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1. Introduction 

Various energy resources are utilised in industry, transport, the 

residential sector, etc. The energy sources widely used are natu-

ral gas, coal, fossil fuel, oil, renewable and other sources. It is 

a fact that sustainable energy sources are a global problem. 

Across the globe, treaties have been employed and implemented 

to check and restrain global warming, climate change and en-

ergy depletion quickly. These resources are fixed in quantity, 

but at the same time, their exploration and utilisation are hugely 
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Abstract 

In the present review article, an effort has been made to review various experimental and numerical research, which include 
heat transfer rate and fluid flow characteristics of a modified solar air heater (SAH) using various artificial roughness. As 
it is clear that artificial roughness enhances the heat transfer and performance, in this review study, various types of rough-
ened SAH performances have been examined. These various roughness patterns are V-shape, W-rib, arc shape, spherical 
ball and S-type, and their placement arrangements, like transverse, inclined and longitudinal, are discussed in this article. 
The comparative studies of thermo-hydraulic performance with heat transfer and fluid flow investigations of various rough-
ened SAHs have been described to identify optimal performance parameters to select the optimum configuration that can 
be further used for various applications. In addition to this, various correlations of the Nusselt number and friction factor 
developed by various investigators have also been reported. The main aim of this study is to evaluate the SAH performance 
using various roughness patterns. It also provides several essential recommendations for effectively designing and imple-
menting SAHs. This review encompasses a comprehensive analysis of 178 research articles published between 1988 and 
2024, focusing on advancements in the field. The findings showcase the peak values for the Nusselt number as 7.61, the 
friction factor reaching 6.48 times that of a smooth duct for discrete multiple-arc ribs, and the maximum thermal-hydraulic 
performance reported at 4.73 for dimple or protrusion ribs. 

Keywords: Solar air heaters; Roughness geometry; Heat transfer; Fluid flow; Thermo-hydraulic performance 
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Nomenclature 

Ac ‒ surface area of collector, m2 

Ao ‒ area of orifice meter, m2 

B/S ‒ relative roughness length 

Cd ‒ coefficient of discharge 

Cpf ‒ air specific heat, J/(kg K) 

c/H ‒ relative baffle height 

db ‒ ball diameter, m 

dp ‒ perforated diameter, m 

d/D ‒ relative print diameter 

d/w ‒ relative gap position of additional gap in symmetrical rib 

d/x ‒ relative gap position 

Dh ‒ hydraulic diameter, m 

Dj ‒ jet diameter, m 

e ‒ height of roughness (rib height), mm 

e/dd ‒ dimple depth to diameter ratio 

e/D, e/Dh  ‒ relative roughness height 

e/w ‒ rib aspect ratio 

e+ ‒ roughness Reynolds number 

e'/e ‒ rib chamfered aspect ratio  

f ‒ friction factor 

g ‒ width of gap, gap of discrete rib, m  

g/e, gw/Hr ‒ relative gap width 

g/P ‒ relative groove position 

g’/e  ‒ relative gap size of additional gap in symmetrical gap 

          elements 

G(e+) ‒ heat transfer roughness function  

Gd/Lv ‒ relative gap distance 

h ‒ heat transfer coefficient, W/(m2 K) 

h/H ‒ relative height ratio (for fins and ribs) 

h/dp ‒ relative perforated ratio 

H ‒ height of the duct, m 

Hj ‒ jet height, m 

Hr ‒ rib height, m 

k ‒ thermal conductivity, W/(m K) 

L ‒ length of the test section in the duct, m 

L/e ‒ relative long way length 

ṁf ‒ mass flow rate of air, kg/s 

Ng ‒ number of main gaps 

Nu ‒ Nusselt number 

O ‒ hole position from baffle base, m 

p/P ‒ relative staggered pitch 

P ‒ perimeter, roughness (rib) pitch, m 

ΔPo ‒ pressure drop, Pa 

P/e ‒ relative roughness pitch 

P/g ‒ relative pitch to gap ratio 

P/H ‒ relative rib pitch  

Pr ‒ Prandtl number 

q ‒ solar irradiation, W/m2 

𝑄̇𝑢 ‒ useful heat gained by air, W 

rd ‒ depth of dimple cavity, m 

r/e ‒ depth of dimple cavity, m 

rd/Dh ‒ relative dimple depth 

R(e+) ‒ friction roughness function 

Re ‒ Reynolds number 

S/e ‒ relative short way length 

s/H ‒ relative baffle pitch 

St ‒ Stanton number 

T ‒ temperature, K 

Tu ‒ turbulence intensity 

V ‒ air velocity in the duct, m/s 

x/rd ‒ longitudinal pitch ratio 

X/Dh ‒ streamwise pitch ratio 

y/rd ‒ transverse pitch ratio 

Y/Dh ‒ spanwise pitch ratio 

w ‒ rib width, m 

w/e ‒ relative rib width 

W ‒ duct width, m 

WAC ‒ width of discrete multi-arc shaped rib, m 

W/H ‒ duct aspect ratio  

W/w ‒ width of duct to width of collector 

 

Greek symbols 

α ‒ angle of arc, ° 

β ‒ ratio of orifice meter to pipe diameter 

β0 ‒ open area ratio 

ρ ‒ density, kg/m3 

ϕ ‒ wedge/chamfer angle, ° 

 

Subscripts and Superscripts 

a ‒ air 

avg ‒ average  

B ‒ baffle 

f ‒ fluid 

fi ‒ air inlet 

fo ‒ air outlet 

m ‒ mean 

np ‒ non-perforated 

p ‒ plate, perforated 

s ‒ smooth 

 

Abbreviations and Acronyms 

ANN ‒ artificial neural network 

CCD ‒ central composite design 

CFD ‒ computational fluid dynamics 

LCT ‒ liquid crystal thermography 

PCM ‒ phase change material 

SAH  ‒ solar air heater 

SPR ‒ sinusoidal protrusion rib 

STC ‒ solar thermal collector 

THP ‒ thermo-hydraulic performance 

expedited to meet the energy demand of the growing popula-

tions and other development works. Therefore, the governments 

emphasise using renewable energy sources to meet the demand 

at the required rate. Solar energy is an abundantly available, 

clean, green, and never-ending energy source that can meet the 

energy demand. Many solar thermal systems are available, such 

as solar space heating, solar water heating, concentrated solar 

power, solar air conditioning, solar crop drying, solar cooking 

and solar ponds. These are solutions that utilise sunlight to con-

vert it into thermal energy. There are several major types of solar 

thermal technologies in use. These are unglazed solar collectors, 

transpired solar air collectors, flat-plate solar collectors, evacu-

ated tube solar collectors and concentrating solar systems. But 

due to high cost and sustainable use, the focus has always been 
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on solar air heaters. Many types of air heaters are available, such 

as duct heaters, enclosure heaters, forced air heaters, heat 

torches, flame heaters, radiators, space heaters and room heaters, 

and tubular heaters. The utilisation of solar air heaters is encour-

aged due to their easy installation, relatively low cost and port-

ability. However, these systems have certain drawbacks. One 

significant limitation is the low heat transport capacity of the 

absorber sheet, which hinders efficient heat transfer. Another 

factor is the low thermal conductivity of the absorber sheet, 

which results in a reduced heat transfer rate between the ab-

sorber sheet and the flowing air. Consequently, the overall ef-

fectiveness and utilisation of solar air heaters are diminished. To 

overcome these limitations, researchers have focused on creat-

ing turbulence inside solar air heaters. The objective is to disrupt 

the laminar sublayer formed near the absorber plate and enhance 

the heat transfer rate. However, passive methods used to gener-

ate turbulence have disadvantages, such as increased fluid fric-

tion and the need for higher pumping power.  

Researchers continue to explore alternative approaches to 

address these challenges and improve the performance of solar 

air heaters. By developing innovative methods and designs, the 

goal is to enhance heat transfer efficiency without significantly 

increasing fluid friction or energy consumption. There are many 

techniques used by various researchers, such as evaluations of 

solar air heaters (SAH) in terms of thermo-hydraulic perfor-

mance [1], thermal performance [2], single pass [3], double pass 

[4], parallel pass [5] and longitudinal fins [6]. Limited research-

ers investigated experimentally and numerically various types of 

artificial roughness, such as arc shaped [7], apex up-down arc 

shaped [8], concave dimple [9], wingets [10], multi-V shaped 

[11], S-shaped [12], V-corrugated [13], aluminium cans as fins 

[14], porous fins [15], packed bed [16], porous bed [17], wire 

mesh [18], corrugated fins [19], wavy fins [20], turbulators [21] 

and SAH made from plastic-metal waste [22], etc. for increasing 

the performance of SAHs. The utilisation of irregular surfaces is 

a widely employed and effective technique for enhancing heat 

transfer in solar air heaters. This passive approach involves ap-

plying artificial roughness on the underside of the absorber plate 

using various methods, such as ribs, grooves, dimples, winglets, 

baffles, twisted tapes, mesh wires, and more. These modifica-

tions create disturbances in the flow, promoting turbulence and 

improving heat transfer. In Fig. 1, a schematic diagram show-

cases different types of heat transfer augmentation techniques 

implemented in solar air heaters.  

The artificial roughness is strategically placed on the under-

side of the blackened absorber plate to enhance heat transfer, 

while keeping an increase in pumping power to a minimum. This 

approach ensures that the disturbance or turbulence is created in 

close proximity to the heated surface, specifically targeting the 

laminar sublayer. By implementing these modifications, solar 

air heaters can achieve improved heat transfer performance 

without requiring significant additional pumping power. This 

technique allows for efficient utilisation of the available thermal 

energy and enhances the overall effectiveness of the solar air 

heating system. 

The primary objective of this study is to review experimental 

and analytical work on the performance of solar air heaters using 

the concept of artificially roughened solar air heaters. This analy-

sis provides researchers with an energy efficiency concept and  

a strategy for designing and operating industrial operations. In ad-

dition, this research work also involves an extensive examination 

of various roughness geometries employed in solar air heaters and 

their impact on the mechanisms of heat transfer and fluid flow. 

The study focused on understanding how different surface tex-

tures affect the exchange of heat and movement of fluids within 

SAH. Further, this paper identifies research gaps for future work 

and is beneficial for those working with artificially roughened so-

lar air heaters. 

 From the literature review (Table 1), it has been observed 

that many review papers have been published on solar air heat-

ers, particularly on roughened SAHs. But very few reviews have 

been conducted on the heat transfer and fluid flow of solar air 

heaters. In this area, there is a large opportunity in the near future 

for increasing the performance of SAHs with  novel  geometry 

 

Fig. 1. Modifications implemented in solar air heaters. 
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Table 1. Review papers published from 2000 to 2022 on artificial roughness of solar air heaters. 

Reference Year Studied issues 

Varun et al. [23] 2007 Heat transfer (Nu) and friction (f) characteristics, correlations developed for Nu and f. 

Gupta and Kaushik [24] 2009 Heat transfer, friction characteristics, energy and exergetic efficiency, effective efficiency. 

Hans et al. [25] 2009 Heat transfer and friction characteristics, and correlations developed for Nu and f 

Chamoli et al. [26] 2012 Heat transfer, friction characteristics and flow pattern.  

Chamoli et al. [4] 2012 Fins, packed bed energy analysis, thermal efficiency, heat transfer enhancement. 

El-Sebaii and Shalaby [27] 2012 Detailed description, fundamentals and previous work performed on solar dryers and solar air heaters. 

Yadav and Bhagoria [28] 2013 
CFD analysis, design parameters for improved performance include heat transfer, mass and momentum 
transfer, optimal design parameters and turbulence model. 

Yadav and Thapak [29] 2014 
Numerical analysis, developed codes in MATLAB-7, heat transfer, friction characteristics, and correlations 
developed for Nu and f. 

Gawande et al. [30] 2014 
Numerical and experimental study, thermal performance evaluation, heat transfer, friction characteristics, 
and correlations developed between Nu and f. 

Kumar et al. [1] 2014 Exergetic efficiency, thermo-hydraulic performance (THP), thermal performance 

Alam et al. [31] 2014 
Numerical analysis, different turbulators used, heat transfer, friction characteristics and correlations devel-
oped for Nu and f. 

Alam et al. [32] 2014 
Experimental study, different turbulence generators, heat transfer, friction characteristics and correlations 
developed for Nu and f. 

Mund et al. [33] 2014 Heat transfer, friction characteristics and correlations developed for Nu and f. 

Anil Kumar Patil [34] 2015 
Fluid turbulence and heat transfer mechanism, rib geometries, Reynolds number and temperature rise 
parameter, effective efficiency. 

Sharma and Kalamkar [35] 2015 
Different roughness geometrical elements, thermo-hydraulic performance, heat transfer and friction 
characteristics. 

Kumar and Kim [36] 2015 
Used different ribs, fins and baffles; heat transfer, friction characteristics, and correlations developed 
for Nu and f 

Lanjewar et al. [37] 2015 
Used different rib geometries; heat transfer, friction characteristics, and correlations developed 
for Nu and f 

Sheikholeslami et al. [38] 2015 
Different turbulators used on rib geometries; heat transfer, friction characteristics and heat transfer 
performance. 

Singh et al. [39] 2015 Thermo-hydraulic performance comparison, heat transfer, friction factor, relative roughness pitch. 

Saxena et al. [40] 2015 Optimising the dimensions, improving thermal performance. 

Kumar et al. [41] 2016 
Experimental and numerical analysis, triangular duct; heat transfer, friction characteristics and heat transfer 
performance. 

Aravindh and Sreekumar [42] 2016 
Used different modifications on rib geometries; heat transfer, friction characteristics and heat transfer per-
formance. 

Sharma and Kalamkar [43] 2016 CFD analysis, modelling, different meshing type, suitable turbulence model, thermo-hydraulic performance. 

Kumar and Kim [44] 2016 
Energy efficiency, heat transfer enhancement, turbulence models, thermo-hydraulic performance, RNG k-ε 
model. 

Ravi and Saini [45] 2016 
Experimental and theoretical investigations, performance enhancement techniques, a double pass system, 
thermal performance, and correlations developed. 

Gawande et al. [46] 2016 
CFD analysis, modelling, different meshing type, operating and system parameters, suitable turbulence 
model, thermo-hydraulic performance. 

Yadav and Thapak [47] 2016 
Experimental and CFD approaches on different roughness elements for heat transfer, friction characteristics 
and thermo-hydraulic performance. 

Kabeel et al. [48] 2017 
Experimental and theoretical study, different modifications on the absorber plate, recycling process for heat 
transfer, friction characteristics and thermo-hydraulic performance. 

Alam and Kim [49] 2017 
Experimental study on different roughness elements; heat transfer, friction characteristics and thermo- 
hydraulic performance. 

Singh and Singh [50] 2018 
Experimental and theoretical study, different modifications on the absorber plate, flow visualisation to asses 
heat transfer, friction characteristics and thermo-hydraulic performance. 

Singh et al. [51] 2018 
Experimental study on different roughness elements for heat transfer, friction characteristics thermo-hy-
draulic performance, thermal efficiency, effective efficiency and energy – exergy performance.  

Kumar et al. [52] 2018 Energy efficiency, blockage height, blockage arrangement, thermal hydraulic performance, air passage. 

Chauhan et al. [53] 2018 
Jet impingement, heat transfer, friction factor, multi criteria decision making, thermodynamic behaviour, 
control factors on heat transfer and friction characteristics. 
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and various parameters. Thus, the present systematic review 

work on the heat transfer, fluid flow characteristics and thermo-

hydraulic performance of roughened solar air heaters is neces-

sary to identify existing research gaps, while also incorporating 

the latest published studies.  

In the present paper, a comprehensive review on heat trans-

fer, fluid flow characteristics and thermo-hydraulic performance 

of roughened solar air heaters has been reported. Various geom-

etries of roughness, which were used by many researchers, have 

been discussed. The main objectives of the present review are as 

follows: 

1. To study the heat transfer and fluid flow characteristics 

of various roughness geometries. 

2. To find out the optimal thermo-hydraulic performances 

in various roughness geometries.  

3. To report the developed Nusselt number and friction fac-

tor correlations of various roughened solar air heaters. 

4. To find out the research gaps for future work. 

2. History of development of a solar air heater 

Since ancient times, the sun’s energy has been used for many 

purposes, such as crop drying, vegetable drying, cloth drying 

and making salts, etc. In 1877, Daniels and Duffie [65] were the 

first to report that solar energy can be stored in iron. The air 

passed through the iron and got heated, and then it was used for 

heating the room.  

In 1881, an American researcher E. Morse, structured and de-

veloped an accredited SAH. This SAH was designed with 

a wooden-framed cabinet with a metallic absorber sheet, which 

was covered with a transparent glass cover. This SAH works on 

the concept of convection; the solar radiation is absorbed by 

the steel sheet absorber plate, and air flows through the cab-

inet, where it absorbs heat from the absorber sheet and trans-

fers it to the blowing air. 

 This system came into light, but still progress is needed 

on various modification options in SAH [66]. During this 

time, several solar-heated homes have been developed and 

operated in various places around the world. Between 1946 

and 1949 in Massachusetts, SAH was modified using a chem-

ical compound, which inherently has the ability to absorb 

heat and emit heat energy to the air. This technology is known 

as phase change material (PCM), which has wide applications 

in various industries and households. At that time, up until 

1978, new and novel designs of houses were developed at the 

Massachusetts Institute of Technology (MIT). It is also ob-

served that many stakeholders, i.e. industries, manufacturing, 

etc., are designing new solar air heaters for applications such 

as air heating, crop heating and vegetable heating. In the past 

few years, after detailed studies, many researchers have de-

veloped this solar system for many applications. These stud-

ies are summarised in Table 2. 

 

3. Basic construction of a solar air heater 

3.1. Basic design of a solar air heater 

The basic design of a solar air heater is described in Table 3. 

SAH is mainly designed with a frame, absorber or collector 

plate, glass cover, insulation, black interior surfaces, and the in-

let and outlet sections. Solar radiation falls upon the absorber 

plate, as shown in Fig. 2. The thermal energy of the solar radia-

tion is absorbed by the plate, which is then conveyed to the fol-

lowing air through the duct. 

 

Table 1. Review papers published from 2000 to 2022 on artificial roughness of solar air heaters (continued).  

Reference Year Studied issues 

Elsheikh et al. [54] 2019 
Artificial neural network (ANN) method for optimising and predicting the performance of different solar en-
ergy devices. 

Hu and Zhang [55] 2019 Correlation development on performance improvement method, reorganisation of flow of air stream. 

Prakash and Saini [2] 2019 
Experimental study, different modifications on absorber plate, flow visualisation for heat transfer, friction 
characteristics and thermo-hydraulic performance. 

Chhaparwal et al. [56] 2019 
Experimental, different modifications on absorber plate, physics involved in flow visualisation for heat trans-
fer, friction characteristics and thermo-hydraulic performance. 

Ghritlahre and Sahu [57] 2020 
Experimental study on different roughness elements for heat transfer, friction characteristics, thermo-hydrau-
lic performance, thermal performance, effective efficiency and energy – exergy performance. 

Vengadesan and Senthil [58] 2020 
Experimental study on different modification on SAH for heat transfer, friction characteristics, thermo-hydrau-
lic performance, thermal performance. 

Yadav and Prasad [59] 2020 Mathematical model, codes in MATLAB, thermal efficiency, thermo-hydraulic efficiency.  

Arunkumar et al. [60] 2020 
Thermal performance, design considerations, geometries used, flow conditions and their influence on turbu-
lence; heat transfer, friction characteristics and thermo-hydraulic performance. 

Nidhul et al. [61] 2021 
Thermo-hydraulic performance, correlations for heat transfer and friction factor, effective efficiency and en-
ergy – exergy performance. 

Chamarthi and Singh [62] 2021 Energy and exergy efficiencies, performance enhancement, solar air heater, testing standards. 

Ghritlahre et al. [63] 2021 
Solar air heaters, porous bed, artificial roughness, artificial neural network, learning algorithm (LA), multi-layer 
perceptron (MLP). 

Ghritlahre et al. [64] 2022 Solar air heater, energy analysis, exergy analysis, thermal performance. 
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3.2. Classification of SAHs 

Solar air heaters are classified into various categories, such as 

flow patterns, applications, hybriding, collector (absorber) ma-

terials, glass covers, flow types and collector (absorber) surface 

type. The classification of SAHs is described in Table 4. 

3.3. Applications of SAHs 

Solar air heaters are mainly used for heating air for various pur-

poses. Some important applications of SAHs are shown in  

Fig. 3. 

Table 2. The developments in the past few years.  

Researchers/ 
Inventors) 

Year 
City/Place/

Country 
Novelty of the invention 

Cabot [67] 1938 Boston 
Groundwork for research on fully functional solar air heating took place at the Massachusetts Institute of 
Technology (MIT). The developed solar thermal system was designed to meet almost one-third of the total 
heating requirement in Boston. 

Telkes and 
Raymond 
[68] 

1949 Dover 
Firstly, solar homes were defined at Dover (MIT). The solar homes worked on the principle of solar thermal 
energy storage by using fusion of NaSH3. The primary objective was to meet the heating load for consecu-
tive 5 days. 

Bliss [69] 1955 
Arizona  
desert 

A fully functional solar-heated house has been designed and developed in the desert of Arizona. The sys-
tem comprises air stream flow through combined heater and thermal energy storage (TES) system. 

Lof [70] 1959 Denver 

Solar air heaters have been developed by using overlapped transparent glass as an absorber plate in a solar 
collector. They have also utilised pebble bed as solar thermal energy storage, while developing a dwelling 
in Denver. During 1963, 1964, 1976 and 1978, the researchers have examined the SAHs with all variations 
and reported the evidence. 

Doherty [71] 2007 USA 
The system utilised two novel features to increase the mean temperature of the system. They have given a 
solution to prior problems with mixing of cold fluid stream with hot air. They reported an increase in the 
system efficiency. 

Vachon [72] 2010 USA 
They achieved higher thermal efficiency by using the principle of heating and heat recovery in a solar heat 
collector. This system comprises glazing in contact with air. The spacing used in glazing over the back sur-
face was the reason for higher performance of the system. 

MacKay et al. 
[73] 

2011 USA 
Air heating was effective using a modular method. The modular system contained different sizes and an-
gles to get maximum absorption of incoming thermal energy. The applications vary from industries, house-
holds and agriculture, etc. 

Ryan [74] 2011 USA 
The boundary of the heating system was defined at the verge between the absorber plate and the plenum. 
This system was employed to support the surface, a mechanism for flowing air stream and other parts of 
SAHs. 

Hao [75] 2013 China 
This novel SAH comprises a frame, a sheet of glass, supports and two ducts with a roof at the top, and 
there is a greenhouse at the bottom. The advantage of the design was that it achieved high thermal effi-
ciency. 

 

Table 3. The basic design of a solar air heater.  

Component 
General specification/ 
dimensions/materials 

Purpose 

Collector or 
absorber 
plate 

An absorber plate is made of GI or alu-
minum and painted black to maximise 
radiation absorption. 

This collects solar energy and transmits it to moving air. 

Insulation 
Generally, material used as glass wool or min-
eral wool up to 50 to 80 mm thickness. 

It is provided to prevent heat losses from the bottom and sides of the ducts. 

Matte black 
interior 

It is matte black paint/ sticky powder. 
The interior surfaces of test sections are painted with black matte paint to 
maximise solar absorption. 

Glass cover 
Glass covers with a thickness of 3 to 4 mm 
are commonly utilised. 

The use of a glass cover over the top of the absorber plate reduces convection 
and re-radiation losses from the absorber surfaces to the environment. 

Glazing 
Glaze sheet is made of carbonate, acrylic 
and tempered glass materials. 

Glazing is provided on the top surface of the glass cover to give adequate so-
lar radiation absorption. 

Inlet/outlet 
section 

Bell mounted wooden inlet section and trap-
ezoidal wooden outlet section. 

The inlet and outlet sections are designed to make air intake and discharge 
easier. 

Frame 
Generally, the frame is made of woods or 
metal. 

To provide support for the SAH body components. 

 



Effects of roughness geometry on heat transfer, fluid flow and thermo-hydraulic performance… 

 

11 
 

4. Performance evaluation of solar air heaters 

Solar air heaters can be evaluated by both experimental and ana-

lytical approaches. The parameters under evaluation include the 

plate temperature of an absorber sheet, the air stream temperature, 

the rate of mass flow, and the thermal and thermo-hydraulic per-

formance. These parameters are explained below in brief.  

4.1. Mass flow rate 

Mass flow rate is the function of the associated pressure drop 

through the SAH. The formula utilised for the mass flow rate of 

fluid is: 

 𝑚̇𝑓 = 𝐶𝑑𝐴𝑜 [
2𝜌𝑎(𝛥𝑃𝑜)𝑎

1−𝛽4 ]
0.5

, (1) 

where: 𝐶𝑑 − coefficient of discharge, Ao − area of an orifice me-

ter, 𝛥𝑃𝑜 − pressure drop across an orifice meter, 𝛽 − ratio of the 

orifice diameter to the pipe diameter.  

4.2. Hydraulic diameter 

 𝐷ℎ =
4𝐴𝐷

𝑃
=

4(𝑊𝐻)

2(𝑊+𝐻)
, (2) 

where: 𝑊 − width of the duct, H − height of the duct, 𝐴𝐷 – cross-

sectional area of the duct, 𝑃 − perimeter of the duct.  

4.3. Velocity of air 

 𝑉 =
𝑚̇𝑓

𝜌𝑎𝐴𝐷
, (3) 

where 𝜌 = 𝜌𝑎 denotes the density of air. 

4.4. Reynolds number 

 Re= 
𝜌𝑉𝐷ℎ

𝜇
, (4) 

where 𝜇 is the kinematic viscosity. 

4.5. Heat transfer coefficient 

The heat transfer coefficient (h) is a key factor in evaluating the 

performance of SAH. This coefficient is influenced by the na-

ture and condition of the absorber surface and the flowing fluid. 

The heat transfer coefficient can be calculated using the follow-

ing formula: 

 ℎ =
𝑄̇𝑢

𝐴𝑐(𝑇𝑝𝑚−𝑇𝑓𝑚)
, (5) 

where Ac represents the surface of a collector, and 𝑇𝑝𝑚 and 𝑇𝑓𝑚 

are the mean temperatures of the plate and air, respectively. 

The evaluation of useful heat gained (𝑄̇𝑢) by the air is cal-

culated using the formula: 

 𝑄̇𝑢 = 𝑚̇𝑓𝐶𝑝𝑓𝛥𝑇 = 𝑚̇𝑓𝐶𝑝𝑓(𝑇𝑓𝑜 − 𝑇𝑓𝑖), (6) 

where: 𝐶𝑝𝑓 − specific heat at constant pressure of fluid used, 𝑇𝑓𝑜 

− outlet temperature of the fluid, 𝑇𝑓𝑖  − inlet temperature of the 

fluid. 

 

 

Table 4. Classifications of SAHs. 

Main classification 
Subclassification 

A B C D 

The collector cover (glass) Bare plate Single Double − 

The absorber material Metallic Non-metallic Matrix − 

The shape of absorbing surface With slate With porous media With fins − 

Type of absorber flow pattern Over Under On both side − 

Type of flow Single pass Double pass Double flow Triple pass 

Hybrid collectors Air Water Water-air − 

Applications Drying Space heating Preheating Cooling 

 

 

Fig. 3. Different applications of SAHs. 

 

Fig. 2. Convectional solar air heater (drawn after [58]). 
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4.6. Heat transfer 

The ratio of convective heat transfer to conductive heat transfer 

is evaluated using the Nusselt number for a roughened duct. This 

dimensionless parameter can be calculated from: 

 Nu = 
ℎ𝐷ℎ

𝑘
, (7) 

where k represents the thermal conductivity of the fluid. 

Furthermore, the Dittus-Boelter equation can be used to cal-

culate the Nusselt number for a smooth duct of SAH: 

 Nus = 0.023Re0.8Pr0.4, (8) 

where Pr stands for the Prandtl number. 

4.7. Fluid flow characteristics 

The frictional characteristics in SAH is calculated using the 

pressure drop (ΔP). The Darcy equation formula can be used to 

evaluate friction factor for the roughened duct: 

 𝑓 =
2𝛥𝑃𝐷ℎ

4𝜌𝑎𝐿𝑡𝑉2, (9) 

where Lt is the length of a test section. For a smooth duct, the 

friction factor can be calculated using the modified Blasius 

equation: 

 𝑓𝑠 = 0.085 Re−0.25. (10) 

4.8. Thermo-hydraulic performance 

The thermo-hydraulic performance in SAH can be calculated us-

ing the given formula: 

 THP =

Nu

Nus

(
𝑓

𝑓𝑠
)

1
3

. (11) 

5. Roughness concept 

Artificial roughness is a technique used to enhance fluid flow 

and heat transfer by introducing specially designed roughness 

elements on surfaces. The artificial roughness influences fluid 

flow patterns and improves heat transfer rates as compared to 

natural surface roughness, which has a minimal impact on con-

vective heat transfer. The artificial roughness over the absorber 

plate or sheet has different shapes and sizes, such as ribs, dim-

ples, grit, baffles, wings, protrusions, spherical balls, V-shapes, 

W-shapes and many others. These various roughness elements 

have different impacts on the flow behaviour and heat transfer 

characteristics in the SAH. Different researchers used different 

methodologies, such as experimental, analytical, and codes in 

advanced platforms like MATLAB, OpenFOAM, etc., to evalu-

ate the performance of the SAH.  

Much research has concluded that the reattachment of a fluid 

flow after the fluid passes the roughness element has a huge im-

pact on the heat transfer coefficient. Sparrow et al. [76] demon-

strated this relationship through experimental and numerical in-

vestigations. Additionally, Okamoto et al. [77] found that the 

maximum heat transfer rate occurred at the reattachment point. 

Researchers have also conducted analyses to develop corre-

lations between different dimensionless geometrical governing 

parameters and operating parameters and heat transfer coeffi-

cients (Stanton number), friction factor and Nusselt number, 

based on their experimental studies. These correlations have 

been used as performance forecasting tools to evaluate rough-

ened SAH performance, such as thermal and hydraulic perfor-

mance. 

The impact of artificial roughness elements on frictional 

characteristics, velocity profile and turbulence generation has 

been studied by various researchers. Nikuradse [78] examined 

the effect of roughness on friction by using grains of sand for 

fluid flow through a pipe, while Nunner [79] proposed a fluid 

flow model that highlights the influence of roughness elements 

on reducing the thermal resistance in the turbulent near-wall re-

gion. Dipprey and Sabersky [80] developed a correlation for 

heat transfer in a tube roughened by sand grains, and Lewis [81] 

used smooth, as well as roughened surfaces, to calculate thermal 

and hydraulic performance by firstly introducing the thermal ef-

ficiency. Also, experiment was conducted by Han et al. [82] on 

a roughened surface to evaluate heat transfer (Nu) and fluid flow 

characteristics (f), taking into account geometrical variables 

such as different attack angle, type of ribs and pitch to height 

ratio. Artificial roughness is a highly effective technique for in-

ducing turbulence and enhancing forced convection heat trans-

fer rates. By strategically placing roughness elements inside 

ducts and using fans or blowers to create turbulence, it is possi-

ble to increase heat transfer without excessive friction losses. 

The size and configuration of the roughness elements play a cru-

cial role in achieving this balance. 

In general, the relative roughness height (e/D), as well as the 

relative roughness pitch (P/e), are two highly influencial param-

eters, which increase the rate of heat transfer for a roughened 

SAH. Various shapes, such as ribs, grooves, fins, and chamfers, 

can be utilised as roughness elements to enhance the heat trans-

fer performance of conventional SAH. 

In solar air heaters, improving the roughness of the absorber 

plate is essential for enhancing thermal efficiency. Artificial 

roughness techniques are particularly effective in generating tur-

bulence on the absorber plate, resulting in improved heat trans-

fer. While simple roughness methods like grinding tools are less 

effective, artificial roughness offers superior performance. 

In summary, artificial roughness has a significant impact on 

fluid flow and heat transfer. By using specially designed rough-

ness elements, it is possible to manipulate flow patterns, pro-

mote turbulence and enhance heat transfer rates. This technique 

 

Fig. 4. Concept of roughness over a typical flat plate. 
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finds application in various fields, including solar air heaters, 

where improving roughness can lead to improved thermal effi-

ciency, as shown in Fig. 4. 

6. Impact of various roughness parameters 

The solar air heaters can be modified using different roughness 

parameters. These roughness parameters include operating and 

control parameters such as height, pitch, angle of inclination, 

cross-sectional area, Reynold number, mass flow rate and other 

metrological parameters. These parameters have a significant in-

fluence on the thermal performance and thermo-hydraulic per-

formance of SAH. Understanding how these factors affect the 

system can help optimise its efficiency.  

Many researchers evaluated the performance of SAH and de-

veloped correlations for heat transfer (Nu) and friction factor (f) 

using various operating and geometrical parameters, such as 

Reynolds number, mass flow rate, etc. In a nutshell, heat transfer 

can be broadly expressed as a function of Reynolds number, rel-

ative roughness pitch, relative roughness height, angle of attack 

(α), different rib shapes and various duct shapes, the number of 

roughened walls, etc. Furthermore, the same parameters also af-

fect the friction factor. 

Understanding and optimising these geometrical factors is 

essential for achieving enhanced thermal and thermo-hydraulic 

performance in SAH ducts. By carefully adjusting rib height, rib 

pitch, inclination, rib cross-section, and considering the appro-

priate Reynolds number, it is possible to achieve improved heat 

transfer efficiency while minimising pressure drop and pumping 

power requirements. 

The geometrical parameters of artificial roughness elements 

play a crucial role in the performance of solar air heaters. These 

parameters include the relative roughness height, relative rough-

ness pitch, angle of attack, shape, and arrangement of the rough-

ness elements, etc. 

6.1. Impact of relative roughness pitch and relative 

roughness height 

Prasad and Saini [83] modified conventional SAH with circular 

wire ribs as artificial roughness elements. They used relative 

roughness height and relative roughness pitch firstly in the field 

of SAH as geometrical variable. They observed that increasing 

the relative roughness height leads to an increment in heat trans-

fer and friction factor. For the relative roughness pitch values 

below 8, the flow reattachment did not occur, which led to a de-

crease in the rate of heat transfer. However, as the roughness 

pitch reduced, the friction factor kept increasing. Figure 5 illus-

trates the flow patterns in the downstream region of circular wire 

ribs, associated with the changes in relative roughness height 

and relative roughness pitch. The effect of relative roughness 

pitch, flow regimes and the development of flow vortices down-

stream are shown in Fig. 6.  

6.2 Impact of angle of attack 

Many researchers found the angle of inclination (α) to be the 

crucial parameter in the SAH performance. In general, when rib 

 

Fig. 5. Effect of relative roughness height on the flow patterns  

downstream (drawn after [84]). 

 

Fig. 6. Effect of relative roughness pitch (P/e) on the flow patterns 

downstream (drawn after [84]). 
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is inclined, it geometrically divides the main fluid flow into two 

parts, namely, the primary and the secondary stream flow. This 

segregation of the flow regime enhances the heat transfer and 

fluid flow characteristics. Taslim et al. [17] utilised inclined ribs 

as roughness elements to modify SAH. They observed that when 

fluid enters the leading edge of the rib and passes through the 

trailing edge, the whole flow regime acts as a high heat transfer 

zone. Secondary flow accelerates heat transfer and increases 

fluid friction.  

6.3. Impact of V-shaped rib 

Modifying conventional SAH by V-shaped rib roughness leads 

to creating spanwise counter-rotating flows. The general obser-

vation was that V-shaped ribs enhance heat transfer by inducing 

spanwise counter-rotating flows, which promote vigorous fluid 

mixing, suppress laminar flow and decrease the thermal re-

sistance (flow obstruction) in the boundary layer, as shown in 

Fig. 7b.  

6.4. Impact of multiple V-shaped rib roughness 

Various researchers observed that numerous secondary flow cells 

are introduced by using multiple V-shaped ribs that interconnect 

with the main flow. Multiple V-shaped ribs enhance heat transfer 

by introducing chaotic fluid mixing, which leads to higher heat 

transfer rates, but also to increased frictional losses, as seen in 

Fig. 7. 

6.5. Impact of gap in inclined, V- and multiple V-

shaped rib roughness 

V-shaped ribs with gaps enhance heat transfer rate by releasing  

secondary flow. The secondary flow accelerates flow inside the 

boundary layer, which promotes better fluid mixing. The main 

reason behind the improvement in the heat transfer rate is a twin 

secondary flow that passes along the ribs. The release of jets 

through small gaps arranged along the longitudinal axis are 

shown in Fig. 7.  

6.6. Impact of dimples and protrusions 

Arc-shaped dimples and protrusions on the absorber plate en-

hance heat transfer by inducing flow impingement, flow separa-

tion and vortex formation. Sethi et al. [85] observed that flow 

vortices generated on both sides of the protrusion element over 

the absorber plate and the main flow impingement on the up-

stream side of the protrusion result in an enhancement of heat 

transfer in the modified SAH.  

7. Various geometries used for solar air heaters 

performance improvements 

The solar air heater (SAH) has been studied in order to improve 

its performance. The primary goal of these studies was to collect 

data on improvements in Nusselt number, friction factor, 

thermo-hydraulic performance and correlation developments. 

Researchers conducted research using a variety of methods, in-

cluding not only experimental but also numerical and machine 

learning approaches. They used various roughness geometries 

and geometrical configurations of SAH to achieve the aforemen-

tioned goal, as summarised in Table 5.  

  

 

Fig. 7. Flow regime developed by introducing different roughness elements (drawn after [51]). 
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7.1. Transverse ribs 

Prasad and Saini [86] conducted an experimental study of SAHs 

to determine the effect of a protrusion wire (small diameter) over 

the flat plate (absorber sheet). The objective was to evaluate heat 

transfer enhancement between the flowing air stream and the 

heated absorber sheet, as shown in Fig. 8. They considered the 

design parameters, such as a P/e ratio ranging from 10 to 20, an 

e/D ratio ranging from 0.020 to 0.033, and Re ranging from 5000 

to 50 000. Following the completion of the experimental inves-

tigation, they obtained an increase of 2.38 in Nu and an increase 

of 4.25 in f for a P/e ratio of 10. The researchers reported an in-

creasing effect of the P/e ratio in increasing Nu and f. Addition-

ally, when increasing f, a decrease in Nu was observed while in-

creasing the relative roughness pitch. 

Gupta [87] conducted an experimental study on a conven-

tional-cum-modified solar air heater with a rectangular duct to 

investigate the heat transfer mechanism and flow behaviour over 

the absorber plate. He employed transverse wire ribs as artificial 

roughness to find the effect of rib roughness on the thermal per-

formance of the modified SAH in the transitional rough region, 

as depicted in Fig. 9. He used design and flow parameters, such 

as the aspect ratios of 6.7 to 11.5, P/e ratio of 10, e/D ratio rang-

ing from 0.018 to 0.052, and Re within 3000−18 000. As a re-

sult, he reported that a correlation between heat and momentum 

transfer roughness functions R(e+) and G(e+) for a varying range 

of roughness Reynolds numbers of 5 to 70. He concluded that 

the correlation between R(e+) and G(e+) can be used to design 

a SAH. He also found a strong correlation between Nu and f, 

based on theoretical and experimental values. 

Karwa [88] performed an experimental study on the rectan-

gular duct in view of the performance improvement of SAH us-

ing different types of repeated ribs, as seen in Fig. 10. These ribs 

are transverse, V-discrete, V-continuous, and inclined types of 

patterns were tested. The parameters involved in the study were 

a P/e ratio of 10 (fixed), an e/D ratio ranging from 0.0467 to 

0.050, an angle of inclination fixed at 60°, and the working pa-

rameters such as Re varying between 2800 and 15 000. The au-

thor reported that the V-down discrete pattern of augmented ab-

sorber plate-based SAH provided the maximum increment in 

heat transfer under unique conditions. In addition, the author re-

ported significant correlations for Nu and f in the performance 

evaluation of SAH.  

Layek et al. [89] experimentally investigated the repeated 

transverse chamfered rib-grooved roughened SAH (Fig. 11) to 

understand heat flow and entropy generation inside the duct. The 

physical parameters taken included the chamfer angle from  

5° to 30°, a relative roughness height of 0.03 (fixed), the relative 

groove position (g/P), a relative roughness pitch of 10 (fixed) 

and Reynolds number varying between 3000 and 21 000. The 

authors found that the Nusselt number and friction factor for the 

roughened SAH increased 2.6 and 3.35 times, respectively, 

compared to the smooth SAH at an optimised chamfer angle of 

18°. Also, they reported that the maximum thermo-hydraulic 

performance achieved was 1.76.  

Saini and Saini [90] conducted an experimental study to see 

the effect of expanded metal mesh wire based artificially rough-

ened SAH on the heat transfer phenomena, as seen in Fig. 12. 

They utilised the system parameters such as the relative long-

way length of a mesh (L/e) of 25 to 71.87, the relative short-way 

length of a mesh (S/e) of 15.62 to 46.87 and the relative height 

of a mesh (e/D) of 0.012 to 0.039, and the Reynolds number 

ranging from 1900 to 13 000. In the case of the modified SAH 

with the mesh wire based rib roughness,  they  obtained  a  maxi- 

 

Fig. 8. Transverse wire rib (drawn after [86]). 

 

Fig. 9. Transverse wire rib (drawn after [87]). 

 

Fig. 11. Transverse wire rib (drawn after [89]). 

 

Fig. 10. Transverse wire rib (drawn after [88]). 
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mum increase in Nu and f of 4 and 5, respectively, compared to 

a smooth SAH. They also reported a strong correlation between 

Nu and f for the accurate prediction of fluid flow behaviour. 

Verma and Prasad [91] performed an experiment to evaluate 

the impact of transverse wire artificial roughness on the fluid 

flow characteristics and the rate of heat transfer along with the 

flow behaviour – the flow mechanism inside the SAH is shown 

in Fig. 13. They employed the design parameters and working 

parameters, such as a P/e ratio of 10−40, an e/D ratio ranging 

from 0.01 to 0.03, and Re ranging from 5000 to 20 000. They 

also considered the roughness Reynolds number (e+) for the 

study. For a roughened duct, they obtained an enhancement in 

Nu ranging from 1.25 to 2.08 compared to a smooth duct-based 

SAH, and also reported an optimum thermo-hydraulic perfor-

mance (THP) of 1.71.  

Singh et al. [92] performed experimental and numerical stud-

ies of multiple transverse broken and square wave-shaped ribs 

as roughness elements, depicted in Fig. 14, for evaluation of the 

performance characteristics of SAH. They utilised design pa-

rameters such as e/D = 0.043 (fixed), W/w = 7 (fixed), P/e = 10 

(fixed), and the Reynolds number as the working parameter, var-

ied from 3000–18 000 (six levels). They concluded that SAH 

with multiple broken ribs performed better, achieving 2.38 times 

higher THP under identical conditions compared to the solar air 

heater with broken transverse ribs. Furthermore, they found that 

at Re of 15 000, THP for multiple broken transverse ribs was 

2.10 times higher, and for square wave-shaped ribs, 1.62 times 

higher, compared to smooth duct SAH. Also, they obtained in-

creased values of Nu and f − 2.50 times and 3.92 times, respec-

tively, for multiple transverse broken ribs, and 3.24 times and 

3.85 times, respectively, for square wave-shaped ribs.  

Singh et al. [93] studied the impact of artificially roughened 

SAH using square-wave shaped and non-uniform ribs (shown in 

Fig. 15) to evaluate an enhancement in the thermal performance. 

They employed a CFD (computational fluid dynamics) tech-

nique to save resources and periodic gaps to minimise eddies 

just after the ribs. They also used the following design and work-

ing parameters: a relative roughness width of 10–310; a relative 

roughness pitch of 10 (fixed); a relative roughness height of 

0.043 (fixed); the Reynolds number ranging from 3000 to 

15 000. The authors quoted a maximum augmentation of the 

Nusselt number of 2.22 and a maximum augmentation of the 

friction factor of 3.44. They also reported a maximum thermo-

hydraulic performance value of 1.49. Finally, they concluded 

that non-uniform rib-based SAH gives better performance com-

pared to uniform rib-based SAH. 

Sharma et al. [94] analysed SAH by employing six distinct 

roughness geometries, such as transverse ribs with and without 

an inclination angle, dimples with and without an inclination an-

gle, arc-based rib and sine-wave type rib, using a CFD approach 

to improve heat transfer and fluid flow characteristics. The de-

sign parameters used were P/e = 10 (fixed) and e/Dh = 0.271 

(fixed), and the working parameter was the Reynolds number 

varying from 3000 to 18 000 to capture the behaviour of SAH 

exactly. The authors reported maximum enhancement in Nu of 

3.60 at the optimum Re of 15 000 and maximum augmentation 

in f of 15.5 at Re = 3000 for sine wave-shaped baffles compared 

 

Fig. 12. Expanded metal mesh wire (drawn after [90]). 

 

Fig. 13. Transverse wire roughness (drawn after [91]). 

 

(a) 

 

(b) 

Fig. 14. Roughness elements: (a) square wave-shaped ribs, 
(b) multiple transverse broken ribs (drawn after [92]). 

 

 

Fig. 15. Roughness elements: (a) non-uniform ribs,  
(b) uniform ribs (drawn after [93]). 
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to the smooth case. They also found the maximum THP value 

for the sine wave-shaped baffles based SAH amounting to 2.05 

at the optimal Re of 15 000.  

Mahanand and Senapati [95] performed a CFD analysis of 

a SAH for the prediction of heat transfer and fluid flow charac-

teristics using transverse inverted-T shaped ribs shown in 

Fig. 16 as roughness elements. As control parameters, they used 

an e/D ratio of 0.042 (fixed), a P/e ratio varying from 7.14 to 

17.86, and Re varied from 3800 to 18 000 over a two-dimen-

sional (2D) fluid flow SAH domain. Additionally, boundary 

conditions were implemented utilising an aluminium absorber 

plate along with the RNG (renormalization group theory) k−ɛ 

model with an enhanced wall treatment for capturing a real-time 

view inside SAH. The authors obtained a maximum augmenta-

tion of Nu for SAH with an absorber plate roughened with the 

inverted-T ribs by a factor of 2.747 compared to a smooth plate 

SAH. The optimum design parameters for improved Nu were 

P/e = 7.14 and Re = 15 000. Also, for P/e of 7.14 and Re of 

3800, the maximum f achieved was 3.404 times that of a smooth 

duct. They also reported a THP of 1.87 for an inverted T-shaped 

ribbed SAH, under the following operating conditions: P/e ratio 

of 7.14 and e/Dh ratio of 0.042 at Re = 15 000. They also found 

sound correlations between Nu and f.  

