑁𝑇𝑈(1−
𝐶̇𝑚𝑖𝑛
𝐶̇𝑚𝑎𝑥

)]
=   

 
1−exp[−4.63(1−0.763)]

1−0.763exp[−4.63(1−0.763)]
=  

0.666

0.745
= 0.894.  

Knowing the exchanger efficiency, temperatures 𝑇𝑧𝑛𝑝 and 

𝑇𝑝𝑤𝑝  are found: 

 𝑇𝑧𝑛𝑝 =  𝑇𝑝𝑛𝑝 + 𝜀
𝐶̇𝑚𝑖𝑛

𝐶̇𝑚𝑎𝑥
(𝑇𝑧𝑤𝑝 − 𝑇𝑝𝑛𝑝) =  

 39.8℃ + 0.894 ∙ 0.763 ∙ (71.1℃ − 39.8℃) = 61.1℃,  

 𝑇𝑝𝑤𝑝 = 𝑇𝑧𝑤𝑝 −
𝐶̇𝑚𝑎𝑥

𝐶̇𝑚𝑖𝑛
(𝑇𝑧𝑛𝑝 − 𝑇𝑝𝑛𝑝)  =  

 71.1℃ − 1.311(61.4℃ − 39.8℃) =  42.8℃.  

The calculated temperature of the medium feeding the 

logotherm of 61.1C is very close to the value of measured tem-

perature 𝑇𝑧𝑛𝑝 = 61.4C. The calculated temperature of the net-

work water in the heat exchange station is 42.8C, whereas the 

value of the measured temperature 𝑇𝑝𝑤𝑝 totals 43.25C. The dif-

ference between the measured and the calculated temperature of 

the network water leaving the heat exchange station is ∆𝑇𝑝𝑤𝑝 =

(43.3℃ − 42.8℃) = 0.5℃. This small temperature difference 

is an effect of the inaccuracy of the measurement of the volume 

flow rates of the two mediums and their inlet and outlet temper-

atures. 

7. Conclusions 

The paper presents an analysis of the heat flow in a heat ex-

change station being the main heat source for the heating system 

of a multi-family building using individual microstations 

(logotherms) located in each residential unit to supply heat and 

produce domestic hot water for individual apartments. The 

method of calculating the product of the heat transfer coefficient 

k and the heat exchange surface area A is presented. In order to 

verify the correctness of the measured values of the temperatures 

of hot and cold water at the heat exchange station inlet and out-

let, they were compared to the values calculated using the  

-NTU method. Good agreement was found between the results 

of the calculations and the measurements. 

The heating medium temperature in the district heating sys-

tem in the summer period is a constant value totalling 70C. The 

heating medium temperature can be a bit lower in the case of 

buildings located far away from the heat source. The minimum 

temperature of the water feeding the logotherm from this source 

totals about 60C, which means that the temperature of the heat-

ing medium flowing in the district heating network is only a lit-

tle higher than the required temperature of the water feeding the 

heating microstations. The value of the minimum temperature 

of the medium feeding the logotherms depends on the required 

maximum temperature of domestic hot water of 55C.  
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In the summer period, the demand for heat of systems based 

on logotherms is low due to the low power needed to heat water 

for the purposes of domestic hot water preparation. Beyond the 

heating season, the drop in the system water temperature is 

slight. The temperature of the medium circulating in the con-

sumer’s system to feed the logotherms is maintained at the re-

quired level by regulating the mass flow rate of the water flow-

ing through the heat exchange station. 

In order for the heat exchange station co-operating with the 

internal system feeding the logotherms in individual apartments 

to maintain appropriate operating parameters, both on the side 

of the high-temperature medium and the low-temperature me-

dium, an adequate well-adjusted network distributing the heat-

ing medium to the microstations (logotherms) should be en-

sured. Otherwise, too high temperatures of the heating medium 

returning to the district heating system may occur. In apartments 

heated using micro heat exchange stations (logotherms), it is 

also possible to install central heating radiators with a larger heat 

exchange surface area. This will make it possible to lower the 

water temperature at the return from the central heating system 

to the heat exchange station. Owing to that, the mass flow rate 

of hot water in the municipal network can be reduced, which 

will translate into a lower temperature of the water from the heat 

exchange station and a reduction in the power needed to pump 

hot water in the network. 
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1. Introduction 

Nanofluids are preferred to other conventional viscous and mi-

crofluids for their effective heat transfer properties. Addition-

ally, they keep the flow channels from obstruction, deposition 

and erosion. Literature suggests that thermophoresis and Brown-

ian motion affect the sole significant slip mechanisms in 

nanofluid flows [1]. The performance of nanofluids varies ac-

cording to the volume fraction, choice of geometry, base fluids  

and hybridized nanoparticles, and the needs in demand [2‒4]. 

However, the results from computational studies conclude that 

graphene oxide (GO) aids in maximizing heat transfer rates be- 

cause of its excellent thermal conductivity [5‒8]. Some of the 

applications of graphene-based nanofluids include their use in 

lithium-ion batteries, biosensors, supercapacitors, medical sus-

pensions, etc.  

Some classical numerical studies on the fluid flow in in-

clined channels include the study of fully developed laminar 

flow in the channel of two parallel plates with an inclination an-

gle. The opposing flow was studied under uniform flux condi-

tions with actual flow characteristics [9]. Choi and Eastman [10] 

studied the impacts of natural convective flow with a heat source 

between two parallel plates. The results show a strong depend-

ence of the Nusselt number on the inclination angle for values 
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Nomenclature 

B0 – magnetic field strength 

Be – Bejan number, Be = NSh/NS 

C – concentration, -  

Cp – specific heat capacity, J/(kg∙K) 

Cf  – skin friction  

DB – Brownian diffusivity 

Ec – Eckert number, Ec = U0
2/(κbfCpbf(T2-T1)) 

g – gravity, m/s2 

Gr – Grashof number  

h – domain height, m  

Ha – Hartmann number  

J – Joule heating parameter  

Mm – parameter of combined mass and heat transfer, Mm = RDBC0/κbf 

Nb – Brownian motion parameter 

Nr – Buoyancy ratio 

Ns – nondimensional entropy generation number 

Nu – Nusselt number  

p – pressure, Pa 

Pr – Prandtl number, Pr = μCpbf/κbf 

Re – Reynolds number  

RSC – suction/injection parameter 

S – slip parameter  

SG – entropy generation rate  

Sh – Sherwood number  

Su – velocity slip length/factor, m 

T  – temperature, K 

u  – velocity, m/s 

v0  – suction/injection velocity 

x, y  – Cartesian coordinates, m  

 

Greek symbols 

α – inclination angle, rad 

β – thermal expansion coefficient, 1/K 

κ – thermal conductivity, W/(m K) 

µ – dynamic viscosity, Pa s 

ρ – density, kg/m3 

σ – electrical conductivity 

τ – heat capacity ratio 

ΩT – temperature parameter, ΩT = T2/T1 

 

Subscripts and Superscripts 

a – upper plate  

b – lower plate  

bf – base fluid  

nf – nanofluid 

sp – solid particle 

SG – irreversibilities caused by combined heat and mass transfer 

Sh – irreversibilities caused by heat transfer and fluid friction  

 

Abbreviations and Acronyms 

GO  – graphene oxide  

MHD – magnetohydrodynamics 

ODE – ordinary differential equation 

PHP – pulsating heat pipe 

SLM – successive linearization method 

 

 

higher than π/4. Talabi and Nwabuko [11] numerically analysed 

the convective heat transfer flow in an inclined channel com-

prising a parabolic and a horizontal wall under isothermal and 

constant heat flux conditions. Solutions using the staggered dif-

ferencing (SD) technique suggest that Grashof and Prandtl num-

bers improve the Nusselt number for both isothermal and heat 

flux cases. 

Literature suggests that GO and hybrid graphene nanoparti-

cles suspended in ethylene glycol (EG) and water (H2O) are the 

common graphene-based nanofluids in theoretical and experi-

mental studies [12]. Analytical investigations on GO nanofluid 

flow in moving plates suggest a significant improvement in heat 

transfer with improved nanoparticle volume fractions [13]. Gul 

et al. [14] conducted a comparative analysis of GO flow dis-

persed in water and ethylene glycol (W-EG) in an upright chan-

nel with interpretations that the ethylene glycol (EG) based 

nanofluid has a higher thermal efficiency than water. Shahzad  

et al. [15] analysed the experimental and theoretical impacts of 

kerosene-based GO nanofluid flow on a parabolic trough surface 

accumulator (PTSC). A 15% enhancement in heat transfer rate 

of the nanofluid in comparison to kerosene is documented. Naz-

ari et al. [16] experimented to study the impacts of varying con-

centrations of W-GO nanofluids on pulsating heat pipe (PHP). 

From the results, it is interpreted that the nanoparticles posi-

tively impacted the heat transfer of water in lower concentra-

tions. The impacts were negative for a high concentration of 1.5 

grams per litre. Dehghan et al. [17] analysed the effects of forced 

convective flow of GO nanofluids in an inclined backwards-fac-

ing step (BFS). Simulations of the microchannel of double BFS  

 

show a 12.3% enhancement in heat transfer coefficient com-

pared to that of water. Pashikanti et al. [18] conducted an en-

tropy generation analysis on the flow of graphene oxide 

nanofluid in an inclined channel in the presence of a magnetic 

field. They concluded that the flow velocity enhancement by the 

Hartmann number is remarked. 

Graphene-based nanofluids yield amplified industrial signif-

icance when hybridised with other metal or semi-conductor na-

noparticles and polymers. For instance, they are used in adsor-

bent materials, lubricant additives, humidity sensors, photoca-

talysis and heat transfer applications. Javanmard et al. [19] in-

vestigated the magnetohydrodynamic (MHD) flow of W-GO 

nanofluids in a horizontal channel due to forced convection. Nu-

merical results are interpreted to enhance the convection at the 

walls with nanoparticle volume fraction. 

Hafeez et al. [20] numerically analysed the Jeffery-Hamel 

flow of copper and GO nanoparticles in convergent and diver-

gent channels. The magnetic parameter is seen to lower the skin 

friction drag in the magnetohydrodynamic flow. Raza et al. [21] 

investigated the impacts of the convective flow of Casson fluid 

dispersed with GO and molybdenum disulphide (MoS2) nano-

particles. A fractional derivative model is developed, and the re-

sults show that the Atangana-Baleanu (AB) model is stable com-

pared to the Caputo-Fabrizio (CF) model, and the velocity pro-

files decrease with the fractional parameters. Computational 

fluid flow investigations on hybrid graphene nanofluids, such as 

the study of the impacts of shape factors due to the flow of ker-

osene-based GO and MoS2 nanofluids in an inclined porous 

channel, reveal the enhancement  of  heat  transfer  with  lamina-  
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shaped nanoparticles [22]. 

Combining the magnetohydrodynamic studies with nanoflu-

idics is essential for their applications in industries and biomed-

icine, such as molten pumps contributing to coolants in nuclear 

reactors, drug delivery, etc. Similarly, studying the impacts of 

viscous dissipation on fluid flow helps with a better understand-

ing of the energy loss due to the interactions of liquid particles, 

thereby aiding the utilisation of the fluids as better lubricants. 

Akram et al. [23] studied the flow of Oldroyd 4-constant 

nanofluids in a non-uniform inclined channel with magnetic 

field and cross-diffusion effects. From the results obtained, 

chemical reaction and Brownian motion are interpreted to re-

duce mass transfer. Nazeer [24] analysed Eyring-Powell fluid 

flow suspended with gold and silver particles, including mag-

netic field effects. The results document a lesser skin friction 

drag for gold particles than for silver particles. Yasin et al. [25] 

analysed the impacts of an inclined magnetic field on the flow 

of blood-based nanofluid hybridised with silver and copper na-

noparticles in a symmetric channel. Studying the effects of Joule 

heating, viscous dissipation, heat sink/source and thermal radia-

tion, the conclusions reveal that the magnetic effects positively 

affect velocity while reducing the temperature, and the homoge-

neous reactions are found to improve blood circulation. 

Computational fluid flow studies under convective condi-

tions, such as the analysis of entropy in an inclined channel due 

to micropolar fluid flow under convective and slip conditions by 

Srinivasacharya and Hima Bindu reveal that the Reynolds num-

ber and coupling number keep the entropy in check [26]. The 

interesting works on steady Maxwell fluid past an exponentially 

stretching/shrinking sheet with various effects along multiple 

slip conditions show that the values of the skin friction, Nusselt 

number and Sherwood number decline due to enhancement in 

the time relaxation parameter; temperature and concentration 

distribution decline due to thermal and concentration stratifica-

tion parameters and incline due to the relaxation parameter, and 

the mass transfer rate augments due to the thermophoretic pa-

rameter [27‒29]. Further studies on micropolar fluids over ex-

ponentially stretching cylinders under slip conditions with mi-

croorganisms reveal that skin friction declines. At the same 

time, the Nusselt number inclines with stretching and micropo-

lar parameters; velocity, thermal energy, and microorganism 

numbers enhances by the slip parameter, while temperature in-

creases with the time relaxation parameter. A transient two-di-

mensional radiative Oldroyd-B nanofluid flow is examined by 

e.g. Khan, Nadeem and Ahmad et al. [30−34] on an exponen-

tially stretching porous surface with microorganisms to improve 

the stability of the nanofluid. The results reveal that the higher 

values of the relaxation parameter correspond to the maximum 

heat and mass transfer rate. 

The contribution of graphene-based nanoparticles to renew-

able energy and thermal conductivity enhancement reassures 

economically large-scale applications as coolants and in power 

storage and capacity. Hence, computationally investigating gra-

phene-based nanofluids flow in several geometries is significant 

for qualitative references. The novelty of this paper is that it 

aims to bridge the gap of computationally studying the impacts 

of Joule heating due to the flow of GO nanoparticles dispersed 

in water in an inclined channel, which is an unexplored problem. 

The flow is modelled, and the equations are numerically solved 

to graph the results. 

2. Mathematical formulation  

The flow geometry comprises two parallel plates aligned with 

an angle of inclination α (in radians). Water with dispersed GO 

nanoparticles flows steadily in the channel. The representative 

flow picture is shown in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We consider the body forces due to gravity and the charac-

teristic effects such as Brownian motion and thermophoresis, 

which are the only significant slip mechanisms in nanofluid 

flows. Irrespective of the flow, Brownian motion is the random 

motion of nanoparticles in the fluid, and thermophoresis is the 

movement of the nanoparticles from hotter to colder regions. 

Thus, the problem is modelled, taking into account the afore-

mentioned effects and adapting the Buongiorno nanofluid model 

[1] as follows: 

 
𝜕𝑢

𝜕𝑥
= 0, (1) 

 𝜌𝑛𝑓𝜈0
𝜕𝑢

𝜕𝑦
+

𝜕𝑝

𝜕𝑥
= 𝜇𝑛𝑓

𝜕2𝑢

𝜕𝑦2 + ((𝜌𝛽)𝑛𝑓(𝑇 − 𝑇𝑎)(1 − 𝐶𝑎) +

                      −(𝜌𝑠𝑝 − 𝜌𝑏𝑓)(𝐶 − 𝐶𝑎)) 𝑔sin𝛼 − 𝜎𝑛𝑓𝐵0
2𝑢, (2) 

 
𝜅𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

(
𝜕2𝑇

𝜕𝑦2) + 𝜏𝐷𝐵
𝜕𝐶

𝜕𝑦
+ 𝜏

𝐷𝑇

𝑇𝑎
(

𝜕𝑇

𝜕𝑦
)

2

+
𝜎𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

𝐵0
2𝑢2 = 0   (3) 

 𝐷𝐵
𝜕2𝐶

𝜕𝑦2 +
𝐷𝑇

𝑇𝑎

𝜕2𝑇

𝜕𝑦2 = 0, (4) 

and the slip boundary conditions are 

 at y = ‒h:       𝑢 = 𝑆𝑢
𝜕𝑢

𝜕𝑦
,     𝑇 = 𝑇𝑎 ,    𝐶 = 𝐶𝑎, (5a) 

 at y = h:        𝑢 = −𝑆𝑢
𝜕𝑢

𝜕𝑦
, 𝑇 = 𝑇𝑏 ,    𝐶 = 𝐶𝑏 . (5b) 

The notations Ta, Tb, Ca and Cb represent fluid temperatures 

(in Kelvin) and concentrations at the upper and lower plates, 

respectively and Su is the velocity slip length/factor (in meter) 

which reflects the amount of liquid slip at a given surface. The 

 

Fig. 1. Representative picture of the problem. 
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slip length is the distance beyond the solid–liquid interface 

where the liquid velocity linearly extrapolates to zero.  

Table 1 presents the values of thermophysical properties 

[35,36], and their definitions are as follows: 

 

 𝜇𝑛𝑓 =
𝜇𝑏𝑓

(1−𝛷)2.5, (6a) 

 𝜌𝑛𝑓 = (1 − 𝛷)𝜌𝑏𝑓 + 𝛷𝜌𝑠𝑝, (6b) 

 (𝜌𝐶𝑝)
𝑛𝑓

= (1 − 𝛷)(𝜌𝐶𝑝)
𝑏𝑓

+ 𝛷(𝜌𝐶𝑝)
𝑠𝑝

, (6c) 

 (𝜌𝛽)𝑛𝑓 = (1 − 𝛷)(𝜌𝛽)𝑏𝑓 + 𝛷(𝜌𝛽)𝑠𝑝, (6d) 

 
𝜅𝑛𝑓

𝜅𝑏𝑓
=

𝜅𝑠𝑝+2𝜅𝑏𝑓+2𝛷(𝜅𝑏𝑓−𝜅𝑠𝑝)

𝜅𝑠𝑝+2𝜅𝑏𝑓−𝛷(𝜅𝑏𝑓−𝜅𝑠𝑝)
, (6e) 

 𝛼𝑛𝑓 =
𝜅𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

. (6f) 

The subscripts nf, sp and bf indicate nanofluid, solid particle 

and base fluid. In contrast, the quantities κ, Cp, β, μ and ρ, re-

spectively, denote thermal conductivity, specific heat capacity, 

thermal expansion coefficient, dynamic viscosity and density. 

 

 

 

 

 

 

 

 

 

 

The following similarity variables are used to transform the 

modelled equations Eqs. (1)−(5): 

 𝜂 =
𝑦

ℎ
,       𝑢 = 𝑈0𝑓(𝜂),        𝜃 =

𝑇−𝑇𝑎

𝑇𝑏−𝑇𝑎
,         𝜑 =

𝐶−𝐶𝑎

𝐶𝑏−𝐶𝑎
. (7) 

The transformed ODEs are given as: 

𝑓′′ − 𝐴1𝑅𝑆𝐶𝑓′ +
Gr

Re
𝐴2(𝐴3𝜃 − 𝑁𝑟𝜙)sin𝛼 − 𝐴2𝑃1 − 𝐴4Ha𝑓 = 0, (8) 

 𝜃′′ + 𝐴5(𝑁𝑏𝜃′′ + 𝑁𝑡𝜙′2) + 𝐴6𝐽 𝑓2 = 0, (9) 

 𝜙′′ +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0, (10) 

such that 

 at 𝜂 = −1:     𝑓 − 𝑆 𝑓′ = 0,        𝜃 = 0,        𝜙 = 0, (11a) 

 at 𝜂 = 1:        𝑓 + 𝑆 𝑓′ = 0,        𝜃 = 1,        𝜙 = 1 . (11b) 

The constant coefficients (Ai, I = 1 to 6) and the dimension-

less parameters used namely the suction/injection parameter 

RSC, the buoyancy ratio Nr, heat capacity ratio τ, thermophoresis 

parameter Nt, Brownian motion parameter Nb, Grashof number 

Gr, Reynolds number Re, Hartmann number Ha, Joule heating 

parameter J and slip parameter S are defined as: 

 𝐴1 = 1 − 𝛷 + 𝛷
𝜌𝑠𝑝

𝜌𝑏𝑓
 ,          𝐴2 = (1 − 𝛷)2.5,  

 𝐴3 = 1 − 𝛷 +
𝛷(𝜌𝛽)𝑠𝑝

(𝜌𝛽)𝑏𝑓
,         𝐴4 =

𝜎𝑛𝑓

𝜎𝑏𝑓
(1 − 𝛷)2.5,  

 𝐴5 = 1 − 𝛷 +
𝛷(𝜌𝐶𝑝)

𝑠𝑝

(𝜌𝐶𝑝)
𝑏𝑓

,          𝐴6 =
𝜎𝑛𝑓

𝜎𝑏𝑓

𝜅𝑏𝑓

𝜅𝑛𝑓
,  

 Pr =
𝜇𝑏𝑓𝐶𝑝𝑏𝑓

𝐾𝑏𝑓
,          Ha =

𝜎𝑏𝑓𝐵0
2ℎ2

𝜇𝑏𝑓
,         𝐽 =

𝜎𝑏𝑓𝐵0
2𝑈0

2ℎ2

𝜅𝑏𝑓(𝑇𝑏−𝑇𝑎)
,  

 𝑅𝑠𝑐 =
𝜌𝑏𝑓

𝜇𝑏𝑓
𝜈0ℎ,            Gr =

𝑔𝛽𝑏𝑓(1−𝐶𝑎)(𝑇𝑏−𝑇𝑎)ℎ3𝜌𝑏𝑓
2

𝜇𝑏𝑓
2 ,  

 𝑁𝑟 =
(𝜌𝑠𝑝−𝜌𝑏𝑓)(𝐶𝑏−𝐶𝑎)

(𝜌𝛽)𝑏𝑓(𝑇𝑏−𝑇𝑎)(1−𝐶𝑎)
 ,       𝑁𝑡 =

𝜏𝐷𝑇(𝑇𝑏−𝑇𝑎)

𝛼𝑏𝑓𝑇𝑎
,       𝑆 =

𝑆𝑢

𝑑
,  

 𝑃1 =
ℎ2

𝜈0𝜇𝑏𝑓

𝜕𝑝

𝜕𝑥
,            Re =

𝜌𝑏𝑓𝑈0ℎ

𝜇𝑏𝑓
,            𝑁𝑏 =

𝜏𝐷𝐵(𝐶𝑏−𝐶𝑎)

𝛼𝑏𝑓
.  

Practically significant values such as Sherwood number Sh, 

skin friction Cf and Nusselt number Nu are derived as: 

 at 𝜂 = ±1 

 Nu = −𝜃′(𝜂),       Sh = −𝜙′(𝜂),     𝐶𝑓 = 𝑐1𝑓′(𝜂),  

where the constant c1 is given by: 

 𝑐1 = (1 − 𝛷)−2.5 ((1 − 𝛷) + 𝛷(𝜌𝑠𝑝/𝜌𝑏𝑓))
−1

.  

In the next section, a derivation and an analysis for the en-

tropy is presented. 

3. Entropy analysis  

The entropy generation analysis is done in order to under-

stand and minimize the loss of energy and thereby enhancing the 

efficiency of the model and performance of the device. By the 

law of increased entropy, the generated entropy is contributed 

from temperature, viscous dissipation and concentration. Thus, 

the entropy generation rate, SG is written as [41]:  

 𝑆𝐺 =
𝜅𝑛𝑓

𝑇𝑎
2 (

𝜕𝑇

𝜕𝑦
)

2

+
𝜇𝑛𝑓

𝑇𝑎
(

𝜕𝑢

𝜕𝑦
)

2

+ 𝑅𝐷𝑏 (
1

𝐶𝑎
(

𝜕𝐶

𝜕𝑦
)

2

+

                                      
1

𝑇𝑎
(

𝜕𝑇

𝜕𝑦
) (

𝜕𝐶

𝜕𝑦
)) +

𝜎𝑛𝑓𝐵0
2

𝑇𝑎
𝑢2. (12) 

Here, the expressions on the right side are ascribed to the 

thermodynamic irreversibilities caused by temperature, fluid 

friction and combined mass and heat transfer. From SG and char-

acteristic entropy generation rate, SG0 = κnf(T2-T1)2/(T1L)2, we 

write the nondimensional entropy generation number as 

NS = SG/SG0. 

From Eqs. (7) and (12), we have:  

 
𝜂2

4
𝑁𝑠 =

1

𝜒
(𝜃′2

+ 𝑐2
EcPr

𝛺𝑇
𝑓′2 + 𝑐3𝑀𝑚

𝛺𝐶

𝛺𝑇
(

𝛺𝐶

𝛺𝑇
𝜙′ + 𝜃′) +

                                  𝑐4
𝐽

𝛺𝑇
𝑓2) = 𝑁𝑆ℎ

+ 𝑁𝑆𝐺
+ 𝑁𝑆𝐽

 , (13) 

where the subscripts Sh, SG and SJ respectively correspond to the 

irreversibilities caused by heat transfer and fluid friction, com-

bined heat and mass transfer and Joule heating. The parameters 

in Eq. (13) are given by constant χ = h2/L2, temperature param- 

Table 1. Thermophysical properties  [37‒40]. 

Property and units Water GO 

ρ, kg/m3 997.1 1800 

Cp, J/(kg K) 4179 717 

κ, W/(m K) 0.613 5000 

β, 10‒5/K  21 28.4 

Ϭ, S/m 0.005 107 
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eter ΩT = T2/T1, concentration parameter ΩC = C2/C1, and the pa-

rameter of combined mass and heat transfer Mm = RDBC0/κbf, 

Eckert number Ec = U0
2/(κbfCpbf(T2T1)), Prandtl number 

Pr = μCpbf/κbf and the constants are given by c2 = (1Φ)-2.5κbf/κnf 

and c3 = (1Φ)2.5, c4 = (κbfσnf)/(κnfσbf). 

Bejan number, Be = NSh/NS determines the principal source 

for entropy generation [42]. From this ratio, it is dictated that 

heat transfer mainly influences the entropy if Be > 0.5, while, 

fluid friction and mass and heat transfer fundamentally contrib-

utes to the entropy if Be < 0.5 and all the three irreversibilities 

contribute equally if Be = 0.5 [43]. 

4. Numerical solution  

The ODEs (8)–(11) are solved by adapting the spectral quasilin-

earization method (SQLM) [26,44,45] and the solution proce-

dure is as follows:  

i. The nonlinear terms about the solution are expanded using 

the Taylor series, and the higher-order derivatives are ne-

glected. 

ii. The spectral collocation method is applied to the linearised 

equations, and the functions are iterated using Chebyshev 

polynomials at the collocation points. 

iii. A suitable bijection is mapped from the domain to the col-

location points. 

iv. Approximations and the derivatives are substituted in the 

linearized equations to obtain a matrix equation, which is 

solved using MATLAB. 

We linearize the nonlinear terms by using the expansion of 

Taylor series. Let fr, θr and ϕr be the solution of the differential 

equations. Then, assuming fr+1, θr+1 and ϕr+1 to be the improved 

solutions, the system of ODEs is solved using an iterative 

method. By expanding the nonlinear terms using the expansion 

of Taylor series about the solution and discarding the higher de-

rivatives, the following linearized equations and their associated 

boundary conditions are obtained: 

𝑓𝑟+1
′′ + 𝑎1,𝑟𝑓𝑟+1

′ + 𝑎2,𝑟𝑓𝑟+1 + 𝑎3,𝑟𝜃𝑟+1 + 𝑎4,𝑟𝜙𝑟+1 = 𝑎5,𝑟, (14) 

 𝑏1,𝑟𝑓𝑟 + 𝜃𝑟+1
′′ + 𝑏2,𝑟𝜃𝑟

′ + 𝑏3,𝑟𝜙𝑟 = 𝑏4,𝑟, (15) 

 𝑐1,𝑟𝜃𝑟+1
′′ + 𝜙𝑟+1

′′ = 0, (16) 

such that 

 at 𝜂 = −1:  𝑓𝑟+1 − 𝑆 𝑓𝑟+1
′ = 0,    𝜃𝑟+1 = 𝜙𝑟+1 = 0,  (17a) 

 at 𝜂 = 1:     𝑓𝑟+1 + 𝑆 𝑓𝑟+1
′ = 0,    𝜃𝑟+1 = 𝜙𝑟+1 = 1. (17b) 

The coefficients in the above equations are given by: 

 𝑎1,𝑟 = −𝐴1𝑅𝑠𝑐 ,       𝑎2,𝑟 = −𝐴4Ha,       𝑎3,𝑟 = 𝐴2𝐴3
Gr

Re
sin 𝛼,  

 𝑎4,𝑟 = −𝐴2
Gr

Re
Nr sin 𝛼 ,      𝑎5,𝑟 = 𝐴2𝑃1,       𝑏1,𝑟 = 2𝐴6𝐽 𝑓𝑟,  

 𝑏2,𝑟 = 𝐴5𝑁𝑏𝜙′𝑟 + 2𝐴5𝑁𝑡𝜙′𝑟 , 𝑏3,𝑟 = 𝐴5𝑁𝑏𝜃𝑟
′ ,  

 𝑏4,𝑟 = 𝐴5𝑁𝑏𝜃𝑟
′𝜙′𝑟 + 𝐴5𝑁𝑡𝜃𝑟

′2
+ 𝐴6𝐽 𝑓𝑟

2,         𝑐1,𝑟 =
𝑁𝑡

𝑁𝑏
.  

We apply the collocation method by using Chebyshev poly-

nomials and iterating f, θ and ϕ at the Gauss-Lobatto collocation 

points ξj = cos(πj/N), j = 0, 1, 2, ..., N [45]. Thus, we approximate 

the unknown functions as: 

 𝑓𝑟+1(𝜉) = ∑ 𝑓𝑟+1(𝜉𝑘)𝑇𝑘(𝜉𝑗)𝑁
𝑘=0 ,  

 𝜃𝑟+1(𝜉) = ∑ 𝜃𝑟+1(𝜉𝑘)𝑇𝑘(𝜉𝑗)𝑁
𝑘=0 , (18) 

 𝜙𝑟+1(𝜉) = ∑ 𝜙𝑟+1(𝜉𝑘)𝑇𝑘(𝜉𝑗)𝑁
𝑘=0 ,  

where Chebyshev polynomial Tk(ξ) is given by:  

 Tk(ξ) = cos(kcos-1(ξ)).   

Further, the following equations give the derivatives: 

 
𝑑𝑟𝑓𝑟+1

𝑑 𝜂𝑟 = ∑ 𝐷𝑘𝑗
𝑟 𝑓𝑟+1(𝜉𝑘)𝑁

𝑘=0 ,         𝑗 = 0, 1, … , 𝑁,  

 
𝑑𝑟𝜃𝑟+1

𝑑 𝜂𝑟 = ∑ 𝐷𝑘𝑗
𝑟 𝜃𝑟+1(𝜉𝑘)𝑁

𝑘=0 ,        𝑗 = 0, 1, … , 𝑁, (19) 

 
𝑑𝑟𝜙𝑟+1

𝑑 𝜂𝑟 = ∑ 𝐷𝑘𝑗
𝑟 𝜙𝑟+1(𝜉𝑘)𝑁

𝑘=0 ,       𝑗 = 0, 1, … , 𝑁.  

Here D = D/2 is called the Chebyshev differentiation matrix.  

On substituting Eq. (18) and Eq. (19) in Eqs. (14)–(17), we 

obtain: 

 𝐴𝑌𝑟+1 = 𝑅𝑟, (20) 

associated with the conditions: 

 (1 + 𝑆𝐷00)𝑓𝑟+1(𝜉0) + 𝑆 ∑ 𝐷0𝑘𝑓𝑟+1(𝜉𝑘)𝑁
𝑘=1 = 0, (21a) 

 𝜃𝑟+1(𝜉0) = 𝜙𝑟+1(𝜉0) = 0, (21b) 

 −𝑆 ∑ 𝐷𝑁𝑘𝑓𝑟+1(𝜉𝑘)𝑁−1
𝑘=0 + (1 − 𝑆𝐷𝑁𝑁)𝑓𝑟+1(𝜉𝑁) = 0, (21c) 

 𝜃𝑟+1(𝜉𝑁) = 𝜙𝑟+1(𝜉𝑁) = 1.  (21d) 

We choose the initial approximations f0 = 0, θ0 = ϕ0 = (1−η)/2 

in order to satisfy Eq. (17) and the Eq. (20) is recursively iterated 

at ξj, j = 0, 1, ..., N by substituting Eq. (21), to the order of ap-

proximation. Hence, the obtained solution is graphed and inter-

preted. These initial conditions are iterated to obtain the numer-

ical solution. 

5. Results  

The equation (20) is solved to graphically depict the results with 

interpretations. The parameters are varied in the practical range 

and the effects of different parameters are studied [46,47]. Since, 

the Newtonian behavior of water based nanofluid is considered, 

fixed values of Φ = 0.01 and Pr = 6.5 are taken. The other pa-

rameter values are taken to be as Ec = 10-5, Gr = 2×105, S = 0.5, 

Nb = 4×10-4, Re = 300, Nt = 2×10-4, Rsc = 5, α = π/4, J = 3×10-5, 

Ha = 2 and Nr = 2, unless mentioned otherwise. The order of 

SLM approximation is taken to be N = 100 and the convergence 

of results is obtained at a tenth iteration. The results for the case 
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of Ec = Rsc = 1, P1 = −1, Pr = 0.71 and S = J = Ha = 0 agree with 

the results from Makinde and Eegunjobi [48] (refer to Table 2). 

Figure 2 depicts the influence of Re on f, NS and Be. With the 

rising Reynolds number, viscous forces decrease and the nano-

fluid moves with a greater velocity. Hence, the flow velocity in-

creases in the proximity of the upper plate and a lesser velocity 

is observed near the lower plate (Fig. 2a). Similarly, entropy 

number decreases near the upper plate and increases near the 

lower plate (Fig. 2b). There is a consequent increase in Bejan 

number, suggesting the contribution of mass transfer and fluid 

friction and to the generated entropy (Fig. 2c). 

The impacts of α on f, NS and Be are presented in Fig. 3. As 

the angle of inclination increases, a drop in velocity is observed 

(Fig. 3a). Whereas, an increase in angle of inclination values 

causes an enhancement in NS values (Fig. 3b). This consequently 

causes the Bejan number to decrease (Fig. 3c), thus pronouncing 

the contribution of fluid friction and mass transfer to the gener-

ated entropy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4 presents the effects of Rsc on f, NS and Be. As the 

suction parameter is enhanced, the fluid velocity depletes 

throughout the channel except near the upper plate. Whereas, the 

injection parameter increases, the fluid velocity increases 

throughout the channel except near the upper plate. In the mid-

dle of the channel, both suction and injection parameters en-

hance the velocity (Fig. 4a). Figure 4b represents that the en-

tropy number increases in the middle of the flow channel. This 

results in the reverse trend of Bejan number (Fig. 4c), indicating 

the contribution of fluid friction and mass transfer irreversibili-

ties to the generated entropy throughout the channel.  

Figure 5 shows the impacts of J on NS and Be. Increasing the 

Joule heating parameter increases the entropy generation and 

hence, NS increases (Fig. 5a). It impacts on depletion of Bejan 

number (Fig. 5b). Hence, the Joule heating parameter contrib-

utes to entropy generation from combined heat and mass transfer 

and fluid friction.  

It is clear from Fig. 6a that the enhancement in Ha, enhances 

the fluid velocity, contradicting the anticipated reduction due to 

the Lorentz force. Similarly, as Ha increases, an increase in en-

tropy number is observed (Fig. 6b). This results in an enhanced 

Be (Fig. 6c), which signifies the contribution of mass transfer 

and fluid friction to the generated entropy. 

Figure 7 depicts the impacts of S on f, NS and Be. It is clear 

from Fig. 7a that the increasing slip velocity values reduce the 

nanofluid flow velocity near the upper plate. Whereas, it is seen 

Table 2. Comparison of f(η) calculated by the present method for 

Ec =  RSC = 1, P1 = -1, Pr = 0.71 and S = J = Ha = 0 and Ai = 1, (i = 1, 2, 

3, 4, 5, 6) [48] (an approximation of η values is taken, because of the use 

of Gauss-Lobatto collocation points). 

Present study Makinde and Eegunjobi [48] 

η f(η) η f(η) 

0 0 0 0 

0.100158 0.038849 0.1 0.038793 

0.201048 0.071451 0.2 0.071149 

0.299985 0.096387 0.3 0.09639 

0.400145 0.113789 0.4 0.113769 

0.500000 0.122459 0.5 0.122459 

0.601394 0.121461 0.6 0.121546 

0.700015 0.110017 0.7 0.11002 

0.80021 0.086702 0.8 0.086764 

0.900783 0.050207 0.9 0.050545 

1 0 1 0 

 

a)      b)       c)  

Fig. 2. Impacts of Re on:(a) f, b) NS and c) Be. 

a)      b)       c)  

Fig. 3. Impacts of α on: a) f, b) NS and c) Be. 
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from Fig. 7b that when S increases, the entropy near the surface 

of the plates decreases and that in the middle of the flow channel 

increases. This causes an opposite trend in Be (Fig. 7c) thus  

implying the dominance of fluid friction and mass transfer  

irreversibilities. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)      b)      c)  

Fig. 4. Impacts of RSC on: a) f, b) NS and c) Be. 

a)           b)  

Fig. 5. Impacts of 𝑱 × 𝟏𝟎−𝟓on:(a) Ns and b) Be. 

a)       b)       c)  

Fig. 6. Impacts of Ha on: a) f, b) NS and (c) Be. 

a)       b)       c)  

Fig. 7. Impacts of S on: a) f, b) NS and c) Be. 
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Table 3 presents the values for Nu, Sh and Cf at the lower 

plate for different values of the input parameters. The Nusselt 

number, by definition, is the ratio of heat transfer due to convec-

tion to conduction. Clearly, when the parameters Rsc, α, Ha and 

S are increased, Nu and thereby, convective heat transfer quality 

enhances. While the values of Ha increase, Nu values are sup-

posed to increase, and an enhancement is observed, thus imply-

ing the improvement in convective heat transfer quality. Where-

as, the injection parameter, Nb, Nt and J reduce the values of Nu. 

This means, the Joule heating parameter heats up the surface of 

the channels by conduction and hence a reduction in Nu is ob-

served. Similarly, when Re, Nb, injection parameter and J values 

are increased, convective mass transfer increases and hence Sh 

improves, causing an enhancement in convective mass transfer. 

Likewise, Ha has an improving effect on mass diffusivity, thus 

resulting in lesser Sh values. Considering the skin friction drag, 

the parameter Nb, suction parameter, α and J values have a con-

trolling effect on Cf. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Conclusions  

On examining the flow of water suspended with GO nanoparti-

cles in between two plates aligned with an angle of inclination 

and including the impacts of Joule heating, we infer the follow-

ing: 

 Velocity is improved by enhancing the Hartman number, 

Reynolds number and injection parameter values. Hence, 

the flow is better in the presence of magnetic field. 

 Convective heat transfer is improved by the Hartman num-

ber, suction parameter, angle of inclination and slip param-

eter. Therefore, compared to the flow in a horizontal chan-

nel where the slip condition is ignored, better thermal per-

formance is achieved with the inclined channel in the pres-

ence of a magnetic field and considering slip conditions. 

 Brownian motion of the nanoparticles significantly con-

tributes to mass transfer since convective mass transfer is 

increased by raising values of the Brownian motion param-

eter, Reynolds number, injection parameter and Joule heat-

ing parameter.  

 Since Be > 0.9, heat transfer primarily causes the entropy 

generation, even though the varying parameter values fee-

bly contribute to entropy due to mass transfer and fluid 

friction. 

Table 3. Nusselt number, Sherwood number and skin friction values, where 𝑱 × 𝟏𝟎−𝟓. 

Re Nb Nt RSC α J Ha S −𝜽′(𝟏) −𝝓′(𝟏) 𝑨𝟕𝒇′(𝟏) 

100 0.0004 0.0002 5 π/4 3 2 0.5 1.066592 0.966704 -40.024441 

200 0.0004 0.0002 5 π/4 3 2 0.5 1.018198 0.990901 -20.920922 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

400 0.0004 0.0002 5 π/4 3 2 0.5 1.00445 0.997775 -10.586109 

300 0.0002 0.0002 5 π/4 3 2 0.5 1.008119 0.991881 -14.021619 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0006 0.0002 5 π/4 3 2 0.5 1.008008 0.997331 -14.086336 

300 0.0008 0.0002 5 π/4 3 2 0.5 1.007919 0.99802 -14.09466 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0003 5 π/4 3 2 0.5 1.008003 0.993998 -14.046363 

300 0.0004 0.0004 5 π/4 3 2 0.5 1.007921 0.992079 -14.022999 

300 0.0004 0.0005 5 π/4 3 2 0.5 1.00784 0.990201 -13.999866 

300 0.0004 0.0002 -5 π/4 3 2 0.5 1.015474 0.992263 -18.912752 

300 0.0004 0.0002 0 π/4 3 2 0.5 1.019284 0.990358 -20.936399 

300 0.0004 0.0002 2 π/4 3 2 0.5 1.014996 0.992502 -18.553952 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/6 3 2 0.5 1.003926 0.998037 -9.985362 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/3 3 2 0.5 1.012178 0.993911 -17.17123 

300 0.0004 0.0002 5 π/2 3 2 0.5 1.016207 0.991896 -19.75859 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/4 6 2 0.5 1.006763 0.996619 -14.072372 

300 0.0004 0.0002 5 π/4 9 2 0.5 1.00544 0.99728 -14.074783 

300 0.0004 0.0002 5 π/4 12 2 0.5 1.004118 0.997941 -14.077193 

300 0.0004 0.0002 5 π/4 3 1 0.5 1.007139 0.99643 -15.725448 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/4 3 3 0.5 1.008418 0.995791 -13.496468 

300 0.0004 0.0002 5 π/4 3 4 0.5 1.008588 0.995706 -13.205481 

300 0.0004 0.0002 5 π/4 3 2 0 1.006043 0.996978 -27.092764 

300 0.0004 0.0002 5 π/4 3 2 0.3 1.0066 0.9967 -17.493855 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/4 3 2 1 1.011167 0.994416 -9.433658 
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The problem considered is useful in automobile radiators, 

heat exchangers, manufacturing polymers and fertilizers, and 

food processing. The investigation can be further extended by 

examining the flow of graphene oxide nanofluid in various other 

geometries and exploring the nanofluid's non-Newtonian behav-

iour. 
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1. Introduction 

The trend of miniaturization has led to the increased generation 

of heat flux in many engineering devices, such as electronic  

chips and micro electromechanical systems. It is certain  that it 

will reach 10 000 kW/m2 in the immediate future [1]. It is pos-

sible for such devices to fail permanently if heat generation is 

not properly managed. This quantity of heat cannot be removed 
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Abstract 

There is no doubt that the miniaturization of various electronic devices, including processors, servers, micro-electromechan-
ical system devices, etc. has resulted in increased overall performance. However, there is a major problem with thermal 
management in these devices, as well as in many others. One of the most promising solutions is liquid cooled microchannel 
heat sink. In the current work, different cases of open micro pin-fin configurations of heat sink were considered. The con-
figurations considered were a uniform height micro pin-fin heat sink, three-stepped unidirectional micro pin-fin heat sink 
and three-stepped bi-directional micro pin-fin heat sink. These configurations were also oriented in two dissimilar fashions, 
i.e. inline and staggered, so the total of six heat sink configurations are compared and analysed. Using single phase water as 
a coolant and copper as a substrate, these configurations were simulated numerically for different Reynolds numbers 
(10−160) under heat flux of 500 kW/m2. It can be concluded that at low Reynolds numbers, steepness does not contribute 
much in both inline and staggered arrangements, while at higher Reynolds numbers, 3 stepped staggered configurations has 
revealed the best performance due to boosted fluid mixing and more projecting secondary flow. Furthermore, bi-direction-
ality in steepness shows augmented performance only in inline arrangement.  

 

Keywords: Open microchannel heat sink; Periodic stepped; Out of plane fluid mixing; Thermo-hydraulic performance; 

Numerical analysis 
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Nomenclature 

A – area, mm2 

cp – specific heat, J/(kg∙K) 

Dh – hydraulic diameter, mm 

H – height, mm 

k – thermal conductivity, W/(m∙K) 

L – length, mm 

N – total number of pin fins 

Nu̅̅ ̅̅  – average Nusselt number 

∆p – pressure drop, Pa 

q – heat flux, kW/m2 

Re – Reynolds number 

T – temperature, K 

Tbw
̅̅ ̅̅̅ – average bottom wall temperature, K 

TPF– thermal performance factor 

U – velocity, m/s 

V – velocity matrix, m/s 

W – width, mm 

 

Greek symbols 

 –  dynamic viscosity, Pas  

ρ –  density, kg/m3  

 

Subscripts and Superscripts 

avg – average 

b – bottom 

bulk – bulk fluid  

ch – channel 

eff – effective 

f – fin 

in – inlet 

l – liquid 

o – base configuration 

s – substrate 

wl – solid liquid interface 

 

Abbreviations and Acronyms 

HS  – heat sink 

MCHS – microchannel heat sink 

MEMS – micro-electromechanical system 

MPFHS – micro pin fin heat sink 

STEP – stepped 

UO  – uniform 

by natural or forced air convection, and a better cooling system 

is necessary [2]. 

Micro heat pipes, jet impingement, thermoelectric, carbon 

nanotubes, spray cooling, and microchannels have proven capa-

ble of dissipating an enormous amount of heat [3, 4], and due to 

its ease of application and smaller coolant volume requirement, 

microchannel heat sinks (MCHS) have gained extensive popu-

larity in the research fraternity. 

Since Tuckerman and Pease [5] implemented microchannels 

for cooling electronic circuits, various approaches have been 

used to enhance the cooling performance. A number of external 

factors, such as vibrations, electric fields, magnetic fields, etc. 

are used to enhance the performance of MCHS in active tech-

niques [6]. In passive techniques, the innovative geometry of the 

heat sink and various working fluids have been used to increase 

performance [7]. Working fluid modification such as nanoflu-

ids, phase change material slurries [8,9], and the use of multi-

phase approach [10] has been more extensively studied, while 

some innovative designs built into the microchannel are multi-

layer microchannels, the use of vortex generator in the micro-

channel, multiple bifurcation, pin-fin arrangement, etc. [6]. The 

main idea behind using these geometrical altercations is en-

hanced wetted surface area, i.e. convective area, and better fluid 

mixing.  

Generally, micro pin-fin heat sink (MPFHS) is having pin 

fin height equivalent to the channel height and termed as closed 

MPFHS. Next, it was proposed to keep the fins' height lesser 

than the channel height to achieve the clearance. In order to im-

prove thermal performance, the pin fin tip clearance should be 

between 20% and 25% of channel height [6]. The same range of 

tip clearance was also proven through experimental work [11]. 

It was observed that a larger tip clearance results in lesser con-

vective area while a smaller tip clearance does offers better flow 

mixing. To further augment the heat transfer capacity, Bhandari 

and Prajapati [12, 13] opted for a stepped arrangement of 

MPFHS, replacing the uniform tip clearance arrangement. They 

found that the pin fin in step size of three rows has yielded better 

results compared to two and four pin fin rows. They also pointed 

out that increasing the tip clearance along the flow direction has 

a better performance than the decreasing pattern. Earlier the 

stepped arrangement was considered only along the microchan-

nel length direction. To further increase the fluid mixing, 

Bhandari [14] opted for a stepped arrangement along both the 

microchannel length and microchannel width directions. The de-

velopment of stepness in MPFHS is shown in Fig. 1. 

 

 

 

 

 

 

 

 

 

 

Two dissimilar pin-fin arrangements, i.e. inline and stag-

gered were often considered in MPFHS designs. An experi-

mental comparison [15] revealed that staggered configurations 

possess greater heat transfer coefficients and friction factors 

compared to inline arrangements under similar flow rates and 

packaging densities. However, prevailing differences in perfor-

mance diminish with the increasing packaging density. Kesha-

varz et al. [16] examined the performance of circular and drop 

shaped MPFHS having inline and staggered arrangements. The 

authors perceived that the staggered arrangement has a higher 

outlet temperature for lesser fin density, while the inline ar-

rangement has more outlet temperature for moderate pin-fin 

density. However, for all pin-fin density configurations, the 

 

Fig. 1. Various cases of MPFHS. 
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staggered arrangement has a higher pressure drop compared to 

the inline arrangement. In recent work by Bhandari et al. [17], 

different pin fin shapes were analyzed. They found that four-side 

arrangements have the best performance among different cases. 

The fluid flow mixing is one of the important factors that affects 

the thermo-hydraulic performance [18]. 

The micro pin fin heat sink represents a crucial innovation 

with diverse applications across several domains [19−21]. Pri-

marily, it plays a pivotal role in battery thermal management 

systems, ensuring the efficient dissipation of heat generated dur-

ing charging and discharging processes. This is particularly rel-

evant in the context of advancing battery technologies, where 

effective thermal control is imperative for enhancing overall 

performance and longevity. Moreover, the utilization of micro 

pin fin heat sinks extends to hydrogen storage systems, contrib-

uting to the optimal management of thermal conditions in the 

storage process. In the realm of solar photovoltaic (PV) technol-

ogy, these heat sinks find application in cooling systems, ad-

dressing the challenge of excess heat accumulation during solar 

energy conversion [22−26]. Additionally, in electronics cooling, 

microchannel heat sinks play a vital role in addressing thermal 

challenges associated with modern, compact electronic devices, 

enhancing their reliability and longevity [27, 28]. This under-

scores the versatility of micro pin fin heat sinks in facilitating 

enhanced thermal regulation across diverse technological do-

mains. Recent advancements in materials and design methodol-

ogies further underscore the ongoing development in this field, 

emphasizing the contemporary relevance of micro pin fin heat 

sinks in addressing evolving thermal management needs. 

In the present work, the directionality of stepped MPFHS 

configurations has been numerically studied in two different 

fashions. The total of six different configurations have been 

compared on the basis of the average Nusselt number (Nu̅̅ ̅̅ ), pres-

sure drop (∆p) and thermal performance factor (TPF). It is the 

primary objective of the existing work to investigate out-of-

plane mixing in MPFHS. 

2. Mathematical modelling 

2.1. Heat sink geometry  

A numerical analysis of different MPFHS configurations is car-

ried out in the present work. The total of six MPSHS configura-

tions were chosen, including three in inline arrangement and the 

others in staggered arrangement. All MPFHS geometrical con-

structions are as follows: 

1) Uniform inline MPFHS (UO inline): In this configuration, 

pin fins have uniform height throughout the heat sink 

length and width. Pin fin height of 0.375 mm is kept in 

channel of height 0.5 mm. Further, fins are arranged in in-

line style. This configuration is kept as a base configura-

tion to assess the total performance of modified sinks. 

2) Uniform staggered MPFHS (UO stagerred): A staggered 

arrangement of pin-fins in this configuration is character-

ized by equal height and even spacing. 

3) Three-stepped inline unidirectional MPFHS (3 step inline): 

The pin-fin height differs in three consecutive rows, i.e. 

along the channel length only.  

4) Three-stepped staggered unidirectional MPFHS (3 step 

staggered): Similar configuration as described in (c) but ar-

ranged in staggered fashion.  

5) Three-stepped inline bidirectional MPFHS (3 × 3 step in-

line): Pin-fin height variation takes place along both longi-

tudinal direction and transverse direction in inline fashion. 

6) Three-stepped staggered bidirectional MPFHS (3 × 3 step 

staggered): Similar to 5), but arranged in staggered fash-

ion. The perspective view and top view of 3 × 3 step stag-

gered configuration are depicted in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As depicted above, a 3-D model of the heat sinks (HS) has 

been designed to conduct the current simulation work. The foot-

print area and overall height of the considered cases are equal, 

namely 10.13 × 7.875 × 1.5 mm. In all cases, pin fins have 

a square cross section, which measures 0.375 mm by 0.375 mm. 

The pin fins are positioned differently across nine columns, each 

with twelve fins along the channel length. So, the total of 108 

pin fins are there in every heat sink. The thorough geometrical 

specifications of the open MPFHS are tabulated in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2. Solution methodology 

Fluid flow and thermal characteristics of projected MPFHS 

cases under different flow rates were examined using the same 

operating conditions. Simulations were performed using AN-

SYS Fluent Version 18.0 commercial code to study the different 

 

Fig. 2. Three-stepped staggered bidirectional MPFHS  

(3 × 3 step staggered): (a) Perspective view; (b) Top view  

with its geometrical specification in mm. 

Table 1. MPFHS geometrical specifications. 

Parameter Value (mm) 

MPFHS length (L) 10.125 

MPFHS width (W) 7.875 

Micro Fin height variation (Hf) 300−375−450 

total height of Heat sink (H = Hch+Hb) 1.5 

Bottom wall thickness (Hb) 1 

Footprint dimension of fin (Wf) 0.375×0.375 

Pitch between two successive pin-fins 
along channel length 

0.375 

Pitch between two successive pin-fins 
along channel width 

0.375 

Total fins in each configuration 108 
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heat sink geometries, where geometry and meshing have been 

carried out in Workbench. Copper is the substrate of the heat 

sink, while liquid water is the coolant.  

The steady-state basic governing equations, i.e. continuity 

Eq. (1), momentum Eq. (2), and energy Eq. (3) applicable for 

the fluid flow zone are: 

 ∇ ∙ (𝜌𝑙𝑉⃗ ) = 0, (1) 

 𝑉⃗ ∙ ∇(𝜌𝑙𝑉⃗ ) = −∇𝑝 + ∇ ∙ (𝜇𝑙∇𝑉⃗ ) + 𝜌𝑙𝑔 , (2) 

 𝑉⃗ ∙ ∇(𝜌𝑙 𝑐𝑝,𝑙∇𝑇𝑙) =  ∇ ∙ (𝑘𝑙 ∇𝑇𝑙). (3) 

In the above equations V⃗⃗  is the velocity matrix. The energy 

equation for solid substrates is: 

 ∇ ∙ (𝑘𝑠 ∇𝑇𝑠) = 0. (4) 

The thermo-physical properties of single phase liquid water 

vary with temperature. For more accurate results, the same has 

also been incorporated into the simulation. The variation of liq-

uid thermophysical properties is a polynomial function of tem-

perature [28, 30], while the substrate material has constant prop-

erties. Both properties of substrate and working fluid are listed 

in Table 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The pressure drop was evaluated as a pressure difference be-

tween the inlet and outlet. The Reynolds number (Re) was cal-

culated based on the heat sink pin fin hydraulic diameter accord-

ing to: 

 Re =
𝜌𝑢𝑖𝑛𝐷ℎ

𝜇
. (5) 

Based on the expression below, the average Nusselt number 

Nu̅̅ ̅̅  has been calculated 

 Nu̅̅ ̅̅ =
ℎ𝐷ℎ

𝑘𝑙
=

𝑞𝑒𝑓𝑓𝐷ℎ

(𝑇𝑎𝑣𝑔,𝑤𝑙−𝑇𝑏𝑢𝑙𝑘,𝑙)𝑘𝑙
, (6) 

where, the area weighted average temperature of the heat sink's 

s-l interface is Tavg,wl . Tbulk, l is the bulk volumetric working 

fluid temperature. As the wetted surface area is greater than the 

foot print area, the effective heat flux (qeff) has been opted in Nu̅̅ ̅̅ . 