Gawande et al. [96] studied two novel roughness geometries, 

such as combined square and equilateral triangular ribs over 

a flat absorber plate (Fig. 17) for thermal and thermo-hydraulic 

performance enhancement, using both experimental and CFD 

techniques. The design and flow parameters utilised were: a P/e 

ratio varying from 7.14 to 17.86, an e/D ratio of 0.042 (fixed) 

and Re varying from 3800 to 18 000. In this study, a constant 

heat flux of 1000 W/m2 and the RNG k–ε turbulence model were 

employed to minimise the deviation between the experimental 

and CFD results. The highest increments in Nu and f reported 

were 2.877 and 3.849 for a P/e ratio of 7.14, an e/D ratio of 0.042 

and Re of 18 000. Also, a THP of 1.86 was obtained at the opti-

mum operating parameters, such as P/e = 7.14, e/D = 0.042 and 

Re = 18 000. It was observed that combined ribs give better SAH 

performance compared to individual ribs.  

Kumar et al. [97] studied experimentally the double-pass 

SAH consisting of a flat plate kind absorber to enhance thermal 

performance compared to conventional SAH, as depicted in 

Fig. 18. They employed asymmetric semi-circular and symmet-

ric circular shapes as roughness over the absorber plate. They 

found that asymmetric semi-circular based roughness performed 

better in SAH compared to a symmetrical shape based SAH. 

Moreover, novel correlations were developed for Nu and f as 

a function of Reynolds number and relative roughness height. 

This correlation showed strong prediction capability.  

Kumar and Layek [98] combined two techniques to empha-

sise the rate of heat transfer and fluid flow characteristics of 

a modified SAH with roughness geometry of circular ribs over 

an absorber plate, using liquid crystal thermography (LCT) and 

CFD technique. The roughness geometry is represented in 

Fig. 19. The design parameters involved were: a P/e ratio taken 

as 10 and 20, a constant e/Dh ratio and Re varying from 8551 to 

11149. Liquid crystal thermography produced graphical results 

of Nu and f. The maximum enhancement in the Nusselt number 

obtained through the combined approach was 1.97 compared to 

the smooth duct. 

Kumar et al. [99] modified SAH with square ribs and also 

modified the cross section of the duct to capture an impact on 

thermal and thermo-hydraulic performance of the SAH com-

pared to a conventional SAH, as illustrated in Fig. 20. Two sets 

 

Fig. 16. Roughness elements in the form of transverse  

inverted-T shaped ribs (drawn after [95]). 

 

Fig. 17. Roughness geometry of combined square  

and equilateral triangular ribs (drawn after [96]). 

 

Fig. 18. Symmetric circular (a – c) and asymmetric semi- 

circular (d – f) shapes as roughness (drawn after [97]). 

 

Fig. 19. Roughness geometry of circular ribs 

(drawn after [98]). 
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of design parameters were tested by the CFD technique, i.e. the 

P/e ratio ranging from 5 to 13 and the e/D ratio ranging from 

0.013 to 0.05. The authors also mentioned Re varying from 3900 

to 17 900. They found that the k−ε based turbulent model per-

formed significantly better than other methods tested. The en-

hancement in performance evaluated after modification showed 

that Nu increased by 1.97 times and f increased by 2.53 times 

compared to the smooth duct. The highest THP calculated was 

1.44 at the optimum parameters of P/e = 10 and e/D = 0.05 at  

Re of 17 900. Their study revealed a strong correlation for Nu 

and f, with a maximum deviation of about 15%. 

Kumar et al. [100] studied the mechanism of heat transfer 

and fluid flow phenomena of SAH using rectangular ribs over 

the absorber plate, as depicted in Fig. 21. The duct was triangu-

lar in cross-section, created for CFD evaluations. The physical 

design parameters employed for the study were the aspect ratio 

(e/w) in the range of 0.25 to 4.0, e/D ratio in the range of 0.02 to 

0.04, P/e ratio in the range of 5 to 15; Re varied between 4000 

and 18 000. The authors reported a maximum THP of 1.89 at 

optimum parameters: a P/e ratio of 10, an e/w ratio of 4.0,  

an e/D ratio of 0.04 and Re of 15 000.  

Kumar et al. [101] evaluated the performance of SAH with 

three novel models of SAH and roughness over the absorber 

plate. The roughness geometry is shown in Fig. 22. The design 

parameters used were the apex angle of 60, number of rounded 

corners 0 to 1, a curvature radius of 0 to 0.393 H (where H is the 

duct height) and operating parameter Re varied from 4000 to 

18 000. The minimum enhancement in the performance of SAH 

reported was 1.87 times that of the conventional model with no 

roughness element over the absorber plate. 

7.2. Arc-shaped rib roughness 

Saini and Saini [102] performed an experimental investigation 

on modified SAH for performance enhancement. The modifica-

tion of SAH was carried out using an arc-shape parallel wire as 

the roughness element (Fig. 23). The design and operating pa-

rameters considered in the study were P/e ratio of 10 (fixed),  

a relative roughness height (e/D) ranging from 0.0213 to 0.0422, 

a relative angle of attack (α/90°) varying between 0.3333 and 

0.6666, and Re ranging from 2000 to 17 000. It was found that, 

compared to the smooth duct of SAH, Nu increased by 3.80 

times and f increased by 1.75 times. Based on the experimental 

datasheet of Nu and f, strong correlations were developed with 

good accuracy. 

Singh et al. [103] used multiple arc-shaped ribs as roughness 

elements for the modification of SAH (Fig. 24) to improve its 

thermal performance. The parameters of practical and operating 

conditions, such as Re ranging from 2200 to 22 000, e/D ratio 

ranging from 0.018 to 0.045, W/w ratio ranging from 1 to 7, P/e 

ratio varied between 4 and 16, and arc angle (α) within the range 

of 30° to 75°. They reported the maximum increase in Nu and f 

of 5.07 and 3.71, respectively, compared to the smooth duct. The 

optimum parameters they obtained were: Re of 22 300, W/w ra-

tio of 5, e/D ratio of 0.045, P/e ratio of 8 and α of 60°. The max-

imum THP reported at optimum parameters was 3.4.  

Sahu and Prasad [104] investigated a modified SAH for ex-

ergetic performance enhancement using roughness geometry in 

the form of arc-shaped wire ribs (Fig. 25), using an analytical 

approach. The mathematical model was developed to validate 

the results. The maximum exergetic performance improvement 

compared to a smooth duct was found to be 56%. 

Kumar et al. [105] modified the SAH with a novel roughness 

geometry consisting of discrete multi arc-shaped ribs combined  

 

Fig. 22. Roughness geometry of semi-circular ribs 
(drawn after [101]). 

 

Fig. 23. Roughness geometry of arc-shaped parallel wires 

(drawn after [102]). 

 

Fig. 24. Roughness geometry of multiple arc-shaped ribs 

(drawn after [103]). 

 

Fig. 21. Roughness geometry of rectangular ribs 

(drawn after [100]). 

 

Fig. 20. Roughness geometry of square ribs(drawn after [99]). 
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with jet impingement for an enhancement in heat transfer and 

fluid flow characteristics, as seen in Fig. 26. The design and op-

erating parameters utilised were: the relative discrete distance of 

0.27−0.86, the relative discrete width of 0.32−1.72 (varying), 

the relative rib height of 0.025−0.047 (varying), the relative rib 

pitch of 0.58−3.1 (varying), the arc angle of 35°−65° (varying), 

the stream wise pitch ratio of 0.47−1.72 (varying), the spanwise 

pitch ratio of 0.46−0.82 (varying) and the Reynolds number var-

ying from 3000 to 19 000. They reported an increment in Nu and 

f for a modified SAH of 7.61 and 6.48, respectively, as compared 

to the smooth SAH. In addition, the THP for optimised design 

parameters was 4.1. Correlations were developed for Nu and f 

to predict thermal and fluid characteristics inside the SAH.  

Yadav et al. [106] studied experimentally the effect of heat 

transfer and fluid flow mechanism of a modified SAH, incorpo-

rating circular protrusions in angular arc-shaped arrangement as 

roughness elements, as seen in Fig. 27. The physical and oper-

ating variables used included: a P/e ratio varying from 12 to 24, 

an e/D ratio varying from 0.015 to 0.03, the arc angle of protru-

sions arrangement varying from 45° to 75° and Re ranged from 

3600 to 18 100. The maximum augmentation of Nu and f was 

2.89 and 2.93 times, respectively, in comparison to a smooth 

SAH. The authors also developed correlations for Nu and f. 

Ghritlahre [107] performed an experimental study for aug-

mentation of heat transfer and fluid flow characteristics by mod-

ifying conventional SAH with a novel arc-shaped artificial 

roughness in two major configurations, such as apex up and apex 

down, as shown in Fig. 28. They employed the design parame-

ters as a P/e ratio of 10 (fixed), an e/D ratio of 0.0395 (fixed), 

a rib roughness of 2.5, and an arc angle of 60°. The operating 

parameter they used was the mass flow rate, ranging from 0.007 

to 0.022 kg/s. They observed the maximum enhancement of 1.42 

in heat transfer compared to smooth SAH in the apex upstream 

flow.  

Srivastava et al. [108] performed CFD analysis of modified 

SAH, using artificial roughness in the form of dissimilar re-

peated ribs. These ribs were arc-shaped with a gap and V-shaped 

with a gap (Fig. 29) for the enhancement of thermal and thermo-

hydraulic performance of the SAH. The boundary conditions 

were set as: a g/e ratio of 1, an e/D ratio of 0.04, a P/e ratio of 

10, a p/P ratio of 0.65, a relative gap distance (d/W) of 0.69, 

a number of gaps − 1, an arc angle of 60°, a constant heat flux 

of 1000 W/m2, and Re ranging from 3000 to 15 000. The Nu and 

f for arc-shaped ribs with gaps were increased by 2.4 and  

 

Fig. 25. Roughness geometry as arc-shaped wire ribs 

(drawn after [104]). 

 

Fig. 26. Discrete multi arc-shaped ribs combined 

with jet impingement (drawn after [105]). 

 

Fig. 29. Arc-shaped ribs with gaps as roughness elements  

(drawn after [108]). 

 

(a) 

 

(b) 

Fig. 28. Arc-shaped ribs in two major models, such as apex up 

and apex down (drawn after [107]). 

 

Fig. 27. Circular protrusions in angular arc-shaped arrangement 

(drawn after [106]). 
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3.94 times, respectively, at Re = 3000. The maximum THP val-

ues reported were 2.21 and 1.5 for V-shaped ribs and arc-shaped 

ribs, respectively.  

Gill et al. [109] conducted experimental studies on modified 

SAH using broken arc ribs combined with staggered rib for en-

hancement of thermal and thermo-hydraulic performance of the 

SAH, as seen in Fig. 30. They utilised the following design pa-

rameters: a fixed relative staggered rib position of 0.4, an e/D 

ratio of 0.043, a relative gap size of 0.65, an arc angle of 60°, 

and a P/e ratio of 10 (fixed). They used Re ranging from 2000 

to 16 000 as the operating variable. The maximum augmentation 

of Nu and f was 3.06 and 2.50, respectively, compared to the 

smooth duct. They also reported the highest THP of 2.27 in the 

whole study. 

Bhuvad et al. [110] performed an experimental study on the 

enhancement of heat transfer and fluid flow characteristics of 

modified SAH using roughness elements as novel apex-up dis-

crete arc rib, as depicted in Fig. 31. They modified SAH by aug-

menting parameters, such as the angle of attack (α) in three-step 

(30°, 40°, 60°), the g/e ratio of 4 (fixed), the e/D ratio of 0.045 

(fixed), P/e set to 10, and the number of gaps set to 3. They used 

Re ranging from 3000 to 14 000 as the operating parameter. The 

authors obtained the maximum increase in Nu and f of 2.92 and 

3.04 times, respectively, compared to smooth SAH. The maxi-

mum THP found was 2.01 across all cases of studied SAH. The 

correlations for Nu and f were developed for the prediction of 

similar cases in SAH. 

Korpale et al. [111] developed a modified SAH using rectan-

gular section ribs, shown in Fig. 32, to enhance the heat transfer 

capability of SAH. They employed the following design param-

eters: a P/e ratio range of 5−60, an e/D ratio in the range of 

0.065−0.252, a w/W ratio in the range of 0.5−10 and Re varying 

from 4000−20 000. The maximum THP found for modified 

SAH was 2.77. They also validated the experimental results with 

CFD results for optimisation.  

Kumar et al. [112] developed SAH with a novel geometry 

consisting of multiple-arc shaped ribs with gaps (Fig. 33), de-

signed for better heat transfer and fluid flow under the absorber 

plate of a new modified SAH. The parameters they used for the 

study were: a number of gaps of 3, a relative gap width of 

0.5−1.5, a relative gap position of 0.3−0.9, and varying Reyn-

olds number of 4000−20 000. They reported an enhancement of 

the Nusselt number and an increase in friction factor, with devi-

ation of ± 6.15% and ± 5.74%, respectively, compared to the 

smooth- duct-based SAH. Additionally, the maximum THP ob-

tained for the modified SAH was 2.77 at optimum parameters. 

These were: a relative pitch of 17.22, a relative rib height of 

0.044, a relative gap width 0.5 and the Reynolds number of 

20 000. 

7.3. V-shaped ribs 

Singh et al. [113] experimentally investigated SAH with discrete 

V-shaped ribs as artificial roughness, with the view to heat trans-

 

Fig. 30. Roughness in the form of the broken arc ribs combined 

with staggered rib (drawn after [109]). 

 

Fig. 31. Apex-up discrete arc rib as a roughness element  

(drawn after [110]). 

 

Fig. 32. Roughness element as the rectangular section ribs 

(drawn after [111]). 

 

Fig. 33. Multiple-arc shaped ribs with gaps as roughness 

elements (drawn after [112]). 

 

Fig. 34. Roughness elements in the form of discrete V-shaped 

ribs (drawn after [113]). 
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fer and fluid flow enhancement (Fig. 34). They used various de-

sign parameters, such as a P/e ratio ranging from 4 to 12, an e/D 

ratio ranging from 0.015 to 0.043, α of 30° to 75°, a g/e ratio 

varying between 0.5 and 2.0, and a relative gap position (d/w) 

ranging from 0.20 to 0.80. They also used Re varying from 3000 

to 15 000 as an operating parameter. The authors found the max-

imum augmentation in Nu and f of 3.04 and 3.11, respectively, 

as compared to the smooth duct. They also reported the optimal 

parameters to achieve the highest Nu and f using the discrete  

V-shaped rib roughness, which were: a d/w ratio of 0.65,  

a g/e ratio of 1.0, a P/e of 8.0, α of 60° and an e/D ratio of 0.043. 

They also developed the correlations for Nu and f in terms of Re 

and other rib variables.  

Momin et al. [114] reported an experimental analysis of 

a SAH modified with V-shaped rib roughness (Fig. 35) for eval-

uating an enhancement of heat transfer and fluid flow behaviour. 

The design and operating parameters used by the authors were: 

an e/D ratio of 0.02 to 0.034, α of 30° to 90° (fixed), a P/e ratio 

of 10, and varying Re ranging from 2500 to 18 000. The reported 

maximum increments across all configurations of modified 

SAH were: an enhancement in Nu by 2.30 times and an increase 

in f by 2.83 times compared to the smooth SAH. They also de-

veloped correlations for Nu and f, with the conclusion that Re 

has more impact on the performance than α.  

Hans et al. [25] performed an experimental investigation on 

a SAH, modifying it with an artificial roughness in the form of 

different types of multiple V-shaped ribs for amelioration in heat 

transfer and fluid flow behaviour in the SAH. They utilised the 

design parameters, such as an e/D ratio varying from 0.019 to 

0.043, a P/e ratio varying from 6 to 12, α varying from 30° to 

75°, a W/w ratio varying from 1 to 10 and Re ranging from 2000 

to 20 000 as operating parameter. By modification, they ob-

tained the highest increase in Nu and f − of 6 and 5 times, re-

spectively − compared to a smooth duct. They also developed  

a statistically based correlation for Nu and f for predicting the 

SAH performance. 

Deo et al. [115] conducted an experimental study on modifi-

cation of SAH by using artificial roughness in the form of multi-

gap V-down ribs combined with staggered ribs for performance 

enhancement of conventional SAH, as portrayed in Fig. 36. The 

variables they used for design and operation were: a P/e ratio of 

4−14, an e/D ratio of 0.026−0.057, α of 40°−80°, a g/e ratio of 

1 (gap width to rib height as fixed), a w/e ratio of 4.5 (staggered 

rib length to rib height ratio as fixed), a p/P ratio of 0.65 (relative 

staggered rib pitch as fixed), a Np of 2 (number of gaps), and Re 

in the range of 4000 to 12 000. The obtained maximum augmen-

tation in Nu was 3.34 and the maximum THP found was 2.45.  

Singh et al. [116] developed an experimental setup of modi-

fied SAH with V-down ribs with a gap as roughness elements to 

examine an enhancement of thermal and thermo-hydraulic per-

formance of conventional SAH, as shown in Fig. 37. They uti-

lised design parameters and operating parameters, including an 

angle of attack of 60° (fixed), a relative roughness height of 

0.043 (fixed), a duct aspect ratio of 12, a relative roughness pitch 

of 4−12 (five step) and the Reynold number varying from  

3000 to 12 000. For the modified SAH, they reported the maxi-

mum augmentation in the Nusselt number and friction factor of 

2.70 and 2.86, respectively. They also found that the highest 

THP for the modified SAH was 1.93.  

Kumar et al. [117] accomplished an experimental study on 

the modified SAH, using artificial roughness in the form of mul-

tiple V-shaped ribs with gaps to improve heat transfer and fluid 

flow behaviour of a SAH. They used the design and run param-

eters, such as a P/e ratio of 10 (fixed), an e/D ratio of 0.043 

(fixed), a W/w ratio of 6 (fixed), a relative gap distance (Gd/Lv) 

within a range of 0.24 to 0.80, a g/e ratio ranging from 0.5 to 

1.5, an α of 60°(fixed), and Re varying between 2000 to 20 000. 

They observed the maximum increase in Nu and f of 6.32 and 

6.12, respectively, for modified SAH as compared to a smooth 

duct. They also observed an improvement in THP of 3.6 for the 

modified duct compared to conventional smooth SAH. 

Patel and Lanjewar [118] developed the modified SAH using 

artificial roughness as a V-geometry with symmetrical gap and 

staggered elements, as depicted in Fig. 38. To achieve the objec- 

 

Fig. 35. Roughness element formed by the V-shaped rib 

(drawn after [114]). 

 

Fig. 37. V-down ribs with a gap as roughness elements 

(drawn after [116]). 

 

Fig. 36. Roughness elements in the form of multi-gap V-down 

ribs combined with staggered ribs (drawn after [115]). 
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tive they employed the governing design parameters, such as 

a duct aspect ratio (W/H) of 12 (fixed), a P/e ratio of 10, an e/Dh 

ratio of 0.043, an α of 60°, a ratio of staggered rib position to 

pitch (P’/P) of 0.4 (fixed), a ratio of gap width to rib height (g/e) 

of 4, a number of main gaps (Ng) equal to 4, a ratio of staggered 

size to rib height (r/e) of 4, a relative gap size of additional gap 

in the symmetrical rib elements (g’/e) in the range of 0.5 to 2, 

the relative gap position of additional gap in the symmetrical rib 

elements (d/w) in the range of 0.25 to 0.85, and Re varying be-

tween 4000 to 15 000. The maximum obtained enhancement in 

Nu and f for modified SAH was 2.51 and 2.70, respectively, 

compared to the smooth SAH. The maximum THP found was 

1.82 for the optimum variables, such as Re of 12 524, a g’/e ratio 

of 1 and a d/w ratio of 0.65.  

Srivastava et al. [108] performed a CFD analysis of the SAH 

modified using dissimilar repeated ribs as artificial roughness to 

enhance the SAH’s thermal and thermo-hydraulic performance. 

The ribs were of V-shape with a gap, as illustrated in Fig. 39. 

The boundary conditions used were: a g/e ratio of 1, an e/D ratio 

of 0.04, a P/e ratio of 10, a p/P ratio of 0.65, a d/W ratio of 0.69, 

a number of gaps of 1, arc angle of 60°, constant heat flux of 

1000 W/m2, and Re ranging from 3000 to 15 000. The maximum 

enhancement in Nu and f they obtained for V-shaped ribs was 

2.4 and 3.4, respectively, at Re = 15 000. The maximum THP 

values reported were 2.21 and 1.5 for V-shaped ribs and arc- 

shaped ribs, respectively.  

7.4. Dimple or protrusion ribs 

Kumar and Prasad [119] extensively conducted an experimental 

study on a modified SAH roughened with concave dimples for 

better performance of conventional SAH. They compared 

a 3-sided roughened SAH with a 1-sided conventional SAH. 

They utilised various design and operating parameters, such as 

a P/e ratio in the range of 8 to 15, an e/D ratio in the range of 

0.018 to 0.045, an e/d ratio in the range of 1 to 2, and Re varied 

from 2500 to 13 500. They reported that Nu and f were affected 

by roughness parameters. The maximum increase in Nu and f 

across all cases investigated was 3.94 and 2.79.  

Saini and Verma [120], aimed at improving the performance 

of SAH, performed an experimental investigation artificially 

roughened SAH with dimple shape roughness elements, as 

shown in Fig. 40. The employed design and operating parame-

ters were: a relative roughness height (e/D) in the range of 

0.018−0.037, a relative pitch (p/e) in the range of 8−12, and the 

Reynolds number ranging within 2000−12 000. They observed 

that, under all studied cases, the maximum Nu and f were 7.58 

and 4.68, respectively, compared to a smooth duct. They also 

developed correlations for Nu and f for the performance predic-

tion of SAH.  

Kumar and Verma [121] performed extensive experimental, 

as well as numerical investigation, on sinusoidal-based SAH for 

performance enhancement. They employed the design and oper-

ating parameters, such as a hydraulic diameter (Dh) of 

33.33 mm, a roughness pitch (P) of 10−18 mm (in three steps), 

a roughness height (e) of 1 mm, an aspect ratio (W/H) of 5, and 

the Reynolds number varied from 4000 to 15 000. Compared to 

a smooth duct, they obtained maximum augmentation in Nu and 

f of 2.48 and 1.76, respectively. The highest calculated THP was 

2.05 at the optimum parameters of P = 10 mm and Re = 4000. 

The authors also concluded that THP obtained from experi-

mental analysis deviated by 6.77% compared to the CFD results. 

Bhusan and Singh [122] developed a modified SAH with 

protrusion roughness for an enhancement of SAH performance, 

as illustrated in Fig. 41. The employed various design and oper-

ating parameters included: a relative short way length (S/e) in 

the range of 18.75 to 37.50, a relative long way length (L/e) in 

the range of 25.00 to 37.50, a relative print diameter (d/D) rang-

ing from 0.147 to 0.367, a  relative  roughness height  (e/D)  of  

 

Fig. 40. Dimple-shaped roughness elements (drawn after [120]). 

 

Fig. 39. Roughness element in the form of a V-shaped rib 

with a gap (drawn after [108]). 

 

Fig. 38. Roughness formed by a V-geometry with symmetrical 

gap and staggered elements (drawn after [118]). 
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0.03 (fixed), and the Reynolds number ranging between 4000 

and 20 000 during experimentation. The maximum Nu and f ob-

tained were 3.8 and 2.2, respectively, compared to a smooth 

duct. The maximum performance was evaluated at the optimum 

parameters, as the S/e ratio of 31.25, L/e ratio of 31.25 and d/D 

ratio of 0.294. They also developed correlations for Nu and f. 

Hassan et al. [123] performed an experimental investigation 

on modified SAH by using artificial roughness as dimple rough-

ened in multiple arc pattern in the view of performance enhance-

ment as seen in Fig. 42. The employed design and operating pa-

rameters included a relative roughness pitch (p/e) in the range of 

4 to 16, a relative roughness height (e/Dh) in the range of  

0.018 to 0.045, a relative roughness width (W/w) in range of  

1 to 5, an angle of attack in the range of 30° to 75°, and the 

Reynolds number of 2000 − 18 000 as governing parameters for 

the modified SAH. The maximum increase in the Nusselt num-

ber and friction factor was found to be 5.61 and 2.27 times, re-

spectively, compared to a smooth duct. The optimum parameters 

in that case were: Re of 17 984, a W/w ratio of 4, an e/Dh ratio 

of 0.036, a P/e ratio of 12 and α of 60o. 

Kumar [9] performed an experimental study on 1- and 

3-sided concave dimple-roughened modified SAH (Fig. 43) 

aimed at improvement of thermal and thermo-hydraulic perfor-

mance. The author employed the roughness design and run pa-

rameters, such as a relative dimple pitch in the range of 8 to 15, 

a relative dimple height of 0.018 − 0.045, a relative dimple depth 

in the range of 1 to 2, and a Reynolds number in the range of 

2000 to 13 500. The maximum Nu and f were found to be  

3.94 times and 2.79 times that of a smooth duct. Additionally, 

statistical correlations were developed for Nusselt number and 

friction factor. The percentage deviation between experimental 

and data collected through correlations was within the range of 

5−6%.  

Alam and Kim [124] fabricated a modified SAH using con-

ical protrusion ribs as roughness elements for gaining higher 

thermal and thermo-hydraulic performance, as seen in Fig. 44. 

The design parameters employed were: a relative rib pitch (P/e) 

ranging between 6 and 12, a relative rib height (e/D) ranging 

from 0.200 to 0.044, and a Reynolds number of 4000 to 16 000. 

The authors developed correlations for Nu and f. They found 

maximum augmentation in Nu and f of 2.49 and 7.29, respec-

tively, compared to a smooth SAH.  

7.5. W-shaped ribs  

Lanjewar et al. [125] developed modified SAH using W-shaped 

ribs with inclination as artificial roughness to optimise the per-

formance of a conventional SAH. There were two major models 

tested with respect to flow as downstream W-down and up-

stream W-up, as shown in Fig. 45. They utilised various design 

parameters to evaluate proposed performance enhancement, 

such as a duct aspect ratio (W/H) of 8, a P/e ratio of 10 (fixed), 

an e/D of 0.03375 (fixed), α of 30° to 75°, and used Reynolds 

number varying from 2300 to 14 000 as a run parameter. The 

 

Fig. 41. Protrusions as roughness elements (drawn after [122]). 

 

Fig. 42. Roughness elements in the form of dimples in multiple 
arc pattern (drawn after [123]). 

 

Fig. 43. Concave dimples as roughness elements (drawn after [9]). 

 

Fig. 45. Downstream W-down (a) and upstream W-up (b) 
roughness elements (drawn after [125]). 

 

Fig. 44. Conical protrusion rib as a roughness element 
(drawn after [124]). 
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maximum increase in Nu and f obtained in the study was  

2.36 and 2.01, respectively, for W-down ribs at the optimum pa-

rameters. These parameters were α = 60°, e/D = 0.03375 and  

Re = 14 000. They also developed correlations for Nu and f, 

which were acceptable within the range of 5 to 10% in any case.  

Kumar et al. [126] conducted an experimental analysis on 

modified SAH using discrete W-shaped elements as artificial 

roughness for performance enhancement of conventional SAH, 

as illustrated in Fig. 46. They employed various design parame-

ters, such as the duct aspect ratio of 8, Reynolds number varied 

from 3000 to 15 000, relative roughness height of 0.0168 to 

0.0338, relative roughness pitch of 10 and the angle of attack (α) 

varied from 30° to 75°. They found that the modified SAH has 

the maximum increase of the Nusselt number and friction factor 

of 2.16 and 2.75 times, respectively, for α = 60°. They also de-

veloped correlations for Nu and f for SAH performance predic-

tion. 

Thakur and Thakur [127,128] developed modified SAH us-

ing multi-staggered rib parameters of the W-rib roughness as 

novel roughness geometry for the performance enhancement of 

conventional SAH, as illustrated in Fig. 47. The employed de-

sign and operating parameters included: a duct aspect ratio 

(W/H) of 10 (fixed value), an approach angle (α) 60° (as fixed 

value), a Reynolds number (Re) in range of 4000−14 000, a rel-

ative roughness height (e/Dh) 0.0423 (as fixed value), relative 

roughness pitch (P/e) in the range of 10 to 14, number of gaps 

(Ng) of 1 to 2, relative gap width (g/e) in the range of 0.5 to 2.0, 

relative staggered rib length (w/e) in the range of 1.5 to 6.0 and 

the relative staggered pitch (p/P) in the range of 0.45 to 0.75. 

They obtained the maximum Nu and f of 4.10 and 2.4, respec-

tively, at the optimum parameters, which were: g/e = 1, Ng = 2, 

Re = 12 000, p/P = 0.65, P/e = 12 and w/e = 4.5. The calculated 

THP for the studied case was 3.24.  

7.6. Spherical ball roughness 

Murmu et al. [129] experimentally investigated the effects of ar-

tificial roughness on heat transfer and fluid flow characteristics 

of modified SAH using the spherical ball as roughness elements. 

The operating and design parameters they employed were: a rel-

ative roughness pitch (P/e) varied from 9 to 18, a relative rough-

ness height (e/Dh) ranging from 0.024 to 0.040, a ball’s height-

diameter ratio (e/db) varied from 0.5 to 2, an angle of attack (α) 

ranging from 35° to 75° and a Reynolds number varied from 

2500 to 18 500. In their study, the maximum increase in Nu and 

f were 3.56 and 2.67, respectively, compared with the smooth 

duct-based SAH. They also developed a correlation to predict 

the performance of SAH in terms of Nu and f.  

7.7. Non-uniform ribs 

Kumar et al. [100] performed a numerical study on a ribbed solar 

air heater to enhance heat transfer and thermo-hydraulic perfor-

mance. Forward chamfered rib was in centre of their investiga-

tion, as shown in Fig. 48. They performed the analysis using 

Ansys CFD for the geometrical configuration and variables, 

such as a relative roughness height (e/D) of 0.018−0.043, a rib 

chamfered height ratio (e′/e) of 0 to 1, a rib aspect ratio (e/w) of 

0.24 to 1.5 and Reynolds number ranging from 4000 to 17 000. 

The maximum increment in Nu and f reported in this research 

was 2.88 and 3.52 times, respectively. They also developed cor-

relations for predicting the SAH performance.  

Bhagoria et al. [130] conducted an experimental investiga-

tion to improve heat transfer in an SAH modified using wedge-

shaped integral transverse ribs (Fig. 49), and developed correla-

tions for heat transfer and friction factor. The utilised variables 

and physical parameters were: a Reynolds number varying from 

3000 to 18 000, a relative roughness height varied between 

0.015 and 0.033 and a rib wedge angle of 8°, 10°, 12° and 15°. 

 

Fig. 46. Discrete W-shaped ribs as roughness elements 

(drawn after [126]). 

 

Fig. 47. Roughness in the form of W-shaped ribs with symmet-
rical gaps with staggered ribs patterns (drawn after [127,128]). 

 

Fig. 48. Forward chamfered ribs as roughness elements 
(drawn after [100]). 

 

Fig. 49. Wedge-shaped ribs as roughness elements 
(drawn after [130]). 
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The authors reported a modified SAH to yield a Nusselt number 

up to 2.4 times higher and friction factor 5.3 times higher com-

pared to a smooth duct. They also developed correlations for the 

Nusselt number and friction factor within an error band of 

±15%, using functional parameters such as rib spacing, rib 

height, rib wedge angle and Reynolds number.  

Barik et al. [131] modified SAH using six different types of 

ribs: T-shaped rib, left arm inclined T-shaped rib, right arm in-

clined T-shaped rib, Y-shaped rib, and concave and convex  

T-shaped ribs, to enhance the performance of SAH, as shown in 

Fig. 50. They analysed a modified SAH through experimenta-

tion and numerically. They developed a physical model using 

various parameters, such as the pitch from 20  mm to 90 mm, 

stem height from 3 mm to 11 mm, an inclination angle of the rib 

from 0° to 60° and a Reynolds number varying from 5000 to 

18 000. They obtained the highest increment of Nu and f for  

a T-shaped rib. They also reported the highest THP of 1.7 for 

a T-shaped rib.  

Kumar and Goel [132] numerically investigated SAH con-

sidering various shapes of roughness elements, such as semi-cir-

cular, circular, triangular, square and rectangular, as depicted in 

Fig. 51, to enhance heat transfer through the absorber plate. The 

triangular passage was used with different parameters, such as 

Reynolds number varying from 3700 to 18 700, a relative rib-

height of 0.0433, a relative rib pitch of 11, a rib aspect ratio (e/w) 

of 0.67 and 2.0, and a relative chamfered height of 0.75. They 

reported the highest THP value of 2.75 for a forward-chamfered 

rectangular rib at the optimum parameters of Re = 18 700 and 

e/w = 2.0. 

Zina et al. [133] analysed conventional SAH, modifying an 

absorber plate with triangular and semi-circular nooks with var-

iable height of a three-rib set (Fig. 52) for performance enhance-

ment. They performed a numerical analysis under changing 

pitch from 10 to 20, rib height from 0.7 to 2.2 and Reynolds 

number varying between 3800 and 18 000. The maximum en-

hancement in Nu and f found under that study were 2.55 and 

0.22, respectively. They also reported an optimum THP of 1.93 

for Re = 5000.  

Gawande et al. [134] investigated SAH numerically, as well 

as experimentally, using various ribs such as 20° chamfered rib, 

right-angle triangular and reverse L-shaped ribs, shown in 

Fig. 53, in terms of increasing Nu and f. They employed operat-

ing and control parameters, such as a rib height (e) of 0.7 to 1.4, 

a relative roughness pitch (P/e) of 7.14 to 35.71, a relative 

roughness height (e/D) of 0.021 to 0.042 and a Reynolds number 

ranging from 3800 to 18 000. They reported a maximum aug-

mentation in heat transfer and fluid flow characteristics of  

3.218 and 4.047, respectively, for 20° chamfered ribs based 

modified SAH. The calculated THP values were 2.047, 2.035 

and 1.903, for 20° chamfered rib, right-angle triangular and re-

verse L-shaped ribs, respectively.  

7.8. Inclined baffles  

Aharwal et al. [135] performed an experimental investigation of 

a solar air heater modified with roughness of repeated square 

cross-section split-rib with gap for evaluation of heat transfer 

and friction behaviour of the fluid, as depicted in Fig. 54. They 

employed various process control parameters, including a rela-

tive roughness pitch of 10 (fixed), a relative roughness height of 

0.0377, an angle of attack of 90° (fixed), a relative gap width 

ranging from 0.5 to 2.0, a relative gap position varying from 

0.1667 to 0.667 and a Reynolds number varying from 3000 to 

18 000. They obtained a maximum increment in Nu and f of 2.59 

and 2.87, respectively.  

 

Fig. 50. Roughness element in the form of: T-shaped rib (a), 

right arm inclined T-shaped rib (b), left arm inclined T-shaped 
rib (c), Y-shaped rib (d), concave (e) and convex (f) T-shaped 

ribs (drawn after [131]). 

 

Fig. 51. Semi-circular, circular, triangular, square and rectan-

gular shapes as roughness elements (drawn after [132]). 

 

Fig. 53. Roughness elements in the form of 20° chamfered rib, 
right-angle triangular and reverse L-shaped ribs  

(drawn after [134]). 

 

Fig. 52. Roughness element in the form of triangular  

and semi-circular nooks with variable height  

of three ribs (drawn after [133]). 
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Aharwal et al. [136] performed experimental investigation 

on modified SAH using integral repeated discrete square ribs as 

roughness element, as shown in Fig. 55. The used operating and 

physical parameters were: a relative roughness pitch of 4 to 10 

(varying), a relative roughness height of 0.018 to 0.0377, an an-

gle of attack of 30° to 90° (varying), a relative gap width ranging 

from 0.5 to 2.0, a relative gap position varying from 0.16 to 0.5 

and a Reynolds number varying from 3000 to 18 000. In the 

study, the maximum obtained increase in Nu and f was 2.83 and 

3.63 times, respectively, compared to a smooth SAH. The opti-

mum parameters were: a relative gap position of 0.25 for a rela-

tive gap width of 1.0, a relative roughness pitch of 8.0, an angle 

of attack of 60° and a relative roughness height of 0.037.  

Kumar et al. [137] modified SAH by using angled perforated 

baffles (Fig. 56) for improvement in heat transfer and fluid flow 

characteristics. They employed various parameters for evalua-

tions, such as a relative baffle height of 0.5, a relative baffle 

pitch of 10, a relative hole position of 0.266, an open area ratio 

(β0) of 12% and a Reynolds number varying from 5000 to 

17 000. In the case under study, they obtained an enhancement 

in Nu and f of 3.82 and 7.14 times, respectively. The maximum 

determined value of THP for modified SAH was 1.94.  

Kumar and Layek [138] experimentally analysed modified 

SAH using winglet type rib for enhancement in heat transfer and 

frictional flow behaviour (Fig. 57). They used operating param-

eters, such as a relative roughness pitch varying from 5 to 12, an 

attack angle changing from 30° to 75°, a relative roughness 

width varying from 3 to 7, a Reynolds number varying between 

3000 to 22 000. They obtained an improvement in Nu and an 

increase in f of 2.83 and 3.63 times, respectively.  

Kottayat et al. [139] performed experimental and numerical 

analysis of a modified SAH using discrete multiple inclined baf-

fles, as shown in Fig. 58. They employed various parameters, in-

cluding a relative baffle height of 0.1 (fixed), a relative baffle 

pitch varying from 0.6 to 1 and a Reynolds number varying from 

6000 to 14 000. The obtained increments in Nu and f were  

2.47 and 3.07 times, respectively, compared to a smooth SAH.  

Parsa et al. [140] conducted a numerical study of a modified 

SAH configuration using novel staggered cuboid baffles (shown 

in Fig. 59) to enhance heat transfer and fluid flow characteris-

tics. The operating parameters employed were: relative length 

ranging from 1 to 3, relative width from 0.2 to 1.0, relative 

height from 0.1 to 0.9, relative pitch from 1.5 to 3.5, attack angle 

ranging from 0° to 90°, and Reynolds number varying from 

5080 to 10 160. The highest obtained THP value was 3.43.  

 

Fig. 54. Repeated square cross-section split-rib with gap  
as roughness elements (drawn after [135]). 

 

Fig. 56. Angled perforated baffles as roughness elements 
(drawn after [137]). 

 

Fig. 57. Winglet type rib as a roughness element 

(drawn after [138]). 

 

Fig. 58. Roughness elements in the form of multiple  

discrete inclined baffles (drawn after [139]). 

 

Fig. 59. Roughness element in the form of novel staggered  

cuboid baffles (drawn after [140]). 

 

Fig. 55. Roughness element as integral repeated  

discrete square ribs (drawn after [136]). 



Effects of roughness geometry on heat transfer, fluid flow and thermo-hydraulic performance… 

 

27 
 

7.9. S-shaped ribs  

Kumar et al. [12] carried out an experimental analysis of heat 

transfer and friction factor in a solar air heater duct with the 

S-shaped wire rib roughness, as shown in Fig. 60. They used 

parameters such as the relative roughness pitch (P/e) between  

4 and 16, the relative roughness height (e/Dh) from 0.022 to 

0.054, arc angles (α) ranging from 30° to 75°, and relative 

roughness width (W/w) between 1 and 4. Tests were conducted 

across a Reynolds number range of 2400 to 20 000. The findings 

reveal that the roughened duct exhibits superior performance 

compared to the smooth duct under the examined conditions. 

The optimal values of Nu and f were recorded at W/w = 3,  

P/e = 8, α = 60°, and e/Dh = 0.043. Additionally, predictive cor-

relations for Nu and f were developed using the experimental 

results, accounting for the effects of both roughness and operat-

ing parameters. 

7.10. Other roughness geometries  

Jaurker et al. [141] experimentally investigated a modified SAH 

using rib-grooved artificial roughness, as displayed in Fig. 61. 

They employed operating parameters, such as Reynolds number 

ranging from 3000 to 21 000, relative roughness height varying 

from 0.0181 to 0.0363, relative roughness pitch range of 4.5 to 10, 

and groove position to pitch ratio of 0.3 to 0.7. They obtained 

a maximum performance of a modified SAH, such as a Nusselt 

number up to 2.7 times higher, while the friction factor rising up 

to 3.6 times compared to a smooth SAH. They also developed 

predictive correlations for estimating the Nusselt number and fric-

tion factor. 

Karmare and Tikekar [142,143] experimentally studied SAH 

using metal grit ribs for enhancement of heat transfer and fric-

tion factor, as shown in Fig. 62 and Fig. 63. The parameters they 

employed for the study were: a relative roughness height of grit 

between 0.035 and 0.044, a relative roughness pitch of grit be-

tween 12.5 and 36, a relative length of grit of 12.5 to 36, and 

Reynolds number varied from 4000 to 17 000. They found that 

the Nusselt number and friction factor increased by a maximum 

of 1.87 and 2.13 times, respectively, compared to a smooth 

SAH. They also made an effort to determine the predictive cor-

relations for Nu and f.  

Bopche and Tandale [144] experimentally investigated SAH 

using artificial roughness as an inverted U-shaped rib for better 

heat transfer and friction factor, as illustrated in Fig. 64. They 

employed various parameters for this investigation, such as e/D 

varied from 0.0186 to 0.03986, P/e changing from 6.667 to 

57.14, α fixed at 90°, and Re varied from 3800 to 18 000. They 

obtained a maximum increase in Nu and f of 2.82 and 3.72, re-

spectively.  

Kumar and Verma [145] numerically investigated modified 

SAH using artificial roughness as a sinusoidal protrusion rib 

with the view of higher Nusselt number and friction factor. They 

used various operating and control parameters, such as e of  

1 mm, P varied from 10 to 18 mm and Re in the range of  

 

Fig. 60. S-shaped wire ribs as roughness elements 

(drawn after [12]). 

 

Fig. 61. Roughness element as rib-grooved [141]. 

 

Fig. 62. Schematic of inclined roughness elements  
showing the spacing details of the ribs used. 

 

Fig. 63. Roughness element in the form of metal grit ribs  
(drawn after [143]). 

 

Fig. 64. Inverted U-shaped rib as a roughness element 

(drawn after [144]). 
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4000 to 15 000. They obtained a maximum THP of 2.02 under 

optimum operating condition of P = 10 mm and Re = 4000. 

Saravanan et al. [146] conducted an experimental investiga-

tion to study the thermo-hydraulic performance of a solar air 

heater with staggered multiple C-shaped perforated and non-

perforated finned absorber plate, as depicted in Fig. 65. The ex-

periments were carried out for a relevant range of flow parame-

ters, i.e. Reynolds number ranging from 3000 to 27 000, and ge-

ometric parameters, such as the relative pitch to gap ratio from 

3.4 to 3.8, the relative height ratio from 0.3 to 0.7 and the relative 

perforated ratio from 1.5 to 3, with a focus on their effects on 

the maximum heat transfer enhancement. They reported a max-

imum THP of 1.64. They also developed correlations to predict 

and match the experimentally obtained Nu and f for non-perfo-

rated and perforated fins. 

Bezbaruah et al. [147] analysed SAH numerically using al-

tered conical vortex generators in a staggered arrangement 

(Fig. 66). The operating parameters used included a relative 

pitch ratio ranging from 2.67 to 15, a relative height ratio chang-

ing from 0.17 to 0.34 and a Reynolds number varied from  

3500 to 16 000. The highest THP they obtained under these in-

vestigations was 2.04. 

Goel et al. [148] conducted a comprehensive parametric in-

vestigation on SAH using hemispherical cavities as artificial 

roughness elements, displayed in Fig. 67, for an enhancement in 

heat transfer and fluid flow characteristics. They obtained max-

imum enhancement in the Nusselt number by a factor of 5.33 

compared to a smooth SAH under the optimum operating con-

dition of a transverse-pitch ratio, a longitudinal-pitch ratio and 

a relative dimple depth of 11, 11 and 0.039, respectively, and 

a Reynolds number of 2160. 

Yadav and Saini [149] performed a numerical study on 

a modified SAH using jet impingement technique for increasing 

the heat transfer, as shown in Fig. 68. They used a jet diameter 

ratio ranging from 0.065 to 0.195, a jet height ratio ranging from 

0 to 0.433 and the Reynold number from 3500 to 17 500. They 

reported maximum increases in Nu and f of 7.58 and 9.01 times, 

respectively, compared to a smooth SAH under optimum condi-

tions, such as a jet diameter ratio of 0.0650 and a jet height ratio 

of 0.216 at a Reynolds number of 17 500. They also quoted 

a maximum THP of 3.66 at a jet height ratio of 0.216 (fixed), jet 

diameter ratio of 0.065 (fixed) and a Reynolds number of 15 500 

(fixed). 

Wang et al. [150] investigated SAH modified with 

S-shaped ribs with gap to improve heat transfer (Fig. 69). They 

employed various parameters for investigations, such as 

a gap width (g = 2 to 6 mm), a rib width (w = 30 to 50 mm), 

a rib spacing (p = 40 to 60 mm), a rib height (e = 4 mm),  

a rib thickness (s = 2 mm), P/e = 20 to 30, W/w = 3 to 5,  

e/D = 0.023 to 0.036, g/e = 1 to 2, and Re varied from 2000 to 

20 000. The reported maximum augmentation achieved for Nu 

and f was 5.42 and 5.87, respectively, at Re = 19 258, W/w = 4, 

P/e = 20 and g/e = 1.5. 

 

Fig. 65. Roughness element in the form of (a) staggered multi-

ple C-shaped perforated, and (b) non-perforated finned 

absorber plate (drawn after [146]). 

 

Fig. 67. Hemispherical cavities as roughness elements 

(drawn after [148]). 

 

Fig. 68. Absorber plate with jet impingement (drawn after [149]). 

 

Fig. 69. S-shaped ribs with gap as roughness elements 

(drawn after [150]). 

 

Fig. 66. Roughness elements in the form of altered conical vor-

tex generators in a staggered arrangement (drawn after [147]). 
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Table 5. Summary report. 

Author(s) 
Ref. 

Year 
Roughness  
geometry  

Reynolds 
number 

Type of study Main findings 

Tranverse ribs 

Prasad and 
Saini [84] 

1988 Transverse rib 5000–50 000 Experimental Nu/Nus=2.38 and f/fs=4.25 

Gupta et 
al. [151] 

1993 
Transverse rib with 

small diameter 
3000–18 000 Experimental 

Studied the effects of e/D on heat transfer and friction fac-
tor at fixed P/e=10 

Karwa [88] 2003 

Transverse rib 
Inclined rib 

V continuous rib 
V discrete rib 

2800–15 000 Experimental 
Stanton number enhancement for: 
Continuous rib: V-up = 102–137%, V-down = 110–147% 
Discrete rib: V-up = 93–134%, V-down = 102–142% 

Verma and 
Prasad [91] 

2000 
Rectangular duct with 

thin wires 
5000–20 000 Experimental 

Thermo-hydraulic optimisation of the roughness and other 
parameters for the maximum heat transfer and minimum 
pressure drop was made. 

Layek et al. 
[89] 

2009 
Repeated transverse 

chamfered rib-groove 
roughness 

3000–21 000 
Experimental 
and analytical 

Maximum Nu and f found were 2.6 and 3.5 times the 
smooth SAH. Also, the maximum THP reported was 1.76. 

Saini and 
Saini [142] 

1996 Expanded metal mesh 2000–13 500 Experimental 
Correlations for the Nusselt number and friction factor in 
terms of these parameters were developed that can corre-
late the experimental data reasonably well. 

Singh et al. 
[92] 

2019 
Multiple broken trans-
verse ribs and square-

wave shaped rib 
3000–15 000 

Experimental 
and CFD analy-

sis 

The maximum increment in Nu was 2.22, and the conse-
quent value for f increment of 3.44 was obtained. The high-
est THP value of 1.49 was obtained, while the maximum 
thermal efficiency of 68.6% was achieved. 

Singh et al. 
[93] 

2021 

Uniform/non-uniform 
square-wave profile 

transverse roughness 
rib 

3000–15 000 CFD analysis 
The non-uniform ribs were found to yield better heat trans-
fer enhancement as compared to uniform ribs. 

Sharma et 
al. [94] 

2021 

Transverse, inclined 
transverse, dimple, in-
clined dimple, arc and 

sine wave 

3000–18 000 
Experimental 
and numerical 

The results revealed that the positioning and shape of baf-
fle unswervingly affect THP of the solar air heater. 

Mahanand 
and Sena-
pati [95] 

2020 
Transverse inverted 

T-shaped rib 
3800–18 000 Numerical 

A thermal enhancement factor of 1.87 was obtained as 
a result of enhancement in heat transfer for the SAH with 
an inverted T-shaped rib roughened absorber plate. 

Gawande 
et al. [96] 

2018 
Combined square and 
equilateral triangular 

ribs 
3800–18 000 

Numerical and 
experimental 

A value of 1.86 was recorded as an optimum value of THP 
for the range of parameters investigated. 

Kumar et 
al. [152] 

2017 
Circular and 

semicircular rib 
4000–24 000 

Numerical and 
experimental 

Two new correlations were developed for the Nusselt num-
ber and friction factor as a function of Reynolds number 
and relative roughness height. The values obtained from 
the developed correlations agree well with data from the 
model. 

Kumar and 
Layek [98] 

2019 Circular rib 8551–11 149 
LCT technique 
and CFD tech-

nique 

The maximum values of heat transfer rate were obtained at 
a roughness pitch ratio of 10, with a minimum penalty of 
frictional losses. 

Kumar et 
al. [99] 

2019 Square rib 3900–17 900 Numerical 
Correlations were developed for both friction factor and 
Nusselt number based on observed results. 

Kumar et 
al. [153] 

2017 
Rectangular rib 

roughened 
4000–18 000 Numerical 

The maximum value of thermo-hydraulic performance pa-
rameter (THP), 1.89, was found in the case of relative 
roughness pitch (P/e), rib aspect ratio (e/w) and relative 
roughness height (e/D) of 10, 4.0 and 0.04, respectively, at 
the Reynolds number of 15 000. 

Kumar et 
al. [97] 

2017 
Transverse semicircu-

lar rib 
5000–10 000 Numerical 

The maximum thermo-hydraulic performance was ob-
served for a higher relative roughness height value 
(e/D=0.067) and a lower relative roughness pitch (P/e=7.5) 
in a semi-circular rib roughened equilateral triangular duct 
is of the order of 1.7. 

Arc-shaped roughness 

Saini and 
Saini [102] 

2008 Arc-shaped wire ribs 2000–17 000 Experimental 
An enhancement of 3.80 times in heat transfer and 1.80 
times in friction factor was observed at the optimum pa-
rameters compared to a smooth duct. 

Singh et al. 
[103] 

2014 
Multiple arc-shaped 

ribs 
2200–22 000 Experimental 

Developed Nu and f correlations; observed effects of 
roughness on Nu and f 
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Table 5. Summary report (continued).  

Author(s) 
Ref. 

Year 
Roughness  
geometry  

Reynolds 
number 

Type of study Main findings 

Sahu and 
Prasad 
[104] 

2016 Arc-shaped ribs 2000–40 000 Analytical Investigated the exergetic and effective efficiency 

Gill et al. 
[109] 

2017 
Staggered piece and 

broken arc rib 
2000–16 000 

Experimental 
and CFD anal-

yses 
Examined the heat transfer and friction factor 

Sahu and 
Prasad 
[154] 

2017 Arc-shaped ribs 2900–35 000 Analytical Examined the thermo-hydraulic performance. 

Sara-
vanakumar 
et al. [155] 

2019 
Arc shaped ribs Inte-

grated with fins 
and baffles 

2900–17 000 Analytical 
The maximum exergy was obtained for 8 fins, a baffle length 
of 0.2 m, a baffle width of 0.015 m and a mass flow rate of 
0.012 kg/s. 

Bhuvad et 
al. [110] 

2022 
Apex-up discrete 

arc ribs 
3000–14 000 Experimental 

The results showed that the new apex-up discrete arc rib ab-
sorber plates had superior thermal performance to the exist-
ing best apex-down rib geometries. Maximum augmentation 
in Nu, achieved for an attack angle of 30°, was 2.92 times that 
of a smooth plate. 

Kumar et 
al. [105] 

2022 
Discrete multiple-arc 

ribs 
3000–19 000 Experimental 

The Nusselt number and friction factor for a roughened solar 
thermal collector were found to be 7.61 and 6.48 times 
higher than those of a smooth channel. 

Ghritlahre 
[107] 

2021 Arc-shaped wire rib No data* Experimental 
The above result reveals that apex upstream flow is more effi-
cient than the apex downstream flow. 

Korpale et 
al. [111] 

2020 
Rectangular section 

ribs 
4000–20 000 

Experimental 
and numerical 

The maximum THP obtained was 2.77 at Reynolds number 
20 000, relative rib pitch of 17.22, relative rib height of 0.044 
and relative rib height of 0.5.  

Kumar et 
al. [112] 

2019 
Discrete multiple 
arc-shaped ribs 

11000–
19 000 

Experimental 
and numerical 

A remarkable improvement in the thermal performance of 
the solar air heater was observed by varying roughness pa-
rameters, but it led to an increase in the pumping power of 
the solar air heater.  

V-shaped ribs 

Momin et 
al. [114] 

2002 V-shaped ribs 2500–18 000 Experimental 
Found an optimal thermo-hydraulic performance at an angle 
of attack = 60°. 

Patel and 
Lanjewar 
[118]  

2021 
V-geometry 
roughened 

4000–15 000 Experimental 

The maximum augmentation in Nu and f was found to be 2.51 
and 2.70 times that of a smooth plate, respectively, for g’/e=1 
and d/w=0.65. Maximum value of ηTHP was found to be 1.82 
for g’/e=1 and d/w= 0.65. 

Srivastava 
et al. [108] 

2020 
Arc-shaped with gap 
and V-shaped with 

gap 
3000–15 000 Numerical 

The maximum THP values for the V-shaped ribs and arc-
shaped ribs were 2.21 and 1.5, respectively, at Re = 3000. 

Dimple or protrusion ribs 

Kumar and 
Prasad 
[119] 

2019 Concave dimple 2000–13 500 Experimental 

The maximum enhancement in Nusselt number for varying 
relative dimple pitch, relative dimple height and relative dim-
ple depth was, respectively, of the order of 2.6–3.55, 1.91 to 
3.42, 3.09 to 3.94 times, and that of the friction factor was of 
the order of 1.62–2.79, 1.52 to 2.34 and 2.21 to 2.56 times 
over those of the 1-side roughened ones. 

Sethi et al. 
[85] 

2012 
Dimple roughness in 
arc-shaped arranged 

3600–18 000 Experimental Studied the roughness effect on Nu and f. 

Kumar and 
Verma 
[145] 

2022 
Sinusoidal protrusion 

rib (SPR) 
5000–10 000 CFD analysis 

The thermal efficiency of the SPR model was found to be 69% 
at Re = 15000 in the range of Re investigated. 

W-shaped ribs 

Lanjewar 
et al. [125] 

2011 W-shaped ribs 2300–14 000 Experimental 
Found optimal thermo-hydraulic performance at an attack 
angle of 60° for the W-down rib. 

Spherical ball roughness 

Murmu et 
al. [156] 

2019 Inclined spherical ball 2500–18 500 Experimental Developed Nu and f correlations. 

Kumar and 
Murmu 
[157] 

2021 Inclined spherical ball 2500–18 500 Experimental 

Maximum thermal efficiency for roughened ducts was found 
to be 81% compared to 38% for a smooth duct under the pa-
rameters: relative roughness pitch = 12, relative roughness 
height = 0.036, height-diameter ratio = 1 and angle of attack = 
55° at a mass flow rate of 0.0319 kg/s. 
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Table 5. Summary report (continued). 

Author(s) 
Ref. 

Year 
Roughness  
geometry  

Reynolds 
number 

Type of study Main findings 

Non-uniform ribs 

Karwa et 
al. [158] 

1999 Chamfer rib 3000–20 000 Experimental 
Developed correlations for heat transfer and friction factor; 
additionally observed the effects of chamfer angle 

Bhagoria et 
al. [130] 

2002 Wedge-shaped ribs 3000–18 000 Experimental Obtained Nus=1.38, and developed correlations for Nu and f 

Karmare 
and 
Tikekar 
[143] 

2007 Wire ribs-grid shape 4000–17 000 Experimental Developed correlations for Nu and f 

Barik et al. 
[131] 

2021 

T-rib, left arm inclined 
T-rib, right arm in-

clined T-rib, Y-rib, con-
cave and convex T-ribs 

5000–18 000 Numerical 
Among all the considered ribs, the T-rib was found to be the 
best heat transfer enhancer, keeping the friction factor at a 
low value. 

Kumar and 
Goel [132] 

2021 
Semi-circular, circular, 
triangular, square, rec-

tangular 
3700–18 700 Numerical 

The performance of SAH was strongly influenced by both 
shapes of the roughness element and the cross-sectional area 
of flow-passage through which air flows. 

Inclined baffles 

Kumar et 
al. [137] 

2022 
Angled perforated 

baffles 
5000–17 000 

Experimental, 
CCD, ANN tech-

nique 

The STC with roughened angled perforated baffles enhanced 
Nu and f by 3.82 and 7.14 times, respectively, as compared to 
the STC without baffles. The angled perforated baffles at α of 
55o provided the highest THP at Re of 9000. A THP value of 
1.94 was obtained for the array of designed parameters. 

Kottayat et 
al. [139] 

2022 
Discrete multiple in-

clined baffle 
6000–14 000 

CFD and experi-
mental 

A maximum thermo-hydraulic performance of 2.69 was ob-
tained for the gap at the trailing apex. The proposed design 
yielded a higher collector efficiency, 55−70%, compared to 
the ribbed rectangular SAH design exhibiting 30−55%. With 
lower exergy losses, the proposed SAH design had higher ex-
ergetic efficiency (1.5−2.2%) than the ribbed rectangular SAH 
(0.9−1.7%) for the range of Re studied. 

Parsa et al. 
[140] 

2021 
Staggered cuboid baf-

fles 

5080,  
7620, 

10 160 
Numerical 

It is indicated that the relative baffle height (c/H) and relative 
baffle pitch (s/H) are the most influential parameters on the 
efficiency and thermo-hydraulic performance factor.  

Kumar and 
Layek [138] 

2020 Winglet shaped ribs No data** Experimental 

By comparing with the smooth surface, the studied rough-
ened surface could significantly improve the thermal effi-
ciency of a solar air heater system. The highest value of ther-
mal efficiency of the collector surface was 69% at the maxi-
mum mass flow rate. 

Other roughness geometries 

Jaurker et 
al. [141] 

2006 
Rib-grooved rough-

ness 
3000–21 000 Experimental Developed the correlations for Nu and f. 

Patel et al. 
[159] 

2021 
Discrete reverse NACA 

profile ribs 
6000–18 000 Experimental 

Maximum Nu and THP were found to be 102.08 and 2.578, 
respectively. 

Saravanan 
at al. [146] 

2021 
Staggered C-shape fin-

ned 
3000–27 000 Experimental 

The thermal performance and friction factor the for C-shape 
finned absorber plate without a perforated hole for a relative 
pitch-to-gap ratio of 3.8 and a relative height ratio of 0.6 were 
2.61 and 5.93 times more than for the smooth plate absorber 
plate, respectively. The perforated fin with the same relative 
ratios gave thermal performance and friction factor 2.67 and 
5.34 times higher than the smooth absorber plate solar air 
heater, respectively. 

Bezbaruah 
et al. [147] 

2021 
Staggered conical vor-

tex generators 
3500–16 000 

Experimental 
and numerical 

The highest thermo-hydraulic performance parameter 
of 2.04 was achieved. 

Goel et al. 
[148] 

2021 
Hemispherical 
dimple cavities 

2100–18 500 
Experimental 
and numerical 

analysis 

The best augmentation in Nusselt number obtained was of 
the order of 5.33 which was observed for a transverse pitch 
ratio, a longitudinal-pitch ratio and a relative dimple depth 
values of 11, 11 and 0.039, respectively, at a Reynolds num-
ber of 2160.  

Arunkumar 
et al. [160] 

2021 
Rectangular perfora-

ted duct inserts 
3000–18 000 Experimental 

It was found based on the experiments that thermal effi-
ciency was maximum for the height ratio (h/H) of 0.66 when 
compared to height ratios of 0.50 and 0.83. 

Yadav and 
Saini [149] 

2020 Impinging jet 3500–17 500 Numerical 

The maximum obtained thermo-hydraulic performance pa-
rameter value of 3.66 corresponded to a jet height ratio of 
0.216 and a jet diameter ratio of 0.065 
for the Reynolds number of 15 500. 

 



Mondloe D.S., Ghritlahre H.K., Agrawal G.K., Rathore K., Naik H., Parmar O. 
 

32 
 

 

8. Correlations for Nusselt number and friction 

factor 

In the field of solar air heaters, the development of correlations 

is pioneering in performance prediction and optimisation, design 

improvement, scaling and adaptation, generalisation of results, 

energy efficiency and sustainability, cost reduction and cus-

tomisable solutions. The first correlation, reported in 1991, in-

volved transverse ribs to develop correlations for the Nusselt 

number and friction factor in a modified solar air heater. Various 

geometries have been explored since then, including arc-shaped 

ribs, V-shaped wire ribs, wire rib grid shapes, wedge-shaped 

ribs, chamfered rectangular ribs, angled perforated baffles, dim-

pled and protruded surface geometries and spherical ball-shaped 

ribs. The parameters used in these studies include e/Dh, P/e, Re, 

e/D, α, B/S, W/H, g/P, ϕ, e+, y, d/H, p/H, y/H, P, e/w, d/w, g/e, 

α/90o, Ng, D/L, g/H, P/H, X/D, Y/D, d/x, W/w, w/e, G/L, l/s, L/e, 

S/e, e’/e, O/H, β, and V. The error range associated with the cor-

relations developed in these studies typically falls between 5% 

and 30%, depending on the complexity of the geometry and the 
experimental conditions. Table 6 presents the numerous corre-

lations obtained by various investigators with the ranges of pa-

rameters selected for their studies. 

 

 

 

 

9. Nusselt number and friction factor  

enhancement  

In the field of renewable energy conservation systems, the per-

formance of the system plays a vital role. In the flat plate solar 

air heater, the performance evaluation has been reported by 

many researchers. The conventional SAH has been modified us-

ing artificial roughness. The size, orientation, shape, material 

used, flow rate of fluid, gaps, and many other factors affect the 

values of Nu and f. 

 The comparison of various geometrical configurations used 

has been discussed in Table 7. As the enhancement of heat trans-

fer and fluid friction in comparison with a smooth duct are sub-

jected to various operating and control parameters, the maxi-

mum values can be obtained at the optimum parameters in the 

examined range of Reynolds number (mass flow rate), as listed 

in Table 7 as Nu/Nus and f/fs, respectively. In this review study, 

the effort has been put on major geometries, such as transverse 

ribs, arc-shaped ribs, dimple or protrusion ribs, W-shaped ribs, 

V-shaped ribs, spherical ball roughness, non-uniform ribs, in-

clined baffles, and other roughness geometries. 

 

Table 5. Summary report (continued). 

Authors Year 
Roughness  
geometry  

Reynolds 
number 

Type of study Main findings 

Other roughness geometries 

Wang et al. 
[150] 

2020 
“S”-shaped ribs with 

gap 
2000–20 000 Experimental 

Compared with a smooth plate, the thermal efficiency of a so-
lar air heater with artificial roughness was improved by 13% 
to 48% under different conditions. However, the work section 
pressure drop of this new solar air heater was within the 
range of 15.8–30 Pa. 

Kumar and 
Verma [121] 

2020 Sinusoidal rib 4000–15 000 Numerical 
The results are also compared with the triangular and square 
rib and found that the optimal THP of the proposed rib was 
20.06% and 33.31% higher. 

Gawande et 
al. [134] 

2020 Chamfered rib 3800–18 000 
Experimental 
and numerical 

The chamfered square rib with a 20° chamfer angle was 
found to provide the best thermo-hydraulic performance and, 
hence, was selected for further thermal analysis. 

Zina et al. 
[133] 

2020 
Triangular ribs with 
semi-circular nooks 

3800–18 000 Numerical 
The optimum THP value of 1.93 could be obtained fo case C1 
and Re of 5000. 

Kumar et al. 
[100] 

2018 
Forward facing 

chamfered rectan-
gular ribs 

4000–17 000 Numerical 
A remarkable change in f and Nu values was observed 
by varying both Re and roughness parameters. 

Kumar et al. 
[161] 

2020 
Forward and back-

ward facing 
arced ribs 

2300–23 000 Experimental 

Thermo-hydraulic performance improved by 3.61 times com-
pared to the smooth flat plate solar air heater, for a curved-
ribbed SAH for W/w=3, P/e=8, g/e=1, e/D=0.045, and 
d/x=0.65 at Re = 23 000.  

*Mass flow rate  𝑚̇ = 0.007−0.022 kg/s. 

**Mass flow rate  𝑚̇ = 0.00531−0.04041 kg/s. 
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Table 6. Details of correlations developed. 

Author(s)  
Novel  

geometry  
Parameters  Correlation developed  

Transverse ribs 

Hong and 
Hsieh 
[162] 

Transverse ribs 
𝑃/𝑒 = 5.31

𝐷ℎ  

 Nu = 0.056Reℎ
0.74    for   Tu = 0.04

 Nu = 0.03Reℎ
0.79      for   Tu = 0.07

 Nu = 0.019Reℎ
0.83    for   Tu = 0.07 

Prasad 
and 
Saini [84] 

Small diameter 
protrusion wire 

  𝑃/𝑒 = 10 − 20 
𝑒/𝐷ℎ = 0.020 − 0.033

 

  Re =  500 − 50000 

Stഥ = 𝑓᪄/2 ൣ1 + ඥ𝑓/2(4.5(𝑒+)0.28Pr0.57 − 0.95(𝑃/𝑒)0.53)൧

𝑓 = 2/ሾ0.95(𝑃/𝑒)0.53 + 2.5ln (𝐷ℎ/2𝑒) − 3.75ሿ2
 

Gupta et 
al. [163] 

Small diameter 
transverse ribs 

𝑒/𝐷 = 0.018 − 0.52 
Re =  3000 − 18 000 

Nu = 0.000824(𝑒/𝐷)−0.178(𝑊/𝐻)0.284Re1.062 ,  for  𝑒+ < 35

Nu = 0.000307(𝑒/𝐷)−0.469(𝑊/𝐻)0.245Re1.062,  for  𝑒+ ≥ 35

   𝑓 = 0.06412(𝑒/𝐷)0.019(𝑊/𝐻)0.237Re−0.185

 

Karwa 
[88] 

Inclined, discrete 
and continuous 
wire rib 

𝑒/𝐷ℎ = 0.467 − 0.05
 𝑃/𝑒 = 10
     𝛼 = 60, 90
  𝐵/𝑆 = 3
𝑊/𝐻 = 7.19 − 7.75
     Re = 2500 − 18 000

 

𝐺 = 32.2𝑒−0.006(𝑊/𝐻)0.5(𝑃/𝑒)2.56 expሾ0.7343ln (𝑃/𝑒)2ሿ(𝑒+)0.08 

𝑓 = 1.66𝑒−0.0078(𝑊/𝐻)−0.4(𝑃/𝑒)0.2695 expሾ−0.719ln (𝑃/𝑒)2(𝑒+)−0.075ሿ

         for 7 ≤ 𝑒+ ≤ 20𝑅
𝑓 = 1.325𝑒−0.0078(𝑊/𝐻)−0.4(𝑃/𝑒)0.2695 expሾ−0.719ln (𝑃/𝑒)2(𝑒+)−0.075ሿ

         for  20 ≤ 𝑒+ ≤ 60𝑅 

                          

Layek et 
al. [164] 

Transverse 
chamfered rib 
groove combina-
tion 

𝑃/𝑒 = 4.5 − 10
  𝛷 = 5 − 300

       𝑒/𝐷 = 0.022 − 0.04
             Re = 3000 − 18 000

𝑔/𝑝 = 0.3 − 0.6

  

Nu = 0.00206Re0.936(𝑒/𝐷)0.349(𝑃/𝑒)30318

            × exp ሾ−0.868(ln (𝑃/𝑒))2ሿ(𝑔/𝑝)1.108

            × exp ሾ2.486 {ln (𝑔/𝑝)}2 + 1.406{ln (𝑔/𝑝)}3ሿ

 𝑓 = 0.001227Re−0.199(𝑒/𝐷)0.585(𝑃/𝑒)7.19

          × exp ሾ−1.854{ln (𝑃/𝑒)}2ሿ(𝑔/𝑝)0.645

           × exp ሾ1.513{ln (𝑔/𝑝)}2 + 0.8662{ln (𝑔/𝑝)}3ሿ

 

Verma 
and Pra-
sad [91] 

Small diameter 
transverse pro-
trusion wire 

𝑒/𝐷 = 0.01 − 0.03 
𝑃/𝑒 = 10 − 40

  𝑒+ = 8 − 42
  Re = 5000 − 20 000

 

Nu = 0.08596(𝑃/𝑒)−0.54(𝑒/𝐷)0.072Re0.723, for    𝑒+ ≤ 24

Nu = 0.0245(𝑃/𝑒)−0.016(𝑒/𝐷)0.021Re0.802, for   𝑒+ > 24

𝑓 = 0.0245(𝑃/𝑒)−0.0206(𝑒/𝐷)0.021Re−1.25

 

Maha-
nand and 
Senapati 
[95] 

Transverse in-
verted-T shaped 
rib 

𝑒/𝐷ℎ = 0.042
 𝑃/𝑒 = 7.14 − 17.86
     Re = 3800 − 18 000

 
Nu = 0.052927Re0.8379(𝑃/𝑒)−0.1357

𝑓 = 0.329536Re−0.2325(𝑃/𝑒)−0.1305
  

Gawande 
et al. 
[134] 

Chamfered rib, 
right angle trian-
gular and reverse 
L-shaped ribs, in-
vented from 
square ribs 

   𝑞 = 1000  W/m2

   Re = 3800 − 18 000
𝑃/𝑒 = 7.14 − 35.71
𝑒/𝐷 = 0.021 − 0.042
     𝛼 = 0∘ − 40∘

  

For  20∘ chamfered rib 
   Nu = 0.0943Re0.8248 (𝑃/𝑒)−0.3022    
For right-angle triangular rib 
   Nu = 133.36Re0.8183(𝑒/𝐷)3.6305expሾ0.4480ln (𝑒/𝐷)2ሿ(𝑃/𝑒)−0.4807

               × expሾ0.055ln (𝑃/𝑒)2ሿ
 

For reverse L-shaped rib  
   Nu = 0.032Re0.8332(𝑃/𝑒)0.3479expሾ−0.1004ln(𝑃/𝑒)2ሿ 
For 20∘ chamfered rib  
   𝑓 = 0.653Re−0.2883 (𝑃/𝑒)−0.2087 
For right-angle triangular rib 
   𝑓 = 42.979Re−0.2778(𝑒/𝐷)1.1517expሾ0.1105ln (𝑒/𝐷)2ሿ(𝑃/𝑒)−1.7453

⬚ × ሾ0.3133ln (𝑃/𝑒)2ሿ
 

For reverse L-shaped rib  
   𝑓 = 0.2805Re−0.2617(𝑃/𝑒)0.0815expሾ−0.0319ln (𝑃/𝑒)2ሿ 

Kumar et 
al. [152] 

Circular and sem-
icircular rib 

    L = 1600 mm
    H = 40 mm
    D = 77 mm
     𝑑 = 4, 6, 8, 10 mm
     P = 30 mm
      y = 10, 20, 30 mm
d/H = 0.1, 0.15, 0.20, 0.25
P/H = 0.75
y/H = 0.25, 0.5, 0.75

     𝑞 = 800 W/m2 
   Pr = 0.72
   Re = 5000 − 10 000 
                     (6 values)
    𝛼 = 25∘

 
Nu = 0.44𝐷ℎ

0.69(𝑑/𝐻)0.05exp{−0.0165ሾln (𝑑/𝐻)ሿ2}

   𝑓 = 16.4𝐷ℎ
−0.406(𝑑/𝐻)2.5exp{0.44ሾln (𝑑/𝐻)ሿ2} 

 

Kumar et 
al. [99] 

Square rib 
 𝑃/𝑒 = 10
𝑒/𝐷 = 0.013 − 0.05
   Re = 4000 − 18000

 
Nu = 0.00415Re0.95(𝑃/𝑒)1.217(𝑒/𝐷)0.243exp{−0.265ሾln (𝑃/𝑒)ሿ2}

   𝑓 = 6.436Re−0.4(𝑃/𝑒)−1.033(𝑒/𝐷)0.278exp{−0.224ሾln (𝑃/𝑒)ሿ2}
 

Kumar et 
al. [153] 

Rectangular rib 
roughened 

𝑃/𝑒 = 5 − 15
e/𝐷 = 0.02 − 0.4
𝑒/𝑤 = 0.25 − 4.0
   Re = 4000 − 18 000

 

Nuavg = 0.365{Re0.83(𝑃/𝑒)−1.322(𝑒/𝑤)0.122(𝑒/𝐷)0.216

                × expሾ0.265(ln(𝑃/𝑒))2ሿ}

    𝑓avg =  3.394 × 102{Re−0.56(𝑃/𝑒)−2.294 (𝑒/𝑤)0.130(𝑒/𝐷)0.378

                 × expሾ0.408(ln(𝑃/𝑒))2ሿ}
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Table 6. Details of correlations developed (continued).  

Author(s) 
Novel  

geometry 
Parameters Correlation developed 

Aharwal 
et el. 
[136] 

Inclined and 
transverse ribs 

𝑒/𝐷ℎ = 0.0377
  𝑃/𝑒 = 10
       𝛼 = 60°
 𝑑/𝑊 = 0.167 − 0.5
𝑊/𝐻 = 5.87
     Re = 3000 − 18 000

  
Nu = 0.0102Re 𝑒1.148(𝑒/𝐷)0.51{1 − ሾ0.25 − (𝑑/𝑊)ሿ2(0.01ሾ1 − (𝑔/𝑒)ሿ2)}

   𝑓 = 0.5(𝑒/𝐷)0.72Re−0.0836

Varun et 
al. [165] 

Inclined and 
transverse wire 

ribs 

  𝑃/𝑒 = 10
𝑒/𝐷ℎ = 0.030
    Re = 2000 − 20 000

 
Nu = 0.0006(𝑃/𝑒)0.0104Re1.213

   𝑓 = 1.0858(𝑃/𝑒᪄)0.0114Re−0.3685 

Arc-shaped ribs 

Saini and 
Saini 
[102] 

Arc-shaped wire 
ribs 

   𝑔/𝑒 = 0.5 − 2
   𝑃/𝑒 = 10
 𝛼/90 = 0.333 − 0.666
  𝑑/𝑤 = 0.167 − 0.5
𝑊/𝐻 = 5.87
     Re = 2000 − 17 000

  
Nu = 0.001047(𝑒/𝐷)0.3772(𝛼/90)−0.1198Re1.123

   𝑓 = 0.14408(𝑒/𝐷)−0.1765(𝛼/90)0.1185Re−0.17103 

Bhuvad, 
Azad and 
Lanjewar 
[110] 

Apex-up discrete 
arc ribs 

         𝑊 = 200 mm
    W/H = 8.0
           𝛼 = 30∘, 45∘, 60∘

    e/Dℎ = 0.045
      P/𝑒 = 10
        𝑁𝑔 = 3

      𝑔/e = 3

  

  𝑅 = ඥ(2/) + 2.5 ln(2𝑒/𝐷ℎ) + 3.75

𝑒+ = ඥ(𝑓/2) Re(𝑒/𝐷ℎ )

 𝐺 = (𝑓/2St) − 1ඥ(2/𝑓) + 𝑅

  

Kumar et 
al. [105] 

Discrete 
multi-arc ribs 

  𝐷𝑑/𝐿𝑣 = 0.27 − 0.86
 𝑔𝑤/𝐻𝑟 = 0.32 − 1.72
   𝐻𝑟/𝐻 = 0.025 − 0.047
    𝑃𝑟/𝐻 = 0.58 − 3.1
           𝛼 = 35∘ − 65∘

    𝑋/𝐷ℎ = 0.47 − 1.72
    𝑌/𝐷ℎ = 0.46 − 0.82
   𝐷𝑗/𝐷ℎ = 0.065

𝑊/𝑊𝐴𝐶 = 5.0
          Re = 3000 − 19 000

 

 

Nu = 4.03 × 10−18Re0.4674(𝐷𝑑/𝐿𝑣)−0.3183

            × exp{−0.1854ሾln (𝐷𝑑/𝐿𝑣)ሿ2}(𝑔𝑤/𝐻𝑟)−0.0566

            × exp{−0.0172ሾln (𝑔𝑤/𝐻𝑟)ሿ2}(𝐻𝑟/𝐻)−2.7231

            × exp{−0.4179ሾln(𝐻𝑟/𝐻)ሿ2}(𝑃𝑟/𝐻)−0.0137

            × exp{−0.1373ሾln (𝑃𝑟/𝐻)ሿ2}𝛼𝑎
9.0055

            × exp{−1.1569ሾln (𝛼𝑎)ሿ2}(𝑋/𝐷ℎ)−0.0254

             × exp{−0.0888ሾln (𝑋/𝐷ℎ)ሿ2}(𝑌/𝐷ℎ)−0.4181

            × exp{−0.4506ሾln (𝑌/𝐷ℎ)ሿ2}

𝑓 = 4.03 × 10−18Re−0.338exp{0.0239{ln(Re)}2}(𝐷𝑑/𝐿𝑣)−0.9527

         × exp{−0.6782ሾln (𝐷𝑑/𝐿𝑣)ሿ2}(𝑔𝑤/𝐻𝑟)−0.167

         × exp{−0.01021ሾln (𝑔𝑤/𝐻𝑟)ሿ2}(𝐻𝑟/𝐻)−6.5696

         × exp{−1.0137ሾln (𝐻𝑟/𝐻)ሿ2}(𝑃𝑟/𝐻)−0.00067

         × exp{−0.1612ሾln (𝑃𝑟/𝐻)ሿ2}𝛼𝑎
15.909

         × exp{−2.0566ሾln (𝛼𝑎)ሿ2}(𝑋/𝐷ℎ)−0.0409

         × exp{−0.2004ሾln (𝑋/𝐷ℎ)ሿ2}(𝑌/𝐷ℎ)−0.4866

         × exp{−0.6556ሾln (𝑌/𝐷ℎ)ሿ2}

 

Kumar et 
al. [112] 

Discrete multiple 
arc-shaped ribs 

𝑔/𝑒 = 0.5 − 1.5 
 𝑁𝑔 = 1 − 3 

𝑑/𝑥 = 0.3 − 0.9 
  Re = 11000 − 19000 

Nu = −619.14 + 161.14(𝑔/𝑒) + 632.75(𝑑/𝑥) +

            +0.054Re + 5.45𝑁𝑔 + 8.37 × 10−5(𝑔/𝑒)Re +

  −2.79 × 10−4(𝑑/𝑥)Re + 0.72(𝑑/𝑥)𝑁𝑔 +

            +5.39 × 10−4Re𝑁𝑔 − 77.01(𝑔/𝑒)2 +

             −495.62(𝑑/𝑥)2 − 1.28 × 10−6Re2 − 1.66𝑁𝑔
2

 

 

𝑓 = −5.06 × 10−3 + 0.014(𝑔/𝑒) + 0.0775(𝑑/𝑥) +

+1.51 × 10−6Re + 4.69 × 10−4𝑁𝑔 +          

         +7.83 × 10−4(𝑔/𝑒)(𝑑/𝑥) + 3.65 × 10−4(𝑔/𝑒)𝑁𝑔 +

         −2.25 × 10−7(𝑑/𝑥)Re − 1.79 × 10−7Re𝑁𝑔 +

         −7.05 × 10−3(𝑔/𝑒)2 − 0.059(𝑑/𝑥)2 +

         −1.023 × 10−10Re2 + 9.53 × 10−4𝑁𝑔
2

 

Kumar et 
al. [161] 

Innovatively ar-
ranged arc (com-
bination of alter-
natively arranged 
forward and back-

ward facing 
arced ribs) 

      Re = 2300 − 23000
 𝑊/𝐻 = 11
   𝑒/𝐷 = 0.018 − 0.045
        𝛼 = 30° − 75°
   𝑔/𝑒 = 0.5 − 2.0
𝑊/𝑤 = 1 − 4
   𝑑/𝑥 = 0.25 − 0.85
   𝑃/𝑒 = 4 − 16

 

Nu𝑎𝑣𝑔 = 2 × 10−7 Re1.4079(𝑔/𝑒)−0.1264(𝑑/𝑥)−0.1596   

               × 𝛼3.5008(𝑊/𝑤)0.5932(𝑃/𝑒)0.2322(𝑒/𝐷)0.2958

              × exp{−0.2429ሾln(𝑔/𝑒)ሿ2}exp {−0.2484ሾln(𝑑/𝑥)ሿ2}

              × exp{−0.4123(ln 𝛼)2}exp {−0.2534ሾln(𝑊/𝑤)ሿ2}

              × exp{−0.0479ሾln(𝑃/𝑒)ሿ2}

 

      𝑓 = 0.004 Re−0.217 (𝑔/𝑒)−0.1152(𝑑/𝑥)−0.2848   

               × 𝛼1.8628(𝑊/𝑤)0.3868(𝑃/𝑒)0.6392(𝑒/𝐷)0.1914

              × exp{−0.1877ሾln(𝑔/𝑒)ሿ2} exp{−0.2182ሾln(𝑑/𝑥)ሿ2}

              × exp{−0.2304ሾln 𝛼ሿ2} exp{−0.1814ሾln(𝑊/𝑤)ሿ2}

              × exp{−0.1668ሾln(𝑃/𝑒)ሿ2}
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Table 6. Details of correlations developed (continued).  

Author(s) 
Novel  

geometry 
Parameters Correlation developed 

Korpale 
et al. 
[111] 

Rectangular 
section ribs 

  Re = 4000 − 20 000
𝑃/𝑒 = 1 − 60
𝑒/𝐷 = 0.017 − 0.252
𝑤/𝑒 = 0.5 − 10

  

Nu = 0.024Re0.8032 (𝑃/𝑒)1.4013(𝑒/𝐷)0.6762(𝑤/𝑒)−0.5388𝑒𝐴 
    𝐴 = −0.1728log(𝑃/𝑒)log(𝑒/𝐷) + 0.1986log(𝑃/𝑒)log(𝑤/𝑒) 
             +0.0658log (𝑒/𝐷)log (𝑤/𝑒) − 0.3235ሾlog (𝑃/𝑒)ሿ2 
𝑓 = 24.167Re−0.1953 (𝑃/𝑒)0.1906(𝑒/𝐷)2.5305(𝑤/𝑒)−0.3140𝑒𝐵 
    𝐵 = −0.2073log(𝑃/𝑒)log (𝑒/𝐷) + 0.1293log(𝑃/𝑒)log (𝑤/𝑒) 
             +0.0497log(𝑒/𝐷)log (𝑤/𝑒) − 0.1880ሾlog (𝑃/𝑒)ሿ2 
             +0.2287ሾlog(𝑒/𝐷)ሿ2 

V-shaped ribs 

Gupta et 
al. [151] 

V-shaped wire 
ribs and V-shaped 
inclined wire ribs 

𝑒/𝐷 = 0.02 − 0.053
𝑃/𝑒 = 7.5 − 10
     𝛼 = 30° − 90°
   Re = 5000 − 20 000

 

 Nu = 0.00824(𝑒/𝐷)−0.178(𝑊/𝐻)0.288Re1.062, for   𝑒+ < 35

 Nu = 0.00307(𝑒/𝐷)−0.469(𝑊/𝐻)0.245Re0.812, for   𝑒+ ≥ 35

   𝑓 = 0.06412(𝑒/𝐷)0.019(𝑊/𝐻)0.0237Re−0.185

 

Mulu-
work et 
al. [166] 

V-shaped stag-
gered discrete 

wire ribs 

𝑒/𝐷 = 0.02
𝐵/𝑆 = 3 − 9
     𝛼 = 60°
   Re = 2000 − 15500

 
Nu = 0.00534(𝐵/𝑆)1.3496Re1.2991

   𝑓 = 0.7117(𝐵/𝑆)0.0636Re−2.991  

Momin 
et al. 
[114] 

V-shaped contin-
uous wire rib 

𝑒/𝐷ℎ = 0.02 − 0.034
  𝑃/𝑒 = 10
       𝛼 = 30° − 90°
     Re = 2500 − 18 000

 
Nu = 0.067Re0.888(𝑒/𝐷h)0.424(𝛼/60∘)−0.077exp ሾ−0.782(ln 𝛼/60∘)2ሿ

    𝑓 = 6.266Re−0.425(𝑒/𝐷h)0.565(𝛼/60∘)−0.093exp ሾ−0.719(ln 𝛼/60∘)2ሿ
 

Hans et 
el. [167] 

Multiple V-sha-
ped ribs 

  𝑃/𝑒 = 6 − 12
  𝑐/𝐷 = 0.0213 − 0.0422
       𝛼 = 30° − 75°
𝑊/𝑤 = 1 − 10
     Re = 2000 − 20 000

 

Nu = 3.35 × 10−5Re0.92(𝑒/𝐷)0.77(𝑊/𝑤)0.43(𝛼/90°)−0.49

           × expሾ−0.1177(ln(𝑊/𝑊))2ሿ

            × exp{−0.61ሾln(𝛼/90°)ሿ2}(𝑃/𝑒)8.54exp{−2.040ሾln(𝑃/𝑒)ሿ2} 

   𝑓 = 4.47 × 10−4Re−0.3188 (𝑒/𝐷)0.73(𝑊/𝑤)0.22(𝛼/90°)−0.39

            × exp{−0.52ሾln(𝛼/90°)ሿ2}(𝑃/𝑒)8.9exp{−2.133ሾln(𝑃/𝑒)ሿ2}

 

Singh et 
al. [113] 

Discrete V-shaped 

   P/e = 4 − 12
   𝑔/𝑒 = 0.5 − 2
       𝛼 = 30° − 75°
 𝑑/𝑤 = 0.2 − 0.8
𝑒/𝐷ℎ = 0.015 − 0.043
     Re = 3000 − 15 000

 

Nu = 2.36 × 10−5Re0.90 (𝑃/𝑒)3.5(𝛼/60∘)−0.023(𝑔/𝑒)−0.014(𝑒/𝐷h)0.47

           × exp{−0.84ሾln(𝑝/𝑒)ሿ2}exp{−0.72ሾln(𝛼/60∘)ሿ2}

           × exp{−0.05ሾln(𝑑/𝑤)ሿ2}exp {−0.15ሾln(𝑔/𝑒)ሿ2}

   𝑓 = 44.13 × 10−2Re−0.126 (𝑃/𝑒)2.74(𝛼/60∘)−0.034

           × (𝑑/𝑤)−0.058(𝑔/𝑒)−0.031(𝑒/𝐷ℎ)0.70

           × exp{−0.685ሾln(𝑃/𝑒)ሿ2}exp{−0.93ሾln(𝛼/60∘)ሿ2}

           × exp{−0.058ሾln(𝑑/𝑤)ሿ2}exp {−0.21ሾln(𝑔/𝑒)ሿ2}

 

Kumar et 
al. [117] 

Multiple V-
shaped ribs with 

gap 

    𝑃/𝑒 = 6 − 12
    𝑔/𝑒 = 0.5 − 1.5
    𝑒/𝐷 = 0.022 − 0.043
 𝑊/𝑤 = 1 − 10
𝐺𝑑/𝐿𝑣 = 0.24 − 0.80
         𝛼 = 30° − 75°
      Re = 2000 − 20 000

 

Nu = 8.534 × 10−3Re−0.932(𝑒/𝐷)0.175(𝑊/𝑤)0.506

           × exp{−0.753ሾln(𝑊/𝑤)ሿ2}(𝐺𝑑/𝐿𝑣)−0.0348

           × exp{−0.0653ሾln(𝐺𝑑/𝐿𝑣)ሿ2}(𝑔/𝑒)−0.0708

           × exp{−0.223ሾln(𝑔/𝑒)ሿ2}(𝛼/60∘)−0.0239

           × exp{0.1153ሾln(𝛼/60∘)ሿ2}(𝑃/𝑒)1.196 × exp{−0.2805ሾln(𝑃/𝑒)ሿ2}

  𝑓 = 3.1934Re−03.51(𝑒/𝐷)0.268(𝑊/𝑤)0.1132

          × exp{−0.974ሾln(𝑊/𝑤)ሿ2}(𝐺𝑑/𝐿𝑣)0.0610

          × exp{−1.065ሾln(𝐺𝑑/𝐿𝑣)2ሿ2}(𝑔/𝑒)−0.1769

          × exp{−0.6349ሾln(𝑔/𝑒)ሿ2}(𝛼/60∘)0.1553

          × exp{−0.1527ሾln(𝛼/60∘)ሿ2}(𝑃/𝑒)−0.7941 × exp{0.1486ሾln(𝑃/𝑒)ሿ2}

 

Spherical ball roughness 

Murmu et 
al. [156] 

Inclined spherical 
ball 

  𝑃/𝑒 = 15
𝑒/𝐷ℎ = 0.036
𝑒/𝑑𝑏 = 1
       𝛼 = 55∘

 

Nu = 5.8 × 10−7Re1.0459(𝑒/𝐷ℎ)2.8326(𝑝/𝑒)1.56(𝑒/𝑑𝑏)−0.231(𝛼/55)−1.089

               × exp(−0.87)ሾln(𝑒/𝐷ℎ)ሿ2exp(−4.86)ሾln(𝑃/𝑒)ሿ2

              × exp(−0.1817)ሾln(𝑒/𝑑𝑏  )ሿ2exp(−2.6542)ሾln(𝛼/55)ሿ2

𝑓 = 2.38 × Re−0.05629(𝑒/𝐷ℎ )0.017(𝑃/𝑒)1.89(𝑒/𝑑𝑏 )−1.101(𝛼/55)−0.1127

          × exp(0.0664)ሾln(𝑒/𝐷ℎ )ሿ2exp(−0.0429)ሾln(𝑃/𝑒)ሿ2

          × exp(−0.526)ሾln(𝑒/𝑑𝑏 )ሿ2exp(−2.352)ሾln(𝛼/55)ሿ2

 

Non uniform rib roughness 

Karmare 
and Tike-
kar [143] 

Wire ribs-grid 
shape 

𝑒/𝐷ℎ = 0.035 − 0.044
  𝑃/𝑒 = 12.5 − 36
   𝑙/𝑠 = 1.72 − 1
    Re = 4000 − 17000

 
Nu = 2.4(𝑒/𝐷h)0.42(𝑙/𝑠)−0.146Re1/3(𝑃/𝑒)−0.27

   𝑓 = 15.55(𝑒/𝐷ℎ)0.91(𝑙/𝑠)−0.27Re−0.26(𝑃/𝑒)−0.51 

Saini and 
Saini [142] 

Expanded metal 
mesh 

    𝑙/𝑒 = 25 − 71.87
   𝑠/𝑒 = 15.62 − 46.87
𝑒/𝐷ℎ = 0.012 − 0.0390
     Re = 1900 − 13 000

 

Nu = 4.0 × 10−4Re1.22 (𝑒/𝐷)0.625(𝑠/10𝑒)2.22

           × exp{1.25ሾln (𝑠/10𝑒)ሿ2}(𝑙/10𝑒)2.66exp{0.824ሾln (𝑙/10𝑒)ሿ2}

𝑓 = 0.815Re0.316 (𝑙/𝑒)0.266(𝑠/10𝑒)0.19Re−026 (10𝑒/𝑑)0.591
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Table 6. Details of correlations developed (continued). 