The effective heat flux is the heat flux applied on the interface 

and has been evaluated according to Eq. (7): 

 𝑞𝑒𝑓𝑓 =
𝐴𝑏𝑤

𝐴𝑤𝑙
, (7) 

where Abw and Awl refer to the bottom wall surface area or foot-

print area and the solid-liquid contact area of the heat sink, re-

spectively. Regardless of the configuration, both areas remain 

the same. 

2.3. Boundary conditions 

In current numerical work, a uniform heat flux of 500 kW/m2 

has been applied. Previous studies [6,11] have shown that the 

heat flux has little influence on microchannel heat sink proper-

ties. So, only one heat flux condition has been studied. Except 

for the bottom wall, all outer walls are adiabatic. Working fluid 

with a temperature of 298 K was taken with inlet velocity vary-

ing from 0.1 to 0.4 m/s. Pressurevelocity coupling was based 

on the SIMPLE algorithm, and the equations were solved using 

the Gauss-Seidel iterative technique. 

2.4. Grid independence 

In order to prevent any errors resulting from coarse mesh, a grid 

independence test was performed before the broad analysis. The 

uniform inline (UO) MPFHS case having unit grid size variation 

was considered. In total, three different cases were simulated 

with Re = 110 and q = 500 kW/m2. Table 3 enlists the complete 

details of the grid independence test. Two parameters  pressure 

drop (∆p) and average bottom wall temperature (T̅
bw

) were com-

pared for a varying number of elements. It is observed that the 

differences in results for fine and very fine grid structures are 

less than 3%, but time taken for the simulation is doubled. So, 

the fine mesh type is chosen in simulation of all MPFHS cases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.5. Model validation 

Using the methodologies of the proposed model, the work of Ali 

and Arshad [29] has been reproduced to validate the present nu-

merical work. Identical boundary conditions and similar micro 

pin fin geometry have been used to predict the results. Under 

a heat flux of 37.2 kW/m2, the bottom wall temperature was 

compared for different flow rates. Furthermore, it is compared 

Table 2. Thermo-physical property of substrate material and working 

fluid. 

Thermo- 
physical 
property 

Copper Working fluid (Water) 

Density 
8978 
kg/m3 

ρ(T) = 765.33 + 1.8142T - 0.0035T2 

Specific 
heat 

381 
J/(Kg∙K) 

cp(T) = 28070 - 281.7T + 1.25T2 

             - (2.48×10-3)T3 + (1.857×10-6)T4 

Thermal 
conduc-
tivity 

387.6 
W/(m∙K) 

k(T) = -0.5752 + (6.397×10-3)T 
             - (8.151×10-6)T2 

Viscosity ------ 
μ(T) = (9.67×10-2) - (8.207×10-4)T 
             + (2.344×10-6)T2 - (2.244×10-9)T3 

 

Table 3. Grid independence test performed on uniform inline (UO) con-

figuration for Re = 110. 

Mesh 
Type 

Number  
of elements 

Pressure 
drop 

Percentage 
variation 

Coarse 256 849 430.846 -- 

Fine 1 994 845 458.4352 6.40% 

Very Fine 4 674 104 467.694 2.01% 

Mesh 
Type 

Average bottom 
wall temperature 

Percentage 
variation 

 
Coarse 335.6415 -- 

Fine 333.6879 0.58% 

Very Fine 332.8774 0.24% 
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to the numerical work by Ambreen and Kim [30], as they have 

also used a similar geometry [29]. Based on the present simula-

tion and the literatures, the predicted average bottom wall tem-

perature is shown in Fig. 3. Observations of the present results 

show decent agreement with both literatures, with an extreme 

deviation of 5%. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

3. Results and discussion 

On simulating different heat sink configurations under heat flux 

of 500 kW/m2, the parameters Nu̅̅ ̅̅  and T̅bw were evaluated for a 

series of Reynold numbers (Re). The variation of Nu̅̅ ̅̅  with Re for 

different MPFHS cases has been shown in Fig. 4(a). As depicted 

in the figure, with a rise in Re, there is a rise in Nu̅̅ ̅̅  value but 

with a decreasing rate. This can be attributed to an increase in 

entrance length. There is a distinct gap between inline and stag-

gered configurations for all heat sinks, which is quite obvious 

due to enhanced fluid mixing. It is exciting to note that for inline 

configurations, 3 × 3 step MPFHS has shown top performance 

followed by 3 step inline and UO inline configuration. While, 

for staggered configurations, the differentiation is not clearly 

visible up to Re < 70, and afterwards, 3 step (staggered) config-

uration has yielded a better Nu̅̅ ̅̅  value compared to 3 × 3 step 

(staggered) and UO (staggered) configuration. The observed 

conduct is entirely contingent on how the working fluid moves 

within the heat sink. 

The influence of Reynolds number (Re) on the average tem-

perature of the bottom wall (T̅bw) was illustrated in Fig. 4(b) for 

different cases of the heat sink.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The average bottom wall temperature T̅bw is calculated as the 

area-weighted normal temperature of the lower wall of the heat 

sink where the heat flux is applied. Across various configura-

tions of the heat sink, a consistent trend in the bottom wall tem-

perature with respect to Reynolds number was observed. The 

general understanding is that as the Reynolds number increases, 

the coolant flow rate also increases, leading to more effective 

heat transfer from the heat sink and a decreased bottom wall heat 

sink temperature. A significant difference was observed be-

tween inline and staggered arrangements due to better fluid flow 

through the channel. Among all configurations, 3 step (stag-

gered) configuration has shown the lowest value of T̅bw  for  

Re > 70 and for Re < 70; it is UO staggered configuration. This 

is due to a higher heat transfer rate in this case. It can be con-

cluded that heat sink usage at low Reynold numbers is not justi-

fied as there is less heat transfer than.  

The variation of ∆p with Re for different MPFHS cases has 

been plotted in Fig. 5(a). It is recognized that as Re increases, 

there is a corresponding rise in the pressure drop (∆p) due to 

elevated flow resistance. Additionally, the gradient of the ∆p 

curve becomes steeper as the Reynolds number value increases. 

Among different configurations, 3 step staggered configuration 

has yielded highest value of pressure drop, while UO inline con-

figuration has shown the lowest ∆p. This is due to increase in 

flow obstruction in the heat sink. The gap between inline and 

staggered arrangements kept on increasing with the rise in Re.  

To further evaluate the design efficacy of heat sinks, the ther-

mal performance factor (TPF) was plotted in Fig. 5(b). The en-

hancement of the average Nusselt number through diverse de-

sign modifications invariably involves incurring a pressure drop 

penalty [22]. Consequently, researchers have endeavored to as-

sess the effectiveness of these designs using various parameters 

such as thermo-hydraulic performance, figure of merit, and co-

efficient of performance [22,31−33]. In the current study, the 

overall performance of various heat sink configurations was 

evaluated based on the parameter TPF. The thermal perfor-

mance factor based on Eq. (8) has been calculated to assess the 

overall performance of MPFHS configurations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

All configurations have shown the TPF value > 1 except at 

lower values of Re. The design modifications have augmented 

thermal characteristics with the least pressure drop penalty. 

Among all configurations, UO stepped configuration has the 

 

Fig. 3. Present numerical work validation with previous work [29−30]. 

 
                 (a)                                                      (b) 

Fig. 4. Deviation of: (a) Nu̅̅ ̅̅ ; (b) Tbw
̅̅ ̅̅  with Re for different  

MPFHS configuration. 

 
                   (a)                                          (b) 

Fig. 5. Deviation of: (a) ∆p; (b) TPF with Re. 
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maximum value of TPF up to Re < 80, while for Re > 80, 3 step 

staggered configuration has depicted the highest TPF value. 

The TPF value for UO stepped, 3 step staggered and  

3 × 3 step staggered configurations of MPFHS has shown an 

increasing trend up to Re = 80 and afterwards it starts decreas-

ing. This is attributed to exponential enhancement in pumping 

power at higher Re values. Whereas, the other configurations, 

i.e. 3 step inline and 3 × 3 step inline have shown an increasing 

slope with the increase in Reynolds number, and at higher Re 

values, the curves tend to flatten. 

4. Conclusions 

In current work, numerical relative analysis has been done for 

different configurations of open MPFHS. Mainly three design 

parameters (stepness, arrangement and directionality) are simu-

lated and analysed using six different MPFHS configurations. 

Using single phase liquid water as a coolant and Cu as a sub-

strate, present cases were compared for a range of Reynolds 

number and a heat flux of 500 kW/m2. It can be concluded that 

stepness in pin fin configurations has yielded more augmenta-

tion in the inline arrangement rather than in the staggered ar-

rangement. Furthermore, the stepped arrangement has less im-

pact at low values of Reynolds number, i.e. for Re < 70, its in-

fluence kept on increasing with Re. Bi-directional pin fin height 

variation is beneficial only in the inline arrangement while has 

a negative impact on the staggered arrangement.  
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1. Introduction 

Impulsively moving permeable heated cylindrical surface in 

an infinite nanofluid medium has a wide range of applications 

in engineering and industries. Such applications can be found in 

the production of composite substances, rocket launching, tor-

pedo, missile, fired bullet, the processing of porous materials, 

submarine, thermal insulation, fuel production, glass processing, 

and thermal solar panels. Theoretically speaking, this problem 

is closely related to an extension of Stokes first problem of un-

steady boundary layer flow past a moving cylindrical surface, as 

discussed by Stokes [1]. Meanwhile, Choi [2] coined the term  

 

nanofluid to describe the engineered colloidal suspension of na-

nometer-sized particles in a base fluid. The novelty of nanoflu-

ids lies in their heat transfer enhancement capability. Conse-

quently, studies related to the boundary layer flow of nanofluid 

past a moving surface have attracted global attention due to their 

useful applications in many industrial and engineering sectors, 

as highlighted by Kuznetsov and Nield [3] and others [4–7].  

In addition, the generation of entropy is also important in en-

suring the effective functioning of fluid flow and thermal sys-

tems. This concept takes into account the depletion of useful  

energy within the system, as explained by Bejan [8]. Therefore, 

reducing the entropy generation rate is important in optimizing
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Nomenclature 

Be – Bejan number (Be =
1

1+
𝑁2
𝑁1

) 

Bi – thermal Biot number (Bi =
ℎ𝑓√𝜈𝑓𝑡

𝑘𝑓
) 

Cf – skin friction 

Cp – specific heat at constant pressure, J/(kg s)  

Ec – Eckert number 

Eg – volumetric entropy generation 

ℎ – heat transfer coefficient, W/(m2K)  

k – fluid thermal conductivity, W/(m K)  

N1 – irreversibility because of heat transfer 

N2 – entropy generation because of viscous dissipation 

Ns – dimensionless entropy production rate 

Nu – Nusselt number (Nu =
𝑎(𝑡)𝑞𝑤

𝑘𝑓(𝑇𝑓−𝑇∞)
) 

Pr – Prandtl number (Pr =
𝜇𝑓𝐶𝑝𝑓

𝑘𝑓
) 

T – fluid temperature, K 

 

Greek symbols 

𝛽 – variable viscosity parameter 

𝜂 – dimensionless gap between two-cylinder 

𝜃 – dimensionless temperature 

𝜆 – horizontal movement parameter 

𝜇 – fluid dynamic viscosity (ambient temperature), kg/(m s) 

𝜌 – density of the fluid, kg/m3  

 

Abbreviations and Acronyms 

ODE  – ordinary differential equation  

IVP    – initial value problem 

MHD – magnetohydrodynamic 

the thermodynamic performance of many engineering flow pro-

cesses. Woods [9] states that the first law of thermodynamics is 

essentially a statement about the conservation of energy, while 

the second law of thermodynamics highlights how entropy gen-

eration makes technological processes irreversible. Theoretical 

studies on the second law analysis of fluid flow with heat trans-

fer characteristics was pioneered by Bejan [10]. Butt et al. [11] 

examined the impact of entropy generation on a boundary layer 

flow and heat transfer of nanofluid over a cylindrical surface. 

Rana and Shukla [12] analytically investigated the effects of en-

tropy production on hydromagnetic boundary layer flow of 

nanofluid past a flat plate with aligned magnetic fields, ohmic 

heating and viscous dissipation. Freidoonimehr and Rahimi [13] 

reported an exact solution for hydromagnetic nanofluid flow and 

heat transfer with entropy generation past a permeable stretch-

ing/shrinking sheet surface. The problem of inherent irreversi-

bility in nanofluid flow over a convectively heated radially 

stretching disk was numerically examined by Das et al. [14]. 

Khan et al [15], explored the theoretical analysis for thermal and 

mass transport of Maxwell nanofluid along permeable shrinking 

surface. The results showed that the thermal boundary layer 

thickness decreases with stronger suction influence, resulting in 

an increase in heat and mass transfer rate. Zahmatkesh et al. [16] 

analyzed the effects of entropy generation rate on stagnation 

point flow of nanofluid towards a permeable cylindrical surface 

with uniform surface suction and injection. Muhammad and 

Makinde [17] discussed the thermodynamics irreversibility in an 

unsteady hydromagnetic mixed convective flow over a porous 

vertical surface under the combined impact of thermal radiation 

and velocity slip. Das et al. [18] numerically investigated the 

unsteady hydromagnetic boundary layer flow and heat transfer 

of nanofluid past an impulsive convectively heated stretching 

sheet with heat source/sink. The entropy generation and heat 

transfer of dissipative mixed convection of nanofluid over a ver-

tical cylindrical surface was explored by Agrawal and Kaswan 

[19]. Kumar and Mondal [20] studied the flow of heat-radiating 

hybrid nanofluids through a stretchable rotating disk with en-

tropy generation in the presence of a magnetic field. The effects 

of entropy generation rate on MHD boundary layer flow of a ra-

diating carbon nano-tubes nanofluid was numerically investi-

gated by Mandal and Pal [21].  

The aim of this study is to investigate the rate at which en-

tropy is produced in a flow of nanofluids with temperature-de-

pendent viscosity past a permeable cylindrical surface that is 

heated and moves impulsively in both vertical and horizontal di-

rections. This research focused on using copper as nanoparticles 

and water as the base fluid. Previous research has not explored 

this particular geometry, so this study aims to fill that gap in the 

literature. Moreover, the inclusion of viscous and porous dissi-

pation terms in the energy equation enables us to examine their 

effect on fluid flow and heat transfer. The relevant equations 

governing the system are derived and transformed into ordinary 

differential equations using appropriate similarity variables. To 

solve the model problem, a numerical procedure called shooting 

method is employed, which reformulates the original boundary 

value problem to a related initial value problem (IVPs) with its 

appropriate initial conditions, presented by Ha [22]. The result-

ant IVP is solved numerically using the Runge-Kutta-Fehlberg 

integration scheme method for solving linear ordinary differen-

tial equations. The results obtained show the impact of various 

parameters on velocity, temperature, skin friction, Nusselt num-

ber, entropy generation rate, and Bejan number. These results 

are presented graphically and discussed in detail. 

2. Model problem  

Consider an unsteady flow of a variable viscosity Cu-water 

nanofluid generated by the impulsive motion of a convectively 

heated permeable cylindrical surface. It is assumed that the cy-

lindrical body is subjected to both horizontal and vertical motion 

as shown in Fig. 1 below.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Geometry of the problem. 
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The equations that govern the flow field in the boundary 

layer are based on the above assumptions, the conservation of 

mass, momentum, energy and entropy generation. Using the 

boundary layer approximation, as discussed by Munawar et al. 

[23], the governing equations of continuity, momentum, energy 

and entropy generation rate in cylindrical coordinates, may be 

written in the usual notation as [6,16,19,23]: 

 
𝜕𝑢

𝜕𝑧
= −

𝑉

𝑟
, (1) 

 
𝜕𝑢

𝜕𝑡
+ 𝑉 (

𝜕𝑢

𝜕𝑟
−

𝑢

𝑟
) =

1

𝜌𝑛𝑓𝑟

𝜕

𝜕𝑟
(𝑟𝜇𝑛𝑓

𝜕𝑢

𝜕𝑟
), (2) 

 
𝜕𝑇

𝜕𝑡
+ 𝑉

𝜕𝑇

𝜕𝑟
=

𝑘𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇

𝜕𝑟
) +

𝜇𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

(
𝜕𝑢

𝜕𝑟
)

2

, (3) 

 𝐸𝑔 =  
𝑘𝑛𝑓

(𝑇𝑓−𝑇∞)
2 (

𝜕𝑇

𝜕𝑟
)

2

+
𝜇𝑛𝑓

(𝑇𝑓−𝑇∞)
(

𝜕𝑢

𝜕𝑟
)

2

, (4) 

subjected to the boundary conditions 

 at 𝑟 = 𝑎(𝑡): 

       𝑢(𝑎, 𝑡) = 𝑈0, −𝑘𝑓
𝜕𝑇

𝜕𝑟
(𝑎, 𝑡) = ℎ𝑓[𝑇𝑓 − 𝑇(𝑎, 𝑡)], (5a) 

 as 𝑟 → ∞:        𝑢(∞, 𝑡) → 𝑈∞,       𝑇(∞, 𝑡) → 𝑇∞, (5b) 

where u is the velocity in the z-direction while V is the velocity 

in the r-direction of the cylindrical polar coordinates, r is the 

radius of the cylinder, z is the axial distance, t is the time, U∞ is 

the free stream velocity, U0 is the velocity of cylindrical surface 

impulsive motion, μnf  the nanofluid dynamic viscosity, 𝜌𝑛𝑓  

the nanofluid density, T is the temperature, knf is the conductivity 

of the nanofluid, (Cp)nf  the specific heat capacitance of 

nanofluid, Tf is the hot fluid temperature at the surface, T∞ is the 

free stream temperature, kf  thermal conductivity of the base 

fluid, and hf is the heat transfer coefficient. The physical prop-

erties of water together with copper nanoparticles are listed in 

Table 1 below.  

 

 

 

 

 

 

 

2.1. Similarity transformation 

The system of differential Equations (1)–(5) consists of coupled 

nonlinear equations. Specific feasible similarity transformations 

can be utilized to transform the nonlinear system of partial dif-

ferential equations into a nonlinear system of ordinary differen-

tial equations to achieve such simplifications. The following 

similarity variables are taken into consideration: 

  =
𝑟

√𝜈𝑓𝑡
− 𝑠,    𝑉 = −𝑐√

𝜈𝑓

𝑡
,    𝜃(𝜉) =

𝑇−𝑇∞

(𝑇𝑓−𝑇∞)
,    𝑢 = 𝑈∞𝐹(𝜂), 

(6) 

 𝛽 = 𝑀(𝑇𝑓 − 𝑇∞),      𝜇𝑛𝑓 =
𝜇𝑓𝑒

−𝑀(𝑇𝑓−𝑇∞)

(1−𝜙)2.5 ,      𝑎(𝑡) = 𝑠√𝜈𝑓𝑡 .  

By substituting Eq. (6) into Eqs. (1)–(5) we obtain the di-

mensionless ordinary differential equations: 

 𝐹′′ + [
1

𝜂+𝑠
− 𝛽𝜃′ + 𝐴1𝐴2𝑒𝛽𝜃 (

(𝜂+𝑠)

2
+ 𝑐)] 𝐹′ −

𝑐𝐴1𝐴2

𝜂+𝑠
𝑒𝛽𝜃𝐹 = 0,  

(7) 

 𝜃′′ + [
1

𝜂+𝑠
+ Pr𝐴4𝐴5 (

𝜂+𝑠

2
+ 𝑐)] 𝜃′ + 𝐴3𝐴4PrEc𝑒−𝛽𝜃(𝐹′)2 = 0,  

(8) 

 𝑁𝑠 = (
𝑘𝑛𝑓

𝑘𝑓
) (𝜃′)2 +

PrEc𝑒−𝛽𝜃

(1−𝜙)2.5
(𝐹′)2 = 0, (9) 

subjected to the boundary conditions: 

 𝐹(0) =  𝜆,          θ′(0) =  −Bi(1 − θ(0)),  

(10) 

 𝐹(∞) = 1,          θ(∞) = 0.  

The dimensionless parameters are defined as: 

 𝐴1 =
𝜌𝑛𝑓

𝜌𝑓
 ,      𝐴2 = (1 − 𝜙)2.5,      𝐴3 = (1 − 𝜙)−2.5,  

 𝐴4 =
𝑘𝑓

𝑘𝑛𝑓
 ,         𝐴5 =

(𝜌𝐶𝑝)
𝑛𝑓

(𝜌𝐶𝑝)
𝑓

 ,          𝜆 =
𝑈0

𝑈∞
 , (11) 

 Pr =
𝜇𝑓𝐶𝑝𝑓

𝑘𝑓
 ,         Bi =

ℎ𝑓√𝜈𝑓𝑡

𝑘𝑓
 ,         Ec =

𝑈∞
2

(𝐶𝑝)
𝑓

(𝑇𝑓−𝑇∞)
.  

The physical parameters of interest influencing the flow sys-

tem are ϕ which represents the nanofluid volume fraction, β rep-

resenting the variable viscosity parameter of the nanofluid, s 

representing the vertical movement of the cylindrical surface; Pr 

is the base fluid Prandtl number (Pr = 6.2), which is a ratio of 

momentum diffusivity to thermal diffusivity, Ec is the Eckert 

number that defines a ratio of the advective mass transfer to the 

heat dissipation, λ is the horizontal movement of the model,  

c ˃ 0 represents nanofluid suction and c < 0 is the nanofluid in-

jection, Ns is the dimensionless entropy generation rate and Bi is 

the Biot number defined as the ratio of thermal resistance be-

tween the body and the surface of the body. 

Other interesting engineering quantities are the coefficient of 

skin friction Cf, the Nusselt number Nu and the Bejan number 

Be, given by the following equations: 

 Re𝑡𝐶𝑓 =  
𝑒−𝛽𝜃(0)𝐹′(0)

(1−𝜙)2.5  ,      Nu =  −𝑠
𝑘𝑛𝑓

𝑘𝑓
𝜃′(0),      Be =

1

1+𝛷
,  

(12) 

where: 

 𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑈∞
2 ,      Nu =

𝑎(𝑡)𝑞𝑤

𝑘𝑓(𝑇𝑓−𝑇∞)
 ,     𝜏𝑤 = 𝜇𝑛𝑓

𝜕𝑢

𝜕𝑟
 |𝑟=𝑎(𝑡),  

 𝑞𝑤 = −𝑘𝑛𝑓
𝜕𝑇

𝜕𝑟
 |𝑟=𝑎(𝑡) ,       Re𝑡 =

𝑈∞√𝑣𝑓𝑡

𝜐𝑓
,  (13) 

 𝑁1 = (
𝑘𝑛𝑓

𝑘𝑓
) (𝜃′)2,       𝑁2 =

PrEc𝑒−𝛽𝜃

(1−𝜙)2.5
(𝐹′)2,      Φ =

𝑁2

𝑁1
,   

and N1 is the heat transfer irreversibility (HTI), N2 is the fluid 

friction irreversibility (FFI), Φ is the irreversibility ratio, 𝜏𝑤 is 

the cylindrical surface shear stress, 𝑞𝑤 is the dimensional heat 

flux, Re𝑡 is the local Reynolds number. 

Table 1. Nanoparticles and base fluid thermophysical properties [25,26].  

Materials ρ [kg/m3] Cp [J/(kgK)] k [W/(mK)] 

Pure water 997.1 4179 0.613 

Copper (Cu) 8933 385 401 
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For a constant viscosity convectional fluid flow past an im-

permeable stationary cylindrical surface, β = c =  =  = 0 and 

s = 1. The model Eq. (7) is amenable to exact solution based on 

the boundary conditions in Eq. (10) and we obtain: 

 𝐹() =
𝐸𝑖(

(𝑦+1)2

4
)−𝐸𝑖(1,   

1

4
)

𝐸𝑖(
(∞+1)2

4
)−𝐸𝑖(1,   

1

4
)
. (14) 

3. Numerical procedure  

The shooting technique with the Runge-Kutta-Fehlberg integral 

scheme is a numerical method used to solve model equations. 

The dimensionless boundary value problem in the resulting  

Eqs. (7)–(8), is converted into an initial value problem (IVP) by 

letting: 

 𝑥1 = 𝐹(𝜂),    𝑥2 = 𝐹′(𝜂),    𝑥3 = 𝜃(𝜂),    𝑥4 = 𝜃′(𝜂)  (15) 

and obtaining: 

 𝑥1
′ = 𝑥2 (16) 

 𝑥2
′ =

𝑐𝐴1𝐴2

𝜂+𝑠
𝑒𝛽𝑥3𝑥1 − [

1

𝜂+𝑆
− 𝛽𝑥4 + 𝐴1𝐴2𝑒𝛽𝑥3 (

(𝜂+𝑠)

2
+ 𝑐)] 𝑥2,  

(17) 

 𝑥3
′ = 𝑥4 (18) 

 𝑥4
′ = − [

1

𝜂+𝑠
+ 𝑃𝑟𝐴4𝐴5 (

𝜂+𝑠

2
+ 𝑐)] 𝑥4 − 𝐴3𝐴4𝑃𝑟𝐸𝑐𝑒−𝛽𝑥3(𝑥2)2,  

(19) 

with the initial conditions: 

 

 

 𝑥1(0) = 𝜆,             𝑥2(0) = 𝑎1, (20a) 

 𝑥3(0) = 𝑎2, 𝑥4(0) = −𝐵𝑖(1 − 𝑎2). (20b) 

The initial values of 𝑎1 and 𝑎2 are guessed initially and 

successively obtained using the Newton-Raphson method. The 

numerical value is estimated using the shooting procedure. If 

these boundary conditions are not satisfied to the required accu-

racy, the procedure is repeated with a new set of initial condi-

tions until the required accuracy is acquired or a limit to the it-

eration is reached [23]. The resultant IVP is solved numerically 

using any appropriate method for solving nonlinear ordinary dif-

ferential equations (ODE). Then the subsequent system of a set 

of nonlinear ODEs is solved by using the Runge-Kutta-Fehlberg 

integration scheme. 

4. Results and discussion 

To fully understand the heat and mass transfer properties in the 

overall flow structure, numerical solutions showing the effect of 

emerging thermophysical parameters on the nanofluids, temper-

ature profile, velocity profiles, skin friction, Nusselt number, en-

tropy generation, and Bejan number are discussed, and graph-

ically displayed in Figs. 2 to 15. To validate the accuracy of our 

numerical procedure, the numerical results obtained for velocity 

profiles are compared with their corresponding exact solutions 

displayed in Eq. (14). A very excellent agreement is achieved as 

depicted in Table 2. This undoubtedly attests to the accuracy of 

our numerical procedure and the obtained results. Table 2 pre-

sents a comparison between the exact and numerical results 

when β = c =  =  = 0 and s = 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 3. The impact of λ on the velocity profile 

of Cu-water. 

 
Fig. 4. The impact of β on the temperature 

profile of Cu-water. 

 
Fig. 2. The impact ϕ of on the velocity  

profile of Cu-water. 

 
Fig. 5. The impact of ϕ on the temperature 

profile of Cu-water. 

 
Fig. 6. The impact of ϕ, β and λ on the skin 

friction of Cu-water. 

 
Fig. 7. The impact of s and c on the skin  

friction of Cu-water. 
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For this study, we used Cu-water nanofluid because of its 

high thermal conductivity. It can be observed from Fig. 2 that 

there is a decrease in the velocity boundary layer thickness with 

an increase in ϕ (nanoparticle volume fraction), this may be at-

tributed to a slight increase in the base fluid viscosity due to the 

presence of nanoparticles. This improves the relationship be-

tween Cu-water nanofluid and the heated cylindrical surface re-

sulting in the heat transfer rate enhancement. A similar trend is 

observed with the rise in the parameter values of λ (surface hor-

izontal motion parameter). As the parameter λ rises, the velocity 

boundary layer thickness diminished, as a result, the interaction 

between the nanofluid and the heated cylindrical surface in-

creases as depicted in Fig. 3. Figures 4–5 show the parameter 

effects on nanofluid thermal boundary layer thickness. A decline 

in thermal boundary layer thickness and nanofluid temperature 

are observed with an upsurge in β (variable viscosity parameter). 

This can be observed by considering Eq. (6), as β increases the 

viscosity of the nanofluid reduces causing the fluid to be less 

dense affecting the heat transfer rate of the system (see Fig. 4). 

In Fig. 5, the temperature profile shows that the temperature of 

the nanofluid is maximized on the cylindrical surface by heat 

convection, improving heat transfer and decreasing at a moder-

ate rate towards the free flow temperature far from the surface, 

Table 1. Comparison between the exact and  

numerical results when β = c =  =  = 0 and 

s = 1.  

 F(), Exact F(), Numerical 

0 0.00000000 0.00000000 

0.1 0.13860827 0.13860830 

0.3 0.36214317 0.36214315 

0.6 0.59814367 0.59814374 

1.0 0.78991900 0.78991910 

2.0 0.96671207 0.96671210 

4.0 0.99974099 0.99974100 

∞ 1.00000000 1.00000000 

 

 
Fig. 9. The impact of β and λ with increase  

in ϕ on the Nusselt number of Cu-water 

 
Fig. 11. The impact of ϕ and Ec on the  

entropy generation of Cu-water. 

 
Fig. 12. The impact of s on the entropy  

generation of Cu-water. 

 
Fig. 13. The impact of λ on the entropy  

generation of Cu-water. 

 
Fig. 10. The impact of s and c on the Nusselt 

number of Cu-water. 

 
Fig. 8. The impact of ϕ with increase  

in c on the Nusselt number of Cu-water. 

 

Fig. 14. The impact of ϕ and Ec on the Bejan 

number of Cu-water. 

 

Fig. 15. The impact of λ on the Bejan  

number of Cu-water. 
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hence an increase in the value of ϕ (nanoparticle volume frac-

tion) escalates the thermal boundary layer thickness.  

Figures 6–7 show the parameter effects on skin friction be-

tween the nanofluid and the heated surface. It’s observed that 

skin friction lessened with an upsurge in β (variable viscosity 

parameter) and λ (surface horizontal motion parameter). This is 

evident that when the value of β amplifies, the nanofluid viscos-

ity is lightened reducing the friction caused by the copper nano-

particle on the cylindrical surface. However, with a rise in the 

value of ϕ (nanoparticle volume fraction), the skin friction in-

tensifies due to the increasing presence of copper nanoparticles 

in the base fluid as illustrated in Fig. 6. In Fig. 7, a decline in 

skin friction is observed with elevated values of s (surface ver-

tical motion parameter) and c (nanofluid suction at the surface). 

The effects of parameters on the Nusselt number which repre-

sents the rate at which heat is transferred from the heated surface 

to the nanofluid are shown in Figs. 8–10. The heat transfer rate 

is enhanced with an upsurge in the parameter value of ϕ and c 

due to elevation in temperature gradient at the surface (see  

Fig. 8). Similar results are observed in Figs. 9–10 with the rise 

in β, λ and s. The impact on the entropy generation rate by vari-

ous parameters is depicted in Figs. 11–13. In general, the en-

tropy generation rate attained its maximum value at the heated 

cylindrical surface and steadily reduces to the value of zero far 

away from the heated surface at the free stream region. How-

ever, the entropy generation rate is enhanced with an upsurge in 

parameter values of ϕ, Ec and s (see Figs. 11–12) but lessened 

with a rise in parameter value of λ (see Fig. 13).  

This implies that an intensification in the number of nano-

particles in the base fluid coupled with the vertical motion of the 

surface may boost the entropy production in the flow process, 

consequently, lessening the flow efficiency. Figures 14–15 il-

lustrate the parameter effects on the Bejan number which is the 

ratio of heat transfer irreversibility to the total entropy produc-

tion in the flow system. Generally, it is observed that the Bejan 

number is minimum with zero value both at the cylindrical 

heated surface and the free stream region, however, within the 

boundary layer region the maximum value of the Bejan number 

is achieved. This simply implies that only fluid friction irrevers-

ibility contributes to the entropy production rate both at the 

heated surface and free stream region while the effects of both 

heat transfer and fluid friction irreversibilities are heightened 

within the boundary layer region. It is fascinating to mention that 

an increase in ϕ and Ec enhances the impact of heat transfer ir-

reversibility in the flow process (Fig. 14) while an increase in λ 

lessened the impact of heat transfer irreversibility as depicted in 

Fig. 15. 

5. Conclusions  

The inherent irreversibility in unsteady nanofluid flow past 

a convectively heated impulsively moving permeable cylindri-

cal surface has been investigated. The governing nonlinear dif-

ferential equations based on modified Stoke’s first problem as-

sumption were obtained and numerically examined via the 

shooting method coupled with the Runge-Kutta-Fehlberg inte-

gration scheme. The main results can be summarized as follows: 

 The velocity boundary layer thickness is reduced with an 

upsurge in the nanoparticle’s volume fraction and surface 

horizontal motion.  

 The thermal boundary layer thickness diminished with a 

decrease in nanofluid viscosity but amplified with increas-

ing nanoparticle volume fraction. 

 The skin friction reduces with a rise in variable viscosity 

parameter, surface horizontal motion parameter, surface 

vertical motion parameter and nanofluid suction at the sur-

face but escalates with a rise in nanoparticle volume frac-

tion. 

 The Nusselt number is enhanced with elevated values of 

nanoparticle volume fraction, variable viscosity parameter, 

nanofluid suction, horizontal and vertical motion parame-

ters.  

 Maximum entropy production occurred at the heated cylin-

drical surface while the minimum was observed at the free 

stream region. An increase in nanoparticle volume fraction, 

Eckert number and surface vertical motion strengthens the 

entropy generation rate while a rise in horizontal motion 

lessened it. 

 The Bejan number at both the heated surface and free 

stream is zero, consequently, only fluid friction irreversi-

bility ensued. Within the boundary layer region, both heat 

transfer irreversibility and fluid friction irreversibility oc-

curred with Be > 0. The Bejan number is enhanced with  

a rise in nanoparticle volume fraction and Eckert number 

but lessened with the heated surface horizontal motion. 

In conclusion, entropy generation minimization is an essen-

tial factor for the efficient performance of a nanofluid thermal 

boundary layer flow system. This can be achieved by appropri-

ately regulating the values of the emerging thermophysical pa-

rameters in the system. This will innovatively boost the coolant 

effectiveness in various engineering and industrial applications. 

It is observed that there are strong interdependencies of the flow 

variables on entropy generation, and the investigation has poten-

tial utilizations in the thermal management and energy conver-

sion systems. For future research, concepts such as magneto-hy-

drodynamic and concentration can be included to better modify 

the current model. 
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1. Introduction 

Nanotechnology is the practice of manipulating matter at the 

atomic, molecular and supramolecular levels. It encompasses 

the design and construction of materials, electronics, and struc-

tures with dimensions ranging from 1–100 nm. Nanotechnology 

finds application in diverse fields, such as environmental re-

search, medicine, materials science, energy, and electronics. By 

working on such a minute scale, nanotechnology opens up new 

possibilities and potential advancements in various industries 

and scientific disciplines. Nanofluids refer to colloidal suspen-

sions of nanoparticles within a base fluid. These nanoparticles 

vary in size from one to one hundred nanometers and can consist 

of diverse materials, including metals, oxides, carbides, and car-

bon nanotubes. The base fluid can be water, oil or another type 

of liquid. The concept of nanofluids was first proposed in the 

early 1990s [1], and since then, extensive research has been con-

ducted to explore their potential applications in heat transfer. 

The incorporation of nanoparticles in a nanofluid significantly 

enhances the thermal conductivity of the base fluid, leading to  
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Abstract 

Indeed, nanofluids have garnered significant interest in various fields due to their numerous advantages and potential ap-
plications. The appeal of SiO2 nanofluid, in particular, lies in its low preparation cost, simple production process, controlled 
chemistry, environmental safety and its exceptional ability to be homogeneously suspended in the base fluid, which makes 
it a promising candidate for a variety of applications. In this study, we investigate the flow analysis of a water based silicon 
dioxide nanofluid, passing over a stretched cylinder while subjected to a continuous magnetic field, including Joule heating 
effects. The research involves the development of a mathematical model and the formulation of governing equations rep-
resented as partial differential equations. These equations are subsequently transformed into non-linear ordinary differential 
equations through suitable transformations. To obtain a numerical solution, the MATLAB bvp4c solver technique is em-
ployed. The study investigates the implications of dimensionless parameters on velocity and thermal distributions. It is 
observed that the velocity distribution f'(η) exhibits a direct relationship with the volumetric fraction ϕ and an inverse 
relationship with the unsteadiness parameter S, the magnetic parameter M, and the temperature distribution θ(η) shows an 
enhancement for the increasing ϕ and M, as well as the Eckert number. However, it declines against S and the Prandtl 
number. The results for local Nusselt number and skin frictions are depicted in Tables. 

Keywords: Joule heating; MHD flow; SiO2-H2O nanofluid 
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Nomenclature 

A ‒ proportionality constant 

B ‒ magnetic field 

b – dimensional constant 

Ec ‒ Eckert number 

f'(η)  ‒ dimensionless velocity distribution  

K ‒ slip parameter 

m ‒ shape factor 

Nu ‒ Nusselt number 

Pr ‒ Prandtl number 

p ‒ pressure 

Re – Reynolds number 

S – unsteadiness parameter 

T – temperature, K  

t ‒ time, s 

U ‒ surface velocity, m/s 

 

 

Greek symbols 

α, α1 – dimensional constants 

η – similarity variable 

(η)  ‒ dimensionless temperature distribution 

𝑣 – kinematic viscosity, m2/s 

 – dynamic viscosity, Pas  

ρ – density, kg/m3  

σ – electrical conductivity, S/m 

ϕ – volumetric fraction of nanoparticles 

 

Subscripts and Superscripts 

𝑓 – fluid 

𝑛𝑓 – nanofluid  

𝑠 – solid particles 

 

Abbreviations and Acronyms 

MHD – magnetohydrodynamics 

ODEs – ordinary differential equations  

PDEs – partial differential equations  

improved heat transfer performance across a wide range of ap-

plications such as electronic cooling, using the thermophysical 

properties of SiO2 in fuel cell [2], in a lithium ion battery, in the 

presence of phase change material [3]. Akram et al. [4] studied 

ethylene glycol based nanofluid for electroosmotic and peristal-

tic pumping, other authors employed similar nanofluidic models 

in solar heating systems [5,6], and Ma et al. [7] extended the 

models for nuclear power plants. Arif et al. [8] studied a frac-

tional model of coupled stress Casson tri-hybrid nano-fluid us-

ing dissimilar shape nanoparticles. A mathematical simulations 

framework is proposed by Akram et al. [9] for peristaltic pump-

ing of nanofluid due to induced magnetic field in a non-uniform 

channel.  

A boundary layer refers to a slender layer of fluid that forms 

as the fluid flows adjacent to a solid surface. Various engineer-

ing disciplines, such as aerodynamics, heat transport and fluid 

mechanics, extensively depend on the understanding of bound-

ary layer flow. This phenomenon plays a crucial role in generat-

ing drag force experienced by objects moving through a fluid, 

as well as facilitating the exchange of heat and mass between the 

fluid and the solid item. In 1970, Crane [10] conducted pioneer-

ing research on boundary layer flow over a stretching surface. 

He developed a mathematical model to describe the two-dimen-

sional incompressible flow of a Newtonian fluid within the 

boundary layer. To solve this model, Crane utilized similarity 

transformations, a powerful mathematical technique commonly 

employed in fluid mechanics. Researchers have explored and 

analyzed the flow behaviour for diverse shapes and arrange-

ments, contributing to a comprehensive understanding of this 

fundamental fluid mechanics phenomenon. 

Ahmed et al. [11] proposed a framework of non-Newtonian 

fluid model of Jeffrey type over a stretching sheet for a convec-

tive heat transfer. Meanwhile, Hayat et al. [12] provided a nu-

merical simulation for heat enhancement using copper nanopar-

ticles dispersed in ethylene glycol, and furthermore studied sim-

ilar models for diverse geometrical effects [13], and for the ax-

isymmetric stagnation point flow [14] over an unsteady radial 

surface, the Casson fluid for convective squeeze flow [15].  

Jabeen et al. [16] studied numerically Williamson nanofluid in 

the presence of viscous dissipation for bioconvection and energy 

activation and the case of inclined stretching cylinder was con-

sidered by Othman et al. [17]. In a series of articles, Hayat et al. 

[18] provided a comparative study of thin film flow for wide 

range of nanofluidic particles in stretchable surfaces [19] using 

boundary layer flows [20]. 

The study of Joule heating in nanofluids is a relatively recent 

area of research that began in the early 2000s with initial inves-

tigations into this phenomenon. Subsequently, there has been 

a notable increase in research efforts aimed at comprehending 

the effects of Joule heating on nanofluids. This extensive explo-

ration has demonstrated that Joule heating has a significant im-

pact on the performance of nanofluids, highlighting its im-

portance as a critical factor to be taken into account in various 

nanofluid-related applications and systems. The effects of Joule 

heating are determined by the product of the magnetic parameter 

and the Eckert number. Numerous studies have been conducted 

to investigate the impact of Joule heating in magnetohydrody-

namic (MHD) channels under various conditions. This research 

aims to understand the influence of Joule heating on fluid flow, 

heat transfer, and other relevant phenomena in MHD systems. 

Chen [21] explored the combined heat and mass transfer in 

buoyancy-induced MHD natural convection flow of an electri-

cally conducting fluid down a vertical plate. Ohmic and viscous 

heating effects are taken into account. Cao et al. [22] provided 

an overview of the use of electrohydrodynamics and Joule heat-

ing effects of direct current (DC) and alternating current (AC) 

in microfluidic chips. Hayat et al. [23] analyzed MHD flow of 

Cu–water nanofluid over a stretched sheet. Joule heating and 

viscous dissipation effects are also studied in this article. Maraj  

et al. [24] examined effects of joule heating, partial slip and vis-

cous dissipation on an electrically conducting Casson nanofluid 

flow, as well as heat and mass transfer, over a nonlinearly stret-

ched horizontal sheet. For Khashi'ie et al. [25] the main objec-

tives of the study are to achieve the duality of solutions and in-

vestigate the flow and heat transfer characteristics of the hybrid 

nanofluid while it passes over a shrinking cylinder with the inf-
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luence of Joule heating. Naseem et al. [26] are considering an 

MHDs boundary layer flow past a flat plate with the inclusion 

of variable temperature, radiation, Joule heating and viscous dis-

sipation effects. Rehman et al. [27] investigates the characteris-

tics of the melting heat phenomenon in a Powell-Eyring fluid 

flow deformed by a linearly stretchable sheet near the stagnation 

point. To disclose the heat transport properties, the study incor-

porates quadratic thermal stratification, thermal radiation, vis-

cous dissipation and Joule heating. Investigation of the unsteady 

stagnation-point flow performance of a TiO2-C2H6O2 nanofluid 

around a shrinking horizontal cylinder is carried out by Ma-

khdoum et al. [28]. The research takes into consideration various 

influencing factors such as a magnetic field, Joule heating, vis-

cous dissipation, nanoparticles aggregation and mass suction. 

These elements are studied to understand their effects on the 

boundary layer flow characteristics of the nanofluid. Raza et al. 

[29] accomplished analysis of a radiative Sutterby nanofluid 

flow containing suspended swimming microorganisms over a 

stretchable cylinder. The article extensively explored the effects 

of Brownian motion, thermophoresis, Joule heating and viscous 

dissipation in the presence of stratification parameters. Alsaedi 

et al. [30] described the bioconvective flow of Reiner-Rivlin liq-

uid susceptible to motile microorganisms. 

Wazawa and Nagai [31] analyzed and characterized several 

parameters in Joule heating due to ion currents through proteins 

channel, and Manshadi and Beskok [32] extended the idea of 

Joule heating induced transport in microchannels. In addition, 

Khan et al. [33] and Narayanaswamy et al. [34] provided a new 

framework on suppression of heat transfer in vertical tube 

through suspension of alumina nanoparticles using Joule heating 

and thermal radiations [35]. 

The peculiarity of this study lies in its examination of the 

unsteady flow of nanofluid around a stretchable cylinder. Addi-

tionally, the study investigates the influence of different shapes 

of SiO2 nanoparticles on the nanofluid's flow behaviour and heat 

transfer, particularly with consideration of the Joule heating ef-

fect. In this study, the impact of relevant factors on the flow and 

temperature is graphically analyzed. Charts are employed to pre-

sent the computational results of skin friction coefficient and 

heat transfer rate. The main findings are systematically orga-

nized and summarized in the conclusions section. 

2. Physical and mathematical description of the 

problem 

In this particular problem, the stretching of a cylinder with sur-

face velocity along the z-axis 

      𝑈(𝑧, 𝑡) =
𝑏𝑧

1−𝛼1𝑡
  

induces an unsteady three-dimensional (3D) flow of nanofluid, 

as illustrated in Fig. 1. The temperature field is denoted by 

𝑇𝑠(𝑧, 𝑡) = 𝑇0 − 𝑇𝑟
𝑏𝑧2

2𝜐𝑓
(1 − 𝛼1𝑡)

−3/2, 

with 𝛼1 and b representing dimensional constants. Here, 𝑇𝑟  is 

the reference temperature, 𝑇0 is the ambient temperature, and 𝜐𝑓 

is the kinematic viscosity of the base fluid. Additionally, a uni-

form magnetic field  

𝐵 (𝑡) =  
𝐵0

(1−𝛼1𝑡)
1/2, 

is considered to act along the radial axis.  

 

 

 

 

 

 

 

 

 

 

 

 

 

According to the usual notation, governing equation of con-

tinuity, momentum, and thermal energy for the current study are 

expressed as follows:  

 
𝜕

𝜕𝑟(𝑟𝑢)
+ 

𝜕

𝜕𝑧(𝑟𝑤)
= 0, (1) 

 
𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑟
+ 𝑤 

𝜕𝑤

𝜕𝑧
=

𝑣𝑛𝑓

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑤

𝜕𝑟
) −  𝑤

𝜎𝑛𝑓

𝜌𝑛𝑓
 .

𝐵𝑜
2

(1−𝛼1𝑡)
, (2) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑟
+ 𝑤 

𝜕𝑇

𝜕𝑧
= 

𝜇𝑛𝑓

𝜌𝑛𝑓𝐶𝑝
(
𝜕𝑤

𝜕𝑟
)
2

+  𝛼𝑛𝑓 [
𝜕2𝑇

𝜕𝑟2 +
1

𝑟
(
𝜕𝑇

𝜕𝑟
)]+  

 +
𝜎𝑛𝑓𝐵𝑜

2

〖(𝜌𝐶〗𝑝)
𝑛𝑓

𝑤2. (3) 

Equations (1)–(3) are subjected to the boundary conditions  

 at r = R:        𝑤 = 𝑈𝑤  +  𝐴𝑣𝑓
𝜕𝑤

𝜕𝑟
 ,    𝑢 =  0,    𝑇𝑠 =  𝑇  

 as 𝑟 →  ∞:              𝑤 → 0,      𝑇 → 𝑇0. (4) 

Thermo-physical properties in Eqs. (1)–(4) are defined in  

Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In addition to the previously mentioned parameters, the 

equation involves the following coefficients and constants: 

 A1: viscosity enhancement coefficient, 

 A2: heat capacitance coefficient, 

 hf: convective heat transfer constant, 

 A: proportionality constant, 

 ϕ: volume fraction of SiO2 in the nanofluid. 

 

Fig. 1. Physical model of flow, the red-arrow showing  

the magnetic field along the r-axis. 

Table 1. Thermophysical properties of nanofluid. [36, 37].  

Properties Mathematical form 

Kinematic viscosity 𝑣𝑛𝑓 =
𝜇𝑛𝑓

𝜌𝑛𝑓
, 

Dynamic viscosity 𝜇𝑛𝑓 = 𝜇𝑓(1 + 𝐴1𝜙 + 𝐴2𝜙
2) 

Electrical conductivity 𝜎𝑛𝑓 = 𝜎𝑓(1 − 𝜙) + 𝜙𝜎𝑠 

Density 𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠  , 

Heat capacity  𝜌𝐶𝑝)𝑛𝑓
= (1 − 𝜙) 𝜌𝐶𝑝)𝑓 + 𝜙 𝜌𝐶𝑝)𝑠

, 

Diffusivity 𝛼𝑛𝑓 =
𝑘𝑛𝑓

 𝜌𝐶𝑝)𝑛𝑓

 , 

Thermal conductivity 
𝑘𝑛𝑓

𝑘𝑓
=  

𝑘𝑠+(𝑚−1)𝑘𝑓+(𝑚−1)(𝑘𝑠−𝑘𝑓)𝜙

𝑘𝑠+(𝑚−1)𝑘𝑓−(𝑘𝑠−𝑘𝑓)𝜙
 . 
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These coefficients and constants play crucial roles in deter-

mining the behaviour of the nanofluid flow and heat transfer, 

particularly in relation to the viscosity, heat capacitance, con-

vective heat transfer and the influence of SiO2 nanoparticles' 

volume fraction. Table 2 shows the values of the viscosity en-

hancement coefficient (A1), heat capacitance coefficient (A2) and 

form factors. Table 3 shows the thermo-physical characteristics 

of the fluid and silica. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 𝛹 = (𝑈𝑣𝑧)1/2𝑅𝑓(𝜂), (5a) 

 𝜂 =  
𝑟2−𝑅2

2𝑅
(

𝑈

𝑣𝑧
)
1/2

 (5b) 

 𝜃 (𝜂 ) =
𝑇−𝑇𝑜

−𝑇𝑟[
𝑏𝑧2

2𝑣
][1−𝛼1𝑡]

−3/2
 . (5c) 

In this context, 𝛹 represents the stream function, while u and  

w denote the velocity components that satisfy the continuity  
 

Table 2. Impact of incipient factors on skin friction –f '' (0).  

∅ S K Ec M Pr Sphere Blade Cylinder Platelets 

0.02 0.2 0.5 0.5 0.5 6.0 0.80163391 0.9346161 1.1070321 1.2776538 

0.04 - - - - - 0.83543901 1.091834 1.7184747 1.9118712 

0.06 - - - - - 0.87173587 1.2441354 2.5194769 2.64974 

0.08  - - - - 0.91043654 1.3928966 3.4801488 3.4868193 

0.02 0.0 - - - - 0.77531893 0.90361498 1.0700079 1.2347688 

- 0.2 - - - - 0.80163391 0.9346161 1.1070321 1.2776538 

- 0.4 - - - - 0.82600329 0.96339731 1.1415057 1.3176906 

- 0.6 - - - - 0.84861013 0.99016497 1.1736609 1.3551333 

- 0.2 0.5 - - - 0.80163391 0.9346161 1.1070321 1.2776538 

- - 1.0 - - - 0.5654237 0.66873311 0.80475493 0.94130412 

- - 1.5 - - - 0.43972782 0.52414435 0.63632519 0.74994213 

- - 2.0 - - - 0.36083911 0.4322793 0.52780859 0.62514519 

- - 0.5 0.0 - - 0.8016338 0.93461598 1.1070319 1.2776536 

- - - 0.5 - - 0.80163391 0.9346161 1.1070321 1.2776538 

- - - 1.0 - - 0.80163413 0.93461635 1.1070324 1.2776541 

- - - 1.5 - - 0.8016346 0.93461789 1.107034 1.2776558 

- - - 0.5 0.0 - 0.70500522 0.82146064 0.97286742 1.1232813 

- - - - 0.5 - 0.80163391 0.9346161 1.1070321 1.2776538 

- - - - 1.0 - 0.87293338 1.0190793 1.2085495 1.3959192 

- - - - 1.5 - 0.92945001 1.0865073 1.2902392 1.4917594 

- - - - 0.5 4.0 0.8016346 0.93461788 1.107034 1.2776557 

- - - - - 6.0 0.80163391 0.9346161 1.1070321 1.2776538 

- - - - - 8.0 0.80163374 0.93461591 1.1070319 1.2776536 

- - - - - 10.0 0.80163371 0.93461588 1.1070319 1.2776535 

 

Table 3.  Impact of emerging parameters on local Nusselt number −𝜃′(0). 

∅ S K Ec M Pr Sphere Blade Cylinder Platelets 

0.02 0.2 0.5 0.5 0.5 6.0 2.9465264 2.9790597 3.0000152 3.0117782 

0.04 - - - - - 2.961509 3.0129846 3.0235016 3.0148118 

0.06 - - - - - 2.9761148 3.0383966 2.9788285 2.9663797 

0.08  - - - - 2.9902525 3.0580802 2.8791404 2.8805444 

0.02 0.0 - - - - 2.7168342 2.755958 2.78315 2.7987929 

- 0.2 - - - - 2.9465264 2.9790597 3.0000152 3.0117782 

- 0.4 - - - - 3.162634 3.1899354 3.2055882 3.2138224 

- 0.6 - - - - 3.3671808 3.3902631 3.4014138 3.406517 

- 0.2 0.5 - - - 2.9465264 2.9790597 3.0000152 3.0117782 

- - 1.0 - - - 2.7083412 2.7588335 2.8024725 2.8350076 

- - 1.5 - - - 2.5314231 2.5880426 2.6408211 2.6826098 

- - 2.0 - - - 2.3972012 2.4554346 2.5117424 2.557684 

- - 0.5 0.0 - - 3.1842384 3.2548878 3.3231226 3.3800661 

- - - 0.5 - - 2.9465264 2.9790597 3.0000152 3.0117782 

- - - 1.0 - - 2.7088149 2.7032319 2.6769078 2.6434903 

- - - 1.5 - - 2.4711049 2.427418 2.3538109 2.2752103 

- - - 0.5 0.0 - 3.0451521 3.0664606 3.075619 3.0781856 

- - - - 0.5 - 2.9465264 2.9790597 3.0000152 3.0117782 

- - - - 1.0 - 2.864198 2.9050168 2.9347271 2.9532537 

- - - - 1.5 - 2.7932117 2.8406537 2.877529 2.9016253 

- - - - 0.5 4.0 2.4022243 2.4339983 2.4567606 2.4710008 

- - - - - 6.0 2.9465264 2.9790597 3.0000152 3.0117782 

- - - - - 8.0 3.4030649 3.4360023 3.4552401 3.4647965 

- - - - - 10.0 3.8038222 3.8370168 3.8546711 3.862244 
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equation. The velocity components can be expressed as follows: 

 𝑢 =   
−1

𝑟

𝜕𝛹 

𝜕𝑧
=

−𝑅

𝑟
(

𝑏𝑣

1−∝1𝑡
)
1/2

𝑓(𝜂), (6a) 

 𝑤 =  
1

𝑟

𝜕𝛹 

𝜕𝑟
=  

𝑏𝑧

(1−∝1𝑡)
𝑓′. (6b) 

Here, u and w are the axial and radial velocity components, 

respectively, and they are related to the stream function Ψ in 

such a way that the continuity Eq. (1) remains satisfied. 