Author(s) 
Novel  

geometry 
Parameters Correlation developed 

Karwa et 
al. [158] 

Machined ribs 

  𝑃/𝑒 = 4.5 − 8.5
𝑒/𝐷ℎ = 0.014 − 0.0320
 𝑑/𝑤 = 0.167 − 0.5
𝑊/𝐻 = 5.87
     Re = 3000 − 20 000

 

For 7 ≤ 𝑒+ < 20
𝐺 = 103.77𝑒−0.006(𝑊/𝐻)0.5(𝑃/𝑒)2.56 expሾ0.7343 ln( 𝑃/𝑒)2ሿ (𝑒+)−0.31

For 20 ≤ 𝑒+ ≤ 60
𝐺 = 32.26𝑒−0.006(𝑊/𝐻)0.5(+/𝑒)2.56 expሾ0.7343 ln( 𝑃/𝑒)2ሿ (𝑒+)0.8

 

For 7 ≤ 𝑒+ < 20𝑅
𝑓 = 1.66𝑒−0.0078(𝑊/𝐻)−0.4(𝑃/𝑒)0.2695 expሾ−0.762 ln( 𝑃/𝑒)2(𝑒+)−0.075ሿ

For 20 ≤ 𝑒+ ≤ 60𝑅
𝑓 = 1.325𝑒−0.0078(𝑊/𝐻)−0.4(𝑃/𝑒)0.2695 expሾ−0.762 ln( 𝑃/𝑒)2(𝑒+)−0.075ሿ

 

Bhagoria et 
al. [130] 

Wedge shaped 
ribs 

60.17 𝛷−1.0264 < 𝑃/𝑒 < 12.12
    𝛷 = 8° − 15°
𝑒/𝐷ℎ = 0.015 − 0.033
  Re = 3000 − 18000

      

Nu = 1.89 × 10−4Re1.21(𝑒/𝐷ℎ)0.426(𝑃/𝑒)2.94(𝜙/10)−0.018

           × exp{−0.71ሾln (𝑃/𝑒)ሿ2}exp{−1.50ሾln (𝜙/10)ሿ2}
 

   𝑓 = 12.44Re−0.18(𝑒/𝐷ℎ)0.99(𝑃/𝑒)−0.52(𝜙/10)0.49 

Kumar et 
al. [100] 

Forward facing 
chamfered rec-

tangular ribs 

𝑒/𝐷 = 0.018 − 0.043 
𝑃/𝑒 = 12 
𝑒/𝑤 = 1.5 
𝑒′/𝑒 = 0.75 
   Re = 4000 − 17 000 

Nu = 0.066Re0.858 (𝑒′/𝑒)0.022(𝑒/𝑤)0.12(𝑒/𝐷)0.241exp{0.039ሾln(𝑒′/𝑒)ሿ2}

𝑓 = 11.79Re−0.58 (𝑒′/𝑒)0.169(𝑒/𝑤)0.131(𝑒/𝐷)0.318exp{0.203ሾln (𝑒′/𝑒)ሿ2}
 

Inclined baffles 

Kumar et 
al. [137] 

Angled perfo-
rated baffles 

   𝑊/𝐻 = 10
 𝐻𝐵/𝐻 = 0.50
  𝑃𝐵/𝐻𝐵 = 10
 𝑂𝐵/𝐻𝐵 = 0.266
           𝛼 = 35∘ − 65∘

         𝛽0 = 12%
         Re = 5000 − 17 000

 
Nu = 1.0826 × 10−18Re1.580515.694𝛼𝑎expሾ−1.9599(ln𝛼𝑎)2ሿ

    𝑓 = 2.48 × 10−6Re−0.1375.6517𝛼𝑎expሾ−0.7113(ln𝛼𝑎)2ሿ
 

S-shaped ribs 

Kumar et 
al. [12] 

S-shaped wire 
ribs 

  𝑃/𝑒 = 4 − 16
𝑒/𝐷ℎ = 0.022 − 0.054
       𝛼 = 30° − 75°
𝑊/𝑤 = 1 − 4
    Re = 2400 − 20 000

 

Nu = 1.4332 × 10−4Re1.2764(𝑊/𝑤)0.2748

× exp{−0.1084ሾln(𝑊/𝑤)ሿ2}(𝑃/𝑒)0.4876exp൛−0.1107ሾln(𝑃/𝑒)ሿ22
ൟ(𝛼/90°)−0.0468

× exp{−0.0642ሾln(𝑃/𝑒)ሿ2}(𝑒/𝐷ℎ)−0.7653exp{−0.1257ሾln(𝑒/𝐷ℎ)ሿ2}

 

𝑓 = 1.430 × 10−1Re−0.224(𝑊/𝑤)0.1424(𝑃/𝑒)0.7657

           × exp{−0.187ሾln(𝑃/𝑒)ሿ2}(𝛼/90°)0.2129(𝑒/𝐷ℎ)0.2159 

Other roughness geometries 

Saini and 
Verma 
[120] 

Dimple protru-
sions 

𝑒/𝐷ℎ = 0.018 − 0.037
     Re = 2000 − 12000
   𝑃/𝑒 = 8 − 12

 

Nu = 5.2 × 10−4Re1.27 (𝑒/𝐷)0.33(𝑃/𝑒)3.15

            × exp{−2.2ሾlog (𝑃/𝑒)ሿ2}exp{−1.30ሾlog (e/𝐷)ሿ2}

𝑓 = 0.0642Re−0.423(𝑒/𝐷)−0.0214(𝑃/𝑒)−0.465

            × exp{0.054ሾlog (𝑃/𝑒)ሿ2}exp{−0.840ሾlog (𝑒/𝐷)ሿ2}

 

Bhusan 
and Singh 

[122] 

Dimple shaped 
roughness 

   𝐿/𝑒 = 25 − 37.5
   𝑆/𝑒 = 18.75 − 37.5
  𝑒/𝐷 = 0.03
 𝑑/𝐷 = 0.147 − 0.367
    Re = 4000 − 20000

 

Nu = 2.1 × 10−88Re1.452 (𝑆/𝑒)12.94(𝐿/𝑒)992(𝑑/𝐷)−3.9

           × exp{−10.4ሾlog(𝑆/𝑒)ሿ2}exp{−77.2ሾlog(𝐿/𝑒)ሿ2 }exp{−7.83ሾlog (𝑑/𝐷)ሿ2}

   𝑓 = 2.32Re−0.201(𝑆/𝑒)−0.383(𝐿/𝑒)−0.484(𝑑/𝐷)0.133

 

Yadav et 
al. [106] 

Circular protru-
sions 

   𝑃/𝑒 = 12 − 24
   𝑒/𝐷 = 0.015 − 0.03
𝑊/𝐻 = 11
       𝛼 = 45° − 75°
     Re = 3600 − 18100

 

Nu = 0.154Re1.017(𝑃/𝑒)−0.38(𝑒/𝐷)0.521(𝛼/60°)−0.213

           × exp{−2.0233ሾln(𝛼/60°)ሿ2}

𝑓 = 7.207Re−0.56 (𝑃/𝑒)−0.18(𝑒/𝐷)0.176(𝛼/60°)0.038

             × exp{−1.412ሾln(𝛼/60°)ሿ2}

 

Saravanan 
at al. [146] 

Staggered C-
shape finned 

𝑉 = 0.57 − 4.4 m/s
  𝑃/g =  3.2 − 3.8
  ℎ/H = 0.3 − 0.7
ℎ/𝑑𝑝 = 1.5 − 3

     Re = 3000 − 24000

 

  Nu𝑝 = 0.527Re0.85(𝑃/𝑔)1.009(ℎ/𝐻)1.076(ℎ/𝑑𝑝 )
−2.484

      𝑓𝑝 = 0.21Re−0.21(𝑃/𝑔)−0.782(ℎ/𝐻)−0.502(ℎ/𝑑𝑝 )
1.084

Nu𝑛𝑝 = 0.009Re0.861(𝑃/𝑔)1.009(ℎ/𝐻)0.482

    𝑓𝑛𝑝 = 1.126Re−0.194(𝑃/𝑔)−0.757(ℎ/𝐻)0.593

 

Bezbaruah 
et al. [147] 

Staggered coni-
cal vortex gene-

rators 

Re = 3500 − 16 000
   𝑒 = 0.0075 m
   𝑑 = 0.015 m
   𝑃 = 0.020 m
 𝑊 = 0.08 m
  𝐻 = 0.03 m
 𝐿1 = 0.15 m (inlet lenght)
 𝐿2 = 1.1 m (test section lenght)
 𝐿3 = 0.2 m (outlet lenght)
  𝐷 = 0.044 m

 

Nu = 𝐶0Re0.7209(𝑒/𝐷)0.1718(𝑃/𝑒)−0.127 exp{−0.0225ሾln( 𝑃/𝑒)ሿ2}

   𝑓 = 𝐶1Re−0.4091(𝑒/𝐷)0.4665(𝑃/𝑒)−0.6123  

 
C0= 0.22805, C1=24.5497 
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Table 7. Details of enhancement of heat transfer and fluid friction with optimum parameters used in the literature. 

Author(s)  
Geometry  

configuration 
Reynolds number Optimum value  

Enhancement 

Nu/Nus f/fs 

Transverse ribs 

Prasad and 
Saini [86] 

Small diameter protrusion wire 1500−24 000 
P/e = 10
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.027

 2.38 4.25 

Karwa et al. 
[158] 

Transverse ribs 

2800−15 000 

    P/e = 5.5
𝑒/𝐷ℎ  or  𝑒/𝐷 = 0.0143
𝑊/𝐻 = 7.75
       𝛷 = 15°

 

2.30 3.42 

Inclined ribs 2.12 3.92 

V continuous ribs 2.37 3.65 

V discrete ribs 2.47 2.47 

Singh et al. 
[93] 

Uniform/non-uniform square-
wave profile transverse rough-

ness rib 
3000–15 000 𝑊𝑐/𝑤 = 85 2.22 2.44 

Sharma et 
al. [94] 

Transverse, inclined transverse, 
dimple, inclined dimple, arc and 

sine wave 
3000–18 000 

  For sine wave
Re = 15000

 3.60 − 

Mahanand 
and Senapati 
[95] 

Transverse inverted T-shaped 
ribs 

3800–18 000 
𝑒/𝐷ℎ = 0.042 
  𝑃/𝑒 = 7.14 
    Re = 15 000 

2.747 3.263 

Gawande et 
al. [96] 

Combined square and equilat-
eral triangular ribs 

3800–18 000 

      𝑒 = 1.4
 𝑒/𝐷 = 0.042
      𝑃 = 10
  𝑃/𝑒 = 7.14
     Re = 18 000

 2.877 3.661 

Kumar and 
Layek [98] 

Circular ribs 8551–11 149 
𝑃/𝑒 = 10

𝑒 = 1.2
 1.97 − 

Kumar et al. 
[99] 

Square ribs 4000–18 000 
𝑃/𝑒 = 10 
𝑒/𝐷 = 0.05 
   Re = 17 900 

1.97 2.53 

Kumar et al. 
[117] 

Rectangular ribs roughened 4000–18 000 

𝑃/𝑒 = 10
𝑒/𝐷 = 0.04
𝑒/𝑤 = 4.0
   Re = 15 000

 2.70 4.93 

Kumar et al. 
[152] 

Semicircular ribs 4000–24 000 

     𝑒 = 0.067 
𝑃/𝑒 = 25 
    𝑃 = 100 
  Re = 24 000 

2.20 2.50 

Arc-shaped roughness 

Saini and 
Saini [102]  

Arc-shaped wire ribs 2000–17 000 

   𝑃/𝑒 = 10
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.0422
𝛼/90° = 0.3333

 3.80 1.75 

Kumar et al. 
[105] 

Discrete multiple-arc ribs 3000–19 000 

𝑊/𝑊𝐴𝐶 = 5.0 
    𝐷𝑑/𝐿𝑣 = 0.67 
   𝑔𝑤/𝐻𝑟 = 0.87 
     𝐻𝑟/𝐻 = 0.047 
      𝑃𝑟/𝐻 = 1.7 
              𝛼 = 60° 
      𝑋/𝐷ℎ = 1.72 
      𝑌/𝐷ℎ = 0.82 

7.61 6.48 

Yadav et al. 
[106] 

Circular protrusions 
in arc shape 

3600–18 100 
𝑃/𝑒 = 12 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.03 
     𝛼 = 60° 

2.89 2.93 

Ghritlahre 
[107] 

Arc-shaped wire ribs 
with apex upstream 

No data* 

𝑃/𝑒 = 10 
𝑒/𝐷 = 0.0395 

     
𝑒 = 2.5

 𝛼 = 60°
    

2.56 – 

Arc-shaped wire ribs 
with apex downstream 

1.81 – 

Srivastava et 
al. [108] 

Arc-shaped ribs with gap 

3000–15 000 

𝑃/𝑒 = 10
𝑒/𝐷 = 0.043
 𝑔/𝑒 = 1
d/W = 0.67
      𝛼 = 60∘

    Re = 3000

 2.40 3.94 

V-shaped ribs with gap 

𝑃/𝑒 = 10
 𝑒/𝐷 = 0.043
  𝑔/𝑒 = 1
 d/W = 0.67
       𝛼 = 60°
     Re = 15 000

 3.40 4.05 
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Table 7. Details of enhancement of heat transfer and fluid friction with optimum parameters used in the literature (continued).  

Author(s)  
Geometry  

configuration 
Reynolds number Optimum value  

Enhancement 

Nu/Nus f/fs 

V-shaped ribs 

Singh et al. 
[1 13]  

Discrete V down ribs 3000–15 000 

 𝑃/𝑒 = 10
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.033
      𝛼 =  60°

 3.04 3.11 

Momin et al. 
[114] 

V-shaped continuous wire ribs 17 034 

 𝑃/𝑒 = 10
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.034
      𝛼 =  60°

 2.30 2.83 

Hans et al. 
[167] 

Multiple V-shaped ribs 2000–20 000 

  𝑃/𝑒 = 8
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.03
       𝛼 =  60°
𝑊/𝑤 = 10

 6.00 5.00 

Singh et al. 
[168]  

Discrete V-shaped ribs 
with gap 

3000–15 000 

  𝑃/𝑒 = 8
  𝑒/𝐷 = 0.043
       𝛼 =  60°
𝑊/𝑤 = 12

 – – 

Kumar et al. 
[117] 

Multiple V-shaped ribs 
with gap 

2000–20 000 

    𝑃/𝑒 = 10
    𝑒/𝐷 = 0.043
         𝛼 =  60°
𝐺𝑑/𝐿𝑣 = 0.69
    𝑔/𝑒 = 1

 6.32 6.12 

Kumar et al. 
[169] 

Multiple V-shaped ribs 
with gap 

2000–20 000 

    𝑃/𝑒 = 10
    𝑒/𝐷 = 0.043
         𝛼 =  60°
𝐺𝑑/𝐿𝑣 = 0.69
    𝑔/𝑒 = 1
 𝑊/𝑤 = 6

 6.74 6.37 

Dimple or protrusion ribs 

Saini and 
Verma 
[ 1 2 0 ]  

Dimple shape 2000–12 000 
 𝑃/𝑒 = 10
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.0379

 7.58 4.68 

Kumar and 
Verma [145] 

Sinusoidal ribs 4000–15 000 

       𝐷ℎ = 33.33 mm
         𝑃 = 10, 14, 18 mm
          𝑒 = 1 mm
  𝑊/𝐻 = 5

         𝑞 = 1000 W/m2

        Re = 4000 − 15 000

 2.48 1.76 

Bhushan and 
Singh [170] 

Protrusion 1900–13 000 

 𝑆/𝑒 = 31.25 
 𝐿/𝑒 = 31.25 
𝑑/𝐷 = 0.294 

3.80 2.20 

Hassan et al. 
[123]  

Dimple 2000–18 000  5.56 1.62 

Vikash Kumar 
[119] 

Concave dimple 2000–13 500 

   𝑃/𝑒 = 8 − 15
 𝑒/𝐷ℎ =  0.018 −  0.045
   𝑒/𝑑 = 1 − 2

 3.94 2.56 

Tabish and 
Kim [124] 

Conical protrusion rib over 
spherical ribs 

4000–16 000 
 𝑃/𝑒 = 10
 𝑒/𝐷 = 0.044

 2.49 7.29 

W-shaped ribs 

Kumar et al. 
[126]

Discritised W-shaped ribs 3000–15 000 

 𝑃/𝑒 = 10
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.038
      𝛼 =  60°

 2.16 2.75 

Lanjewar et 
al. [171]

W-shaped ribs 2300–14 000 

  𝑃/𝑒 = 10
  𝑒/𝐷 = 0.0375
       𝛼 =  60°
𝑊/𝐻 = 8

 2.36 2.01 

Thakur and 
Thakur [128]

Multi-staggered rib parameters 
of the W-rib roughness

4000–14 000 

  𝑃/𝑒 = 12
𝑒/𝐷ℎ =  0.0423
       𝛼 = 60°
  𝑔/𝑒 = 1
       𝑛 = 2
  𝑝/𝑃 = 0.65
  𝑤/𝑒 = 4.5

 4.10 2.50 

Spherical ball roughness 

Murmu et al. 
[156]

Inclined spherical ball 2500–18 500 

  𝑝/𝑒 = 15 
𝑒/𝐷ℎ = 0.036 
𝑒/𝑑𝑏 = 1 
      𝛼 = 55° 

3.56 2.34 
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Table 7. Details of enhancement of heat transfer and fluid friction with optimum parameters used in the literature (continued). 

Author(s)  
Geometry  

configuration 
Reynolds number Optimum value  

Enhancement 

Nu/Nus f/fs 

Non-uniform ribs 

Layek et al. 
[89] 

Chamfered compound rib 3000–21 000 

    𝑃/𝑒= 10
𝑒/𝐷ℎ  or  𝑒/𝐷 = 0.03
       𝛷 = 18°

 2.60 3.35 

Kumar et al. 
[100] 

Forward facing chamfered 
rectangular ribs 

4000–17 000 

𝑒/𝐷 = 0.043 
𝑃/𝑒 = 12 
𝑒/𝑤 = 1.5 
𝑒′/𝑒 = 0.75 
   Re = 17000 

2.88 3.52 

Bhagoria et 
al. [130]  

Wedge shaped ribs 3000–18 000 
    P/e = 7.57
𝑒/𝐷ℎ  or  𝑒/𝐷 = 0.033
       𝛷 = 10°

 2.40 5.30 

Barik et al. 
[131] 

T-rib, left arm inclined T-rib, 
right arm inclined T-rib, Y-rib, 

concave and convex T-ribs 
5000–20 000 

  𝑃 = 80 mm
Re = 20000

 1.91 – 

Kumar and 
Goel [132] 

Semi-circular, circular, triangu-
lar, square, rectangular 

3700–18 700 

For a forward-chamfered rectangu-
lar rib: 
𝑒/𝐷 = 0.0433 
𝑒/𝑤 = 1.67, 2 
𝑒′/𝑒 = 0.75 
 𝑃/𝑒 = 11 
    Re = 3700 − 18700 

3.82 – 

Zina et al. 
[133] 

Triangular ribs with semi-circu-
lar nooks 

3800–18 000 
Re = 5000
  𝑃 = 10 mm
   𝑒 = 2.2, 1.8, 1.4 mm

 2.55 2.42 

Inclined baffles 

Aharwal et 
al. [135]  

Inclined continuous with gap 
ribs 

3000–18 000 

  𝑃/𝑒 = 10
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.0377
       𝛼 =  60°
𝑊/𝐻 = 5.84
   𝑔/𝑒 = 1
 𝑑/𝑊 = 0.25

 2.95 2.87 

Aharwal et 
al. [136]  

Integral inclined discrete rib 3000–18 000 

  𝑃/𝑒 = 8
𝑒/𝐷ℎ  or 𝑒/𝐷 = 0.037
       𝛼 =  60°
𝑑/𝑊 = 0.25
  𝑔/𝑒 = 1

 2.83 3.60 

Kumar et al. 
[137] 

Angled perforated baffles 5000–17 000 
𝛼 = 55° 
Re = 9000 

3.82 7.14 

Kumar and 
Layek [138] 

Winglet shaped ribs No data** 

  𝑃/𝑒 = 8
       𝛼 =  60°
𝑊/𝑤 = 5
     Re = 22 000

 2.83 3.63 

Other roughness geometries 

Saini and Sa-
ini [142]  

Expanded metal mesh 1900–13 000 

𝑒/𝐷ℎ or 𝑒/𝐷 = 0.037 
       𝛼 = 60° 
   𝐿/𝑒 = 46.87 
   𝑆/𝑒 = 25 
𝑊/𝐻 = 11 

4.00 5.00 

Chandra et 
al.  [172] 

One ribbed wall 

10 000–80 000 
𝑃/𝑒 = 8 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.0625 
 L/Dℎ = 20 

2.43 3.14 

Two ribbed walls 2.64 5.39 

Three ribbed walls 2.81 3.14 

Four ribbed walls 2.99 9.50 

Jaurker et 
al. [141] 

Rib grooved combination 3000–21 000 
𝑃/𝑒 = 6 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.0363 
𝑔/𝑝 = 0.4 

2.75 3.61 

Bopche and 
Tandale 
[144] 

U-shaped ribs 3800–18 000 
𝑃/𝑒 = 6.67 
𝑒/𝐷 = 0.03986 
     𝛼 = 90° 

2.82 3.72 

Saravanan at 
al. [146] 

Staggered C-shape finned 3000–24 000 

𝑉 = 0.57 − 4.4 m/s 
  𝑃/𝑔 = 3.2 − 3.8   
  ℎ/𝐻 =  0.3 − 0.7 
ℎ/𝑑𝑝 = 1.5 − 3 

     Re = 3000 − 24 000 

2.67 5.34 

Bezbaruah et 
al. [147] 

Staggered conical vortex 
generators 

3500–16 000 
 𝑃/𝑒 = 2.67 
𝑒/𝐷 = 0.34 
   Re = 16 000 

2.57 – 
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10. Thermo-hydraulic performance  

The performance of a solar air heater can be evaluated using ar-

tificial roughness on the underside of the absorber plate surface. 

The use of artificial roughness increases heat transfer, as well as 

causes a pressure drop due to friction. The performance of SAH 

can be enhanced when heat transfer increases simultaneously, 

allowing a minimum possible friction factor. 

The overall performance of SAH is judged by thermo-hy-

draulic performance as THP = (Nu/Nus)/(f/fs)1/3. The term 

‘thermo-hydraulic performance’ was first used by Webb and 

Eckert [173], who considered parameters, such as heat transfer 

and the friction factor caused by fluid pressure drop. 

In this paper, various research works are referred to in order 

to get an overview of the THP value determined based on exper-

imental studies conducted by researchers. It is found that the 

value of THP ranges from 1.38 to 4.73 under various arrange-

ments utilised over the absorber plate and environmental condi-

tions, as enlisted in Table 8. 

11. Discussion 

11.1. Correlations 

In the field of correlation development, Prasad and Saini [86] 

used P/e, e/D and Re as influencing parameters to modify con-

ventional SAH, and they developed correlations for Nu and f. 

Similarly, Hong and Hsieh [162], Verma and Prasad [91], Ku-

mar et al. [99] and Varun et al. [165] developed correlations for 

Nu and f for the performance prediction of SAH. There are many 

other authors who have been associated in the same field of in-

terest and developed correlations for Nu and f. The parameters 

considered were: e/D, w/H and Re used by Gupta et al. [151], 

w/H, P/e, e+ and e used by Karwa [88], P/e, e/D, g/P and Re 

adopted by Layek et al. [89], P/e and Re taken by Varun et al. 

[165], Mahanand and Senapati [95] and Gawande et al. [134], 

d/H and Dh utilised by Kumar et al. [152], P/e, e/w, e/D and Re 

used by Kumar et al.[153], e/D, d/w, g/e and Re adopted by 

Aharwal et al. [136] for developing correlation and modification 

of conventional SAH. 

The correlations for Nu and f using arc-shaped rib roughness 

were first developed by Saini and Saini [102] with e/D, α, Re as 

variable parameters in a modified SAH. Bhuvad et al. [110] used 

f, e/D and Re for apex-up discrete arc rib roughness; Kumar et 

al. [105] used Re, Dd/Lv, gw/Hr, Hr/H, Rr/H, α, X/Dh and Y/Dh 

parameters for discrete multiple-arc rib roughness; Kumar et al. 

[112] used g/e, d/x, Re and Ng parameters for correlation devel-

opment of Nu and f for discrete multiple arc-shaped ribs. Kumar 

et al. [161] arranged arcs in forward and backwards facing, using 

parameters such as Re, g/e, d/x, W/w, P/e, e/D and g/e for corre-

lation development, whereas Korpale et al. [111] developed cor-

relations using Re, P/e, e/D and w/e as roughness factors for 

a rectangular-section rib configuration.  

Gupta et al. [163] firstly reported correlations for Nu and f 

based on V-shaped wire ribs with and without inclination angle 

through e/D, W/H, α and K/D parameters. Muluwork et al. [166] 

additionally used the B/S ratio to develop the correlation. Momin 

et al. [114] arranged wire ribs in a continuous manner to develop 

correlations by using e/D, α and Re as governing parameters. 

Hans et al [167] used multiple V-shaped ribs to modify the cor-

relation with parameters such as e/D, W/w, Re, P/e and α. Singh 

et al. [116] used discrete V-shaped ribs with parameters such as 

Re, P/e, α, g/e, e/D, d/w to develop correlations for Nu and f. 

Kumar et al. [169] developed correlations for Nu and f using Re, 

e/D, W/w, Gd/Lv, g/e, α, P/e for multiple V-shaped ribs with 

a gap. 

 

 Table 7. Details of enhancement of heat transfer and fluid friction with optimum parameters used in the literature (continued).  

Author(s)  
Geometry  

configuration 
Reynolds number Optimum value  

Enhancement 

Nu/Nus f/fs 

Goel et al. 
[148] 

Hemispherical cavities 2100–18 500 

𝑥/𝑟𝑑 = 11 
𝑦/𝑟𝑑 = 11 
𝑟𝑑/Dℎ = 0.039 
     Re = 2160 

5.33 3.60 

Yadav and 
Saini [149] 

Impinging jet 3500–17 500 

𝐷𝑗/Dℎ = 0.065 − 0.195

H𝑗/Dℎ = 0 − 0.433

       Re = 3500 − 17 500

 7.18 8.48 

Wang et al. 
[150] 

S-shaped ribs with gap 2300–23 000 

    Re = 19258
 𝑃/𝑒 = 20
W/w = 4
   e/D = 0.023 − 0.036
  𝑔/𝑒 = 1.5

         𝑞 = 450 − 650 W/m2

 5.42 5.87 

Gawande et 
al. [134]  

20o chamfered ribs 

3800–18 000 

  𝑃/𝑒 = 7.14
  𝑒/𝐷 = 0.042
       𝛼 = 0° − 40°
𝑊/𝐻 = 5
     Re = 15 000

 

3.218 4.04 

Right-angle triangular ribs 3.100 3.80 

Reverse L-shaped ribs 2.827 3.42 

*Mass flow rate  𝑚̇ = 0.007−0.022 kg/s. 

**Mass flow rate  𝑚̇ = 0.00531−0.04041 kg/s. 
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Table 8. Details of thermo-hydraulic performance of solar air heaters reported to date.  

Authors Roughness type Roughness parameters 𝐓𝐇𝐏 =
𝐍𝐮 𝐍𝐮𝒔Τ

(𝒇 𝒇𝒔Τ )
𝟏

𝟑ൗ
 

Tranverse ribs 

Prasad and Saini [86] Transverse wire 

𝑒/𝐷ℎ = 0.020 − 0.033
  𝑃/𝑒 = 10 − 20
     Re = 500 − 50 000

  

Bhagoria et al. [130]  Transverse wedge shaped ribs 

60.17𝛷−1.0264 < 𝑃/𝑒 < 12.12
 𝛷 = 8° − 15°
 
𝑒/𝐷 = 0.015 − 0.033
   Re = 3000 − 18000

  

Karwa et al. [88] 

Transverse ribs P/e = 5.5 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.0143 

𝑊/𝐻 = 7.75 
𝛼 = 15∘ 

1.53 

Inclined ribs 1.34 

V continuous ribs 1.54 

V discrete ribs 1.83 

Singh et al. [93] 
Uniform/non-uniform square-wave profile 

transverse roughness ribs 
Re = 3000 – 15 000 1.49 

Sharma et al. [94] 
Transverse, inclined transverse, dimple, 

inclined dimple, arc and sine wave 

Sine wave 
𝑒/𝐷ℎ = 0.271 
  𝑃/𝑒 = 10 
     Re = 15 000 
       𝛼 = 45° 

 

Mahanand and Sena-
pati [95] 

Transverse inverted T-shaped ribs 
𝑒/𝐷ℎ = 0.042  

𝑃/𝑒 = 7.14 
Re = 15 000 

1.86 

Gawande et al. [96] 
Combined square and equilateral 

triangular ribs 

     𝑒 = 1.4 mm
𝑒/𝐷 = 0.042
     𝑃 = 10 mm
𝑃/𝑒 = 7.14
  Re = 18 000

 1.86 

Korpale et al. [111] Rectangular section ribs 

𝑃/𝑒 = 17.22
𝑒/𝐷 = 0.044
𝑤/𝑒 = 0.5
   Re = 20 000

 2.77 

Kumar et al. [99] Square ribs 
𝑃/𝑒 = 10 
𝑒/𝐷 = 0.05 

Re = 17 900 
1.44 

Kumar et al. [153] Rectangular ribs roughened 

𝑃/𝑒 = 10
e/𝐷 = 0.04
𝑒/𝑤 = 4.0
   Re = 15 000

 1.89 

Kumar et al. [152] Semicircular ribs 

𝑒 = 0.067 mm 
𝑃/𝑒 = 25 

𝑃 = 100 mm 
Re = 24 000 

1.7 

Arc-shaped roughness 

Bhuvad et al. [110] Apex-up discrete arc ribs 

𝑊 = 200 mm 
𝑊/𝐻 = 8 

𝛼 = 30°,   45°,   60° 
𝑒/𝐷ℎ = 0.045 

𝑃/𝑒 = 10 
𝑁𝑔 = 3 

𝑔/𝑒 = 3 

 

Kumar et al. [105] Discrete multiple-arc ribs 

𝐷𝑑/𝐿𝑣 = 0.27 − 0.86 
𝑔/𝐻𝑟 = 0.32 − 1.72 
𝐻𝑟/𝐻 = 0.025 − 0.047 
𝑃𝑟/𝐻 = 0.58 − 3.1 

𝛼 = 35° − 65° 
𝑋/𝐷ℎ = 0.47 − 1.72 
𝑌/𝐷ℎ = 0.46 − 0.82 

𝐷𝑗/𝐷ℎ = 0.065 

𝑊/𝑊𝐴𝐶 = 5 
Re = 3000 − 19 000 

 

Ghritlahre [107] 

Arc-shaped wire ribs 
with 

apex upstream 𝑚̇ =  0.007 − 0.022 kg/s 

2.09 

Arc-shaped wire ribs 
with apex downstream 

1.59 
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Table 8. Details of thermo-hydraulic performance of solar air heaters reported to date (continued). 

Authors Roughness type Roughness parameters 𝐓𝐇𝐏 =
𝐍𝐮 𝐍𝐮𝒔Τ

(𝒇 𝒇𝒔Τ )
𝟏

𝟑ൗ
 

Kumar et al. [161] 
Innovatively arranged arc (combination of 
alternatively arranged forward and back-

ward facing arced ribs) 

𝑒/𝐷 = 0.045 
𝛼 = 60° 

𝑑/𝑥 = 0.65 
𝑔/𝑒 = 1.0 

𝑊/𝑤 =  3 
  𝑃/𝑒 =  8  

3.61 

Kumar et al. [112] Discrete multiple arc-shaped ribs 

𝑔/𝑒 = 1 
   𝑁𝑔 = 3 

𝑑/𝑥 = 0.6 
Re = 19000 

3.85 

Srivastava et al. [174] 

Arc-shaped rib with gap 
 𝑃/𝑒=10
𝑒/𝐷= 0.043
  g/e = 1
d/W = 0.67
      𝛼 = 60°
    Re = 3000

 

1.5 

V-shaped rib with gap 2.21 

V-shaped ribs 

Singh et al. [11 3]  V down ribs 
  𝑃/𝑒 = 10 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.033 
      𝛼 = 61.9° 

2.03 

Momin et al. [114] V-shaped continuous wire rib 
𝑃/𝑒 = 10 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.034 
       𝛼 = 60° 

1.63 

Hans et al. [167] Multiple V-shaped ribs 

  𝑃/𝑒= 8 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.03 
𝑊/𝑤 = 10  
       𝛼 = 60° 

3.51 

Singh et al. [115]  Discrete V-shaped ribs with gap 

  𝑃/𝑒 = 8 
𝑒/𝐷 = 0.043 

𝛼 = 60° 
𝑊/𝐻 = 12 

2.06 

Kumar et al. [175] Multiple V-shaped ribs with gap 

𝑃/𝑒 = 10 
𝑒/𝐷 = 0.043 

𝐺𝑑/𝐿𝑣 = 0.69 
 𝑔/e = 1.0 

𝛼 = 60° 

3.46 

Kumar et al. [117] Multiple V-shaped ribs with gap 

𝑃/𝑒 = 10 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.043 
𝑔/𝑒 = 1 

𝐺𝑑/𝐿𝑣 = 0.69 
𝑊/𝑤 = 6 

𝛼 = 60° 

3.64 

Dimple or protrusion ribs 

Saini and Verma [ 1 2 0 ]  Dimple shape 
𝑃/𝑒= 10 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.0379 

4.53 

Kumar and Verma [145] Sinusoidal rib 

    𝐷ℎ = 33.33 mm
       𝑃 = 10,   14,   18 mm
        𝑒 = 1 mm
𝑊/𝐻 = 5

       𝑞 = 1000 W/m2

      Re =  4000 − 15 000

 2.05 

Bhushan and Singh 
[170] 

Protrusion 
𝑆/𝑒 = 31.25 
𝐿/𝑒 = 31.25 

𝑑/𝐷 = 0.294 
2.92 

Hassan et al. [123] Dimple 

  P/𝑒 = 4 − 16 
𝑒/𝐷ℎ = 0.018 − 0.045 
𝑊/𝑤 = 1 − 5  
 𝛼 =  30° − 75°  

4.73 

Kumar and Prasad [119] Concave dimple 
    P/𝑒 = 4 − 15 
𝑒/𝐷ℎ = 0.018 − 0.045 
𝑒/𝑑𝑑 = 1 − 2  

2.88 

Alam and Kim [176] Conical protrusion rib over spherical ribs 
    P/𝑒 = 10 
𝑒/𝐷 = 0.044 

1.28 

W-shaped ribs 

Kumar et al. [126] Discritised W-shaped ribs
𝑃/𝑒 = 10 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.0338 
    𝛼 = 60° 

1.54 
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Table 8. Details of thermo-hydraulic performance of solar air heaters reported to date (continued).   

Authors Roughness type Roughness parameters 𝐓𝐇𝐏 =
𝐍𝐮 𝐍𝐮𝒔Τ

(𝒇 𝒇𝒔Τ )
𝟏

𝟑ൗ
 

Lanjewar et al. [171]  

W-down ribs 

𝑒/𝐷ℎ = 0.03375
   P/𝑒= 10
        𝑒= 1.5 mm
       𝛼 = 30°,   45°,   60°, 75°
𝑊/𝐻 = 8

     𝑒+ = 8 − 44
     Re = 2300 − 14 000

 

 

W-up ribs  

Thakur and Thakur 
[127] 

W-shaped ribs with symmetrical gaps along 
with staggered ribs 

 𝑃/𝑒= 12 
 𝑔/𝑒 = 1 
 𝑤/𝑒 = 4.5 
  𝑝/𝑃=0.65 
      𝑁𝑔=2 

   Re = 12 000 

 

Thakur and Thakur 
[128] 

Multiple-staggered rib parameters of the 
W’-shaped roughness 

  𝑃/𝑒 = 12 
𝑒/𝐷ℎ = 0.0423 

    𝛼 = 60° 
  𝑔/𝑒 = 1 
  𝑤/𝑒 = 4.5 
    𝑝/𝑃=0 .65 
        𝑁𝑔 = 2 

 

Spherical ball roughness 

Murmu et al. [156] Inclined spherical ball 

𝑃/𝑒 = 15 
𝑒/𝐷ℎ = 0.036 
𝑒/𝑑𝑏 = 1 

𝛼 = 55° 

2.68 

Non-uniform ribs 

Layek et al. [89] Chamfered compound rib 
𝑃/𝑒= 10 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.03 
    𝛷 = 18° 

1.74 

Kumar et al. [100] Forward-facing chamfered rectangular ribs 

𝑒/𝐷 = 0.043 
𝑃/𝑒 = 12 
𝑒/𝑤 = 1.5 
𝑒′/𝑒 = 0.75 
    Re = 17 000 

1.89 

Bhagoria et al. [130] Wedge shaped ribs 
P/e = 7.57 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.033 
    𝛷 = 10° 

1.38 

Barik et al. [131] 

T-shaped rib, left arm inclined T-shaped rib, 
right arm inclined T-shaped rib, 

Y-shaped rib, concave 
and convex T-shaped ribs 

For T-shaped rib 
𝑃 = 80 mm 

Re = 18 000 
 

Kumar and Goel [132] 
Semi-circular, circular, triangular, square, 

rectangular 

For forward-chamfered rectangu-
lar rib 
𝑒/𝐷 = 0.0433 
𝑒/𝑤 = 0.67,   2.0 
 𝑃/𝑒 = 11 
𝑒′/𝑒 = 0.75 
    Re = 3700 − 18 700 

2.66

Zina et al. [133] Triangular ribs with semi-circular nooks 
 𝑃 = 10
  𝑒 = 2.2, 1.8, 1.4 mm
Re = 5000

 1.93

Gawande et al. [134] 

20° chamfered rib    𝑃/𝑒 = 7.14
   𝑒/𝐷 = 0.042
 𝑊/𝐻 =  5
      Re = 15 000

 

2.05

Right-angle triangular rib 2.04

Reverse L-shaped rib 1.90

Inclined baffles

Kumar et al. [137] Angled perforated baffles 

  𝑊/𝐻 = 10
 𝐻𝐵/𝐻 = 0.50 
 𝑃𝐵/𝐻𝐵 = 10 
𝑂𝐵/𝐻𝐵 = 0.266
           𝛼 = 35° − 65°
          𝛽0 = 12%
          Re = 5000 − 17 000 

 

Kottayat et al. [139] Discrete multiple inclined baffle Re = 6000 − 14000 
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Table 8. Details of thermo-hydraulic performance of solar air heaters reported to date (continued).   

Authors Roughness type Roughness parameters 𝐓𝐇𝐏 =
𝐍𝐮 𝐍𝐮𝒔Τ

(𝒇 𝒇𝒔Τ )
𝟏

𝟑ൗ
 

Parsa et al. [140] Staggered cuboid baffles 

𝑎/H = 2.5  (relative length) 
𝑏/H = 0.8   (relative width) 
𝑐/H = 0.7   (relative height) 
𝑠/H = 1.5   (relative pitch) 

𝛼 = 22.5° 
Re =  5080 

 

Aharwal et al. [135]  Inclined and continuous rib with gap 

 𝑃/𝑒 = 10 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.0377 

𝛼 = 60° 
𝑊/𝐻 = 5.84 

𝑔/𝑒 = 1 
𝑑/𝑊 = 0.25 

2.08 

Aharwal et al. [136]  Integral inclined discrete ribs 

P/e = 8 
𝑒/𝐷ℎ or 𝑒/𝐷 = 0.037 

𝛼 = 60° 
𝑑/𝑊 = 0.25 

𝑔/𝑒 = 1 

1.85 

Kumar and Layek [138] Winglet shaped ribs 

   𝑃/𝑒 = 8
𝑊/𝑤 = 5
        𝛼 = 60°
      Re = 22 000 

 1.84 

Other roughness geometries 

Jaurker et al. [141] Rib groove 

𝑃/𝑒 = 4.5 − 10.0
𝑔/𝑝 = 0.3 − 0.7
𝑒/𝐷 = 0.0181 − 0.0363
   Re = 3000 − 21000

  

Saini and Saini [90]  Expanded metal mesh 

   𝑙/𝑒 = 25 − 71.87
   𝑠/𝑒 = 15.62 − 46.87
𝑒/𝐷ℎ = 0.012 − 0.0390
     Re = 1900 − 13 000

  

Karmare and Tikekar 
[143] 

Metal grit ribs 

𝑒/𝐷ℎ = 0.035 − 0.044
  𝑃/𝑒 = 12.5 − 36
    𝑙/𝑠 = 1.72 − 1
     Re = 4000 − 17000

  

Bopche and Tandale 
[144] 

Inverted U-shaped ribs 

𝑒/𝐷ℎ = 0.0186 − 0.03986
  𝑝/𝑒 = 6.667 − 57.14
       𝛼 = 90°
𝑊/𝐻 = 6
     Re = 3800 − 18 000

  

Kumar and Verma [145] Sinusoidal protrusion ribs 

𝑃𝑇 = 10,   14,   18 mm  (transverse) 
𝑃𝐿 = 10, 14,   18 mm  (longitudinal) 

𝑒 = 1 mm 
𝑊/𝐻 = 5 

𝐷ℎ = 33.33 mm 
     Re = 4000 − 15 000 

 

Saravanan et al. [146] 
Staggered C-shape finned 

absorber plate 

𝑃/𝑔 = 3.8
ℎ/𝐻 = 0.6
   Re = 24 000

 

Bezbaruah et al. [147] Staggered conical vortex generators 
 𝑃/𝑒 = 2.67 
𝑒/𝐷 = 0.17 
  Re = 16 000 

Goel et al. [148] Hemispherical cavities 

𝑥/𝑟𝑑  = 11 
𝑦/𝑟𝑑 = 11 
𝑟𝑑/𝐷 = 0.039 
     Re =  2160 

Yadav and Saini [149] Impinging jet 

𝐷𝑗/Dℎ  = 0.065 − 0.195

 H𝑗/Dℎ = 0 − 0.433

        Re = 3500 − 17 500

 3.66
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Karmare and Tikekar [143] modified SAH using wire ribs 

grid shape roughness, considering parameters such as e/D, L/S, 

Re and P/e for determining Nu and f. Saini and Saini [142] used 

expanded metal mesh with the following parameters: Re, e/D, 

S/e and L/e. Karwa et al. [158] adopted w/H, P/e and e+ param-

eters for machined ribs for modification of a SAH. Bhagoria et 

al. [130] modified SAH using wedge shaped ribs for parameters 

such as Re, e/D, P/e and ϕ. Kumar et al. [100] developed corre-

lations of Nu and f for forward-facing chamfered rectangular 

ribs through e'/e, e/w, e/D and Re as parameters.  

Kumar et al. [137] used angled perforated baffles for modi-

fication of SAH through Re and α as parameters.  

Saini and Verma [119] used dimple protrusions using param-

eters such as Re, e/D and P/e. Bhushan and Singh [170] used 

dimple-shaped roughness with Re, S/e, L/e and d/D as governing 

parameters. Yadav et al. [106] used circular protrusions and 

adopted Re, P/e, e/D and α as influencing parameters for modi-

fication of SAH. Saravaran et al. [146] utilised staggered 

C-shape finned absorber plate with factors affecting the perfor-

mance of a SAH, such as P/g, h/H and h/dp as parameters.  

Murmu et al. [156] modified the conventional SAH using 

spherical ball-shaped ribs over the absorber plate and success-

fully developed strong predictive correlations for Nu and f. They 

used Re, e/D, P/e, e/d and α as control variables. 

No reports on the development of correlations for W-shaped 

ribs to date have been reported by any author. 

11.2. Maximum enhancement of Nusselt number 

and friction factor 

This section is dedicated to disseminating the maximum values 

of Nu and f for roughness geometries considered in the present 

review work.  

Gawande et al. [96] investigated transverse ribs in the form 

of combined square and equilateral triangular ribs as roughness  

 

 

 

 

 

elements to modify conventional SAH. They found the maxi-

mum enhancement in the Nusselt number as 2.877 and the fric-

tion factor as 3.661 compared to a smooth duct of SAH. They 

achieved maximum Nu and f at the optimum control parameters 

of P/e = 7.14 (fixed), e/D = 0.042 (fixed) and Re = 18 000, re-

sulting from combining square and equilateral triangular shapes 

that enhanced the heat transfer. 

Kumar et al. [105] modified conventional SAH with novel 

roughness elements in the form of discrete multiple arc-shaped 

ribs in the view of enhancing heat transfer. They reported the 

highest increment in Nu and f of 7.61 and 6.48, respectively, in 

a modified SAH with the optimum parameters of 𝑊/𝑊𝐴𝐶 = 5.0, 

𝐷𝑑/𝐿𝑣 = 0.67, 𝑔𝑤/𝐻𝑟 = 0.87, 𝐻𝑟/𝐻 = 0.047, 𝑃𝑟/𝐻 = 1.7, 

𝛼 = 60°, 𝑋/𝐷ℎ = 1.72 and 𝑌/𝐷ℎ = 0.82. The maximum en-

hancement was ensured due to gaps in the multi-arc shaped ribs, 

which ensured the frontal discharge of flowing fluid through 

both primary flow and secondary flow. This further contributes 

to better mixing, i.e. limited surface side growth of the boundary 

layer, which leads to an enhancement of heat transfer.  

Kumar et al. [117] used multi V-shaped ribs with a gap as 

roughness elements to extend the absorber plate in the expecta-

tion of improved SAH with higher heat transfer rates. They 

found maximum augmentation in Nu and f of 6.74 and 6.37, re-

spectively, at the optimum variables of P/e = 10, e/Dh or 

e/D = 0.043, 𝛼 = 60°, g/e = 1, Gd/Lv =0.69, W/w = 6 and Re of 

20 000. The gap distance used in the roughness geometry pro-

vided passage for secondary flow, which enhanced the heat 

transfer between the fluid and the surface. 

Saini and Verma [120] employed a novel artificial roughness 

element in the form of dimple-shaped rib over the absorber plate 

in a SAH. They achieved maximum enhancement in Nu and f of 

7.58 and 4.68, respectively, at the optimum influencing param-

eters, such as P/e of 10, e/D of 0.0379 and Re of 12 000. The 

dimple shape of roughness elements led to the reattachment of 

the free shear layer after the flow separation in the fluid domain.  

 

 

 

 

 

Table 8. Details of thermo-hydraulic performance of solar air heaters reported to date (continued).  

Authors Roughness type Roughness parameters 𝐓𝐇𝐏 =
𝐍𝐮 𝐍𝐮𝒔Τ

(𝒇 𝒇𝒔Τ )
𝟏

𝟑ൗ
 

Kumar and Verma 
[121] 

Sinusoidal ribs 

     𝐷ℎ = 33.33 mm
       𝑃 = 10,   14,   18 mm
        𝑒 = 1 mm
𝑊/𝐻 = 5

       𝑞 = 1000 W/m2

      Re = 4000 − 15 000

 2.05 

Wang et al. [150] 
S-shaped ribs with gap 

   p/e = 20
W/w = 4
  e/D = 0.023 − 0.036
   𝑔/e = 1.5

        q = 450 − 650 W/m2

    Re = 19 258

 3.00 
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This enhances the heat transfer rate between the fluid and the 

surface by virtue of the vicinity of the reattachment region.  

Thakur and Thakur [128] proposed a modified SAH featur-

ing a novel roughness geometry based on multi-staggered  

W-shaped ribs. They conducted experiments by varying differ-

ent operating and geometric parameters, and reported the results 

at the optimum conditions of P/e = 12, e/Dh = 0.0423, α = 60°, 

g/e = 1, Ng = 2, p/P = 0.65, w/e = 4.5 and Re = 12 000. They 

reported an enhancement in Nu and f of 4.1 and 2.5, respectively. 

It was observed that W-shaped staggered ribs further energise 

the flow within the gaps, promoting enhanced flow development 

and vortex formation, which in turn significantly improves the 

Nusselt number.  

Murmu et al. [156] experimentally investigated SAH modi-

fied using inclined spherical balls as roughness elements. They 

reported an enhancement in Nu and f by 3.56 and 2.34, respec-

tively, compared to a smooth duct SAH at the optimum param-

eters of P/e = 15, e/Dh = 0.036, e/db = 1 and α = 55°. They con-

cluded that due to the spherical ball shape roughness, the sec-

ondary flow stream rejoins the primary flow, which accelerates 

the rate of heat transfer.  