So by using Eq. (5) and Eq. (6) we have: 

 [1 + 2𝐶𝜂]𝜖1𝑓
′′′ + 2𝐶𝜖1𝑓

′′ − [𝜖3𝑀 + 𝑆]𝑓′ −
𝜂

2
𝑆𝑓′′ +  

 +𝑓𝑓′′ − (𝑓′)2 = 0, (7) 

 [1 + 2𝐶𝜂]𝜃′′ + 2𝐶𝜃′ +
Pr

𝜖2
[𝑓𝜃′ − 2𝑓′𝜃 −

𝑠

2
(3𝜃 + 𝜂𝜃′) +  

 +Ec 𝜖1(1 + 2𝐶𝜂)(𝑓′′)2] +
𝜖1𝑀 Ec Pr

𝜖2
(𝑓′)2 = 0, (8) 

and boundary conditions are:  

 𝑓′(∞) = 0,          𝑓′(0) = 1 + 𝑘𝑓′′(0),  

 𝜃(0) = 1,                            𝜃(∞) = 0, (9) 

where the Eckert number, curvature parameter, Prandtl number, 

unsteadiness parameter, magnetic parameter and slip parameter, 

respectively, are defined as: 

 Ec =
𝑈2

𝐶𝑝∆𝑇
,       𝐶 = √

(1−𝛼1𝑡)𝑣𝑓

𝑏𝑅2 ,       Pr =
𝑣𝑓 𝜌𝐶𝑝)

𝑓

𝐾𝑓
,  

 𝑆 =
∝1

𝑏
,        𝑀 =

𝜎𝑓𝐵𝑜
2

𝜌𝑓𝑏
,        𝐾 = A [

𝑣𝑓𝑈𝑤

𝑧 
]
1/2

,  

where 

 𝜖1 = 
1+𝜙𝐴1+𝜙2𝐴2

1−𝜙+𝜙(
𝜌𝑠
𝜌𝑓

)

,             𝜖2 = 

𝑘𝑛𝑓

𝑘𝑓

1−𝜙+
𝜙 𝜌𝐶𝑝)

𝑠
 𝜌𝐶𝑝)

𝑓

, (10a) 

 ϵ3 = 
1−𝜙+𝜙(

𝜎𝑠
𝜎𝑓

)

1−𝜙+𝜙(
𝜌𝑠
𝜌𝑓

)

,      ϵ4 = 
1−𝜙+𝜙(

𝜎𝑠
𝜎𝑓

)

1−𝜙+
𝜙 𝜌𝐶𝑝)

𝑠
 𝜌𝐶𝑝)

𝑓

, (10b) 

where 𝜖𝑖, 𝑖 = 1, 2, 3, 4, are constants.  

The values of 𝐶𝑓 and Nu provide valuable insights into the 

flow and heat transfer characteristics of the nanofluid around the 

cylinder, and are defined as: 

 𝐶𝑓 =
𝑇𝑤

𝜌𝑓𝑈𝑤
2 ,          with      𝑇𝑤 = 𝜇𝑛𝑓 [

𝜕𝑤

𝜕𝑟
]
𝑟=𝑅

,  

 Nu =
𝑟𝑞𝑤

𝐾𝑓(𝑇𝑠−𝑇𝑜)
,         with     𝑞𝑤 = −𝐾𝑛𝑓 [

𝜕𝑇

𝜕𝑟
]
𝑟=𝑅

.  

They take the dimensionless form as: 

 Re
1

2𝐶𝑓 = (1 + 𝜙𝐴1 + 𝜙2𝐴2)𝑓
′′(0), (11) 

and 

 Re
−1

2 𝑁𝑢 = −
𝑘𝑛𝑓

𝑘𝑓
𝜃′(0), (12) 

where the Reynolds number is defined as Re =
𝑈𝑧

𝑣
. 

3. Numerical procedure  

The renowned and efficient BVP4C method in MATLAB is em-

ployed to numerically solve the reduced nonlinear system of or-

dinary differential equations (ODEs) (7) and (8) along with the 

given boundary conditions (BC) (9). To facilitate the numerical 

solution, these nonlinear ODEs are converted into a system of 

first-order ODEs, and the boundary conditions are substituted 

with appropriate initial conditions by tagging the variables as 

such: 

 (𝑓,  𝑓′ = y1
′ , 𝑓′′ = y2

′  , θ, y4
′ = θ′) = (y1,  y2, y3, y4, y5),  

so Eqs. (7) and (8) in program’s algorithm take the form: 

 𝑓′′′ =
1

𝜖1(1+2𝐶𝑡)
 (−2𝜖1𝐶y(3) + (𝜖3𝑀 + 𝑆)y(2) + 

 +
𝑆𝜂y(3)

2
− y(1)y(3) + y(2)2),  

and 

 𝜃′′ =
1

1+2𝜂𝐶
(−2𝐶y(5) −

Pr

𝜖2
(y(1)y(5) − 2y(2)y(4) −  

 +
𝑆

2
(3y(4) + 𝜂y(5)) + 𝐸𝑐𝜖1(1 + 2𝐶𝜂)y(3)2) +  

 +
𝜖1𝑀 Ec Pr

𝜖2
 𝑦(2))

2
),  

with corresponding boundary conditions: 

 y2(𝐵) = 0,          y2(0) = 1 + 𝑘y3(0),  

 y4(0) = 1,                            y4(𝐵) = 0.  

4. Results and discussion 

This section investigates the impact of emerging physical pa-

rameters on numerically calculated velocity and temperature 

profiles. It looks into the effects of numerous embedding varia-

bles on dimensionless velocity and temperature distributions, 

such as particle concentration, magnetic parameter (M) and Eck-

ert number (Ec). The study intends to obtain insight into how 

these elements impact the flow and thermal behaviour of the sys-

tem by analysing them. Furthermore, the study investigates the 

influence of these values on the skin friction coefficient and 

Nusselt numbers. The data are given in the form of graphs and 

charts, which provide a visual representation of the results for 

easier understanding and interpretation.  

4.1. Velocity profile 

Figures 2 to 6 show how the f '(η) gets affected by variation of 

the volumetric fraction, slip parameter K, unsteadiness parame-

ter S and magnetic parameter M. Figures 2a–2d demonstrate that 

as the volume fraction value increases, there is also a corre-

sponding increase in velocity.  

This phenomenon is attributed to the rise in dynamic viscos-

ity and momentum diffusion. In Figs. 3a–3d, an inverse relation-

ship is observed between the velocity and increasing values of 

K. The reason behind this phenomenon is that an increase in K 

indicates more surface irregularity, which consequently leads to 

a reduction in velocity at the surface area. 
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Figures 4a–4d illustrate the relationship between the un-

steadiness parameter and velocity. It indicates that the velocity 

of the nanofluid decreases with an increase in the unsteadiness 

parameter. This can be attributed to the stretching of the cylin-

der, which reduces the boundary layer thickness associated with 

momentum, leading to a decrease in velocity with the unsteady- 

a)         b)  

c)        d)  

Fig. 2. Impact of ϕ on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 3. Impact of K on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 
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ness parameter S. 

Figures 5a–5d display the impact of the magnetic parameter 

on the velocity profile. The results reveal that the velocity de-

creases with increasing values of M. This phenomenon can be 

attributed to the rise in Lorentz force, which creates resistive 

forces between the layers of nanofluid, leading to a reduction in 

velocity as the magnetic parameter (M) is enhanced. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)         b)  

c)        d)  

Fig. 5. Impact of M on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 4. Impact of S on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 
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Figure 6 clarifies the influence of each multi-shape nanopar-

ticle on the velocity profile. The study reveals that the SiO2-H2O 

nanofluid attains its maximum velocity with platelet-shaped par-

ticles, outperforming cylinder, blade and sphere-shaped particle 

nanofluids. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.2. Temperature Profile  

The effect of volumetric friction on temperature is evident in 

Figs. 7a–7d. The graph clearly illustrates that an increase in the 

volumetric fraction value corresponds to a rise in temperature. 

This phenomenon occurs due to the higher thermal conductivity 

of the nanoliquid resulting from the increase in volume fraction, 

leading to higher temperatures.  

 

Figures 8a–8d clearly illustrate that as the value of the un-

steadiness parameter S increases, there is a noticeable decrease 

in the temperature profile. This physical phenomenon arises 

from the fact that the increase in the unsteadiness parameter en-

hances heat loss due to cylinder stretching. During the stretching 

scenario of an unstable flow, the distances between the mole-

cules become larger, leading to a proportional decrease in the 

temperature profile.  

Figures 9a–9d highlight the outcomes of the influence of the 

magnetic parameter M on the temperature profile. It is observed 

that the temperature increases with the rising values of the mag-

netic parameter. This phenomenon occurs because an increase 

in the values of the magnetic parameter leads to an upsurge in 

the magnetic field, which opposes fluid movement and conse-

quently causes an increase in the nanofluid temperature.  

In Figs. 10a–10d, it is evident that the Prandtl (Pr) number 

exhibits an inverse relationship with the temperature profile. 

This phenomenon occurs because the Pr number reduces the 

thermal diffusivity of the SiO2-water nanoliquid and decreases 

the thickness of the thermal boundary layer. Consequently, heat 

travels more rapidly through the nanoliquid, leading to the ob-

served inverse relationship between the Prandtl number and the 

temperature profile. 

Figures 11a–11d present the relationship between Eckert's 

(Ec) number and temperature. The graph shows that the temper-

ature increases as the Ec number is increased. This phenomenon 

occurs because as the Eckert's number increases, there is a cor-

responding rise in viscous dissipation and kinetic energy. Con-

sequently, the temperature distribution also increases due to the 

enhanced energy dissipation in the nanofluid.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)         b)  

c)        d)  

Fig. 7. Impact of volume fraction on θ(η)): a) sphere, b) blade, c) cylinder, d) platelets. 

 

Fig. 6. Depiction of effects of shape factors on velocity. 
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a)         b)  

c)        d)  

Fig. 9. Effects of M on θ(η)): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 8. Effects of S on θ(η)): a) sphere, b) blade, c) cylinder, d) platelets. 
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a)         b)  

c)        d)  

Fig. 11. The effect of Ec on θ(η): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 10. The effect of Pr on θ(η): a) sphere, b) blade, c) cylinder, d) platelets. 
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Figure 12 shows the results for the comparison of tempera-

ture values for different shape factors m = 3.0, 8.26, 4.82 and 

5.72, representing sphere, blade, cylinder and platelet shapes, 

respectively. It is observed that the maximum temperature is 

noted for platelet and minimum for sphere-shaped nanoparticles 

of SiO2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.3. Skin friction and Nusselt number 

The study presents numerical values of skin friction in Table 2. 

It is observed that the skin friction decreases with the slip pa-

rameter and increases with the magnetic, volumetric fraction 

and unsteadiness parameters. Among the different nanoparticle 

shapes, the platelet shape exhibits both the maximum and mini-

mum values for platelets and sphere-shaped nanoparticles, re-

spectively. 

Furthermore, Table 3 illustrates the values of the Nusselt 

number for variations in the Eckert number, volume percentage, 

unsteadiness parameter and magnetic parameter. The Nusselt 

number magnitude decreases with increasing values of M and 

Ec. Conversely, it increases with higher volumetric percentage 

and unsteadiness parameter values. Notably, SiO2 nanoparticles 

with spherical shapes have the highest Nusselt numbers, while 

platelet shapes have the lowest values. 

5. Conclusions  

The study aims to analyze the effects of various parameters on 

the velocity distribution f '(η) and temperature distribution θ(η) 

in the MHD flow of nanofluids containing different shaped na-

noparticles (spherical, platelet, blade and cylinder) in an SiO2-

H2O nanofluid. The investigations have been focused on under-

standing how the pertinent parameters impact the velocity and 

temperature profiles in the system. In conclusion, the velocity 

profile is positively affected by the volume fraction ϕ, while it 

is negatively influenced by the slip parameter K, magnetic pa-

rameter M and unsteadiness parameter S. The temperature field 

rises with higher values of volume fraction ϕ, M and Eckert pa-

rameter Ec, but decreases with the Prandtl number Pr and un-

steadiness parameter S. The skin friction decreases as the slip 

parameter value increases, but it rises with the magnetic param-

eter, volume fraction and unsteadiness parameter. The Nusselt 

number exhibits an increasing trend for increasing values of  

Pr, ϕ and S, while it decreases with the Eckert number and mag-

netic parameter. 
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1. Introduction 

Phase changes are ubiquitous in our everyday lives and play  

a fundamental role in various applications across diverse fields. 

In engineering, the controlled evaporation and condensation of 

working fluids are found in a multitude of applications, offering 

innovative solutions to various challenges. One prominent ex-

ample can be found in the field of refrigeration and air condi-

tioning. These systems rely on the evaporation and subsequent 

condensation of a refrigerant to regulate temperatures. The 

working fluid evaporates within the evaporator coils, absorbing 

heat from the surrounding environment, thereby cooling the 

space. The vapourised refrigerant is then compressed, releasing 

the absorbed heat, and subsequently condensed back into a liq-

uid in the condenser [1,2]. The applicability of phase changes 

extends beyond refrigeration and air conditioning. Many power 

plants, both nuclear and fossil fuel-based, use steam turbines to 

generate electricity. Water is heated to produce high-pressure 

steam, which drives turbines, and then the steam is condensed 

back into water, completing a continuous cycle [2]. This phase 

change mechanism is fundamental to power generation. Another 

good example of this is distillation, a process which takes ad-

vantage of the different characteristics of the substances in 

a  mixture in order to separate them. In the petroleum industry, 
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Abstract 

In engineering phase-change phenomena are found in a multitude of applications, ranging from refrigeration and air con-

ditioning to steam turbines and petroleum refining. This study investigates the flow of moist air in a circular duct where 

water vapour condenses in contact with the cold wall of the duct. The investigation delves into the relationship between 

the condensation mass transfer rate, the heat transfer between the bulk flow and the wall, and the temperature of the wall. 

The volume of fluid model coupled with the Lee evaporation-condensation model was employed. Five simulations were 

carried out, involving different wall temperatures while maintaining the same inlet conditions. Condensation was more 

pronounced at lower wall temperatures, which aligns with the expectations. The heat transfer between the bulk flow and 

the wall decreased with the decreasing temperature difference. Interestingly, the findings revealed that the surface heat 

transfer coefficient increased as the wall temperature approached the temperature of the bulk flow. The success of the study 

suggests potential applications in optimising thermal management systems, with implications for industries where accurate 

predictions of moisture behaviour and heat transfer are crucial. 
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Nomenclature 

h ‒ surface heat transfer coefficient, W/(m2K) 

I ‒ turbulence intensity 

M  ‒ mass transfer rate, kg/s 

n ‒ power-law exponent  

P ‒ pressure, Pa 

q ‒ heat flux, W/m2 

Q ‒ heat transfer rate, W 

r ‒ radial coordinate, m 

R ‒ radius of the pipe, m 

Re ‒ Reynolds number  

RH  relative humidity  

T ‒ temperature, K 

u – axial velocity, m/s 

Subscripts and Superscripts 

avg ‒ average 

c ‒ condensation 

max ‒ maximum value 

ref ‒ reference condition 

sat ‒ saturation condition 

v ‒ vapour  

wall ‒ through the wall/on the wall 

 

Abbreviations and Acronyms 

RANS‒ Reynolds averaged Navier-Stokes 

VOF – volume of fluid 

 

 

distillation is used to extract products like liquid petroleum gas 

and gasoline from crude oil. Similarly, within the alcohol in-

dustry, distillation is in the centre of the production of distilled 

spirits. 

Numerous experimental and numerical investigations have 

been conducted on phase change phenomena. In [3], the volume 

of fluid method (VOF), coupled with an in-house evaporation-

condensation mass transfer model, was employed by the authors 

to explore phase changes in the internal two-phase flow of 

R134a refrigerant. The findings showed reasonable agreement 

with available experimental data. In [4], the condensation of wa-

ter vapour in the presence of dry air was examined by the au-

thors, who employed two advection equations to monitor the 

free surface and utilised the Lee model to simulate interfacial 

mass transfer. The results demonstrated favourable alignment 

with experimental data, revealing a nearly linear decrease in 

condensation rate as the dry air mass fraction increased. In the 

paper [5], the authors delved into the evaporation of a water film 

in a duct with a humid air flow, where the volume of fluid and 

Lee model were employed to capture the physics. The evapora-

tion rate was observed to rise with the increasing air temperature 

and decreasing air flow rate. In [6], a single-phase approach was 

developed by the authors to model the condensation of vapour 

in the presence of air, yielding good agreement with experi-

mental data. Interesting conclusions were drawn in [7], where 

the authors investigated the influence of flow direction on the 

condensation process in a vertical pipe. The study developed 

a  mathematical model based on conservation equations and val-

idated it through experimental apparatus. Results suggested that 

co-current gas/liquid flow enhanced heat transfer. Additionally, 

comparisons between theoretical predictions and experimental 

findings confirmed the model's accuracy.  

In this study, the numerical simulation explores the flow of 

humid air in a circular duct, where water vapour condenses in 

contact with the cold wall of the duct. The objective is to evalu-

ate how the wall temperature influences the condensation mass 

transfer rate of water vapour in the presence of dry air. 

 

2. Materials and methods  

The model was prepared and solved within the commercial com-

putational fluid dynamics (CFD) package Ansys Fluent. To sim-

ulate this case, the steady-state Reynolds-averaged Navier-

Stokes (RANS) approach was adopted, offering a balanced com-

promise between accuracy and computational cost. RANS mod-

elling stands as the industry standard for heat transfer and mass 

transfer applications. It has proven to be quite successful at pre-

dicting both local and integral quantities in heat and mass trans-

fer applications [4,6,8]. 

Five simulations were carried out, involving different wall 

temperatures while maintaining the same inlet conditions, as de-

tailed in Table 1. 

The fluid domain is a cylindrical space bounded by the duct 

with a standard diameter of 40 mm. In the hypothetical real-life 

laboratory, the duct extends sufficiently far upstream from the 

inlet (Fig. 1) for the velocity profile to fully develop and for the 

 

Fig. 1. Boundary conditions. 

Table 1. Simulations. 

Simulation number Inlet conditions Wall temperature [K] 

1 

uavg = 3.91 m/s 
Re = 104 

T = 303.15 K 
RH = 95% 

278.15 

2 283.15 

3 288.15 

4 293.15 

5 298.15 
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temperature distribution to plateau, achieving the inlet condi-

tions specified in Table 1. Although the duct is quite lengthy, in 

this context, focus is put on a segment that is 500 mm in length, 

whose walls are maintained at a temperature different from that 

of the upstream part. The copper duct releases heat through 

forced convection to the surroundings. An external liquid-cool-

ing system is used to maintain a uniform temperature of the seg-

ment. Downstream from the outlet, the flow exits into atmos-

pheric conditions. It is important to observe that the shape of the 

domain, the boundary conditions, and the expected results ex-

hibit axisymmetry (the water condenses as an axisymmetric film 

because asymmetric dropwise condensation requires vapour ad-

ditives or surface coatings to maintain, and often transitions to 

film condensation over time [1]). Hence, the problem can be vis-

ualised on the axial-radial plane, where the third circumferential 

dimension has no impact on the results. With this in mind, the 

three-dimensional cylinder was simplified into a single rectan-

gular shape measuring 20 mm by 500 mm, as shown in Fig. 1. 

Because of limited computational resources, a decision was 

made to use a coarse discretisation in the bulk flow and utilise 

mesh adaptation to refine the grid in the near-wall region, 

thereby increasing both flow-wise and wall-normal resolution. 

The final mesh is based on a rectangular grid that has 30 cells in 

the radial direction with a bias factor of 10 000 (creating a de-

creasing cell height towards the wall) and 50 equally-distributed 

divisions along the length of the duct. Hanging node mesh adap-

tion [9] was used afterwards. In contrast to mesh refinement 

achieved by increasing the bias factor or the number of divi-

sions, this approach mitigates the occurrence of excessive aspect 

ratios in near-wall cells. The refinement region extends approx-

imately 5 mm from the wall (as shown in Fig. 2), reaching well 

beyond the momentum, thermal and concentration boundary 

layer. Such discretisation results in approximately 20 cells 

across the thickness of the water film, which, combined with the 

carefully chosen numerical schemes, results in an accurate res-

olution of the near-wall region. The grid has a total of 5400 finite 

volumes.  

The dry air and water vapour mixture was modelled with the 

use of species transport, treating both species as ideal gases. Alt-

hough water vapour is close to the saturation line, it can be ef-

fectively treated as an ideal gas under such low pressures [2]. 

Moreover, dry air and water vapour properties exhibit negligible 

variations within the temperature ranges applied. Since the mass 

fraction of water vapour is minimal and the properties of water 

vapour and dry air are rather similar (except for the specific iso-

baric heat capacity, which is twice as large for water vapour), 

the properties of humid air were assumed to be identical to those 

of dry air. Careful consideration was given to the temperature 

point at which these properties were obtained. While the bulk 

flow has a temperature of 303.15 K, heat and mass transfer phe-

nomena occur in the colder near-wall region. Hence, the prop-

erties of dry air were extracted from tables [10,11] for a tem-

perature of 293.15 K, a value in-between the hot core of the 

flow and the cold wall. The properties of the mixture are tabu-

lated in Table 2. The molar heat of condensation was set to 

4.4×107 J/kmol [12].  

Liquid water was modelled as an incompressible fluid. 

While most of its properties (shown in Table 2) exhibit meagre 

temperature dependence, the dynamic viscosity of water chan-

ges drastically with temperature [13]. In each simulation, the 

viscosity of water was taken from tables [14] for the temperature 

of the wall, as tabulated in Table 3. 

The closure of the RANS equations was achieved by em-

ploying the shear stress transport (SST) turbulence model. 

Based on the Boussinesq concept of eddy viscosity, this model 

proves effective for shear flows dominated by one of the turbu-

lent shear stresses, as seen in pipe flows. Moreover, the SST 

model allows for full boundary layer resolution, a crucial aspect 

for found widespread use in similar contexts [6, 15,16]. Turbu-

lence damping was implemented to limit unrealistic turbulence 

production within the interfacial region and help capture the ve-

locity field near the free surface [17‒19]. 

The inlet velocity was defined as a velocity profile, estab-

lished through the power-law approximation:  

 𝑢(𝑟) = 𝑢𝑚𝑎𝑥 (1 −
𝑟

𝑅
)

1/𝑛

. (1) 

For the calculated Reynolds number, the exponent n was esti-

mated to be 5.3 [20].The turbulence properties at the inlet were 

 

Fig. 2. Grid refinement (radial direction to the right). 

Table 2. Humid air and water properties. 

Property 
Humid 

air 
Water 
liquid 

Density [kg/m3] 
Ideal gas 

law 
1000 

Thermal conductivity [W/(K m)] 0.025 0.60 

Dynamic viscosity [kg/(m s)]  1.8×10-5 
See Ta-

ble 3 

Specific isobaric heat capacity [J/(kg 
K)] 

1000 4200 

Mass diffusivity of water vapour in 
large excess of dry air [m2/s] 

2.4×10-5 NA 

 

Table 3. Water liquid dynamic viscosity as a function of temperature. 

Wall temperature [K] 
Water liquid dynamic viscosity 

[10-3×kg/(m s)] 

278.15 1.5 

283.15 1.3 

288.15 1.1 

293.15  1.0 

298.15 0.89 
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provided implicitly in terms of the hydraulic diameter and tur-

bulence intensity, in accordance with the Fluent guidelines [19]. 

From the equation [19,21]  

 𝐼 = 0.16 Re
−1/8

, (2) 

the inlet turbulent intensity was estimated to be 5%. 

A gauge pressure of 0 Pa was specified at the outlet, and the 

reference pressure was set to 101 325 Pa. 

The temperature on the outer side of the wall specified as 

a  parameter Twall, and the thermal resistance of the wall was de-

fined based on a thickness of 2 mm and the thermal conductivity 

of copper, which is 390 W/(m K). 

In the examined scenario, water vapour experiences local 

cooling in proximity to the walls, leading to its condensation as 

a liquid film [1]. This represents a case of stratified flow, where 

phases are separated into distinct layers with a well-defined in-

terface. The VOF model, designed for such applications [9], was 

employed in this study. The model has found widespread use in 

modelling multiphase flows [3‒5,8]. 

The implicit scheme was used, wherein the phase continuity 

equation is solved iteratively together with momentum and pres-

sure [18]. The interface modelling type was set to ‘Sharp’, the 

preferred option for distinct and well-defined interfaces between 

phases [19]. Although interfacial anti-diffusion is typically sug-

gested for sharp interfaces resolved on meshes with high aspect 

ratios [18,19], it was deliberately left inactive. This decision was 

made due to the recommendation for allowing some numerical 

diffusion when the evaporation-condensation mass transfer 

mechanism is enabled [19]. Since gravitational forces acting on 

the water film are significant, the ‘Implicit Body Force’ formu-

lation was enabled, in accordance with [17,19]. 

The evaporation-condensation approach utilised the Lee 

model, with the evaporation and condensation coefficients set to 

10 and 20 000, respectively, in accordance with [22]. This model 

is widely used in modelling interfacial mass transfer [3‒6,8]. 

The saturation temperature was defined as a function of wa-

ter vapour pressure through a ‘User Defined Function’. It utilises 

the Antoine equation to compute and return the saturation tem-

perature [23,24]: 

 𝑇𝑠𝑎𝑡 =
𝐵

𝐴−log10
𝑃𝑣

105 Pa

− 𝐶 + 273.15 K. (3) 

For water, the equation parameters are approximately as fol-

lows: A = 5.1156, B = 1687.5 and C = 230.17. These parameters 

have been fine-tuned for use within the temperature range of 

273  K to 473 K and under pressures ranging from 1 kPa bar to 

1600 kPa [24]. Although the current set of coefficients is appli-

cable for vapour pressures greater than 1 kPa, its range of ap-

plicability in this study can be expanded. At 1 kPa, the calculated 

saturation temperature is 280 K, a value that approaches the 

lower limit of the thermal range observed within the pipe. Under 

lower pressures, the calculated saturation temperature decreases 

below the minimum temperature within the domain (regardless 

of whether the formula overestimates or underestimates the re-

sult), thereby maintaining a gaseous state in the respective cells. 

The solver was run in the double-precision mode, the recom-

mended approach for high-aspect-ratio meshes [19]. The simu-

lation employed a pressure-based, steady-state solver with ena-

bled pressure-velocity coupling, following the guidelines out-

lined in [9]. Moreover, the ‘Coupled with Volume Fractions’ op-

tion was enabled. The pressure interpolation scheme was set to 

‘Modified Body Force Averaged’, which provides better stabil-

ity for multiphase flows with body forces compared to its alter-

natives [9]. Additionally, the gradient reconstruction scheme 

was selected as ‘Least Squares Cell Based’, following the rec-

ommendation outlined in [9]. The spatial discretisation of mo-

mentum, turbulence, density, energy and species transport equa-

tions was set to ‘Second Order Upwind’. 

The volume fraction interface scheme was set to ‘Modified 

HRIC’. While offering inferior interface resolution compared to 

the compressive scheme [18], a more diffusive discretisation is 

recommended when the evaporation-condensation mass transfer 

mechanism is enabled [19]. 

‘Pseudo-Transient’ under-relaxation was activated. This ap-

proach not only accelerates the convergence of steady-state 

problems but can also assist in the convergence of mildly un-

steady flows [17]. 

To assess iterative and spatial convergence, the approach in-

volved monitoring equation residuals and five integral output 

quantities: the water mass flow rate through the outlet, the total 

water film mass, the condensation mass transfer rate, the aver-

age total specific enthalpy at the outlet, and the total heat transfer 

rate through the wall. Both the residuals and the monitors flat-

lined, indicating iterative convergence. Moreover, the global 

balance of air/water mass and energy was verified. The grid was 

refined near the wall to guarantee maximum accuracy within the 

constraints of available computational resources. 

3. Results and discussion  

The results presented below are from the first simulation with  

a wall temperature of 278.15 K. The results from the subsequent 

simulations exhibit the same tendencies, differing only in values 

due to the progressively higher wall temperature. 

The radial distribution of the mass fraction of water vapour 

is shown in Fig. 3 (plotted on the inlet, outlet as well as  

100 mm, 200 mm, 300 mm and 400 mm from the inlet). It is 

evident that the vapour content consistently decreases along the 

stream. The most significant decline occurs just downstream 

from the inlet, coinciding with the steepest slope of the water 

film thickness (Fig. 8). 

 

Fig. 3. Water vapour mass fraction profiles (for Twall = 278.15 K). 
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The reduction in water vapour content results in the buildup 

of dry air near the wall. The presence of a non-condensable gas, 

such as dry air, has an adverse effect on condensation heat trans-

fer [1]. This can be explained as follows: upon condensation of 

vapour mixed with a non-condensable gas, only the non-conden-

sable gas is present near the wall. This gas layer serves as a bar-

rier between the vapour and the surface. The vapour now has to 

diffuse through the non-condensable gas before reaching the 

surface, leading to a decreased mass and heat transfer rate. 

The effectiveness of heat transfer between a fluid and a solid 

surface can be quantified by the surface heat transfer coeffi-

cient  [19]: 

 ℎ =
𝑞𝑤𝑎𝑙𝑙

𝑇𝑟𝑒𝑓−𝑇𝑤𝑎𝑙𝑙
. (4) 

It represents the rate of heat transfer per unit area per unit tem-

perature difference between the surface and the fluid. The higher 

the heat transfer coefficient, the more effectively heat is trans-

ferred between the surface and the fluid.  

Here, the reference temperature Tref is set equal to the inlet 

temperature of 303.15 K. Using the average temperature on the 

axis, which would appear more representative of the bulk tem-

perature, yields nearly identical results.  

The presence of air, coupled with the increasing water film 

thickness (which can be treated as a conductive resistance due 

to its laminar nature [25]) and an increasing thermal boundary 

layer thickness, impedes heat transfer between the hot stream 

and the surroundings of the duct. This tendency is visible in 

Fig.  4. The surface heat transfer coefficient decreases in the 

downstream direction as both the thermal boundary layer and 

the water film grow. 

The tendencies described above are evident in all five simu-

lations. Some interesting patterns emerge when comparing the 

results for different wall temperatures. An approximately linear 

increase in the surface heat transfer coefficient is observed as 

the wall temperature approaches the freestream temperature, as 

shown in Fig. 5. 

In free convection (single-phase flow with constant fluid 

properties), the heat transfer coefficient tends to increase with 

a  growing temperature difference between the wall and the bulk 

flow. However, this correlation is not prominent in forced con-

vection [25]. It can be concluded that the variability in the sur-

face heat transfer coefficient is, to a great extent, caused by con-

densate formation. This trend can be explained as follows: at 

a  higher wall temperature, the water film becomes thinner due 

to both reduced water viscosity and a lower condensation rate. 

A thinner water film poses less resistance to heat flow, resulting 

in the observed increase in the surface heat transfer coefficient.  

To validate this hypothesis, simulations or experiments need 

to be conducted, as no correlations between the heat transfer co-

efficient and the temperature difference were identified in the 

literature. 

Despite the variation in the surface heat transfer coefficient, 

the negative relationship between the total heat transfer rate and 

the temperature difference remains observable, as depicted in 

Fig. 6. Heat transfer becomes null when the wall temperature 

equals the temperature of the flow, as indicated on the graph 

with point Twall = 303.15 K, manually added for clarity. 

While the surface heat transfer coefficient follows an intri-

guing trend, the variation in the condensation mass transfer rate 

aligns with expectations. The condensation mass transfer rate 

steadily decreases as the temperature of the wall increases, as 

can be observed in Fig. 7. No condensation would occur if the 

temperature of the wall and the flow were equal, as marked by 

the manually added point Twall = 303.15 K. 

 

Fig. 4. Surface heat transfer coefficient along the pipe 

(for Twall = 278.15 K). 

 

Fig. 5. Average surface heat transfer coefficient as a function of  

wall temperature. 

 

Fig. 6. Total heat transfer rate through the wall as a function of  

wall temperature. 

 

Fig. 7. Condensation mass transfer rate as a function of  

wall temperature. 
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With increasing temperature, the air's moisture-holding ca-

pacity increases. Eventually, mass transfer between the phases 

ceases when the temperature near the free surface reaches the 

dew-point temperature of the bulk flow. 

As the rate of mass transfer through condensation dimin-

ishes, the water film contracts, as illustrated in Fig. 8. The re-

duction in thickness with each simulation is further intensified 

by a decrease in the viscosity of the liquid water.  

The undulating shape of the profiles is a result of how the 

software interpolates the value of liquid volume fraction within 

each computational cell. As an illustration, an interfacial cell 

may have a value of 0.6, while the radially adjacent cells have 

values of 0 and 1. An interpolation is required to determine the 

theoretical position of a point with a value of 0.5 (used as an iso-

-value to plot the film thickness). The accuracy of this interpo-

lation largely depends on the spatial resolution of the interfacial 

region. 

4. Summary 

Throughout this study, a computational fluid dynamics model 

was developed to simulate the flow of moist air in a circular 

duct, where moisture condenses upon contact with the cold wall 

of the duct. 

The volume of fluid surface-tracking model, ideal for strati-

fied flows, was applied to model the free surface. The Lee model 

was used to compute the interfacial mass transfer through con-

densation, with model coefficients drawn from the literature. 

Additionally, a ‘User-Defined Function’ was developed in the  

C programming language to set the saturation temperature as  

a function of vapour pressure using the Antoine equation. 

The dry air and water vapour mixture was modelled using 

species transport, treating both species as ideal gases with con-

stant fluid properties. Liquid water was modelled as an incom-

pressible fluid, with constant properties and a viscosity that was 

constant but different for each simulation. 

The closure of the Reynolds-averaged Navier-Stokes equa-

tions was achieved by employing the shear stress transport tur-

bulence model recommended for most industrial applications. 

Based on the Boussinesq concept of eddy viscosity, the shear 

stress transport formulation leverages the strengths of two 

widely adopted turbulence models: k- and k-. 

Five simulations were carried out, involving different wall 

temperatures while maintaining the same inlet conditions. Con-

densation was more pronounced at lower wall temperatures, 

which aligns with expectations. The heat transfer between the 

bulk flow and the wall decreased with the increasing wall tem-

perature. Interestingly, the findings revealed that the surface 

heat transfer coefficient increased as the wall temperature ap-

proached the temperature of the bulk flow. 

The findings, particularly the observation that surface heat 

transfer coefficient increases with the decreasing temperature 

difference between the wall and the bulk flow, contribute to  

a deeper understanding of heat exchange processes. The success 

of the study suggests potential applications in optimising ther-

mal management systems, with implications for industries 

where accurate predictions of moisture behaviour and heat trans-

fer are crucial. 
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1. Introduction 

Organic phase-change materials (PCMs) for latent thermal en-

ergy storage (TES) have emerged as suitable materials for stor-

ing and releasing large amounts of energy at relatively constant 

temperatures during the solid-to-liquid phase transition, or vice 

versa [1,2]. Organic PCMs have several attractive features such 

as congruent melting, high latent heat of fusion, nontoxicity, 

nonflammability, little or no volume change, extremely small or 

even negligible supercooling, low cost, high thermal stability, 

good chemical stability over many thermal cycles, compatibility 

with several types of container materials, and environmental and 

human friendliness [37]. Among the organic PCMs, saturated  
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Nomenclature 

A – heat transfer area, m2 

h ‒ convective heat transfer coefficient, W/(m2K) 

L – length, m 

P ‒ power density, W/m2 

𝑄̇ – rate of heat, W  

tf – beginning of freezing time, min 

tif – end of the solidification, min 

tm – beginning of melting time, min 

tpm – end of melting time, min 

Tb – temperature at half-bottom, inside the sample, C 

Tc ‒ temperature at centre, inside the sample, C 

Tf ‒ freezing temperature, C 

Tm ‒ melting temperature, C 

Ts,b – temperature at bottom surface, C 

Ts,u ‒ temperature at upper surface, C 

Tu ‒ temperature at half-upper, inside the sample, C  

 

Greek symbols 

tc ‒ solidification period, min 

tm ‒ melting period, min 

 – thermal conductivity, W/(m K) 

 

Subscripts 

a – ambient 

c – container 

w – boundary 

 

Abbreviations and Acronyms 

LA – lauric acid 

HTF – heat transfer fluid  

PCM – phase change material 

TES – thermal energy storage 

fatty acids with the general formula CH3(CH2)nCOOH are of 

particular interest because the melting temperature of a material 

is proportional to the number of carbon atoms, that is the chem-

ical bond between carbon and hydrogen. Therefore, this material 

can be easily selected for certain applications. Fatty acids have 

been used in several fields including building components 

[810], solar energy storage applications [6], temperature-regu-

lated drug-delivery systems [11], and biological applications 

[12].  

For energy storage applications in buildings, the macroen-

capsulation of organic PCMs is beneficial because of their sim-

plicity and relatively low cost [1315]. It is implemented as ei-

ther an internal thermal mass [16,17] or a building envelope 

[13,15] to reduce building energy consumption, reduce the cool-

ing load, achieve room cooling, and improve indoor thermal 

comfort. Focusing on the spherical geometry, which exhibits the 

highest thermal performance [18], the heat transfer rate of PCMs 

in spherical cells can be easily adjusted from the surface-area-

to-volume ratio [19]. In practical applications, the common 

phase change of PCM is solid-to-liquid (melting) or vice versa 

(solidification). The melting and solidification processes of 

PCM involve conduction and convection heat transfers, each 

with different characteristics and heat transfer rates [20]. In ad-

dition, depending on the effects of gravitation on the solid phase 

of the PCM, the melting process can follow one of two possible 

mechanisms: constrained or unconstrained. In constrained melt-

ing, the solid PCM is prevented from sinking to the bottom of 

the sphere using a glass-enclosed thermocouple, whereas in un-

constrained melting, the solid PCM sinks to the bottom of the 

sphere owing to gravity [21]. The melting rate is slower in con-

strained fusion than in unconstrained fusion [21,22].  

Numerous theoretical, simulation and experimental studies 

have been performed to study the melting and solidification of 

PCMs in a spherical geometry, as summarised in Table 1, which 

outlines the surrounding fluid as the heat transfer fluid (HTF) as 

well as the output parameters from the study. In addition to the 

temperature difference and surface area, the properties of the 

fluid, nature of the fluid motion, and bulk fluid velocity are var-

iables that determine the convection heat transfer coefficient for 

the heat exchange rate between the PCM and the environment 

as well as the heat transfer rate inside the PCM. The higher the 

density of the fluid and faster the fluid motion, the greater the 

convective heat transfer [20]. As shown in Table 1, water is 

commonly used as the fluid; however, for various applications, 

PCM can be used with different types of HTF, including air 

[23,24]. Because of the relatively high density, viscosity and 

thermal conductivity of water compared with air, a steady state 

can be achieved in a relatively short time, after which the surface 

temperature of the PCM can be assumed constant. This condi-

tion allows for a comparison between the results of the experi-

mental and simulation studies, with the time evolution of the liq-

uid or solid fraction as a common comparative output parameter. 

The results of the experimental and simulation studies show that 

during a solid-to-liquid phase change using water at a constant 

temperature or water with variable electrical power [25], the 

temperature inside the PCM increases sharply around the melt-

ing point [21,2628]. This contrasts with the liquid-to-solid 

phase change that occurs at relatively constant temperature [29]. 

For melting and solidification with forced air convection [30], 

a high transfer rate obliterates the phase change characteristics 

at a constant temperature. The drastic change in the PCM tem-

perature during the phase transition raises the question of its ca-

pability as a latent TES that can absorb and release a relatively 

large amount of thermal energy at a constant temperature. 

In this study, the melting and solidification processes of an 

organic PCM of lauric acid (LA) encapsulated in a spherical 

shell exposed to a natural air environment were experimentally 

studied to investigate the relationship between the dominant heat 

transfer and heat transfer rate, and its implication on the phase 

change characteristics for its application as latent thermal energy 

storage. The use of air instead of water as the medium for the 

phase change of LA allowed us to study the heat exchange pro-

cess in detail owing to the slower heat transfer rate. Based on the 

asymmetry between the melting and solidification processes, we 

discuss several possible methods for controlling the heat transfer 

rate to optimise the performance of a PCM as a latent TES. 
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2. Materials and methods  

We use technical LA with a purity of ≥ 98%. The thermophysi-

cal parameters of LA are listed in Table 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 1 shows the experimental setup used to study the 

melting and solidification of LA in air. Three spherical shells 

with outer diameters of 44 mm, 63 mm, and 74 mm were filled 

with LA. We used commercial spherical shells, which were 

made of polyvinyl chloride with a thickness of approximately 

0.5 mm. The mass of the sample inserted into the sphere was 

reduced by approximately 1% of its maximum value, allowing 

volume expansion during phase transition. The melting process 

was performed in a cubical adiabatic bath that could be set to a 

maximum temperature of 87C, provided by four heating ele-

ments connected to a voltage controller and a step-down trans-

former for temperature setting. For homogeneous temperature 

distribution, the heating elements were covered with ceramic 

and glass wool and placed at the bottom of the room. The ce-

ramic acts as a thermal mass that stabilises the temperature when 

the PCM shell is inserted. The maximum difference in the tem-

perature along the vertical configuration is approximately 1C.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Experimental setup for melting and solidification LA  

in air environment. 

Table 1. Phase change studies of PCMs contained in a spherical enclosure with environmental conditions and output parameters. 

Author/Ref. 

Process Method 

HTF/Environment condition Output parameter 
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Ex
p

e
ri

-

m
e

n
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Tan, 2008 [21]     
Water bath with constant tem-

peratures 
Melting phase front, liquid fraction, time dependent 

temperature 

Kothari et al., 2020 
[22] 

    A constant wall temperature Melt fraction 

Rizan et al., 2012 [25]      
Water bath with constant heat 

rates at surface 
Phase front and isotherm, melt-fraction, Stefan num-

ber 

Galione et al., 2015 
[26] 

    
Water bath at a constant tempe-

rature 
Time dependent temperature, liquid fraction, tempera-

ture map 

Hosseinizadeh et al., 
2013 [27] 

    Constant wall temperatures 
Melt fraction, melting phase front, temperature con-
tour and streamline, heat flux, time dependent tem-

perature, Nusselt number 

Tan et al., 2009 [28]     
Constant surface wall tempera-

ture 
Melt fraction, streamline, temperature contour, time 

dependent temperature 

Ismail and Moraes, 
2009 [29] 

    Constant surface temperatures Time dependent temperature, solidified mass fraction 

Ettouney et al., (2005) 
[30] 

    
Air at constant temperatures and 

different velocities. 
Time dependent temperature, Nusselt number, Fourier 

number 

Toledo et al., 2022 
[31] 

    
Water bath at constant tempera-

tures 
Liquid fraction, heat flow, Nusselt number 

Assis et al., 2007 [32]     Constant wall temperatures Melt fraction, heat flux 

Li et al., 2017 [33]     
Water bath at constant tempera-

tures 
Melt fraction 

Ghosh et al., 2019 
[34]  

    Constant surface temperature Melt fraction, heat flux 

Nazzi Ehms et al., 
2018 [35] 

    Constant surface temperatures 
Solid/liquid fraction, heat flux, streamline, temperature 

line, heat flux 

Assis et al., 2009 [36]     Uniform wall temperatures Melt fraction 

Li et al., 2015 [37]      
Water bath with a constant tem-

perature 
Time dependent temperature 

Prabakaran et al., 
2020 [38] 

    
Constant temperature bath of 

water 
Time dependent temperature 

 

Table 2. Thermophysical parameters of LA from the previous experi-

mental studies (s: solid, l: liquid). 

Thermophysical parameters Value Ref. 

Melting temperature, °C 45 [39] 

Freezing temperature, °C 41 [39] 

Latent heat, kJ/kg 187 [39] 

Density, kg/m3 940 (s), 885 (l) [40] 

Specific heat, kJ/kg °C 2.18 (s), 2.39 (l) [40] 

Thermal conductivity, W/m °C 0.169 (s), 0.144 (l) [39] 

Viscosity, kg/m s 
3.74 (55 °C) 

4.565 (70 °C) 
6.325 (80 °C) 

[39] 
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The temperature sensor consists of a T-type thermocouple 

with an accuracy of 0.2% + 1°C and is part of a multichannel 

data logger. Temperature data were recorded at time intervals of 

5 s. For each spherical LA, three temperature sensors tied to 

a stick were placed vertically inside the shell, and two tempera-

ture sensors were placed at the upper and lower parts of the outer 

surface of the shell, as shown in Fig. 2. The positions of the tem-

perature sensors and their symbols are listed in Table 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For the melting process, the solid LA at room temperature 

(25°C) was exposed to an 80°C environment in an adiabatic 

room. However, for the solidification process, the melted LA at 

80°C was cooled to room temperature in a natural air environ-

ment at 25°C. For each process, the experiment was repeated 

thrice to ensure data repeatability. 

3. Results and discussion  

3.1. The heat absorption associated with the melting 

process of lauric acid 

Figure 3(i) illustrates the temperature versus time for the melting 

process of LA in a spherical shell with a diameter of 44 mm for 

the sensors on the upper (Tu), centre (Tc), and bottom (Tb) of the 

shell, along with the surface temperature data for Ts,u and Ts,b. In 

addition to the LA temperature, the temperature data of Tu were 

influenced by the opening at the top of the shell. Hence, the 

small opening acts as a medium for convection in air. Further-

more, both surface temperatures were affected by the outside air 

temperature and the LA temperature inside the shell. 

Starting from a room temperature of approximately 25C, 

the melting process of LA involves the absorption of sensible 

heat in the solid phase with a significant temperature change up 

to the melting temperature (Tm), followed by latent heat absorp-

tion from the solid-to-liquid phase change process at Tm and sub-

sequent sensible heat absorption in the liquid phase. Heat ab-

sorption in the sensible and latent phases is indicated by temper-

ature changes, although the solid-to-liquid phase transition oc-

curs with a smaller temperature gradient than that in the sensible 

phase. Latent heat absorption at a relatively constant tempera-

ture occurred only for the sensor at the bottom (Tb). This result 

is in agreement with those of previous experimental studies on 

the melting of PCM using a water bath with a relatively small 

temperature gradient [37,38].  

The dominance of the convection heat transfer mode during 

the melting process was indicated by the different temperature 

profiles inside and on the surface of the shell. Because of air 

convection outside the shell, Tsu was always higher than Tsb, ex-

cept at the beginning and end of the process, when equilibrium 

occurred. The skin of the shell provided thermal resistance be-

tween the outside air and the PCM inside the shell such that Tu 

was lower than Tsu and Tb was lower than Tsb. The temperature 

differences (Ts,uTc) and (Ts,bTc) (Fig. 3(ii)) are proportional to 

the heat exchanged between the PCM and the environment. An-

isotropic heat exchange characteristics were observed for the up-

per and lower surfaces of the shell; however, they decreased as 

they approached thermal equilibrium. A large heat exchange oc-

curred during the solid-to-liquid phase transition (see Section 

3.3 for the analysis, as indicated by the dotted and dashed lines 

in Figs. 3(i) and 3(ii)). Concerning the melting mechanism, con-

strained melting occurs from the beginning up to a certain time, 

depending on the shell diameter, as indicated by Tb < Tsb. As 

time increases, the solid part of the LA collapses; therefore, Tb 

> Tsb, and constrained melting was replaced by unconstrained 

melting. For various shell diameters, a transition from con-

strained to unconstrained melting occurred at approximately 70 

min for 44 mm, 108 min for 63 mm, and 130 min for 74 mm, as 

indicated by the valley in (TsbTc) in Fig. 3(ii).  

To study the heat transfer inside the shell during melting, 

Fig. 4 shows the temperature distribution along the vertical di-

rection at certain times. From this heat absorption profile, we 

observed that inside the PCM shell, the melting process started 

from the upper part to the bottom, such that Tu > Tc > Tb for all 

measurements. This result suggests that the phase transition pro-

cess at the upper part is the fastest, followed by that at the centre 

and bottom parts of the shell, because of the sinking of the solid 

phase to the bottom owing to its higher density. From the heat 

conduction mode in the solid phase, heat transfer was converted 

into heat convection, as signified by the asymmetric temperature 

profiles inside the shell and the large temperature difference or 

gap in the temperature distribution. The convection at the upper 

part of the shell was stronger than that at the centre and bottom. 

From the beginning (left panel of Fig. 4) to the end of the 

melting process (right panel of Fig. 4), the temperature distribu-

tion shown in Fig. 4 clearly indicated a larger convection with 

increasing shell diameter. This was also clarified by the differ-

ence between Tu and Tb with respect to dimensionless time, 

which was defined as the absolute time divided by the shell radii, 

as shown in Fig. 5. As the shell diameter increases, the (TuTb) 

values increase, implying a higher convection intensity [30]. In 

 

Fig. 2. Sensor position and symbol. 

Table 3. Position of temperature sensors and its symbols. 

Position Symbol 

Upper surface Ts,u 

Half-upper, inside the sample Tu 

Centre, inside the sample Tc 

Half-bottom, inside the sample Tb 

Bottom surface Ts,b 
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addition, for each shell, the temperature difference of (TuTb) 

showed double peaks, with a smaller peak after the beginning of 

the melting time and a larger peak before the end of the melting 

time (see Section 3.3 for the analysis of the melting period). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Experimental data of the melting of LA in a spherical shell with outer diameters of (a) 44 mm, (b) 63 mm, and (c) 74 mm.  

Left (i): temperature data inside the sample (Tu, Tc, and Tb), surface temperature data (Ts,u and Ts,b), and bath temperature (Tbath).  

Vertical dotted lines denote the phase transition region for each sensor inside the shell.  

Right (ii): the temperature differences of (Ts,uTc) and (Ts,bTc) with vertical dashed lines denote the melting period. 
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Fig. 4. Temperature distribution along the vertical direction at certain times (in minute) during melting of LA in a spherical shell  

with diameters of (a) 44 mm, (b) 63 mm, and (c) 74 mm (the arrow indicates the process direction).  

Middle column: overall time range, left column: beginning of process, right column: near end process. 
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3.2. The heat release associated with the solidification 

process of lauric acid 

From the time-dependent temperature during the solidification 

process (Fig. 6(i)), we observed that starting from a high tem-

perature of approximately 80C, the solidification process of LA 

involved the release of sensible heat in the liquid phase with 

a significant temperature change up to the freezing temperature 

(Tf), followed by latent heat release from the liquid-to-solid 

phase change process at Tf and the subsequent sensible heat re-

lease in the solid phase. No significant differences were ob-

served in the temperature data at the centre and bottom of the 

sample. Furthermore, the liquid-to-solid phase transition oc-

curred at a relatively constant temperature of 43°C, and no su-

percooling was observed in the freezing curve. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Compared with melting, the isotropic heat exchange over the 

surface of the shell is shown in Fig. 6 (ii) which shows a simi-

larity in the temperature differences of (Ts,uTc) and (Ts,bTc). 

The temperature distributions at certain times during solidi-

fication are shown in Fig. 7. Initially, the temperature distribu-

tion inside the shell was relatively homogenous, and the surface 

 

Fig. 5. Effect of shell size on convection. Vertical and horizontal 

lines indicate the phase transition region for each shell size. 

 

Fig. 6. Time-dependent temperature data during the solidification of LA in a spherical shell with outer diameters of (a) 44 mm, (b) 63 mm, and 

(c) 74 mm. Left (i): temperature data inside the sample (Tu, Tc, and Tb), surface temperature data (Ts,u and Ts,b), and bath temperature (Tbath). 

Vertical dotted lines denote the phase transition region for each sensor inside the shell. Right (ii): the temperature differences of (Ts,uTc) 

and (Ts,bTc) with vertical dashed lines denote the solidification period. 
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temperature was lower than that inside the shell owing to the 

influence of the environment. With increasing time, the temper-

ature distribution inside the shell became inhomogeneous, and a 

gap in the temperature distribution was observed. Because of 

convection, Tc was always higher than Tu and Tu was higher than 

Tb. The gap in the temperature distribution diminished after a 

certain time, that is approximately 30, 40 and 60 minutes for 

shell diameters of 44, 63 and 74 mm, respectively. Hence, the 

heat transfer mechanism may change from convection to con-

duction following the phase change process.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3. Controlling the heat transfer rate of PCM 

During the charging and discharging processes of PCM, heat ex-

change between PCM and its environment occurs at the surface 

layer of the shell, and is dominated by conduction and convec-

tion. The rate of heat conduction through a wall is expressed us-

ing Fourier’s equation [20] and is proportional to the tempera-

ture difference across the wall (∆𝑇) and the heat transfer area 

(A) but is inversely proportional to the wall thickness (L) 

 𝑄̇conduction = −c𝐴
∆𝑇

𝐿
, (1) 

where c is the thermal conductivity of the container material 

and is a measure of its ability to conduct heat. Despite the com-

plexity of convection, the rate of convection heat transfer is pro-

portional to the temperature difference, and is conveniently ex-

pressed by Newton’s law of cooling as follows [20]: 

 𝑄̇convection = ℎ𝐴(𝑇w − 𝑇PCM), (2) 

where h is the convective heat transfer coefficient, A is the sur-

face area through which the convective heat transfer occurs, Tw 

is the boundary temperature, and TPCM is the temperature of the 

PCM. We note that h is not a property of the material, as the 

thermal conductivity is, because it is dependent on several ex-

ternal factors, such as the properties of the fluid, pressure, and 

fluid velocity.  

The melting and solidification processes of PCM-based TES 

systems are highly complex and involve conduction and natural 

convection heat transfer mechanisms with different dominant 

mechanisms. The power density of the PCM as a TES system 

can be calculated as: 

 𝑃 =  PCM
d𝑇

d𝑥
+  ℎ(𝑇PCM − 𝑇a), (3) 

where PCM is the thermal conductivity of PCM and Ta is the 

ambient temperature. 

Focusing on constrained melting, the description of the melt-

ing mechanism begins with PCM initially in the solid phase with 

conductive heat transfer. As time increased at the beginning of 

the melting process, the liquid phase started to form when the 

solid–liquid interface was parallel to the heating boundary. In 

this case, the heat transfer process was still dominated by heat 

conduction [38,41], and the liquid formation of PCM was rela-

tively constant because of the direct contact between the inner 

wall and solid PCM [27,41]. As melting progressed, the layer of 

liquid PCM increased, particularly at the upper part of the shell 

[27,3738,41]; thus, the heat conduction was significantly re-

duced. Hence, a transition stage from dominant heat conduction 

to heat convection occurred [38], and the shape of the solid–liq-

uid interface was no longer parallel to the heating boundary. In-

stead, it had an irregular curve shape with a position slightly 

lower than the centre of the shell owing to the higher density of 

the solid phase [21,41]. This irregularly shaped phase front was 

caused by natural convection when the liquid layer thickness in-

creased. In this case, natural convection occurred because the 

warm liquid PCM rose along the hot wall, whereas the cooler 

liquid in the centre flowed down to replace the warmer fluid. 

This phenomenon creates unstable fluid circulation inside the 

shell, known as ‘buoyancy-driven convection’ [21,42]. With an 

increase in the amount of liquid phase, the size of the solid phase 

decreased before finally reaching a fully melted state.  

 

Fig. 7. Temperature distribution along the vertical direction at certain 

times (in minute) during the solidification of LA in a spherical shell  

with diameters of (a) 44 mm, (b) 63 mm, and (c) 74 mm. 
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In the solidification process, the initial condition was a mel- 

ted PCM with dominant convective heat transfer. As time in-

creased, the temperature of the liquid layer adjacent to the inner 

wall decreased, and solidification propagated slowly towards the 

centre of the sphere concentrically, with the solid–liquid inter-

face being relatively parallel to the cool boundary [37,43]. As 

cooling progressed, the temperature and liquid fraction de-

creased rapidly, and the buoyancy-driven convection moved the 

cooler liquid downward owing to its higher density. Under these 

conditions, the solid–liquid interface was relatively spherically 

symmetric, with the solid phase being thicker at the bottom of 

the shell, and a transition from the dominant heat convection 

stage to the heat conduction transition stage occurred [30,35]. 

As time increased, the amount of cold-liquid PCM decreased 

before the PCM reached its full solid state. However, at the end 

of solidification, the front phase is relatively irregular owing to 

the formation of voids caused by the shrinkage of the solid PCM 

[43]. The number, size and distribution of voids are influenced 

by the initial temperature and liquid viscosity of the PCM, in 

addition to the ratio of the surface area relative to the volume of 

the sphere (A/V), because a larger surface area provides a faster  

 

 

cooling rate and makes it easier to trap voids [44]. 

Following the T-history method [45,46], we considered the 

time derivative of the PCM temperature to determine the melt-

ing and solidification periods. The resulting dT/dt–t graph plot-

ted along the T–t graph is shown in the upper part of Fig. 8. For 

melting (left), each of the three temperature sensors exhibits two 

peaks (tm and tpm) on the derivative curve corresponding to the 

beginning and end of melting. The melting period Δtm was de-

termined as the difference between tm from Tu data and tpm from 

Tb data. In contrast, for solidification (right), the three tempera-

ture sensors showed a constant value of zero in the temperature 

derivative curve at almost the same time (tf) owing to the latent 

heat release, and an inflection point (tif) in the 𝑑𝑇 𝑑𝑡⁄ − 𝑡 curve 

marked the end of the solidification process [47,48]. The solidi-

fication period Δtc is defined as the difference between tif  

and tf, with tif obtained from Tu data. The results (bottom part of 

Fig. 8) show that the melting and solidification periods in-

creased with increasing shell size because of the larger amount 

of stored heat, which agrees with the results of previous studies 

[33,4951]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Time-dependent temperature data of Tu, Tc, and Tb and their time derivatives to determine the melting (left) and solidification (right) periods; and 

bottom: the melting/solidification periods of LA in a spherical shell with various diameters. For each shell size, we show the data from three  

repetitive measurements with means and standard deviations. 

https://www.sciencedirect.com/topics/materials-science/heat-convection
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An asymmetry exists between the behaviours of the melting 

and solidification processes. In other words, melting and solidi-

fication do not simply reverse the process direction. The melting 

process was dominated by natural convection [27,37,38], 

whereas the solidification process was dominated by heat con-

duction [30,37,50]. As shown in bottom of Fig. 8, shorter melt-

ing period associated with heat absorption than the solidification 

period associated with the heat release agrees with the prediction 

that convection is considerably more efficient than conduction 

for heat transfer [20]. With convective dominance, the heat 

transfer rate of the melting process is highly sensitive to the 

properties of the surrounding fluid, nature of the fluid motion, 

and bulk fluid velocity.  

The optimal performance of PCM for diurnal applications 

requires a balance between the charging and discharging peri-

ods. This can be achieved, for example, by using different heat 

transfer fluids as media during melting and solidification. From 

a geometric perspective, for the spherical geometry of the PCM, 

by decreasing the diameter of the sphere, the A/V ratio can be 

increased to enhance the heat transfer [27]. Additionally, various 

active and passive methods can be used to control the heat trans-

fer rate of PCM [52,53]. Passive methods involve using addi-

tives or surface modification techniques to increase the thermal 

conductivity of PCM or composite PCM. This method is typi-

cally performed by adding dopant particles with high thermal 

conductivity to the PCM [54,55], inserting a metal matrix into 

the PCM [56], extending the surface using finned tubes with var-

ious geometries [57], using porous materials [58], or microen-

capsulating the PCM [59]. The active method relies on an exter-

nal field, such as mechanical disturbances, vibrations, ultra-

sound, electric fields, or magnetic fields [60]. The effectiveness 

of ultrasound in enhancing heat transfer is closely related to the 

ultrasonic power and action time [61]. In the case of an electric 

field, electric body forces, including the Coulomb forces pro-

duced by an external electric field, induce flow [62], bubble gen-

eration [63,64], or complex compounds [63,6567] that enhance 

heat transfer. In contrast, the effect of a magnetic field or its 

combination with magnetic dopant particles [6870] controls 

the convective heat transfer from the PCM and modifies the 

shape of the solid-liquid interface [71]. The effectiveness of 

electric and magnetic fields is closely related to the polarisabil-

ity and magnetisation of the material and its effect on the change 

in the Gibbs free energy [72,73]. We note that apart from differ-

ent heat transfer mechanisms, from a thermodynamic point of 

view, melting is related to an increase in the entropy of the sys-

tem, whereas solidification is related to a decrease in entropy. 

These two processes are irreversible to each other [74]. Finally, 

the asymmetry between melting and solidification may be intri-

cately related to the asymmetry between heating and cooling, as 

has been recently studied in the thermal kinematics of micro-

scopic systems [75].  

4. Conclusions  

In this paper, we present the results of an experimental study on 

the heat exchange of the organic phase change material (PCM) 

of lauric acid in a spherical shell in an air environment as well 

as its implications for the heat transfer mode inside the shell and 

phase change characteristics. From the time-dependent temper-

ature data inside and on the surface of the shell, we found that 

melting was dominated by convection, whereas solidification 

was dominated by conduction. The convection intensity in-

creases with increasing shell size. Hence, the melting process 

depends on the properties of the surrounding fluid, nature of the 

fluid motion, and bulk fluid velocity. Owing to the relatively 

high convection transfer rate, latent heat absorption following 

a solid-to-liquid phase change does not occur at a constant tem-

perature. The sensor at the bottom half of the shell showed 

a smaller temperature gradient in the latent phase than in the 

solid and liquid sensible phases. This differs from the solidifica-

tion process, in which a latent heat release accompanied by a liq-

uid-to-solid phase transition occurs at a relatively constant tem-

perature. In addition, for a given shell size, the melting period 

was shorter than the solidification period. 

Because of the asymmetry between the melting and solidifi-

cation processes, controlling the heat transfer rate is important 

for achieving a balance between charging and discharging to op-

timise the performance of PCM for diurnal applications. From 

a geometric point of view, this can be achieved by choosing 

a certain shell diameter, considering that the A/V ratio increases 

with a decreasing shell diameter, which enhances the heat trans-

fer. From the heat transfer medium, a fluid with a higher density, 

such as water, is suitable for solidification while melting in an 

air environment because of its longer solidification time. In ad-

dition, we discuss active and passive methods for controlling 

heat transfer in PCM. Passive methods rely on the use of dopant 

particles, metal matrices, and surface modifications, whereas ac-

tive methods require additional external energy, such as me-

chanical energy, electrical or magnetic field energy. However, 

because of the different dominant heat transfer mechanisms for 

melting and solidification, different strategies may be applied to 

the two processes. Controlling heat transfer in the charging and 

discharging processes of PCM is highly beneficial for future 

PCM technologies, although it is challenging for practical appli-

cations. 
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1. Introduction 

The heat transmission process in nanofluids is important for 

many industrial and manufacturing applications. Initially, a siz-

able number of engineering applications relied solely on tradi-

tional heat transfer agents. However, currently they are used in 

intense cooling processes [1]. Further, the unique characteristic 

of matter at the nanoscale in nanotechnology has become a pop-  
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Abstract 

This article explores the phenomenon of natural convection in the rotatory flow of Cu-water nanofluid under the influence 
of non-uniform heat source. In order to design more effective and efficient cooling systems, this work attempts to increase 
our understanding of how nanofluids behave in the presence of non-uniform heat sources, convection, and rotatory force. 
The higher order partial differential equations governing the flow are remodelled into ordinary differential equations using 
similarity transformations. The remodelled equations were solved using shooting methodology and the Lobatto-III A  
algorithm. The impacts of various parameters such as the Richardson number (1 < Ri < 4), the Schmidt number 
(0.5 < Sc <  2), nanoparticle’s volume fraction (0.02 < ϕ < 0.08), etc. on velocity, concentration and temperature was ana-
lysed. One of the main findings of this analysis was study of the impact of the space dependent heat source (0.2 ≤ A ≤ 1) 
and the temperature dependent internal heat source (0 ≤ B ≤ 0.5) on the heat regulation. Furthermore, increasing the quantity 
of the nano-additives and improving the fluid’s thermophysical properties intensified the acceleration of the fluid elements 
in the flow region. The presence of spatial and temperature-sensitive parameters facilitated quantification of the effects of 
a standard and variable heat source in combination of Coriolis force in the case of a Cu-water flow. The findings of the 
investigation will be helpful in the process of medical, architectural planning systems, oil recovery systems and so on.  

 

Keywords: Coriolis force; Lobatto IIIA technique; Richardson number; Volume fraction of Cu nanoparticle; Non-uni-

form heat source  
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Nomenclature 

A – coefficient of space dependent source/sink 

a – constant (a > 0) 

B – coefficient of temperature dependent heat source/sink 

C – concentration of the species 

Cp – specific heat at constant pressure constant pressure, J kg-1K-1 

Cw – free stream concentration 

C∞ – uniform constant concentration 

D – mass diffusivity coefficient 

g̅ – gravitational acceleration, m s-2 

k – thermal conductivity, W m-1K-1 

Pr – Prandtl number 

q''' – rate of internal heat generation/absorption 

R0 – rotational parameter 

Re – Reynolds number 

Ri – Richardson number 

Sc – Schmidt number 

T – fluid temperature, K 

Tw – surface temperature, K 

T∞ – ambient temperature, K 

Uw – free flow velocity 

u, v, w– x, y, z components of velocity, m s-1 

x, y, z – Cartesian coordinates, m 

 

Greek symbols 

β – thermal expansion coefficient, K-1 

ν – kinematic viscosity, m2s-1 

ϕ – nanoparticle’s volume fraction 

ρ – fluid density, kg m-3 

Ω – angular velocity, rad s-1 

μ – dynamic viscosity, kg m-1s-1 

η – similarity variable 

Θ – dimensionless temperature 

Φ  – dimensionless concentration 

 

Subscripts and Superscripts 

f – fluid  

nf – nano fluid 

s – solid particle 

w – condition at wall  

∞ – ambient condition 

’ – differentiation with respect to η 

 

Abbreviations and Acronyms 

MHD – magnetohydrodynamic 

 

 

 

ular research topic in the twenty-first century. This resulted due 

to the limitations of thermal conduction of the aforementioned 

agents. Heat transfer efficiency can be considerably enriched by 

including metallic and non-metallic particles in ordinary fluids. 

The rise in the thermal conductivity of nanofluid has spurred a 

flurry of activity in the field of flow analysis. The thermal con-

ductivity of several common fluids, such as water, toluene, eth-

ylene glycol and mineral oils, is negligible. To overcome the is-

sue of lower thermal conductivity of the above mentioned fluids 

Choi introduced the suspension of nanometre-sized particles 

 (10‒100 nm) or fibres into the conventional fluids [2]. To put it 

another way: nanoparticle-encapsulated fluids offer superior 

gripping, dispersion and scattering capabilities when applied to 

a solid substrate. Nanofluids have been the subject of much 

study for applications in engineering and manufacturing, espe-

cially as heat transfer fluids. These nanoparticle-containing flu-

ids have many uses in a wide range of industries [2]. Scholars 

have examined several facets of nanofluids, such as enhancing 

thermal conductivity, integrating nanoparticles, and other asso-

ciated domains [2‒5].  

Convective heat transfer in nanofluid has multiple uses and 

is essential in research and engineering [6]. Nanofluids are prac-

tically used in every technology that requires heat transfer 

agents for temperature control, such as renewable radiation, nu-

clear reactors, etc. As a result, fluid dynamics experts have paid 

particular attention to the field of nanofluids in recent years, ow-

ing to potential applications in various sectors [7].The influence 

of an exogenous directed magnetic force on heat exchange and 

entropy formation of nanofluid flow of Cu-water in a heated 

open cavity from beneath was investigated numerically by 

Mehrez et al. [8].  Punith  Gowda et al. [9] explored  the  steady 

 

 

Marangoni driven boundary layer flow, mass and heat transfer 

properties of a nanofluid. Their findings indicate that strength-

ening the Marangoni number upgrades the flow velocity and 

lowers heat transfer. Yacob et al. [7] examined the steady 3D 

flow across a rotating extending/diminishing sheet fluid contain-

ing SCNT (single-walled carbon nanotubes) and MCNTs 

(multi-walled carbon nanotubes) in kerosene and water as base 

fluids. Faisal Shahzad et al. [10] studied the Fe2O4-H2O flow 

sandwiched between two gyrating plates, presuming porosity in 

the top side, in order to create forced convection, the bottom sur-

face was assumed to move at a variable speed. Through their 

meticulous analysis, Ashraf et.al. forecasted how heat and fluid 

would move around a non-conducting horizontal circular cylin-

der implanted in a porous material at various angles [11]. 

The magneto-thermoanalysis of electrically conducting flow 

over the vertically symmetric heated plate using the Keller box 

method was done by Ullah et al. [12]. Further, the importance of 

the convective heat transfer with various fluids in different con-

ditions and flow regimes can be learned from the papers [13‒

17]. 

The exploration of heat production or absorption impacts the 

moving fluids. It is crucial due to various physical issues. With 

the rapid advancement of digital means, adequate refrigeration 

of electrical devices have become necessary. This equipment in-

cludes everything from single transistors to mainframe comput-

ers, energy suppliers, and telephone switchboards [18]. Hasarika 

et al. [4] in their theoretical investigation using the perturbation 

technique examined the impact of the nanoparctical volume 

fraction along with thermo-diffusion on a chemically retorting 

MHD (magnetohydrodynamic) Cu-water fluid flow. They dis-

covered  that  “cupper particles  had  a  better  conductivity  than 
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water based particles”. And a noteworthy finding in their study 

is that the flow velocities are increased due to the influence of 

internal heat, diffusion and core heat generation.  

One of the most important factors in changing the direction 

of fluid flow is the Coriolis force [19]. It is equivalent to other 

inertial forces such as magnetohydrodynamic forces and viscous 

forces in the fundamental equations of fluid dynamics. Liquid 

flow on the surface of the Earth is influenced by a number of 

forces, including friction, centrifugal, gravitational and pressure 

gradient forces. On the other hand, the Coriolis force usually has 

little effect on transport phenomena in the situations of atmos-

phere and water. This is most noticeable when the liquid motion 

speed is much slower than the rotating speed, which makes the 

Coriolis effect insignificant and the reason it is not commonly 

noticed on Earth. However, studies on the Coriolis force's ef-

fects on various liquid streams have been conducted in recent 

decades and each of these analyses have identified that this force 

has a significant impact of the flow velocities [20‒22]. 

The analysis of the current research has been done based on 

the above literature assessment. As per the gap identified by the 

authors, the impact of non-uniform heat on rotatory nanofluid 

flow has not been investigated in any methodical paper. Thus, 

the prime objective of this paper is to analyse the predominance 

of a non-uniform heat source and convective rotatory flow of 

Cu-water nanofluid across a stretched sheet. Typical applica-

tions for rotating flows include centrifugal filtering, cooling 

high-speed aircraft skins, anticyclone flow circulation, and the 

geological stretching of tectonic plates under rotating oceans [2]. 

2. Problem formulation  

A steady, incompressible nanofluid rotating flow over an elon-

gating sheet under the stimulus of convection in the presence of 

a non-uniform source or sink has been considered for this study 

[23]. Its basic prototype of the flow is demonstrated in Fig. 1. 

The rotatory nanofluid flow is considered in the region z ≥ 0. 

The xy-plane is anticipated to be linearly stretching in the direc-

tion of the flow with the free flow velocity U𝑤 = ax,  where  

a > 0 is a constant. The fluid is a copper-comprising water-based 

nanofluid. This two-component mixture flow is assumed under 

the following conditions [24]:  

a) no chemical reaction, 

b) minimal amount of viscous dissipation,  

c) insignificant radiative heat transportation, 

d) ensuring that there is no slip between the base fluid H2O, 

and the nanoparticles (Cu) and that they are in thermal equi-

poise  [24]. 

Centred on the above hypotheses, the governing equations of 

the flow are [25,26]: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
 = 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑥
+𝑣

𝜕𝑢

𝜕𝑦
+𝑤

𝜕𝑢

𝜕𝑧
 = 

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑧2  + 2Ω𝑣 + g̅𝛽𝑛𝑓(T − T∞), (2) 

 𝑢
𝜕𝑣

𝜕𝑥
+𝑣

𝜕𝑣

𝜕𝑦
+𝑤

𝜕𝑣

𝜕𝑧
 = 

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑣

𝜕𝑧2  −  2Ω𝑢, (3) 

 𝑢
𝜕𝑇

𝜕𝑥
+𝑣

𝜕𝑇

𝜕𝑦
+𝑣

𝜕𝑇

𝜕𝑧
 = 

𝑘𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

 + 
q'''

(𝜌𝐶𝑝)
𝑛𝑓

 𝜏, (4) 

 𝑢
𝜕𝐶

𝜕𝑥
+𝑣

𝜕𝐶

𝜕𝑦
+𝑤

𝜕𝐶

𝜕𝑧
 = 𝐷𝑛𝑓

𝜕2𝐶

𝜕𝑧2 . (5) 

The boundary conditions are: 

 u =U𝑤,  𝑣 = 0,  𝑤 = 0,  T = T𝑤 ,   𝐶 = 𝐶𝑤  as  z → 0,  

 u → 0, 𝑣 → 0, 𝑤 → 0, T → T∞; 𝐶 → 𝐶∞  as  z → ∞, (6) 

where (u,𝑣,𝑤 ) are velocity components along the x-, y-, and z-

directions, respectively, T and  C are the temperature and con-

centration, g̅ is the gravitational acceleration, and μ
nf

 is the dy-

namic viscosity [2]; ρ
nf

 is the density, knf is the thermal conduc-

tivity, (ρβ)
nf

 is the thermal expansion coefficient of nanofluid 

[2], q'''  is the rate of internal heat generation/absorption [27], 

 (ρCp)
nf

 is the heat capacitance, Dnf is the mass diffusivity [28] 

of the nanofluid, which are given by: 

 q''' = 
𝛼fU𝑤

x𝑣f

[𝐴(Tw − T∞)𝑓 '(η) + B(T − T∞)],  

 𝜇𝑛𝑓 = 
𝜇𝑓

(1 − 𝜙)5/2,  

 𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠,  

 𝑘𝑛𝑓 = 𝑘𝑓 [
𝑘𝑠 + 2𝑘𝑓 − 2𝜙(𝑘𝑓 − 𝑘𝑠)

𝑘𝑠 + 2𝑘𝑓+ 𝜙(𝑘𝑓 − 𝑘𝑠)
],  

 (𝜌𝐶𝑝)
𝑛𝑓

 = (1 − 𝜙)(𝜌𝐶𝑝)
𝑓

 + 𝜙(𝜌𝐶𝑝)
𝑠
,  

 

 

Fig. 1. Flow model. 
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 (𝜌𝛽)𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓 + 𝜙(𝜌𝛽)𝑠,  

 𝐷𝑛𝑓  = 
𝐷𝑓

1− 𝜙
. (7) 

The subscripts nf, f and s indicate the properties of nanofluid, 

base fluid (𝜙 = 0),and the solid nanoparticle. 𝜙 is the ‘signifi-

cant volume fraction of the nanoparticle’ of (Cu), Α and B are 

the coefficients of ‘space and temperature-dependent heat 

source/sink’, respectively [27]. The condition A, Β > 0 relates to 

‘internal heat generation’ and A, B < 0 corresponds to ‘internal 

heat absorption’ [27]. 

Let us consider the following similarity transformations [7]: 

η = √
𝑎

𝑣
 z,  𝑢 = 𝑎x𝐹'(𝜂),  𝑣 = 𝑎x𝐺(η),  w = − √𝑎𝑣𝐹(η), 

  Θ(η) = 
T −T∞

Tw−T∞
,  Φ(η) = 

𝐶− 𝐶∞

𝐶𝑤− 𝐶∞
. (8) 

The above transformation completely satisfies Eq. (1) and 

Eqs.  (2)‒(5), along with the boundary conditions, Eqs. (6), 

transformed into highly non-linear ordinary differential equa-

tions (ODEs), which can be given as: 

 
𝜇𝑛𝑓

𝜇𝑓

𝜌𝑓

𝜌𝑛𝑓
F ''' + 

𝛽𝑛𝑓

𝛽𝑓
RiΘ = (F ')

2
− FF '' − 2𝑅0𝐺, (9) 

 
𝜇𝑛𝑓

𝜇𝑓

𝜌𝑓

𝜌𝑛𝑓
G '' = F 'G − G 'F + 2𝑅0F', (10) 

 
𝑘𝑛𝑓

𝑘𝑓
 

(𝜌𝐶𝑝)
𝑓

(𝜌𝐶𝑝)
𝑛𝑓

 [Θ '' + A F  ' + B Θ] + PrF Θ ' = 0, (11) 

 𝛷'' + 
Sc

(1−𝜙)
F 𝛷' = 0, (12) 

with the boundary conditions: 

F '(η) = 1, G(η) = 0, F(η) = 0, Θ(η) = 1, 𝛷(η) = 1 at η = 0, 

F  ' (η) → 0, G(η) → 0, Θ(η) → 0, 𝛷(η) → 0 as η → ∞. (13)  

The parameters involved in the above equations are: 

 rotational parameter: 𝑅0 = 
Ω

𝑎
, 

 Prandtl number: Pr = 
𝑣𝑓

𝑎𝑓
, 

 Schmidt number: Sc = 
𝑣𝑓

𝐷𝑓
. 

The expression for the local drag force coefficients Cfx  and 

 Cfy , heat transfer coefficient Nux  and the mass transfer coeffi-

cient Shx can be defined as: 

𝐶𝑓𝑥  = 
𝜏𝑥𝑧  

1

2
𝜌𝑈𝑤

2
,     𝐶𝑓𝑦  = 

𝜏𝑦𝑧  
1

2
𝜌𝑈𝑤

2
,  

Nu𝑥  = 
𝑥𝑞𝑤  

𝑘(Tw −T∞)
,  Sh𝑥  = 

𝑥𝑞𝑚  

DM(Cw −C∞)
,  

in which τxz, τyz indicate the shear stress and q
w

, q
m

 represent the 

heat and mass flux at the walls of the sheet. Applying the trans-

formations, Eqs. (8), the above expressions are transformed into: 

 

  Re𝑥
1/2

𝐶𝑓𝑥  = 
𝜇𝑛𝑓

𝜇𝑓
F ''(0),     Re𝑥

1/2
𝐶𝑓𝑦  = 

𝜇𝑛𝑓

𝜇𝑓
G '(0),  

 Re𝑥
-1/2

Nu𝑥  = −
𝑘𝑛𝑓

𝑘𝑓
Θ '(0),  Re𝑥

-1/2
Sh𝑥  = −

𝐷𝑛𝑓

𝐷𝑓
𝛷'(0). (14) 

3. Methodology of the solution 

Equations (9) to (12) combined with the boundary conditions are 

solved by implementing the Lobatto IIIA method using BVP4C 

numerical code in the MATLAB software [30]. To implement 

this method, the non-linear equations are first converted into lin-

ear equations by opting the following procedure and then con-

verting the equations compatible to be solved by the MATLAB 

code: 

  𝑓1=F,    𝑓2 = F ',    𝑓3 = F '',  

 F '''=  𝑓3
 '  = − A1A2[𝑓1𝑓3 + 2𝑅0g1  − (𝑓2)2 + A4RiΘ1],  

 g1 = G, g2 =G ', G ''= g2
'  = A1A2[−𝑓1g2 + 2𝑅0𝑓1 + 𝑓2g1],  

 𝜃1 = Θ(η),  θ2 = Θ '(η),   

    θ 3 = 𝛩2
'  = −

Pr𝑘𝑓

𝑘𝑛𝑓
[A3𝑓1θ2]  −  A𝑓2  −  B𝜃1,  (15) 

𝛷1= 𝛷,   𝛷2 = 𝛷 ',  𝛷3 = −
Sc𝑓𝛷'

(1−𝜙)
 ,   

 A1 = 
𝜇𝑓

𝜇𝑛𝑓
,  A2 = 

𝜌𝑛𝑓

𝜌𝑓
,  A3 =  

(𝜌𝐶𝑝)
𝑛𝑓

(𝜌𝐶𝑝)
𝑓

,  A4 = 
(𝛽)𝑛𝑓

(𝛽)𝑓
. (16) 

The modified boundary conditions are: 

𝑓1 = 0,  𝑓2 = 1,   g1 = 0,   𝜃1 = 1,   𝛷1 = 1 as η → 0,  

 f
2

 → 0,   g1 → 0,   𝜃1 → 0,   𝛷1 → 0 as η → ∞. (17) 

The thermophysical properties of nanoparticles and base 

fluid are placed in Table 1, these values have been utilised to 

calculate the values mentioned in Eqs. (16). 

The MATLAB BVP4C programme implements the Lobatto 

IIIA collocation Runge-Kutta (RK) method [31]. The code was 

validated by calculating the values of Cfx, Cfy  and Nux for the 

base fluid when R0 = 0, 0.5, 1, 2. These obtained values were 

then compared with the previously published findings in Tables 

2 and 3. The results demonstrate a strong agreement between the 

obtained results and the exiting literature. 

Table 1. Physical property parameters used for the analysis [4].  

Properties 
Base fluid 

(water) 

Nano-
particles 

(Cu) 

Thermal conductivity, k  (Wm-1K-1) 0.613 400 

Density,  ρ  (kgm-3) 997.1 8933 

Specific heat, 𝑪𝒑  (Jkg-1K-1) 4179 385 

Thermal expansion coeff., β (K-1) 36.2×10 -5 1.67×10-5 
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4. Results and discussion 

Equations (9) and (12) subject to the boundary conditions, Eq. 

(13), are solved numerically using the Lobatto III A (Runge-

Kutta) method in MATLAB. The impact of relevant factors, to 

be precise Ri,  Α,   Β,  Sc,  ϕ, etc. on the velocity, mass and heat 

transfer of the rotatory flow over an elongated sheet are dis-

cussed. The non-dimensional parameter values such as Ri = 0.2, 

R0 = 0.02,  ϕ = 0.05, Sc = 0.5,  Α = 0.2  and  Β = 0.3 are kept as 

common in the entire analysis unless stated otherwise. 

The effect of the Richardson number (Ri) and the rotation 

parameter R0 on the profiles of primary and secondary velocities 

as well as on the temperature and concentration of the Cu-water 

nanofluid is observed in Figs. 2 to 5. It is evident from the fig-

ures that the amplified values of Ri improve the primary veloc-

ity gradient F '(η) , whereas the secondary velocity gradient 

 G(η), thermal and concentration boundary layers exhibit the 

opposite behaviour. These oscillations in secondary velocity 

gradient, resulting from the angular momentum's excess convec-

tion, occurred in the boundary layer’s physical space. 

The primary velocity layer diminishes with magnification in 

rotational parameter 𝑅0 as displayed in Fig 2. With rising in R0, 

the profile of the secondary velocity gradient takes an S-shape 

as illustrated in Fig 3. This occurs as a result of the Coriolis 

force, which when the moving plate is suddenly set in motion, 

acts as a constraint in the primary fluid flow. It is possible to 

state that the Coriolis force stopped fluid flow in the primary 

flow direction to create a secondary and cross flows in the flow 

field [33]. Figures 4 and 5 depict that growth in 𝑅0 leads to the 

increase in 𝛩(𝜂) and 𝛷(𝜂) profiles. 

For the positive values of Α  and  Β , as demonstrated in 

Fig.  6, the magnification of the space and time-dependent non-

uniform heat source/sink leads to the enhancement of the pri-

mary velocity gradient and fall in profiles of the secondary ve-

locity.  

The temperature rises as Α  and  Β  increase, as shown in 

Fig. 7. The height of the concentration boundary layer decreases 

when A and B increase, as seen in Fig. 8. Physically these effects  

 

 

Fig. 4. Impact of R0 and Ri on Θ(η). 

Table 3. Comparison of calculated values of Rex
-1/2Nux for base fluid.  

 
Nadeem 

et al. [32] 
Salleh  

et al. [7] 
Current  
findings 

R0 
-knf
kf

Θ'(0) 
-knf
kf

Θ'(0) 
-knf
kf

Θ'(0) 

0.00 1.770948 1.770948 1.77094791 

0.50 1.725631 1.725631 1.72563892 

1.00 1.660286 1.660286 1.66028591 

2.00 1.533487 1.533487 1.53348701 

 

 

Fig. 2. Impact of rotation parameter (R0) and Richardson  

parameter (Ri) on F'(η). 

 

Fig. 3. Impact of R0 and Ri on G(η). 

Table 2. Comparison of the values of Rex
1/2Cfx and Rex

1/2Cfy for base 

fluid when ϕ = Ri = Α = Β = Sc = 0.  

 Salleh et al. [7] Present findings 

R0 
𝜇𝑛𝑓

𝜇𝑓

F ''(0) 
𝜇𝑛𝑓

𝜇𝑓

G '(0) 
𝜇𝑛𝑓

𝜇𝑓

F ''(0) 
𝜇𝑛𝑓

𝜇𝑓

G '(0) 

0.00 -1.00000 0.00000 -1.000000 0.000000 

0.50 -1.13838 -0.51276 -1.138411 -0.512802 

1.00 -1.32503 -0.83809 -1.325031 -0.837121 

2.00 -1.65240 -1.28726 -1.652392 -1.287301 
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can be related to the fact that the growth in the values of A and 

B prominently rises the temperature of the nanofluid, and the 

nanoparticles diffuse from higher to lower thermal areas, lower-

ing the concentration boundary layer.  

Figure 9 displays the impact of time and spatial reliable heat 

sources on the concentration profile. We observe that the con-

centration boundary layer of the nanoparticles decreases with an 

increase in values of A and B. Figure 10 displays the effect of 

Cu-nanoparticle volume fraction (ϕ) change on the physical pa-

rameters of the rotating flow. As the values of ϕ escalate, the 

primary velocity and concentration of species fall. Moreover, in-

creasing the volume percent of nanoparticles increases the ther-

mal conductivity, the secondary velocity gradient, and thermal 

boundary layer. This is because the volume density of nanoflu-

ids increases with the volume fraction of nanoparticles, slowing 

the flux of nanofluids, thickening the thermal boundary layer, 

increasing the thermal conductivity and accelerating the surface 

heat transfer coefficient [34]. 

The ‘molecular diffusivity’ deteriorates as the Schmidt num-

ber develops and the concentration boundary layer shrinks, as 

exhibited in Fig. 11. 

From Table 4 we observe that the production of thermal en-

ergy increases as A and B increase. As a result, the nanofluid 

temperature rises, causing the Nusselt number to decrease and 

drop, while the Sherwood number tends to rise. With the in-

crease in Sc, the Nusselt number decreases, and the Sherwood 

 

Fig. 6. Impact of A and B on F'(η). 

 

Fig. 9. Impact of A and B on Φ(η). 

 

Fig. 7. Impact of A and B on G(η). 

 

Fig. 8. Impact of A and B on Θ(η). 

 

Fig. 5. Impact of R0 and Ri on Φ(η). 



Convection and heat transfer analysis of Cu-water rotatory flow with non-uniform heat source 

 

155 
 

number increases. The higher the Sc, the lower the molecule dif-

fusivity and the smaller the concentration boundary layer. 

The improvement in the values of Ri and ϕ leads to the en-

richment of the Nusselt number and the mass diffusivity coeffi-

cient. On the other hand, their enlargement results in the drop of 

primary and secondary drag friction values as shown in Table 4.  

5. Conclusions  

This study concentrated on the impacts of convection, uneven 

heat production and uneven heat absorption on the rotating flow 

of Cu-water nanofluid. In order to assess several properties, such 

as velocity, mass and heat transfer, we performed mathematical 

evaluations of the governing equations. The results we obtained 

are beneficial. These estimations, which were derived over 

a broad range of parameter values, provide a thorough grasp of 

the system under study. 

The key observations after an intensive and integrated math-

ematical study are: 

 The velocity, temperature and concentration boundary layers 

are significantly impacted by the Coriolis force. Secondary 

flow patterns are created as a result of the velocity boundary 

layer's deflection and deviation. The Coriolis force affects 

temperature gradients and can lead to the creation of thermal 

anomalies in thermal boundary layers. Similar to this, the 

Coriolis force influences solute transport in the concentra-

tion boundary layer, causing mixing and changing concen-

tration distributions. The precise effect of the Coriolis force 

on these boundary layers relies on a number of variables, in-

cluding the strength of force, the strength of flow and inter-

actions with other forces in the system. 

 Richardson’s number governs the balance between buoy-

ancy and other forces (inertia, thermal diffusion or diffusion) 

in the velocity, heat and concentration boundary layers. It 

determines the thickness, turbulence and heat or mass trans-

fer properties of these boundary layers. The specific effect 

of Richardson’s number on each boundary layer depends on 

the specific flow conditions and the relative importance of 

different forces in the system. 

 Nu and Sh values both increase when copper nanoparticles 

are added to base fluids. It increases Nu to increase the effi-

ciency of heat transmission and Sh to increase the efficiency 

of mass transfer. These outcomes are advantageous for many 

technical applications that need for effective mass and heat 

transport. 

Table 4. The calculated values of Cfx, Cfy, -
knf

kf
θ

'
(0) and -

1

1 - ϕ
ϕ

'
(0) for different values of the physical parameters.  

Parameter 
μnf
μf

f''(0) 
μnf
μf

g'(0) Rex
-1/2Nux Rex

-1/2Shx Parameter 
μnf
μf

f''(0) 
μnf
μf

g'(0) Rex
-1/2Nux Rex

-1/2Shx 

R0 = 0.0 -1.0114290 0.0000000 1.8681770 0.4433540 Β = 0.1 -1.0165690 -0.0412950 1.9697570 0.3898610 

R0 = 1.0 -1.5410230 -1.4232460 1.7145830 0.3827830 Β = 0.2 -1.0118770 -0.0413400 1.9175650 0.3903580 

R0 = 1.5 -1.8342400 -1.8399630 1.5827540 0.3620820 Β = 0.3 -1.0070340 -0.0413870 1.8643150 0.3908740 

R0 = 1.8 -1.9978780 -2.0498870 1.4998280 0.3528740 Β = 0.4 -1.0020290 -0.0414360 1.8099550 0.3914080 

          

Ri = 0.5 -1.0070340 -0.0413870 1.8643150 0.3908740 ϕ = 0.0 -0.7324850 -0.0249520 1.7003820 0.4301090 

Ri = 1.0 -0.5236630 -0.0434250 1.9352600 0.4133410 ϕ = 0.1 -0.7898190 -0.0279390 1.7360860 0.4309590 

Ri = 2.0 -0.0665240 -0.0450680 1.9952570 0.4318640 ϕ = 0.3 -0.8458140 -0.0309340 1.7710520 0.4327930 

Ri = 2.5 0.3710150 -0.0464600 2.0477770 0.4477820 ϕ = 0.5 -0.9011610 -0.0339670 1.8049780 0.4355000 

          

Α = 0.2 -1.0237050 -0.0400830 1.9513770 0.4421270 Sc = 0.0 -1.0070340 -0.0413870 1.8643150 0.3908740 

Α = 0.4 -0.9999550 -0.0404290 1.7839950 0.4444610 Sc = 0.3 -1.0070340 -0.0413870 1.8643150 0.6329460 

Α = 0.6 -0.9757630 -0.0407730 1.6134640 0.4468200 Sc = 0.5 -1.0070340 -0.0413870 1.8643150 0.8261700 

Α = 0.8 -0.9511620 -0.0411140 1.4398230 0.4491990 Sc = 0.6 -1.0070340 -0.0413870 1.8643150 0.9892370 

 

 

Fig. 11. Impact of Sc on Φ(η). 

 

Fig. 10. Impact of Φ on F'(η), G(η), Θ(η) and Φ(η). 
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 Skin friction increases with rising Schmidt number, volume 

fraction parameter and heat source values. 

 Under the impact of the forces at play, the nanoparticles in 

the range of parameters examined neither settle nor separate 

from the primary nanofluid. They may be mixed and dis-

placed, yet they stay suspended.  
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1. Introduction 

Semiconductor materials are being considered important in cur-

rent years due to their wide utilization in various fields of sci-

ence and engineering. The plasma waves get generated due to 

the excitation of electrons under exposure to a beam of laser or 

sunlight. As a result, the interaction between the thermal wave, 

elastic wave and plasma wave occurs. Gordon et al. [1] and 

Kreuzer [2] made remarkable contributions in developing the 

photothermal theory. Mandelis et al. [3] studied the coupling of 

thermoelastic and electronic waves under photothermal theory. 

Todorovic [4] investigated plasmaelastic and thermoelastic 

waves in the semiconducting medium. Song et al. [5] worked on 

a reflection problem in a semiconducting medium for finding 

reflection coefficient ratios. Othman et al. [6] explained the 

wave propagation problem in a semiconducting medium in the 

context of Lord-Shulman (LS) theory. Ailawalia et al. [7] ana-

lysed the influence of mechanical force at the interface of semi-

conducting half-space and thermoelastic micropolar cubic crys-

tal. Alzahrani and Abbas [8] studied a two-dimensional semi-

conducting medium under thermoelastic theory with one relax-

ation time. Hobiny [9] explored wave propagation in a semi-

conducting medium under a hyperbolic two-temperature model 

without energy dissipation. Saeed et al. [10] introduced a novel 

model for studying photothermal interaction in a rotating mi-

crostretch semiconductor medium subjected to initial stress.  
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Abstract 

The aim of the present work is to discuss the effect of varying thermal conductivity in a semiconducting medium under 
photothermal theory. An infinite elastic half-space is overlying the infinite semiconducting medium, and a constant me-
chanical force is applied along the interface. The normal mode analysis method is applied to find the analytic components 
of displacement, stress, carrier density and temperature distribution. It was found that all physical quantities are affected 
by variable thermal conductivity. The novelty of the paper lies in the fact that no such a problem of variable thermal 
conductivity has been discussed by any researcher so far.  
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Nomenclature 

a – wave number in the 𝑥-direction 

Cd – coefficient related to diffusion of carriers 

Cs – specific heat, J/(kg K) 

Es – gap in energy of valence and conduction band   

    of the semiconductor, J 

eij – strain tensor 

F – mechanical force 

K0
s  – arbitrary constant 

K1 – physical parameter 

Ks – thermal conductivity, W/(m K) 

N – carrier density, kg/m3 

N0 – carrier concentration at temperature T in equilibrium 

r⃗ – position vector 

T – temperature, K 

T0 – reference temperature, K 

t – time, s 

u⃗⃗ – displacement vector 

u, w– x, z components of velocity, m/s 

ui – components of velocity ( i = 1, 2, 3), m/s 

x, y, z – Cartesian coordinates, m 

xi, – Cartesian coordinates ( i = 1, 2, 3), m 

 

Greek symbols 

α – thermal expansion coefficient, 1/K 

β – coefficient of electronic deformation 

𝛾 –  = (3λ𝑠 + 2𝜇𝑠)𝛼 

𝛿 –  = (3λ𝑠 + 2𝜇𝑠)𝛽 
δij – Kronecker delta 

κ – coupling parameter for the thermal activation, = (
∂N0

∂t
) (

1

τ
) 

λ, μ – Lame's constants 

ρ – density, kg/m3 

τ – photogenerated carrier lifetime 

ω – complex time constant 

 

Subscripts and Superscripts 

e – elastic medium  

s – semiconducting medium 

ui,j – differentiation of ui with respect to xi 

(∙)∗– amplitude of the variables 

Hilal [11] demonstrated photothermal interaction in a micro-

elongated semiconducting medium under the influence of grav-

ity. Kaur et al. [12] explained photo-thermo-elastic interactions 

in an infinite semiconducting rotating solid cylinder subjected to 

the magnetic field and hall current. Lotfy et al. [13] put forward 

a novel model for investigating non-local semiconductor me-

dium. Azhar et al. [14] studied the reflection problem in a non-

local semiconducting medium under the effect of hall current 

and magnetic field.  
Under exposure to high temperature, the thermal conductiv-

ity of an elastic material is found experimentally to be varied 

with temperature. Therefore, the thermal conductivity cannot be 

treated as constant. El-Bary [15] introduced a mathematical 

model for studying layered thin plate subjected to variable ther-

mal conductivity. Ezzat and Youssef [16] studied thermoelastic 

medium subjected to variable electrical and thermal conductiv-

ity under the theory of one relaxation time. Sherief and Abd El-

Latief [17] explored the impact of variable thermal conductivity 

in an elastic half-space with respect to the theory of fractional 

thermoelasticity. Zenkour and Abbas [18] applied finite element 

method for obtaining thermal stress for a hollow cylinder in a 

temperature dependent thermoelastic medium. Yasein et al. [19] 

demonstrated the effect of varying thermal conductivity in a 

semiconducting medium subjected to thermal ramp type in the 

context of dual-phase-lag (DPL) and L-S model of thermoelas-

ticity. Abbas et al. [20] analysed the behaviour of semiconduct-

ing medium with cylindrical cavities subjected to variable ther-

mal conductivity. Alzahrani et al. [21] discussed eigen value 

problem for variable thermal conductivity in a porous medium. 

Marin et al. [22] explored porothermoelastic materials subjected 

to fractional time derivatives by applying the finite element 

method. Lotfy and El-Bary [23] proposed an elastic-thermod-

iffusion model for studying photothermal interactions in a sem-

iconductor subjected to mechanical ramp type and variable ther-

mal conductivity. Hobiny and Abbas [24] utilised the finite ele-

ment method for describing thermoelastic interaction in an or-

thotropic material with spherical cavities under variable thermal 

conductivity. Kumar et al. [25] explained thermodynamical in-

teractions for a thermodiffusive medium subjected to rotation 

and gravitational effect. El-Sapa et al. [26] demonstrated the in-

fluence of variable thermal conductivity on wave propagation in 

a non-local semiconducting medium. 

The present research work deals with investigating the effect 

of varying thermal conductivity in a semiconducting medium. 

The problem has been modelled as an elastic half-space overly-

ing the semiconducting half-space. The analytic components of 

displacement, stress, carrier density and temperature distribution 

are obtained by applying the normal mode technique. It was ob-

served that all considered physical quantities depend on variable 

thermal conductivity. 

2. Governing equations of the problem  

Let us take a semiconducting half-space with an overlying elas-

tic half-space. A mechanical load of magnitude 𝐹 is acting on 

the boundary separating the two half-spaces. Further, we con-

sider coordinate system (𝑥, 𝑦, 𝑧) in which 𝑧-axis is taken in ver-

tically downward direction. The region 𝑧 ≥ 0 is occupied by the 

semiconducting half-space (medium I) and the region 𝑧 < 0 by 

elastic-half space (medium II) as represented in Fig. 1. 

The fundamental equations for a semiconducting medium af-

ter neglecting body forces are given by Lotfy [27]: 

 𝜇𝑠∇2𝑢⃗⃗(𝑟, 𝑡) + ( 𝜆𝑠 + 𝜇𝑠)∇(∇ ∙ 𝑢⃗⃗(𝑟, 𝑡)) + 

     −𝛾∇𝑇 − 𝛿∇𝑁 = 𝜌
𝜕2 𝑢⃗⃗⃗(𝑟,𝑡)

𝜕𝑡2 . (1) 

The coupled equations for the semiconducting medium are 

given by Song et al. [28]: 

 𝐾𝑠∇2𝑇 −
𝐸𝑠

𝜏
𝑁 + γ𝑇0∇ ∙

∂𝑢⃗⃗⃗

∂𝑡
− 𝜌𝐶𝑠

∂𝑇

∂𝑡
= 0. (2) 



Effect of variable thermal conductivity in semiconducting medium underlying an elastic half-space 

 

161 
 

 𝐶𝑑∇2𝑁 −
1

𝜏
𝑁 + 𝜅𝑇 −

𝜕𝑁

𝜕𝑡
= 0. (3) 

Further the stress-strain relations for the considered medium 

are given by Lotfy [27]: 

 σ𝑖𝑗 = 2𝜇𝑠𝑒𝑖𝑗 + (𝜆𝑠𝑢𝑘,𝑘 − 𝛿𝑁 − 𝛾𝑇)𝛿𝑖𝑗, (4) 

where 

 𝑒𝑖𝑗 =
1

2
(𝑢𝑗,𝑖 + 𝑢𝑖,𝑗).  

The fundamental relations for elastic half-space are given by 

Ewing et al. [29]: 

 𝜇𝑒∇2𝑢⃗⃗𝑒(𝑟, 𝑡) + (𝜆𝑒 + 𝜇𝑒)∇(∇ ∙ 𝑢⃗⃗𝑒(𝑟, 𝑡)) = 𝜌𝑒 𝜕2𝑢⃗⃗⃗𝑒(𝑟,𝑡)

𝜕𝑡2 , (5) 

 𝜎𝑙𝑘
𝑒 = 𝜆𝑒𝑢𝑟,𝑟

𝑒 δ𝑙𝑘 + 𝜇𝑒(𝑢𝑙,𝑘 + 𝑢𝑘,𝑙) ,    𝑟, 𝑙, 𝑘 = 1, 2, 3. (6) 

3. Formulation of the problem  

We assume that the waves are propagating in x-z plane. Hence 

the displacement vector in the semiconducting medium is con-

sidered as 𝑢⃗⃗ = (𝑢, 0, 𝑤), where 𝑢 = 𝑢(𝑥, 𝑧, 𝑡), 𝑤 = 𝑤(𝑥, 𝑧, 𝑡). 

Equations (1)‒(4) in two dimensions can be expressed as:  

 (𝜆𝑠 + 2𝜇𝑠)
𝜕2𝑢

𝜕𝑥2 + (𝜆𝑠 + 𝜇𝑠)
𝜕2𝑤

𝜕𝑥𝜕𝑧
+ 

                           + 𝜇𝑠 𝜕2𝑢

𝜕𝑧2 − 𝛾
𝜕𝑇

𝜕𝑥
− 𝛿

𝜕𝑁

𝜕𝑥
= 𝜌

𝜕2𝑢

𝜕𝑡2 , (7) 

𝜇𝑠
𝜕2𝑤

𝜕𝑥2
+ (𝜆𝑠 + 𝜇𝑠)

𝜕2𝑢

𝜕𝑥𝜕𝑧
+ (𝜆𝑠 + 2𝜇𝑠)

𝜕2𝑤

𝜕𝑧2
+ 

                                 −𝛾
𝜕𝑇

𝜕𝑧
− 𝛿

𝜕𝑁

𝜕𝑧
= 𝜌

𝜕2𝑤

𝜕𝑡2 , (8) 

  𝐾𝑠Δ𝑇 −
𝐸𝑠

𝜏
𝑁 + 𝛾𝑇0

𝜕

𝜕𝑡
(

𝜕𝑢

𝜕𝑥
+

𝜕𝑤

𝜕𝑧
) − 𝜌𝐶𝑠

𝜕𝑇

𝜕𝑡
= 0, (9) 

 𝐶𝑑Δ𝑁 −
1

𝜏
𝑁 + 𝜅𝑇 −

𝜕𝑁

𝜕𝑡
= 0, (10) 

 𝜎𝑥𝑥 = (𝜆𝑠 + 2𝜇𝑠)
𝜕𝑢

𝜕𝑥
+ 𝜆𝑠 𝜕𝑤

𝜕𝑧
− (𝛾𝑇 + 𝛿𝑁), (11) 

 𝜎𝑧𝑧 = (𝜆𝑠 + 2𝜇𝑠)
𝜕𝑤

𝜕𝑧
+ 𝜆𝑠 𝜕𝑢

𝜕𝑥
− (𝛾𝑇 + 𝛿𝑁), (12) 

 𝜎𝑧𝑥 = 𝜇𝑠 (
𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
), (13) 

where:  𝛥 =
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑧2. 

Further for the elastic half space, Eqs. (5) and (6) in two-

dimensions can be reduced as: 

 (𝜆𝑒 + 2𝜇𝑒)
𝜕2𝑢𝑒

𝜕𝑥2 + (𝜆𝑒 + 𝜇𝑒)
𝜕2𝑤𝑒

𝜕𝑥𝜕𝑧
+ 𝜇𝑒 𝜕2𝑢𝑒

𝜕𝑧2 = 𝜌𝑒 𝜕2𝑢𝑒

𝜕𝑡2 ,  (14) 

 𝜇𝑒 𝜕2𝑤𝑒

𝜕𝑥2 + (𝜆𝑒 + 2𝜇𝑒)
𝜕2𝑤𝑒

𝜕𝑧2 + (𝜆𝑒 + 𝜇𝑒)
𝜕2𝑢𝑒

𝜕𝑥𝜕𝑧
= 𝜌𝑒 𝜕2𝑤𝑒

𝜕𝑡2 ,  (15) 

 𝜎𝑥𝑥
𝑒 = (𝜆𝑒 + 2𝜇𝑒)

𝜕𝑢𝑒

𝜕𝑥
+ 𝜆𝑒 𝜕𝑤𝑒

𝜕𝑧
, (16) 

 𝜎𝑧𝑧
𝑒 = (𝜆𝑒 + 2𝜇𝑒)

𝜕𝑤𝑒

𝜕𝑧
+ 𝜆𝑒 ∂ue

∂x
, (17) 

 𝜎𝑧𝑥
𝑒 = 𝜇𝑒 (

𝜕𝑢𝑒

𝜕𝑧
+

𝜕𝑤𝑒

𝜕𝑥
). (18) 

Under exposure to high temperature, heat conductivity 𝐾𝑠 

depends on the temperature of the medium, therefore it must be 

taken as variable as given by Lotfy [30]: 

 𝐾𝑠(𝑇) = 𝐾0
𝑠(1 + 𝐾1𝑇). (19) 

We can use the Kirchhoff transformation for conversion of 

thermal conduction equation into linear form by the following 

relation given by Lotfy [30]: 

 𝑇̂ =
1

𝐾0
𝑠 ∫ 𝐾𝑠(ξ)𝑑ξ

𝑇

0
. (20) 

Differentiating (20) with respect to 𝑥𝑖 we get 

 𝐾0
𝑠𝑇,𝑖̂ = 𝐾𝑠(𝑇)𝑇,𝑖. (21) 

Differentiating the above equation again with respect to 𝑥𝑖 we 

get 

 𝐾0
𝑠𝑇,𝑖𝑖̂ = (𝐾𝑠(𝑇)𝑇,𝑖),𝑖

. (22) 

Above equation has the following linear form after removing 

non-linear terms: 

 𝐾0
𝑠𝑇,𝑖𝑖̂ = 𝐾𝑠(𝑇)𝑇,𝑖𝑖. (23) 

In 𝑇,𝑖𝑖̂ the subscript should be treated as ii in Eqs. (22) and (23), 

though it appears as ll under 𝑇̂ due to some software issue. 
Differentiating (20) with respect to 𝑡 we get 

 𝐾0
𝑠𝑇,𝑡̂ = 𝐾𝑠(𝑇)𝑇,𝑡. (24) 

Equations (7) to (13) can be rewritten using (19)‒(24) as: 

 (𝜆𝑠 + 2𝜇𝑠)
𝜕2𝑢

𝜕𝑥2 + (𝜆𝑠 + 𝜇𝑠)
𝜕2𝑤

𝜕𝑥𝜕𝑧
 + 

   +𝜇𝑠 𝜕2𝑢

𝜕𝑧2 − 𝛾
𝜕𝑇̂

𝜕𝑥
− 𝛿

𝜕𝑁

𝜕𝑥
=  𝜌

𝜕2𝑢

𝜕𝑡2 , (25) 

 𝜇𝑠 𝜕2𝑤

𝜕𝑥2 + (𝜆𝑠 + 𝜇𝑠)
𝜕2𝑢

𝜕𝑥𝜕𝑧
+ (𝜆𝑠 + 2𝜇𝑠)

𝜕2𝑤

𝜕𝑧2 + 

              −𝛾
𝜕𝑇̂

𝜕𝑧
− 𝛿

𝜕𝑁

𝜕𝑧
= 𝜌

𝜕2𝑤

𝜕𝑡2 , (26) 

 

Fig. 1. Geometry of the problem. 
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               𝐾0
𝑠Δ𝑇̂ −

𝐸𝑠

𝜏
𝑁 + 𝛾𝑇0

𝜕

𝜕𝑡
(

𝜕𝑢

𝜕𝑥
+

𝜕𝑤

𝜕𝑧
) − 𝜌𝐶𝑠

𝜕𝑇̂

𝜕𝑡
= 0, (27) 

 𝐶𝑑Δ𝑁 −
1

𝜏
𝑁 + 𝜅𝑇̂ −

𝜕𝑁

𝜕𝑡
= 0, (28) 

 𝜎𝑥𝑥 = (𝜆𝑠 + 2𝜇𝑠)
𝜕𝑢

𝜕𝑥
+ 𝜆𝑠 𝜕𝑤

𝜕𝑧
− (𝛾𝑇̂ + 𝛿𝑁), (29) 

 𝜎𝑧𝑧 = (𝜆𝑠 + 2𝜇𝑠)
𝜕𝑤

𝜕𝑧
+ 𝜆𝑠 𝜕𝑢

𝜕𝑥
− (𝛾𝑇̂ + 𝛿𝑁), (30) 

 𝜎𝑧𝑥 = 𝜇𝑠 (
𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
). (31) 

Further, for simplicity we use dimensionless quantities writ-

ten below: 

𝑥′ =
1

𝑐𝑙𝑡∗
𝑥,   𝑧′ =

1

𝑐𝑙𝑡∗
𝑧,   𝑢′ =

1

𝑐𝑙𝑡
∗

𝑢,  𝑤′ =
1

𝑐𝑙𝑡
∗

𝑤,  

𝑡′ =
𝑡

𝑡∗
,  𝜎𝑖𝑗

′ =
𝜎𝑖𝑗

𝜇𝑠
, 𝑇̂′ =

𝛾𝑇̂

(𝜆𝑠 + 2𝜇𝑠)
 ,  𝑁′ =

δ𝑁

(𝜆𝑠 + 2𝜇𝑠)
,   

𝑢𝑒′
=

1

𝑐𝑙𝑡∗ 𝑢𝑒 ,   𝑤𝑒′
=

1

𝑐𝑙𝑡∗ 𝑤𝑒 ,   σ𝑖𝑗
𝑒′

=
𝜎𝑖𝑗

𝑒

𝜇𝑒 . (32) 

where: 

 𝑐𝑙
2 =

(𝜆𝑠+2𝜇𝑠)

𝜌
,  𝑡∗ =

𝐾0
𝑠

 𝐶𝑠𝑐𝑙
2.  