Kumar and Goel [132] used a non-uniform type of rib rough-

ness specifically in the form of forward-chamfered rectangular 

rib to the developed modified SAH. They achieved maximum 

increases in Nu and f as 3.82 and 2.68, respectively, at the opti-

mum parameters such as the e/D ratio of 0.0433, e/w ratio of 

0.67 and 2.0, P/e ratio of 11, e'/e ratio of 0.75 and Re of 3700 to 

18 700. The authors observed that the main reason for heat trans-

fer increment is that the chamfered elements guide the fluid flow 

in the centre of SAH, which leads to better mixing of a broken 

laminar sublayer over the absorber plate to the mainstream flow.  

Kumar et al. [137] investigated experimentally the modified 

SAH using angled perforated baffles as novel baffle roughness 

in the view of heat transfer enhancement and controlled fluid 

flow. They optimised the system and operating parameters to 

𝛼 = 55° and Re = 9000. The reported maximum enhancement 

in Nu and f was 3.82 and 7.14, respectively.  

Wang et al. [150] modified conventional SAH using 

S-shaped ribs with a gap as artificial roughness over the absorber 

plate, focusing on the heat transfer enhancement. The maximum 

obtained enhancement in Nu and f was, respectively, 5.42 and 

5.87 times the smooth duct SAH at the optimum variables, such 

as Re of 19 258, P/e ratio of 20, W/w ratio of 4, e/D ratio of 

0.023 to 0.036 and g/e ratio of 1.5. Due to S-shaped ribs over the 

absorber plate, the incoming fluid stream underwent the flow 

separation, causing vortices to form downstream of the flow. 

These vortices improved air mixing, thereby enhancing the heat 

transfer and increasing pressure drop.  

11.3. Thermo-hydraulic performance  

As regards the thermo-hydraulic performance of the solar air 

heater geometries based on various transverse rectangular sec-

tioned ribs, the maximum value obtained was 2.77, as shown in 

the comparison presented in Fig. 70. This SAH model was de-

veloped by Korpale et al. [111], who incorporated transverse 

rectangular finned types of ribs to roughen the solar air heaters. 

The rectangular sectioned fins installed on the absorber surface 

helped in creating wall-induced turbulence affecting the temper-

ature of the air, as well as the local temperature of walls in con-

tact with hot air. The THP value obtained from the CFD ap-

proach was 2.37, showing minor error for Nu and f calculations. 

The validation experiment was also performed to confirm the 

accuracy of optimisation and CFD results. The authors obtained 

a THP value of 2.55 for the same case, which was a maximum 

value among all other models achieved in the transverse rib SAH 

type.  

There have been various investigations carried out on SAHs 

based on the arc-shaped roughness. The maximum value of THP 

was found to be 4.1. It was obtained by Kumar et al. [105], who 

developed an impingement jet SAH with discrete multiple arc-

shaped ribs as roughness elements. The gaps in the multiple arc-

shaped ribs permit the discharge of fluid from the secondary and 

mainstream. The mainstream flowing through the gap is a stable 

stream with a denser boundary layer containing the viscous sub-

layer. The occurrence of a gap results in the mixing of a second-

ary stream with the mainstream. This mixing facilitates and 

strengthens the limited boundary layer stream beside the sur-

face, resulting in increased heat transfer. This leads to an im-

proved heat transfer rate. However, it is accompanied by a sim-

ultaneous enhancement in Reynolds number and a relatively 

small increase in the friction factor for the augmented SAH. 

Therefore, the thermal hydraulic performance (THP) was found 

to be superior compared to other available models, as shown in 

Fig. 71. 

The maximum THP value of 4.73 was obtained in the group 

of SAHs utilising dimple or protrusion ribs, as depicted in 

Fig. 72. The SAH setup, which produced the maximum THP, 

was built by Hassan et al. [123], who utilised multiple arc ar-

rangements using dimple or protrusion ribs to develop an effi-

cient SAH setup. Due to the presence of multiple arc arrange-

ments, the highest number of flow reattachment points was 

formed. Two phenomena worked here to enhance the heat trans-

fer. Firstly, the destruction of the laminar sublayer due to the 

flow stream and secondly, the generation, propagation and mix-

ing of accelerating secondary flow with the primary flow. The 

 

Fig. 70. Variation in THP of SAH based on various transverse ribs. 
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secondary flow generated due to the dimple shape of ribs com-

pels the less heated portion of air to get mixed with the primary 

highly heated air under the absorber plate, and then propagates 

to the trailing edge with much higher temperature. These two 

streams enhanced the destruction of the laminar sublayer, ulti-

mately promoting higher heat transfer between air and the ab-

sorber. 

Figure 73 shows the comparison among all reported 

V-shaped ribs roughened SAHs, in which Kumar et al. [117] ob-

tained the maximum THP value of 3.64. They developed an ex-

perimental setup of SAH using multiple V-shaped ribs with 

gaps. The absorber plate was single-sided roughened with vary-

ing pitch that played a vital role in enhancing heat transfer, en-

suring availability of lesser or greater number of reattachment 

points. The optimum pitch obtained was 10, at which the highest 

number of available reattachment points was observed, and 

fewer reattachment points were observed below and above this 

value, yielding the highest heat transfer and the lowest heat 

transfer, respectively.  

Figure 74 illustrates the THP results from various investiga-

tions on SAHs with W-shaped roughness. Thakur and Thakur 

[127] developed the SAH model using roughness elements in 

the form of W-shaped ribs with symmetrical gaps along with the 

staggered ribs, and found that the maximum value of THP was 

3.24. The plot shows that as the Reynolds number increases, 

larger gaps lead to a reduction in heat transfer, possibly because 

more extensive gaps allow a larger part of the flow to pass with-

out going over the ribs. Moreover, the friction factor decreases 

for the full arrangement values due to the weakening of the lam-

inar sublayer. The quality of secondary stream vortices close to 

the shorter W-shaped rib sections of roughness design is influ-

enced by increasing the number of gaps on every appendage of 

the rib geometry. As the number of gaps increases, the friction 

factor values decrease, which might be due to the overwhelming 

effect of debilitating secondary flow vortices. The Nusselt num-

ber values go on increasing due to the interaction of incoming 

flow from gaps to cause interruption to the flow between the two 

adjacent ribs. The greatest improvement in Nusselt number was 

 

Fig. 71. Variation in THP of SAH based  

on various arc-shaped roughness. 

 

Fig. 72. Variation in THP of SAH based 

on various dimple or protrusion roughness. 

 

Fig. 73. Variation in THP of SAH based 

on various V-shaped rib roughness. 

 

Fig. 74. Variation in THP of SAH based 

on various W-shaped rib roughness. 
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at the relative staggered pitch (p/P) equal to 0.65, which corre-

sponds to the situation of a redevelopment of the boundary layer 

following the reattachment of the stream. The plot also shows 

a variety of friction variables with Reynolds number for relative 

staggered pitch. The most extreme estimate of friction was 

found at p/P = 0.75, and the least at p/P = 0.65. A staggered rib 

enables the stream to mix with the incoming flow from gaps to 

create more disturbances in the flow between two adjacent ribs, 

which leads to an increase in friction. In the case of low friction 

values, the cause was attributed to the flow separation and reat-

tachment. The most extreme heat exchange credited to w/e = 4.5 

might be the result of reattachment of the primary stream and 

breaking of the redeveloping boundary layer. The low value of 

the friction factor at w/e = 4.5 might be credited to the dissipa-

tion of the approaching stream from gaps, while in the case of 

w/e = 6, redirections of the primary stream happen towards the 

trailing edge of the multigap staggered W-shaped rib roughness. 

Among all reported inclined baffles roughened SAHs, Parsa 

et al. [140] obtained the maximum THP factor of 3.28, as de-

picted in Fig. 75. They used novel staggered cuboid baffles as 

roughness elements for the development of the SAH setup. The 

cuboid baffles under the absorber plate increase the heat trans-

fer. They also increase the frictional resistance to the flow, 

which increases the requirement of pumping power. The cuboid 

baffles are more effective at lower Reynolds numbers compared 

to higher Reynolds numbers due to the nature of heat transfer 

that decreases with an increase in Reynolds number. Various cu-

boid baffle arrangements were employed under that study, but 

the most effective were ‘I’, ‘T’ and ‘L’ shaped configurations, 

which yielded the highest THP. The rise in THP indicated higher 

heat transfer and nominal increment in friction factor, due to the 

additional secondary flow generation by baffles and thereby, 

better mixing and turbulence created under the absorber plate.  

The maximum THP obtained amongst the SAHs modified 

with non-uniform ribs, as reported under this review work, was 

2.66. The model, which exhibited the maximum THP, was built 

by Kumar and Goel [132], as shown in Fig. 76. The experi-

mental setup developed by them had five types of rib roughness, 

such as circular, semi-circular, square, triangular and rectangu-

lar, in a triangular fluid passage as the test section. These ribs 

were employed to break the laminar sublayer to yield more mix-

ing of fluid near the absorber wall, thereby advancing heat trans-

fer. These ribs generated primary, as well as secondary flow due 

to their geometrical shape. The microlevel view indicated that 

ribs created various reattachment points between two successive 

ribs. The multiple reattachments of the fluid stream cause flow 

separation and attachment of the flow at the upstream and down-

stream sides. These phenomena introduce local turbulence under 

the absorber plate, which ensures THP as high as 2.66, as was 

demonstrated by the authors in this experimental study. 

Within the group of other rib geometries reported here in this 

review work, the maximum THP was 3.66, which was obtained 

by Yadav and Saini [149]. They developed SAH based on im-

pinging jet to numerically investigate heat transfer behaviour of 

a solar air heater. Nusselt number was increased initially with an 

increase in the jet height, and it started to decline beyond jet 

height ratio (Hj/Dh) of 0.216. It was due to crossflow of air to the 

upward direction through the jet height that causes back pressure 

with the increasing height of jet and velocity inside the jets. The 

maximum TPH found with these ribs was because of the inter-

ference between jet was minimised with an increment in the jet 

height. The detailed comparison of THP values for other rough-

ness geometries reported is presented in Fig. 77.  

According to the comprehensive comparison of optimum 

SAH in every type of SAH considered in the present review 

paper (Table 9), the maximum THP was reported by Hassan et 

al. [123], who used dimples or protrusions as roughness ele-

ments for roughened SAH (Fig. 78). The authors introduced 

modified SAH using dimple ribs of multiple arc arrangements. 

They led to the highest heat transfer due to availability of maxi-

mum reattachments point, destruction of laminar sublayer be-

cause of the presence of arc array and two-way flow pattern, 

such as primary – secondary flow stream. 

 

Fig. 75. Variation in THP of SAH based 
on various inclined baffles. 

 

Fig. 76. Variation in THP of SAH based 

on various non-uniform rib roughness. 



Effects of roughness geometry on heat transfer, fluid flow and thermo-hydraulic performance… 

 

49 
 

12. Research gaps for future works 

Based on the extensive literature review, the following ob-

servations were found for future work. These recommendations 

would be very beneficial for those who are working in the field 

of solar air heater performance improvements, especially on 

roughened solar air heaters: 

• Very limited work involving gap and multiple gaps of 

roughness geometry over the absorber plate of SAH has 

been reported to date. There is a very significant scope to 

study various thermal performance enhancements in trans-

verse wire ribs with a gap and with multiple gaps.  

• Numerous studies have been conducted on plate roughness 

(absorber plate) to improve the thermal and thermo-hy-

draulic performance of solar air heaters and heat exchang- 

 

ers. However, there is room for and a need for research on 

the effect of roughness geometry on flat plates with and 

without reflectors (on the left and right sides of the duct 

walls). 

• There have been numerical studies conducted separately, 

such as CFD and ANN techniques, but no combined com-

parative studies containing various well-established nu-

merical approaches or open source-based tools, such as 

CFD, ANN, Taguchi method, surface volume methods, or 

OpenFOAM, on the specific new novel roughness geome-

try over the flat surface of the absorber in solar air heaters 

have been reported yet. 

• So far, only a few studies been undertaken to investigate 

the effect of spherical ball-based artificial roughness in 

SAH. Various setup configurations, such as transverse 

shape, W-shape, V-shape, with and without gaps, can be 

used using this type of artificial roughness in SAH. 

• There is also the possibility of observing the effect of coat-

ing and nanocoating, since nanoparticle change the rough-

ness over the flat plate (absorber plate). Nanocoating may 

be applied on many types of roughness to improve the ther-

mal performance of SAHs. 

• There have been relatively few works documented on 

three-sided roughness for effective SAH. There is scope 

and potential to expand the work done on one-side rough-

ness (bottom plate/absorber plate) geometry to three-side 

roughness geometry in the SAH duct for improved thermal 

and thermo-hydraulic performance. 

• Various studies on SAH have been conducted utilising var-

ious duct shapes, but no study has been reported on com-

parative studies on duct shapes of SAH for the optimum 

configuration to improve overall performance of SAH. 

• A lot of studies have been done on the dimple shape, and 

dimples with gap has also been examined for effective ef-

ficiency of SAH; however, there is no report by any author 

on continuous dimple roughness geometry. There are other 

patterns that may be used, including a transverse shape, 

an S-shape, a C-shape, and so on. 

• The angle of attack has a substantial impact on the perfor-

mance evaluation of SAH. This may be adjusted by switch-

ing the absorber plate’s side (upstream/downstream). Var-

ious studies have been published in this respect for the per-

formance assessment of SAH, especially as an arc with 

gap, i.e. apex-down roughness geometry, but there is po-

tential to employ apex-up with gap and multiple gaps for 

an optimum thermal performance of SAH. 

• There have been very few works done employing a combi-

nation of different roughness geometries. Mixed roughness 

geometries can be applied here, such as dimple continuous 

and discontinuous, transverse wire ribs and arc-shaped 

ribs, apex up and apex down arrangement in W-shaped, 

C-shaped and S-shaped roughness geometries. 

 

 

 

Fig. 78. Optimal THP of SAH based on various rib roughness. 

 

Fig. 77. Variation in THP of SAH based 

on various other roughness geometries. 
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Table 9. Optimal thermo-hydraulic performance of solar air heaters based on different artificial roughness. 

Authors Type of artificial roughness utilised 
Thermo-hydraulic 

performance 

Hassan et al. [123] Dimple or protrusion ribs 4.73 

Kumar et al. [105] Discrete multi arc-shaped ribs 4.10 

Kumar et al. [112] Discrete multiple arc-shaped ribs 3.85 

Yadav and Saini [149] Impinging jet 3.66 

Kumar et al. [161] 
Innovatively arranged arcs (combination of alternatively arranged  

forward and backward facing arced-ribs) 
3.61 

Goel et al. [148] Hemispherical cavities 3.48 

Parsa et al. [140] Staggered cuboid baffles 3.28 

Korpale et al. [111] Rectangular section ribs 2.77 

Kottayat et al. [139] Discrete multiple inclined baffle 2.69 

Kumar and Goel [132] Semi-circular, circular, triangular, square, rectangular ribs 2.66 

Karmare and Tikekar [143] Metal grit ribs 2.39 

Saini and Saini [90] Expanded metal mesh 2.34 

Srivastava et al. [174] V-shaped ribs with gap 2.21 

Ghritlahre [107] Arc-shaped wire ribs with apex upstream 2.09 

Sharma et al. [94] Transverse, inclined transverse, dimple, inclined dimple, arc and sine wave ribs 2.05 

Kumar and Verma [145] Sinusoidal rib 2.05 

Gawande et al. [134] 20° chamfered rib 2.05 

Bezbaruah et al. [147] Staggered conical vortex generators 2.04 

Gawande et al. [134] Right-angle triangular rib 2.04 

Kumar and Verma [145] Sinusoidal protrusion rib 2.02 

Bhuvad, Azad and Lanjewar 
[110] 

Apex-up discrete arc ribs 2.01 

Lanjewar et al. [171] W-shaped ribs of different orientations 1.98 

Kumar et al. [137] Angled perforated baffles 1.94 

Zina et al. [133] Triangular ribs with semi-circular nooks 1.93 

Gawande et al. [134] Reverse l-shaped rib 1.90 

Kumar et al. [153] Rectangular rib roughened 1.89 

Mahanand and Senapati [95] Transverse inverted-t shaped rib 1.86 

Gawande et al. [96] Combined square and equilateral triangular ribs as 1.86 

Bopche and Tandale [144] Inverted u shape rib 1.82 

Prasad and Saini [86] Transverse wire 1.78 

Jaurker et al. [141] Rib groove 1.76 

Barik et al. [131] T-rib, left arm inclined T-rib, right arm inclined T-rib, Y-rib, concave and convex T-ribs 1.70 

Kumar et al. [152] Semicircular rib 1.70 

Saravanan at al. [146] Staggered C-shape finned absorber plate 1.64 

Ghritlahre [107] Apex downstream 1.59 

Srivastava et al. [108] Arc-shaped ribs with gap 1.50 

Singh et al. [93] Uniform/non-uniform square-wave profile transverse roughness rib 1.49 

Kumar et al. [99] Square rib 1.44 

Bhagoria et al. [130] Transverse wedge-shaped ribs 1.38 
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13. Conclusions 

This paper aims to analyse the diverse experimental studies con-

ducted on ducts and solar air heaters incorporating artificial 

roughness rib elements, focusing on their impact on heat transfer 

and friction factor characteristics. Various elements, materials, 

and geometric parameters have been employed to assess the 

thermo-hydraulic performance of the ducts and solar air heaters. 

Drawing from a thorough literature review, the following con-

clusions can be derived: 

1) An evident enhancement in heat transfer is observed in 

solar air heaters when the flow is subjected to surface 

roughening, leading to increased friction. Nevertheless, 

it is important to note that various researchers have re-

ported varying increments in heat transfer and friction 

factor values for each specific rib geometry employed. 

2) A comparison of the investigations conducted by differ-

ent researchers, in terms of the Nusselt number and fric-

tion factor increments compared to a smooth duct, 

showed that the highest values, of 7.61 for the Nusselt 

number and 6.48 for the friction factor, were obtained 

utilising artificial roughness elements in the form of dis-

crete multi-arc ribs. It also indicated that an increase in 

heat transfer is accompanied by a simultaneous increase 

in the friction factor. 

3) Among the various rib geometries studied in experiments 

thus far, it has been observed that protrusions or dimple-

shaped elements tend to exhibit the lowest friction factor 

values compared to other rib elements. Simultaneously, 

these protrusions or dimple-shaped elements also con-

tribute to an increase in the Nusselt number at the opti-

mum parameter settings. Therefore, in terms of achieving 

a balance between heat transfer enhancement and mini-

mising friction, protrusions or dimple-shaped rib ele-

ments appear to be more favourable compared to other 

alternatives. 

4) The experiments conducted on solar air heaters with var-

ious rib geometries and the set of corresponding param-

eter values identified the specific parameter values for 

each rib element that yield the best overall performance.  

5) The developed correlations for the Nusselt number and 

friction factor based on the range of parameters consid-

ered in the experiments provide valuable insights for de-

signers and researchers. These correlations, along with 

the heat transfer values, can assist beginners in this field 

by providing an understanding of the different geome-

tries used and the impact of each parameter on heat trans-

fer and flow characteristics. This knowledge enables de-

signers and investigators to work towards identifying the 

optimum values for enhanced performance in their re-

spective applications.  

6) Dimple protrusion ribs have proven to be the most suita-

ble rib elements in terms of thermo-hydraulic perfor-

mance parameters. Extensive research and experimenta-

tion have demonstrated their effectiveness in enhancing 

heat transfer, while simultaneously minimising friction. 

The unique characteristics of dimple protrusion ribs, such 

as their roughness profile and surface texture, contribute 

to improved heat transfer coefficients and efficient fluid 

flow. Thus, in terms of overall thermo-hydraulic perfor-

mance, dimple protrusion ribs have emerged as a favour-

able choice among rib elements. 

7) In the study conducted, it has been observed that the fric-

tion factor decreases as the Reynolds number increases 

for all roughness geometries considered. Among the dif-

ferent roughness geometries, the one of four ribbed walls 

resulted in the highest frictional losses. This can be at-

tributed to their large frontal area, which contributes to 

increased form drag. On the other hand, circular protru-

sions arranged in an arc fashion exhibit the lowest values 

of the friction factor. This may be due to the discrete ar-

rangement of the circular protrusions, which results in 

relatively lower form drag, as well as skin drag. In fact, 

the skin drag for circular protrusions can be even lower 

than that of rib roughness, leading to their favourable per-

formance in terms of frictional losses. 
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1. Introduction 

As the source of energy, propulsion and power, internal com-

bustion (IC) engines are an extremely important equipment. 

Compression ignition (CI) engines are the most powerful and 

capable when compared to spark ignition (SI) engines, espe-

cially for off-road power generation, marine applications, and 

large and medium-sized vehicles on the road [1,2]. CI engines 

become more and more popular because of their exceptional per-

formance, consistent dependability, long lifespan, increased fuel 

efficiency, and significantly reduced emissions of carbon diox-

ide (CO2), carbon monoxide (CO) and hydrocarbons (HCs) 

compared to SI engines [3−5]. However, it must be acknowled-

ged that CI engines do encounter challenges such as noisy com-

bustion, elevated NOx emissions, disruptive vibrations, and the 

release of harmful smoke when compared to SI engines [1,2].
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Abstract 

This study employed a three-dimensional CFD model with integrated chemical kinetics using CONVERGE CFD software. 
We used a detailed mechanism of 42 species and 167 reactions and compared its predictions with a reduced 77-species mech-
anism developed by Liu and Zhang (2023), both tailored for n-heptane oxidation. Validation of diesel-injection combustion 
was carried out by comparing the model results with experimental engine data. Numerical simulations were conducted on  
an MKDIR 620-145 engine at 1400 rpm and 50% load. The chosen models reproduced the mean in-cylinder pressure accu-
rately, with deviations below 4.7%. Analysis of species and thermal fields revealed that key intermediate species emerge near 
930 K, where H2O2 concentrations become sufficient to trigger auto-ignition and the heat release rate reaches its peak. At 
higher temperatures (around 1300 K), OH and CO concentrations are notably elevated. Soot production is initiated early in 
combustion and is dominated by diffusion processes; the peak net soot mass was 3.25×10⁻⁷ kg at 18° before the top dead 
centre. Throughout combustion, CO2, H2O and hydrocarbon concentrations increase markedly while O2 is consumed, with 
CO2 and H2O rising rapidly during both premixed and diffusion combustion phases. NOx formation closely follows the tem-
perature history, approaching a saturation level near 1.1×10⁻⁴ kg under the studied conditions. Overall, the results indicate that 
the employed reaction mechanisms capture the temporal evolution of combustion, species formation, soot production and 
emission trends with good fidelity, supporting their suitability for studying fuel behaviour and emissions in diesel engine 
environments. 

Keywords: CONVERGE CFD software; Diesel engine; Modelling; Chemistry approach; Combustion 
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Nomenclature 

Ar ‒ pre-exponential factor 

br – temperature exponent 

𝐶𝑝̅,𝑚‒ molar constant-pressure specific heat, J/(mol·K) 

C𝜇 – model constant 

D ‒ diffusion coefficient  

e ‒ internal energy, J 

Er ‒ activation energy, kJ/mol 

hm ‒ species enthalpy, J/mol 

ℎ̅𝑚 – molar specific enthalpy, J/(mol·K) 

I – initial turbulence intensity 

k – total kinetic energy, J 

K ‒ conductivity, W/(m·K) 

Kcr ‒ equilibrium coefficient 

le – length scale, m 

P ‒ pressure, kPa 

Pr ‒ Prandtl number 

qi ‒ rate-of-progress variable 

Ru ‒ universal gas constant, J/(mol·K) 

S ‒ source term 

Sm  – source terms of species m 

t ‒ time, s 

T – temperature, K  

u, U‒ velocity, m/s 

[Xm] ‒ molar concentration of species m 

Ym ‒ mass fraction of specie m 

 

Greek symbols 

ε – turbulent dissipation, m2/s3 

μt  – turbulent viscosity, Pa s 

ρ – density, kg/m3  

σij – stress tensor, Pa 

υ′m,r, υ′′m,r– stoichiometric coefficients for the reactants 

𝜔̇𝑚 ‒ production rate of species, 1/s 

 

Subscripts and Superscripts 

r – reaction  

m – species  

 

Abbreviations and Acronyms 

AMR – adaptive mesh refinement  

BTDC – before top dead centre  

CA – crank angle 

CAD – computer-aided design 

CFD – computational fluid dynamics  

CI – compression ignition  

CO – carbon monoxide  

CO2 – carbon dioxide  

CNG – compressed natural gas  

CSP – computational singular perturbation  

EGR – exhaust gas recirculation  

HCCI – homogeneous charge compression ignition 

HCs – hydrocarbons  

IC – internal combustion  

IDT – ignition delay time 

KH-RT – Kelvin-Helmholtz and Rayleigh-Taylor 

LLNL – Lawrence Livermore National Laboratory's 

MB-NH– methylbutanoate/n-heptane 

PRF – principal reference fuel  

QSS – quasi-steady-state 

SCR – selective catalytic reduction 

SI – spark ignition  

TDC – top dead centre  

Nevertheless, significant advancements have been made in re-

cent times to address these environmental concerns. Various 

methods have been developed for the reduction of these pollut-

ing gases, including exhaust gas recirculation (EGR) [6,7], opti-

misation of injection systems [8,9], utilisation of AdBlue in se-

lective catalytic reduction (SCR) techniques [10−13], the man-

agement of turbulence and chemistry interaction [14,15], adop-

tion of dual fuel engines [16−18], the introduction of biofuels 

injections [19−24], and using compressed natural gas (CNG) 

[25]. These innovative approaches hold immense potential for 

mitigating the adverse effects associated with CI engines, 

thereby paving the way for a more refined and sustainable future 

in automotive technology. The advancement of computational 

fluid dynamics (CFD) methodology for internal combustion en-

gine design presents a distinctive and formidable challenge com-

pared to traditional experimental approaches, owing to the intri-

cate nature of the physics and mechanics involved. Enhancing 

our comprehension in this field is imperative in order to unlock 

innovative solutions, streamline costs, and augment develop-

ment efficiency. While notable progress has been achieved in 

various domains such as turbulence, spray and combustion mod-

elling, pre- and post-processing, etc., there are still numerous 

additional prerequisites to be fulfilled for CFD to truly emerge 

as a reliable and comprehensive design tool [26,27]. The CON-

VERGE software [28] is widely used in engine research and is 

popular among universities that train engineers and researchers. 

It solves complex equations related to fluid dynamics, taking 

into account factors like turbulence and chemical reactions. 

A detailed chemistry extension has also been developed to ad-

dress the need for reducing emissions from internal combustion 

engines. This extension allows for more accurate simulation of 

engine exhaust gases. Three-dimensional conservation equa-

tions are successfully solved using CONVERGE CFD, both 

with and without chemical reactions. The code and its function-

ing have been thoroughly documented by Richards et al. [28]. In 

response to the need for reducing polluting emissions from in-

ternal combustion engines, a comprehensive chemistry exten-

sion for CONVERGE has been developed. This extension al-

lows for the accurate representation of engine exhaust gas com-

position, including radicals, NOx species and soot. 

In this context, different numerical studies have been carried 

out. For instance, a simplified mechanism with 60 species and 

237 reactions was used for the spray combustion simulation in 

the study [29]. Similar to this, Wan Manson and Olsen [30] used 

the CONVERGE CFD model to study the combustion and emis-

sions of a gas-diesel dual fuel. They used a simplified chemical 

kinetic mechanism that had 393 reactions for n-heptane, me-

thane, ethane and propane, and 86 species. In a different re-

search, Ra and Reitz [31] used the n-heptane mechanism in con-

junction with a reduced mechanism for iso-octane oxidation to 
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create a principal reference fuel (PRF) mechanism that included 

130 reactions and 41 species. Direct injection diesel engines and 

homogeneous charge compression ignition (HCCI) engines 

were used in the trials to verify the PRF mechanism. 

Wang and Frenklach [32] employed a comprehensive mech-

anism that combined the oxidation chemistry of skeletal n-hep-

tane with the kinetics of aromatic formation in fuel-rich acety-

lene flames, comprising 117 species and 602 reactions. They 

validated the combustion simulations through detailed numeri-

cal kinetic analysis and by comparison with a reduced mecha-

nism of 60 species and 237 reactions. Liu et al. [33] applied 

graph-based reduction techniques to a detailed MB-NH (methyl-

butanoate/n-heptane) model containing 661 species and 3019 re-

actions, producing a reduced mechanism with 145 species and 

869 reactions. Combustion simulations performed in CON-

VERGE software using this reduced chemistry showed good 

agreement with experimental data for biodiesel blends, indicat-

ing the model’s suitability for predicting combustion behaviour 

and emissions trends in compression-ignition engines. Liu and 

Zhang [34] (2023) developed a reduced diesel mechanism de-

rived from Wang’s 2015 mechanism (109 species, 543 reac-

tions) [35]. They first defined an importance index using com-

putational singular perturbation (CSP) to identify and remove 

insignificant reactions. By applying a threshold of 0.0065, they 

eliminated 140 reactions, reducing the mechanism to 403 reac-

tions. Using a 0.005 threshold, they also identified 32 global 

quasi-steady-state (QSS) species. The final reduced mechanism 

contains 77 species and, when compared with Wang’s original 

mechanism, shows a maximum deviation of 7.2% in ignition de-

lay. They further validated the mechanism by simulating an 

HCCI engine case and found that the simulation results agree 

closely with the original mechanism, with errors under 10%. 

Yin et al. [36] developed a simplified chemical kinetic mech-

anism for toluene within a gasoline surrogate (toluene, n-hep-

tane, iso-octane). They reduced the original mechanism from 

137 species and 633 reactions to 60 species and 234 reactions. 

The simplified mechanism accurately predicts ignition delay 

times and laminar flame speeds according to their results. 

Hu et al. [37] proposed a four-step global model for moder-

ate and intensive low-oxygen dilution (MILD) oxy-combustion 

in 2018. They validated it against two detailed mechanisms 

across three combustion conditions and compared its perfor-

mance with five other global mechanisms. The results showed 

that, under MILD, oxy-fuel and MILD oxy-combustion condi-

tions, the proposed model substantially improved predictions of 

peak and equilibrium concentrations of the main species. How-

ever, the global model was validated only against detailed mech-

anisms for some reaction conditions where no experimental data 

were available. While the global model reproduced trends simi-

lar to the two detailed mechanisms across the three conditions, 

the absolute species concentration values differed notably 

among the three approaches. 

Baigmohammadi et al. [38] recently developed a detailed 

mechanism, NUIGMech1.1, to investigate ignition delay times 

(IDTs) of C1-C2 hydrocarbons over a range of temperatures, 

pressures and equivalence ratios. NUIGMech1.1 comprises  

11 274 elementary reactions and 2746 species. Its accuracy was 

assessed by comparison with experimental IDT data, and it was 

found to reproduce the measured IDTs well. 

The main objective of this study is to validate the simplified 

reaction mechanism of a diesel fuel. This mechanism was cre-

ated by simulating the actual physical properties of the fuel and 

using the chemical kinetics of n-heptane, consisting of 42 spe-

cies and 167 reactions. We compared it with the reduced mech-

anism of 77 species developed by Liu and Zhang [34].  

2. Mathematical formulations 

Equations describing the conservation of mass, momentum and 

energy guide the modelling of combustion in diesel engines. The 

turbulence and the movement of passive scalars and organisms 

are described by additional equations. The mathematical formu-

las utilised in CONVERGE are described in this context in [28]. 

The following represents the compressible equation for spe-

cies mass transport: 

 
𝜕𝜌𝑚

𝜕𝑡
+

𝜕𝑢𝑗𝜌𝑚

𝜕𝑥𝑗
=

𝜕

𝜕𝑥𝑗
(𝜌𝐷

𝜕𝑌𝑚

𝜕𝑥𝑗
) + 𝑆𝑚. (1) 

The total fluid density equation is obtained by adding the 

preceding equation for each species: 

 
𝜕𝜌

𝜕𝑡
+

𝜕𝜌𝑢𝑖

𝜕𝑥𝑗
= 𝑆, (2) 

where ρm = Ym‧ρ. In the above equations, the velocity is repre-

sented by u, density by ρ, species density by ρm, mass fraction 

of species m by Ym, mass diffusion coefficient by D, and source 

terms by S and Sm. 

Hence, the following is the equation of momentum transport 

for the compressible fluid: 

 
𝜕𝜌𝑢𝑖

𝜕𝑡
+

𝜕𝑢𝑖𝑢𝑗

𝜕𝑥𝑗
= −

𝜕𝑃

𝜕𝑥𝑖
+

𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
+ 𝑆𝑖. (3) 

The energy equation for the compressible fluid is given by: 

 
𝜕𝜌𝑒

𝜕𝑡
+

𝜕𝑢𝑗𝜌𝑒

𝜕𝑥𝑗
= −𝑃

𝜕𝑢𝑗

𝜕𝑥𝑖
+ 𝜎𝑖𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑗
(𝐾

𝜕𝑇

𝜕𝑥𝑗
)+  

 +
𝜕

𝜕𝑥𝑗
(𝜌𝐷 ∑ ℎ𝑚𝑚

𝜕𝑌𝑚

𝜕𝑥𝑗
) + 𝑆. (4) 

In the above equations, P is the pressure, T is the temperature, 

σij is the stress tensor, Si and S are source terms, hm is the species 

enthalpy, K is the conductivity, D is the diffusivity, and e is the 

specific internal energy.  

The conductivity is substituted with the turbulent conductiv-

ity provided by: 

 𝐾𝑡 = 𝐾 + 𝑐𝑝
𝜇𝑡

Pr
. (5) 

where Pr and μt are the Prandtl number and turbulent viscosity, 

respectively. 

In the initial stages of the pressure-implicit with splitting of 

operators (PISO) loop, CONVERGE computes the momentum 

and pressure to determine the velocity for the other transport 

equations. It is essential to verify the PISO loop convergence 

after each iteration of the PISO process. 

https://en.wikipedia.org/wiki/Operator_splitting
https://en.wikipedia.org/wiki/Operator_splitting
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3. SAGE chemical kinetics model 

The following section discusses the incorporation of the SAGE 

model within the CONVERGE software, specifically focusing 

on chemistry modelling. The inclusion of the SAGE model al-

lows for the integration of detailed chemical kinetics in combus-

tion applications. This is accomplished by using a collection of 

input files in the CHEMKIN format, which is now the accepted 

format for describing chemical mechanisms in this context. 

A mechanism for a multi-step chemical reaction may be ex-

pressed as follows [28]: 

 ∑ 𝜐′𝑚,𝑟𝑥𝑚
𝑀
𝑚=1 ⟺ ∑ 𝜐′′𝑚,𝑟

𝑀
𝑚=1 𝑥𝑚,      for  𝑟 = 1,2, … , 𝑅. (6) 

For species m and reaction r, the stoichiometric coefficients 

for the reactants and products are denoted by υ′m,r and υ′′m,r,  

respectively. The chemical symbol for species m is represented 

by 𝑥𝑚. The following provides the production rate of species m: 

 𝜔̇𝑚 = ∑ 𝜐𝑚,𝑟
𝑅
𝑟=1 𝑞𝑟 ,      for 𝑚 = 1,2, … , 𝑀,  

 𝑣𝑚,𝑟 = 𝜐′′𝑚,𝑟 − 𝜐′𝑚,𝑟, (7) 

and the rate-of-progress variable 𝑞𝑖 for the 𝑟𝑡ℎreaction is: 

 𝑞𝑟 = 𝑘𝑓𝑟 ∏ [𝑋𝑚]𝜐′𝑚,𝑟𝑀
𝑚=1 − 𝑘𝑟𝑟 ∏ [𝑋𝑚]𝜐′′𝑚,𝑟𝑀

𝑚=1 , (8) 

where kfr and krr are the forward and reverse rate coefficients for 

reaction r, and [Xm] is the molar concentration of species m.  

The Arrhenius form is used in the SAGE setup to represent 

the forward rate coefficient: 

 𝑘𝑓𝑟 = 𝐴𝑟𝑇𝑏𝑟𝑒(−𝐸𝑟 𝑅𝑢𝑇⁄ ), (9) 

where Ru is the universal gas constant, Er is the activation en-

ergy, br is the temperature exponent, and Ar is the pre-exponen-

tial factor.  

Additionally, the reverse rate coefficient can be computed 

using the equilibrium coefficient Kcr, or it can be supplied in an 

equivalent mode: 

 𝑘𝑟𝑟 = 𝑘𝑓𝑟/𝐾𝑐𝑟 . (10) 

The thermodynamic characteristics are used to calculate the 

equilibrium coefficient, 𝐾𝑐𝑟 . 

The governing equations for mass and energy conservation 

for a particular computational cell may be solved using the in-

formation provided. These are the equations: 

 
𝑑[𝑋𝑚]

𝑑𝑡
= 𝜔̇𝑚     and       

𝑑𝑇

𝑑𝑡
=

𝑉
𝑑𝑃

𝑑𝑡 
 −∑ (ℎ̅𝑚𝜔̇𝑚)𝑚

∑ ([𝑋𝑚]𝐶𝑝̅,𝑚)𝑚
, (11) 

where the molar specific enthalpy, molar constant-pressure spe-

cific heat, volume, temperature and pressure of species m are 

represented by the variables ℎ̅𝑚, 𝐶𝑝̅,𝑚, V, T and P, respectively. 

In CONVERGE, the mech.dat and therm.dat data files define 

the mechanisms and thermodynamic data for the SAGE model 

input parameters. Every computational time step in the CON-

VERGE program solves the aforementioned equations, and the 

species are updated appropriately. Please note that the tempera-

ture acquired is not utilised to update the cell temperature in 

CONVERGE, but solely to update the rate coefficients in the 

SAGE system of rate equations. After applying the determined 

species concentrations to converge the thorough chemistry com-

putation, the cell temperature is updated. 

4. Engine description and computational domain 

The model of the combustion chamber was initially created us-

ing SOLIDWORKS, a computer-aided design (CAD) software, 

before being exported to the preprocessing software CON-

VERGE CFD for geometry verification and clean-up. Figure 1 

illustrates the combustion chamber model generated with 

Tecplot Graphic. The engine used in our work is a heavy-duty, 

6-cylinder, 4-stroke diesel engine with a piston cylinder bow, 

model number: MK DIR 620-145 whose parameters are gath-

ered in Table 1. It is equipped with a high-pressure injector 

pump system and a turbocharging system. The simulations run 

at 1400 rpm, 50% load, and the injection begins at 8o before 

TDC.  

 

 

 

 

 

 

 

 

 

 

 

 
Specifications for the engine combustion chamber and injec-

tors are listed in Table 1. Table 2 enumerates the critical injec-

tion requirements, and Fig. 2 depicts the injection profile. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1. Geometry of the combustion chamber. 

Table 1. Engine specifications. 

Engine type MKDIR 620-145 

Chamber type Vertical valve 

Number of cylinders 06 

Bore 12 cm 

Stroke 14.5 cm 

Connecting rod length 22.7 cm 

Squish 0.17 cm 

Compression ratio 17 

Engine speed 1400 rpm 

Maximum torque 158 N m at 1200 rpm 

Turbocharger Schwitzer type S2BV 

Injection pump Bosch type P.7100 

EGR 0% 

Swirl 3.11 

 

Table 2 Injection specification.  

Fuel type n-heptane 

Initial fuel temperature 344 K 

Injection duration  21° 

Fuel Injection rate 0.09 g/cycle 

Injection start  8 c.a. degree BTDC 

Nozzle diameter 2.59e-01 mm 

Nozzles number  2 
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In the present work, the detailed boundary conditions 

(temperature of cylinder, head and piston), and initial conditions 

(pressure and temperature in the chamber) used in the software 

are: 

 the boundary conditions: 

Tcy = 433K, 

Thead = 523 K, 

Tp = 523 K, 

 the initial conditions: 

Pch = 1.765 MPa, 

Tch = 355 K. 

The process of generating a complex geometry grid in dif-

ferent CFD codes can be quite time-consuming for users, which 

makes projects unfeasible due to financial or time constraints. 

The code CONVERGE CFD allows the calculation of three-di-

mensional, compressible, chemically-reacting fluid flows in 

complex geometries with moving boundaries, and it is specifi-

cally tailored for piston engine analysis. In this study, we used 

two techniques: basic meshing and the adaptive mesh refine-

ment (AMR) technique to manage and refine the grid for tem-

perature, emissions, and velocity.  

The effects of the base grid size in all directions (4 mm, 

2.5 mm, 1.8 mm and 1.5 mm) on the combustion are shown in 

Table 3. AMR was adopted based on the temperature, velocity 

and near nozzle region cell size of 0.2 mm. According to the 

mesh sensitivity study, in each of the three dimensions, the base 

grid size was maintained at 1.8 mm with an error in cylinder 

pressure of no more than 4.7%. 

 

 

 

 

 

 

 

 

 

A 1.8 mm base grid was applied throughout the computa-

tional domain. Owing to piston motion, the total number of com-

putational cells varied over the engine cycle, reaching approxi-

mately 589 133 cells at the bottom dead centre (BDC, 180 CA) 

and decreasing to about 10 154 cells at the top dead centre (TDC, 

0 CA). Figure 3 presents the comparison of cylinder pressure 

from the experiment and simulation, whereas the mesh of the 

engine domain is illustrated in Fig. 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Reduced chemical kinetic reaction mechanism  

N-heptane is often chosen as a fuel because it has a cetane num-

ber of around 56, which is comparable to that of conventional di-

esel fuel. Heptyl radicals, C7H15, formed from n-heptane through 

H-abstraction from fuel molecules, play a significant role in the 

oxidation process. It is crucial to accurately account for the num-

ber of carbon and hydrogen atoms in the final combustion prod-

ucts when calculating the overall heat release of oxidation reac-

tions. Therefore, it is necessary for the simplified reaction mech-

anism to align with the overall chemical equilibrium state. 

In this study, a reduced reaction mechanism comprising 167 

chemical reactions and 42 species was considered. For a more 

detailed mechanism, we recommend consulting the website of 

the Lawrence Livermore National Laboratory (LLNL), specifi-

cally the archived mechanisms available through the U.S. De-

partment of Energy National Nuclear Security Administration 

(LLNL website). Table 4 provides an excerpt of the n-heptane 

reaction mechanism. Additional information on reaction mech-

anisms can be found on the same website. Moreover, alternative 

literature sources offer other n-heptane mechanisms, such as 

a comprehensive mechanism with 544 species and 2446 reac-

tions (LLNL), a detailed mechanism with 117 species and  

Table 3. Mesh details.  

Base grid size [mm] AMR [mm] Error [%] 

4 0.2 7.8 

2.5 0.2 5.6 

1.8 0.2 4.7 

1.5 0.2 4.4 

 

 

Fig. 3. Experimental and simulated evolution of cylinder pressure. 

 

Fig. 4. Computational domain of the engine. 

 

Fig. 2. Injection profile. 
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602 reactions, and a reduced mechanism with 60 species and  

237 reactions [35]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Validation of numerical results  

The CONVERGE CFD code was utilised to simultaneously pre-

dict the combustion process and emissions evolution using spe-

cific sub-models: SAGE for combustion, KH-RT (Kelvin-

Helmholtz Rayleigh-Taylor hybrid model) for spray, RNG kε 

for turbulence, and the Hiroyasu and Zeldovich models for soot 

and NOx emissions, respectively (Richards et al. [28]). 

For this study, the re-normalization group (RNG) Reynolds 

averaged Navier-Stokes (RANS) approach was selected. The to-

tal kinetic energy is expressed as k = 3/2‧(UI)2, where U repre-

sents the velocity and I is the initial turbulence intensity (5%). 

Turbulent dissipation is given by ε = Cμ
3/4k3/2le−1, where ϵ is the 

turbulent dissipation, Cμ is a model constant, and le is the length 

scale. The CFD models utilised in the various physical phenom-

ena employ model constants recommended by CONVERGE 

(Richards et al. [28]). 

6.1. Combustion and emissions characteristics 

In-cylinder pressure is the primary parameter influencing com-

bustion processes. To validate our chosen reaction mechanism, 

we compared our cylinder pressure results (using a mechanism 

of 42 species and 167 reactions) with those of Liu and Zhang 

[34], who developed a reduced 77-species mechanism for diesel 

derived from Wang’s mechanism (109 species and 543 reac-

tions). Figure 5 illustrates a strong agreement between the nu-

merical and experimental results, which leads to the assumption 

that results predicted by computational analysis are considerably 

similar to the actual result by experimental testing. The motoring  

 

pressures for both cases rise in a similar manner. However, at 

TDC, the simulated pressure drops slightly, then increases mark-

edly at 5° after top dead centre (ATDC) due to fuel injection. 

After 11° TDC, the pressure begins to decline. In contrast, Fig. 6 

exhibits a low error margin of 7.2%, confirming the superior ac-

curacy of the present model. The predicted heat release rate is 

similarly presented in Figure 5.Two distinct phases appear: an 

initial, rapid heat release from premixed combustion, which 

peaks at about 350 J/CA around 6° ATDC and can produce high 

temperatures, followed by a gradual decline into the slower, mix-

ing-controlled diffusion combustion phase. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7 illustrates the changes in the average cylinder tem-

perature and concentrations of CO, OH and H2O2. It is important 

to note that these species occur at temperatures around 930 K. 

Likewise, this temperature marks the point at which the concen-

tration of H2O2 is sufficient to initiate auto-ignition, coinciding 

with the maximum heat release rate. Regarding the concentra-

tions of OH and CO, it is clear that high levels of these species 

occur at the maximum temperature (around 1300K). Figure 8 

shows the temporal evolution of n-heptane mass and soot emis-

sions. Soot formation begins simultaneously with soot oxidation 

immediately after the start of injection (SOI) at 5° ATDC. Dur- 

 

 

Table 4. Single column table example.  

Reaction Ar
 br

 Er 

R1 C7H16 + H = C7H151 + H2 5.600e+07 2.0 7667.0 

R2 C7H16 + H = C7H152 + H2 4.380e+07 2.0 4750.0 

R3 C7H16 + OH = C7H151 + H2O 8.610e+09 1.1 1815.0 

… … … … …. 

R6 C7H16 + HO2 = C7H152 + H2O2 1.650e+13 0.0 16950.0 

R7 C7H16 + O2 = C7H151 + HO2 2.500e+13 0.0 48810.0 

… … ….. … …. 

R9 C7H15-1 + O2 = C7H15O2 2.000e+12 0.0 0.0 

R10 C7H15-2 + O2 = C7H15O2 2.000e+12 0.0 0.0 

R11 C7H15O2 = C7H14O2H 6.000e+11 0.0 20380.0 

R12 C7H14O2H + O2 = C7H14O2HO2 4.600e+11 0.0 0.0 

R13−R158 ... ... ... ... 

R159 C2H3 + H = C2H2 + H2 4.000e+13 0.0 0.0 

R160 C2H3 + O2 = CH2O + HCO 4.000e+12 0.0 250.0 

R161 C2H3 + OH = C2H2 + H2O 3.000e+13 0.0 0.0 

R162 C2H3 + CH2 = C2H2 + CH3 3.000e+13 0.0 0.0 

… ... ... … … 

R165 C2H3 + O = C2H2 + OH 1.000e+13 0.0 0.0 

R166 C2H2 + OH = CH3 + CO 4.830e-04 4.0 2000.0 

R167 C2H3 = C2H2 + H 4.600e+40 8.8 46200.0 

 
 

Fig. 5. The cylinder pressure (experimental vs. calculated)  

and heat release rate evolution. 

 

Fig. 6. The cylinder pressure reported by Liu and Zhang (2023) [34]. 
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ing the initial stage, the soot formation rate increases, causing 

the net soot mass to rise until it reaches a maximum of  

3.25×10−7 kg at 18° ATDC. Thereafter, the soot formation rate 

decreases, and the net soot mass falls to a final value of  

9×10−8 kg at the end of the simulation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Fig. 9, the variations in fuel mass, O2, CO2, H2O and HC 

concentrations are displayed. It is evident that the simulation ac-

curately predicts the concentrations of these species in the com-

bustion products. There is a significant increase in species CO2, 

H2O and HC concentrations during the combustion phase, a con-

trary to a decrease in O2. It is clear that the CO2 and H2O con-

centrations rise rapidly during the premixed phase and continue 

to increase, albeit at a slower rate, during the diffusion phase.  

Figure 10 depicts the changes in N2, NO and NOx concentra-

tions. It is clearly observed that the concentrations of NO and 

NOx increase during the rapid premixed phase of combustion 

and follow the temperature evolution, reach saturation for NOx 

(around 1.110−4 kg), and decrease for NO during the diffusion 

phase. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.2. Scalar fields 

Here, we present the combustion chamber's contours, explain 

the injection behaviour throughout the cycle, and offer a close-

up of the inside to completely depict the results of the numerical 

simulation. Various crank angles were used to display the tem-

perature distribution and spray progression. 

Spray evolution 

Figure 11 displays the contours of the fuel spray, indicating that 

the core of the cold jet contains an excessive amount of fuel. It 

clearly demonstrates the progression of the diesel spray. 

Temperature evolution 

The CONVERGE code has successfully predicted the tempera-

ture contours in diesel engines at different positions of the crank 

angle. This can be observed in Fig. 12, where a selection of dif-

ferent crank angles has been chosen to showcase the progression 

 

Fig. 7. Evolution of in-cylinder temperature and concentrations  

of CO, OH and H2O2. 

 

Fig. 8. Evolution of in-cylinder fuel mass and soot emission. 

 

Fig. 9. Evolution of in-cylinder fuel mass and concentrations  

of O2, CO2, H2O and HC. 

 

Fig. 10. Evolution of in-cylinder fuel mass  

and concentrations of NO, N2 and NOx. 
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of the combustion process. By utilising scalar fields, the evolu-

tion of the flame is visually represented through the contours of 

the temperature, and the rich region behaviour is presented by 

red and green contours. These contours demonstrate that the 

core of the cold jet contains an excessive amount of fuel, while 

the actual flame occurs in the space between the jet and the sur-

rounding air (known as a diffusion flame). It is clearly shown 

that the rich region is identified mostly at the piston bowl wall 

and near the cylinder head. The temperature contours are ob-

served by slicing through the axis of the spray. Notably, the red 

contours highlight the presence of a non-premixed flame. It is 

worth mentioning that the maximum temperature reached is ap-

proximately 2500 K. For this reason, it is expected that the for-

mation of NOx is high in these regions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

7. Conclusions 

The combustion and emissions characteristics of a direct injec-

tion diesel engine fuelled with n-heptane were investigated us-

ing numerical simulations with CONVERGE CFD. The com-

bustion process of n-heptane was analysed using a reduced re-

action mechanism comprising 167 chemical reactions and  

42 species, and the results were compared with the reduced 

mechanism developed by Liu and Zhang (2023), which contains 

77 species. The main conclusions are summarised as follows:  

 According to the results obtained, the combustion model 

used gives a good estimate of the average pressure in the 

cylinder  4.7%, and the distribution of all the species of 

the reactive mixture can be perfectly described during the 

combustion phase.  

 The heat release rate at its maximum is 350 J/CA at 

6  BTDC. 

 The concentrations of chemical species such as CO, NO, 

OH, N2, HC and soot, unlike those of H2O, CO2 and NOx, 

seem adjusted by dosage and decrease rapidly during the 

slow diffusion phase of combustion.  

 These species appear at temperatures of about 930 K, 

where the concentration of H2O2 is sufficient to initiate au-

toignition, and high levels of OH and CO are observed at 

a temperature of 1300 K. 

 The evolution of the H2O2 concentrations seems to be re-

lated to that of the peaks of the in-cylinder pressure and 

average temperature in the cylinder during the premixed 

combustion phase. 

 The simulation results indicate that soot is produced at the 

beginning of the combustion process by diffusion (around 

18o BTDC, with a maximum value of 3.25×10−7 kg). 

 The evolution of NOx follows the evolution of temperature, 

reaching saturation at about 1.1×10−⁴ kg. 

 During the combustion phase, we observe an increase in 

CO2, H2O and HC species; on the other hand, O2 decreases.  

 The simulation results indicate that the diesel fuel model, 

which accounts for the n-heptane reaction mechanism and 

physical properties, possesses sufficient accuracy for im-

plementation in more advanced computations. 

 The model validated in this research will be utilised to de-

velop fuel and biofuel injection strategies aimed at reduc-

ing emissions. 

 The logic progression of this research will involve the de-

velopment of a CFD model for engines that includes soot 

prediction capabilities, as well as engine experiments using 

n-heptane blended with alcohols (ethanol, methanol and 

MTBE) under mixing conditions. This will test the capabil-

ities of the CFD model in the complex environment inside 

an engine and enhance our understanding of the pollution 

formation tendencies in heavy-duty engines. 
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1. Introduction 

Heat transfer (HT) is a crucial and extensively used discipline 

within engineering. Additionally, a lot of research has been done 

on increasing the rate of HT, which is important for many appli-

cations, including storing radioactive nuclear waste, cooling 

electronic components, catalysts, heat exchangers, and more. 

Enhancing the rate of HT can be achieved by using several liq-

uid types, particularly nanoliquid and hybrid nanoliquid, which 

are created by combining one or more types of highly thermally 

conductive nanoparticles. The function of liquids in the process 

of HT has been discussed in several significant scientific publi-

cations. Recently, Chamkha and Pop [1] examined the HT char-

acteristics of a laminar boundary layer flow of a viscous liquid 

past a vertical plate. Kattimani et al. [2] used a Levenberg-Mar-

quardt artificial neural network (ANN) to investigate HT behav-

iour at the stagnation-point motion of a fluid past an off-centred 

disk. Kumar et al. [3] elucidated the HT characteristics of hybrid  
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Abstract 

The present study investigates the influence of a non-uniform heat sink/source on the unsteady flow of Boger liquid via  
a slowly rotating stretching disk subjected to suction and convective boundary conditions. This study is significant because 
it helps optimise cooling and heating processes in chemical, pharmaceutical and energy systems. The research also highlights 
methods for managing heat and mass transport in porous and industrial materials. Overall, it helps to improve performance, 
stability and energy efficiency in engineering and applied science. Dimensionless ordinary differential equations are obtained 
by transforming the governing partial differential equations using similarity variables. The resultant non-dimensional ordi-
nary differential equations are solved numerically utilising the finite difference method. Furthermore, the fluid flow, mass 
and heat transfer and are evaluated using an artificial neural network approach. Additionally, the response surface method-
ology is used to assess the heat transmission rate statistically. The influence of different parameters on the concentration, 
velocity and thermal profiles is exemplified graphically. Increasing the suction parameter, relaxation time ratio and magnetic 
parameter reduces the velocity profile. The thermal profile enhances as the space and temperature-dependent heat sink/source 
parameters increase. 
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Nomenclature 

A ‒ constant, A = −𝑤0/2√
𝜈𝑓𝛺0

1−𝛼𝑡
 

A*, B*‒ space and temperature-dependent heat source/sink parameters 

B0 ‒ magnetic field, √
kgΩ

s
m−1 

Bi ‒ Biot number, Bi =  
ℎ𝑓

𝑘𝑓
√
𝜈𝑓(1−𝛼𝑡)

𝛺0
 

c ‒ stretching rate, s–1  

C ‒ concentration 

Cp ‒ specific heat, J kg–1 K–1  

DB ‒ diffusion coefficient, m2 s–1  

E ‒ dimensionless activation energy, 𝐸 = 𝐸𝑎/𝐾𝑇∞ 

Ea ‒ activation energy, kg m2 s–2  

(F, G, H) ‒ velocity profiles 

hf ‒ heat transfer coefficient, W m–2K–1  

kf ‒ thermal conductivity, W m–1 K–1  

𝑘𝑟
2  ‒ reaction rate, s–1  

K ‒ Boltzmann constant, kg m2 s–2 K–1  

M ‒ magnetic parameter, 𝑀 = 𝜎𝑓𝐵0
2/𝜌𝑓𝛺0 

p ‒ pressure, kg m–1 s–2  

P ‒ dimensionless pressure 

Pr ‒ Prandtl number, Pr = (𝜇𝐶𝑝)𝑓/𝑘𝑓 

𝑞′′′ ‒ non-uniform heat source/sink coefficient, W m–3  

r, z ‒ coordinates, m 

Re ‒ Reynolds number,  

Sc ‒ Schmidt number, Sc = 𝜈𝑓/𝐷𝐵 , 

t ‒ time, s 

T ‒ temperature, K 

T ‒ ambient temperature, K 

Tw ‒ surface temperature, K 

(u, v, w) ‒ velocity components, m s–1  

w0 ‒ suction velocity, m s–1  

Greek symbols 

𝛼 ‒ angular velocity, s–1 

α* ‒ dimensionless quantity, α∗ = 𝛼/𝛺0 

β1 ‒ solvent fraction parameter 

β2 ‒ ratio of relaxation time 

𝛿 ‒ temperature-difference parameter, 𝛿 = (𝑇𝑤 − 𝑇∞)/𝑇∞ 

𝛾1 ‒ stretching ratio parameter, 𝛾1 = 𝑐/𝛺0 

𝜃(𝜂)‒ thermal profile 

𝜇f ‒ dynamic viscosity, kg m–1 s–1  

𝜈f ‒ kinematic viscosity, m2 s–1  

𝜌f ‒ density, kg m–3  

𝜎f ‒ electrical conductivity, Ω–1 m–1  

σ* ‒ chemical reaction rate parameter, σ∗ = 𝑘𝑟
2(1 − 𝛼𝑡)/𝛺0 

(𝜂)‒ concentration profile 

𝛺0 ‒ positive constant, s–1  

 

Subscripts and Superscripts 

 ‒ ambient 

f ‒ fluid 

w ‒ wall 

 

Abbreviations and Acronyms 

AE ‒ activation energy 

ANN ‒ artificial neural network 

C-BC ‒ convective boundary condition 

DE ‒ differential equation 

FDM ‒ finite difference method 

HT ‒ heat transfer 

MF ‒ magnetic field 

MHD ‒ magnetohydrodynamics 

N-HSS ‒ non-uniform heat source/sink 

ODE ‒ ordinary differential equation 

PDE ‒ partial differential equation 

RSM ‒ response surface methodology 

nanoliquid motion through a stretchy cylinder. Hussain et al. [4] 

studied HT variations of the Casson ternary nanoliquid motion 

using ANN. Eegunjobi et al. [5] investigated HT features of an 

electrically conducting liquid flow via an expanding surface. 

Boger liquids are the elastic liquids with a constant viscosity 

irrespective of shear rate, which allows them to differentiate be-

tween elastic and viscous effects in viscoelastic flows. Their 

flexibility enables progress in materials science, agriculture, gas 

and oil. These liquids are also very important for consumer prod-

ucts like cosmetics and food, where controlling viscosity is es-

sential. These liquids are created by mixing a small quantity of 

polymer with a high-viscosity Newtonian liquid. This makes 

a substance that has properties of both a liquid and a solid. In 

order to overcome the shear thinning caused by the polymer ad-

ditions, highly viscous solvents are used to form Boger liquids. 

When exploring elastic characteristics without the restriction of 

shear thinning, these fluids are essential. Norouzi et al. [6] elu-

cidated the pressure drop of a Boger liquid motion at the inertia 

regime. Banakar et al. [7] examined the motion of Boger liquid 

over a rotating rough disk with a solid-liquid interfacial layer 

impact. Veeranna et al. [8] deliberated the Boger micropolar liq-

uid flow across a semi-circular body. The experimental compar-

ison of the interfacial wave behaviour of the Boger liquid stream 

in microchannels was explained by Hue et al. [9]. 

Under the influence of an external magnetic field (MF), in-

vestigators have conducted both experimental and theoretical 

studies on the thermomagnetic circulation of magnetic liquids 

that contain various geometries. Understanding the connection 

between an MF and the characteristics of a liquid flow has been 

a major focus in the study of electrically conducting fluid motion 

for many years. Further, magnetohydrodynamics (MHD) delib-

erates the behaviour of electrically conductive liquids in the 

presence of MFs. When subjected to an external MF, it exhibits 

distinctive behaviours such as magneto-viscous, magneto-opti-

cal and magneto-thermal impacts. Srihari et al. [10] scrutinised 

the Casson liquid flow in a vertical microchannel with the MF 

effect. Krishna et al. [11] deliberated the motion of a second-

grade liquid with the effect of MF past a permeable surface. 

Preethi et al. [12] inspected the outcome of MF and thermal ra-

diation on the flow of nanoliquid via an extended sheet. Takhar 

et al. [13] addressed the unsteady HT in the presence of MF on 

a semi-infinite plate. Takhar et al. [14] studied the HT behaviour 

on the unsteady MHD liquid motion influenced by MF over  

a stretchy surface. Jagadha et al. [15] exemplified the impact of 

MF on the MHD Casson liquid flow along an extending surface. 
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Non-uniform heat source/sinks (N-HSSs) are unevenly dis-

tributed, with changing amounts added or removed from a liquid 

across a specific area. Since these situations can change the flow 

properties of the liquid system and HT, they are important to 

many industrial applications. Temperature control is essential in 

the manufacture of chemicals and polymers since configurations 

can significantly impact the convective HT rates. Non-uniform 

heat sources placed into fluid flow can cause deviations in the 

flow’s pressure, thermal and velocity profiles. Kumar et al. [16] 

elucidated the N-HSS influence on the time-varying nanoliquid 

motion past a permeable slider. Banakar et al. [17] inspected the 

outcome of N-HSS impacts on the bioconvective liquid flow be-

tween two parallel disks. Thumma et al. [18] investigated the 

influence of N-HSS on the Maxwell nanoliquid flow over 

a stretchy sheet. Banakar et al. [19] examined the impact of  

N-HSS on the tetra hybrid nanliquid motion past a rotating 

rough disk with the Levenberg-Marquardt ANN. Algehyne  

et al. [20] discovered the HT features of the MHD flow of mi-

cropolar liquid with the influence of N-HSS across a stretchable 

surface.  

In 1889, Svante Arrhenius developed the idea of activation 

energy (AE), referring to the smallest energy required for poten-

tial reactants in a chemical system to undergo a reaction. A re-

action takes place when atoms move rapidly due to this AE. This 

concept is vital in chemistry and is prevalent in many chemically 

reactive systems, such as oil reservoirs, food processing, geo-

thermal systems and chemical engineering. Mass transfer is in-

evitable in the mixture whenever a concentration difference ex-

ists between two species during a chemical reaction. As a result, 

the concentration will naturally move from the species with 

a greater concentration to one with a lesser concentration. Sala-

huddin et al. [21] exemplified the AE consequence on the Cas-

son liquid flow past an exponential surface. Hayat et al. [22] de-

liberated the significance of AE on third-grade hydromagnetic 

nanofluid flow past an elongating sheet. Asjad et al. [23] probed 

the Williamson liquid motion under the effect of AE and bio-

convection. Samantha and Mondal [24] inspected the conse-

quence of AE on the nanoliquid flow via a stretching disk. 

Srilatha et al. [25] delved into the effect of AE on the chemically 

reactive liquid motion past a stretching disk. 

Defining convective boundary conditions (C-BCs) is im-

portant for understanding how heat moves between a fluid and 

a solid surface. This is especially relevant in studies of cooling 

systems and heat exchangers, where temperature differences are 

significant near the solid boundaries. These types of boundary 

conditions are commonly applied in nuclear power plants, gas 

turbines and thermal energy storage. C-BCs are typically used 

to analyse the temperature in order to produce a linear heat ex-

change for some algebraic values. Akbar et al. [26] deliberated 

the MHD liquid flow with the radiation influence via an elon-

gating sheet using C-BC. By employing C-BC, Malik et al. [27] 

exemplified the outcome of C-BC on the Sisko liquid motion 

over an elongating surface. Shaw et al. [28] assessed the effects 

of C-BC and thermal convection on the Casson nanoliquid over 

a horizontal plate. The C-BC outcome on the Maxwell nano- 

liquid flow via a stretchy surface was addressed by Wang  

et al. [29]. The incompressible flow of nanoliquid in the occur-

rence of C-BC and variable thermal conductivity impacts across 

a surface was examined by Abbas and Khan [30]. 

Examining decelerating spinning disks is necessary for un-

derstanding a range of industrial applications where liquid mix-

ing is essential, such as lubrication systems and stirred tanks. 

These disks are also used in brakes, flywheels and gas turbines, 

all of which are often employed in sectors such as analytical 

chemistry. A slow-rotating disk generally refers to a circular ob-

ject that spins at a minimal rate of angular velocity. The interac-

tion between the disk’s rotation and the viscous fluid can create 

intricate flow patterns, influencing efficiency and performance. 

Rafiq et al. [31] probed the HT modelling with variable fluid 

characteristics on the unsteady revolving fluid motion across 

a rotating decelerated porous disk. They measured the degrada-

tion rate of the decelerated disk’s angular velocity. Using a de-

celerating rotating disk, Ahmed et al. [32] assessed the thermal 

energy transfer in thin-film Buongiorno nanofluid flow with 

thermophoresis and Brownian motion. Ejaz and Mustafa [33] 

scrutinised the unsteady flow and compared different viscosity 

models across a slow-revolving disk with various physical prop-

erties. Lin et al. [34] observed the flow of nanoliquid via a spin-

ning disk with surface temperature. Ali et al. [35] scrutinised the 

flow of the Sutterby fluid past a revolving disk with convection. 

To the best of the author's knowledge, there has been no prior 

research on the unsteady Boger liquid motion past an expanda-

ble slowly rotating disk under the impact of N-HSS, AE and  

C-BC. This gap in previous studies forms the core research gap. 

In view of this, the current work scrutinised the consequences of 

AE and suction on the time-dependent motion of the Boger liq-

uid over a slowly rotating stretched disk in the presence of  

N-HSS, chemical reactions, C-BCs and MF. The technical uses 

of slow-rotating disks involve flow in centrifugal filtering pro-

cesses, food and chemical processing sectors, rotating machin-

ery, and constructing multi-pore distributors. The combination 

of slow-rotating stretching disks with the AE impact provides  

a successful structure for examining the behaviour of reacting 

fluids under simultaneous mechanical and thermal influences. 

Further, analysing MF effects has substantial implications for 

chemistry, physics and engineering. The interface of electrically 

conductive fluids with MFs affects various industrial apparatus, 

such as bearings, pumps, MHD generators and boundary layer 

control systems. Similarity variables are used to convert the gov-

erning partial differential equations (PDEs) into dimensionless 

ordinary differential equations (ODEs). Additionally, the finite 

difference method (FDM) technique is utilised to numerically 

solve the derived ODEs, and the ANN approach is used to eval-

uate the fluid's mass, heat and flow transport profiles. Addition-

ally, the response surface methodology (RSM) is utilised to ad-

dress the HT rate of the liquid flow statically. Visual represen-

tations of the impact of various non-dimensional parameters on 

the concentration, temperature and velocity profiles are pro-

vided. 

2. Mathematical formulation 

Consider the unsteady flow of Boger fluid via a stretchy disk 

that rotates slowly, subjected to an MF B(t). Let the velocity 
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components be (u, v, w), and t denotes time, while p is the pres-

sure. Figure 1 illustrates the flow geometry of the current model.  

 

 

 

 

 

 

 

 

 

 

 

 

 

The current modelling is predicated on the following as-

sumptions:  

 The main reason for the stream's instability is anticipated 

to be the disk’s angular velocity. 

 The disk’s slowness is attributable to its angular velocity, 

which exhibits an opposite relationship with time. 

 The effect induced by MF, 𝐵(𝑡) =
𝐵0

√1−𝛼𝑡
, is perpendicular 

to the surface of the disk and influences the fluid motion 

throughout the field. 

 To analyse heat transmission behaviour, both C-BCs and 

N-HSS are considered. 

 The consequences of AE and chemical reactions on the 

transfer of mass are taken into account. 

Considering the assumptions above, the governing equations 

of the current model are expressed below (see [36−41]). Equa-

tions (1)–(6) represent the continuity, conservation of momen-

tum, energy and concentration for the present flow problem. 

 
𝜕

𝜕𝑟
(𝑢𝑟) +

𝜕

𝜕𝑧
(𝑤𝑟) = 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑟
+

𝜕𝑝

𝜕𝑟

1

𝜌𝑓
+

𝜕𝑢

𝜕𝑡
−

𝑣2

𝑟
+ 𝑤

𝜕𝑢

𝜕𝑧
= 𝜈𝑓 (

1+𝛽1

1+𝛽2
) [

𝜕2𝑢

𝜕𝑟2
+

𝜕2𝑢

𝜕𝑧2
+

𝜕

𝜕𝑟
(
𝑢

𝑟
)] −

𝜎𝑓𝑢𝐵(𝑡)
2

𝜌𝑓
, (2) 

 
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑟
+

𝑢𝑣

𝑟
+ 𝑤

𝜕𝑣

𝜕𝑧
= 𝜈𝑓 (

1+𝛽1

1+𝛽2
) [

𝜕2𝑣

𝜕𝑟2
+

𝜕

𝜕𝑟
(
𝑣

𝑟
) +

𝜕2𝑣

𝜕𝑧2
] −

𝜎𝑓𝑣𝐵(𝑡)
2

𝜌𝑓
, (3) 

 𝑢
𝜕𝑤

𝜕𝑟
+

𝜕𝑤

𝜕𝑡
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

𝜕𝑝

𝜕𝑧

1

𝜌𝑓
+ 𝜈𝑓 (

1+𝛽1

1+𝛽2
) [

𝜕2𝑤

𝜕𝑧2
+

𝜕2𝑤

𝜕𝑟2
 +   𝑟−1

𝜕𝑤

𝜕𝑟
], (4) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑟
+ 𝑤

𝜕𝑇

𝜕𝑧
=

𝑘𝑓

(𝜌𝐶𝑝)𝑓

[𝑟−1
𝜕𝑇

𝜕𝑟
+

𝜕2𝑇

𝜕𝑧2
+

𝜕2𝑇

𝜕𝑟2
] +

𝑞′′′

(𝜌𝐶𝑝)𝑓

, (5) 

 𝑤
𝜕𝐶

𝜕𝑧
+ 𝑢

𝜕𝐶

𝜕𝑟
+

𝜕𝐶

𝜕𝑡
= 𝐷𝐵 [

𝜕2𝐶

𝜕𝑟2
+

𝜕2𝐶

𝜕𝑧2
+

1

𝑟

𝜕𝐶

𝜕𝑟
] − 𝑘𝑟

2 (
𝑇

𝑇∞
)
𝑛

𝑒𝑥𝑝 (
−𝐸𝑎

𝐾𝑇
) (𝐶 − 𝐶∞). (6)  

 

Equation (1) is the continuity equation, where u, v  and w 

denote the velocity components, while r and z represent the co-

ordinates. Equations (2)−(4) explain the momentum transport in 

the radial, tangential and axial directions. The time derivative 

terms refer to the presence of unsteady flow behaviour, and the 

convective terms are the consequences of transporting momen-

tum because of fluid motion. Equation (2) represents the radial 

momentum equation. The term ∂𝑢 ∂𝑡⁄  denotes the unsteady ra-

dial velocity, while 𝑢 ∂𝑢 ∂𝑟⁄  and 𝑤 ∂𝑢 ∂𝑧⁄  represent convective 

acceleration. The term 1/ρf‧ ∂𝑝 ∂𝑟⁄  corresponds to the pressure 

force, and −𝑣2 𝑟⁄  represents the centrifugal effect due to the 

tangential velocity v. The terms containing vf describe viscous 

diffusion. Equation (3) is the tangential momentum equation. 

The term ∂𝑣 ∂𝑡⁄  represents the unsteady tangential velocity, 

while 𝑢 ∂𝑣 ∂𝑟⁄  and 𝑤 ∂𝑣 ∂𝑧⁄  denote convection. The term uv/r 

represents the curvature effect. The viscous terms describe mo-

mentum diffusion, and the magnetic term represents resistive 

force. Equation (4) represents the axial momentum equation. 

The term ∂𝑤 ∂𝑡⁄  denotes unsteady axial velocity, while 

𝑢 ∂𝑤 ∂𝑟⁄  and 𝑤 ∂𝑤 ∂𝑧⁄  represent convection. The term 

1/ρf‧ ∂𝑝 ∂𝑧⁄  represents pressure force. The viscous terms de-

scribe momentum diffusion. Equation (5) represents the energy 

equation. The term ∂𝑇 ∂𝑡⁄  denotes unsteady temperature, while 

𝑢 ∂𝑇 ∂𝑟⁄  and 𝑤 ∂𝑇 ∂𝑧⁄  represent heat convection. The diffu- 

 

sion terms describe heat conduction, and q/(ρCp)f  represents  

a non-uniform heat source/sink term. Equation (6) represents the 

concentration equation. The term ∂𝐶 ∂𝑡⁄  denotes unsteady con-

centration, while 𝑢 ∂𝐶 ∂𝑟⁄  and 𝑤 ∂𝐶 ∂𝑧⁄  represent species con-

vection. The diffusion terms describe molecular diffusion, and 

the last term represents the chemical reaction with activation en-

ergy. 

The related boundary conditions are depicted as follows (see 

[42]): 

 at z = 0 

 𝑣 =
𝑟𝛺0

(1−𝛼𝑡)
,          𝑢 =

𝑟𝑐

(1−𝛼𝑡)
,         𝑤 = 𝑤0,  

 −𝑘𝑓
𝜕𝑇

𝜕𝑧
= (𝑇𝑤 − 𝑇)ℎ𝑓 ,         𝐶 = 𝐶𝑤, (7a) 

 at 𝑧 →  

 𝑢 → 0,          𝑝 → 0,          𝑣 → 0,  

 𝑇 → 𝑇∞,         𝐶 → 𝐶∞. (7b) 

Here, w0 is the suction velocity and  𝑟𝛺0 (1 − 𝛼𝑡)⁄  angular 

velocity with angular velocity variation α, and hf is the HT coef-

ficient. 

The N-HSS q is given as follows: 

 𝑞′′′ =
𝑘𝑓𝛺0

𝜈𝑓(1−𝛼𝑡)
[(𝑇 − 𝑇∞)B

∗ + A∗(𝑇𝑤 − 𝑇∞)𝐹′(𝜂)]. (8) 

 

Fig. 1. Flow geometry. 
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The suitable similarity variables are introduced as follows: 

 

𝑢 = 𝐹(𝜂)
𝑟𝛺0

(1−𝛼𝑡)
,         𝑣 = 𝐺(𝜂)

𝑟𝛺0

(1−𝛼𝑡)
,

𝑤 = −2√
𝜈𝑓𝛺0

(1−𝛼𝑡)
𝐻(𝜂),       𝑝 = 𝑃(𝜂) (

−𝜌𝑓𝜈𝑓𝛺0

(1−𝛼𝑡)
) ,

𝑇 = 𝑇∞ + (𝑇𝑤 − 𝑇∞)𝜃(𝜂),        𝜂 = 𝑧√
𝛺0

𝜈𝑓(1−𝛼𝑡)
,

𝐶 = 𝐶∞ + (𝐶𝑤 − 𝐶∞)𝜙(𝜂). }
  
 

  
 

 (9) 

Utilising Eqs. (9), the governing Eqs. (1)−(6) are reduced 

and obtained as follows: 

 𝐻′ − 𝐹 = 0, (10) 

 (
1+𝛽1

1+𝛽2
)𝐹′′ + 2𝐻𝐹′ −𝑀𝐹 − 𝐹2 + 𝐺2 − α∗ [

𝜂

2
𝐹′ + 𝐹] = 0,  

(11) 

 (
1+𝛽1

1+𝛽2
)𝐺′′ − α∗ [𝐺 +

𝜂

2
𝐺′] + 2𝐻𝐺′ − 2𝐹𝐺 −𝑀𝐺 = 0, (12) 

 2 (
1+𝛽1

1+𝛽2
)𝐹′ + 4𝐹𝐻 − 𝑃′ − α∗[𝐻 + 𝜂𝐻′] = 0, (13) 

 
1

Pr
𝜃′′ + 2𝐻𝜃′ −

1

2
α∗𝜂𝜃′ +

1

Pr
[A∗𝐹′ + B∗𝜃] = 0, (14) 

 
1

Sc
𝜙′′ −

1

2
α∗𝜂𝜙′ + 2𝐻𝜙′ − σ∗(1 + δ𝜃)𝑛 𝑒𝑥𝑝 [−

𝐸

(1+𝛿𝜃)
] 𝜙 = 0.  

(15) 

The following are the modified boundary conditions: 

 at 𝜂 = 0 

 𝐹(𝜂) = 𝛾1,       𝐻(𝜂) = A,       𝐺(𝜂) = 1,  

 𝜃′(𝜂) = −Bi(1 − 𝜃(𝜂)),         𝜙(𝜂) = 1,  

(16) 

 as 𝜂 → ∞ 

 𝐹(𝜂) = 0,       𝐺(𝜂) = 0,        𝑃(𝜂) = 0,  

 𝜃(𝜂) = 0,         𝜙(𝜂) = 0,  

𝑤here:  

 𝑀 =
𝜎𝑓𝐵0

2

𝜌𝑓𝛺0
,        Bi =

ℎ𝑓

𝑘𝑓
√
𝜈𝑓(1−𝛼𝑡)

𝛺0
,         Pr =

(𝜇𝐶𝑝)𝑓

𝑘𝑓
,  

 α∗ =
𝛼

𝛺0
,        Sc =

𝜈𝑓

𝐷𝐵
,         E =

𝐸𝑎

𝐾𝑇∞
,         𝛾1 =

𝑐

𝛺0
,    

 𝛿 =
𝑇𝑤−𝑇∞

𝑇∞
,        σ∗ =

𝑘𝑟
2(1−𝛼𝑡)

𝛺0
,         A =

−𝑤0

2√
𝜈𝑓𝛺0

1−𝛼𝑡

.  

where M is the magnetic parameter, Bi is the Biot number, Pr is 

the Prandtl number, α* is the dimensionless quantity, Sc is the 

Schmidt number, E is the dimensionless activation energy, γ1 is 

the stretching ratio parameter, δ is the temperature difference 

parameter, σ* is the chemical reaction rate parameter, and A is 

a constant. Also, F(η), G(η), and H(η), denote the dimensionless 

velocity profiles, while θ(η) and (η) represent the dimension-

less temperature and concentration profiles, respectively. 

The engineering coefficients are given as (see [43]): 

 
Cf

Re1/2
= √(𝐺′(0))

2
+ (𝐹′(0))

2
,  

 
Nu

Re1/2
= −𝜃′(0), (17) 

 
Sh

Re1/2
= −𝜒′(0).  

3. Methodology 

FDM delineates the stability differential equations (DEs) perti-

nent to the discussed problem in connection with the finite ele-

ment method that simulates the physical system. To accomplish 

this approximation, the derivatives contained in the DEs are sub-

stituted with approximations of the derivatives expressed in the 

DEs. The representation generated is a set of simultaneous alge-

braic equations. Because it directly relates to DE, FDM is a type 

of derivative solver. FDM can be utilised to numerically solve 

the system of Eqs. (10−15) and Eq. (16) for different values of 

the constraints. To accomplish it, consider the derivatives of  

, H, θ, F and G with respect to η, and imagine the solutions of 

, H, θ, G, P and F are χi, hi, Θi, τi, pi and ςi, respectively, and at 

the points (ηi), with i = 0, …, n  

 𝐺′ ≃
𝜏𝑖+1−𝜏𝑖−1

2𝛥
,           𝐹′ ≃

𝜍𝑖+1−𝜍𝑖−1

2𝛥
,         𝜃′ ≃

𝛩𝑖+1−𝛩𝑖−1

2𝛥
  

 𝐻′ ≃
ℎ𝑖+1−ℎ𝑖−1

2𝛥
,             𝜙′ ≃

𝜒𝑖+1−𝜒𝑖−1

2𝛥
.  

 𝐺′′ ≃
𝜏𝑖−1−2𝜏𝑖+𝜏𝑖+1

𝛥2
,            𝐹′′ ≃

𝜍𝑖−1−2𝜍𝑖+𝜍𝑖+1

𝛥2
,  

 𝜃′′ ≃
𝛩𝑖−1−2𝛩𝑖+𝛩𝑖+1

𝛥2
,           𝐻′′ ≃

ℎ𝑖−1+ℎ𝑖+1−2ℎ𝑖

𝛥2
,  

 𝜙′′ ≃
𝜒𝑖−1−2𝜒𝑖+𝜒𝑖+1

𝛥2
,            𝑃′ ≃

𝑝𝑖+1−𝑝𝑖−1

2𝛥
.  

Using the terms mentioned here in place of the simplified 

equations and boundary conditions, one can obtain: 

 
−ℎ𝑖−1+ℎ𝑖+1

2𝛥
− 𝜍𝑖 = 0, (18) 

 
𝜍𝑖−1−2𝜍𝑖+𝜍𝑖+1

𝛥2
(
1+𝛽1

1+𝛽2
) − (𝜍𝑖)

2 + (𝜏𝑖)
2 −𝑀𝜍𝑖 + 2ℎ𝑖

𝜍𝑖+1−𝜍𝑖−1

2𝛥
− [𝜍𝑖 + (

𝑖𝛥

2
)
𝜍𝑖+1−𝜍𝑖−1

2𝛥
]α∗ = 0, (19) 

 
𝜏𝑖+1+𝜏𝑖−1−2𝜏𝑖

𝛥2
(
1+𝛽1

1+𝛽2
) + 2ℎ𝑖

𝜏𝑖+1−𝜏𝑖−1

2𝛥
−𝑀𝜏𝑖 − 𝛼

∗ [𝜏𝑖 + (
𝑖𝛥

2
)
𝜏𝑖+1−𝜏𝑖−1

2𝛥
] − 2𝜍𝑖𝜏𝑖 = 0, (20) 

 2 (
1+𝛽1

1+𝛽2
)
𝜍𝑖+1−𝜍𝑖−1

2𝛥
+ 4𝜍𝑖ℎ𝑖 −

𝑝𝑖+1−𝑝𝑖−1

2𝛥
− α∗ [ℎ𝑖 + 𝑖𝛥

ℎ𝑖+1−ℎ𝑖−1

2𝛥
] = 0, (21) 

 (
1

Pr
)
𝛩𝑖+1+𝛩𝑖−1−2𝛩𝑖

𝛥2
+ 2ℎ𝑖 (

−𝛩𝑖−1+𝛩𝑖+1

2𝛥
) −

1

2
α∗𝑖𝛥

𝛩𝑖+1−𝛩𝑖−1

2𝛥
+

1

Pr
[A∗  

𝜍𝑖+1−𝜍𝑖−1

2𝛥
+ B∗𝛩𝑖] = 0, (22) 
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 (
1

Sc
)
𝜒𝑖−1−2𝜒𝑖+𝜒𝑖+1

𝛥2
+ 2ℎ𝑖

𝜒𝑖+1−𝜒𝑖−1

2𝛥
−

1

2
α∗𝑖𝛥 (

−𝜒𝑖−1+𝜒𝑖+1

2𝛥
) − 𝜎∗(1 + 𝛿𝛩𝑖)

𝑛 𝑒𝑥𝑝 [−
E

(1+𝛿𝛩𝑖)
] 𝜒𝑖 = 0. (23) 

The following are the simplified boundary conditions: 

 𝜍0 = 𝛾1,   𝜏0 = 1,   ℎ0 = A,   𝜒0 = 1,   
𝛩1−𝛩−1

2𝛥
= −Bi(1 − 𝛩0),  

 𝛩𝑛 = 0,    𝜍𝑛 = 0,    𝜏𝑛 = 0,    𝑝𝑛 = 0,    𝜒𝑛 = 0. (24) 

The FDM reduces the potential energy function by simulat-

ing the solution to the controlling DEs. These equations give the 

requirements for carrying out the operation. To minimise the po-

tential energy functional, the FDM gives a reasonably close an-

swer. Table 1 presents the assessment of –θ(0), –G(0) and F(0) 

results with an established study for a reduced case. Figure 2 

depicts the flow chart of the numerical procedure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Artificial neural networks 

ANNs are an essential instrument for modelling and predicting 

complex systems. ANNs are particularly beneficial in this sce-

nario since they can identify the essential patterns and relation-

ships within the data, allowing more precise predictions of fluid 

dynamics and thermal behaviour. By being trained on a set of 

data, the network could uncover the complex connections be-

tween the output variables and the input parameters. ANNs are 

capable of handling large datasets and identifying complex pat-

terns that traditional mathematical modelling approaches would 

overlook. ANNs are also proficient in processing massive 

amounts of data. The ANN structure for the profiles −θ(0), 

−G(0) and F(0) are seen in the figures. The correctness of the 

supplied data is ensured through comparison analysis. 

ANNs can be expressed mathematically as: 

 𝐴 = ∑ 𝑄𝑖𝜉𝑖 + 𝐶0
𝑁
𝑗=0 . (25) 

Here, N is the number of inputs, ξi is the input value, and C0 

and Qi represent the bias and weight. 

The regression (R2) and mean square error (MSE) equations 

are quantified as follows: 

 𝑅2 = 1 − (
∑ (−𝛿𝐴𝑁𝑁(𝑖)+𝛿𝑁𝑈𝑀(𝑖))

2𝑗
𝑖=1

∑ (𝛿𝑁𝑈𝑀(𝑖))
2𝑗

𝑖=1

), (26) 

 𝑀𝑆𝐸 =
1

𝑗
∑ (−𝛿𝐴𝑁𝑁(𝑖) + 𝛿𝑁𝑈𝑀(𝑖))
𝑗
𝑖=1 . (27) 

5. Response surface methodology 

RSM is a statistical method that predicts and maximises the con-

nections between different input components and outcome fea-

tures. The effect of the Biot number, A* and B* on the Nusselt 

number is examined using RSM for thermal transfer analysis. 

To evaluate the correctness of the research, analysis of variance 

(ANOVA) employs statistical measures, including p-values,  

F-values, error rates and lack-of-fit tests. If the F-value is greater 

than 1 and the p-value is less than 0.05, the accuracy is con-

firmed at the 95% confidence level. This study confirms that the 

regression model accurately predicts the Nusselt number by ac-

counting for all relevant inputs. The model’s correctness is con-

firmed by residual and distribution analyses, as well as the cor-

relation between adjusted and predicted values. This method is 

effective at evaluating massive non-linear interactions, and of-

fers significant techniques for maximising or limiting responses. 

The response is modelled using the necessary parameters using 

the traditional multivariate design, which is explained below: 

 Nu =  ϒ1 + ϒ2𝐴 + ϒ3𝐵 + ϒ4𝐶 + ϒ5𝐴‧𝐴 + ϒ6𝐵‧𝐵 +  

 +ϒ7𝐶‧𝐶 + ϒ8𝐴‧𝐵 + ϒ9𝐴‧𝐶 + ϒ10 𝐵‧𝐶 (28) 

Here, ϒi (i = 1, 2, …, 10) signifies the factors of the quadratic 

model resulting from RSM, which is used to assess the parame-

ters and their interactive effects on HT.  

The provided regression model contains interaction, linear 

and quadratic effects. The central composite design experi-

mental framework includes centralised runs as well as axial and 

factorial runs. To match the square-shaped region of interest, the 

axis extends about one unit from the centre. Table 2 provides 

specifics about the effective factor range for imitating Nu. Fur-

thermore, the regression model that corresponds to the important 

factorial parameters is expressed in actual units as: 

 

 

 

 

 

 

 

Table 1. The assessment of −𝜃′(0), −𝐺′(0) and 𝐹′(0)  results with an 

established study, for some reduced cases.  

 Turkyilmazoglu [44] Present results 

−θ’(0) 0.93387794 0.93388563 

−G’(0) 0.61592201 0.61591889 

   F’(0) 0.51023262 0.51024235 

 

 

Fig. 2. Flowchart of the numerical procedure. 

Table 2. Factors coded values and their range. 

Parameter Range 
Level 

-1 0 1 

A* -0.1 to 0.2 -0.1 0.05 0.2 

B* -0.1 to 0.2 -0.1 0.05 0.2 

Bi 0.35 to 10 0.35 5.175 10 
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 Nu = 0.1527 − 0.117‧B∗ + 0.352‧A∗ + 0.82‧A∗‧A∗ +  

 + 0.1478‧Bi − 0.26‧B∗‧B∗ − 0.00955‧Bi‧Bi +  

 + 0.3030‧A∗‧Bi + 0.768‧A∗‧B∗ − 0.0430‧B∗‧Bi. (29) 

5.1. Model validation  

The reliability and robustness of the model are evaluated using 

statistical techniques such as lack-of-fit tests and ANOVA. To 

assess the model’s ability to capture changes in the response var-

iable, specific indicators are needed. To guarantee exceptional 

precision in the results, a 5% significance level or 95% confi-

dence level is frequently utilised. Together with a model that 

links the response to the factors and the Nusselt number, the 

ANOVA results display the p-values for each of the three com-

ponents. At the 95% level of significance, a parameter is consid-

ered statistically significant if its p-value is less than 0.05. Ex-

cept for A*‧A*, B*‧B*, A*‧B* and A*‧Bi, all terms have p-values 

below 0.05, so the insignificant term has been eliminated. As  

a result, the updated model is shown as follows: 

 Nu = 0.1527 + 0.352‧A∗ + 0.1478‧Bi +  

 − 0.00955‧Bi‧Bi + 0.3030‧A∗‧Bi. (30) 

The modified values of R² (97.17%) and estimated values of 

R² (98.51%) were found, along with a synopsis of the scrutiny. 

ANOVA was used to assess the model's dependability, and Ta-

ble 3 provides specifics of the findings. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Results and discussion 

This research analyses the motion of Boger liquid around 

a slowly revolving stretching disk with the effect of an MF. The 

consequence of N-HSS, C-BCs and AE on the motion of the liq-

uid is also considered. The governing PDEs are converted to 

ODEs with the aid of similarity variables. The resulting ODEs 

are solved by using the FDM scheme. Additionally, ANN is 

used to examine the mass, heat and liquid flow transport prop-

erties, and the obtained ANN graphs for F(η), 𝜃(𝜂) and (𝜂) are 

depicted with the appropriate results. Additionally, the Nusselt 

number was evaluated for different parameters using RSM. The 

graphical representation reveals many dimensionless factors in-

fluencing the different profiles. 

The consequences of β1 on F(η) and G(η) are exposed in  

Fig. 3 and Fig. 4. An increased solvent fraction signifies an im-

provement in G(η) and F(η) for growing values corresponding 

to a greater solvent ratio relative to the fluid particles. The aug-

mented solvent volume leads to a drop in the liquid’s flow re-

sistance and viscosity. Reduced fluid flow friction within the 

system results in lower viscosity and higher velocities. The re-

duced viscosity enhances the liquid’s response to flow-driving 

forces, facilitating the deformation and movement of fluid layers 

with greater ease. Consequently, as the fluid undergoes  

a reduction in resistance and internal friction, both velocity com-

ponents augment, which is due to the reduction in friction and 

resistance. The effect is most evident in Boger fluids, which ex-

hibit a constant viscosity irrespective of the shear rate. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figures 5 and 6 illustrate the outcome of M on F(η) and G(η). 

It is observed that both velocity profiles drop significantly as the 

MF strength increases. The M is related to the Lorentz force. 

Table 3. Factor-coded values and their range.  

Source DF Adj SS Adj MS F-value P-value 

B* 1 0.02406 0.024058 6.41 0.030 

Square 3 0.23158 0.077194 20.57 0.000 

A* 1 0.93709 0.937089 249.71 0.000 

Model 9 2.48152 0.275724 73.47 0.000 

Bi 1 0.89384 0.893843 238.19 0.000 

Linear 3 1.85499 0.618330 164.77 0.000 

B*‧B* 1 0.00009 0.000091 0.02 0.879 

Bi‧Bi 1 0.13601 0.136006 36.24 0.000 

A*‧A* 1 0.00094 0.000936 0.25 0.628 

2-way interaction 3 0.39495 0.131649 35.08 0.000 

A*‧B* 1 0.00239 0.002391 0.64 0.443 

B*‧Bi 1 0.00775 0.007754 2.07 0.181 

A*‧Bi 1 0.38480 0.384800 102.54 0.000 

Error 10 0.03753 0.003753 - - 

Pure error 5 0.00000 0.000000 - - 

Lack-of-fit 5 0.03753 0.007505 - - 

Total 19 2.51904 - - - 

 

 

Fig. 3. The effect of β1 on F(η). 

 

Fig. 4. The effect of β1 on G(η). 
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Physically, increasing the M value lowers the velocity by in-

creasing the Lorentz force, causing the liquid’s motion to slow. 

The resistive force in speed and amplitude causes the fluid’s ve-

locity to decrease. MF effectively limits the flow because it op-

poses the flow’s driving forces, which lowers F(η) and G(η). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The impact of β2 on F(η) and G(η) is revealed in Fig. 7 and 

Fig. 8, respectively. G(η) and F(η) drop for increased values of 

β2. An increase in β2 indicates an extended liquid relaxation du-

ration compared to the flow’s time scale. The liquid’s slow re-

action to distortion, attributable to its extended relaxation pe-

riod, clearly demonstrates its viscoelastic characteristics. Con-

sequently, the fluid exhibits greater resistance to distortion and 

motion. However, its ability to adapt to variations in dynamic 

flow is limited. In both velocity profiles, the liquid is less sus-

ceptible to shear forces due to the resistance. By prolonging the 

relaxation time, the fluid’s velocity components are effectively 

reduced, leading to decreased flow rates. As the liquid's viscoe-

lastic resistance rises, both velocity profiles decrease.  