Using dimensionless variables (32) in Eqs. (25) to (31) we 

get equations as: 

 
𝜕2𝑢

𝜕𝑥2 + 𝑏11
𝜕2𝑢

𝜕𝑧2 + 𝑏11
𝜕2𝑤

𝜕𝑥𝜕𝑧
−

𝜕𝑇̂

𝜕𝑥
−

𝜕𝑁

𝜕𝑥
=

𝜕2𝑢

𝜕𝑡2 , (33) 

 𝑏12
𝜕2𝑢

𝜕𝑥𝜕𝑧
+

𝜕2𝑤

𝜕𝑧2 + 𝑏11
𝜕2𝑤

𝜕𝑥2 −
𝜕𝑇̂

𝜕𝑧
−

𝜕𝑁

𝜕𝑧
=

𝜕2𝑤

𝜕𝑡2 , (34) 

 𝑎15Δ𝑇̂ + 𝑎16
𝜕𝑇̂

𝜕𝑡
+ 𝑎17𝑁 + 𝑎18 (

𝜕2𝑢

𝜕𝑥𝜕𝑡
+

𝜕2𝑤

𝜕𝑧𝜕𝑡
) = 0, (35) 

 𝑎11Δ𝑁 + 𝑎12𝑁 + 𝑎13
𝜕𝑁

𝜕𝑡
+ 𝑎14𝑇̂ = 0, (36) 

 𝜎𝑥𝑥 = 𝑏13
𝜕𝑢

𝜕𝑥
+ 𝑏14

𝜕𝑤

𝜕𝑧
− 𝑏13𝑇̂ − 𝑏13𝑁, (37) 

 𝜎𝑧𝑧 = 𝑏14
𝜕𝑢

𝜕𝑥
+ 𝑏13

𝜕𝑤

𝜕𝑧
− 𝑏13𝑇̂ − 𝑏13𝑁, (38) 

 𝜎𝑧𝑥 = (
𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
). (39) 

Further for the elastic half space, Eqs. (14)‒(18) in dimen-

sionless form can be reduced as: 

 𝑐11
𝜕2𝑢𝑒

𝜕𝑥2 + 𝑐12
𝜕2𝑤𝑒

𝜕𝑥𝜕𝑧
+ 𝑐13

𝜕2𝑢𝑒

𝜕𝑧2 =
𝜕2𝑢𝑒

𝜕𝑡2 , (40) 

 𝑐13
𝜕2𝑤𝑒

𝜕𝑥2 + 𝑐11
𝜕2𝑤𝑒

𝜕𝑧2 + 𝑐12
𝜕2𝑢𝑒

𝜕𝑥𝜕𝑧
=

𝜕2𝑤𝑒

𝜕𝑡2 , (41) 

 𝜎𝑥𝑥
𝑒 = 𝑐14

𝜕𝑢𝑒

𝜕𝑥
+ 𝑐15

𝜕𝑤𝑒

𝜕𝑧
, (42) 

 𝜎𝑧𝑧
𝑒 = 𝑐14

𝜕𝑤𝑒

𝜕𝑧
+ 𝑐15

𝜕𝑢𝑒

𝜕𝑥
, (43) 

 𝜎𝑧𝑥
𝑒 = (

𝜕𝑢𝑒

𝜕𝑧
+

𝜕𝑤𝑒

𝜕𝑥
). (44) 

 

Here: 

 𝑎11 =
𝐶𝑑

𝛿𝑐𝑙
2𝑡∗2 , 𝑎12 = −

1

𝜏𝛿
,   𝑎13 = −

1

𝑡∗𝛿
,   𝑎14 =

𝜅

𝛾
,  

 𝑎15 =
𝐾0

𝑠

𝛾𝑡∗𝐶𝑠
, 𝑎16 = −

(𝜆𝑠+2𝜇𝑠)

𝛾
,  𝑎17 =

𝐸𝑠(𝜆𝑠+2𝜇𝑠)𝑡∗

𝜏𝛿𝜌𝐶𝑠
,  𝑎18 =

𝛾𝑇0

𝜌𝐶𝑠
,  

 𝑏11 =
𝜇𝑠

(𝜆𝑠+2𝜇𝑠)
,  𝑏12 =

𝜆𝑠+𝜇𝑠

𝜆𝑠+2𝜇𝑠 ,   𝑏13 =
𝜆𝑠+2𝜇𝑠

𝜇𝑠 ,  𝑏14 =
𝜆𝑠

𝜇𝑠,     

  𝑏14 =
𝜆𝑠

𝜇𝑠 ,   𝑐11 =
𝜆𝑒+2𝜇𝑒

𝜌𝑒𝐶𝑙
2 , 𝑐12 =

𝜆𝑒+𝜇𝑒

𝜌𝑒𝐶𝑙
2 , 𝑐13 =

𝜇𝑒

𝜌𝑒𝐶𝑙
2,  

 𝑐14 =
𝜆𝑒+2𝜇𝑒

𝜇𝑒 ,   𝑐15 =
𝜆𝑒

𝜇𝑒.  

4. Normal mode analysis 

We use the following normal mode analysis for obtaining the 

solution for above considered physical variables: 

 [𝑢, 𝑤, 𝑇̂, 𝑁, u𝑒 , w𝑒] = [𝑢∗, 𝑤∗, 𝑇 ∗̂, 𝑁∗, u𝑒∗, w𝑒∗](𝑧)𝑒𝜔𝑡+𝑖𝑎𝑥 . (45) 

Using the solutions given by (45) in (33)‒(36), we obtain the 

following equations in coupled form as: 

 (𝑏11𝐷2 + 𝑒15)𝑢∗ + 𝑖𝑎𝑏12𝐷𝑤∗ − 𝑖𝑎𝑇 ∗̂ − 𝑖𝑎𝑁∗ = 0, (46) 

 𝑖𝑎𝑏12𝐷𝑢∗ + (𝐷2 + 𝑒16)𝑤∗ − 𝐷𝑇 ∗̂ − 𝐷𝑁∗ = 0, (47) 

 𝑒13𝑢∗ + 𝑒14𝐷𝑤∗ + (𝑎15𝐷2 + 𝑒12)𝑇 ∗̂ + 𝑎17𝑁∗ = 0, (48) 

 𝑎14𝑇̂∗ + (𝑎11𝐷2 + 𝑒11)𝑁∗ = 0. (49) 

On solving these coupled equations (46) to (49), we get the 

following eighth-order differential equation: 

 [𝑔8𝐷8 + 𝑔9𝐷6 + 𝑔10𝐷4 + 𝑔11𝐷2 + 𝑔12](𝑢∗, 𝑤∗, 𝑇 ∗̂, 𝑁∗) = 0.  

(50) 

Similarly, using the solutions given by (45) in (40)‒(41), we 

obtain the following equations in coupled form: 

 (𝑐13𝐷2 + 𝑒17)𝑢𝑒∗ + 𝑖𝑎𝑐12𝐷𝑤𝑒∗ = 0, (51) 

 (𝑐11𝐷2 + 𝑒18)𝑤𝑒∗ + 𝑖𝑎𝑐12𝐷𝑢𝑒∗ = 0. (52) 

On solving these coupled Eqs. (51) and (52), we get the follow-

ing fourth-order differential equation: 

 [𝑔13𝐷4 + 𝑔14𝐷2 + 𝑔15](𝑢𝑒∗, 𝑤𝑒∗) = 0. (53) 

Here: 

𝑒11 = −𝑎11𝑎2 + 𝑎12 + 𝑎13𝜔, 𝑒12 = −𝑎15𝑎2 + 𝑎16𝜔,  

 𝑒13 = 𝑖𝑎𝜔𝑎18,  𝑒14 = 𝜔𝑎18, 𝑒15 = −(𝑎2 + 𝜔2),  

   𝑒16 = −(𝑏11𝑎2 + 𝜔2), 𝑒17 = −(𝑐11𝑎2 + 𝜔2),  

 𝑒18 = −(𝑐13𝑎2 + 𝜔2),  

 𝑓1 = 𝑖𝑎𝑎15𝑏12,  𝑓2 = 𝑖𝑎(𝑒12𝑏12 + 𝑒14),  𝑓3 = −𝑒14𝑏11,  

 𝑓4 = 𝑖𝑎𝑒13𝑏12 − 𝑒14𝑒15,  𝑓5 = 𝑖𝑎(𝑎17𝑏12 + 𝑒14),  

 𝑓6 = 𝑏11, 𝑓7 = 𝑒15 + 𝑒16𝑏11+𝑎2𝑏12
2,  𝑓8 = 𝑒15𝑒16,   
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          𝑓9 = 𝑖𝑎(𝑏12 − 1), 𝑓10 = −𝑖𝑎𝑒16,   

 𝑔1 = 𝑓1𝑓6,  𝑔2 = 𝑓2𝑓6 + 𝑓1𝑓7 − 𝑓3𝑓9,  

 𝑔3 = 𝑓2𝑓7 + 𝑓1𝑓8 − 𝑓3𝑓10 − 𝑓4𝑓9, 𝑔4 = 𝑓2𝑓8 − 𝑓4𝑓10,  

 𝑔5 = 𝑓5𝑓6 − 𝑓3𝑓9,  𝑔6 = 𝑓5𝑓7 − 𝑓4𝑓9 − 𝑓3𝑓10,   

  𝑔7 = 𝑓5𝑓8 − 𝑓4𝑓10, 𝑔8 = 𝑎11𝑔1, 𝑔9 = 𝑒11𝑔1 + 𝑎11𝑔2,   

 𝑔10 = 𝑒11𝑔2 + 𝑎11𝑔3 − 𝑎14𝑔5 ,   

 𝑔11 = 𝑒11𝑔3 + 𝑎11𝑔4 − 𝑎14𝑔6 ,  

 𝑔12 = 𝑒11𝑔4 − 𝑎14𝑔7, 𝑔13 = 𝑐11𝑐13,  

 𝑔14 = 𝑐11𝑒17   +  𝑐13𝑒18   + 𝑎2𝑐12
2, 𝑔15 = −𝑒18𝑒17.  

Using radiation conditions 𝑢∗,  𝑤∗, 𝑇 ∗̂,  𝑁∗ → 0 as 𝑧 → ∞ , 

the solution of Eq.(50) can be written as: 

 𝑇 ∗̂ = ∑ 𝐶𝑗
4
𝑗=1 𝑒−𝑘𝑗𝑧, (54) 

 𝑢∗ = ∑ 𝐴𝑗
4
𝑗=1 𝑒−𝑘𝑗𝑧, (55) 

 𝑤∗ = ∑ 𝐵𝑗
4
𝑗=1 𝑒−𝑘𝑗𝑧, (56) 

 𝑁∗ = ∑ E𝑗
4
𝑗=1 𝑒−𝑘𝑗𝑧, (57) 

where 𝑘𝑗
2 (𝑗 = 1, 2, 3, 4) are roots of Eq. (50). Also using 

Eqs. (46)‒(49), the coupling constants 𝐴𝑗,  𝐵𝑗 ,  𝐸𝑗  are given by 

𝐴𝑗 = 𝐿𝑗𝐶𝑗, 𝐵𝑗 = 𝑀𝑗𝐶𝑗, and  𝐸𝑗 = 𝑁𝑗𝐶𝑗, where: 

 𝐿𝑗 =
ℎ1𝑘𝑗

4+ℎ2𝑘𝑗
2+ℎ3

ℎ4𝑘𝑗
4+ℎ5𝑘𝑗

2+ℎ6
,  

 𝑀𝑗 =
ℎ7𝑘𝑗

6+ℎ8𝑘𝑗
4+ℎ9𝑘𝑗

2+ℎ10

ℎ11𝑘𝑗
5+ℎ12𝑘𝑗

3+ℎ13𝑘𝑗
,  

 𝑁𝑗 = −
𝑎14

𝑎11𝑘𝑗
2+𝑒11

  

and 

 ℎ1 = −𝑓1𝑎11,   ℎ2 = −𝑓2𝑎11 − 𝑓1𝑒11, ℎ3 = 𝑓5𝑎14 − 𝑓2𝑒11,  

 ℎ4 = 𝑓3𝑎11, ℎ5 = 𝑓4𝑎11 + 𝑓3𝑒11,   ℎ6 = 𝑓4𝑒11,  

 ℎ7 = −𝑎15𝑓3𝑎11,  

  ℎ8 = 𝑒13𝑓1𝑎11 − 𝑎15𝑓3𝑒11 − 𝑎11𝑓3𝑒12 − 𝑎15𝑓4𝑎11,   

   ℎ9 = 𝑎17𝑓3𝑎14 + 𝑒13𝑓2𝑎11 + 𝑒13𝑓1𝑒11 − 𝑒12𝑓3𝑒11 + 

−𝑒12𝑓4𝑎11 − 𝑎15𝑓4𝑒11, 

 ℎ10 = 𝑎17𝑓4𝑎14 − 𝑒13𝑓5𝑎14 + 𝑒13𝑓2𝑒11 − 𝑒12𝑓4𝑒11,  

 ℎ11 = 𝑎11𝑓3𝑒14,  

 ℎ12 = 𝑎11𝑓4𝑒14 + 𝑒14𝑓3𝑒11, ℎ13 = 𝑒11𝑓4𝑒14.  

Using Eqs. (54)‒(57), we obtain the expressions for all phys-

ical quantities as: 

 𝑇̂ = ∑ 𝐶𝑗
4
𝑗=1 𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (58) 

 𝑢 = ∑ 𝐶𝑗
4
𝑗=1 𝐿𝑗𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (59) 

 𝑤 = ∑ 𝐶𝑗
4
𝑗=1 𝑀𝑗𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (60) 

 𝑁 = ∑ 𝐶𝑗
4
𝑗=1 𝑁𝑗𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (61) 

 𝜎𝑥𝑥 = ∑ [𝑖𝑎𝑏13𝐿𝑗 − 𝑏14𝑘𝑗𝑀𝑗 − 𝑏13𝑁𝑗 − 𝑏13] ×4
𝑗=1  

× 𝐶𝑗𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (62) 

 σ𝑧𝑧 = ∑ [−𝑏13𝑘𝑗𝑀𝑗 + 𝑖𝑎𝑏14𝐿𝑗 − 𝑏13𝑁𝑗 − 𝑏13] ×4
𝑗=1  

× 𝐶𝑗𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (63) 

 σ𝑧𝑥 = ∑ [−𝑘𝑗𝐿𝑗 + 𝑖𝑎𝑀𝑗]𝐶𝑗
4
𝑗=1 𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 . (64) 

Using radiation conditions 𝑢𝑒∗,  𝑤𝑒∗ → 0 as 𝑧 → ∞, the so-

lution of Eq. (53) can be written as: 

 𝑢𝑒∗ = ∑ 𝐹𝑝
6
𝑝=5 𝑒𝑘𝑝𝑧, (65) 

 𝑤𝑒∗ = ∑ 𝐺𝑝
6
𝑝=5 𝑒𝑘𝑝𝑧, (66) 

where 𝑘𝑝
2 (𝑗 = 5, 6) are roots of Eq. (53). Also using Eqs. (51)‒

(52), the coupling constant  𝐺𝑝 is given by 𝐺𝑝 = 𝑂𝑝𝐹𝑝, where: 

 𝑂𝑝 = −
𝑐13𝑘𝑝

2+𝑒17

𝑖𝑎𝑐12𝑘𝑝
.  

Using Eqs. (65)‒(66), we obtain the expressions for all phys-

ical quantities in elastic half-space as: 

 𝑢𝑒 = ∑ 𝐹𝑝
6
𝑝=5 𝑒𝑘𝑝𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (67) 

 𝑤𝑒 = ∑ 𝑂𝑝𝐹𝑝
6
𝑝=5 𝑒𝑘𝑝𝑧𝑒𝜔𝑡+𝑖𝑎𝑥, (68) 

 𝜎𝑥𝑥
𝑒 = ∑ [𝑖𝑎𝑐14 + 𝑐15𝑘𝑝𝑂𝑝]𝐹𝑝

6
𝑝=5 𝑒𝑘𝑝𝑧𝑒𝜔𝑡+𝑖𝑎𝑥, (69) 

 𝜎𝑧𝑧
𝑒 = ∑ [𝑖𝑎𝑐15 + 𝑐14𝑘𝑝𝑂𝑝]𝐹𝑝

6
𝑝=5 𝑒𝑘𝑝𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 , (70) 

 𝜎𝑧𝑥
𝑒 = ∑ [𝑖𝑎𝑂𝑝 + 𝑘𝑝]𝐹𝑝

6
𝑝=5 𝑒𝑘𝑝𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 . (71) 

5. Boundary conditions 

For evaluating the constants 𝐶𝑗  (𝑗 = 1, 2, 3, 4)  and 𝐹𝑝  (𝑝 =

5, 6), the following boundary conditions are applied:  

1) A mechanical force 𝐹𝑒𝜔𝑡+𝑖𝑎𝑥 is applied at 𝑧 = 0 along the 

normal direction: 

 𝜎𝑧𝑧 = 𝜎𝑧𝑧
𝑒 − 𝐹𝑒𝜔𝑡+𝑖𝑎𝑥. (72) 

2) The tangential stress vanishes at 𝑧 = 0: 

 𝜎𝑧𝑥 = 𝜎𝑧𝑥
𝑒 . (73) 

3) The surface 𝑧 = 0 is thermally insulated: 

 
∂𝑇

∂𝑧
= 0. (74) 

4) The carrier density at 𝑧 = 0 is 

 𝐶𝑑
∂𝑁

∂𝑧
= 𝜅𝑁. (75) 
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5) The tangential displacement is continuous at 𝑧 = 0: 

 𝑢 = 𝑢𝑒. (76) 

6) The normal displacement is continuous at 𝑧 = 0: 

 𝑤 = 𝑤𝑒 . (77) 

Using Eqs. (58)‒(64) and (67)‒(71) in Eqs. (72)‒(77), we get 

the following non-homogenous system of four equations: 

  𝑎1
∗∗𝐶1 + 𝑎2

∗∗𝐶2 + 𝑎3
∗∗𝐶3 + 𝑎4

∗∗𝐶4 + 𝑎5
∗∗𝐹5 + 𝑎6

∗∗𝐹6 = −𝐹, (78) 

 𝑏1
∗∗𝐶1 + 𝑏2

∗∗𝐶2 + 𝑏3
∗∗𝐶3 + 𝑏4

∗∗𝐶4 + 𝑏5
∗∗𝐹5 + 𝑏6

∗∗𝐹6 = 0, (79) 

 𝑘1𝐶1 + 𝑘2𝐶2 + 𝑘3𝐶3 + 𝑘4𝐶4 = 0, (80) 

 𝑒1
∗∗𝐶1 + 𝑒2

∗∗𝐶2 + 𝑒3
∗∗𝐶3 + 𝑒4

∗∗𝐶4 = 0, (81) 

 𝐿1𝐶1 + 𝐿2𝐶2 + 𝐿3𝐶3 + 𝐿4𝐶4 − 𝐹5 − 𝐹6 = 0, (82) 

 𝑀1𝐶1 + 𝑀2𝐶2 + 𝑀3𝐶3 + 𝑀4𝐶4 − 𝑂5𝐹5 − 𝑂6𝐹6 = 0. (83) 

where: 

 𝑎𝑗
∗∗ = −𝑏13𝑘𝑗𝑀𝑗 + 𝑖𝑎𝑏14𝐿𝑗 − 𝑏13𝑁𝑗 − 𝑏13,  

 𝑎𝑝
∗∗ = −[𝑐14𝑘𝑝𝑂𝑝 + 𝑖𝑎𝑐15],  

 𝑏𝑗
∗∗ = 𝑖𝑎𝑀𝑗 − 𝑘𝑗𝐿𝑗 , 𝑏𝑝

∗∗ = −[𝑘𝑝 − 𝑖𝑎𝑂𝑝],  

 𝑒𝑗
∗∗ = (

κ

𝐶𝑑
+ 𝑘𝑗) 𝑁𝑗,   𝑗 = 1,2,3,4,   𝑝 = 5,6.  

For evaluating the values of constants 𝐶𝑗 (𝑗 = 1, 2, 3, 4) and 

𝐹𝑝  (𝑝 = 5, 6), the system of Eqs. (78)‒(83) are solved using 

MATLAB. After evaluating the values of these constants, the 

expressions for temperature distribution, components of dis-

placement, carrier density and components of stress can be ob-

tained by the expressions (58)‒(64). 

Using Eqs. (19) and (20), the relation between the tempera-

ture 𝑇 and the operator 𝑇̂ can be written as 

𝑇 =
1

𝐾1
[√1 + 2𝐾1𝑇̂ − 1] =

1

𝐾1
[√1 + 2𝐾1𝑇∗̂𝑒𝜔𝑡+𝑖𝑎𝑥 − 1].  (84) 

The temperature, components of displacement, stresses and 

carrier density may also be expressed in terms of 𝐾1 as: 

 𝑇 =
1

𝐾1
[√1 + 2𝐾1 ∑ 𝐶𝑗

4
𝑗=1 𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥 − 1], (85) 

 𝑢 =
𝐿∗∗

2
[𝐾1 (𝑇 +

1

𝐾1
)

2

−
1

𝐾1
] 𝑒𝜔𝑡+𝑖𝑎𝑥 , (86) 

 𝑤 =
𝑀∗∗

2
[𝐾1 (𝑇 +

1

𝐾1
)

2

−
1

𝐾1
] 𝑒𝜔𝑡+𝑖𝑎𝑥, (87) 

 𝜎𝑥𝑥 =
1

2
[𝐾1 (𝑇 +

1

𝐾1
)

2

−
1

𝐾1
] [𝑖𝑎𝑏13𝐿∗∗ − 𝑏13−𝑏13𝑁∗∗]𝑒𝜔𝑡+𝑖𝑎𝑥+ 

− 𝑏14𝑀∗∗ ∑ 𝑘𝑗
4
𝑗=1 𝐶𝑗𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥,              (88) 

 

 𝜎𝑧𝑧 =
1

2
[𝐾1 (𝑇 +

1

𝐾1
)

2

−
1

𝐾1
] [𝑖𝑎𝑏14𝐿∗∗ − 𝑏13−𝑏13𝑁∗∗]𝑒𝜔𝑡+𝑖𝑎𝑥+ 

 − 𝑏13𝑀∗∗ ∑ 𝑘𝑗
4
𝑗=1 𝐶𝑗𝑒−𝑘𝑗𝑧𝑒𝜔𝑡+𝑖𝑎𝑥,              (89) 

 𝜎𝑧𝑥 = {
−𝐿∗∗ ∑ 𝑘𝑗

4
𝑗=1 𝐶𝑗𝑒−𝑘𝑗𝑧 +

+
𝑖𝑎𝑀∗∗

2
[𝐾1 (𝑇 +

1

𝐾1
)

2

−  
1

𝐾1
]
} 𝑒𝜔𝑡+𝑖𝑎𝑥 , (90) 

 𝑁 =
𝑁∗∗

2
[𝐾1 (𝑇 +

1

𝐾1
)

2

−
1

𝐾1
] 𝑒𝜔𝑡+𝑖𝑎𝑥, (91) 

where: 

 𝐿∗∗ =
ℎ1𝑟4+ℎ2𝑟2+ℎ3

ℎ4𝑟4+ℎ5𝑟2+ℎ6
,  

  𝑀∗∗ =
ℎ7𝑟6+ℎ8𝑟4+ℎ9𝑟2+ℎ10

ℎ11𝑟5+ℎ12𝑟3+ℎ13𝑟
,  

 𝑁∗∗ = −
𝑎14

𝑎11𝑟2+𝑒11
.  

6. Numerical results 

For the numerical justification of the analytical results obtained, 

we take example of silicon (Si) as semiconducting medium for 

which related values of constants are given by Song et al. [28] 

as: 

λ
s = 3.64×1010 N/m2,  μs = 5.46×1010 N/m2,  ρ = 2330 kg/m3, 

T0 = 800 K, τ = 5×10-5 s, Cd = 2.5×10-3 m2/s, Cs = 695 J/(kg K),  

 Es = 1.11eV, α = 4.14×10-6/K, K0
s  = 150W/(m K), 

β = − 9×10-31m3, F = 1.0, κ = 2.0. 

Further the physical constants for elastic medium  granite  are 

given by Bullen [31]:  

ρe = 2.65×103kg/m3, λe = 2.238×103N/m2, μe = 2.238×103 N/m2. 

All calculations have been done at the surface 𝑥 = 1, 𝑡 = 1. 

Further 𝜔 = 𝜔0 + 𝑖𝜉 , where 𝜔0 = −0.03, 𝜉 = 0.01.  The 

graphs are obtained for constant and variable thermal conduc-

tivity by taking three values of 𝐾1, namely 0, ‒2 and ‒5, respec-

tively. 

6.1. Results and discussion  

Figure 2 shows the variation of normal displacement against 

horizontal distance. Parameter 𝐾1 represents thermal conductiv-

ity of the medium. 𝐾1 = 0, when the variables are independent 

of thermal conductivity, and when 𝐾1  is not equal to zero  

(𝐾1 = −2, −5), then the variables are dependent on thermal con-

ductivity. The value of normal displacement decreases with an 

increase in horizontal distance for both the cases. In the case of 

variable thermal conductivity, the magnitude of normal dis-

placement decreases with increase in value of 𝐾1.  
Figure 3 shows variation of normal stress with horizontal 

distance. The value of normal stress increases as the horizontal 

distance increases in the case of constant thermal conductivity. 

The similar behaviour is observed for 𝐾1 = −5.  But for  
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𝐾1 = −2, the magnitude of normal stress first increases to attain 

the maximum value, then follows a sharp decrease.  

Figure 4 shows variation of carrier density against horizontal 

distance. The value of carrier density increases sharply for con-

stant thermal conductivity following a sharp decrease. But for 

variable thermal conductivity, the magnitude of carrier density 

varies inversely with value of  𝐾1.  

Figure 5 shows variation of temperature against horizontal 

distance. The magnitude of temperature increases exponentially, 

then becomes constant for all values of 𝐾1. Further for variable 

thermal conductivity, the temperature varies inversely with pa-

rameter 𝐾1. 

7. Conclusions 

The following conclusions can be drawn from the performed 

study on the effect of variable thermal conductivity in semicon-

ducting medium underlying an elastic half-space: 

1) The variable thermal conductivity has a considerable effect 

on all the physical quantities. 

2) The maximum variation is obtained for carrier density in con-

text of constant and variable thermal conductivity. 

3) All the physical quantities are inversely proportional to the 

value of parameter 𝐾1 , except normal stress.  

4) This research work finds its application in different fields of 

engineering to calculate displacement, stress and carrier den-

sity in semiconductors subjected to variable thermal conduc-

tivity. 

5) This problem has its importance due to the fact that physical 

properties of a material change drastically when there is 

a  change in temperature. 
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1. Introduction 

Scramjet engines operate as air-breathing propulsion systems, 

enabling them to attain hypersonic speeds while maintaining 

regular functionality. These engines produce thrust by com-

pressing incoming air and combusting it with pre-existing 

onboard fuel, making them well-suited for efficiently propelling 

high-speed vehicles like missiles or aircraft. The application of 

scramjet engines becomes imperative for hypersonic and super-

sonic flight, characterized by vehicle speeds exceeding Mach 5 

[1–4]. The ineffectiveness of conventional jet engines at hyper- 

 

sonic speeds is attributed to the challenges posed by shockwaves 

and increased drag. In contrast, scramjet engines outperform in 

high-velocity environments, given their specific design for such 

conditions. However, it is crucial to acknowledge that scramjet 

engines encounter various technological hurdles that require res-

olution. [5–7]. Attaining steady combustion during hypersonic 

speeds is a challenge due to the rapid air velocity. To address 

this, various geometric shapes, including cavities [8–12], struts 

[13–18], pylons [19–22], and shockwave generators [23,24], 

have been employed within the combustor. These design modi-

fications aim to enhance mixing and combustion processes, mit- 
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Abstract 

The present study explores the characteristics of reacting flow in a scramjet combustor with struts, focusing particularly on 
implementing different injection strategies. A three-dimensional DLR scramjet combustor is utilised to assess the impact on 
the system, incorporating multiple injections and varying injection angles on the triangular wedge. The analysis considers 
three injectors with parallel, upward and downward injections at angles of 15° and 30°. The numerical investigation is con-
ducted under a constant total pressure of 7.82 bar, a temperature of 340 K, and an airspeed of Mach 2 at the inlet. The results 
highlight the significance of injector location and shape in promoting flame stabilization. Furthermore, injection angles play 
a crucial role in mitigating shockwave intensity. The numerical analysis involves a steady-state Reynolds-averaged Navier-
Stokes equation with the shear stress transport kω turbulence model. The obtained results were analyzed by examining the 
critical variables such as Mach number, static pressure and combustion efficiency across the combustor. Based on the com-
putational results, injecting fuel upward not only increases the overall pressure loss but also enhances the subsonic regime 
downstream of the strut, which leads to better mixing and combustion efficiencies. This is primarily due to shockwave 
generation from the edges of the strut and the interactions with the fuel stream shear layers. 
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Nomenclature 

A – area of the cross-section, m2 

𝑚̇  – overall mass flux, kg/s 

P – static pressure, Pa 

P0 – total or stagnation pressure, Pa 

T – static temperature, K 

u – axial velocity, m/s 

X – axial distance from the inlet, m 

Y – distance, m 

Y – mass fraction  

 

Greek symbols 

ηC – combustion efficiency, % 

ηt – total pressure loss, % 

ρ – density, kg/m3  

 

 

Subscripts and Superscripts 

H2 – hydrogen 

H2O – water 

N2 – nitrogen 

O2 – oxygen 

 

Abbreviations and Acronyms 

AUSM– advection upwind splitting method 

CFD – computational fluid dynamics 

CFL – Courant-Friedrichs-Lewy 

GIT – grid independence test 

RANS– Reynolds-averaged Navier-Stokes (equations) 

SST – shear stress transport 

 

 

igating the difficulties associated with high-speed airflow and 

contributing to more effective combustion at hypersonic speeds. 

This phenomenon induces turbulent flow, effectively promoting 

the mixing of fuel and air. Consequently, it leads to an improved 

efficiency in the combustion process. 

Effectively controlling shockwaves is a crucial consideration 

in the design and operation of a scramjet engine. The rapid flow 

of air and fuel through the combustor creates conditions that can 

give rise to shockwaves. These shockwaves stem from the com-

pression and heating of incoming air, causing abrupt changes in 

both pressure and temperature within the engine. Shockwaves 

play a significant role in governing and maintaining the combus-

tion process [25–27]. Their function involves ensuring that the 

air and fuel mixture remains confined within the combustor for 

a sufficient duration. Engineers employ diverse design strategies 

to mitigate the adverse effects of these factors. Intricate geome-

tries within the combustor are often utilized to control the flow 

and minimize the impact of shockwaves [28,29]. 

Cavities are commonly integrated into scramjet combustors 

to enhance mixing and combustion processes. These structures 

induce turbulence, promoting better fuel-air mixing and, conse-

quently, improving combustion efficiency. The incorporation of 

cavities contributes to an expanded surface area, thereby en-

hancing the combustion process. This leads to improved effi-

ciency and accelerated fuel burning within the scramjet engine. 

Furthermore, cavities contribute to flame stabilization and help 

prevent flame blowout [30]. Li et al. [31] investigated the impact 

of different depths and diameters of multi-cavities on a Mach 

2.52 flow. They have focused on the flow structure and mixing 

effectiveness at various pressure ratios across different cavity 

depths. The study revealed that increasing cavity depth and uti-

lizing multiple cavities with a maximum number of injections 

could lead to improved mixing compared to a single injection. 

This improvement is attributed to the generation of shock waves 

and the separation of the shear layer. Jeyakumar et al. [32] ex-

perimentally examined cavity-based reacting and non-reacting 

flow in circular cross sectional combustor. They tested various 

cavity configurations such as fore wall modifications [33], aft 

wall angles with single and dual step angles [34], various cavity 

depths [35], and transverse upstream injection [36] within the 

scramjet combustor. Their findings demonstrate that employing 

transverse upstream injection with aft wall angle cavities results 

in lower stagnation pressure loss compared to rectangular cavi-

ties. Additionally, they observed uniform mixing with increas-

ing injection pressures. 

Kannaiyan [37] examines the supersonic combustion of eth-

ylene was investigated in various combustor configurations, in-

cluding the baseline design without a cavity, a configuration fea-

turing a square cavity, and another with an angled cavity. The 

findings unequivocally show that the model combustor, distin-

guished by a shallow and sloped aft-wall cavity, exhibits the 

longest residence period and the highest level of heat release. 

Moreover, it is noted that the influence of a cavity with a reduced 

length-to-depth ratio on the estimation of residence time and 

heat release is negligible. The research conducted by Liu et al. 

[38] investigated the application of cavity-based scramjet en-

gines in both counter-jet and co-jet configurations. The study's 

results indicate that the counter-jet configuration has a more pro-

nounced impact on fuel mixing compared to the co-jet configu-

ration. This effect is attributed to the proximity of the main eddy 

to the counter jet, facilitating an efficient distribution of fuel 

through the primary circulation. The findings suggest that the 

penetration of hydrogen in counter jets is approximately 25% 

higher compared to co-jets. Feng et al. [39] conducted research 

on the combustion behaviors of powder fuels within a cavity-

based supersonic combustion chamber. The findings suggest 

that steady burning of the powder fuel is achievable in the pres-

ence of supersonic wind. The main areas of flame dispersion oc-

cur within the cavity's interior and the shear layer, near the 

boundary layer of the expansion region. As the air-to-fuel ratio 

increases, the total pressure loss beside the combustion chamber 

decreases. However, the efficiency of powder particle combus-

tion exhibits the opposite trend. In the cavity-based supersonic 

combustor, reducing the amount of air to fuel mixture proves 

advantageous. 

An experimental investigation was conducted on a combined 

fuel injection method involving a strut/wall configuration by 

Qiu et al. [40]. The primary goal of this investigation was to im-

prove the combustion performance in a flush-wall scramjet com-

bustor fueled with liquid kerosene. The results suggest that the 

combustion intensity of the core flame increases with a higher 

fuel equivalency ratio. The combustion process includes the 
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propagation of the core flame toward the combustor sidewall, 

igniting the fuel present on the wall, and leading to the formation 

of a wall flame. The presence of the wall flame induces thermal 

choking downstream of the strut, thereby enhancing the flame 

within the core. The performance of the combustor and the char-

acteristics of the flame are influenced by the different fuel dis-

tribution strategies employed. Additionally, the positioning of 

wall fuel injectors is optimized to enhance combustion effi-

ciency. Steady and unsteady flow characteristics of strut-based 

scramjet combustors with implications of the dual cavity and 

various cavity locations were analyzed numerically by Rajesh  

et al. [41,42], Athithan et al. [43] and Jeyakumar et al. [44]. The 

results reveal that the dual cavity is shifted away from the strut 

injector, and a lateral expansion of the combustion zone is ob-

served. This phenomenon improves combustion propensity and 

facilitates a decrease in combustor length. 

Flame propagation characteristics and combustion perfor-

mance with multiple struts and fueled by liquid kerosene were 

examined by Qiu et al. [45]. The study concentrated on examin-

ing fuel distribution patterns, particularly investigating different 

single-strut injection methods and expanding the analysis to in-

clude up to five injection struts. The findings demonstrated an 

enhancement in fuel mixing efficiency, reaching a value of 

53.8%, with an increase in the number of injection struts. The 

discussion revolved around the interaction that occurs between 

the flame of the ignition and injection struts. A technique for 

augmenting the width of flame spread, without the need for ad-

ditional energy input, was suggested, drawing upon the inherent 

properties of flame propagation. Kummitha et al. [46] concen-

trated on analyzing wedge-shaped and revolved wedge-shaped 

injectors to explore the possibility of improving mixing by in-

creasing interactions between the shear mixing layer and shock 

wave. The results indicate that the newly designed struts achie-

ved complete mixing at a distance of 0.180 m from the combus-

tor inlet. This accomplishment was accompanied by an average 

gain in mixing efficiency of 9%, with a corresponding increase 

in pressure losses of 12%. 

Much of the research on strut combustor scramjets has pri-

marily focused on a single injector located at the central strut. 

While numerous studies have reported numerical results using 

a two-dimensional scramjet combustor with a strut, the develop-

ment of three-dimensional scramjet combustors has lagged. This 

current work addresses supersonic flows at high speeds, high-

lighting the significant impact of a wedge on flow characteris-

tics. The presence of a wedge contributes to the development of 

gradients in flow properties, including pressure, velocity, and 

density. This study also emphasized investigating various injec-

tion angles within the strut, to create more disruptions in the 

flow field and enhance diverse interactions between shear lay-

ers, shock waves, and flow streams. Understanding the flow 

physics associated with injection angles in strut-based super-

sonic flow is vital for optimizing mixing mechanisms, control-

ling flow characteristics, and improving the efficiency of scram-

jet combustion. Given that higher injection angles can signifi-

cantly disrupt the boundary layer formed along surfaces, leading 

to increased flow separation, boundary layer instabilities, and 

potential impacts on combustion performance, lower injection 

angles were chosen for this study. The research has systemati-

cally explored the impact and importance of the injection posi-

tion on mixing enrichment specifically in the context of the strut 

base. 

2. Numerical methodology  

2.1. Geometric modelling 

A numerical analysis was performed on a scramjet combustor 

utilizing angular injection within a strut-based configuration. In 

this study, two distinct injection angles with three-hole injec-

tions were selected and compared against a parallel injection 

method. Specifically, injection angles of 15° and 30° were em-

ployed using upward and downward injection techniques. The 

hydraulic diameter of the injection holes for the three injection 

ports was consistently maintained at 1 mm. The gaseous state of 

hydrogen is utilized as the reactive fluid, being injected from the 

strut base under sonic conditions. The incoming free stream air 

reaches the entrance of the combustor with Mach 2. The dimen-

sions of the scramjet model are 300 mm in length, 45 mm in 

breadth, and 50 mm in height. The leading edge of the strut is 

positioned at a distance of 68 mm from the air intake while 

maintaining a vertical distance of 25 mm above the bottom wall. 

The half angle of the strut remains constant at 6°. The length of 

the strut is measured at 32 mm. The upper wall features a diver-

gence angle of 3°, starting 100 mm from the inlet of the com-

bustor, as illustrated in Fig.1, and terminating at its outlet. The 

separation between the base of the strut and the entrance of the 

combustor measures 100 mm. 

 

 

 

 

 

 

 

 

 

 

2.2. Numerical modelling 

The study of the scramjet combustor entails solving three-di-

mensional conservative equations governing the conservation of 

mass, momentum, and energy. The primary challenge in study-

ing supersonic flows lies in developing reliable turbulence mod-

els that allow for the examination of the underlying flow struc-

ture [47]. The current approach utilizes the Shear Stress Tran-

sport (SST) kω turbulence model to solve the compressible 

Reynolds-averaged Navier-Stokes (RANS) equations. The kω 

SST model is considered the most accurate turbulence model for 

scramjets [48]. It enables predictions of mixing layers, negative 

pressure gradients, and separated flows, making it suitable for 

a comprehensive analysis of scramjet flows [49]. In the ANSYS 

Fluent framework [50], the finite volume approach is employed 

to discretize the governing equations of the flow. The modelling 

of the working fluid as an ideal gas, along with the use of a mix-

 
Fig. 1. Schematic view of scramjet combustor. 
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ing-law equation, allows for the capture of both density and vis-

cosity fluctuations. The combination of the Advection Upwind 

Splitting Method (AUSM) with a higher-order upwind approach 

enhances convergence and yields more accurate results [51]. En-

suring stability involves preventing divergence and maintaining 

the Courant-Friedrichs-Lewy (CFL) value at 0.5 [52], providing 

a reliable approach to guarantee a stable solution.  

2.3. Discretization and grid independence test 

The three-dimensional grid generation for the strut-based 

scramjet combustor was completed using Ansys ICEM R22, 

employing hexahedral elements. The O-Grid method was 

utilized to discretize the injectors, enabling the creation of 

structured grids closely aligned with the geometry to ensure an 

accurate representation of the flow domain. To capture shock-

waves and boundary layer interactions effectively, the y+ value 

is kept below 1 near the wall boundaries. Additionally, the grid 

elements are maintained with a minimum angle of approxima-

tely 45° and a skewness of around 0.9 to ensure optimal grid 

quality. A grid independence test is essential to ensure 

computational consistency. To enhance the accuracy of 

numerical results while minimizing computational cost and 

time, three different element sizes were employed to optimize 

grid resolution. Grid independence test (GIT) was conducted on 

a three-dimensional supersonic combustor, employing three 

different mesh element sizes: 3.5 million, 6.6 million, and 9.9 

million elements. The discretized 3D scramjet combustor and 

zoomed view of the O-Grid mesh is depicted in Fig. 2.  

 

 

 

 

 

 

 

 

 

 

 

 

The investigation involved measuring total pressure and 

Mach number along the centerline of the combustor. Figures 3a 

and 3b illustrate minimal  variation  among  the  three  mesh  ele-

ment sizes concerning both the bottom wall pressure and axial 

pressure plots. To minimize convergence time, medium size 

mesh elements were selected for this investigation.  

2.4. Boundary conditions 

The steady-state three-dimensional modeling of the strut-based 

scramjet combustor employs specific boundary conditions were 

shown in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The static pressure and Mach number of the entering airflow 

have been provided, making the far-field the definition for air 

and fuel inlet. Due to the density-based solver, the operating 

conditions were stated to be zero. For the walls of the combustor 

and the strut, a no-slip wall condition has been defined. The out-

let from the combustor is characterized by a pressure outlet. 

2.5. Combustion modelling 

In the context of investigating the combustion characteristics of 

supersonic flow, the computational analysis incorporates the uti-

lization of species transport [53] and eddy dissipation models. 

The utilization of the eddy dissipation concept is employed as 

a means to streamline the complex connections between turbu-

lence and chemistry, while also aligning with empirical obser-

vations [54]. The selection of a single-step reaction process over 

multistep hydrogen reaction models is based on the superior out-

comes it offers in terms of overall combustor performance. The 

utilization of a single-step reaction mechanism has the added 

benefit of reducing the computational period required for solv-

ing the reaction equation [55]: 

 2H2 + O2 → 2H2O. (1)

 

Fig. 2. Three-dimensional mesh of the scramjet combustor. 

Table 1. Inlet boundary conditions for air and fuel.  

Condition Air Hydrogen 

Mach number 2.0 1.0 

Velocity 730 m/s 1200 m/s 

Density (ρ) 1.002 kg/m3 0.097 kg/m3 

Static pressure (P) 100 000 Pa 100 000 Pa 

Total or stagnation pressure (P0) 782 444 Pa 189 292 Pa 

Static temperature (T) 340 K 250 K 

Mass fraction of hydrogen (YH2) 0 1 

Mass fraction of water (YH2O) 0.032 0 

Mass fraction of oxygen (YO2) 0.232 0 

Mass fraction of nitrogen (YN2) 0.736 0 

 

a)                b)  

Fig. 3. Grid independence study: a) static pressure along the bottom wall of the combustor, b) axial pressure along the centerline of the combustor 



2.6. Validation  

The assessment of the steady-state simulation results involved 

a comparative analysis carried out by Oevermann [47] at the 

DLR (German Aerospace Center) scramjet combustor. The pre-

sent study has been validated for both reacting and non-reacting 

conditions. In the non-reacting conditions, the analysis includes 

the consideration of static pressure at the bottom wall and cen-

terline. In contrast, for reactive cases, the study demonstrates the 

distribution of velocity magnitude and temperature. From Figs. 

4 a and b, the observed agreement between the simulation out-

comes and empirical data includes consistent findings related to 

strut-generated shock, wall-reflected shock waves, and the dis-

tribution of wall static pressure. The observed slight fluctuations 

in static pressure near the boundary may be attributed to unex-

pected turbulence vortices close to the wall. The numerical re-

sults exhibit a similar pattern and only marginal variation when 

compared with experimental observations.  

The validation process for reacting flows encompasses con-

siderations of combustion chemistry, incorporating the eddy dis-

sipation model, and solving species transport equations. The ve-

locity distributions at X = 78 mm, X = 125 mm, and X = 207 mm 

along the axial plane are depicted in Figs. 5a to 5c. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The comparison reveals a high level of concordance between 

experimental findings and numerical simulations, with minimal 

discernible deviation. Figures 6a to 6c illustrates the temperature 

distribution along the strut-based scramjet combustor at axial 

positions of X = 78 mm, X = 125 mm and X = 233 mm from the 

inlet. The numerical predictions closely align with experimental 

observations. Discrepancies between the high-temperature val-

ues obtained in experiments and those predicted numerically can 

be attributed to heat transfer effects and three-dimensional vor-

tices. Nevertheless, the study demonstrates the competence of 

the numerical approach employed here in analyzing diverse con-

figurations of strut-based scramjet combustors. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

a)      b)      c)  

Fig. 5. Validation of axial velocity plots for reacting flow with Oevermann [47] at: a) X = 78 mm, b) X = 125 mm, c) X = 207 mm. 

a)                     b)   

Fig. 4. Validation for 3-dimensional scramjet combustor using pressure plots (non-reacting): a) static pressure at bottom wall,  

b) static pressure at a distance of Y = 25 mm. 

a)      b)      c)  

Fig. 6. Validation of static temperature with Oevermann [47] at: a) X = 78 mm, b) X = 125 mm, c) X = 233 mm. 



3. Results and discussion  

In this study, computational fluid dynamics (CFD) is employed 

for numerical analysis to investigate the mixing performance as-

sociated with different strut injection techniques in the DLR 

scramjet combustor. The primary objective is to assess the per-

formance characteristics of a strut-based scramjet combustor un-

der varying injection angles and directions. A recently updated 

three-dimensional numerical investigation further explores the 

impact of angled injectors, pointing both above and downward, 

on the overall performance of a strut-based scramjet engine. The 

numerical solution for steady-state flow under identical opera-

tional variables and boundary conditions is obtained by solving 

the RANS equations.  

The density contours for different injection angles, both up-

ward and downward configurations, are illustrated in Figs.7a to 

7e, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

An XY plane has been established at the center of the com-

bustor to visualize density and Mach number contours for four 

distinct injection methods: 15° upward, 15° downward, 30° up-

ward, and 30° downward. These injections induce shockwave 

interactions and recirculation zones, significantly impacting the 

supersonic flow field. Notably, robust shocks originate from the 

leading edge of the strut and undergo reflection upon encounter-

ing the Combustor wall. Subsequently, these reflected shocks 

experience distortion at various points downstream of the strut. 

The shockwaves generated at the trailing edges of the strut in-

teract with the shockwave reflected on the combustor wall, lead-

ing to a subsequent reduction in strength as they approach the 

bottom wall of the combustor. Interestingly, it has been noted 

that the strength of the reflected shock wave is contingent on the 

injection angle, as depicted in Fig. 7. This variability is visually 

represented in the density contour for both injection angles and 

directions. 

Figure 8 represents a graphical depiction of the Mach num-

ber distribution throughout the flow field, enabling the identifi-

cation of regions characterized by supersonic or subsonic flow, 

as well as the presence of shock waves. The development of the 

subsonic region occurs downstream of injection struts due to the 

shock and shear layer interactions. This region enables the mix-

ing of hydrogen and air, facilitating the combustion process. The 

width of the subsonic area was observed to expand as the injec-

tion angle was raised, as shown in Figs. 8b–8e when compared 

to parallel injection. A discernible L-shaped pattern was found 

in Figs. 8c and 8e when employing downward injection angles.  

Additionally, it was discovered that boundary layer separation 

occurred when the flow encountered the inclination of the top 

wall. The magnitude of the oblique shock intensifies and causes 

a reduction in the velocity of the fluid downstream of the strut. 

The presence of these recirculation zones results in the deceler-

ation of the high velocity flow within the combustor, hence caus-

ing a decrease in the Mach number of the combustor as meas-

ured along its length.  

3.1. The effect of wall-static pressure 

The graphical representation in Fig. 9a and 9b depicts the 

static pressure distribution along the bottom wall and axis of the 

combustor. Notably, the pressure levels observed at the inlet of 

the combustor consistently exhibited a high degree of uni-

formity. 

 

a)   b)  

c)   d)  

e)  

 

Fig. 7. Contours of density in kg/m³: a) parallel injection, b) 15 upward injection, c) 30 upward injection,  

d) 15 downward injection, e) 30 downward injection. 
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In Fig. 9a, the representation shows the static pressure ex-

erted by the bottom wall of the combustor. Notably, as the waves 

developed, the pressure at a distance of 0.15 m from the leading 

edge of the strut decreased. An interesting observation is the sig-

nificant recirculation generated at the trailing edge of the strut, 

stemming from upstream injection at a distance of 0.2 m, indi-

cating the presence of elevated pressure levels. Remarkably, the 

range of pressures at  the  exit  of  the  combustor  remained  con- 

sistent for both injections with varying angles. 

Figures 9a and 9b highlight a significant difference in the 

static pressure applied to the wall by distinct configurations of 

struts. Axial pressure measurements were taken using the cen-

terline of the combustor as a reference point. Notably, a higher 

pressure was observed at a distance of 0.15 m, attributable to the 

injection pressure at the midpoint of the strut. Comparing angled 

injection to parallel injection, it is evident that angled injection 

leads to a higher pressure exerted at the center of the combustor 

compared to the center of the strut. The presence of the recircu-

lation area located in the central region of the strut base, as de-

picted in Fig. 9b for the 15° upward injection, leads to a higher 

injection pressure compared to the other two scenarios. 

3.2. Static temperature 

Temperature graphs in a scramjet combustor commonly depict 

the spatial distribution of temperature along the longitudinal or 

vertical axis of the combustor. The presented charts offer valua-

ble insights into the combustion process and the spatial distribu-

tion of temperature for different injection angles within the com-

bustor. From Fig. 10, it is observed that in each case at X = 

128 mm, the static temperature profile exhibits a high degree of 

similarity, indicating a reduced level of combustion and mixing 

of air and fuel near the injection area when compared to the outer 

regions of the streams. In all instances, it can be observed that at 

X = 128 mm, the temperature profile exhibits a high degree of 

similarity, indicating a reduced level of mixing and combustion 

of the fuel and air near the injection site in comparison to the 

boundary of the streams. Additionally, it can be noted that as the 

flow progresses towards the exit of the combustor, there is a re-

duction in temperature along the axial distance from the inlet at 

X = 175 mm, X = 207 mm, and X = 283 mm. The DLR scramjet 

model exhibits a concentration of maximum temperature within 

a)    b)  

c)    d)  

e)  

 

Fig. 8. Mach contours (a) Parallel injection (b) 150 Upward injection (c) 150 Downward injection 

(d) 300 Upward injection (e) 300 Downward injection. 

a)  

b)  

Fig. 9. Static pressure distribution for different injection angles:  

a) wall static pressure, b) axial pressure. 
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the central region of the combustor. The subsonic zone is where 

intense combustion occurs as a result of the intense interactions 

between shock waves and the fuel shear layer. Additionally, the 

flow downstream is decelerated due to shock-shock interactions. 

Furthermore, the interaction between the fuel-air stream and the 

strut injector occurs at a location further downstream. The high-

est recorded temperature was obtained at a distance of X = 128 

mm from the combustor inlet. This finding is further substanti-

ated by the presented data in Figs. 10a to 10d, where the peak 

temperature was observed within the range of Y = 0.20 mm to 

Y = 0.35 mm.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3. Performance analysis 

3.3.1. Combustion efficiency 

The most crucial variables for achieving optimal performance in 

scramjet combustors are the efficiency of mixing and combus-

tion. The air-fuel mixing efficiency of any position across the 

stream can be determined by calculating the average values and 

expressing it as the ratio of the stoichiometric hydrogen mass 

flux to the overall hydrogen mass flux. This representation is as 

follows[56]:  

 𝜂𝐶 = 1 −  
∫ 𝐴(𝑋)𝜌𝑔𝑎𝑠𝑢YH2𝑑𝐴

𝑚̇H2(𝑖𝑛𝑗)
 = 1 −

𝑚̇H2(𝑋)

𝑚̇H2(𝑖𝑛𝑗)
, (2) 

where YH2 stands for the hydrogen mass percentage and gas den-

sity, while A represents the area of the cross-section. Addition-

ally, u indicates the axial velocity. Assuming that 𝑚̇H2(𝑖𝑛𝑗) sig-

nifies the overall hydrogen mass flux and 𝑚̇H2(𝑋) the hydrogen 

mass flux about X.  