Figures 9 and 10 demonstrate the impact of A on F(η) and 

G(η). The intensification in the values of A causes reductions of 

both G(η) and F(η). When they get close to the surface, the ve-

locities drastically decrease. An increase in A implies stronger 

fluid withdrawal from the flow region. This retards the momen-

tum of the fluid and makes the velocity boundary layer thinner, 

which results in a decreased value of F(η) and G(η). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. The effect of M on F(η). 

 

Fig. 6. The effect of M on G(η). 

 

Fig. 7. The effect of β2 on F(η). 

 

Fig. 8. The effect of β2 on G(η). 

 

Fig. 9. The effect of A on F(η). 
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Figures 11 and 12 demonstrate the significance of A* and B* 

for θ(η), respectively. θ(η) is growing due to the elevated values 

of N-HSS parameters (A*, B*).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The positive values of A* and B* can be read physically as 

heat sources that function as heat producers, resulting in the re-

lease of heat energy into the stream and an increase in θ(η). The 

negative values of B* and A* indicate the heat sink, which func-

tions as a heat absorber, with energy being absorbed for these 

negative values. Figure 13 demonstrates the effect of Bi on θ(η). 

The thermal profile advances with the increase in Bi values. The 

relationship between temperature and temperature boundary 

layer thickness correlates strongly with Bi. The heat transport 

coefficient is crucial for Bi, its value escalates with a rise in the 

heat transmission coefficient. Consequently, elevated heat trans-

port coefficient values lead to the enhanced temperature and 

boundary layer thickness. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 14 demonstrates the significance of σ* for (η). The 

increasing σ* values decrease the concentration profile. As the 

chemical reaction rises, it quickly increases the concentration of 

reactants near the reacting surface. As those reactant particles 

get depleted, the difference in concentration that pushes them to 

move from one place to another becomes smaller. Since this 

concentration difference drives mass transfer, its reduction 

slows down the overall transport of material. Overall, stronger 

reactions exhaust the reactants too fast, leaving less to be carried 

forward, which ultimately weakens mass transfer. The effect of 

E on the (η) is exhibited in Fig. 15.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11 The effect of A* on θ(η). 

 

Fig. 12. The effect of B* on θ(η). 

 

Fig. 13. The effect of Bi on θ(η). 

 

Fig. 14. The effect of σ* on (η). 

 

Fig. 10. The effect of A on G(η). 
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The mass transfer is advanced by the increase in E. A low 

AE has been shown to decrease the reaction rate, which in turn 

causes chemical reaction mechanisms to decay. The improved 

Arrhenius process declines with increasing E. Thus, this accel-

erates the generative chemical process, raising the nanoparticle 

concentration. Figure 16 represents the effect of Sc on (η). The 

increased value of Sc declines the (η) profile. A higher Sc 

means that the fluid’s momentum spreads much faster than its 

mass does. When the mass diffusivity becomes low, the species 

cannot disperse easily through the liquid. As a result, the con-

centration gradient remains steep near the surface, and the over-

all concentration level decreases throughout the boundary layer. 

Therefore, an increase in Sc causes a noticeable drop in (η).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figures 17, 18, and 19 show the impact of β2, γ1 and M on 

the isotherms. A larger β2 and γ1 value often causes more af-

fected bending of the isotherms, which modifies the stream pat-

tern of the disk. This effect may enhance or impair the liquid's 

mixing and transport properties, depending on the application. 

Additionally, complex flow behaviours that are essential for op-

timising processes like magnetic resonance imaging and mag-

netic drug targeting may arise from the interaction of the MF 

parameter. The increased effective diffusivity lessens changes in 

the concentration gradient. The increased depletion of reactants 

as Sc increases, owing to reduced mass diffusivity, results in 

a fall in (η). Tables 4 and 5 depict values of Cf  and Nu for 

various values of different parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 15. The effect of E on (η). 

 

Fig. 16. The effect of Sc on (η). 

 

Fig. 17. The effect of β2 on isotherms. 

 

Fig. 18. The effect of γ1 on isotherms. 

 

Fig. 19. The effect of M on isotherms. 



Delineating the influence of solvent fraction and temperature-dependent heat source/sink on… 

 

79 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANNs are an extremely flexible modelling tool that can be 

used to solve a wide range of classification or prediction issues. 

They can comprehend the accurate relationship between output 

and data. Within an ANN architecture, output and input neurons 

are connected by various layers of neurons, including hidden 

layers. Initial training and evaluation of ANNs are based on em-

pirical data to control the optimal topology and weights. ANNs 

use the back-propagation approach to adjust their weights during 

training to decrease the differences between predicted and actual 

outcomes. The input, output and hidden layers of neurons com-

prise ANNs. The data is divided as 80% goes into the training 

database, 10% into the validation database, and 10% into the 

testing database. 

Figure 20 depicts the ANN design, consisting of an input, 

hidden, and output layer.  

Figures 21(a), 22(a) and 23(a) show MSE for F(η), θ(η) and 

(η) profiles in the rotating disk configuration, accounting for 

the testing, validation and training phases. The best efficiency is 

obtained with MSE values of 1.0118E-14, 1.4356E-10 and 

3.0595E-11 for 133, 833 and 908 epochs, respectively. Since 

MSE calculates the difference between the ideal outcomes and 

the intended solutions, the lowest MSE values indicate precise 

and effective outcomes.  

Figures 21(b), 22(b) and 23(b) show the training state for 

F(η), θ(η) and (η). As seen in Figs. 21(b), 22(b) and 23(b), the 

gradient parameter is 9.8743E-08 for 133 epochs, 9.9822E-08 

for 833 epochs and 9.9726E-08 for 908 epochs of F(η), θ(η) and 

(η) profiles, correspondingly. The Mu parameter of ANN is 

1E-14 for 133 epochs, 1E-08 for 833 epochs and 1E-09 for  

908 epochs of F(η), θ(η) and (η) profiles. The validation checks 

are zero for all profiles. The results of the procedure demon-

strated that the built ANN actively converged and was accurate. 

The histograms of error for the F(η), θ(η) and (η) profiles 

are shown in Figs. 21(c), 22(c), and 23(c). The zero error line 

for F(η), θ(η) and (η) is indicated by a coloured line. It is seen 

that the zero-error line is approximately at 5.3E-09 for F(η), 

3.52E-07 for θ(η) and 4.8E-07 for (η). 

Figures 21(d), 22(d) and 23(d) present extensive information 

on regression cases for all three of the suggested model’s situa-

tions. By demonstrating the linearity between the intended and 

actual outputs, the graphs reveal the relationship between all da-

tasets, including training, validation and testing data. A regres-

sion value of R = 1 signifies an optimal fit, and the regression 

diagrams illustrate the degree of correspondence between the 

data and the curve or line for the F(η), θ(η) and (η) profiles, as 

represented in the related figures. 

The fit curve for F(η), θ(η) and (η) is illustrated in  

Figs. 21(e), 22(e) and 23(e). Errors identified by analysing the 

difference between the ANN's predicted and actual outcomes are 

shown in Figs. 21(f), 22(f) and 23(f). The accuracy of the ANN 

model’s implementation is reflected in the absolute error.  

Figs. 24(a), 24(b) and 24(c) illustrate the comparison be-

tween ANN values and FDM results for F(η), θ(η), and (η). 

The comparison shows a strong correlation between the values 

derived from the ANN method and those from the FDM results.  

The regression plots for Nu are detailed in Fig. 25. The de-

tailed analysis of the surface plots and contours is visualised in 

Fig. 26. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4. Values of Cf for several values of different parameters.  

𝜷𝟏 𝜷𝟐 𝑴 𝛂∗ 𝐀 𝛄𝟏 Cf 

0.1 

0.1 0.1 0.1 0.2 0.1 

1.042287 

0.2 0.990247 

0.3 0.944963 

0.1 

0.2 

0.1 0.1 0.2 0.1 

1.097463 

0.4 1.20364 

0.6 1.305283 

0.2 0.3 

0.1 

0.1 0.2 0.1 

1.092923 

0.2 1.133078 

0.3 1.17445 

0.2 0.2 0.2 

0.1 

0.3 0.1 

1.184868 

0.2 1.214202 

0.3 1.243693 

0.1 0.1 0.1 0.1 

0.1 

0.2 

1.053558 

0.2 1.151923 

0.3 1.262031 

0.1 0.1 0.1 0.2 0.4 

0.1 1.331356 

0.2 1.412899 

0.3 1.508619 

 

Table 5. Values of Nu for several values of different parameters.  

M 𝜶∗ 𝐀∗ 𝐁∗ 𝐁𝐢 𝐍𝐮 

0.1 

0.1 0.1 0.1 1 

0.744257 

0.743091 

0.742016 
0.2 

0.3 

0.1 

0.1 

0.2 0.2 1 

0.745093 

0.738799 

0.731253 

0.2 

0.3 

0.1 0.2 

0.1 

0.3 1 

0.740948 

0.739542 

0.738136 

0.2 

0.3 

0.3 0.1 0.3 

0.1 

1 

0.739161 

0.741271 

0.743311 

0.2 

0.3 

0.1 0.1 0.1 0.1 0.1 

0.096555 

0.186934 

0.271711 

 

 

Fig. 20. ANN design. 
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Fig. 21. Visual representation of ANN outcome of (a) performance, (b) training, (c) histogram of error,  

(d) regression analysis, (e) fit curve and (f) absolute error for F(η). 

 

Fig. 22. Visual representation of ANN outcome of (a) performance, (b) training, (c) histogram of error,  

(d) regression analysis, (e) fit curve and (f) absolute error for θ(η). 
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Fig. 23. Visual representation of ANN outcome of (a) performance, (b) training, (c) histogram of error,  

(d) regression analysis, (e) fit curve and (f) absolute error for (η). 

 

Fig. 24. Comparison of ANN results and FDM outcomes for (a) F(η), (b) θ(η) and (c) (η). 

 

Fig. 25. Regression plots for Nu. 
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7. Conclusions 

The current analysis examines the effects of AE, chemical reac-

tions and MF on the time-dependent flow of a Boger liquid over 

a slowly rotating stretching disk. The analysis also accounts for 

the impact of suction, C-BCs and N-HSS on the liquid stream to 

assess the thermal behaviour. It is anticipated that the primary 

source of the flow's instability would be the disk's angular ve-

 

 

 

Fig. 26. Contour and surface plots for Nu 
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locity. The decreased speed of a disk is explained by the fact that 

its angular velocity is inversely proportional to time. The gov-

erning PDEs are transformed into dimensionless ODEs by using 

similarity variables. The reduced ODEs are solved using the 

FDM technique. ANN is used in the study to assess the mass 

transport, heat transport and fluid flow characteristics. Addition-

ally, RSM is employed to evaluate the HT rate of the fluid flow. 

Graphical representations show how diverse variables affect the 

velocity, concentration, and temperature profiles. The following 

are the main findings of the investigation: 

 F(η) and G(η) decline as the β2 rises. Reduced flow rates 

are the outcome of increasing the relaxation time, excel-

lently reducing the velocity components of the fluid. 

 As the magnetic parameter values increase, F(η) and G(η) 

decline. The resistive force causes the liquid velocity com-

ponents to decrease in magnitude. 

 An increase in β1 enhances F(η) and G(η).  The  fluid’s  in- 

creased reactivity to the flow’s driving forces makes the 

lower viscosity easier for fluid layers to move and deform. 

 θ(η) intensifies as the A* and B* rise. The positive values of 

A* and B* could be interpreted physically as heat sources 

that generate heat, leading to the emission of thermal en-

ergy into the flow and an elevation in θ(η). 

 As the values of Bi increase, θ(η) rises. The heat transport 

coefficient is essential to Bi, since its value increases with 

an elevation in the heat transportation efficiency. 

 The increase in values of σ* reduces the concentration pro-

file. Intense chemical reactions have detrimental physical 

effects that diminish the reactant species, resulting in 

a mass transfer drop. 

 The (η) upsurges as the values of E increase. Reduced AE 

has been shown to diminish the reaction rate, leading to 

chemical reaction degradation. 

 The graphical representation illustrates the comparison be-

tween ANN values and FDM outputs. The comparison re-

veals that the results derived from the FDM and ANN ap-

proaches are in close agreement, with no significant differ-

ence between them. 

 The optimisation of heat transmission is significantly influ-

enced by factors such as the Biot number, space and tem-

perature-dependent heat source/sink parameters. 

 The current analysis with a confidence level of 95% iden-

tifies important influential components, revealing an en-

hanced technique for improving heat transmission. 
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1. Introduction 

In subcritical boilers, the heat flux distribution on the width of 

the combustion chamber wall is close to uniform. Therefore, the 

temperature of the walls of neighbouring waterwall tubes is sim-

ilar. In supercritical boilers, the heat flux distribution on the 

width of the combustion chamber wall is uneven – on the centre 

of the wall, its value is about 50% higher than close to the com-

bustion chamber corners [1].  

The most common method of reduction of thermal stresses 

resulting from uneven heating of neighbouring waterwall tubes 

is differentiation of mass flux of fluid flowing inside tubes – the 

mass flow in tubes near the centre of the combustion chamber 

wall is higher than in tubes close to the corners of the combus-

tion chamber. Another method analysed by designers of com- 

bustion chambers is to vary the spacing of the waterwall tubes. 

In some publications, the idea of reducing the spacing near the 

centre of the combustion chamber wall to increase the number 

of waterwall tubes on the unit width of the wall is presented. 

2. Literature review 

Many publications may be found in the literature regarding the 

heat and mass transfer in subcritical and supercritical boilers. 

Authors of [2] proposed one of the first computer-based moni-

toring systems for boilers with natural water circulation. A com-

puter system allows the calculation of, among others, the boiler 

efficiency, combustion gas mass flow rate, and heat load at the 

walls of the combustion chamber. The results of the calculations 

were validated with the measurement data.  

Co-published by 

Institute of Fluid-Flow Machinery 

Polish Academy of Sciences 

Committee on Thermodynamics and Combustion 

Polish Academy of Sciences 

 
Copyright©2026 by the Authors under licence CC BY-NC-ND 4.0 

 
http://www.imp.gda.pl/archives-of-thermodynamics/ 

Influence of spacing of waterwall tubes  
on their operating parameters 

Marek Majdak  

Cracow University of Technology, Faculty of Environmental Engineering and Energy, Department of Energy, Warszawska 24, 31-155 Cracow, Poland 

Author email: marek.majdak@pk.edu.pl 

 
Received: 01.10.2025; revised: 20.03.2026; accepted: 22.04.2026 

Abstract 

The article presents the results of thermal and flow analysis of the working conditions of neighbouring waterwall tubes, loaded 

with heat streams of different values for two different widths of tube spacing. The numerical model used for the analysis allows 

us to calculate the temperature distribution at the tubes and in the fluid flowing through them at each time step, depending on 

the thermo-physical parameters of the fluid and the material from which the tubes and fins were made. By using the algorithm, 

it is possible to precisely determine the three-dimensional temperature distribution for tubes, allowing us to determine the 

places where the most divergent temperatures occur and in which thermal stresses of the highest value may occur. The analysis 

of several adjacent tubes will allow for determining the effect of temperature differences in the tubes and fins connecting them, 

and to collect data that may be used for the determination of stress distribution in the tubes and fins. In the presented case 3, 

smooth tubes connected by fins were used, and the heat flux on the centre tube was by 50% higher than on the outer ones. 

Keywords: Waterwall tube; Supercritical steam boiler; Temperature distribution; Thermal stresses 
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Nomenclature 

A – tube cross-section surface area, m2 

c ‒ specific heat per mass unit, kJ/(kg‧K) 

dτ ‒ time step, s 

e – energy per fluid mass, J/kg 

g – gravitational acceleration, m/s2 

i – enthalpy, kJ/kg 

𝑚̇ – mass flow 

p ‒ pressure, kPa 

q – heat flux, W/m2 

r – radius, m 

s – tube spacing, m 

t – fluid temperature, °C 

u – unit internal energy, J/kg  

U – tube perimeter, m 

V – fluid volume, m3 

 

Greek symbols 

α – heat transfer coefficient, W/(m2‧K) 

∆r  – tube wall thickness, m 

∆V – finite volume, m3 

∆x – fin width, m 

∆z – length of control volume, m 

∆φ – characteristic angle, - 

δ –thickness, m 

θ – temperature of wall material, °C 

λ – thermal conductivity, W/(m‧K) 

ρ – density, kg/m3 

στ – tangential stresses, N/m2 

τ ‒ time, s 

 

Subscripts and Superscripts 

in – inner 

j – spatial step number 

m – medium  

o – outer  

tw – tube wall 

τ – time step number 

w – wall  

Experimental measurements performed for the ultra-super-

critical boiler were presented in [3]. Authors of the publication 

monitored the main thermal and flow parameters of steam flow-

ing inside the waterwall tube for different steam pressures and 

boiler loads. During the tests, steam reached subcritical, near-

critical and supercritical pressures, so the conclusions drawn 

from the analysis of the results can be successfully applied to 

a wide range of steam flows. 

Results of numerical simulations of thermo-physical param-

eters of supercritical steam were also presented in [4]. A four-

pass steam superheater was used as an analysis system for the 

calculation of the specific heat of steam based on the tempera-

ture and pressure of steam, and the temperature of the waterwall 

tube wall. The heat transfer of a cross-counter-current super-

heater consisting of 48 tubes was analysed. 

Spirally rifled waterwall tubes are used in power boilers to 

reduce thermal stresses and allow faster heat-transfer stabilisa-

tion. Results of numerical simulations of thermal and flow phe-

nomena for smooth and internally ribbed tubes mounted verti-

cally were presented by the authors of [5−8]. The calculations 

were performed to examine the temperature and thermal stress 

distributions in tubes, and the thermo-physical parameters of the 

working fluid. In [7], numerical data were also verified with ex-

perimental data from the measurement performed on the dedi-

cated experimental stand. 

Authors of [9] presented the results of experimental studies 

on the application of internally rifled vertical tubes in a combus-

tion chamber. They have listed the advantages of this system of 

waterwall tubes compared to spirally wound smooth tubes. In 

the paper, the main advantages of using internal spirally rifled 

tubes can be found in the field of installation, flow characteris-

tics, flow stability and load follow-up capability, as well as  

a short analysis of possible directions for optimising this type of 

system was presented. 

Another possibility of minimising the thermal and pressure 

stresses can be the use of corrugated furnace tubes. Authors of 

[10] analysed stress distribution for different corrugations of 

depths and spacings of the tube. It was found that in this high-

power fire-tube boiler, a corrugated furnace tube with a greater 

corrugation depth should be used, because it allows for the re-

duction of the maximum value of stresses in the structure.  

In publications [11−13], cases were analysed considering the 

influence of the variability of heat load with increasing height 

above the inlet to the waterwall tubes on the thermo-physical 

parameters of walls and tubes. In the analysed studies, an addi-

tional measuring insert was used, located on the front wall of the 

tube, which allowed for obtaining more accurate temperature 

values. 

Waterwall tubes mounted on the combustion chamber walls 

are heated on one side, which results in a significant temperature 

difference between front and rear tube walls [14,15]. Due to the 

uneven temperature distribution in the cross-sections of the 

tubes, their division into smaller elements is often analysed. In 

publications [16−20], a model of the division of the half cross-

section of the waterwall tube with the fin on the control volumes 

was presented. In the articles, temperature distributions in tubes 

and fins were presented, obtained by simulation performed for 

the operating parameters of a supercritical boiler. 

Authors of [21] analysed the temperature distribution in the 

wall of the waterwall tube covered with ash deposits on the outer 

surface of the tube. The calculation of heat transfer for tubes 

with scale deposits on the inner surface of the tube was also pre-

sented. A complex numerical model can be used for calculations 

for steam, tube wall, and flue gas temperature for the entire su-

perheater. 

In the article [22], the results of numerical simulation carried 

out by using the Runge-Kutta method to solve the equations of 

energy, mass and momentum balance were presented. The au-

thors proposed a calculation algorithm for the medium flowing 

inside the waterwall tubes of the furnace chamber. The pre-

sented results were based on parameters of the supercritical fur-

nace with a steam capacity of 2400103 kg/h. 

The computational models proposed in the literature allow 

for carrying out calculations for one or several waterwall tubes, 
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with various calculation details. The novelty proposed in this 

publication will be the analysis of the change in temperature dis-

tribution depending on the width of spacing of the waterwall 

tubes under the same initial conditions. 

3. Problem analysis  

In the article, an analysis of temperature distribution in water-

wall tubes connected by fins was presented. The proposed model 

allows for determining the three-dimensional temperature distri-

bution, which will be presented for the cross-sections of water-

wall tubes and fins between them, taking into account the varia-

bility of thermo-physical parameters of fluids and tubes in every 

control volume at each time step.  

The analysis was performed by using parameters of water 

and steam calculated on the basis of the International Associa-

tion for the Properties of Water and Steam table and the proper-

ties of 13CrMo4-5 steel received from its manufacturer. 

As input data, the operating parameters from the supercriti-

cal boiler operating in one of the Polish power plants were used. 

Due to the fact that the boiler generates steam with supercritical 

parameters, the analysis took into account the uneven distribu-

tion of the heat flux density across the width of the combustion 

chamber wall. Based on experimental studies conducted by 

many teams, it was determined that the heat flux incident on the 

combustion chamber walls near the corners is up to 50% lower 

than the heat flux incident on the wall at half its width at the 

same height; a graphical interpretation of this condition is pre-

sented in Fig. 1 [1]. 

The model of the division of the cross-section of waterwall 

tubes connected by fins was proposed in [23,24]. In the cross-

section of the tube with two halves of fins, 36 characteristic 

points are identified (Fig. 2); this method of division can be 

scaled to a system consisting of multiple tubes, as presented for 

three tubes in Fig. 3. 

The energy balance equations written for all elements of the 

analysed system allow for the determination of the temperature 

distribution in the waterwall tubes connected by fins. Equations 

for selected control volumes are presented below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. The distribution of the thermal flux density in the cross-section 

of the supercritical boiler’s furnace chamber. 

 

Fig. 2. The method of division of the cross-section of the waterwall 

tube with two halves of fins into control volumes. 

 

Fig. 3. The division of the cross-section of three waterwall tubes with fins into control volumes with the adopted coordinate system. 
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For the point on the centre of the outer surface of the front 

wall of the tube (“7” in Fig. 4), the energy balance equation takes 

the form of Eq. (1). Analogical equations can be obtained for 

points “42” and “77” by increasing the numbers in the lower in-

dex by 35 or 70, respectively. 
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For the point on the centre of the inner surface of the front 

wall of the tube (“24” in Fig. 4), the energy balance equation 

takes the form of Eq. (2). Analogical equations can be obtained 

for points “59” and “94” by increasing the numbers in the lower 

index by 35 or 70, respectively. 
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For the point in the centre of the fin between waterwall tubes 

(“36” in Fig. 5), the energy balance equation takes the form of 

Eq. (3). An analogical equation can be obtained for point “71” 

by increasing the number in the lower index by 35. Equations 

for points “1” and “106” located at the ends of the analysed frag-

ment of the cross-section of the combustion chamber wall can 

be determined assuming the symmetry of parameters for adja-

cent characteristic points. 
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𝜃12,𝑗−𝜃36,𝑗

∆𝑥
𝛿𝑤∆𝑧 + 𝜆36,𝑗∆𝑥𝛿𝑤

𝜃36,𝑗−1−𝜃36,𝑗

∆𝑧
  

 +𝜆36,𝑗∆𝑥𝛿𝑤

𝜃36,𝑗+1−𝜃36,𝑗

∆𝑧
+ 𝑞̇36,𝑗

∆𝑥

3
∆𝑧. (3) 

After transforming Eqs. (1)–(3), the dependencies for deter-

mining the temperature values are obtained in the form of  

Eqs. (4)−(6): 

 𝜃7,𝑗
𝜏+∆𝜏 = 𝜃7,𝑗

𝜏 +
∆𝜏

𝑐7,𝑗
𝜏 𝜌7,𝑗

𝜏 ∆𝜑̂1
2

 (𝑟𝑜
2−𝑟𝑚

2 )∆𝑧
[𝜆7,𝑗

𝜏 𝜃6,𝑗
𝜏 −𝜃7,𝑗

𝜏

∆𝜑̂1𝑟𝑜

∆𝑟

2
∆𝑧 + 𝜆7,𝑗

𝜏 𝜃8,𝑗
𝜏 −𝜃7,𝑗

𝜏

∆𝜑̂1𝑟𝑜

∆𝑟

2
∆𝑧 + 𝜆7,𝑗

𝜏 𝜃24,𝑗
𝜏 −𝜃7,𝑗

𝜏

∆𝑟
∆𝜑̂1𝑟𝑚∆𝑧 +  

 +𝜆7,𝑗
𝜏 ∆𝜑̂1

2
(𝑟𝑜

2 − 𝑟𝑚
2 )

𝜃7,𝑗−1
𝜏 −𝜃7,𝑗

𝜏

∆𝑧
+ 𝜆7,𝑗

𝜏 ∆𝜑̂1

2
(𝑟𝑜

2 − 𝑟𝑚
2 )

𝜃7,𝑗+1
𝜏 −𝜃7,𝑗

𝜏

∆𝑧
+ 𝑞̇7,𝑗

𝜏 ∆𝜑̂1𝑟𝑜∆𝑧], (4) 

 𝜃24,𝑗
𝜏+∆𝜏 = 𝜃24,𝑗

𝜏 +
∆𝜏

𝑐24,𝑗
𝜏 𝜌24,𝑗

𝜏 ∆𝜑̂1
2

 (𝑟𝑚
2 −𝑟𝑖𝑛

2 )∆𝑧
[𝜆24,𝑗

𝜏 𝜃23,𝑗
𝜏 −𝜃24,𝑗

𝜏

∆𝜑̂1𝑟𝑖𝑛

∆𝑟

2
∆𝑧 + 𝜆24,𝑗

𝜏 𝜃25,𝑗
𝜏 −𝜃24,𝑗

𝜏

∆𝜑̂1𝑟𝑖𝑛

∆𝑟

2
∆𝑧 + 𝜆24,𝑗

𝜏 𝜃7,𝑗
𝜏 −𝜃24,𝑗

𝜏

∆𝑟
∆𝜑̂1𝑟𝑚∆𝑧+  

 +𝜆24.𝑗
𝜏 ∆𝜑̂1

2
(𝑟𝑚

2 − 𝑟𝑖𝑛
2 )

𝜃24,𝑗−1
𝜏 −𝜃24,𝑗

𝜏

∆𝑧
+ 𝜆24.𝑗

𝜏 ∆𝜑̂1

2
(𝑟𝑚

2 − 𝑟𝑖𝑛
2 )

𝜃24,𝑗+1
𝜏 −𝜃24,𝑗

𝜏

∆𝑧
 + 𝛼𝑗

𝜏(𝑡𝑗
𝜏 − 𝜃24,𝑗

𝜏 )∆𝜑̂1𝑟𝑖𝑛∆𝑧], (5) 

 𝜃36,𝑗
𝜏+∆𝜏 = 𝜃36,𝑗

𝜏 +
∆𝜏

𝑐36,𝑗
𝜏 𝜌36,𝑗

𝜏 ∆𝑥𝛿𝑤∆𝑧
[𝜆36,𝑗

𝜏 𝜃12,𝑗
𝜏 −𝜃36,𝑗

𝜏

∆𝑥
𝛿𝑤∆𝑧 + 𝜆36,𝑗

𝜏 𝜃37,𝑗
𝜏 −𝜃36,𝑗

𝜏

∆𝑥
𝛿𝑤∆𝑧 +  

 +𝜆36,𝑗
𝜏 ∆𝑥𝛿𝑤

𝜃36,𝑗−1
𝜏 −𝜃36,𝑗

𝜏

∆𝑧
+ 𝜆36,𝑗

𝜏 ∆𝑥𝛿𝑤

𝜃36,𝑗+1
𝜏 −𝜃36,𝑗

𝜏

∆𝑧
+ 𝑞̇36,𝑗

𝜏 ∆𝑥

3
∆𝑧]. (6) 

In order to determine the average temperature of the fluid in 

the cross-sections of waterwall tubes, the mass, energy and mo-

mentum balance equations were used. The balance equations 

were used in the form of separable differential equations – on 

the left side, expressions containing time derivatives were pre-

sented, while on the right side, spatial derivatives were replaced 

using the backward difference quotient method [22]. 

The mass balance equation takes the form: 

 
𝜕(∆𝑉𝜌)

𝜕𝜏
= (𝐴𝜌𝑣)|

𝑧−(
𝜕𝑧

2
)

−  (𝐴𝜌𝑣)|
𝑧+(

𝜕𝑧

2
)
. (7) 

The momentum conservation law takes the form: 

 
𝜕(𝐴𝑣𝜌∆𝑧)

𝜕𝜏
= (𝑚̇𝑣)|

𝑧−(
𝜕𝑧

2
)

− ( 𝑚̇𝑣)|
𝑧+(

𝜕𝑧

2
)

+  

 𝐴‧(𝑝|
𝑧−(

𝜕𝑧

2
)

−  𝑝|
𝑧+(

𝜕𝑧

2
)
)  − 𝜎𝜏𝑈∆𝑧 − 𝜌𝑔∆𝑉 sin𝜑. (8) 

The energy of the fluid, related to unit mass, must be ana-

lysed as a sum of internal, kinetic and potential energy:  

 𝑒 =
𝑣2

2
+ 𝑔𝑧 sin𝜑 + 𝑢. (9) 

 

Fig. 4. The control areas containing points 7 and 24. 

 

Fig. 5. The control area containing point 36. 
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For the purpose of this analysis, it was assumed that the work 

done by surface and volume forces is negligible. After rearran- 

gements presented in [22], Eq. (9) can be presented in the form 

of a differential equation with separable variables: 

 
𝜕𝑖

𝜕𝜏
= (1 −

1

𝜌

𝜕𝑝

𝜕𝑖
)

−1

(
𝑚̇

𝐴𝜌
(

1

𝜌

𝜕𝑝

𝜕𝑧
−

𝜕𝑖

𝜕𝑧
+

1

𝜌

𝜕𝑝𝜏

𝜕𝑧
) +

4𝛼(𝜃−𝑡)

2𝑟𝑖𝑛𝜌
−

1

𝐴𝜌

𝜕𝑝

𝜕𝜌

𝜕𝑚̇

𝜕𝑧
). (10) 

By using the method presented in [24], balance equations for 

fluid can be solved and written in a form presented below for 

each time step “τ” and each spatial step “j”, with space deriva-

tives on the left side of the equation and time derivatives re-

placed with difference quotients on the right side. Therefore, the 

following equations were applied to the numerical model: 

 the energy balance equation: 

 
𝑑𝑖𝑗

𝜏

𝑑𝑧
=

𝐴𝜌𝑗
𝜏−∆𝜏

𝑚̇𝑗
𝜏−∆𝜏 (−

𝑖𝑗
𝜏−𝑖𝑗

𝜏−∆𝜏

∆𝜏
+ 4𝛼𝑗

𝜏−∆𝜏‧
𝜃𝑗

𝜏−∆𝜏−𝑡𝑗
𝜏−∆𝜏

2𝑟𝑖𝑛𝜌𝑗
𝜏−∆𝜏 ), (11) 

where the density of the fluid can be found as a function of en-

thalpy and pressure of the fluid: 

 𝜌𝑗
𝜏 = 𝑓(𝑖𝑗

𝜏, 𝑝𝑗
𝜏−∆𝜏), (12) 

 the mass balance equation: 

 
𝑑𝑚̇𝑗

𝜏

𝑑𝑧
= −𝐴

𝜌𝑗
𝜏−𝜌𝑗

𝜏−∆𝜏

∆𝜏
, (13) 

 the momentum balance equation: 

  
𝑑

𝑑𝑧
(

(𝑚̇2)
𝑗

𝜏

𝐴2 𝜌𝑗
𝜏 + 𝑝𝑗

𝜏) = −
1

𝐴

(𝑚̇2)
𝑗

𝜏
−(𝑚̇2)

𝑗

𝜏−∆𝜏

∆𝜏
−

𝑑𝑝𝜏

𝑑𝑧
− 𝜌𝑗

𝜏𝑔 sin𝜑. (14) 

Using the relations (11)−(14), the parameters of the fluid in 

each cross-section of the tube can be determined in each time 

step. In the proposed model, the heat transfer coefficient for the 

supercritical fluid flow is calculated on the inner surface of the 

tube by using the dependency determined by Kitoh et al. [25]. 

In order to compare the temperature distributions in the wa-

terwall tubes connected by fins of different widths, the operating 

conditions of a supercritical boiler working in the supercritical 

stage were used. The geometrical parameters of tubes and fins 

in the first case were adopted directly from the combustion 

chamber walls geometry; in the second case, the width of fins 

between tubes was increased. The working fluid is single-phase 

because its thermodynamic parameters exceed the water critical 

point parameters. A model was developed that allows online cal-

culation of parameters of waterwall tubes and working fluid, in 

which the assumptions mentioned below were taken into ac-

count. 

The fluid temperature inside the tubes was assumed to be 

constant; it is also assumed that the parameters of the fluid in the 

entire cross-section of the tube are the same. Equations for 

points “1” and “106” located at the ends of the analysed frag-

ment of the cross-section of the combustion chamber wall  

(Fig. 3) can be determined assuming the symmetry of parame-

ters for adjacent characteristic points. For the purpose of this 

analysis, it was assumed that the work done by surface and vol-

ume forces is negligible. To approximate the actual simulation 

conditions, a plane strain state was assumed, meaning that there 

was no deformation in the Z-axis direction perpendicular to the 

analysed cross-section. One side of the model was fixed to  

a point, and the other side was blocked from moving relative to 

the Y-axis. 

The most important adopted parameters are: 

 mass flow per tube: ṁ = 0.77 kg/s, 

 water pressure at the tube inlet: pin = 299.6 bar, 

 waterwall tube material: 16Mo3 steel, 

 outer tube diameter: do = 33.7 mm, 

 tube wall thickness: δtw = 6.1 mm, 

 tube spacing: s1 = 50 mm (case 1), s2 = 58.15 mm (case 2). 

For the purpose of the analysis, it was assumed that the av-

erage heat flux would vary with the height of the combustion 

chamber according to the characteristics shown in Fig. 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The analysed waterwall tubes are 166.5 m long, and the as-

sumed step along the tube length (along the Z axis) is 0.75 m. 

The entire analysed model was divided into 222 levels with a to-

tal number of characteristic points equal to 23 532. 

The comparison of temperature values obtained in both cases 

is presented in the next chapter. 

4. Results and discussion 

Two cases of heating of the system were analysed, consisting of 

three tubes connected by fins. In each case, the heat flux on the 

centre tube was by 50% higher than that on the outer tubes. In 

the second case, the tube spacing was increased from 50 mm to 

58.15 mm to compare the temperature and thermal stress distri-

bution in cross-sections of the analysed tubes. 

The temperature distribution at the characteristic points ob-

tained from the developed numerical algorithm was imported 

into the ANSYS environment as input data and graphically in-

terpolated. Thermodynamic parameters of the material were de-

termined according to data provided by the steel manufacturer.  

 

Fig. 6. Distribution of the average heat flux at the furnace waterwalls 

along the height of the combustion chamber. 
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The mounting conditions for the analysed tube cross-sections 

and connecting fins were determined, allowing for the simula-

tion of the operating conditions of the entire combustion cham-

ber wall section. On the basis of the imported temperature dis-

tribution and determined parameters, the static distribution of 

the thermal stresses is calculated. Due to the relatively simple 

geometry analysed in this single case, a 0.25 mm quadrangular 

mesh was applied to the system. 

The temperature distributions obtained using the numerical 

model for the case with “standard” tube spacing (fin width is 

equal to 16.3 mm) are presented in Figs. 7−9, for the case with 

wider tube spacing (fin width is equal to 24.45 mm) in  

Figs. 10−12. The thermal stress distributions for the case with 

“standard” tube spacing are presented in Figs. 13−15, for the 

case with a wider tube spacing in Figs. 16−18.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. The temperature distribution in the cross-section of the analysed system with "standard" tube spacing at a distance of 40 m from the tube inlet. 

 

Fig. 8. The temperature distribution in the cross-section of the analysed system with "standard" tube spacing at a distance of 80 m from the tube inlet. 

 

Fig. 9. The temperature distribution in the cross-section of the analysed system with "standard" tube spacing at a distance of 120 m from the tube inlet. 
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Fig. 10. The temperature distribution in the cross-section of the analysed system with a wider tube spacing at a distance of 40 m from the tube inlet. 

 

Fig. 11. The temperature distribution in the cross-section of the analysed system with a wider tube spacing at a distance of 80 m from the tube inlet. 

 

Fig. 12. The temperature distribution in the cross-section of the analysed system with a wider tube spacing at a distance of 120 m from the tube inlet. 
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Fig. 13. The thermal stress distribution in the cross-section of the analysed system with "standard" tube spacing at a distance of 40 m from the tube inlet. 

 

Fig. 14. The thermal stress distribution in the cross-section of the analysed system with "standard" tube spacing at a distance of 80 m from the tube inlet. 

 

Fig. 15. The thermal stress distribution in the cross-section of the analysed system with "standard" tube spacing at a distance of 120 m from the tube inlet. 



Influence of spacing of waterwall tubes on their operating parameters 

 

95 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 16. The thermal stress distribution in the cross-section of the analysed system with wider tube spacing at a distance of 40 m from the tube inlet. 

 

Fig. 17. The thermal stress distribution in the cross-section of the analysed system with wider tube spacing at a distance of 80 m from the tube inlet. 

 

Fig. 18. The thermal stress distribution in the cross-section of the analysed system with wider tube spacing at a distance of 120 m from the tube inlet. 
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Due to the analysis of a small section of the combustion 

chamber wall, correctly representing the conditions occurring at 

the edges of the analysed area was a significant challenge. As it 

was mentioned before, to approximate the actual simulation 

conditions, a plane strain state was assumed, meaning that there 

was no deformation in the Z-axis direction perpendicular to the 

analysed cross-section. One side of the model was fixed to  

a point, and the other side was blocked from moving relative to 

the Y-axis. 

To compare the stresses occurring in the cross-sections of 

the analysed system depending on the length of the fins connect-

ing the tubes, thermal stress values were determined at the cen-

tres of the cross-sections of both fins; they are presented in Tab-

le 1. Differences between the stress values for each fin in the 

same cross-section result from the previously described method 

of mounting the analysed model.  

To facilitate the search for relationships between the ob-

tained stress and temperature values at the analysed points of the 

system, Table 2 presents the temperature values at points mar-

ked with numbers "36" and "71", located at the centres of the 

fins, for each of the analysed cross-sections of the tubes and fins 

connecting them. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Conclusions 

A new model for determining the distribution of thermal stresses 

in fragments of combustion chamber walls for the considered 

cases of tube assembly with different tube spacing was pre-

sented. The proposed algorithm allows calculating thermody-

namic parameters of the working fluid and wall material for each 

control volume of the analysed model in each time step. By us-

ing this model, it is possible to calculate temperature values in 

36 characteristic points of the cross-section of each tube con-

nected with fins. The obtained temperature values are close to 

the temperature distributions obtained in other scientific papers 

and by using CFD software.  

The novelty of this paper is the comparison of thermal stress 

values for systems with identical input parameters of the work-

ing medium and identical values of the specific heat flux inci-

dent on the combustion chamber walls, but with different spac-

ing widths of the waterwall tubes. This allows for an analysis of 

the effect of the fin width between the tubes on the temperatures 

and thermal stresses obtained at the centres of fins.  

The obtained temperature and thermal stress distributions in-

dicate that as the fin width between the tubes increases, so do 

the temperatures and thermal stresses. The analysis allows us to 

conclude that in areas with high heat flux to the combustion 

chamber walls, it would be beneficial to reduce the spacing of 

the waterwall tubes to reduce thermal stresses and minimise the 

risk of damage resulting from exceeding the permissible operat-

ing temperatures for the metals from which the tubes and fins 

are made. 
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1. Introduction 

In recent years, the combination of rapid population expansion 

and intensified industrial activity has significantly increased 

global energy consumption. This rising demand continues to de-

pend largely on traditional fuels  coal, petroleum and natural 

gas  which are not only diminishing quickly but also causing 

substantial  environmental  harm.  Consequently,  the search  for 
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Abstract 

Solar air heaters are attractive for low-carbon thermal applications, but their performance is constrained by weak convective 
heat transfer in the near-wall region. In this work, a single-pass rectangular solar air heater duct equipped with spherical turbu-
lators is investigated numerically and then accelerated using machine-learning surrogate models for rapid prediction of thermal–
hydraulic responses. Five turbulator arrangements (V-, M-, W-shaped, inclined, and arc-shaped) were evaluated at three discrete 
spacing levels (pitch ratio P/D = 3, 6, 9) with a constant sphere diameter of 25 mm over Re = 3500–23 500, consistent throughout 
all the simulations. The computational fluid dynamics model employed a constant heat flux of 1000 W/m2 and standard pres-
sure–velocity coupling/discretisation practices, and was validated against established previous work. A leakage-safe machine-
learning dataset (675 samples, 36 variables) was constructed from computational fluid dynamics outputs and physics-informed 
engineered features; models were trained using geometry-grouped cross-validation to ensure generalisation across turbulator 
arrangements and spacing levels. Among candidate regressors, histogram gradient boosting provided the best Nu surrogate 
(OOF RMSE = 3.299, R2 = 0.9908, MAPE = 2.44%), while ridge regression yielded the most accurate friction factor surrogate 
(OOF RMSE = 4.70×10−4, R2 = 0.9886, MAPE = 1.12%). The combined computational fluid dynamics and machine-learning 
framework enables fast, reliable evaluation of solar air heater thermo-hydraulic performance for configuration screening and 
optimisation within the validated operating envelope. 

Keywords: Solar air heater; Spherical turbulator; Thermo-hydraulic performance; Surrogate modelling; Gradient boosting; 
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Nomenclature 

A ‒ cross section area, m2 

Cp ‒ specific heat of air, J/(kg‧K) 

D ‒ diameter, m 

F ‒ friction factor 

h ‒ heat transfer coefficient, W/(m2‧K) 

k ‒ turbulent kinetic energy, J/kg 

ka ‒ thermal conductivity, W/(m‧K) 

M ‒ mass flow rate of air, kg/s 

Nu ‒ Nusselt number 

p ‒ pressure, kPa 

Δp ‒ pressure drop, N/m2 

P ‒ pitch, perimeter, m 

P/D‒ relative roughness pitch 

Pr ‒ Prandtl number 

q ‒ heat flux, W/m2 

R2 ‒ coefficient of determination or R-squared 

Re ‒ Reynolds number 

t ‒ thickness, m 

T ‒ temperature, K 

UL ‒ head loss coefficients, W/(m2‧K) 

u, υ, w ‒ velocity components in x, y and z direction, m/s 

V ‒ mean flow velocity, m/s 

W ‒ channel width, mm 

x, y, z ‒ coordinates, m 

 

Greek symbols 

ε ‒ turbulence-specific dissipation rate, m2/s3 

 – dynamic viscosity of air, N s/m2  

ν, νT‒ kinematic viscosity, eddy viscosity, m2/s 

ρ ‒ density of air, kg/m3 

 

Subscripts and Superscripts 

in ‒ inlet 

out ‒ outlet 

r – roughened 

s – smooth  

 

Abbreviations and Acronyms 

ANN ‒ artificial neural networks 

ASHRAE‒ American Society of Heating, Refrigerating and Air Condi-

     tioning Engineers 

CFD ‒ computational fluid dynamics 

CNN ‒ convolutional neural network 

ML  ‒ machine-learning 

EDA ‒ exploratory data analysis 

GA  ‒ genetic algorithms 

HistGB ‒ histogram-based gradient boosting 

MAE ‒ mean absolute error  

MAPE ‒ mean absolute percentage error 

MLP ‒ multi-layer perceptron 

OOF ‒ out-of-fold 

PSO ‒ particle swarm optimisation 

RF  ‒ random forest 

RMSE ‒ root mean squared error 

RNG ‒ re-normalisation group 

SAH ‒ solar air heater 

SIMPLE ‒ semi-implicit method for pressure-linked equation 

SST ‒ shear stress transport 

ST  ‒ spherical turbulators 

SVM ‒ support vector machine  

SVR ‒ support vector regression 

THPP ‒ thermo-hydraulic performance parameter  

clean and sustainable energy options has become critical. Re-

newable resources such as solar, biomass and hydropower have 

gained attention as viable alternatives, with solar energy emerg-

ing as particularly important because of its wide availability, es-

pecially in high-insolation regions like India. Thus, utilising so-

lar energy has become essential in the worldwide move toward 

environmentally responsible power production. Solar energy 

serves numerous purposes, including water heating [1], space 

cooling [2], cooking [3], and purification [4]. Among these ap-

plications, solar air heating is especially significant in colder re-

gions. A solar air heater (SAH) is a cost-effective and environ-

mentally friendly system that absorbs solar radiation to enable 

heat transfer [5].  

Its straightforward structure, minimal maintenance needs, 

and freedom from fossil fuels make it suitable for both domestic 

and industrial heating. Despite these advantages, SAHs face 

a key drawback: their thermal efficiency remains low because 

of insufficient heat transfer between the absorber plate and the 

air passing over it [6]. 

SAH systems typically consist of an absorber plate that col-

lects incoming solar radiation, a transparent cover that reduces 

thermal losses, and an insulated enclosure that helps retain the 

captured heat. Within a SAH, the air flowing close to the ab-

sorber plate encounters a turbulent boundary layer, creating 

a thin viscous sublayer where heat transfer is limited due to re-

duced air velocity and low thermal conductivity. As a result, the 

overall thermal performance of the system remains restricted un-

der conventional operating conditions. To address this limita-

tion, a variety of passive enhancement techniques have been in-

troduced, such as adding surface roughness features, integrating 

turbulence-generating components, and altering duct configura-

tions. These methods are designed to increase airflow turbulence 

and consequently improve heat transfer. Among the different 

enhancement strategies, artificial roughness has become one of 

the most commonly used and highly effective solutions for 

boosting the thermal efficiency of SAHs [7]. This method in-

volves placing features such as ribs, dimples, or baffles on the 

absorber surface to disrupt the laminar sublayer and strengthen 

heat transfer [8].  

Artificial roughness provides a passive, energy-free means 

of improving thermal output; it is simple to apply, economical, 

and substantially enhances the heat-exchange process. How-

ever, it can also lead to higher frictional losses, making careful 

design optimisation necessary to achieve an appropriate balance 

between increased heat transfer and pressure drop. Numerous 

studies have investigated the ideal configuration of roughness 

elements in SAHs through both computational analyses and ex-

perimental studies. 