Figure 11a illustrates the fluctuation in the combustion effi-

ciency of the DLR scramjet model as a function of various in-

jection angles. The phenomenon of shockwave and fuel stream 

shear layer interaction is observed to occur predominantly in the 

downstream region of the strut. 

The existence of a subsonic region near the strut area en-

hances the mixing process, contributing to an overall improve-

ment in combustion efficiency. One more observation is noted, 

comparing all cases with parallel injection, 15° upward injection  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

having complete combustion attained with minimum combustor 

length nearly x = 0.11 m. 

a)          b)  

  c)            d)  

Fig. 10. Temperature profile along the combustor at a distance of: a) X = 128 mm, b) X = 157 mm, c) X = 207 mm, d) X = 283 mm. 

 a)   

b)  

Fig. 11. (a) Combustion efficiency, and (b) total pressure loss  

of strut-based scramjet combustor with various injection angles. 
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3.3.2. Total pressure loss 

Another important analysis to access the scramjet combustor 

performance is the total pressure loss. Illustrated in Fig. 11b is 

the total pressure loss corresponding to different angles of injec-

tion utilized within a strut-based scramjet combustor along its 

axial length. The fluctuations in pressure loss are attributed to 

the generation of shockwaves originating from the strut. The to-

tal pressure loss is calculated using the formula outlined below 

[47]: 

 𝜂𝑡 = 1 − 
∫ 𝑃0𝜌𝑢d𝐴A

∫ 𝑃0(inlet)𝜌𝑢d𝐴A

. (3) 

Comparatively, angled injections in the scramjet combustor 

result in higher total pressure losses than parallel injections due 

to the increased strength of shockwaves. Notably, higher pres-

sure loss is evident downstream of the strut during angled injec-

tion, primarily attributed to multiple shockwaves and their inter-

actions with the fuel stream shear layer that decelerate the flow 

in the combustor. Specifically, a significant increase in pressure 

loss of approximately 20% is observed for upward injection an-

gle, stemming from augmented shear layer formation and the 

emergence of recirculation zones in the downstream region. Ad-

ditionally, an intriguing trend emerges from the Fig. 11b total 

pressure loss exhibits a notable decrease with increasing injec-

tion angle when compared to parallel injection configurations.  

3.4. H2 and H2O mass fraction  

The estimation of mixing and combustion characteristics for the 

strut-based scramjet combustor is based on the mass fractions of 

H2 and H2O in its distribution. If the combustion conditions are 

optimized to achieve complete combustion, the mass fraction of 

hydrogen can drop. Figs. 12a and 12b illustrate the mass percent 

of hydrogen and H2O over the length of the combustor. A range 

of mass fraction variation was recorded within the distance 

range of 0.1 m to 0.15 m from the entrance of the combustor. 

Based on the findings depicted in Fig. 10a, it can be observed 

that optimizing the combustion conditions for achieving com-

plete combustion may result in a drop in the hydrogen mass frac-

tion. Figure 13 illustrates the concentration of H2 and H2O, ex-

pressed as mass fractions, at different axial locations within the 

combustor. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

a)          b)  

Fig. 12. Mass fraction along the length of the combustor: a) H2 mass fraction, b) H2O mass fraction. 

a)          b)  

a)           b)  

Fig. 13. H2 and H2O distribution at the crosswise locations of the combustor: a) H2 mass fraction at X = 125 mm, b) H2O mass fraction  

at X = 125 mm, c) H2O mass fraction at X = 207 mm, d) H2O mass fraction at X = 283 mm. 

 



Figure 13 displays a discernible disparity in the H2 mass frac-

tion, which is found to be at a low concentration, and the H2O 

mass fraction, which exhibits a substantially greater profile, spe-

cifically at the position X = 125 mm. Therefore, the implemen-

tation of angled injection in the scramjet combustor enhances 

combustion efficiency. The hydrogen is nearly depleted at 

X = 207 mm and X = 283 mm. The results of the investigation 

indicate that the mass fraction of H2O is significantly higher 

when employing a downward injection angle at the position  

X =125 mm. The H2O mass fraction graphs reveal that a similar 

large variation was seen in the strut wake zone. As indicated by 

the mass fraction graphs, it is evident that the implementation of 

angled injection results in the nearly complete consumption of 

fuel.  

4. Conclusion 

The numerical investigation of the three-dimensional DLR com-

bustor is conducted and subsequently compared with experi-

mental data. The injection of hydrogen fuel is accomplished by 

the utilization of a strut-type injector, which employs a range of 

injection angles in the direction of flow. The computational sim-

ulations employed in this study are based on the three-dimen-

sional RANS equations. The simulations utilize the SST k 

model to accurately predict the effects of turbulence. Addition-

ally, the eddy-dissipation approach is employed to represent the 

single-step hydrogen reaction in the reacting flow. The analysis 

of the combustor includes an assessment of flow characteristics 

such as shock waves, static pressure and temperature distribu-

tions, mass fraction of hydrogen and steam, and performance 

parameters at different locations. The present study yields the 

following findings: 

 From density contours, the shock interaction within the 

combustor led to the creation of strong recirculation zones 

along both the upper and lower walls. These recirculation 

zones play a vital role in aiding the mixing process and fos-

tering the stabilization of the flame. The rise in pressure is 

ascribed to the interaction between shock waves and the 

separation of the boundary layer. Consequently, the down-

stream flow undergoes a deceleration, accompanied by 

a decrease in the intensity of the shocks.  

 The hydrogen mass fraction profile exhibited a peak at X = 

0.125 m, indicating improved mixing and combustion effi-

ciency. This suggests that angled injection enhances the ef-

fectiveness of the scramjet combustor. The H2 mass frac-

tion exhibits near-complete consumption at X = 0.207 m 

and X = 0.283 m, indicating efficient fuel utilization. H2O 

mass fraction is maximum while using of downward injec-

tion angle at X = 0.125 m. From mass fraction graphs, it can 

be observed that the fuel is completely burnt before it 

leaves the scramjet combustor.  

 It is evident that upward injection angles yield superior 

mixing characteristics in comparison to downward injec-

tions. Notably, the subsonic region near the strut which en-

hances the mixing and combustion efficiencies, and angled 

injections, particularly upward ones, demonstrate enhanced 

combustion characteristics within the region of X = 0.12 m.  

 The total pressure loss is higher for upward injection angles 

than parallel and downward injection, primarily due to 

shockwave generation from the leading edge of the struts. 

In this study, it's observed that the total pressure loss for 

upward injection angles is 20% and downward injection 

angles exhibit a 15%. It is also noted that both upward and 

downward injection angles have higher total pressure loss 

compared to parallel injection due to the emergence of ad-

ditional shockwaves downstream of the strut. Despite this 

increased pressure loss, upward injection angles are pre-

ferred because they achieve high combustion efficiency 

within the shortest combustion length. 
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1. Introduction 

A couple stress fluid displays distinctive behaviour, shaped by 

internal rotational effects resulting from the interaction of forces 

and moments within the material. In fluid mechanics, these 

properties influence how the fluid responds to external forces, 

impacting factors like flow characteristics, stress distribution, 

and deformation. In unsteady flow, the dynamic behaviour of 

a couple stress fluid is characterized by the interaction of rota- 

tional forces within the material, impacting fluid flow patterns 

and responses, particularly in the presence of changes in external 

forces. The couple stress fluid based on pure kinematic behav-

iour was proposed mathematically by Stokes in 1966 [1]. The 

couple stress fluid shows the rotational effects and sustention of 

couple stresses which were not observed for Newtonian fluids. 

The properties of the couple stress fluids when they flow past 

a sphere and spheroid have been studied [2]. A method was de-

veloped for free convection in magnetohydrodynamics (MHD)
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Nomenclature 

G – nondimensional pressure gradient 

h – half of the distance between the plates, m 

P – pressure, Pa 

p – nondimensional pressure 

Q – volumetric flow rate, m3/s 

S – couple stress parameter 

t – nondimensional time 

T – time, s 

U – velocity in Y- direction, m/s 

u – nondimensional velocity 

us – steady state velocity, m/s 

ut – transient state velocity, m/s 

 

Greek symbols 

η – coefficient of couple stress viscosity, N s 

λ – separation constant 

µ – coefficient of viscosity, Pa s 

ρ – density of the fluid, kg/m3 

 

Abbreviations and Acronyms 

HAM – homotopy analysis method 

LHS – left hand side 

MHD – magnetohydrodynamic  

RHS – right hand side 

 

 

flows using Laplace transforms, which was applied to a thermal 

shock problem [3]. The authors compared the results between 

the analytic and numerical solutions by applying the HAM tech-

nique and shooting method on the axisymmetric flow of an elec-

trically conducting viscous fluid in the presence of a magnetic 

field over a non-linear stretching sheet [4]. The authors focused 

on the exact solution for an MHD boundary layer problem for 

momentum and heat transfer in Jeffrey fluid flow over a non-

isothermal stretching sheet in the presence of dissipative energy, 

thermal radiation, and internal heat source [5]. The effects of 

Soret and Dufour on velocity, temperature, and concentration 

were discussed in the three-dimensional MHD flow of 

Oldroyd-B fluid [6]. Heat transfer and effects of various embed-

ding parameters on the flow were discussed on three-dimen-

sional flow couple stress fluid with convective boundary condi-

tions by employing the HAM technique [7]. The authors inves-

tigated non-Newtonian fluid flows due to the sudden application 

of pressure gradient. In their study, the velocity field is obtained 

by Laplace transforms and by separation of variables [8,9]. The 

effects of directional permeability on the Couette flow of immis-

cible Newtonian fluids are explored in an anisotropic medium 

[10]. The authors examined the flow of electrically conducting 

immiscible Newtonian fluids with variable viscosity through an 

inclined channel under the influence of a magnetic field [11]. 

The fourth-order accuracy boundary value problem is applied to 

get the numerical solution by considering slip conditions on the 

magnetic effect on radiative inclined magneto-hydrodynamic 

mixed convection hybrid nanofluid flow through an inclined 

shrinking permeable plate [12]. The author used the HAM tech-

nique to examine the couple stress fluid flow between two 

curved plates with the porous medium [13]. The entropy pro-

duction in a couple stress fluid flow regions is observed to be 

smaller than that of the micro-polar fluid flow region [14]. They 

examined the flow of electrically conducting immiscible New-

tonian fluids with variable viscosity through an inclined channel 

in the presence of a magnetic field [15]. The authors investigated 

the characteristics of entropy production, temperature-depend-

ent thermal conductivity, variable viscosity, and a couple stress 

parameters on non-immiscible fluids in an inclined porous chan-

nel [16].  

A special type of flow named “run-up flows” for the case of 

viscoelastic fluids was introduced by Kazakia and Rivlin [17]. 

Later Rivlin used Laplace transforms theoretically and exten-

sively to investigate the flows formed in run-up flows [18–20]. 

Almost in the same period, a similar problem of step jump ve-

locities in shear flows was studied by Narain and Joseph [21]. 

Researchers explored the run-up flows of couple stress fluids 

and micro-polar fluids through the application of Laplace trans-

forms [22,23]. Additionally, the study delved into the run-up 

flows of Maxwell fluids, employing Laplace transforms as well 

[24]. Subsequent investigations were extended to explore run-

up flows, considering Hall effects on the flow of Rivlin-Erick-

son fluids [25]. Another aspect of interest involved the exami-

nation of run-up flows of conducting liquid within an annulus 

[26]. Notably, recent research focused on magneto-hydrody-

namic (MHD) fluid run-up flows, employing Laplace trans-

forms for analysis [27]. Many authors solved the problems with 

run-up and similar flows using numerical inversion of Laplace 

transform techniques [28,29]. As an extension of [22], the pre-

sent work investigates the unsteady flow of a couple stress fluid 

between two parallel plates using the separation of variables 

technique. The advantage of this method is that it is easy to ob-

tain solutions and can avoid the difficulty in inverting Laplace 

transforms. 

2. Statement of the problem and mathematical 

formulation 

Examining the fully developed steady flow of incompressible 

couple stress fluid between two parallel plates under a constant 

pressure gradient, we investigate the scenario where the pressure 

gradient is suddenly stopped. This leads to the study of the sub-

sequent transient flow, focusing on the extended period required 

for the fluid to rest. We derive the duration for the fluid to reach 

a state of rest and estimate the volumetric flow rate during this 

process. 

The linear momentum equation for a couple stress fluid [1] 

is given by: 

 𝜌
𝜕𝑈

𝜕𝑇
= −

𝜕𝑃

𝜕𝑋
+ 𝜇

𝜕2𝑈

𝜕𝑌2 − 𝜂
𝜕4𝑈

𝜕𝑌4, (1) 

where p is the pressure, ρ is the density, T is time, µ and η are 

coefficients of viscosity and couple stress viscosity, respec-

tively. 
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We introduce the following non-dimensional scheme: 

 𝑋 = ℎ𝑥,      𝑌 = ℎ𝑦,      𝑇 =
𝜌ℎ2𝑡

𝜇
,       𝑈 =

𝜇𝑢

𝜌ℎ
,  

 𝑃 =
𝜇2

𝜌ℎ2 𝑝,        𝑆2 =
ℎ2𝜇

𝜂
. (2) 

The quantities on LHS are physical quantities and non-di-

mensional quantities are on RHS.  

Substituting Eq. (2) in Eq. (1), we get the following non-di-

mensional equation for velocity u: 

 𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+

𝜕2𝑢

𝜕𝑦2 −
1

𝑆2

𝜕4𝑢

𝜕𝑦4. (3) 

Equation (3) can be solved under the following conditions 

(Fig. 1): 

1. No slip condition 𝑢= 0 at 𝑦 = ± 1. 

2. Hyper stick condition (angular velocity is zero ∇ × 𝑞̅ = 0, 

where q̄ is fluid velocity) gives: 
𝜕𝑢

𝜕𝑦
= 0 at 𝑦 = ± 1. In gen-

eral, when the surface is under rotation, we take type A 

condition, or no couple stresses condition on the surface. 

When the surface is not under rotation, we take type B con-

dition or no angular velocity or hyper-stick condition on the 

surface. 

3. 
𝜕𝑝

𝜕𝑥
= {

−𝐺 for 𝑡 < 0,
0 for 𝑡 ≥ 0.

 

 

 

 

 

 

 

 

 

 

 

 
 

3. Solution procedure 

We assume the solution for Eq. (3) as 

 𝑢 = {
𝑢𝑠(𝑦) for 𝑡 < 0,

𝑢𝑡(𝑦, 𝑡) for 𝑡 ≥ 0,
 (4) 

where us  is steady state fully developed flow under constant 

pressure gradient G and ut is transient or unsteady state solution 

such that: 

 0 = 𝐺 +
𝜕2𝑢𝑠

𝜕𝑦2 −
1

𝑆2

𝜕4𝑢𝑠

𝜕𝑦4 , (5) 

and  

 
𝜕𝑢𝑡

𝜕𝑡
=

𝜕2𝑢𝑡

𝜕𝑦2 −
1

𝑆2

𝜕4𝑢𝑡

𝜕𝑦4 . (6) 

Equations (5) and (6) are subjected to the following condi-

tions: 

 𝑢𝑠(±1)= 0,  𝑢𝑡(±1, 𝑡)= 0,  
𝜕𝑢𝑠

𝜕𝑦
(±1)= 0,   

𝜕𝑢𝑡

𝜕𝑦
(±1, 𝑡)= 0,(7) 

and 𝑢𝑡(𝑦, 0) = 𝑢𝑠 and 𝑢𝑡(𝑦, 𝑡) = 0 as 𝑡 → ∞. 

Equation (5) is an ordinary differential equation and is re-

written as: 

 𝑢𝑠
′𝑣 − 𝑆2𝑢𝑠

′′ = 𝑆2𝐺. (8) 

The solution of Eq. (8) under conditions for us in Eq. (7) is: 

 𝑢𝑠(𝑦)=
𝐺

2
(1 − 𝑦2)+

𝐺

𝑆 sinh 𝑆
(cosh 𝑆𝑦 − cosh 𝑆). (9) 

We assume the solution of Eq. (6) in the form 

 𝑢𝑡(𝑦, 𝑡) = E(𝑦)𝐹(𝑡). (10) 

Substituting Eq. (10) in Eq. (6) and rearranging we get 

 
𝐹′

𝐹
=

𝐸′′−
1

𝑆2𝐸′𝑣

𝐸
= −𝜆2, (11) 

where F is derivative with respect to t and E is derivative with 

respect to y, the separation constant is taken as negative to sat-

isfy the condition at t = . 

This gives F ′ + λ 2F = 0 and E ′𝑣 −  𝑆  2E ′′ − 𝜆 2𝑆  2E = 0 

with the auxiliary equation 𝑚4  −  𝑆  2𝑚2  −  𝜆2𝑆  2 =  0, i.e.  

𝑚2 = 
𝑆 2 ± √𝑆 2 +4𝑆 2λ

 2

2
 =  

𝑆 2

2
(1 ±  √1 + 

4λ2

𝑆 2 ), 

m1,2 = ±
𝑆

√2
√1 +  √1 + 

4𝜆2

𝑆 2 , 

and  

m3,4 = ±
𝑆

√2
√1 −   √1 + 

4𝜆2

𝑆 2 , 

are the roots of the auxiliary equation. 

The solution for ut is given by: 

𝑢𝑡(𝑦, 𝑡) = ∑ e−𝜆2𝑡

𝜆

(𝐴𝜆 cosh 𝑚1 𝑦 + 𝐵𝜆 sinh 𝑚1𝑦 +  

                              +𝐶𝜆 cos 𝑚3𝑦 + 𝐷𝜆 sin 𝑚3𝑦). (12) 

Constants in Eq. (12) are found from the conditions in Eq. (7): 

𝑢𝑡(1, 𝑡)=0⇒ 𝐴cosh 𝑚1 + 𝐵sinh 𝑚1 + 𝐶cos 𝑚3 + 𝐷sin 𝑚3 = 0 

𝑢𝑡(−1, 𝑡)=0⇒ 𝐴cosh 𝑚1 −𝐵sinh 𝑚1 + 𝐶cos 𝑚3 −𝐷sin 𝑚3 = 0 

which implies:  

𝐵sinh 𝑚1 + 𝐷sin 𝑚3 = 0, 

and  

𝐴cosh 𝑚1 + 𝐶cos 𝑚3 = 0. 

Again 
𝜕𝑢𝑡

𝜕𝑦
(1, 𝑡)=0 gives:  

𝑚1𝐴sinh 𝑚1 + 𝑚1𝐵cosh 𝑚1 + 𝑚3𝐶sin 𝑚3 + 𝑚3𝐷cos 𝑚3 = 0 

and 
𝜕𝑢𝑡

𝜕𝑦
(−1, 𝑡)=0  gives: 

−𝑚1𝐴sinh 𝑚1 + 𝑚1𝐵cosh 𝑚1 + 𝑚3𝐶sin 𝑚3 + 𝑚3𝐷cos 𝑚3 = 0 

which implies that      𝑚1𝐴sinh 𝑚1 − 𝑚3𝐶sin 𝑚3 = 0  

and                             𝑚1𝐵cosh 𝑚1 + 𝑚3𝐷cos 𝑚3 = 0. 

Then, from equations of B and D, we get: 

 

Fig. 1. Graphical representation of the problem. 
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 𝐵 = − 𝐷
sin 𝑚3

sinh 𝑚1
 = − 𝐷

𝑚3cos 𝑚3

𝑚1cosh 𝑚1
, (13) 

and from equations of A and C, we get: 

   𝐴 = − 𝐶
cos 𝑚3

cosh 𝑚1
= 𝐶

𝑚3 sin 𝑚3

𝑚1sinh 𝑚1
.  (14) 

Substituting (13) and (14) in Eq. (12), we get:  

𝑢𝑡(𝑦, 𝑡) = ∑ e−𝜆2𝑡 𝐴 {cosh 𝑚1 𝑦 −
cosh 𝑚1

cos 𝑚3

cos 𝑚3 𝑦} +        

   + ∑ e−𝜆2𝑡B {sinh 𝑚1𝑦 −
sinh 𝑚1

sin 𝑚3
sin 𝑚3 𝑦 }. (15) 

Rearranging Eq. (14) we get:

 

 z = 𝑚1 tanh 𝑚1 + 𝑚3 tan 𝑚3 = 0.   (16) 

The zeroes of Eq. (16) will give the values of the separation con-

stant . 

The initial condition at 𝑡= 0, 𝑢𝑡(𝑦, 𝑡)= 𝑢𝑠(𝑦), yields B = 0 

(since 𝑢𝑡 is an even function, the odd function terms will van-

ish). Hence at 𝑡= 0, we have:  

𝐺

2
(1 − 𝑦2) +

𝐺 coth 𝑆

𝑆
(

cosh 𝑆𝑦

cosh 𝑆
− 1) = ∑ 𝐴𝑛 (

cosh 𝑚1𝑦

cosh 𝑚1
−

cos 𝑚3𝑦

cos 𝑚3
).

      (17) 

From Eq. (11) at a fixed value of S, for a range of  from 0 

to 100, we find 𝑚1 and 𝑚3 values. With these values of 𝑚1 and 

𝑚3, we obtain z from Eq. (16). Thus, we can plot for z for the 

values of  as shown in Fig. 2. 

From this graph, the roots for  are obtained, and then 𝑚1 

and  𝑚3 corresponding to these roots  are found from Eq. (11). 

The first five roots for  and the corresponding values for m1 and 

m3 are shown in Table 1. 

To obtain 𝐴𝑛, we solve 𝑛 equations from Eq. (17) by evalu-

ating Eq. (17) at 𝑛 equally spaced points 𝑦𝑖 , or alternately mul-

tiply Eq. (17) by (
cosh 𝑚1𝑦

cosh 𝑚1
−

cos 𝑚3𝑦

cos 𝑚3
) and integrate w.r.t. y be-

tween the limits –1 to 1. We get 𝑛 equations in 𝐴𝑛, and 𝐴𝑛 is 

obtained by solving this system. The values of 𝐴𝑛 by collocation 

method are given in Table 2. 

We observe that the collocation method gives a very accurate 

solution. Then finally, we get: 

    𝑢𝑡=𝑢𝑡(𝑦, 𝑡 ≥ 0)= ∑ e−𝜆𝑛
2  𝑡𝐴𝑛 (

cosh 𝑚1𝑦

cosh 𝑚1
−

cos 𝑚3𝑦

cos 𝑚3
)5

𝑛=1 , (18) 

and the volumetric flow rate Q at any time t is given by: 

 𝑄=2 ∑ e−𝜆𝑛
2  𝑡𝐴𝑛 (

tanh 𝑚1

𝑚1
−

tan 𝑚3

𝑚3
)∞

𝑛=1 . (19) 

4. Results and discussion 

The unsteady flow of a couple stress fluid between two parallel 

plates due to the sudden withdrawal of an applied constant pres-

sure gradient is studied. The expressions for the velocity for the 

transient state and volumetric flow rate are derived and shown 

in Eqs. (18) and (19), respectively. The velocity profiles for ut 

versus distance y at different times t at fixed couple stress pa-

rameters (S = 2) are shown in Fig. 3a for G = 5 and Fig. 3b for 

G = 10, respectively. From Fig. 3, we notice that for 0.5 units of 

time, ut becomes almost zero, i.e. the flow comes to rest by 0.5 

units of non-dimensional time. And we observe that as G in-

creases, the velocity increases. Initially, velocity starts from 

higher values and becomes zero by about 0.5 units of times at 

S = 2. This is because when the pressure gradient increases, the 

applied force on the flow increases, increasing velocity. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2. Graph for finding roots of z (λ) = 0. 

Table 1. The first five values of separation constant λ. 

n n z(n) m1 m3 

1 3.297 0.000399 2.981 2.2115 

2 15.909 – 0.00088 5.8207 5.4663 

3 38.193 – 0.00074 8.8551 8.6262 

4 70.305 0.00042 11.9425 11.7739 

5 112.271 0.0008 15.0516 14.9181 

 

Table 2. The values of An. 

Coefficients A1 A2 A3 A4 A5 

Values 0.6821 0.0137 0.00156 0.00035 0.000013 

 

a)  

b)  

Fig. 3. Velocity profiles (ut) for S = 2 at pressure gradient G = 5 (a) 

and pressure gradient G = 10 (b), for various time values. 
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The velocity profiles ut at fixed pressure gradient (G = 10) 

for various values of couple stress parameter (S) are depicted in 

Fig. 4a for t = 0.1 and Fig. 4b for t = 0.6, respectively. From 

Fig. 4, one can observe that, as the couple stress parameter in-

creases, the velocity values also increase, which is in good 

agreement with [22]. As S increases, couple stresses decrease, 

leading to a reduction in the energy required for particle rotation 

and subsequently causing an increase in velocity. As S increases, 

the fluid approaches viscous fluid as a limiting case. Conse-

quently, we can infer that viscous fluids consistently exhibit 

higher velocities compared to fluids with couple stresses at any 

given time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5 depicts the relationship between the pressure gradi-

ent and rest time for different values of the couple stress param-

eter (S). It is observed that with an increase in the couple stress 

parameter, the rest time also increases. Moreover, as the pres-

sure gradient rises, the rest time experiences a gradual increase. 

This is because, as observed in Fig. 4, as S increases, couple 

stresses decrease and hence the energy spent for generating cou-

ples and rotation decreases; hence, fluid takes more time to rest.  

Figure 6 illustrates the time versus volumetric flow rate for 

various couple stress parameter values. Notably, the flow rate 

rapidly decreases to zero as time progresses. Additionally, an 

increase in the couple stress parameter (S) corresponds to an in-

crease in the volumetric flow rate. Consequently, we deduce that 

in the limiting case of a couple stress fluid, viscous fluids exhibit 

higher volumetric flow rates and velocities compared to corre-

sponding couple stress fluids. This result correlates with the ob-

servations in Fig. 3 and Fig. 4. As S increases, velocity increases 

and hence, the volumetric flow rate also increases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions 

This paper examines the unsteady flow of a couple stress fluid 

between two parallel plates following the sudden removal of 

a pressure gradient. The initial state involves both upper and 

lower plates being stationary, and flow initiation occurs through 

a constant pressure gradient. The study focuses on the flow pat-

terns resulting from the sudden withdrawal of the pressure gra-

dient, observing that the flow eventually stops after a certain du-

ration. It is observed that: 

 The velocity for viscous fluids is more than for the couple 

stress fluids at any given time. 

 Viscous fluids take longer to rest than couple stress fluids. 

 A rise in pressure gradient slowly increases the rest time of 

the fluid. 

a)  

b)  

Fig. 4. Velocity profiles (ut) at G = 10, t = 0.1 (a) and G = 10, 

t = 0.6 (b), for various values of couple stress parameter (S). 

 

Fig. 5. Pressure gradient vs. rest time at different values of S. 

 

Fig. 6. Time vs. volumetric flow rate (Q) for varying values of S. 
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 The volumetric flow rate at any given time for viscous flu-

ids is more than for the couple stress fluids. 
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1. Introduction 

Liquid methanol is considered to be a suitable fuel for fuel cell 

vehicles due to its high energy density, easier storage, and the 

fact that it can continue to be used in conventional fuel tanks 

when applied to vehicles. Methanol is very stable as a fuel, has 

low volatility and remains liquid over a range of temperatures. 

As a result, direct methanol fuel cells (DMFCs) are widely used 

in small portable devices (e.g. laptops and portable power sup-

plies) [1,2] and large installations (e.g. vehicles and stationary 

power generation equipment) [3,4]. 

 

Currently, DMFC research consists mainly of performance 

testing of internal components such as membranes and catalysts. 

Yildirim et al. [5] prepared sulfonated poly(phthalazinone ether 

ketone) impregnated microporous membrane – into a polyeth-

ylene support (SPPEK-PE) and pure SPPEK membrane, set dif-

ferent methanol concentrations and conducted experiments in 

order to analyze the effect of different polymer membrane im-

pregnation on the performance of DMFC fuel cell. The experi-

mental results showed that SPPEK-PE enhanced the perfor-

mance of DMFC. Li et al. [6] synthesized a novel bifunctional 

polyhedral oligomeric silsesquioxane (POSS) with vinyl and su- 

Exergetic performance coefficient analysis of direct 
methanol fuel cell 

Xinjia Guoa, Zhanghao Lub, Zheshu Maa*, Hanling Songa, Yuting Wanga 

aCollege of Automobile and Traffic Engineering, Nanjing Forestry University, Nanjing, 210037, China 
bSchool of Mechanical and Automobile Engineering, Jinken College of Technology, Nanjing, 211156, China 

*Corresponding author email: mazheshu@njfu.edu.cn 

 

Received: 27.10.2023; revised: 17.02.2024; accepted: 10.03.2024 

Abstract 

In order to improve the output performance of direct methanol fuel cell, the finite-time thermodynamic model of direct 
methanol fuel cell is developed in this paper. Then, mathematical expressions for energy efficiency, power density, exergy 
efficiency and exergy coefficient of performance are derived. In addition, the effects of operating temperature, inlet pres-
sure and membrane thickness on the performance of direct methanol fuel cells are considered. The results show that the 
exergetic performance coefficient not only considers the exergy loss rate to minimize the loss, but also the power density 
of the direct methanol fuel cell to maximize its power density and improve its efficiency. Therefore, the exergetic perfor-
mance coefficient is a better performance criterion than conventional power and efficiency. In addition, increasing the inlet 
pressure and decreasing the membrane thickness can significantly improve the exergetic performance coefficient and en-
ergy efficiency. 

 

Keywords: Direct methanol fuel cell; Exergy analysis; Exergetic performance coefficient 

Vol. 45(2024), No. 3, 185‒195; doi: 10.24425/ather.2024.151230 

Cite this manuscript as: Guo, X., Lu, Z., Ma, Z., Song, H., & Wang, Y. (2024). Exergetic performance coefficient analysis of direct 

methanol fuel cell. Archives of Thermodynamics, 45(3), 185‒195. 

Co-published by 

Institute of Fluid-Flow Machinery 

Polish Academy of Sciences 

Committee on Thermodynamics and Combustion 

Polish Academy of Sciences 

 
Copyright©2024 by the Authors under licence CC BY 4.0 

 
http://www.imp.gda.pl/archives-of-thermodynamics/ 

https://www.sciencedirect.com/topics/materials-science/polyhedral-oligomeric-silsesquioxane
http://www.imp.gda.pl/archives-of-thermodynamics/


Guo X., Lu Z., Ma Z., Song H., Wang Y. 
 

186 
 

Nomenclature 

A – effective area of the electrode, m2 

AL – corresponding thermal leakage area,m2 

Cp – constant specific heat of the gas, constant 

Enernst – reversible potential, V 

en
ch – chemical exergetic energy of each component, kJ/kg 

ex – exergy, kJ/kg 

exrw – recoverable residual exergy, kJ/kg 

exuw – non-recoverable residual exergy, kJ/kg 

F – Faraday 

fexd – exergy destruction factor 

Gf,liq – liquid Gibbs function, J 

ΔH – total energy absorbed from methanol and oxygen, J 

Δh – change in standard molar enthalpy, kJ/kg 

KL – thermal leakage coefficient 

k – specific heat rate, J/(kg·K) 

j – current density, A/m2 

j0 – exchange current density, A/m2 

j1 – limiting current density, A/m2 

n – number of electron transfers 

P – power density of DMFC, W/m2 

P̅ – maximum output power density of DMFC, W/m2 

Pmax – maximum output power density of DMFC at operating  

    temperatures, W/m2 

P1,max – maximum power density of DMFC at operating pressure  

     p = 1 atm, W/m2 

p0 – standard pressure, atm 

QH – remaining component of the thermal rate of DMFC, J 

QL – thermal leakage rate from DMFC to the environment, J 

R – equivalent resistance caused by the three overpotentials, Ω 

Rohm – operating temperature of DMFC, K 

rrw – recoverable residual exergy ratio 

ruw – non-recoverable residual exergy ratio 

T – temperature of the DMFC, K 

 

T0 – temperature of the environment, K 

tmem – thickness of the membrane, cm 

V – voltage, V 

xn – molar fraction of the components 

 

Greek symbols 

α – transfer coefficient 

β – magnification constant 

η – output efficiency 

 

Subscripts and Superscripts 

act – activation overpotential 

CO2 – carbon dioxide 

cell – fuel cell 

ch – chemical 

conc – concentration overpotential 

H – hydrogen 

H2O – water 

in – inlet 

meoh – methanol 

n – number 

O2 – oxygen 

ohm – ohmic overpotential 

out – outlet 

ph – physical 

rw – recoverable residual exergy 

uw – non-recoverable residual exergy 

 

Abbreviations and Acronyms 

DMFC – direct methanol fuel cell 

ECOP – ecological coefficient of performance 

EDI – environmental destruction index 

EPC – exergetic performance coefficient  

POSS – polyhedral oligomeric silsesquioxane  

SPPEK – sulfonated poly(phthalazinone ether ketone) 

lfonic groups (Vi-POSS-SO3Na) and crosslinked it by a simple 

in situ heat treatment, which significantly improved the proper-

ties of this proton exchange membrane. Huang et al. [7] used 

sulfonated spunlace carbon as a filler for SPEEK membranes, 

and the synthesized membranes showed improved performance 

as DMFC. The results showed that the MOF-C-SO3H@SPEEK 

membrane has good ionic conductivity compared to Nafion 115, 

and its special structure helps to reduce methanol penetration 

from the anode to the cathode, and promotes the speed of pro-

tons across the membrane. Yogarathinam et al. [8] embedded 

proton membrane (SPEEK) of DMFC with (PANI-A-BN). The 

results showed that the water absorption (58.42 %) and ionic 

conductivity of the PANI-A-BN/SPEEK membrane could be 

significantly enhanced. The methanol permeability of BN and 

functionalized BN embedded in SPEEK nanocomposite mem-

branes was significantly reduced.  

Currently, the methanol single cell is studied in a large num-

ber of theoretical and experimental studies. Yuan et al. [9] 

achieved a reduction in methanol volatility and methanol per-

meation using capillary distillation. Experiments were then de-

signed to demonstrate the reduction of the relative volatility of 

methanol/water by the selected carbon aerogel. The results show 

that by providing a suitable methanol/water ratio in the vapor 

supply to DMFC, methanol permeation and water deficiency 

can be significantly mitigated, resulting in DMFC that exhibits 

excellent performance and stability. Mathew et al. [10] de-

signed, fabricated and tested DMFC stacks with an effective 

area of 16 cm2 and experimentally investigated the effect of var-

ious operating parameters on the performance of DMFC stacks. 

The results show that increasing battery temperature, cathode 

flow rate and methanol concentration can improve the perfor-

mance of DMFC. Li et al. [11] developed an energy analysis 

model for direct methanol fuel cells and derived expressions for 

electrical, thermal and total energy efficiencies. Hotz et al. [12] 

performed a numerical analysis of the energy efficiency of direct 

methanol fuel cells, showing the importance of exergy analysis 

of the fuel cell as part of the overall thermal system for power 

generation. Yang et al. [13] developed a semi-empirical model 

of a direct methanol fuel cell and experimentally investigated 

the performance of four operating parameters, such as tempera-

ture and methanol concentration, under different operating con-

ditions. Liu et al. [14] developed a finite-time thermodynamic 

model of PEMFC, including exergy efficiency and ECOP. The 

findings show that the heat loss of components such as function-

ing fuel cells is the most serious. At low current densities, the 

ecological performance and economy of the fuel cell system is 
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better, while at high current densities, the exergy loss and net 

power of the system increases. Li et al. [15] proposed an ecolog-

ical performance factor and an ecological objective function, 

which are defined as the ratio of power to power loss and the 

difference between power and power loss. In the above study, 

the aspect of exergy analysis to get the performance metrics of 

DMFC under various operating conditions and using the perfor-

mance metrics to define the output performance of DMFC is still 

not enough. 

In recent years, finite-time thermodynamics (FTT) has been 

used to criticize various kinds of thermodynamic processes and 

cycles. Chen et al. [16] applied finite-time thermodynamics for 

exergy analysis in a solar thermal power system and found that 

the system had a positive impact on both energy and exergy per-

formance. Qi et al. [17] developed a finite-time thermodynamic 

model of a two-stage multivariable temperature difference gen-

erator, considered losses such as external heat transfer and col-

lector radiation losses, and studied the basic performance of the 

system. The results showed that the system performance is opti-

mal when the external heat transfer form and internal structure 

parameters are optimized. Qi et al. [18] developed a thermo-

Brownian heat engine model based on finite-time thermody-

namics, and numerically investigated the heat transfer process 

and the influence of important parameters on the output perfor-

mance of the system. The results showed that enhanced heat 

transfer can improve the performance of the system.  

The electrochemical model of DMFC can be modeled as fi-

nite-time thermodynamic model through exergy analysis, which 

can be used for thermodynamic performance study [19,20] and 

optimization to get the best performance [21]. Currently, typical 

optimal finite-time thermodynamic objective functions include 

exergy loss, exergy efficiency, ecological coefficient of perfor-

mance [22], ecological function [23], and entropy yield. Akkaya 

et al. [24] defined the coefficient of exergy performance (EPC) 

for analyzing the performance of solid oxide fuel cell. EPC is a 

thermal-ecological indicator that combines energy and hydro-

nium parameter functions. Therefore, EPC  allows for a better 

evaluation of thermodynamic processes and cycles that include 

DMFC than traditional performance metrics such as power and 

efficiency. 

In this paper, finite-time thermodynamics is introduced to 

analyze the irreversibility of DMFC, and a mathematical model 

of DMFC considering irreversible loss is established, which not 

only explored the thermodynamic performance of DMFC under 

different parameters, better defined the source of polarization 

loss of the fuel cell and provided a direction for the improvement 

of the performance of the fuel cell, but the result obtained can 

also provide some kinds of theoretical instructions for the opti-

mized design and practical usage of fuel cell. 

2. Theory and methodology 

2.1. Working principle of DMFC 

DMFC consists of an electrode plate, catalyst layer, diffusion 

layer, proton exchange membrane, diffusion layer and electro-

lyte, and its working principle is as follow [25,26] (Fig. 1): dur-

ing its operation, CH3OH is continuously transported to the an-

ode chamber, where it reacts with H2O to form CO2, H+ and e− 

with the assistance of the anode catalyst, and the generated CO2 

is discharged from the outlet of the anode chamber. H+ reaches 

the cathode chamber through the proton exchange membrane 

and converges with e and O2 transferred from the external cir-

cuit to produce H2O, which is discharged from the outlet of the 

cathode chamber. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The electrochemical reaction equations of DMFC are: 

 Anode: 

 CH3OH + H2O → CO2 + 6H+ + 6e-, (1) 

 Cathode: 

  
3

2
O2 + 6H+ + 6e- → 3H2O, (2) 

 Over reaction: 

 CH3OH  + 
3

2
 O2 → CO2 + 2H2O. (3) 

The main assumptions cited in the DMFC system model are 

as follows: 

1. DMFC system is working in steady state. 

2. All types of gases in DMFC are ideally compressible, with 

air consisting of 21% oxygen and 79% nitrogen. 

3. Only physical and chemical exergy is considered, no po-

tential exergy and kinetic exergy are considered. 

4. The distribution characteristics of the temperature of the 

electric stack are not considered. 

5. The operating temperature of the stack is uniform. 

For DMFC, the reversible potential can be given by the equa-

tion [27]: 

 𝐸𝑛𝑒𝑟𝑛𝑠𝑡= −
𝐺𝑓,𝑙𝑖𝑞

𝑛𝐹
 +

𝑅𝑇

𝑛𝐹
 + ln [

𝑃𝑚𝑒𝑜ℎ  (𝑃O2

3
2 )

𝑃CO2(𝑃H2O)
2]. (4) 

In Eq. (4), 𝐺𝑓,𝑙𝑖𝑞  is the liquid Gibbs function; n is the number 

of electron transfers; F is the Faraday constant; T is the operat-

ing temperature of DMFC; R is the gas constant. 

2.2. Overpotential of DMFC 

Polarization can have a significant impact on the performance 

of DMFC. The causes of polarization phenomena include polar-

 
Fig. 1. Working principle of direct methanol fuel cell. 
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ization caused by the electrochemical reaction rate of the active 

substances at the positive and negative electrodes being less than 

the rate of electron movement, and polarization caused by the 

depletion of reactants that cannot be replenished in time at the 

electrode surface. This means that some energy will be con-

sumed to overcome this resistance during DMFC operation. In 

general, the polarization phenomenon produces three types of 

overpotentials: activation overpotential, ohmic overpotential, 

and concentration overpotential. 

The electrochemical reaction rate of DMFC affects the acti-

vation overpotential. When the electrochemical reaction rate of 

positive and negative active substances is less than the rate of 

electron movement, the polarization loss is more serious, the 

loss generated by activated polarization increases, and the acti-

vation overpotential increases. In addition, the higher the activ-

ity of the catalyst used for the cathode and anode, the lower the 

activation loss generated, and the activation overpotential will 

be reduced accordingly. The activation overpotential Vact can be 

expressed as follows [27]: 

 𝑉𝑎𝑐𝑡= 
𝑅𝑇

𝛼𝑛𝐹
log

𝑗

𝑗0
, (5) 

where α is the transfer coefficient and j0 is the exchange current 

density. 

Ohmic polarization is polarization due to the contact re-

sistance that exists between the electrolyte, the electrode mate-

rial, the diaphragm resistance and the various component parts. 

For DMFCs, the ohmic resistance consists of two main compo-

nents: the resistance of the ions as they cross the proton ex-

change membrane and the resistance of the electrons as they 

reach the end of the electrode. The ohmic overpotential Vohm can 

be expressed as follows [27]: 

 𝑉𝑜ℎ𝑚= j 𝑅𝑜ℎ𝑚, (6) 

 𝑅𝑜ℎ𝑚= ∫
𝑑tmem

0.04107+0.01878𝑒100𝑡𝑚𝑒𝑚

𝑡𝑚𝑒𝑚

0
, (7) 

where Rohm is the equivalent resistance caused by the three over-

potentials, lmem is the thickness of the membrane. 

In the working process of DMFC, concentration polarization 

occurs when the electrode surface is not replenished in time be-

cause the reactants are consumed too quickly, and the electrode 

reaction surface is unable to maintain the concentration of the 

reaction gas as it should be. The expression for the concentration 

overpotential Vconc is as follows [27]: 

 𝑉𝑐𝑜𝑛𝑐= (1 +
1

𝛽
)

𝑅𝑇

𝑛𝐹
ln (1 −

𝑗

𝑗1
), (8) 

where β is the magnification constant and  j
1
 is the limiting cur-

rent density. 

The irreversible output voltage Vcell of the DMFC can be ex-

pressed as: 

𝑉𝑐𝑒𝑙𝑙  = 𝐸𝑛𝑒𝑟𝑛𝑠𝑡  – 𝑉𝑎𝑐𝑡 – 𝑉𝑐𝑜𝑛𝑐  – 𝑉𝑜ℎ𝑚  = –
𝐺𝑓,𝑙𝑖𝑞

𝑛𝐹
 +

𝑅𝑇

𝑛𝐹
+  

+ ln [
𝑃𝑚𝑒𝑜ℎ (𝑃O2

3
2 )

𝑃CO2(𝑃H2O)
2] –

𝑅𝑇

𝛼𝑛𝐹
lg

𝑗

𝑗0
–j 𝑅𝑜ℎ𝑚– (1 +

1

𝛽
)

𝑅𝑇

𝑛𝐹
ln (1–

𝑗

𝑗1
). (9) 

The power density of DMFC can be expressed as: 

 𝑃 = 𝑉𝑐𝑒𝑙𝑙  j A, (10) 

where j is the current density and A is the effective area of the 

electrode. 

As an energy conversion device, the output efficiency of 

DMFC can be shown in Eq. (7) [23]: 

 𝜂 = −
𝑃

Δ𝐻
, (11) 

where ΔH is the total energy absorbed from methanol and oxy-

gen, which can be expressed as [22]: 

 Δ𝐻 = −
jAΔℎ

𝑛𝐹
, (12) 

where Δh is the change in standard molar enthalpy. 

The thermal leakage rate from DMFC to the environment 

can be expressed as [28]: 

 𝑄𝐿= 𝐾𝐿𝐴𝐿(𝑇 − 𝑇0), (13) 

where KL and AL represent the thermal leakage coefficient and 

the corresponding thermal leakage area, respectively. T0 is the 

temperature of the environment. 

Following the first law of thermodynamics, the remaining 

component of the thermal rate of DMFC can be expressed as: 

 𝑄𝐻= –Δ𝐻 – 𝑃 – 𝑄𝐿 =
𝐴

𝑛𝐹
[–(1 – 𝜂)jΔℎ – 𝑏1(𝑇 – 𝑇0)], (14) 

where, 𝑏1= 
𝑛𝐹𝐾𝐿𝐴𝐿

𝐴
 [28]. 

2.3. Exergetic performance analysis of DMFC 

The output performance of DMFC is reduced due to different 

irreversible loss, including heat loss, gas-flow channel friction 

loss, leakage current and polarization loss. Exergy analysis eval-

uates the actual useful fraction of energy and can therefore be 

used as a measure of the quality of the energy released by the 

DMFC. The exergy balance of DMFC is show in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Exergy balance of DMFC. 
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In the reaction process of DMFC, only physical and chemi-

cal exergy are considered [29,30]. The expressions of physical 

and chemical exergy are as follows [31,32]: 

 (𝑒𝑥)𝑝ℎ=𝐶𝑝𝑇0 [
𝑇

𝑇0
− 1 − ln (

𝑇

𝑇0
) + ln (

𝑝

𝑝0
)

𝑘−1

𝑘
], (15) 

 (𝑒𝑥)𝑝ℎ= ∑ 𝑥𝑛𝑒𝑛
𝑐ℎ + 𝑅𝑇0 ∑ 𝑥𝑛 ln 𝑥𝑛, (16) 

where Cp is the constant specific heat of the gas, p
0
 is the stand-

ard pressure, K is the specific heat rate, xn is the molar fraction 

of the components and en
ch is the chemical exergetic energy of 

each component. 

In DMFC, the total input exergy and output exergy are 

shown as follows: 

 𝑒𝑥𝑖𝑛 = −
j𝐴

𝑛𝐹
(𝑒𝑥𝑚𝑒𝑜ℎ +

3

2
𝑒𝑥O2

), (17) 

 𝑒𝑥𝑜𝑢𝑡 = −
j𝐴

𝑛𝐹
(2𝑒𝑥H2O + 𝑒𝑥CO2

). (18) 

In practice, the quality of energy decreases during transfer 

processes, including friction, drag, radiation and heat transfer. 

Exergy loss can be used to express the degree of irreversibility 

of the energy transfer process. For DMFC, the lower the exergy 

loss in the thermodynamic process, the higher the effective uti-

lization of energy [32]: 

 𝐸𝑥𝐷 = 𝑒𝑥𝑖𝑛 − 𝑒𝑥𝑜𝑢𝑡 − 𝑃 − 𝑄𝐻 (1 −
𝑇

𝑇0
). (19) 

The recoverable residual exergy ratio can be assumed to be 

the ratio of the recoverable residual exergy of the DMFC to the 

total exergy input. The recoverable residual exergy ratio can be 

expressed as: 

 𝑟𝑟𝑤 =
𝑒𝑥𝑟𝑤

𝑒𝑥𝑖𝑛
. (20) 

The non-recoverable residual exergy ratio includes the phys-

ical consumption of unused methanol and unused oxygen and 

heat, as well as the logistical exergy to generate water. The ratio 

of non-recoverable residual energy can be expressed as: 

 𝑟𝑢𝑤 =
𝑒𝑥𝑢𝑤

𝑒𝑥𝑖𝑛
. (21) 

In the above equation, 𝑒𝑥𝑟𝑤 and 𝑒𝑥𝑢𝑤 can be calculated by 

the following equations, respectively: 

     𝑒𝑥𝑢𝑤 = 𝑚̇𝑀𝑒𝑜ℎ,𝑜𝑢𝑡 × 𝑒𝑥𝑀𝑒𝑜ℎ,𝑜𝑢𝑡
𝑐ℎ + 𝑚̇O2,𝑜𝑢𝑡 × 𝑒𝑥O2,𝑜𝑢𝑡

𝑐ℎ , (22) 

 𝑒𝑥𝑟𝑤 = 𝑚̇𝑀𝑒𝑜ℎ,𝑜𝑢𝑡 × 𝑒𝑥𝑀𝑒𝑜ℎ,𝑜𝑢𝑡
𝑝ℎ

+ 𝑚̇O2,𝑜𝑢𝑡 × 𝑒𝑥O2,𝑜𝑢𝑡
𝑝ℎ

+  

 +𝑚̇HO2,𝑜𝑢𝑡 × 𝑒𝑥HO2
+ 𝐸𝑥𝑄 . (23) 

The exergy destruction factor is an important parameter of 

DMFC that indicates the impact of DMFC on exergy sustaina-

bility.exergy destruction factor can be expressed as: 

 𝑓𝑒𝑥𝑑 =
𝐸𝑥𝐷

𝑒𝑥𝑖𝑛
. (24) 

The environmental destruction index is used to indicate the 

residual exergy output that cannot be recovered from DMFC op-

eration and the environmental impact caused by exergy destruc-

tion. This coefficient rises with the decrease of exergy effi-

ciency. Therefore, for the practical application of DMFC, EDI 

should be fully considered, and appropriate operating and design 

conditions should be selected. The optimal reference value of 

"1" for EDI  indicates the reversibility of exergy efficiency, 

where the residual exergy that cannot be recycled is close to 

zero. EDI is a function of ExD, the non-recyclable residual ex-

ergy ratio and the environmental damage factor and can be ex-

pressed as: 

 EDI = (𝑟𝑢𝑤 + 𝑓𝑒𝑥𝑑)
𝑒𝑥𝑖𝑛

𝑃
=

𝑒𝑥𝑢𝑤−𝐸𝑥𝐷

𝐸𝑥𝐷
. (25) 

In DMFC systems, energy analysis can analyze and study the 

processes of energy flow, conversion and storage in the system, 

while exergy performance analysis can visually grasp the impact 

of irreversible loss in the system on DMFC. Based on ecological 

and DMFC performance considerations, the performance of 

DMFC is evaluated by combining both energy and energy per-

formance aspects, and the evaluation indicator is defined as an 

alternative criterion, which is more accurate and practical, and 

can be expressed as: 

 EPC =
𝑃

𝐸𝑥𝐷
=

𝐸𝑐𝑒𝑙𝑙 j𝐴

𝑒𝑥𝑖𝑛− 𝑒𝑥𝑜𝑢𝑡 − 𝑃 − 𝑄𝐻(1−
𝑇

𝑇0
)
. (26) 

2.4. Comparison of different objective functions 

There are dimensional and order-of-magnitude differences be-

tween the indicators, therefore, in order to visualize the relation-

ship between EPC, P, η and ExD more conveniently and intui-

tively, this paper uses a dimensionless method for numerical 

study and analysis. The dimensionless functions of EPC, P, η 

and ExD  are expressed as EPC = EPC/EPCmax, P = P/Pmax , 

ExD = ExD/ExDmax, η = η
ex

/η
exmax

, η = η/η
max

. 

The dimensionless maximum output power density of 

DMFC can be expressed as follows: 

 𝑃̅ =
𝑃𝑚𝑎𝑥

𝑃1,𝑚𝑎𝑥
, (27) 

where 𝑃𝑚𝑎𝑥 is the maximum output power density of DMFC at 

different operating temperatures, and 𝑃1,𝑚𝑎𝑥  is the maximum 

power density of DMFC at operating pressure p = 1 atm. The 

dimensionless methods of output efficiency, exergy efficiency 

and exergy performance coefficient corresponding to the maxi-

mum power density are similar to the dimensionless maximum 

power density. 

3. Results and discussion 

In existing systems for evaluating DMFC performance, power 

and efficiency are commonly used. However, power and effi-

ciency are only evaluated from the perspective of mechanical, 

friction loss to the performance of DMFC. Heat loss is also 

a very important phenomenon in practical applications. DMFC 

generates a large amount of heat loss during operation, so heat 

dissipation needs to be taken into account when evaluating its 

performance. EPC is defined as the ratio of power to heat dissi- 
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pation, taking into account both mechanical and heat loss. The 

conclusions obtained when evaluating the performance of 

DMFC using EPC will be more realistic and accurate. 

The relevant parameters in the DMFC model are shown in 

Table 1. According to the input parameters, the thermodynamic 

irreversibility and exergy performance coefficients of DMFC 

with different operating parameters were investigated. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 compares the predicted model potential and exper-

imental data of DMFC at 333–353 K (p = 1 atm; lmem  =  

0.02 mm). From the experimental results in Fig. 3, it can be seen 

that the error between the predicted data and the experimental 

data is about 11%. This experimental result shows that the model 

has good accuracy. The relationship between polarization loss 

potential, output voltage and current density is shown in Fig. 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As shown in Fig. 3, all three overpotentials increase with in-

creasing current density, where the concentration overpotential 

increases exponentially, the activation overpotential increases 

logarithmically, and the ohmic overpotential increases by 

a small amount. When in the lower current density region, the 

activation overpotential rises sharply in this region, and activa-

tion loss dominates in this phase. In the medium to high current 

density part, the increase in concentration overpotential is larger, 

and in this stage, the concentration overpotential has a greater 

effect on the voltage variation. 

3.1. Comparsion of relationship between EPC, P, ExD 

and η 

As can be seen in Fig. 4, when the EPC reaches its maximum 

value, the efficiency is 0.41, η
ex

/η
exmax

 is 1, and P/Pmax is 0.55. 

This means that the power density under the EPC is very close 

to the maximum value. When P is at its maximum value, the 

efficiency is 0.24, η
ex

/η
exmax

 is 0.34, and EPC/EPCmax  is 0.57. 

Obviously, compared with Pmax, if EPCmax is used as the stand-

ard, the efficiency of the breakdown is improved by 66%, the 

breakdown loss is reduced by 70%, the efficiency is improved 

by 41%, and the power density is reduced by 45%. Therefore, 

this paper derives EPC , which takes into account not only the 

exergy loss to minimize the loss but also the power density of 

DMFC to maximize the power and improve its output perfor-

mance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It can be seen from Fig. 5 that the working temperature has 

a very obvious effect on the output performance of DMFC, 

which is mainly due to the fact that when the working tempera-

ture increases, the activity of the cathode and anode catalysts is 

enhanced, which improves the electrochemical reaction rate of 

the positive and negative active substances; the diffusion coeffi-

cient of the reacting gases is increased, and the internal mass 

transfer conditions are improved. Both P̅ and EPC̅̅ ̅̅ ̅̅  of DMFC in-

crease with the increase of operating temperature, and in the low 

current density region, the performance improvement brought 

by increasing temperature is much smaller than that in the high 

current density region. This is mainly due to the reason that in 

the low current density region, the electrochemical reaction has 

just started, the electrochemical reaction rate is low, and the op-

Table 1. Relevant data of DMFC. 

Parameter Value 

Current Density, I (Am-2) 0-20000 

Faraday Constant, F (Cmol-1) 96485 

Gas Constant, R (Jmol-1K-1) 8.314 

Number of electrons, n 6 

Ambient Temperature, T (K) 298.15 

Anode Pressure (atm) 1 [33] 

Cathode Pressure (atm) 1 [33] 

Anode Gas Compositions 100 % MEOH [33] 

Cathode Gas Compositions 21 % O2; 79 % N2 [33] 

Transfer coefficient, α 0.3 [33] 

Active area, A (cm-2) 25 [33] 

 

 

 

Fig. 3. Comparison of predicted model voltage and power density 

with experimental data[30]. 

 

Fig. 4. The relationship between η and dimensionless EPC, P, η
ex

. 
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erating temperature has little effect on the electron and proton 

activity, so increasing the operating temperature has little effect 

on the electrochemical reaction rate, and only increasing the cur-

rent density can accelerate the electrochemical reaction rate. 

Then, the irreversible loss of DMFC is dominated by activation 

loss in the low current density region, while the increase of ac-

tivation loss in the high current density region gradually tends 

to smooth out.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It can also be seen from Fig. 5 that increasing the inlet pres-

sure can improve P̅ and EPC̅̅ ̅̅ ̅̅  of DMFC, but the improvement 

from the inlet pressure is not obvious. Increasing the inlet pres-

sure can increase the supply rate of reactants, and the concentra-

tion gradient of the reactants involved in the reaction and supply 

is reduced, so that the concentration loss is reduced, and the 

power dissipation becomes smaller and P̅ increases. Increasing 

the inlet pressure also improves the mass transfer of the reactants 

at both poles, expelling the water vapor generated at the cathode 

more easily, taking away more heat, reducing irreversible ex-

ergy loss, and improving the EPC̅̅ ̅̅ ̅̅ . 

Figure 6 reflects the power density of DMFC and the varia-

tion of EPC with the inlet pressure at different operating tem-

peratures. It is obvious that the maximum power density of 

DMFC constantly increases with the increase of inlet gas. Since 

the exchange current density increases with the increase of op-

erating pressure, the activation polarization loss will decrease 

and the reversible potential will increase. Therefore, as the op-

erating pressure increases, the irreversible loss of DMFC de-

creases and the maximum power density of DMFC increases ac-

cordingly. Numerically, when the operating temperature is  

453 K and the operating temperature of DMFC increases from  

1 atm to 3 atm, the maximum power density of DMFC increases 

from 1563 W/m2 to 1689 W/m2, an improvement of only 8%, 

and EPC increases from 0.3344 to 0.3528, an improvement of 

5.5%. Numerical analysis shows that the increase in operating 

pressure does not improve the DMFC performance as signifi-

cantly as the increase in operating temperature. In addition, in-

creasing the operating pressure requires additional power con-

sumption to compress the inlet reactants. 

Figure 7 reflects the power density of DMFC and the varia-

tion of EPC with operating temperature at different inlet air. It 

can be seen from the figure that the maximum power density of 

DMFC becomes larger as the operating temperature increases. 

This is due to the fact that the increase in the operating temper-

ature leads to an increase in the exchange current density and 

hence the activation overpotential decreases with the increase in 

the exchange current density. At the same time, the increase in 

the operating temperature increases the proton conductivity and 

thus decreases the ohmic overpotential of DMFC. As a result, 

the power loss from ohmic overpotential and activation overpo-

tential will be reduced. When the inlet pressure is 1 atm and the 

operating temperature is 413 K, the corresponding maximum 

power density is 371 W/m2, and when the operating temperature 

increases to 473 K, the corresponding maximum power density 

reaches 1833 W/m2, which indicates that when the operating 

temperature of DMFC increases from 413 K to 473 K, the max-

imum power density of the DMFC increases by 4.94 times. The 

results show that DMFC can significantly increase its maximum 

power density by choosing the right operating temperature 

range. 

The DMFC operating parameter variation range is show in 

Table 2. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. The relationship between η and dimensionless EPC, P, η
ex

. 
Table 2. DMFC operating parameter variation range. 

Parameter Value 

Operating temperature, T𝟎 (K) 413-473 

Electrolyte thickness, lmem (cm) 0.0005-0.0015 

Intake pressure PO2
, Pmeoh (atm) 1-5 
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Another factor that affects the performance of DMFC is the 

inlet pressure. On the one hand, increasing the inlet pressure ac-

celerates the diffusion of reactant gases and improves the condi-

tions for the mass transfer process between methanol and oxy-

gen. In addition, it increases the concentration of reactants and  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

reduces the effect of concentration polarization on the reversible 

potential. Figures 8 and 9 represent the effect of oxygen and 

methanol inlet pressures on DMFC performance, respectively. 

From the figures, it can be seen that the power density and 

efficiency of DMFC increases with the increase of methanol and 

oxygen inlet pressures. The increase in power density and effi-

 

 

Fig. 6. EPC̅̅ ̅̅ ̅̅  and P̅ variation with the operating pressure. 

 

 

Fig. 7. EPC̅̅ ̅̅ ̅̅  and P̅ variation with the operating pressure. 

 

 

Fig. 8. The effect of inlet pressure PO2
on the performance of DMFC. 

 

 

Fig. 9. The effect of inlet pressure Pmeoh on the performance of DMFC. 
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ciency in numerical value is not significant when the oxygen in-

let pressure increases from 1 atm to 5 atm, but the value of power 

density increases significantly when the methanol inlet pressure 

increases from 1 atm to 5 atm, and the efficiency also increases 

at the same time. The power density and efficiency curves grad-

ually decrease with the increase of methanol pressure because 

when the methanol concentration is too high, the rate of increase 

of reversible potential loss due to the concentration polarization 

is higher than the rate of decrease of reversible potential loss due 

to the increase of methanol pressure, so the power density and 

efficiency performance curves gradually smooth out. 

Figure 10 reflects the effect of membrane thickness on 

DMFC power density, efficiency, exergy efficiency and EPC. It 

can be seen from the figure that the power density, efficiency 

and exergy efficiency and EPC  all increase with decreasing 

membrane thickness, which is mainly due to the fact that de-

creasing proton membrane thickness will make the path length 

between the ions crossing from the anode to the cathode shorter, 

resulting in a lower ohmic potential of DMFC. However, if the 

proton membrane is too thin, it will lead to the penetration of 

methanol fuel from the anode to the cathode through the con-

centration difference, and cause problems such as short circuit 

and proton membrane rupture. Therefore, choosing the right 

proton membrane is crucial to enhance the performance of 

DMFC. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11 shows the relationship between EPC and effi-

ciency before and after optimization of DMFC parameters. It 

can be seen that the EPC increases with increasing inlet pressure 

when the set membrane thickness lmem and efficiency η are the 

same, increasing the inlet pressure can significantly improve the 

EPC of DMFC, indicating that the operating pressure has an ef-

fect on the power density and exergy destruction rate. When the 

operating pressure is the same, the efficiency of DMFC can be 

improved by improving the membrane thickness. By increasing 

the operating pressure and reducing the membrane thickness, the 

efficiency and EPC of DMFC will be significantly improved, 

which not only reduces the fuel consumption but also the heat 

loss in energy. However, if the thickness of the membrane is too 

low, methanol will come to the cathode side through the proton 

membrane more easily, which aggravates the methanol crosso-

ver phenomenon, thus accelerating the corrosion of DMFC and 

reducing the service life of DMFC.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In addition, when higher pressure is provided to the inlet, ex-

tra power is consumed to compress the inlet reactant. In practice, 

when DMFC is applied to vehicles, the EPC and efficiency of 

DMFC can be improved by increasing the inlet pressure and re-

ducing the membrane thickness. 

4. Conclusions 

In order to evaluate the thermodynamic performance of DMFC, 

the finite-time thermodynamic method is used to model DMFC 

considering three overpotentials and a new criterion, and exergy 

performance factor, the ratio of power to exergy loss rate are 

proposed to analyze the performance of DMFC. Relationships 

between EPC, power density, exergy efficiency and energy ef-

ficiency are obtained, and the results show that EPC can replace 

power density as a new performance metric. In the analysis of 

DMFC model, the effect of different parameters on power den-

sity, efficiency, exergy efficiency and EPC is analyzed. Analy-

sis of the data reveals that EPC has the same trend as energy ef-

ficiency but represents different specific meanings. 

EPCmax stands for the fact that DMFC has the highest external 

output while minimizing the dissipation in the environment. 

Therefore, the higher the EPCmax of DMFC, the better the per-

formance in terms of energy and ecology. In addition, increasing 

the inlet pressure and decreasing the film thickness can signifi-

cantly improve the energy efficiency. This new criterion can be 

used in the future engineering field to analyze fuel cell vehicles. 
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Fig. 10. Effect of membrane thickness on DMFC performance. 

 

Fig. 11. Exergetic performance coefficient versus energy efficiency. 
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1. Introduction 

The high temperature proton exchange membrane fuel cell (HT-

PEMFC) is regarded as an alternative device to make up for the 

shortcomings of PEMFC with the advantages of simpler water 

and thermal management, faster electrochemical reaction rates 

and higher utilization of waste heat [1]. However, it is accompa-

nied by significant irreversible thermal losses which lead to limit 

the broader application of HT-PEMFC [2–4]. 

Irreversible thermodynamic loss refers to the energy loss that 

occurs in the process of energy conversion or transfer that is not 

completely recoverable [5]. In thermodynamic systems, irre-

versible processes lead to an increase in the entropy of the sys-

tem, which results in thermodynamically irreversible losses. Re-

garding fuel cells, irreversible thermodynamic losses are inevi-

tably caused by heat transfer and chemical reactions in the sys-

tem, such as polarization losses caused by the electrochemical 

reaction process of the fuel cell, heat losses that cannot be con-

verted into electrical energy during the working process, and re-

sistance losses caused by the current passing through the resis-

tive elements in the cell. These irreversible thermodynamic 

losses have a significant impact on the performance and effi-

ciency of fuel cells, which can be minimized by optimizing the 
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Nomenclature 

𝐴 – activation area, cm2 

𝐶𝑝 – constant specific heat of the gas, J/(kg K) 

𝐷𝐿 – phosphate doping level 

𝐸 – potential, V 

𝐸𝑥 – exergy, W/m2 

𝑒𝑛
𝑐ℎ – chemical exergy, J/mol 

𝐹 – Faraday’s constant, C/mol  

𝑓𝑒𝑥𝑑
𝑓𝑐

– exergy dissipation rate 

𝛥𝐺 – Gibbs free energy change, J/mol 

𝛥𝐻̇ – enthalpy transition, W/m2 

𝑗 – current density, A/m2  

𝐾 – specific heat rate, J/(kg K) 

𝑛 – number of electrons transferred 

𝑃 – power density, W/m2 

𝑝 – pressure, atm 

𝑅 – gas constant, J/(mol K) 

𝑅𝐻 – relative humidity, % 

𝑟 – waste exergy ratio 

∆𝑆 – variation of standard molar entropy, J/mol 

𝑇 – operating temperature, K 

𝑇0 – ambient temperature, K 

𝑡 – thickness, cm 

𝑈 – voltage, V 

𝑥𝑛 – mole fraction 

 

Greek symbols 

𝛼 – transfer coefficient 

𝛿̇ – entropy production 

𝜂𝑒𝑥
𝑓𝑐

 – exergy efficiency 

𝜎 – proton conductivity, S/m 

 

Subscripts and superscripts 

𝑎𝑐𝑡 – activation 

𝑐ℎ – chemical 

𝑐𝑜𝑛 – concentration 

𝑑 – dissipation 

𝑓𝑐 – fuel cell 

𝑚𝑒𝑚 – membrane 

𝑜ℎ𝑚 – ohmic 

𝑝ℎ – physical 

𝑟𝑒𝑣 – reversible 

𝑟𝑤 – recyclable exergy waste 

𝑢𝑤 – unrecyclable exergy waste 

𝑤 – waste exergy 

 

Abbreviations and Acronyms 

HT-PEMFC– high temperature proton exchange membrane fuel cell 

ECOP – ecological coefficient of performance  

EDI – exergy destruction index 

ESI – exergy sustainability index 

MOPSO– multi-objective particle swarm optimization  

NSGA – nondominated sorting genetic algorithm 

ORC – organic Rankine cycle 

PBI – polybenzimidazole 

SA – simulated annealing 

 

 

design and improving the materials to achieve higher efficiency 

and performance of fuel cells [6]. A large number of researchers 

have made efforts to find more efficient materials and design 

methods in order to minimize these losses and improve the sus-

tainability of fuel cells [7–9]. 

Numerous studies have been conducted to analyze and opti-

mize the irreversible performance of fuel cells according to the 

first and second laws of thermodynamics. Atak et al. [10] inves-

tigated the thermodynamic performance of PEMFC using en-

ergy analysis and exergy analysis under a certain range of tem-

perature and pressure, and the results showed that increasing the 

temperature improves the power density and exergy efficiency, 

and increasing the current density leads to an improvement in 

the entropy production, however, the effect of the pressure 

change on the irreversibility of PEMFC is not as visible as that 

of the temperature. Chen et al. [11] established a degradation 

model for predicting the lifetime of PEMFC and analyzed the 

thermodynamic performance during the whole lifetime based on 

the model, as well as discussing the influence of various currents 

on power, degradation rate and thermal efficiency. Lu et al. [12] 

proposed a PEMFC and organic Rankine cycle (ORC) cogener-

ation system to generate electricity by recovering the waste heat 

from the fuel cell stack through the ORC subsystem, and ana-

lyzed the thermodynamic performance under steady state and 

dynamic conditions based on this system. The results show that 

the exergy efficiency of this PEMFC system can reach 51% and 

the energy efficiency can reach 75%, and the rate of electric ef-

ficiency decrease with increasing current is reduced. Tayfun 

Özgür end Yakaryilmaz [13] investigated the energy and exergy 

performance of a PEMFC with output power of 1 kW, and the 

experimental results showed that the energy efficiency of the 

PEMFC was 45.58%, and that increasing the temperature and 

pressure allowed an increase in the physical exergy of all the 

reactants and products. 

The performance can be significantly improved by numeri-

cally analyzing and optimizing the operating and design param-

eters of the PEMFC, which is a well-designed approach to save 

experimental expenses and time, and is more conducive to over-

all energy efficiency than time-consuming and laborious exper-

imental studies. A large number of researchers have studied fuel 

cells using advanced optimization algorithms and parametric 

analysis methods [14,15]. Chen et al. [16] analyzed the electro-

chemical and thermodynamic properties of PEMFC using para-

metric studies, and achieved efficiency and power improvement 

by optimizing the operating parameters of PEMFC using a novel 

evolutionary algorithm, and the final optimization results 

showed that the energy efficiency of PEMFC could reach 79% 

and the power could reach 8.04 kW. Xu et al. [17] investigated 

the effects of operating parameters on the irreversibility and ex-

ergy performance of HT-PEMFC under different operating con-

ditions and optimized the performance of HT-PEMFC using 

Manta Ray Foraging Optimization Algorithm. Lin et al. [18] an-

alyzed the exergy efficiency of HT-PEMFC using the meta-heu-

ristics method as well as evaluated and optimized the thermody-

namic irreversibility of HT-PEMFC using an improved collec-

tive animal behavior algorithm. The results show that the algo-

rithm has stronger convergence speed and optimization effi-

ciency compared to the genetic algorithm. It is evident from pre- 
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vious studies that optimization of parameters to match the best 

operating conditions of the HT-PEMFC can reduce irreversible 

losses and improve efficiency. 

The multi-objective particle swarm optimization (MOPSO) 

is to use the external population archive to store all the current 

non-dominated solutions, and regard the individuals in the ex-

ternal archive as the elite individuals, control the direction of 

population evolution through the elite individuals, and guide the 

population to approximate the real Pareto frontier, and take the 

particles in the external archive as the obtained approximation 

of the Pareto optimal solution at the end of the algorithm opera-

tion. The MOPSO algorithm has been widely used in the energy 

field to solve multi-objective optimization problems. Ehyaei et 

al. [19] used MOPSO algorithm to optimize the thermodynamic 

performance of parabolic through collector based on energy, ex-

ergy and economic analysis, and the optimal results were calcu-

lated with maximum exergy efficiency and minimum heat gen-

eration. Yuan et al. [20] designed an optimization algorithm 

based on the MOPSO algorithm and grey correlation analysis, 

as well as employed this algorithm to optimize a multi-objective 

energy scheduling problem for a hybrid solid oxide fuel cell and 

solar hybrid cogeneration system. 

Few literatures about ecological performance analysis in 

HT-PEMFC have been published by far and even fewer papers 

focus on the ecological coefficient of performance (ECOP) as 

an optimization function for the thermodynamic performance of 

HT-PEMFC. The ECOP is an important evaluation index for ir-

reversible thermodynamic and ecological performance, and op-

timizing ECOP can reduce power loss to benefit the environ-

ment. Therefore, in this paper, the ECOP, P and efficiency as 

the multi-objective optimization function for analyzing and op-

timizing the thermodynamic performance while maintaining the 

power of HT-PEMFC is still required. The population distribu-

tion of the optimization variables was analyzed using a 3D Pa-

reto frontier analysis, and the popular nondominated sorting ge-

netic algorithm II (NSGA-II) and simulated annealing algorithm 

(SA) have been chosen versus MOPSO algorithm for making 

the optimization comparative analysis. 

2. Model development 

The principles of redox reactions can be simplified and stated as 

follows [16]: 

 H2 → 2H+ + 2𝑒−, (1) 

 2H+ +
1

2
O2 + 2𝑒− → H2O + heat, (2) 

 H2 +
1

2
O2 → H2O + heat + electricity. (3) 

In addition, some assumptions about modeling are provided 

below:  

 The HT-PEMFC is operated in steady state [4]. 

 The fuel is a mixture of hydrogen and water [21]. 

 The movement of reactants exhibits laminar flow [10]. 

 The consideration of kinetic and potential energy of hydro-

gen is omitted [16]. 

 The corrosion reactions at the electrodes are neglected [22]. 

The values of basic designing and operating parameters used 

in this paper are obtained from Ref. [22], which can be shown 

in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

2.1. Electrochemical description 

The reversible voltage 𝐸𝑟𝑒𝑣  can be calculated by [1]: 

 𝐸𝑟𝑒𝑣 = 𝐸𝑟
0 +

Δ𝑆

𝑛𝐹
(𝑇 − 298.15) +

𝑅𝑇

𝑛𝑒𝐹
ln (

𝑝H2𝑝O2
0.5

𝑝H2O
), (4) 

where 𝐸𝑟
0 is the ideal standard potential, 𝑅 is the gas constant, 

∆𝑆 is the variation of standard molar entropy, 𝑇 is the tempera-

ture. The correlation between ∆𝑆 and 𝑇 reads: 

 
𝛥𝑆

𝑛𝑒
= −18.449 − 0.01283𝑇. (5) 

(1) Activation overpotential 

The 𝐸𝑎𝑐𝑡  taking the effect of leakage current into account 

can be calculated by: 

 𝐸𝑎𝑐𝑡 =
𝑅𝑇

𝛼𝑛𝐹
ln (

𝑗+𝑗𝑙𝑒𝑎𝑘

𝑗0
), (6) 

where 𝛼 is the transfer coefficient, 𝑗 is the current density, 

𝑗𝑙𝑒𝑎𝑘 is the leakage current density, 𝑗0 is the exchange cur-

rent density. The correlation between 𝑗𝑙𝑒𝑎𝑘  and 𝑇 is calcu-

lated by [2]: 

 ln 𝑗𝑙𝑒𝑎𝑘 = −2342.9 (
1

𝑇
) + 9.0877. (7) 

(2) Ohmic overpotential 

The 𝐸𝑜ℎ𝑚 is given by: 

 𝐸𝑜ℎ𝑚 = 𝑗(𝑅𝑖𝑜𝑛 + 𝑅𝑒𝑙𝑒) = 𝑗𝑅𝑖𝑜𝑛 = 𝑗
𝑡𝑚𝑒𝑚

𝜎𝑚𝑒𝑚
, (8) 

where 𝑡𝑚𝑒𝑚 is the thickness of the membrane, 𝜎𝑚𝑒𝑚 is the 

proton conductivity. 

(3) Concentration overpotential 

The 𝐸𝑐𝑜𝑛 is expressed as [3]: 

 𝐸𝑐𝑜𝑛 = (1 +
1

𝛼
)

𝑅𝑇

𝑛𝐹
ln (

𝑗𝐿

𝑗𝐿−𝑗
), (9) 

where 𝑗𝐿 is the limiting current density. 

The total internal resistance due to these three overpotentials 

can be calculated by: 

 𝑅𝑖𝑛𝑡 =
𝐸𝑎𝑐𝑡+𝐸𝑜ℎ𝑚+𝐸𝑐𝑜𝑛

𝐴𝑚𝑒𝑚𝑗
, (10) 

where 𝐴𝑚𝑒𝑚 is the activated area. 

Table 1. Operating and design parameters [22].  

Parameter Value Unit Parameter Value Unit 

T 413~473 K R 8.314 J/(mol∙K) 

p 1~3 atm j 0~20000 A/m2 

RH 0~7.6 % T0 298.15 K 

DL 2~10 - 𝜶  0.25 - 

tmem 0.005 cm n 2 - 

F 96485 C/mol Amem 600 cm2 
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Combining Eqs. (6)–(10), the voltage 𝑈 can be calculated as: 

 𝑈 = 𝐸𝑟𝑒𝑣 − (1 +
1

𝛼
)

𝑅𝑇

𝑛𝐹
ln (

𝑗𝐿

𝑗𝐿−𝑗
) −

𝑅𝑇

𝛼𝑛𝐹
ln (

𝑗+𝑗𝑙𝑒𝑎𝑘

𝑗0
) − 𝑗

𝑡𝑚𝑒𝑚

𝜎𝑚𝑒𝑚
.  

(11) 

The power density can be calculated as: 

 𝑃 = 𝑗𝑈 = 𝑗(𝐸𝑟𝑒𝑣 − 𝐸𝑐𝑜𝑛 − 𝐸𝑎𝑐𝑡 − 𝐸𝑜ℎ𝑚). (12) 

2.2. Thermodynamic description 

When fuel cell operates, oxygen and hydrogen interact in a re-

dox reaction [11], and the total energy released by the electro-

chemical reaction is equivalent to enthalpy variation, i.e. −∆𝐻̇, 

which can be calculated by: 

 −∆𝐻̇ = −
𝑗𝐴∆ℎ

𝑛𝐹
. (13) 

The −∆𝐻̇ can be described by: 

 −∆𝐻̇ = −∆𝐺 − 𝑇∆𝑆. (14) 

Total energy can be categorized into electrical energy and 

thermal energy, which is due to the enthalpy variation being 

lower than the Gibbs free energy, and a portion that cannot be 

converted to electricity is released to thermal energy [4]. This 

fraction is denoted by −∆𝐺 + ∆𝐻̇, which is equal to 𝑇∆𝑆, and 

∆𝑆 is called the entropy [2].  

Based on the laws of thermodynamics, thermal efficiency 

can be calculated by [2]: 

 𝜂 =
𝑃

−∆𝐻̇
. (15) 

Based on the representation of ECOP in Ref. [5], it can be 

calculated by: 

 𝐸𝐶𝑂𝑃 =
𝑃𝑇

𝑇0(−∆𝐻̇−𝑃)
. (16) 

ECOP is a crucial irreversible thermodynamic indicator due 

to the advantage of compromising the weights of power and ef-

ficiency. 

Moreover, the exergy analysis of irreversible thermodynam-

ics is used to study and optimize the recoverable energy and un-

recoverable losses during fuel cell operation [6]. The exergy bal-

ance can be represented as: 

 𝐸𝑥𝑖𝑛
𝑓𝑐

= 𝑃 + 𝐸𝑥𝑤,𝑜𝑢𝑡
𝑓𝑐

+ 𝐸𝑥𝑑
𝑓𝑐

, (17) 

where 𝐸𝑥𝑖𝑛
𝑓𝑐

 is the total input exergy, 𝐸𝑥𝑤,𝑜𝑢𝑡
𝑓𝑐

 is the waste ex-

ergy, and 𝐸𝑥𝑑
𝑓𝑐

 is the exergy dissipation. 

Therefore, the exergy dissipation can be obtained as: 

 𝐸𝑥𝑑
𝑓𝑐

= 𝐸𝑥𝑖𝑛
𝑓𝑐

− 𝑃 − 𝐸𝑥𝑤,𝑜𝑢𝑡
𝑓𝑐

. (18) 

Recoverable exergy wastes are losses that can be recycled, 

e.g. remaining hydrogen can be recycled and used to generate 

energy [6], the unrecoverable exergy waste is a loss that cannot 

be reused, such as waste heat: 

 𝐸𝑥𝑤,𝑜𝑢𝑡
𝑓𝑐

= 𝐸𝑥𝑟𝑤
𝑓𝑐

+ 𝐸𝑥𝑢𝑤
𝑓𝑐

, (19) 

where 𝐸𝑥𝑟𝑤
𝑓𝑐

 is the recoverable exergy, and 𝐸𝑥𝑢𝑤
𝑓𝑐

 is the unrecov-

erable exergy. 

The recoverable exergy is mainly the chemical exergy of the 

remaining hydrogen and oxygen and can be expressed as: 

𝐸𝑥𝑟𝑤
𝑓𝑐

= 𝑛H2,𝑜𝑢𝑡 ∙ 𝑒𝑥H2,𝑜𝑢𝑡
𝑐ℎ + 𝑛O2,𝑜𝑢𝑡 ∙ 𝑒𝑥O2,𝑜𝑢𝑡

𝑐ℎ , (20) 

where 𝑛H2,𝑜𝑢𝑡 is the mole fraction of hydrogen, 𝑒𝑥H2,𝑜𝑢𝑡
𝑐ℎ  is the 

standard chemical exergy of hydrogen, 𝑛O2,𝑜𝑢𝑡 is the mole frac-

tion of oxygen, and 𝑒𝑥O2,𝑜𝑢𝑡
𝑐ℎ  is the standard chemical exergy of 

oxygen. 

The unrecoverable exergy is mainly the physical exergy of 

the discharged hydrogen, oxygen and water as well as the waste 

heat, and can be expressed as [1]: 

 𝐸𝑥𝑢𝑤
𝑓𝑐

= (𝑛H2,𝑜𝑢𝑡 ∙ 𝑒𝑥H2,𝑜𝑢𝑡
𝑝ℎ

+ 𝑛O2,𝑜𝑢𝑡 ∙ 𝑒𝑥O2,𝑜𝑢𝑡
𝑝ℎ

+  

 +𝑛H2O,𝑜𝑢𝑡 ∙ 𝑒𝑥H2O,𝑜𝑢𝑡
𝑝ℎ

) + 𝑄𝑤,𝑜𝑢𝑡
𝑓𝑐

(1 −
𝑇0

𝑇
), (21) 

where 𝑛H2O,𝑜𝑢𝑡  is the mole fraction of water, 𝑒𝑥H2O,𝑜𝑢𝑡
𝑝ℎ

 is the 

standard chemical exergy of water, and 𝑄𝑤,𝑜𝑢𝑡
𝑓𝑐

 is the waste heat 

of the fuel cell. 

The exergy destruction index EDI is used to numerically de-

scribe the environmental impact of unrecoverable exergy losses 

in this paper, and larger values of EDI indicating that the irre-

versible thermodynamic process is more damaging to environ-

ment; it can be calculated by [7]: 

 𝐸𝐷𝐼 =
𝐸𝑥𝑢𝑤

𝑓𝑐
 + 𝐸𝑥𝑑

𝑓𝑐

𝑃
. (22) 

The exergy sustainability index ESI can be calculated by [2]:  

 𝐸𝑆𝐼 =
𝑃

𝐸𝐷𝐼∙(𝑃+𝐸𝑥𝑤,𝑜𝑢𝑡
𝐻2 +𝐸𝑥𝑤,𝑜𝑢𝑡

𝑂2 +𝐸𝑥𝑑
𝑓𝑐

)
. (23) 

2.3. MOPSO optimization 

2.3.1. Description of MOPSO algorithm 

The MOPSO is a bionic algorithm derived from imitating the 

hunting behaviour of birds, which is based on the principle of 

randomly distributing a certain number of particles in the feasi-

ble domain, and each particle flies at a certain speed and direc-

tion and adjusts the direction and speed of the next moment by 

combining with its own current optimal position and the optimal 

position of the group, and ultimately achieves the purpose of 

searching for the optimal solution domain [8]. 

Suppose the search space is 𝐷  dimensional and the entire 

particle population is 𝑁𝑆, the velocity and position of the parti-

cle  𝑖  at the 𝑡  iteration are 𝑣𝑖
𝑡 = (𝑣𝑖,1

𝑡 , 𝑣𝑖,2
𝑡 , . . . , 𝑣𝑖,𝐷

𝑡 ) , and 𝑥𝑖
𝑡 =

(𝑥𝑖,1
𝑡 , 𝑥𝑖,2

𝑡 , . . . , 𝑥𝑖,𝐷
𝑡 ), respectively; the optimal position searched 

so far by the particle  𝑖  at the 𝑡 iteration is 𝑝𝑖
𝑡 =

(𝑝𝑖,1
𝑡 , 𝑝𝑖,2

𝑡 , . . . , 𝑝𝑖,𝐷
𝑡 ), i.e. the personal best position; the optimal 

position searched so far by the population at the 𝑡 iteration is 

𝑔𝑡 = 𝑔1
𝑡 , 𝑔2

𝑡 , . . . , 𝑔𝐷
𝑡 , , i.e. the global best position. At the 𝑡 + 1 

iteration, the particles adjust their forthcoming velocity and lo-

cation in the search space, incorporating insights gained from 

their personal history as well as the sharing experiences of the 
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entire population [8,9]. The velocity and position updates of the 

particle swarm optimization algorithm with inertia weights can 

be represented by Eq. (24) and (25), respectively: 

 𝑣𝑖,𝑗
𝑡+1 = 𝜔∗𝑣𝑖,𝑗

𝑡 + 𝑐1𝑟1(𝑝𝑖,𝑗
𝑡 − 𝑥𝑖,𝑗

𝑡 ) + 𝑐2𝑟2(𝑔 𝑗
𝑡 − 𝑥𝑖,𝑗

𝑡 ), (24) 

 𝑥𝑖,𝑗
𝑡+1 = 𝑥𝑖,𝑗

𝑡 + 𝑣𝑖,𝑗
𝑡+1, (25) 

where  𝑡 is the number of iterations, 𝑐1, 𝑐2  are constants, 𝑟1, 𝑟2 

are random numbers, 𝜔∗ is the inertia weight, 𝑝𝑖,𝑗
𝑡  is the individ-

ual position, 𝑔𝑗
𝑡  is the global optimum position, and 𝑗 =

1,2, . . . , 𝐷 is the dimension. 

The position of the particle is updated schematically as 

shown in Fig. 1. 

 

 

 

 

 

 

 

 

 

 

 

 

2.3.2. Determination of optimization variables and 

objective function 

Considering that the thermodynamic performance of HT-

PEMFC is affected by multiple parameters and there are various 

indexes to evaluate the irreversible loss in the working process 

from different perspectives, and that each performance evalua-

tion index has its advantages and imperfections. Based on the 

established model and previous studies, it is seen that the oper- 

ating and design parameters such as the temperature 𝑇, pressure 

𝑝, relative humidity 𝑅𝐻, and phosphate doping level 𝐷𝐿 have 

a large impact on the performance of the HT-PEMFC, and dif-

ferent configurations of the operating parameters determine the 

output performance of the HT-PEMFC. Therefore, in this paper, 

not only the effects of the above parameters on the thermody-

namic performance of HT-PEMFC are analyzed, but also these 

parameters are used as optimization variables to improve the 

thermodynamic performance of HT-PEMFC. Moreover, the 

power 𝑃 and efficiency 𝜂 are the most widely used basic metrics 

for evaluating fuel cells, while 𝐸𝐶𝑂𝑃 is an important indicator 

in thermodynamics to quantify the irreversible thermodynamic 

loss of fuel cells; therefore, the 𝑃, efficiency 𝜂, and 𝐸𝐶𝑂𝑃 are 

selected as the objective functions in order to improve the output 

performance of the HT-PEMFC in a more comprehensive way 

and to reduce the irreversible thermodynamic loss in this paper. 

The range of the determined optimization variables and the ob-

jective function are shown in Table 2.  

 

 

 

 

 

 

 

 

 

 

 

The flowchart of the MOPSO algorithm is shown in Fig. 2. 

The optimization procedure is as follows: 

1) Initialize the random parameters, and create the external 

archive. 

2) Calculate the objective function of the particle swarm. 

Evaluate the particles and conduct Pareto sorting.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Schematic diagram for updating the position of a particle. 

Table 2. The optimization variables and the objective function. 

Optimization variables and ranges Objective function 

𝑻  413~473 K 𝑃 

𝒑  1~3 atm 𝜂 

𝑹𝑯  0~7.6 % 𝐸𝐶𝑂𝑃 

𝑫𝑳  2~10 - 

𝒋  0~20000 A/m2 - 

 

 

Fig. 2. The flowchart of the MOPSO algorithm. 
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3) Store the non-dominated solutions into the external archive 

and update it. 

4) Select the individual optimal solution and the global opti-

mal solution. 

5) Update the velocity and position of the particles. 

6) Return to 2) if the maximum iteration is not reached, and 

exit the loop if the maximum iteration is reached. 

3. Results and discussion 

3.1. Validation of the HT-PEMFC model 

The output voltage of HT-PEMFC versus 𝑗 found based on the 

above equations for the 𝐸𝑟𝑒𝑣 , 𝐸𝑐𝑜𝑛 , 𝐸𝑜ℎ𝑚 , 𝐸𝑎𝑐𝑡  is illustrated in 

Fig. 3a To verify the U-I curve, Fig. 3b shows the comparison 

between model predictions and experimental data of Scott et al. 

[10]. It can be seen that the theoretical predictions are basically 

consistent with the experimental data. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.2. Effect of operating and design parameters 

It can be seen from Fig. 4a and Fig. 4b that increasing the tem-

perature of HT-PEMFC has an obvious effect on P, ECOP and 

EDI, mainly due to the fact that the increase in temperature en-

hances the catalytic activity of the electrodes, which accelerates 

the redox reaction rate of hydroxide. The maximum power den-

sity can reach 5300 W/m2  when the temperature is 473 K, 

which is an increase of 58.3% compared to when the tempera-

ture is 413 K. As the electrochemical reaction proceeds, P, ESI 

and ECOP are significantly enhanced by increasing temperature, 

but EDI is decreased, this is due to the fact that the elevation of 

T greatly enhances the electrochemical reaction rate, which re-

duces the fuel emissions and facilitates the reduction of the loss 

of exergy and the impact on the environment. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From Figs. 4c and 4d, the maximum power density can reach 

4648 W/m2 when the pressure is 3 atm, which is an increase of 

8.9% compared to when the operating pressure is 1 atm. It is 

a)   

b)   

Fig. 3. The model validation: a) curves of potential, activation overpo-

tential, concentration overpotential, ohmic overpotential and voltage 

versus current density, b) comparison of curves between model results  

and experimental data. 

a)  

     b)  

c)  

     d)  

Fig. 4. Curves of P and ECOP versus current density under:  

a) different operating temperature, c) different operating pressure. 

Curves of ESI and EDI versus current density under:  

b) different temperature, d) different pressure. 
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clear that P, ECOP, ESI and EDI are less affected by pressure in 

the range of low current densities, which is due to the low rate 

of electrochemical reaction. The rate of electrochemical reaction 

is rising very quickly in the range of high current densities, the 

irreversible losses are reduced by increasing pressure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The proton conductivity is increased by improving relative 

humidity, as shown in Fig. 5a and Fig. 5b, where P and ECOP 

are enhanced by increasing relative humidity.  

When the relative humidity is 7.6%, the maximum power 

density of HT-PEMFC can reach 4565 W/m2, which is an in-

crease of 17.7% compared to when the relative humidity is zero. 

As illustrated in Fig. 5c and Fig. 5d, P, ECOP and ESI first grow 

and then fall with the rise of DL, reaching a maximum at DL of 

8. A proper increase in DL can help to improve proton conduc-

tivity while reducing irreversible losses. However, excessive DL 

can damage the structure of PBI, such as affecting the attach-

ment rate of phosphoric acid on the catalytic layer, and resulting 

in a decrease in proton conductivity [7]. 

3.3. Optimization results 

The optimized Pareto frontier curve of the MOPSO algorithm is 

shown in Fig. 6. The green fork represents the dominated solu-

tions of the MOPSO algorithm, the blue dots are the individual 

optimal solutions, and the red hexagrams are the non-dominated 

group optimal solutions, i.e. the Pareto frontier. Because the 

MOPSO algorithm procedure used in this paper is a minimum 

value seeking method, the function set in this procedure is the 

opposite of the objective function, i.e. 𝑃𝑀𝑂𝑃𝑆𝑂(𝑥𝑘) = −𝑃(𝑥𝑘),

𝐸𝐶𝑂𝑃𝑀𝑂𝑃𝑆𝑂(𝑥𝑘) = −𝐸𝐶𝑂𝑃(𝑥𝑘),   𝜂𝑀𝑂𝑃𝑆𝑂(𝑥𝑘) = −𝜂(𝑥𝑘), thus 

seeking the maximum value of the original function, therefore 

the axis in Fig. 6 is minus. Since the three optimization objective 

functions of P, efficiency and ECOP are taken into account, the 

final optimization result should not only be picked in the Pareto 

frontier, but also satisfy that each objective function should not 

be worse. Therefore, after carrying out several optimizations, we 

chose the Pareto point with the coordinates of –3584, 1.685, 

−0.518, and its corresponding values of the optimal parameter 

variables are shown in Table 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The population distribution of the optimization variables 

corresponding to the Pareto optimal solutions is shown in Fig. 7. 

The distribution of current densities is shown in Fig. 7a, and it 

can be seen that the current densities corresponding to the opti-

mal solutions obtained from the MOPSO optimization are uni-

formly distributed between 0 and 14000 A/m2, which is due to 

 

Fig. 6. The optimized Pareto frontier curve of the MOPSO algorithm. 

a)  

b)  

c)  

d)  

Fig. 5. Curves of P and ECOP versus current density under: a) dif-

ferent relative humidity, c) different DL. Curves of ESI and EDI 

versus current density under: b) different relative humidity,  

d) different DL. 
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the optimal solutions of the multi-objective optimization select-

ing different values of weights for each objective. The distribu-

tion of operating temperatures is shown in Fig. 7b, and it can be 

seen that most of the temperatures corresponding to the optimal 

solutions are between 472.8 K and 472.9 K, which indicates that 

higher temperatures are useful for the power, efficiency and 

ECOP. The distribution of pressures is shown in Fig. 7c, and it 

can be seen that most of the pressures corresponding to the op-

timal solutions are in the range of 2.82 atm to 2.88 atm, which 

indicates that higher pressures are beneficial for improving per-

formance. The distribution of DL is shown in Fig. 7d, and most 

of the pressures corresponding to the optimal solutions are be-

tween 7 and 8, which shows that the DL should not be either 

excessive or insufficiently low for improving irreversible ther-

modynamic performance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The optimized Pareto frontier curve of NSGA-II algorithm 

is shown in Fig. 8a, the red pentagrams are the Pareto frontier of 

multi-objective optimization, after performing several optimiza-

tions, we chose the Pareto point with the coordinates 3088, 1.87, 

0.5413, and the values of the optimal parameter variables corre-

sponding to it are shown in Table 3. 

The optimization results of the SA algorithm are shown in 

Figs. 8b, 8c and 8d. In this study, the SA algorithm is a single 

objective optimization algorithm. Therefore, the optimization 

objective functions are power density, ECOP and efficiency, 

and the optimized solutions tend to be stable after several opti-

mizations. The three optimal solutions with power density, 

ECOP and efficiency as the optimization objective functions are 

6281.67 W/m2, 1.617 and 51.1%, respectively, and the corre-

sponding values of the optimal parameter variables are shown in 

Table 3. 

In order to compare the convergence speed and optimization 

accuracy of two multi-objective algorithms more precisely, the 

Ackley test function is introduced in this paper for comparative 

analysis, which can detect the global convergence speed of an 

algorithm. The directional gradients of the Ackley function are 

various when the dimension increases. As shown in Fig. 9 for 

Table 3. Optimal parameter selection for HT-PEMFC.  

 Preoptimized MOPSO NSGA-II SA1 SA2 SA3 

Objectives - P, ECOP, η P, ECOP, η P ECOP η 

j (A/m2) 0~20000 7825 6629 13974 5994 6069 

T (K) 443 472.88 471.98 469.08 462.00 464.20 

p (atm) 2 2.98 2.92 3.00 2.66 3.00 

RH (%) 3.8 7.15 7.20 7.48 7.52 7.11 

DL 6 8.23 7.90 8.37 9.00 7.60 

 

           a)         b)  

           c)             d)  

Fig. 7. Population distributions of current density (a), operating temperature (b), pressure (c) and doping level (d). 
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the graph of Ackley, it can be seen that its minimal value is 0. 

The optimization algorithm can easily fall into the trap of local 

minimal value. In order to fairly evaluate the advantages and 

disadvantages of the algorithms, the number of iterations set are 

all 500, and the population size are all 100. In the NSGA-II al-

gorithm involving crossover probability and mutation probabil-

ity, are set to 0.7 and 0.01, respectively. whereas in the MOPSO 

algorithm involving the initial inertia factor weights are set to 

0.9, and the inertia factor at the time of iterating to the maximum 

number of evolutionary generations is 0.4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The variation of the global optimal solution with the number 

of iterations for the MOPSO algorithm and the NSGA-II algo-

rithm for optimization of the Ackley test function is shown in 

Fig. 10. It can be seen that the MOPSO algorithm finds the 

global minima within less than 100 iterations, while the NSGA-  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

II algorithm finds the minima only after a number of iterations 

greater than 400.  

Figure 11 shows the variation of the individual (historical) 

optimal solutions of the MOPSO algorithm and the NSGA-II al-

gorithm with the number of iterations in finding the optimal so-

a)     b)  

c)     d)  

Fig. 8. The optimized Pareto frontier curve of NSGA-II algorithm (a) and the optimization results of the SA algorithm (b-d). 

 

Fig. 9. A graph of the Ackley test function. 
 

 

Fig. 10. Comparison of global optimal solutions. 
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lution to the Ackley test function when the spatial dimensions of 

the Ackley test function are taken from the first to the tenth di-

mension. It can be seen that the MOPSO algorithm is the first to 

find the extrema in most cases. However, the NSGA-II algo- 

rithm always has problems finding local minima, such as in the 

1st, 3rd and 10th dimension cases. Moreover, the NSGA-II al-

gorithm shows oscillatory changes in the historical optimal so-

lution when the number of iterations is small. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

From the above results, it can be seen that the MOPSO algo-

rithm is faster in finding the optimum compared to the NSGA-

II algorithm and is more accurate and less likely to fall into local 

extremes. 

By using the optimal parameters of the MOPSO algorithm 

as inputs to the HT-PEMFC model, the obtained maximum 

power density, maximum efficiency, maximum ECOP and max-

imum ESI are compared with the preoptimized results and the 

results optimized by other algorithms as shown in Figs. 12 and 

13. The MOPSO algorithm yields the best performance, with the 

maximum power density, maximum efficiency, and maximum 

ECOP being 6340 W/m2, 64.5% and 1.723, respectively, which  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

are 43.28%, 3.7% and 17.8% higher than the preoptimized HT-

PEMFC, but the maximum ESI is slightly reduced. 

 

4. Conclusions 

An irreversible thermodynamic model of HT-PEMFC is estab-

lished to study the effects of different operating parameters and 

design parameters on the thermodynamic performance, four pa-

rameters including T, DL, p, and RH are considered in this work, 

while P, ECOP and efficiency are used as the optimization ob-

jective functions. The primary findings are summarized as fol-

lows: 

 

Fig. 11. The variation of the individual (historical) optimal solutions of the MOPSO algorithm and the NSGA-II algorithm. 
 

 

Fig. 12. The optimal result comparison for maximum power  

density and maximum efficiency. 

 

Fig. 13. The optimal result comparison for maximum ECOP  

and maximum ESI. 
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1) The validation of the irreversible thermodynamic model 

for HT-PEMFC was conducted through comparison with 

experimental data. 

2) Temperature and pressure have a significant effect on the 

increase of P, ECOP, ESI and decrease of EDI, while DL 

and RH have a lesser effect. 

3) The population distribution of the optimization variables 

of the optimal solutions is analyzed based on the 3D Pareto 

frontier of the MOPSO algorithm, which results in a uni-

form distribution of the current density in the operating 

range due to the different weight accounting for each opti-

mization objectives. Temperature and pressure are main-

tained in the high value region of the operating range, 

while DL is stably distributed between 7 and 8. 

4) Parameter optimization of HT-PEMFC using MOPSO al-

gorithm and comparison with the optimization results of 

NSGA-II algorithm and SA algorithm show that MOPSO 

algorithm performs well for multi-objective optimization 

as a function of P, ECOP and efficiency, with the maxi-

mum power density, maximum efficiency, and maximum 

ECOP being 6340 W/m2, 64.5% and 1.723, respectively, 

which are 43.28%, 3.7% and 17.8% higher than those of 

the preoptimized HT-PEMFC. 

The conclusions obtained in this paper regarding the future 

development of HT-PEMFC design and integration into existing 

systems are: firstly, by considering the effects of temperature 

and pressure on performance, new membrane electrode materi-

als can be investigated and developed to adapt to operating en-

vironments at higher temperatures and pressures, which can help 

to improve the stability and durability of HT-PEMFC. Secondly, 

when integrating into an existing system, the effects of operating 

and design parameters need to be considered, and the system ar-

chitecture and operating conditions need to be adjusted accord-

ingly, and the MOPSO algorithm can provide guidance for the 

design of HT-PEMFC systems to achieve optimal performance. 

In addition, in terms of optimization algorithm selection, future 

HT-PEMFC developments could consider using the MOPSO al-

gorithm as the preferred parameter optimization algorithm to 

achieve multi-objective optimization of power, ecological per-

formance and efficiency. By comparing the optimization results 

of different parameter combinations, the optimal system config-

uration can be determined to guide future HT-PEMFC develop-

ment. 
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1. Introduction 

This paper explains the control process of a PEM cell concern-

ing the utilisation of waste heat within buildings. The supply of 

fuel and oxidant to the fuel cell is facilitated through a valve 

system actuated by stepper motors. Given the proportional de-

mand for reaction substrates, it becomes feasible to employ 

a single regulator with suitably chosen stepper motor-driven 

valves to energize the PEM cell. The second regulator finds ap-

plication in the PEM cell's cooling system – this configuration 

could also function as a means to distribute heat to the building's 

rooms. Based on existing literature, this paper introduces a new 

continuous control system employing a singular SIMO (Single 

Input, Multiple Output) type regulator for the PEM cell. Further-

more, the article presents an innovative fuel cell temperature 

control system, that exploits the potential for waste heat recov-

ery and subsequent utilization for heating purposes. A novel 

mathematical model, encompassing the fuel cell's temperature 

control process to meet heat demands within buildings is pro-

posed. 
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Abstract 

In the paper, a model of a heated building using a PEM (proton exchange membrane) fuel cell is presented. This work 
introduces a novel and more comprehensive depiction of the thermal processes occurring within a fuel cell under transient 
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featuring an indirect heat distribution mechanism.  
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Nomenclature 

A –  heat transfer surface, channel cross-section normal to flow, m2 

c – specific heat, J/(kg K) 

ci – molar specific heat (i = H2, O2, H2O), J/(mol K) 

e(t) – control deviation 

G – Laplace transform transfer function 

h – specific enthalpy, J/kg 

H – enthalpy of formation, J/mol 

I – electric current, A 

k – overall heat transfer coefficient, W/(m2K) 

m – mass, kg 

𝑛̇ – molar flow, mol/s 

P – electrical power, W 

𝑄̇ – heat flux, W 

s – Laplace operator 

S – channel cross-section normal to flow, m2 

t – time, s 

T – temperature, K 

U – voltage, V 

w – flow velocity, m/s 

x – flow path between inlet and outlet of the heat exchanger, m 

 

Greek symbols 

ρ  – density, kg/m3 

 

Subscripts and Superscripts 

b – room under study 

bw – solid wall (without glazing) between the room under study 

and the external environment 

d – differentiating (in reference to gain) 

gd – ground 

h – heater 

i – integrating (in reference to gain) 

in – inlet 

k1 – corridor 

k2  – corridor 

l – saturated liquid water 

net – total heat balance 

o – external environment 

out – outlet 

p – proportional (in reference to gain) 

pn – adjacent rooms (n = 1,…,5) 

s – ceiling, saturated water vapour 

set – controller setting 

str – acquired stream 

uj – latent and sensible heat 

w – glazed wall between the room under study and the external 

environment 

win – inlet water 

chem – chemical reaction 

wout – outlet water  

 

Abbreviations and Acronyms 

PEM – proton exchange membrane 

PID – proportional-integral-derivative 

Over the past century, a variety of power systems dedicated 

to energy conversion has emerged – extending beyond the con-

fines of the Rankine vapour cycle. Among these systems, fuel 

cells stand out as prominent examples. Fuel cells are predomi-

nantly associated with energy conversion mechanisms rooted in 

hydrogen oxidation without combustion. The fuel cell landscape 

encompasses a variety of types, including Solid Oxide Fuel 

Cells (SOFC), Proton Exchange Membrane Fuel Cells (PEM-

FCs), Alkaline Fuel Cells (AFC), and Phosphoric Acid Fuel 

Cells (PAFC), among others. Fuel cells readily lend themselves 

to mathematical modelling concerning the thermodynamic pro-

cesses involved. The control process of PEM fuel cells was de-

scribed by Nehrir and Wang [1]. Their study offers a relatively 

comprehensive model of the PEM fuel cell, and while the heat 

exchange with the surroundings is somewhat simplified, the 

mathematical description precludes the estimation of tempera-

ture elevation in the fuel cell's coolant. 

The current body of literature not only encompasses transi-

ent models for PEM cells [1] but also includes more intricate 

elucidations of the processes occurring in these cells. Notably, 

certain papers offer more detailed insights into phenomena like 

two-phase flow [2]. However, these models are predominantly 

tailored to PEM cells operating under steady-state conditions. 

Consequently, they are inadequate for simulating the behaviour 

of PEM cells during start-up, shutdown, or when subjected to 

varying heat loads over time – scenarios that include heat recov-

ery, a factor that directly affects the energy efficiency of fuel 

cells. 

In the Abdin et al. study [3], a transient model was meticu-

lously developed to delineate the chemical and electrochemical 

processes in a fuel cell. Although somewhat lacking precision in 

explaining thermal processes, it proved useful in understanding 

PEM fuel cell dynamics from an electro-technical perspective. 

Taner [4] characterised electrical parameters related to substrate 

pressure in the fuel cell, employing a steady-state PEM cell 

model to determine cell exergy He evaluated a PEM fuel cell's 

performance based on operating pressure and voltage parame-

ters, finding energy and exergy efficiencies of 47.6% and 

50.4%, respectively, and highlighting wastewater management's 

importance in fuel cell lifespan. In another study [5], Taner com-

pared traditional PEM fuel cell systems with nano-designed ver-

sions, demonstrating significantly higher energy (72.4%) and 

exergy (85.22%) efficiencies in the latter, and suggesting that 

pressure and flow rate optimizations can greatly enhance ther-

modynamic efficiency. Naqvi et al. [6] conducted a techno-eco-

nomic and enviro-economic analysis of hydrogen production us-

ing an optimised alkaline electrolyser. The authors developed 

a prototype that efficiently produced oxyhydrogen gas, evidenc-

ing economic feasibility with a favourable payback period. 

Lastly, paper [7] introduces an innovative PEM electrolyser pro-

totype for hydrogen generation, featuring Cr-C coated SS304 bi-

polar plates and a specialized chemical mixture, achieving a pro-

duction rate of 6 m³/h and an economically advantageous pay-

back period, showcasing efficiency and cost-effectiveness. 

In the context of the study of Sudarshan and Dhananjay [8], 

PEM cell dynamics is characterised by assuming equal partial 
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pressures for hydrogen and oxygen. Notably, the model's imple-

mentation in SIMULINK software falls short of accommodating 

temperature variations in the PEM fuel cell's cooling medium. 

A detailed description of physical models situating the PEM cell 

in a three-dimensional space under steady-state conditions is 

presented in the study of Mingruo et al. [9]. Herein, the authors 

presented the PEM cell voltage/current characteristic observed 

under steady conditions. 

Moving forward, Ziogou et al. [10] not only modelled the 

PEM cell but also confirmed the model predictions through ex-

perimental validation, focusing on the cell's electrodynamic at-

tributes. The work [11] details PEM cell test outcomes while in-

corporating PI and Fuzzy Logic regulators for control. Describ-

ing an alternative configuration, Waseem and Ghait [12] out-

lined a PEM cell model wherein substrate production was driven 

by PV cells. A distinct model, as presented in [13], explicates 

the dynamics of proton diffusive transport through the PEM 

cell's membrane. 

Given that the primary application of PEM fuel cells re-

volves around electricity generation, the prevailing literature 

predominantly emphasizes models aimed at calculating electric-

ity and voltage parameters. Notably, software tools like 

Matlab/Simulink, particularly within the Simscape™ Electri-

cal™ toolbox [14], have integrated models of diverse fuel cell 

types (e.g., PEM, SOFC, AFC), primarily focused on configur-

ing electricity and voltage attributes. Regrettably, the models in-

tegrated within this software fail to account for the thermal char-

acteristics of the cell arising from heat dissipation into the sur-

roundings and the cell's interaction with heating systems.  

Within the realm of literature, the examination of building 

dynamics finds expression through the utilisation of the thermo-

electric analogy, a concept comprehensively expounded upon in 

studies [15,16]. In [17], fundamental principles related to heat 

management and the quantification of energy balances within 

buildings are elucidated, alongside the presentation of guide-

lines for constructing such energy balances. Mathematically de-

tailing heat flow between heated and unheated spaces is a rela-

tively straightforward task. Nevertheless, due to the reliance on 

factors such as wall materials, inter-room thermal processes, and 

ambient thermal conditions, the actual process of formulating 

equations governing heat transfer becomes protracted and intri-

cate. 

Windows significantly influence building energy use and 

thermal comfort. While many models exist for assessing indoor 

thermal comfort, the effect of solar radiation is often neglected. 

Song et al. [18] applied the SMRT (simplified mean radiant tem-

perature)-air temperature deviation method to evaluate solar ra-

diation's impact on indoor comfort during the initial design 

phase. Focusing on office buildings in various orientations and 

climates, the findings indicate a more pronounced impact of so-

lar radiation in colder climates, especially through east and west-

facing windows. Adjusting the Solar Heat Gain Coefficient 

(SHGC) of windows could reduce discomfort by over 86% 

across all climates, aiding designers in enhancing indoor thermal 

comfort. Wonorahardjo et al. [19] explored how various façade 

systems impact thermal comfort and Urban Heat Island (UHI) 

effects. Their study involved outdoor field measurements on 

materials like brick, concrete, low-E (low-emissivity) glass, and 

Aluminium Composite Panel (ACP), focusing on solar exposure 

effects on façade surface temperatures. Additional lab experi-

ments under simulated solar exposure assessed the thermal be-

haviour of these materials. Findings showed that brick walls 

stored and emitted heat, affecting both indoor and outdoor tem-

peratures. Adding ACP to brick walls significantly lowered in-

door temperatures but may contribute to UHI. Insulation mate-

rials like newspaper and corn husk mats were effective in reduc-

ing indoor temperatures during the heating period but slightly 

increased outdoor temperatures. The study underscored the im-

portance of considering both indoor and outdoor temperatures in 

building design for thermal comfort and UHI mitigation. 

In HVAC system design, balancing user comfort and energy 

consumption often leads to a conflict, requiring Pareto-optimal 

controls. While indoor air temperature is a common control pa-

rameter, it does not always accurately capture perceived thermal 

comfort due to sensor placement. Computational fluid dynamics 

(CFD) can help develop more effective control strategies [20]. 

A comparative study between PMV (predicted mean vote)-

based thermal comfort control and traditional temperature-based 

control in a sunlit office room showed that an iterative approach 

for adjusting air supply flow can better meet ISO 7730 comfort 

standards. CFD simulations compared air temperature distribu-

tion and ventilation effectiveness for both strategies, analysing 

thermal indices and energy savings. The PMV-based control not 

only enhanced thermal comfort in the glazed office but also re-

duced energy use by 1.6% daily. 

A numerical study in research [21] examines the energy con-

sumption of bedroom task/ambient air conditioning (TAC) 

across different climate zones, focusing on a PMV-based control 

strategy for night-time energy use. Two traditional operating 

modes were analysed: variable supply air temperature (VAT) 

and variable supply air flow rate (VAF). Results showed that 

VAT mode reduces energy consumption significantly more than 

VAF, with savings of at least 10% in Beijing, 19% in Shanghai, 

and 18% in Guangzhou. An optimized mode, VFT-LowE, 

which combines variable flow rate and temperature, was found 

to save up to 6.5% more energy than VAT mode in Guangzhou. 

The study also highlighted that the highest energy-saving poten-

tial is observed in warmer climates, reaching up to 403 kJ per 

night in Beijing and around 1100 kJ in Shanghai and Guang-

zhou. The findings suggested the effectiveness of optimized 

TAC operation modes in reducing energy consumption, partic-

ularly in hotter climates. 

Buyak et al., in the previous work [23], based on experi-

mental analysis demonstrated that enhancing thermal insulation 

to Swedish standards and adopting intermittent heating can sig-

nificantly reduce energy consumption. However, they also high-

lighted the need for additional electric heating during transition 

periods to maintain comfort, potentially increasing energy con-

sumption. The results of the research might be useful for identi-

fying the thermal characteristics of a building, even though they 

did not include a mathematical description of the building that 

could be used to simulate its thermal dynamics. A mathematical 

model of such a building is presented in the present work. 
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2. Mathematical modelling of a building heated 

by a PEM cell  

This section provides an in-depth analysis of a mathematical 

model that comprehensively covers various facets of the PEM 

cell control system. Specifically, the focus lies on both electric-

ity generation and the recovery process of waste heat. The model 

incorporates the utilization of logarithmic temperature differ-

ences as output parameters, serving as a metric for assessing the 

stability of the PEM cell. Furthermore, the chapter introduces 

a mathematical model adapted to a building with a PEM cell, 

utilized primarily for heating purposes. 

The thermal dynamics of room, subject to temperature fluc-

tuations, is influenced by a myriad of factors. These factors en-

compass solar radiation exposure within the room, the operation 

of electrical and heating appliances, occupancy levels, the effec-

tiveness of the ventilation system, as well as heat exchange with 

the external environment and the ground. 

The ambient temperature within a designated room is an out-

come of achieving a balance between heat influx and dissipa-

tion. When heat dissipation surpasses influx, a gradual temper-

ature decrease is observed. Conversely, heat influx higher than 

dissipation leads to temperature elevation. The equilibrium be-

tween these heat factors holds pivotal importance in maintaining 

the desired room temperature. Notably, such equilibrium is pre-

dominantly attainable under stable operating conditions, a crite-

rion upon which heat-providing systems are designed. Real-

world scenarios, however, entail dynamic heat influx and dissi-

pation, resulting in fluctuating and occasionally uneven heat dis-

tribution across various rooms. 

Accurately quantifying heat flow through the walls delineat-

ing the volume of a heated room proves to be a complex task. 

This section presents a mathematical model that determines the 

diurnal oscillations of the temperature (Tb) in the analysed room. 

These fluctuations are driven by the introduction of warm water 

sourced from the PEM fuel cell. The spatial proximity of the 

room to heated chambers (Tp1, Tp2, Tp3, Tp4, Tp5) and unheated 

halls (Tk1 and Tk2) establishes boundaries with the external envi-

ronment, potentially extending to the ground surface based on 

geographical nuances (Fig. 1). 

The computations were performed to determine the temper-

ature changes that occur due to the difference between the heat 

demand (losses) and the heat supplied (gains) from the PEM fuel 

cell. 

Figure 2 depicts a negative feedback loop where the con-

trolled variables of molar hydrogen expenditure (nH2) and molar 

oxygen expenditure (nO2) depend on the temperature T3 of the 

water (H2O) exiting the fuel cell and PID (proportional-integral-

derivative) controller settings. 

The mathematical model of the room operates under the fol-

lowing assumptions and simplifications [23]: 

1) It depicts daily temperature fluctuations during winter. 

2) Heat gains from solar radiation and electrical appliances 

have been excluded. 

3) Changes in humidity, as well as gains and losses through 

the ventilation system, have not been considered. 

4) The anticipated sinusoidal temperature changes within the 

room are linked to the controller. 

5) The ambient temperature is represented by a signal that lin-

early increases and decreases. 

6) Heat transfer coefficients are assumed to be the same for 

walls adjacent to external surroundings and unheated 

rooms. 

While in operation, the PEM fuel cell (Fig. 2) generates elec-

tricity and concurrently produces thermal energy. The model ap-

plied to the fuel cell is based on  the following assumptions [1]: 

1) It operates transiently. 

2) The fuel cell's characterisation employs spatial parameters. 

3) Control of the modelled fuel cell is based on the logarith-

mic temperature difference between the cell and the cool-

ing water. The temperature of  cooling water is set at a level 

that optimizes its applicability for heating purposes. 

4) The entire heat generated during the reaction is effectively 

transferred to the heating system. 

5) Fluid flow within the fuel cell is turbulent, characterised by 

a Reynolds number (Re) exceeding 10000. 

6) The discrepancy in enthalpy during the phase transition be-

tween steam and water is determined by a value dependent 

on the saturation pressure of the two-phase mixture. 

The mathematical model for the building includes the equa-

tions describing the temperature changes over the time within: 

(i) the analysed room, (ii) room p1, (ii) room p2, (iii) room p3, 

(iv) room p4, and (v) hall k1, and (vi) hall k2, respectively: 

 

Fig. 2. PID control system for the PEM fuel cell. 

 

Fig. 1. Diagram depicting the configuration of the simulated rooms. 
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𝑑𝑇𝑏

𝑑𝑡
𝑚𝑏𝑐𝑏 = 𝐴𝑏−𝑝1𝑘𝑏−𝑝1(𝑇𝑝1 − 𝑇𝑏) + 𝐴𝑏−𝑝2𝑘𝑏−𝑝2(𝑇𝑝2 − 𝑇𝑏) + 𝐴𝑏−𝑝3𝑘𝑏−𝑝3(𝑇𝑝3 − 𝑇𝑏) + 𝐴𝑏−𝑝4𝑘𝑏−𝑝4(𝑇𝑝4 − 𝑇𝑏) +

        +𝐴𝑏−𝑝5𝑘𝑏−𝑝5(𝑇𝑝5 − 𝑇𝑏) + 𝐴𝑏−𝑠𝑘𝑏−𝑠(𝑇𝑜 − 𝑇𝑏) + 𝐴𝑏−𝑤𝑘𝑏−𝑤(𝑇𝑜 − 𝑇𝑏) + 𝐴𝑏−𝑘1𝑘𝑏−𝑘1(𝑇𝑘1 − 𝑇𝑏) +  

+𝐴𝑏−𝑘2𝑘𝑏−𝑘2(𝑇𝑘2 − 𝑇𝑏) + 𝐴ℎ−𝑝𝑏𝑘ℎ−𝑝𝑏(𝑇ℎ − 𝑇𝑝𝑏) ,                                                                                

 (1) 

 

𝑑𝑇𝑝1

𝑑𝑡
𝑚𝑝1𝑐𝑝1 = 𝐴𝑏−𝑝1𝑘𝑏−𝑝1(𝑇𝑏 − 𝑇𝑝1) + 𝐴𝑘1−𝑝1𝑘𝑘1−𝑝1(𝑇𝑘1 − 𝑇𝑝1) + 𝐴𝑘2−𝑝1𝑘𝑘2−𝑝1(𝑇𝑘2 − 𝑇𝑝1) +

                         +𝐴𝑝1−𝑝3𝑘𝑝1−𝑝3(𝑇𝑝3 − 𝑇𝑝1) + 𝐴𝑝1−𝑝4𝑘𝑝1−𝑝4(𝑇𝑝4 − 𝑇𝑝1) + 𝐴𝑝1−𝑤𝑘𝑝1−𝑤(𝑇𝑜 − 𝑇𝑝1) + 

           +𝐴𝑝1−𝑏𝑤𝑘𝑝1−𝑏𝑤(𝑇𝑜 − 𝑇𝑝1) + 𝐴𝑝1−𝑠𝑘𝑝1−𝑠(𝑇𝑜 − 𝑇𝑝1) + 𝐴ℎ−𝑝1𝑘ℎ−𝑝1(𝑇ℎ − 𝑇𝑝1),

 (2) 

 

𝑑𝑇𝑝2

𝑑𝑡
𝑚𝑝2𝑐𝑝2 = 𝐴𝑏−𝑝2𝑘𝑏−𝑝2(𝑇𝑏 − 𝑇𝑝2) + 𝐴𝑘1−𝑝2𝑘𝑘1−𝑝2(𝑇𝑘1 − 𝑇𝑝2) + 𝐴𝑘2−𝑝2𝑘𝑘2−𝑝2(𝑇𝑘2 − 𝑇𝑝2) +

                         +𝐴𝑝4−𝑝2𝑘𝑝4−𝑝2(𝑇𝑝4 − 𝑇𝑝2) + 𝐴𝑝5−𝑝2𝑘𝑝5−𝑝2(𝑇𝑝5 − 𝑇𝑝2) + 𝐴𝑝2−𝑤𝑘𝑝2−𝑤(𝑇𝑜 − 𝑇𝑝2) + 

           +𝐴𝑝2−𝑏𝑤𝑘𝑝2−𝑏𝑤(𝑇𝑜 − 𝑇𝑝2) + 𝐴𝑝2−𝑠𝑘𝑝2−𝑠(𝑇𝑜 − 𝑇𝑝2) + 𝐴ℎ−𝑝2𝑘ℎ−𝑝2(𝑇ℎ − 𝑇𝑝2)

 (3) 

 

𝑑𝑇𝑝3

𝑑𝑡
𝑚𝑝3𝑐𝑝3 = 𝐴𝑏−𝑝3𝑘𝑏−𝑝3(𝑇𝑏 − 𝑇𝑝3) + 𝐴𝑘1−𝑝3𝑘𝑘1−𝑝3(𝑇𝑘1 − 𝑇𝑝3) + 𝐴𝑘2−𝑝3𝑘𝑘2−𝑝3(𝑇𝑘2 − 𝑇𝑝3) +

                         +𝐴𝑝4−𝑝3𝑘𝑝4−𝑝3(𝑇𝑝4 − 𝑇𝑝3) + 𝐴𝑝3−𝑤𝑘𝑝3−𝑤(𝑇𝑜 − 𝑇𝑝3) + 𝐴𝑝3−𝑏𝑤𝑘𝑝3−𝑏𝑤(𝑇𝑜 − 𝑇𝑝3) + 

           +𝐴𝑝3−𝑔𝑑𝑘𝑝2−𝑔𝑑(𝑇𝑔𝑑 − 𝑇𝑝3) + 𝐴ℎ−𝑝3𝑘ℎ−𝑝3(𝑇ℎ − 𝑇𝑝3),                                           

 (4) 

 

𝑑𝑇𝑝4

𝑑𝑡
𝑚𝑝4𝑐𝑝4 = 𝐴𝑏−𝑝4𝑘𝑏−𝑝4(𝑇𝑏 − 𝑇𝑝4) + 𝐴𝑘1−𝑝4𝑘𝑘1−𝑝4(𝑇𝑘1 − 𝑇𝑝4) + 𝐴𝑘2−𝑝4𝑘𝑘2−𝑝4(𝑇𝑘2 − 𝑇𝑝4) +

                         +𝐴𝑝4−𝑤𝑘𝑝4−𝑤(𝑇𝑜 − 𝑇𝑝4) + 𝐴𝑝4−𝑔𝑑𝑘𝑝4−𝑔𝑑(𝑇𝑔𝑑 − 𝑇𝑝4) + 𝐴ℎ−𝑝4𝑘ℎ−𝑝4(𝑇ℎ − 𝑇𝑝4) +

           +𝐴𝑝1−𝑝4𝑘𝑝1−𝑝4(𝑇𝑝1 − 𝑇𝑝4) + 𝐴𝑝2−𝑝4𝑘𝑝2𝑝4(𝑇𝑝2 − 𝑇𝑝4) + 𝐴𝑝3−𝑝4𝑘𝑝3−𝑝4(𝑇𝑝3 − 𝑇𝑝4) + 𝐴𝑝5−𝑝4𝑘𝑝5−𝑝4(𝑇𝑝5 − 𝑇𝑝4),

 (5) 

𝑑𝑇𝑝5

𝑑𝑡
𝑚𝑝5𝑐𝑝5 = 𝐴𝑏−𝑝5𝑘𝑏−𝑝5(𝑇𝑏 − 𝑇𝑝5) + 𝐴𝑘1−𝑝5𝑘𝑘1−𝑝5(𝑇𝑘1 − 𝑇𝑝5) + 𝐴𝑘2−𝑝5𝑘𝑘2−𝑝5(𝑇𝑘2 − 𝑇𝑝5) +        

        +𝐴𝑝5−𝑤𝑘𝑝5−𝑤(𝑇𝑜 − 𝑇𝑝5) + 𝐴𝑝5−𝑏𝑤𝑘𝑝5−𝑏𝑤(𝑇𝑜 − 𝑇𝑝5) + 𝐴𝑝5−𝑔𝑑𝑘𝑝5−𝑔𝑑(𝑇𝑔𝑟 − 𝑇𝑝5) + 𝐴ℎ−𝑝5𝑘ℎ−𝑝5(𝑇ℎ − 𝑇𝑝5) +

               +𝐴𝑝1−𝑝4𝑘𝑝1−𝑝4(𝑇𝑝1 − 𝑇𝑝4) + 𝐴𝑝2−𝑝5𝑘𝑝2−𝑝5(𝑇𝑝2 − 𝑇𝑝5) + 𝐴𝑝5−𝑝4𝑘𝑝5−𝑝4(𝑇𝑝4 − 𝑇𝑝5),

 (6) 

 

𝑑𝑇𝑘1

𝑑𝑡
𝑚𝑘1𝑐𝑘1 = 𝐴𝑏−𝑘1𝑘𝑏−𝑘1(𝑇𝑏 − 𝑇𝑘1) + 𝐴𝑘1−𝑝1𝑘𝑘1−𝑝1(𝑇𝑝1 − 𝑇𝑘1) + 𝐴𝑘1−𝑝2𝑘𝑘1−𝑝2(𝑇𝑝2 − 𝑇𝑘1) +        

                   +𝐴𝑘1−𝑝3𝑘𝑘1−𝑝3(𝑇𝑝3 − 𝑇𝑘1) + 𝐴𝑘1−𝑝4𝑘𝑘1−𝑝4(𝑇𝑝4 − 𝑇𝑘1) + 𝐴𝑘1−𝑝5𝑘𝑘1−𝑝5(𝑇𝑝5 − 𝑇𝑘1) +

         +𝐴𝑘1−𝑘2𝑘𝑘1−𝑘2(𝑇𝑘2 − 𝑇𝑘1) + 2 ⋅ 𝐴𝑘1−𝑤𝑘𝑘1−𝑤(𝑇𝑜 − 𝑇𝑘1) + 𝐴𝑘1−𝑠𝑘𝑘1−𝑠(𝑇𝑠 − 𝑇𝑘1),

 (7) 

 

𝑑𝑇𝑘2

𝑑𝑡
𝑚𝑘2𝑐𝑘2 = 𝐴𝑏−𝑘2𝑘𝑏−𝑘2(𝑇𝑏 − 𝑇𝑘2) + 𝐴𝑘2−𝑝1𝑘𝑘2−𝑝1(𝑇𝑝1 − 𝑇𝑘2) + 𝐴𝑘2−𝑝2𝑘𝑘2−𝑝2(𝑇𝑝2 − 𝑇𝑘2) +        

                   +𝐴𝑘2−𝑝3𝑘𝑘2−𝑝3(𝑇𝑝3 − 𝑇𝑘2) + 𝐴𝑘2−𝑝4𝑘𝑘2−𝑝4(𝑇𝑝4 − 𝑇𝑘2) + 𝐴𝑘2−𝑝5𝑘𝑘2−𝑝5(𝑇𝑝5 − 𝑇𝑘2) +

                  +𝐴𝑘1−𝑘2𝑘𝑘1−𝑘2(𝑇𝑘1 − 𝑇𝑘2) + 2 ⋅ 𝐴𝑘2−𝑤𝑘𝑘2−𝑤(𝑇𝑜 − 𝑇𝑘2) + 𝐴𝑘2−𝑔𝑑𝑘𝑘2−𝑔𝑑(𝑇𝑔𝑑 − 𝑇𝑘2),

 (8) 

 

where: m – mass, T – temperature, c – specific heat, A – heat transfer 

surface area, channel cross-section normal to flow, k – overall heat trans-

fer coefficient, t  time. In Eqs. (1)(8), the subscripts refer to the follow-

ing, respectively: k1, k2 – corridor, gd – ground, h – heater; b – room 

under study, bw – solid wall (without glazing) between the room under 

study and the external environment, o – external environment; p1,…, p5 

– adjacent rooms, w – glazed wall between the room under study and the 

external environment. 

Heating for the building is obtained by utilising water from the fuel 

cell's cooling system, which is controlled by a PID controller. The math-

ematical representation of both the control system for the hot water sup-

ply and the controller is presented below. 

The heating process is described by the equation: 

 

 ρcS
𝑑𝑇ℎ

𝑑𝑡
= ρwcS

𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ
∆𝑥

2⁄
− ρwcS

𝑇ℎ−𝑇𝑤𝑜𝑢𝑡,ℎ
∆𝑥

2⁄
−  

     −𝐴ℎ𝑘ℎ
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)− (𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)

ln(
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)

(𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)
)

,  (9) 

where: S  pipeline cross-section,  – density, x – flow path between 

inlet and outlet of the heat exchanger, w – flow velocity, win  inlet water; 

wout – outlet water. 

The process of regulation of flow through the heat exchanger 

is determined by the correlation: 

 
𝐺𝑃𝐼𝐷(𝑠) = (𝐾𝑝 +

𝐾𝑖

𝑠
+ 𝐾𝑑𝑠) =                                 

            = 𝑘𝑝 (𝑒(𝑡) +
1

𝑇𝑖
∫ 𝑒(𝑡)𝑑𝑡

𝑡

0
+ 𝑇𝑑

𝑑𝑒(𝑡)

𝑑𝑡
) ,

 (10) 

 𝑒(𝑡) = (𝑤𝑠𝑒𝑡 − 𝑤), (11) 

 𝐾𝑝 = 𝑘𝑝, 𝐾𝑖 =
𝑘𝑝

𝑇𝑖
, 𝐾𝑑 = 𝑘𝑑𝑇𝑑, (12) 

where: e(t)– control deviation; s – Laplace operator, k – gain of the PID 

controller; T– time constant. The respective subscripts are: p – propor-

tional; d – differentiation; i – integration; set – controller setting. 

The PEM cell model addresses transient conditions; none-

theless, this model takes into account heat exchange with the 
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surroundings, phase transitions, and chemical reactions occur-

ring within the PEM fuel cell. The electrical impedance of the 

materials used to construct the PEM cell was not considered. 

The energy balance of the PEM cell can be formulated by 

the following equation: 

 𝑄̇𝑛𝑒𝑡 = 𝑄̇𝑐ℎ𝑒𝑚 − 𝑃 − 𝑄̇𝑢𝑗 − 𝑄̇𝑠𝑡𝑟, (13) 

where 𝑄̇ is the heat flux, P is the electrical power. Subscript net refers to 

the total heat balance, chem to the chemical reaction, uj to the latent and 

sensible heat, and str to the acquired stream. 

The heat generated by hydrogen consumption in the PEM 

cell can be described by the equation: 

 𝑄̇𝑐ℎ𝑒𝑚 = 𝑛̇H2
∆𝐻, (14) 

where ṅH2
 is the molar concentration of the reacted hydrogen 

and ΔH represents the overall enthalpy change during the chem-

ical reaction. 

The electrical power generated in the PEM cell is dependent 

on voltage and current, according to: 

 𝑃 = 𝑈𝐼, (15) 

where I is an electric current and U stands for voltage. 

The latent and sensible heat depends on the molar energy 

fluxes of the individual components (hydrogen (H2), oxygen 

(O2), and water (H2O)) involved in reactions within the PEM 

cell, as well as the gas-liquid phase transitions that occur, and is 

expressed by: 

 
 𝑄̇𝑢𝑗=𝑛̇H2,𝑜𝑢𝑡𝑐H2

(𝑇 − 𝑇𝑜) + 𝑛̇O2,𝑜𝑢𝑡𝑐O2
(𝑇 − 𝑇𝑜) +

+𝑛̇H2O𝑐H2O(𝑇 − 𝑇𝑜) + 𝑛̇H2O(ℎ𝑆 − ℎ𝑙)
, (16) 

where: ṅ – molar flow rate of a substance, hs – molar enthalpy 

of water steam, J/mol; hl – molar enthalpy of liquid water, J/mol; 

ci (i = H2, O2, H2O)  molar specific heat. 

The heat transferred from the fuel cell to the heating system 

is connected to the rate of heat transfer (k), the surface area for 

heat exchange, and the logarithmic temperature difference 

(ΔTlog), according to equations: 

  𝑄̇𝑠𝑡𝑟 = 𝐴𝑃𝐸𝑀𝑘𝑃𝐸𝑀
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)−(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)

ln(
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)

(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)
)

, (17) 

 𝑄̇𝑠𝑡𝑟 = 𝐴ℎ𝑘ℎ
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)−(𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)

ln(
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)

(𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)
)

, (18) 

Additionally, the transferred heat is defined by the energy bal-

ance: 

   
𝑄̇𝑠𝑡𝑟 = ρwcS(𝑇𝑤𝑖𝑛,ℎ  - 𝑇𝑤𝑜𝑢𝑡,ℎ) =

         = ρwcS(𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀 - 𝑇𝑤𝑖𝑛,𝑃𝐸𝑀).
 (19) 

During transient conditions, the term 𝑄̇𝑛𝑒𝑡 representing the 

change in dynamic heat flux is variable. Under steady conditions 

𝑄̇𝑛𝑒𝑡=0. Since the computations were carried out considering 

transient conditions, the dynamic heat flux is related to the mass 

of the PEM cell, its overall specific heat, and the temporal tem-

perature change, following the equation: 

 𝑄̇𝑛𝑒𝑡 = 𝑚𝑐
𝑑𝑇

𝑑𝑡
. (20) 

The model equations were formulated within the 

SIMULINK software environment. In the context of the PEM 

cell, the input parameters were selected to match the parameters 

reported in [1]. 

3. Determination of dynamic parameters for 

building and the PEM fuel cell  

3.1. Calculation results for the PEM cell 

While examining the fuel cell, its operation was simulated in 

scenarios both with and without negative feedback. The PID 

controller (Fig. 1) was incorporated within the negative feed-

back loop (Fig. 2). Given that the water temperature leaving the 

fuel cell must remain above 320 K for the underfloor heating 

system, the logarithmic temperature difference was identified as 

the analysed state parameter within the negative feedback loop. 

The flowchart outlining the equations describing the PEM cell 

model is presented in Fig. 3, and Fig. 4 displays the chart of the 

PID continuous control system within the negative feedback 

loop. 

The regulatory system of the PEM cell model encompasses 

an output variable, Tout, along with two input variables. These 

inputs are managed utilising the output signal from the PID sys-

tem – the molar stream ṅH2
 and the molar stream ṅO2

. 

The process of linearizing the open feedback loop system 

was conducted for a MISO (multi-input, single-output) configu-

ration. This was carried out with the purpose of evaluating the 

stability of the cell model's response to variations in hydrogen 

and oxygen supply caused by logarithmic temperature fluctua-

tions. The outcomes of the linearization procedure for the input 

variable ṅH2
, and the output variable ΔTlog of the control object 

defined as: 

 ∆𝑇𝑙𝑜𝑔 =
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)−(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)

ln(
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)

(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)
)

, (21) 

is exhibited in the form of a transfer function: 

 𝐺𝑛̇𝐻2
(𝑠) =

−0.0001512

𝑠+0.002122
, (22) 

where s stands for the Laplace operator. 

Similarly, the outcomes of linearizing the control system 

with respect to the input molar oxygen flow rate (ṅO2
) and the 

same ΔTlog (Eq. (21)) as an output variable, is expressed in the 

form of a transfer function: 

 𝐺𝑛̇𝑂2
(𝑠) =

−0.00007748

𝑠+0.002122
. (23) 

Linearization of the closed-loop feedback system was car-

ried out, employing the fuel cell's setpoint temperature as the 

input variable and the fuel cell's logarithmic temperature differ- 
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ence as the output variable. This linearization was specifically 

applied to a single-input single-output (SISO) object featuring 

an internal feedback loop responsible for regulating the fuel 

cell's operating temperature: 

 𝐺𝑇𝑖𝑛
(𝑠) =

0,00005913𝑠+0,0000001578

𝑠3+0,01241𝑠2+0,00006092𝑠2+0,0000001042
. (24) 

The behaviour of the closed-loop control system, in conjunc-

tion with the designated regulator's setpoint parameters, con-

cerning the stability of the logarithmic temperature difference, 

is of utmost importance due to its impact on the ability to uphold 

the thermal characteristics of the simulated building's heating 

system. 

The calculation results for the fuel cell's operation with and 

without a feedback loop are presented in Figs. 57. Figure 5 il-

lustrates the power produced by the fuel cell, while Fig. 6 dis-

plays the voltage generated within the fuel cell.  

 

Fig. 4. The flowchart illustrating input and output parameters pertaining to PEM fuel cell with a feedback loop 

that integrates the PID regulation system. 

 

Fig. 3. The flowchart depicting input and output parameters concerning a PEM fuel cell operating 

in an open feedback loop configuration, excluding any regulatory mechanisms. 

 

Fig. 5. The power output of the PEM fuel cell under open and closed-

loop feedback conditions. 
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In Figs. 5 and 6, two responses can be observed, where both 

power and voltage exhibit a more flattened characteristic in the 

case of an open feedback loop. For the feedback loop, over-

shooting occurs due to the regulation process involving the mass 

flow rate of individual streams feeding the PEM cell. 

Figure 7 depicts the logarithmic temperature difference, 

which is significant for the heating system of a building. 

Furthermore, Fig. 8 provides a graphical representation of 

the heat generated by the fuel cell, and Fig. 9 exhibits the tem-

perature of the liquid leaving the fuel cell. As it can be seen, the 

fuel cell temperature increases abruptly in response to the chem-

ical processes occurring in the fuel cell. The results of calcula-

tions for the molar oxygen and hydrogen flow rates are shown 

in Figs. 10 and 11, respectively. They indicate that the molar 

flow rates of reactants supplied over time cause an overshoot of 

the fuel cell temperature above the setpoint. Once the tempera-

ture exceeds the setpoint (320 K), the molar flowrates are stabi-

lized, resulting in maintaining both thermal and electrical power 

at a higher level.  

 

Fig. 6. Voltage on the PEM fuel cell during open and closed-loop 

feedback operation. 

 

Fig. 7. The logarithmic temperature difference of the PEM fuel cell 

during operation within an open and closed feedback loop. 

 

Fig. 8. The heat flow directed to the cooling water during operation 

within an open and closed feedback loop. 

 

Fig. 9. The operational temperature of the PEM fuel cell during 

operation within an open and closed feedback loop. 

 

Fig. 10. The molar oxygen flow rate during operation within 

an open and closed feedback loop. 

 

Fig. 11. The molar hydrogen flow rate during operation within an 

open and closed feedback loop. 
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In the case of implementing a feedback loop associated with 

maintaining the outlet temperature of the PEM cell at a specified 

useful level in the space heating process, an increase in the log-

arithmic temperature difference is observed (Fig. 7) as well as 

an increase in the thermal power of the fuel cell (Fig. 8). 

Figures from 4 to 9 depict a slight over-regulation of the fuel 

cell's parameters associated with the regulator's operation, from 

which the control signals are transmitted to the actuator systems  

(supply valves). As a result, it becomes essential that the actua-

tor systems (valves) facilitate a wide range of molar flow rates, 

as illustrated in Fig. 10 and Fig. 11. The molar flow rate experi-

ences a sevenfold increase during transient conditions compared 

to steady conditions, which corresponds to the initial phases of 

the fuel cell's chemical reactions. During the initial period, the 

actuator systems should enable achieving significantly high mo-

lar flow rates for both the fuel and the oxidant. Failure of the 

actuator systems to provide adequately high molar flow rates of 

reaction substrates could potentially extend the startup time and 

the duration required to attain the conditions required by the 

heating systems. For this PEM cell, the elongation of this time 

could range from 2500 to 4000 seconds.  

Figure 12 presents the control error values before processing 

the signal in the PID controller and the output signal from this 

controller, whereas Fig. 13 displays the Bode plots, showing 

both the amplitude and phase characteristics of the controlled 

system within the closed feedback loop. Upon scrutinizing the 

Bode plots constructed for the PEM cell control system 

(Fig. 13), it can be inferred that the system remains stable across 

the entire amplitude spectrum and exhibits a notably substantial 

phase margin (approximately 90 degrees).  

2.2. Transient analysis of a building heated by the PEM 

cell 

The investigation involved calculations for determining the ther-

modynamics of a building heated by a PEM cell. Figure 14 il-

lustrates the signal connections among the PEM cell model, the 

heating system, and the building, all designed within the SIM-

ULINK software. 

Figure 15 demonstrates variations in the logarithmic temper-

ature difference between the PEM cell and the heating system 

within heated rooms. The predicted variations of ambient tem-

perature, heated room temperature, and the setpoint temperature 

of the regulatory system are displayed in Fig. 16. Figure 17 ex-

hibits fluctuations in the operating temperature of the PEM cell. 

Figure 18 portrays the heat supplied to the heated room (Q) and 

the electric power produced by the PEM cell (P).  

Based on the conducted calculations, it is evident that un-

heated rooms, such as adjacent halls without heating, exert a no-

table influence on heat losses from the heated rooms. This effect 

is primarily due to the lack of insulation in the separating walls 

 

Fig. 13. The Bode plots of the PEM cell system  

with a closed feedback loop. 

 

Fig. 14. Implementation of the simulated building heated by the PEM 

cell, developed in SIMULINK software. 

 

Fig. 15. The logarithmic temperature difference between the PEM cell 

and the heated water. 

 

Fig. 12. The control signals at the input and output 

of the PID regulator. 
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and the inherent lack of airtightness in front doors and windows 

in stairwells. Heating of these halls, coupled with ventilation-

related losses, can significantly perturb a building's energy bal-

ance, subsequently leading to escalated operating costs for the 

heating system. Addressing this concern, enhancing insulation 

within the halls becomes imperative.  
This situation is especially evident in Fig. 5, where the tem-

perature rise in the halls contiguous to the heated rooms occurs 

at a relatively gradual pace. This behaviour is attributed to the 

interplay of ambient temperature and the heat transfer coeffi-

cient of the non-insulated walls. The oscillation in ambient tem-

perature To (variation between approximately 3°C and +3°C as 

in Fig. 16) is attenuated due to heat penetration through the 

walls, having minimal effect on room temperatures. The minor 

temperature fluctuations (Fig. 17), arising from the operation of 

the thermostatic valve within the building's heating system, are 

mitigated by the mass flow rate of heating water obtained from 

the PEM fuel cell via the PID regulator, as described by Eq. (10). 

Consequently, the fuel cell maintains stable thermal parameters 

for the cooling system. As a result, the heat derived from the 

PEM fuel cell also remains stable. 

Discussing the potential use of waste heat from fuel cells for 

heating purposes is intriguing, yet it requires in-depth analysis. 

Understanding the heat transfer processes from cells to the 

building's heating system and the technical aspects of integrat-

ing these two systems are pivotal. Optimal utilisation of waste 

heat can significantly amplify the overall energy efficiency of 

the system. 

One crucial aspect worth highlighting is the efficiency of 

proton exchange membranes (PEM) in fuel cells. This mem-

brane plays a pivotal role by enabling the flow of protons be-

tween the anode and cathode, thereby generating electric cur-

rent. However, in practice, the effectiveness of PEMs can be 

hindered by factors such as humidity, temperature, and the pres-

ence of impurities. Hence, continuous research into refining 

membrane technology is essential to ensure reliability and effi-

ciency. 

3. Conclusions 

In the realm of cutting-edge building technology, this work pre-

sents a pioneering exploration in the field of sustainable thermal 

management by integrating Proton Exchange Membrane (PEM) 

fuel cells into the heating systems of modern structures. At its 

core, this investigation pivots on the innovative utilisation of 

waste heat emanating from PEM fuel cells, repurposing it as a 

strategic asset to foster a more energy-efficient and sustainable 

approach to building heating. 

The cornerstone of this research lies in the development and 

presentation of a robust mathematical model. This model serves 

as a sophisticated analytical tool, meticulously mapping out the 

intricate interactions between the thermal dynamics inherent to 

PEM fuel cells and the variable heating demands typical of con-

temporary buildings. This is particularly emphasized under tran-

sient operational conditions, a crucial factor in optimizing the 

system’s overall performance. 

A focal point of the study is the operational parameters of 

the PEM cells. When situated within a closed feedback loop, 

these cells exhibit an operating temperature orbiting around 

320 K. This is contrasted with their performance in an open 

feedback loop, where the temperature is capped at a slightly 

lower threshold of 312 K. The research underscores the efficacy 

of a regulatory system capable of modulating the molar flow 

rates of hydrogen and oxygen, adjusting them to the stoichio-

metric amounts required for the cell's chemical reactions. The 

ingenuity of this system lies in its dual-regulation capability, al-

lowing for controlling both oxygen and hydrogen molar flow 

rates with precision. 

When the PEM cell is configured to function as a cogenera-

tion unit, the study reveals its capacity to achieve optimal cool-

ing water thermal parameters. This facilitates the concurrent 

generation of both heat and electrical power, a testament to the 

cell's versatility and efficiency. Theoretical analyses deduce that 

the thermal inertia of adjoining unheated rooms plays a signifi-

cant role in the overall thermal balance, mainly governed by the 

 

Fig. 17. The operating temperature of the fuel cell. 

 

Fig. 16. Ambient temperature, the heated building's temperature 

and the regulator's setpoint. 

 

Fig. 18. The thermal power (Q) employed for heating purposes and 

the electrical power (P) produced by the PEM cell. 
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heat transfer coefficients, and the physical characteristics of the 

walls. 

The research highlights the stabilizing role of the propor-

tional-integral-derivative (PID) regulator in maintaining the 

cooling water supply to the fuel cell. This regulator effectively 

mitigates minor fluctuations induced by the building’s heating 

system thermostat, ensuring consistent operational conditions. 

The paper further delves into the thermal implications of un-

heated rooms on the overall heat loss in heated spaces, advocat-

ing for the strategic insulation of these areas. This insight holds 

particular relevance for older buildings that may lack modern 

insulation standards, suggesting potential retrofitting solutions 

to enhance their energy efficiency. 

In conclusion, this work not only charts new territory in the 

field of building heating systems but also sets forth a compre-

hensive roadmap for future research. It calls for an in-depth ex-

ploration into areas such as membrane efficiency, advanced con-

trol strategies, and the integration of renewable energy sources. 

This forward-thinking perspective holds the promise of harness-

ing the full potential of PEM fuel cell technology, potentially 

leadinga transformative shift in the landscape of heating tech-

nology.  
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1. Introduction 

The topic of evaluating the performance of photovoltaic sys-

tems (PV), specifically the performance of solar panels during 

their operational life has become extremely important to focus 

an increased attention of photovoltaic solar energy researches. 

When investing in the solar photovoltaic energy field, many cri-

teria must be taken into account to ensure the system’s perfor-

mance reliability.  The most important criterion that specialists 

in the solar photovoltaic energy field care about is the solar 
panel's degradation, which  reduces their production power and 

is included in the panel’s nameplate [1,2]. Solar  panel  manufac-

Evaluation of degradation factor effect on solar panels 
performance after eight years of life operation 

Ali Hussein Obaida, Emad Jaleel Mahdia, Isam Azeez Hassoona, Hussein Fawzi 

Husseinb*, Adil Abd Al-Sahib Jasimea, Ammar Noori Jafarfa, Ali Sabih Abdulghaniga 

 
aMinistry of Science and Technology, Directorate of Environment and Renewable Energy, Energy Management Center, 55509 Al-Jadriya, Iraq  

bMinistry of Science and Technology, Directorate of Materials Researches, Advanced Materials Research Center, 55509 Al-Jadriya, Iraq 
*Corresponding author email: husseinalaubi@live.co.uk 

 
Received: 25.03.2024; revised: 07.05.2024; accepted: 12.06.2024 

Abstract 

Most high-quality solar panel products suffer from performance degradation at an annual rate of 0.4–0.5% per year during 

their specified normal operational life of 25–30 years. This percentage increases in areas with hot climates and roof photovol-

taic systems and varies according to the quality, guarantee and reliability of the solar panel manufacturers. The aim of this 

research is to assess the degradation rates of solar panels in the city of Baghdad and to determine their impact on the investment 

feasibility of residential systems under hot climatic conditions. In this research, an evaluation of performance of photovoltaic 

solar panels working in a 2 kWp system connected to the electrical grid was done under the operational climatic conditions in 

the evaluation area (Baghdad, Iraq). The degradation rate of all photovoltaic system modules during the operation time from 

2015–2023 is equal to 4.74% (0.593% / year). For comparison, a new monocrystalline solar panel of power 185.94 Wp with 

an old solar panel of monocrystalline type of power 183.33 Wp (which previously was installed in 2015) were installed at the 

same tilt angle of 30o, and evaluated during the operation months starting in March and ending in November of the year 2023. 

The degradation rates per year of an aged solar panel were determined to range from 0.441% to 0.850%, with an average value 

of 0.788% per year. After undergoing a correction process to align the maximum power values of the old and new solar panels, 

the corrected degradation rates per year values ranged from 0.391% to 0.684% per year, with an average value of 0.621% per 

year, which closely matches the degradation rate of all photovoltaic system modules at 0.593% per year. 
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Nomenclature 

% D.R ‒ degradation rate in the performance of the solar panels, % 

Imax . – maximum current, A 

Is.c. . – current of short circuit, A 

Pmax (2015) ‒ max. output power of solar panels measured in 2015, W  

Pmax (2023) ‒ max. output power of solar panels measured in 2023, W 

Pmax (new) ‒ measured max. output power of new solar panel, W 

Pmax (old) ‒ measured max. output power of old solar panel, W 

Vmax – maximum voltage, V 

Vo.c. – voltage of open circuit, V 

 

Abbreviations and Acronyms 

CdTe ‒ cadmium telluride 

CIGS ‒ copper indium gallium selenide 

EVA ‒ ethylene-vinyl acetate 

PID – potential-induced degradation  

PV ‒ photovoltaic 

UV ‒ ultraviolet (radiation) 

 

turers offer to their customers a warranty ranging from 25–30 

years with about a 20% decrease in power. Recent studies have 

proven degradation rates of 0.60.7% annually [3]. 

Solar panel technology continues to develop until the degra-

dation rate has commonly reached below 1% a year. Currently, 

despite the development of technology, rates of deterioration are 

inevitable. However, work can be done to reduce and slow down 

the degradation rate by choosing the solar panel's technical qual-

ity and providing appropriate environmental conditions for the 

solar system operation [4]. The typical degradation rate of sili-

con cell technology (Mono-Si, Poly-Si) is 0.40.5% / year, for 

thin film cell technologies (CdTe, CIGS) it is 0.5% / year. The 

appropriate degradation rate power for mono-crystalline silicon 

cells with back contact technology can be considered about 

0.35% / year [5]. 

For example, the degradation rate in the solar panel's capac-

ity is 0.8% in year two, which means that the solar panel's 

productivity will be at a rate of 99.2% of their total output; by 

the end of the 25-year operating life, the productivity rate will 

be 82.5%. The most durable solar panel with a degradation rate 

of 0.5% will have a productivity of about 87.5% of its produc-

tion power upon its first installation [6]. To estimate the solar 

panel productivity of any system, one can simply multiply the 

degradation rate by the number of years required and subtract 

the result from the total value of 100% [7]. When the topic re-

lates to the solar panel's degradation rate concept, it is necessary 

to look at the solar panel's performance warranty. Typically,  

a performance warranty is a 25-year warranty and will guarantee 

that your solar panels maintain a certain percentage of their orig-

inal output each year. The panel's performance warranty period 

varies depending on the quality of the product, and this gives an 

idea of the solar panel's operational life [8,9].  

Since solar panels installed in outdoor locations will be ex-

posed to various and changing weather conditions such as solar 

radiation, high temperature, humidity, rain, etc., which have a 

significant effect on their performance over time [10,11]. Aging 

degradation is one of the main reasons for the decrease in solar 

panel power [12]. The first type of deterioration that affects the 

solar panel is the potential-induced degradation (PID). This de-

terioration occurs between the conductive solar panel parts and 

the grounding system as a result of the high voltage between 

conductive parts [13,14]. The second degradation that occurs in 

the solar panel is due to exposure to light that contains ultravio-

let rays, which causes solar cell discoloration. This is known as 

light degradation [15,16]. 

 

Environmental factors contribute to increasing the solar pan-

el's degradation, including high temperature, humidity, wind, 

and mechanical stress, which work to change the solar panel's 

physical specifications [17,18]. Common physical effects 

caused by environmental conditions, as previous studies have 

shown, are discoloration, corrosion, delamination, and cracking. 

Corrosion between solar cells and connections is caused by at-

mospheric humidity and leakage current. The delamination ob-

served between the solar cells and the encapsulation material of 

solar panels is attributed to metal corrosion induced by high hu-

midity levels. [19]. Optical transmission losses have an impact 

on the solar panel's productivity due to the discoloration caused 

by ultraviolet rays. Other effects that affect solar panel's produc-

tivity are dust storms and lightning strikes that strike the solar 

panel's metal parts [20].  

There are several ways to diagnose defects in solar panels, 

such as visual inspection, conductivity testing, electrical insula-

tion, and electrical luminescence, in addition to electrical speci-

fications [21]. The solar panel's electrical specifications are 

tested individually to diagnose the current-voltage curve under 

normal solar radiation by using a curve tracer device. Appear-

ance defects in the solar panel, such as cracks and discoloration 

for solar panel parts, can be diagnosed by visual inspection. The 

electroluminescence test is an important preliminary test to pre-

vent the development of cell defects by applying a forward bias 

to the solar panel [22]. Defects in the packaging between the 

solar cells and the front glass cover with the filling glue material 

and defects in the back packaging with ethylene-vinyl acetate 

(EVA) cause discoloration in the solar panel. The EVA changes 

colour from light yellow to dark brown as the discoloration pro-

gresses [23]. 

The solar panel emits a low-intensity emission due to the 

electron-hole pair recombination. This emission is within the 

spectral region near the infrared 1000–1300 nm, which can be 

detected by a thermal camera [24]. The test environment varies 

according to the type of test. Electroluminescence test requires 

a dark environment within indoor tests, but it can be conducted 

in outdoor field conditions [25]. Thermal camera is used to in-

spect solar panel defects in large-scale solar power plants, by 

diagnosing temperature changes in the solar panels at the plant. 

Visual inspection is an effective method for identifying defects 

in a solar panel and has been supported by numerous research 

studies [26]. The US National Renewable Energy Laboratory 

announced in its 2017 report that degradation defects common 

in solar panels for the last 10 years were hotspots (33%) fol-

lowed by ribbon discoloration (20%), glass breakage (12%), en-
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capsulate discoloration (10%), cell breakage (9%) and potential-

induced degradation PID (8%) [27]. 

The reason for these cases are the stresses to which the solar 

panel is exposed, in addition to humidity, ultraviolet (UV) radi-

ation, temperature, wind, hail, and high system voltages as well 

as other factors such as broken interconnects, hot spots, corro-

sion, encapsulate discoloration and delamination [28]. The 

cause of solar panel failure is mainly related to the construction, 

packaging, design and operating environment [29]. Hot spots in 

the solar panel damage the solar panel as a result of the high 

solar cell temperatures due to the external shadow and the 

shadow that is formed as a result of interference between the 

solar cells within the solar panel or intermittent contacts be-

tween the cells and mismatch between them [30,31]. In this re-

search, the degradation of the solar panel was measured after 

eight years of exposure of the solar panel to different conditions 

within a site of the city of Baghdad.  

2. Materials and methods  

In this research, an evaluation of the performance of solar 

panels for a photovoltaic system with a maximum power of 

about 2kWp connected to the electrical grid was conducted us-

ing the performance analyzer device (PV Analyzer model 

Solmetric PVA-600) during the year 2023 to evaluate the deg-

radation occurring in the power produced by the solar panels of 

the system over eight years after their installation in the field. 

Note that, this system was installed on the roof of the build-

ing at a Baghdad site, at a constant tilt angle throughout the year 

of 30°. The practical part included the following steps: 

 The performance of the solar panels of the system as 

a whole was evaluated on 8/14/2023 and compared with 

the performance of the system’s solar panels previously 

measured on 8/12/2015 according to the results docu-

mented in our previous research [17]. The solar panels of 

the system are shown in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 The evaluation results which were recorded previously in 

August 2015 and currently in August 2023 (after eight 

years of life operation of the system) by PV Analyzer 

model Solmetric PVA-600, were documented as shown  

in Fig. 2.  

 To reinforce the obtained result in the second step, as 

shown in Fig. 3, a new solar panel with maximum power 

of 185.94 Wp (of monocrystalline type ) with a fixed tilt 

angle of 30° was installed next to an old solar panel, also a 

product by the same factory, with maximum power of 

183.33 Wp (of monocrystalline type), previously installed 

in 2015 at the same tilt angle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 After completing the installation of the new solar panel on 

the metal structure, performance evaluation readings were 

taken for the old and new solar panels at the same time by 

the performance analyzer device once every month, start-

ing in March and ending in November of the year 2023. 

The percentage of decrease in the total maximum output 

power of the solar panels of the system, which is called the deg-

radation rate in the performance of the solar panels (% D.R) was 

calculated according to the following Eq. (1): 

 % 𝐷. 𝑅  =
𝑃max (2015)−𝑃ma x  (2023)

𝑃ma x  (2015)
× 100 %, (1) 

where Pmax (2015) and Pmax (2023) denote the maximum output 

power of solar panels measured in 2015 and 2023, respectively. 

Note that this slight difference in the maximum power values 

of the two solar panels and their dissimilarity is due to the toler-

ance imposed in the production of solar panels by the manufac-

turer. Table 1 explains technical specifications of the two solar 

panels at standard conditions, which were used in this research. 

a)   

b)   

Fig. 2. System test results in August 2015 (a)  

and August 2023 (b) by PV Analyzer. 

 

Fig. 1. The solar panels of the system 2 kWp. 

 

Fig. 3. New module and old module. 
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3. Results and discussion 

The obtained results from the evaluating process of the perfor-

mance of all the system’s solar panels via the performance ana-

lyzer device were documented for the years 2023 and 2015 in 

the same month in August, as shown in Fig. 2. As found from 

Fig. 2 using Eq. (1), the performance degradation rate of the so-

lar panels (% D.R) for the total PV system during eight years of 

the system’s operational life was calculated at 4.74%, and there-

fore the annual performance degradation rate of the system solar 

panels was equal to 0.593% / year (see Table 2), due to the sys-

tem’s panels being exposed to fluctuating environmental factors 

and continuous exposure to influential ultraviolet rays during 

this period. 

 

 

 

 

 

 

 

 

 

Figure 4 shows the incident solar radiation rates every 

month, starting in March and ending in November, whereas  

Fig. 5 exhibits the maximum output power from the two solar 

panels (new and old) recorded via the performance analyzer de-

vice for these months. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The degradation rate % D.R and % D.R / year for the old 

solar panel which is selected from the PV system (of 2 kWp), 

was calculated monthly using Eq. (2): 

 % 𝐷. 𝑅  =
𝑃max (𝑛𝑒𝑤)−𝑃max (𝑜𝑙𝑑 )

𝑃max (𝑛𝑒𝑤)
× 100 %, (2) 

where Pmax (new) and Pmax (old) represent the measured maximum 

output power of the new and old solar panel, respectively. 

Due to the production tolerance, and the discrepancy be-

tween the maximum power value of the new and old solar panels 

 185.94 Wp for the new panel and 183.33 Wp for the old one 

(based on the available solar panels)  we observe a lack of 

equality in the maximum power output 

The calculation was done to correct the values of practical 

% D.R accurately by multiplying the maximum power results of 

the old solar panel by a factor equal: 185.94 / 183.33 = 1.014. 

A correction was made for the results of the performance degra-

dation values of the old solar panel, which should be accurate to 

a very high degree. The process of correcting values of % D.R 

is shown in Fig. 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 illustrates the annual performance degradation rate 

of the old solar panel (2015) over eight years of its operational 

life in the PV system compared to the performance of the new 

solar panel (2023). The obtained value of % D.R / year during 

the operation months ranged from 0.441–0.850% / year and the 

average of these values equal to 0.788%. The % D.R per year 

Table 1. Standard conditions test of the two solar panels.  

Module specifications PV Module (2015) PV Module (2023) 

Pmax 183.33 W 185.94 W 

Vo.c. 45.19 V 45.37 V 

Is.c. 5.41 A 5.51 A 

Vmax 36.43 V 36.62 V 

Imax 5.03 A 5.8 A 

Max. system voltage 1000 Vd.c. 1000 Vd.c. 

 

Table 2. % D.R for the total PV system during eight years.  

Time 
Pmax 

(total modules) 
Total % D.R 

(8 years) 
% D.R/year 

12/08/2015 1278.3 W 
4.74% 0.593% 

14/08/2023 1217.6 W 

 

 

Fig. 5. Maximum output power of two solar panels. 

 

Fig. 4. The change of solar radiation rate with months. 

 

Fig. 6. The total degradation rate. 
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values, after undergoing a correction process to align with the 

maximum power values of the selected solar panels for real eval-

uation, ranged from 0.391% to 0.684% per year, with an average 

value of 0.621% per year. 

The average value of the % D.R per year, after correction 

(*0.621% per year), for the aged solar panel used under the op-

erational climatic conditions in the evaluation area (Baghdad, 

Iraq) closely aligns with the performance degradation rate of all 

PV system solar panels, which was 0.593% per year. These val-

ues were deemed logical and consistent with the natural rates of 

performance degradation for panels of this type, specifically 

manufactured using monocrystalline technology, as indicated by 

previous research mentioned in the theoretical framework of this 

study. 

In general, the annual performance degradation rate  

% D.R / year of PV solar panels varies depending on the classi-

fication of the solar cell preparation technology, the guarantee, 

the brand of solar panel you purchase, environmental factors and 

climatic conditions that are exposed to it. These factors pose 

a major challenge to the generated electrical energy by PV solar 

panels. Finally, solar panel with low degradation rates will pro-

duce more energy and will be considered as the better one before 

purchasing and using it in PV solar systems. Proper maintenance 

of your solar panel system can result in a decrease in the annual 

rate of solar panel degradation and prolong their life (25–30 

years), which includes regularly inspecting your solar panels, 

and exposed wires checking, and keeping your solar panels 

clean, free of dirt and debris, and away from the shade of trees. 

4. Conclusions  

In this research, the evaluation of PV solar panels performance 

2 kWp connected to the electrical grid. The performance degra-

dation rate (% D.R) of all PV system modules (2 kWp) over 

eight years of operation, from 2015 to 2023, was calculated for 

a previous performance evaluation conducted in August 2015. It 

is equal to % D.R = 4.74%, or 0.593% per year. The calculated 

values of % D.R per year for the old solar panel during the op-

erational months ranged from 0.441% to 0.850% per year for 

each month, with an average of 0.788% per year, While the ob-

tained values of % D.R/year  corrected after a correction pro-

cess ranged from 0.391–0.684%/year with the average value 

equal to *0.621%/ year. The corrected average value of % 

D.R/year for the used old solar panel is very close to the value 

of %D.R/year of all PV system modules (0.593% / year) under 

the operational climatic conditions in the evaluation area (Bagh-

dad, Iraq). 
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