Chaube et al. [9] carried out a two-dimensional numerical 

analysis using the shear stress transport (SST) k–ω turbulence 

model to examine the effects of various rib geometries on heat 

transfer and airflow characteristics in a single-pass solar air 
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heater. Among the rib configurations tested  rectangular, cham-

fered, square, circular and semi-circular  the chamfered design 

produced the greatest heat transfer enhancement, whereas rec-

tangular ribs delivered the highest thermo-hydraulic efficiency 

by offering an optimal balance between thermal improvement 

and pressure drop. This study highlights the critical role of rib 

shape in boosting the performance of solar air heaters. In another 

investigation, Kumar and Saini [10] performed numerical simu-

lations on a SAH equipped with arc-shaped ribs over a Reynolds 

number range of 6000–18 000 and relative roughness heights 

between 0.0299 and 0.0426. Their work demonstrated that, 

among multiple turbulence models assessed, the re-normalisa-

tion group (RNG) k–ε model provided the most reliable predic-

tions. Yadav and Bhagoria [11] numerically evaluated the influ-

ence of circular transverse wire ribs on SAH performance and 

found that the ribbed arrangement increased the Nusselt number 

by up to 2.6 times, achieving a maximum thermo-hydraulic per-

formance factor of 1.8. Al-Chlaihawi et al. [12] also carried out 

a numerical study in which they employed a combination of 

transverse trapezoidal ribs and chamfered grooves to enhance 

thermal behaviour in a SAH duct. Their analysis explored pa-

rameters such as relative roughness pitch, relative roughness 

height and Reynolds number, leading to optimised values of im-

proved performance. Additionally, they proposed new correla-

tions for predicting both the Nusselt number and friction factor. 

Manjunath et al. [13] investigated the use of spherical turbu-

lence promoters and reported as much as a 2.45-fold increase in 

heat transfer, accompanied by a moderate rise in friction factor 

and a thermo-hydraulic performance factor (THPF) of 1.74, 

demonstrating their effectiveness in enhancing system perfor-

mance. Maithani et al. [14] employed wavy delta-winglet vortex 

generators in rectangular ducts, producing swirling airflow that 

improved heat transfer by 30–40% compared to smooth ducts 

while maintaining the performance evaluation criterion (PEC) 

greater than 1, despite the associated rise in pressure drop. In 

a separate study, Manjunath et al. [15] examined absorber plates 

incorporating sinusoidal wave patterns and found that an opti-

mised configuration  with a wavelength of 1.0 and an aspect 

ratio of 1.5  raised the thermal efficiency by 12.5%, although 

an increased pumping power was required. Researchers have 

also explored a wide range of fin configurations to enhance SAH 

performance, including pin fins [16], stepped cylindrical turbu-

lence generators [17], helicoidal spring-shaped fins [18], and 

others. 

Drawing inspiration from geometric shapes of the English 

alphabet letters, numerous researchers have investigated how al-

phabet-shaped ribs affect the heat transfer and flow characteris-

tics of solar air heaters (SAHs). Taslim et al. [19] and Olsson 

and Sunden [20] analysed heat transfer in square channels and 

found that V-shaped ribs performed better than both inclined 

and transverse ribs in enhancing thermal output. Momin  

et al. [21] experimentally evaluated the effects of rib height and 

attack angle on heat transfer and flow behaviour in SAHs 

equipped with V-shaped wire ribs, confirming that V-shaped 

ribs achieve higher thermal efficiency than inclined rib configu-

rations under comparable conditions. Lanjewar et al. [22] car-

ried out an experimental study on SAHs incorporating W-sha-

ped wire rib roughness and reported that W-shaped ribs sur-

passed V-shaped ribs in overall thermo-hydraulic performance. 

Ghildyal et al. [23] compared D-shaped, reverse D-shaped and 

U-shaped turbulators, determining that U-shaped designs 

achieved the greatest Nusselt number and overall thermo-hy-

draulic performance, while the D-shaped turbulator exhibited 

the highest friction factor. In a subsequent study, Ghildyal  

et al. [24] showed that W-contoured turbulators delivered the 

best thermal efficiency when benchmarked against tapered and 

reverse-tapered variants over Reynolds numbers ranging from 

4000 to 18 000. Bohra et al. [25] demonstrated that Z-shaped 

baffles mounted on the absorber plate significantly improved 

SAH performance, with the highest efficiency obtained at  

a blockage ratio of 0.3, a pitch ratio of 1.5, and a baffle angle of 

45° for Reynolds numbers between 5000 and 10 000. Similarly, 

Chaudhari et al. [26] identified that inverted L-shaped ribs with 

a roughness pitch of 17.86 achieved maximum exergy efficiency 

at a heat flux of 1000 W/m2. Kumar et al. [27] analysed a hybrid 

roughness configuration combining S-shaped ribs and protru-

sions to further improve heat transfer.  

Alhilali et al. [28] employed I-shaped ribs in a two-dimen-

sional numerical study and reported that they enhanced the 

Nusselt number by 2.498–2.978 times and increased the friction 

factor by 2.812–4.393 times. Extending these concepts to paral-

lel-plate heat exchangers, Chtourou et al. [29] utilised Y-shaped 

and C-shaped obstacles, observing a maximum thermo-hydrau-

lic performance parameter (THPP) of approximately 1.44 for  

Y-shaped ribs and around 2.6 for C-shaped ribs. In a follow-up 

study, Chtourou et al. [30] refined the Y-shaped geometry into 

classical, fragmental and fractal variants and assessed their be-

haviour in rectangular and triangular arrangements. Among all 

designs, the fragmental Y configuration arranged triangularly 

yielded the highest thermo-hydraulic performance. Beyond the-

se, researchers have also explored novel rib geometries such as 

plus (+)-shaped turbulators [31] and hook-shaped ribs [32]. 

Beyond rib geometry, the orientation or layout of ribs on the 

absorber plate significantly influences the underlying flow be-

haviour. When a transverse rib is placed in the passage, it gen-

erates a pair of vortices on its upstream and downstream sides. 

These vortices tend to remain relatively stationary compared 

with the bulk airflow, causing elevated temperatures within the 

vortex regions and near the wall, which ultimately decreases the 

local heat transfer rate. In contrast, an inclined rib allows the 

vortical structures to convect along the rib’s length  fluid enters 

near the leading edge and exits toward the trailing edge, reat-

taching to the primary stream. This motion introduces secondary 

flow patterns that sweep across the channel width, producing 

marked spatial differences in heat transfer. Consequently, the 

rib's inclination angle becomes just as important as its height and 

pitch in enhancing thermal transport performance [33]. Several 

rib orientations have been examined in the literature, including 

inclined [34], transverse [35], V-shaped [36], and others. 

Artificial neural networks (ANNs) have become useful tools 

in SAH research because they can model nonlinear relationships 

among operating conditions, geometry, heat transfer, friction 

loss and thermal performance. Ghritlahre et al. [37] used rele-

vant input parameters to predict the performance of a solar air 
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heater through an ANN model. Bhattacharyya et al. [38] devel-

oped an ANN-based model for a solar-air-heater tube and pre-

dicted the Nusselt number and thermo-hydraulic efficiency with 

high accuracy. Ghritlahre and Prasad [39] also used MLP, 

GRNN and RBF neural-network models to predict the exergetic 

performance of solar air heaters, showing the suitability of 

ANN-based models for solar thermal performance estimation. 

Recent studies have extended this direction by combining 

CFD-generated data with machine-learning models. Alatawi 

[40] integrated CFD and ML for solar air heaters with distinct 

rib configurations and reported that a CNN model outperformed 

random forest regression and support vector regression in pre-

dicting heat transfer coefficients. Review evidence also shows 

that intelligent methods are increasingly used for solar heater 

prediction and optimisation [41]. However, many earlier CFD-

ML studies still focus mainly on prediction accuracy and do not 

fully test geometry-wise generalisation under leakage-safe 

grouped validation. The present study addresses this limitation 

by using a geometry-grouped surrogate framework for spheri-

cal-turbulator solar air heaters. 

Despite these advances, three important gaps remain in the 

current CFD-ML literature on solar air heaters. First, most prior 

studies emphasise prediction accuracy for one or more perfor-

mance parameters, but do not evaluate whether the surrogate can 

generalise to previously unseen geometry groups under leakage-

safe grouped validation. Second, many studies focus on conven-

tional ribbed or finned geometries, whereas geometry-specific 

surrogate modelling for spherical-turbulator layouts and their ar-

rangement-dependent thermo-hydraulic ranking remains lim-

ited. Third, several CFD-ML studies report fast prediction, but 

do not connect surrogate performance to a clear design outcome 

through frozen-holdout testing, uncertainty bounds, and thermo-

hydraulic selection of the best configuration. The present work 

addresses these gaps by combining validated CFD simulations 

with a grouped and leakage-safe surrogate framework for five 

spherical-turbulator arrangements, followed by frozen-holdout 

evaluation, bootstrap-based uncertainty quantification, and ther-

mo-hydraulic performance parameter (THPP)-based design ran-

king. 

The objectives of the present work are fivefold:  

1) to construct a supervised CFD-derived dataset for solar air 

heaters equipped with spherical turbulators, using operat-

ing and geometric descriptors, including the Reynolds 

number, configuration, and pitch ratio, to predict the 

Nusselt number (Nu) and friction factor (f);  

2) to establish a transparent and reproducible data-preparation 

workflow with explicit feature documentation and leakage 

control for tabular thermo-fluid surrogate modelling;  

3) to design a geometry-aware evaluation framework based 

on configuration × pitch grouping, grouped cross-valida-

tion, and a frozen geometry-grouped holdout test so that 

generalisation is assessed on unseen layouts rather than 

near-duplicate cases;  

4) to benchmark multiple regression surrogates and identify 

the most reliable predictor for each target, together with 

bootstrap-based uncertainty estimates for design-screening 

reliability;  

5) to translate the CFD-ML workflow into a practical thermo-

hydraulic design outcome by ranking the investigated 

spherical-turbulator configurations using THPP and identi-

fying the best-performing arrangement within the investi-

gated design space. 

In this way, the contribution of the study lies not only in re-

placing repeated CFD runs with fast surrogates, but in providing 

a geometry-aware, uncertainty-supported and design-oriented 

CFD-ML framework for configuration screening of spherical-

turbulator solar air heaters. 

2. Solar air heater geometry and different  

configurations 

The present work examines a SAH equipped with spherical tur-

bulators through both analytical formulation and numerical sim-

ulation. A schematic representation of the system is shown in 

Fig. 1, where spherical elements are positioned beneath the ab-

sorber plate to intensify heat transfer. 

The duct has a rectangular cross-section with a width of  

0.15 m, a height of 0.03 m and an overall length of  1.85 m,  con-

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

sisting of a 0.35 m inlet, a 1.20 m heating region and a 0.30 m 

outlet. The design of SAH follows the recommendations speci-

fied in American Society of Heating, Refrigerating and Air Con- 

ditioning Engineers (ASHRAE) Standard 93−77 [13,42]. 

The absorber plate extends across the active heating zone 

and captures solar radiation before conveying thermal energy to 

 

Fig.1. Layout of SAH duct with cross-sectional view and zoomed view. 
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the air flowing beneath it. Spherical turbulators with a diameter 

of 25 mm are arranged in uniformly spaced rows along the un-

derside of the plate. Their placement is intended to disrupt the 

boundary layer, induce turbulence, and thereby elevate the con-

vective heat transfer coefficient. The cross-sectional view illus-

trates the positioning of the spheres within the flow passage, 

while the magnified view depicts their specific layout pattern. 

Each configuration of spherical turbulators is designed to en-

hance heat transfer effectiveness while controlling pressure 

losses to achieve improved thermo-hydraulic performance. 

This study investigates how various orientations of spherical 

turbulators influence the thermal and flow behaviour of SAHs. 

To facilitate this analysis, five separate configurations were for-

mulated, each featuring a distinct pattern of turbulators posi-

tioned beneath the absorber plate. The examined arrangements 

include V-shaped, M-shaped, W-shaped, inclined and arc-

shaped layouts, all intentionally designed to modify airflow 

characteristics and intensify turbulence within the duct. A top-

view representation of these configurations is shown in Fig. 2, 

illustrating the placement and directional alignment of the spher-

ical turbulators across the absorber plate region for each design. 

This comparative framework allows for a systematic assessment 

of the impact that different turbulator patterns have on heat tran-

sfer augmentation and overall thermo-hydraulic performance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In every design considered, the spherical turbulators were 

kept at a constant diameter of 25 mm to maintain uniformity in 

geometry. This specific size was chosen because earlier findings 

by Manjunath et al. [13] indicated that a 25 mm sphere provides 

the highest thermal and effective efficiency. For all configura-

tions, the angle of attack was maintained at 60°. Additionally, 

each turbulator pattern was evaluated at three different relative 

roughness pitch values  3, 6 and 9  to assess how variations 

in spacing and arrangement affect the overall thermo-hydraulic 

performance of the system. 

3. CFD and ML modelling 

3.1. CFD numerical model 

To perform the numerical analysis of SAHs, several founda-

tional assumptions were introduced to streamline the computa-

tional framework and maintain reliable simulation results. These 

assumptions include: 

 The working fluid  air  is treated as a Newtonian, con-

tinuous medium with consistent flow characteristics across 

the entire domain; 

 The airflow is considered incompressible, meaning density  

variations during motion are assumed to be negligible; 

 A no-slip condition is applied to all solid boundaries, en-

suring the fluid velocity at the wall is equal to the wall ve-

locity; 

 The thermo-physical properties of air, such as density, vis-

cosity, thermal conductivity and specific heat, are assumed 

to remain constant throughout the simulation; 

 Heat transfer is modelled through conduction and convec-

tion only, while thermal radiation effects are regarded as 

minimal and therefore omitted from the analysis. 

3.1.1. Conservation equations and boundary conditions 

Any thermodynamic system operating over a specified duration 

must satisfy the fundamental conservation principles of mass, 

momentum and energy. The Cartesian form of these governing 

equations  continuity, momentum, and energy  is expressed 

as follows [43,44]: 

 mass conservation: 

 
𝜕𝑢 

𝜕𝑥
 + 

𝜕𝑣

𝜕𝑦
 + 

𝜕𝑤

𝜕𝑧
 = 0, (1) 

 momentum conservation: 

 (Mx): 
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Fig. 2. Various arrangement of spherical turbulators in SAHs (a) inclined arrangement, (b) arc-shaped arrangement,  

(c) M-shaped arrangement, (d) W-shaped arrangement (e) V-shaped arrangement.  
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 (My): 
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 (Mz): 
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 = 

𝜕

𝜕𝑥
[( + 𝑇)

𝜕𝑤

𝜕𝑥
]+  

 +
𝜕

𝜕𝑦
[( + 𝑇)

𝜕𝑤

𝜕𝑦
]+

𝜕

𝜕𝑧
[( + 𝑇)

𝜕𝑤

𝜕𝑧
]+(−

1



𝜕𝑝

𝜕𝑧
 + 𝑠𝑤

,
), (4) 

 energy equation: 

 
𝜕𝑇

𝜕𝑡
 + 

𝜕(𝑢𝑇)

𝜕𝑥
 + 

𝜕(𝑣𝑇)

𝜕𝑦
 + 

 𝜕(𝑤𝑇)

𝜕𝑧
 = 

𝜕

𝜕𝑥
[(



Pr
+

𝑇

Pr𝑇
)

𝜕𝑇

𝜕𝑥
] +  

 +
𝜕

𝜕𝑦
[(



Pr
+

𝑇

Pr𝑇
)

𝜕𝑇

𝜕𝑦
] +  

𝜕

𝜕𝑧
[(



Pr
+

𝑇

Pr𝑇
)

𝜕𝑇

𝜕𝑧
] + 𝑆𝑇 , (5) 

where 𝑠𝑢
, , 𝑠𝑣

, , 𝑠𝑤
,

 and ST are additional source terms in the 

momentum equation in the x-direction, y-direction, z-di-

rection, and in the energy equation, respectively. 

 turbulence equations: 

 (k): 

 
𝜕𝑘

𝜕𝑡
 +  

𝜕(𝑢𝑘)

𝜕𝑥
 +  

𝜕(𝑣𝑘)

𝜕𝑦
 +  

 𝜕(𝑤𝑘)

𝜕𝑧
 =   

𝜕

𝜕𝑥
[(

𝑇

𝜎𝑘

 𝜕𝑘

𝜕𝑥
 )]+  

 +
𝜕

𝜕𝑦
[(

𝑇

𝜎𝑘

 𝜕𝑘

𝜕𝑦
 )] +  

𝜕

𝜕𝑧
[(

𝑇

𝜎𝑘

 𝜕𝑘

𝜕𝑧
 )] + (P – D), (6) 

 (ε): 

 
𝜕𝜀

𝜕𝑡
 + 

𝜕(𝑢𝜀)

𝜕𝑥
 + 

𝜕(𝑣𝜀)

𝜕𝑦
 + 

 𝜕(𝑤𝜀)

𝜕𝑧
 = 

𝜕

𝜕𝑥
[(

𝑇

𝜎𝜀

 𝜕𝜀

𝜕𝑥
 )] +  

 +
𝜕

𝜕𝑦
[(

𝑇

𝜎𝜀

 𝜕𝜀

𝜕𝑦
 )] +  

𝜕

𝜕𝑧
[(

𝑇

𝜎𝜀

 𝜕𝜀

𝜕𝑧
 )] + (

𝜀

𝑘
 (𝐶𝜀1 P – 𝐶𝜀2D)), (7) 

where 

 P = 2𝑇 [(
𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝑣

𝜕𝑦
)

2

+ (
𝜕𝑤

𝜕𝑧
)

2

] +  

 +𝑇 [(
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
)

2

+ (
𝜕𝑣

𝜕𝑧
+

𝜕𝑤

𝜕𝑦
)

2

+ (
𝜕𝑤

𝜕𝑥
+

𝜕𝑢

𝜕𝑧
)

2

], (8) 

 D = ε,  

where Cε1 and Cε2 are the model constants with values of 1.44 

and 1.92, respectively. The turbulence kinetic energy magnitude 

is indicated by (k), turbulence-specific dissipation rate is shown 

by (ε), and the eddy viscosity is indicated by (νT).  

The k–ε turbulence model is selected for the CFD evaluation 

of the solar air heater because it delivers reliable, experimentally 

validated predictions of turbulent flow and heat transfer in ducts 

with surface roughness, while also offering good computational 

efficiency. Numerous numerical investigations and review stud-

ies on solar air heaters have shown that the re-normalisation 

group (RNG) variant of the k–ε model closely matches experi-

mental findings for absorber plates equipped with roughness el-

ements [23–25,27,28,31,32,38].  

A constant heat flux of 1000 W/m2 was applied to the ab-

sorber plate. The inlet flow conditions were defined for Reyn-

olds numbers ranging from 3500 to 23 500 [13,15,16]. In this 

analysis, velocity inlet and pressure outlet conditions were im-

posed at the entrance and exit of the duct. The incoming air en-

tered with a steady, uniform velocity and an initial temperature 

of 300 K. Since the flow is driven by pressure, the outlet pres-

sure was maintained at 1.013×105 Pa. The boundary conditions 

used in the numerical simulations are summarised in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The interaction between the pressure and velocity fields in 

the numerical simulation was handled through the SIMPLE 

(semi-implicit method for pressure-linked equations) algorithm. 

This iterative procedure maintains mass conservation by repeat-

edly adjusting both pressure and velocity until a stable solution 

is reached. To solve the discretised momentum and energy equa-

tions, a second-order upwind scheme was employed, offering 

improved numerical precision by accounting for flow direction 

and reducing artificial diffusion. 

The geometric setups and operating parameters applied 

throughout the analysis are compiled in Table 2, which presents 

the essential inputs utilised in the simulations. 

 

 

 

 

 

 

 

 

 

 

 

Table 1. Computational domain boundary conditions [44]. 

Boundary 
domain 

Zone 
type 

Boundary condition 

Inlet 
Ve-

locity 
inlet 

The velocity for a fully developed flow  
is computed according to the associated 

Reynolds number. 
w  = Vin ,      u = v = 0,      T = Tin = 300 K 

Outlet 
Pres-
sure 

outlet 

(
∂V

∂z
)

z=L
= 0,       (

𝜕𝑇

𝜕𝑧
)

𝑧=𝐿
= 0, 

At the outlet, the pressure is set to zero 
gauge, and the remaining flow parameters 

are estimated based on values 
from the domain. 

Bottom 
duct wall 

Wall 
Adiabatic wall condition  
with a no-slip boundary.  

u = v = w = 0,        q = 0 W/m2 

Spheres Wall 
Adiabatic wall condition  
with a no-slip boundary. 

u = v = w = 0,        q = 0 W/m2 

Top 
heated 
wall 

Wall 
Uniform constant heat flux condition  

with a no-slip boundary 
u = v = w = 0,         q = 1000 W/m2 

 

Table 2. Geometrical and operating parameters [44].  

Geometrical and operating  
parameters 

Symbol Value/range 

Diameter of sphere (mm) 
Relative roughness pitch 
Specific heat of air (J/(kg‧K)) 
Thermal conductivity of air (W/(m‧K)) 
Dynamic viscosity of air (kg/(s‧m)) 
Reynolds number 

D 
P/D 
Cp 
ka 
μ 

Re 

25 
3, 6 and 9 

1008 
0.026 

1.865× 10−5 
3500–23 500 
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The Nusselt number (Nu) is widely used to evaluate the ef-

ficiency of convective heat transfer inside a SAH channel [45]:  

 Nu =
ℎ𝐷

𝑘𝑎
, (9) 

where the hydraulic diameter D for a rectangular duct is: 

 𝐷 =
4𝐴

𝑃
. (10) 

The heat transfer coefficient h is found using the relation: 

 ℎ =
𝑞

(𝑇𝑠−𝑇𝑏)
, (11) 

where q is the heat flux on the absorber plate, Tₛ is the average 

surface temperature of the heated plate, and Tb represents the 

bulk mean temperature of the airflow. 

The friction factor (f) for fully developed turbulent flow 

through a roughened duct can be found as [46]: 

 𝑓 = 2
[
∆𝑝

𝑙
]𝐷

𝜌𝑉2 , (12) 

where Δp is the difference between the static pressure at the en-

trance and at the exit of the duct 

 ∆𝑝 = 𝑝𝑖𝑛 − 𝑝𝑜𝑢𝑡. (13) 

Lewis [47] introduced the thermo-hydraulic performance pa-

rameter (THPP), which states the following and compares the 

value of thermal gain to that of the frictional loss: 

 THPP = (𝑁𝑢𝑟 𝑁𝑢𝑠)/⁄ (𝑓𝑟 𝑓𝑠⁄ )1/3, (14) 

where Nu and f are the Nusselt number and friction factor, re-

spectively. The parameters with suffix r and s refer to roughened 

and smooth configurations of SAHs.  

3.1.2. Meshing and grid independence test 

The different design configurations were first modelled in Solid-

Works V23, after which the mesh generation and numerical sim-

ulations were carried out using ANSYS V21.0. The computa-

tional domain was discretised using an unstructured tetrahedral 

mesh, which allowed accurate representation of the complex ge-

ometric features of the spherical turbulators and the duct sur-

faces. While prismatic (wedge-type) layers were introduced near 

the walls (top and bottom absorber walls as well as around the 

spherical turbulators) to properly resolve the near-wall flow 

physics like flow separation, recirculation zones and boundary 

layer development, which are critical for predicting heat transfer 

enhancement and frictional losses in the solar air heater duct. 

A total of 5 inflation layers were applied near the solid surfaces 

with a first layer thickness of approximately 0.02 mm and 

a growth rate of 1.2, ensuring adequate resolution of the velocity 

and thermal boundary layers. The resulting dimensionless wall 

distance (y⁺) values were maintained within the acceptable tur-

bulence modelling range of 30–200 for the selected turbulence 

models. The inlet boundary conditions were specified using 

a turbulence intensity of 5% (0.05), which is commonly adopted 

for generic high-speed and internal turbulent flows. The turbu-

lence length scale was defined as 0.07 times the hydraulic diam-

eter of pipe to represent the characteristic size of turbulent ed-

dies at the inlet. 

These mesh structures were created through the ICEM CFD 

module in ANSYS, ensuring smooth element transitions and 

faithful representation of the geometric features. As shown in 

Fig. 3, inflation layers were applied along both the spherical tur-

bulators (ST) and duct walls to effectively resolve near-wall 

flow characteristics during the analysis. The simulations were 

then performed using the Fluent solver integrated in ANSYS 

V21.0.  

A grid independence analysis was performed to verify the 

dependability and accuracy of the computational setup. All con-

figurations were independently subjected to grid‐independence 

testing; however, for clarity and readability, only the inclined 

configuration is presented in the manuscript as a representative 

case. The inclined spherical turbulator configuration of the solar 

air heater (SAH) was evaluated under multiple mesh densities 

while maintaining a constant Reynolds number of 11 000. The 

goal was to determine how changes in mesh resolution influ-

enced the predicted thermal behaviour. Table 3 reports the vari-

ation in Nusselt number as a function of the total cell count. The 

results showed that when the mesh consisted of 1 889 780 ele-

ments, the Nusselt number obtained with the k–ε turbulence 

model differed by only 0.95% from those predicted with finer 

grids. Since this difference is insignificant, additional refine-

ment would not meaningfully improve the accuracy while sig-

nificantly increasing computational time. Therefore, the mesh 

containing 1 889 780 cells was selected for all further simula-

tions to achieve an optimal balance between computational cost 

and solution reliability. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Meshing of SAH fluid flow domain with zoomed view near spherical turbulators.  
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3.1.3. Validation of the present numerical work 

To ensure the accuracy and reliability of the numerical ap-

proach, a validation study was performed in which the results 

from the present SAH simulations were compared with estab-

lished findings from earlier research. The validation involved 

modelling a smooth solar air heater duct without any roughness 

elements. The numerically obtained Nusselt number and friction 

factor were evaluated against well-known theoretical correla-

tions for smooth ducts, specifically, the Gnielinski and Dittus-

Boelter correlations for heat transfer, and the Blasius equation 

for friction factor estimation [45]. For Reynolds numbers below 

10 000, the Gnielinski correlation was applied, while the Dittus-

Boelter correlation was used for Reynolds numbers exceeding 

this range. The Nusselt number and friction factor predicted us-

ing standard kε, RNG kε, realisable kε, standard kω, and 

SST kω turbulence models were evaluated over a Reynolds 

number range of 4000–20 000 and compared with well-estab-

lished empirical correlations (the Gnielinski and Dittus-Boelter 

correlations for the Nusselt number, and the modified Blasius 

equation for the friction factor). The comparison plots in Fig. 4 

added in the revised manuscript show that the RNG kε model 

provides predictions that closely follow the empirical correla-

tions while maintaining stable trends across the entire Reynolds 

number range. Other models either slightly overpredict or devi-

ate from the correlations. Based on this comparative assessment, 

the RNG kε model was selected as it provides reliable agree-

ment with established correlations for both heat transfer and 

flow friction characteristics in the present solar air heater con-

figuration. The comparison showed excellent consistency, with 

average deviations of 3.1% for the friction factor and 4.7% for 

the Nusselt number. 

The Nusselt number for a smooth duct has been calculated 

using the Dittus-Boelter equation for Re > 10 000 and the Gniel-

inski correlation for Re < 10 000, as expressed in Eqs. (15) and 

(16), respectively [39]: 

 Nu𝑠 = 0.023 Re0.8Pr0.4, (15) 

 Nu𝑠 =
(

𝑓

2
)(Re −1000)Pr

1+12.7(
𝑓

2
)

1
2

(Pr
2

3⁄ −1)

, (16) 

where f = (1.58‧ln(Re) – 3.82)−2 and Pr is the Prandtl number.  

The modified Blasius equation presents the friction factor in 

a smooth duct as [40]:  

 𝑓𝑠 = 0.085 Re−0.25. (17) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

An additional validation study was conducted using experi-

mental data, in which the numerical simulation results of a solar 

air heater equipped with V-shaped ribs having a symmetrical 

gap were compared with the corresponding experimental find-

ings reported in [48]. It can be observed from Fig. 5 that the 

Nusselt number increases consistently with the increasing Reyn-

olds number for both approaches, indicating enhanced convec-

tive heat transfer at higher flow rates. The numerical predictions 

closely follow the experimental trend across the entire Reynolds 

number range (4000–20 000), demonstrating good agreement 

between the computational model and the experimental obser-

vations. The deviation between the two datasets appears rela-

tively small, suggesting that the adopted numerical model and 

boundary conditions are capable of reliably predicting the heat 

transfer characteristics of the ribbed channel. However, minor 

discrepancies between experimental and numerical results may 

arise due to several possible sources of error. These include ex-

perimental uncertainties such as thermocouple measurement er-

rors, heat losses to the surroundings, and non-uniform heating 

conditions. Additionally, numerical errors may result from mesh 

discretisation, turbulence model limitations, and simplified as-

sumptions such as steady-state flow or uniform material proper-

ties. Variations in rib geometry during fabrication and slight dif-

ferences in boundary conditions between the experiment and 

simulation may also contribute to the observed differences. 

Overall, the small deviation indicates acceptable validation of 

 

 

Fig. 4. Comparison of numerical results with correlations  

for a smooth duct. 

Table 3. Grid independence test.  

No. Number of cells 
Nusselt number 

values 
Deviation 

(%) 

1 121 5439 96.45  

2 129 4081 92.87 3.71 

3 134 8725 88.29 4.93 

4 144 2977 86.97 1.49 

5 169 5313 85.74 1.41 

6 188 9780 84.2 1.79 

7 201 2542 83.4 0.95 
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the numerical model for predicting the heat transfer behaviour 

of the investigated configuration. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.2. ML surrogate modelling 

High-fidelity CFD provides reliable thermo-hydraulic perfor-

mance predictions for solar air heaters (SAHs) equipped with 

spherical turbulators; however, repeated CFD evaluations be-

come computationally expensive when configuration screening, 

sensitivity analyses, or optimisation are required. To enable 

rapid evaluation over the investigated design space, a supervised 

machine-learning (ML) surrogate model was developed to pre-

dict the Nusselt number (Nu) and friction factor (f) directly from 

the governing operating and geometric descriptors (the Reyn-

olds number and turbulator arrangement, together with the di-

mensionless spacing/ratio parameter used in the numerical cam-

paign). The surrogate is trained on the CFD-derived dataset 

spanning over the range of Re = 3500–23 500 and the three dis-

crete levels of the dimensionless spacing/ratio parameter (3, 6 

and 9), consistent with the simulation campaign. 

For clarity, the ML workflow can be understood as four se-

quential stages: dataset assembly from CFD outputs, cleaning 

and feature construction, leakage-safe grouped model develop-

ment, and final reliability assessment on a frozen holdout set. 

First, CFD cases were compiled into a tabular dataset in which 

each row corresponds to one simulated operating condition and 

geometry combination. Second, the raw descriptors were 

cleaned, standardised, and expanded into engineered features 

that reflect known thermo-fluid scaling behaviour. Third, the 

processed data were split by geometry identity so that similar 

cases from the same configuration-pitch pair did not appear in 

both training and evaluation subsets. Finally, the selected surro-

gate models were assessed using grouped cross-validation and a 

frozen holdout test with uncertainty estimation. A schematic 

overview of this workflow is shown in Fig. 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The ML workflow follows reporting for data-driven surro-

gates: (i) transparent dataset audit and physically consistent 

cleaning, (ii) leakage-safe train-test splitting using geometry-

level grouping, and (iii) exploratory data analysis (EDA) to ver-

ify coverage of the operating envelope and to interpret dominant 

trends prior to model training, as shown in Fig. 7. 

In contrast to many earlier CFD-ML studies that mainly re-

port pointwise prediction accuracy, the present surrogate work- 

flow is structured around geometry-aware generalisation and de-

sign screening. The methodological contribution here is the 

combination of grouped geometry-level splitting, explicit leak-

age control, frozen-holdout validation, uncertainty estimation, 

and post-prediction thermo-hydraulic ranking for spherical-tur-

bulator configurations. This makes the surrogate framework 

more directly relevant for engineering selection tasks than 

a purely accuracy-oriented regression exercise. 

 

Fig. 5. Validation of the CFD model through comparison  

with experimental data for V-shaped rib configuration.  

 

Fig. 6. Schematic overview of the CFD-derived surrogate-modelling workflow. 
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3.2.1. Dataset description 

The compiled dataset contains 675 samples and 36 columns, in-

cluding two supervised targets (Nu and friction factor), categor-

ical descriptors of the turbulator arrangement (configuration,  

5 levels: V-, M-, W-shaped, inclined, arc-shaped), and a dimen-

sionless spacing/ratio parameter stored as P_over_D (three lev-

els: 3, 6, 9). These five configurations correspond to the five 

spherical-turbulator arrangements investigated in the CFD 

study. 

To improve learnability on tabular models, the raw physical 

inputs were augmented with physics-informed feature engineer-

ing, including logarithmic, inverse, square-root and power-law 

transforms of Reynolds number, together with interaction terms 

involving the spacing ratio and indicator variables for configu-

ration class. The complete feature scheme used for ML, includ-

ing raw variables, engineered variables, units, ranges and trans-

formation definitions, is documented in Table 4. To avoid leak-

age, only pre-target operating and geometric descriptors were 

used as predictors; the response variables (Nu and friction fac-

tor), thermo-hydraulic performance metrics derived from them, 

and split-management fields were excluded from model inputs. 

Table 4 distinguishes clearly between raw design inputs, en-

gineered predictors, split-management fields, target variables, 

and derived thermo-hydraulic metrics. Variables such as Nu, 

friction factor and THPP were never supplied to the ML models 

as predictors. Likewise, GROUP_ID and SPLIT were used only 

for grouped evaluation and frozen holdout construction, not for 

training. This separation was enforced to eliminate inadvertent 

target or partition leakage. 

In practical terms, preprocessing was performed in a simple 

sequence. The compiled CFD table was first checked for re-

peated columns, inconsistent names, and missing target values. 

After this audit, categorical labels for configuration were stand-

ardised so that each layout appeared under a single consistent 

name. Numerical inputs were then screened for physical admis-

sibility, retaining only rows with positive Reynolds number, 

positive Nusselt number and positive friction factor. Next, the 

raw design descriptors were transformed into a richer predictor 

set using interpretable mathematical operations such as loga-

rithm, inverse, square-root and power-law terms, together with 

configuration indicators and selected interaction terms. These 

engineered variables were created only from pre-target quanti-

ties and were intended to help the regression models represent 

known nonlinear thermo-fluid behaviour more effectively. 

A conservative audit-and-cleaning protocol was applied to 

ensure that the surrogate is trained on physically meaningful and 

internally consistent samples. Because aggregated datasets may 

occasionally contain repeated fields (e.g., duplicate “Re” col-

umns from concatenation), columns were standardised by trim-

ming/normalising names, and then checked for duplication. Per-

fectly duplicated columns (value-by-value identical) were re-

moved to prevent redundant signals and unstable parameter es-

timation in linear models. When multiple Reynolds-number col-

umns existed, a single canonical Re was selected based on nu-

meric type and completeness. Furthermore, since the task is su-

pervised regression, any sample missing either target (Nu or 

friction factor) was excluded. In the final compiled dataset used 

here, the targets are fully populated (675/675 non-null), which 

avoids bias from imputation on the dependent variables. 

Samples violating basic physical admissibility were removed 

using non-aggressive guards: Re > 0, Nu > 0, friction factor > 0. 

These checks are lightweight but important: they prevent acci-

dental inclusion of corrupted rows (e.g. sign errors) that can dis-

tort loss surfaces and inflate error metrics. 

 

Fig. 7. Overall ML approach flowchart.  

Fig. 8. Train–test split check showing similar Reynolds-number cover-
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Categorical labels were standardised (case/whitespace nor-

malisation) so that the same configuration is not split across 

multiple string variants. This is essential for stable one-hot en-

coding and for geometry-level grouping. A key risk in surrogate 

modelling for engineered thermal systems is data leakage: if 

multiple samples are generated from the same geometry (same 

arrangement and spacing ratio) across many Reynolds numbers, 

a naive random split may place near-identical geometry patterns 

in both training and test sets, inflating apparent generalisation. 

To address this, the dataset was partitioned using a geometry 

identity group: 

 GROUP_ID = 𝑓(Configuration, 𝑒/𝐷),  

where e/D denotes the discrete spacing/ratio level used in the 

parametric campaign (stored as P_over_D in the dataset). This 

grouping produces 15 geometry groups (= 5 configurations ×  

3 spacing levels), aligning with the CFD design-of-experiments 

structure. From the full compiled table, only variables available 

before target evaluation were allowed to enter the predictor ma-

trix. Specifically, the Reynolds number, spacing-ratio infor-

mation, categorical configuration labels, and their engineered 

transforms were retained, whereas Nu, friction factor, THPP, 

SPLIT, and GROUP_ID were not used as predictors. This rule 

was adopted to prevent target leakage and to ensure that the sur-

rogate learns only from quantities that would be known at de-

sign-screening time. A group shuffle split strategy was then used 

to create a frozen holdout test set (20% by groups), ensuring that 

the test set contains geometry groups unseen during training. 

This makes the reported test performance meaningful for design 

screening, because the surrogate is evaluated on genuinely new 

geometry identities rather than interpolating within the same 

group. 

Interpretation and significance. The split-check histogram 

(Fig. 8) is an important diagnostic: it verifies that, even after en-

forcing group disjointness, the Reynolds-number envelope re-

mains comparable across training and test partitions. This re-

duces the chance that performance differences are driven simply 

by different Re ranges rather than by geometry generalisation. 

In other words, the surrogate is forced to learn transferable rela-

tionships between the inputs and (Nu, f), rather than memorising 

a specific configuration’s curve. 

Figure 9 confirms that the dataset spans the complete Reyn-

olds-number and friction factor range investigated in the CFD 

campaign. This coverage is crucial because Nu and friction fac-

tor in roughened ducts are strongly Reynolds-dependent; a sur-

rogate trained on a narrower window would extrapolate unreli-

ably outside its calibration range. From a modelling standpoint, 

the broad Re coverage motivates the inclusion of nonlinear 

Reynolds transforms (e.g. ln Re, Re0.6, Re0.8, 1/Re), which mir-

ror classical convective scaling behaviour and help reduce the 

functional complexity that the regression models must learn. 

As expected for forced convection in internal flows, Nu in-

creases with Re across all configurations (Fig. 10), reflecting en-

hanced mixing and reduced thermal boundary-layer thickness at 

higher flow rates. The separation between configuration-spe-

cific point clouds highlights that the turbulator arrangement is 

not a minor categorical label but a first-order determinant of 

Table 4. Summary of variables used for ML surrogate modelling (targets, raw inputs and engineered features). 

Variable Type Range / Levels Transformation / Definition 
Used as  
predictor 

Leakage 
risk 

Re Raw input 3 500–23 500 Reynolds number from CFD case definition Yes No 

P_over_D (or P/D as 
stored in dataset) 

Raw input 3, 6, 9 Dimensionless pitch/spacing ratio used 
in the design study 

Yes No 

Configuration Raw categorical input V, M, W, Inclined, arc Turbulator layout label Yes No 

Config_V Engineered categorical flag 0, 1 One-hot encoding of V-shaped layout Yes No 

Config_M Engineered categorical flag 0, 1 One-hot encoding of M-shaped layout Yes No 

Config_W Engineered categorical flag 0, 1 One-hot encoding of W-shaped layout Yes No 

Config_inclined Engineered categorical flag 0, 1 One-hot encoding of inclined layout Yes No 

Config_ARC Engineered categorical flag 0, 1 One-hot encoding of arc-shaped layout Yes No 

ln(Re) Engineered numeric Computed Natural logarithm of Re Yes No 

sqrt(Re) Engineered numeric Computed Square root of Re Yes No 

Re0.6  Engineered numeric Computed Power-law transform of Re Yes No 

Re0.8  Engineered numeric Computed Power-law transform of Re Yes No 

1/Re Engineered numeric Computed Inverse Reynolds number Yes No 

1/sqrt(Re) Engineered numeric Computed Inverse square-root Reynolds term, if used Yes/No No 

ln(P_over_D) Engineered numeric ln(3), ln(6), ln(9) Natural logarithm of pitch ratio, if used Yes/No No 

1/P_over_D Engineered numeric 1/9–1/3 Inverse pitch ratio, if used Yes/No No 

sqrt(P_over_D) Engineered numeric Computed Square-root pitch term, if used Yes/No No 

Re × P_over_D Engineered interaction Computed Interaction between flow regime and spacing ratio Yes No 

ln(Re) × P_over_D Engineered interaction Computed Interaction between transformed Re and spacing ratio Yes No 

Re^0.8 × P_over_D Engineered interaction Computed Power-law Reynolds–pitch interaction Yes/No No 

Re bin_low Engineered categorical flag 0, 1 Low-Reynolds operating bin Yes/No No 

Re bin_mid Engineered categorical flag 0, 1 Mid-Reynolds operating bin Yes/No No 

Re bin_high Engineered categorical flag 0, 1 High-Reynolds operating bin Yes/No No 

GROUP_ID Split-management field 15 groups Geometry identity = Configuration × P_over_D No Yes 

SPLIT Split-management field Train / Test Dataset partition label No Yes 

Nu Target 35.7–177.8 CFD-derived Nusselt number No Yes 

Friction factor Target Dataset-specific CFD-derived friction factor No Yes 

THPP Derived performance metric Dataset-specific Calculated from Nu and FrictionFactor No Yes 
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heat-transfer augmentation: at a fixed Re, different arrange-

ments produce systematically different Nu levels. This validates 

two dataset-design decisions: (i) retaining configuration explic-

itly (categorical + indicators), and (ii) adding interaction terms 

combining Re with the spacing/ratio feature, because layout-in-

duced turbulence generation interacts with the flow regime ra-

ther than acting as a simple additive offset. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11 shows that friction factor decreases with increas-

ing Re in the investigated turbulent range, consistent with inter-

nal-flow behaviour where inertial effects dominate and the rela-

tive contribution of viscous shear diminishes at higher Re. Im-

portantly, the configuration-dependent offsets indicate that the 

same arrangement choices that increase turbulence and heat 

transfer also modify pressure losses. For surrogate modelling, 

this implies a multi-physics mapping: the model must capture 

both monotonic trends with Re and the geometry-driven shifts 

in the friction-Re relationship. This is a typical scenario where 

tree-based ensemble models and gradient boosting often per-

form well, because they can represent nonlinear interactions and 

categorical splits without requiring an explicit functional form. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The trade-off map (see Fig. 12) provides a compact thermo-

hydraulic perspective: points with higher Nu are generally asso-

ciated with higher f, reflecting the classical enhancement penalty 

where turbulence promoters improve convective transfer at the 

expense of pressure drop.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Reynolds-number colour gradient further clarifies the 

operating-regime dependence: as Re increases, Nu tends to rise 

 

Fig. 9. Re number and friction factor distribution of the compiled dataset. 

 

Fig. 8. Train-test split check showing similar Reynolds-number coverage 

in both splits (leakage-safe group split).  

 

Fig. 10. Nusselt number versus Reynolds number  

for each spherical-turbulator configuration.  

 

Fig. 11. Friction factor versus Reynolds number  

for each spherical-turbulator configuration.  

 

 

Fig. 12. Trade-off map between the Nusselt number and friction factor 

(colour-coded by Reynolds number).  
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while f tends to moderate, indicating that some high-Re operat-

ing points can occupy a relatively favourable region of high heat 

transfer with less severe friction penalties. For the ML work-

flow, this figure justifies treating Nu and friction factor as sepa-

rate regression targets (rather than forcing a single composite 

metric during training), because design optimisation and THPP 

evaluation can then be performed post-prediction using physi-

cally interpretable objectives. 

3.2.2. ML model development and evaluation 

This subsection describes the development of data-driven surro-

gate models for rapid prediction of the two CFD-derived perfor-

mance indicators, i.e. Nu and f, for the investigated SAH 

equipped with spherical turbulators. The surrogate was trained 

over the same design space explored in the numerical campaign, 

comprising five turbulator arrangements (V-, M-, W-shaped, in-

clined and arc-shaped layouts) and three discrete spacing levels 

(relative roughness pitch values of 3, 6 and 9), while keeping the 

spherical diameter constant to preserve geometric uniformity. 

Two independent supervised regression models were formu-

lated: 

 𝑦̂ = ℳ(𝐱), 𝑦 ∈ {Nu, 𝑓}, (18) 

where 𝐱 denotes the input feature vector containing operating 

and geometric descriptors. Separate models were trained for Nu 

and 𝑓(rather than a single multi-output regressor) to allow tar-

get-specific inductive bias and hyperparameter tuning, as the 

thermo-hydraulic response surfaces for heat transfer and pres-

sure losses can exhibit different nonlinearities and noise charac-

teristics. 

All available non-target variables were considered as candi-

date predictors, excluding the data-management fields used for 

splitting and grouping (SPLIT and GROUP_ID). A complete 

variable dictionary, including units, ranges, transformation for-

mulas and leakage status, is provided in Table 4. The predictors 

comprised: (i) primary physical inputs (e.g. Reynolds number 

and the spacing/ratio parameter e/D), (ii) configuration de-

scriptors (categorical configuration label and its indicator repre-

sentation), and (iii) physics-informed engineered features (loga-

rithmic, power-law and interaction terms), which aim to linear-

ise known scaling relationships and represent coupled effects 

between flow regime and spacing. 

To prevent leakage during cross-validation and to ensure 

consistent transformations across folds, preprocessing was im-

plemented within the training pipeline and re-fitted inside each 

cross-validation split. The pipeline consisted of: (i) median im-

putation for missing values, followed by optional standardisa-

tion (zero mean, unit variance) for scale-sensitive models,  

(ii) most-frequent imputation, followed by one-hot encoding 

with “unknown category” handling to ensure robustness if an 

unseen configuration label appears at inference time (e.g. due to 

label normalisation or future extensions). 

The preprocessing pipeline can be summarised as follows. 

For numerical variables, missing values were replaced with the 

median computed from the training fold only; scale-sensitive 

models then received standardised inputs with zero mean and 

unit variance, again fitted only on the training fold. For categor-

ical variables, missing labels were replaced with the most fre-

quent category from the training fold, followed by one-hot en-

coding to convert configuration labels into binary indicators. 

The preprocessing steps were embedded inside the model pipe-

line so that the validation fold and holdout set were never used 

to estimate imputation values, scaling factors or category map-

pings. This procedure ensures that model evaluation reflects true 

generalisation rather than information leakage from prepro-

cessing. 

This design ensures that all preprocessing parameters (impu-

tation statistics, scaling factors and categorical mappings) are 

learned exclusively from the training portion of each fold. 

Grouped 5-fold cross-validation (GroupKFold, n_splits = 5) us-

ing GROUP_ID; randomised hyperparameter search with  

30 iterations per model (RandomizedSearchCV, n_iter = 30); 

primary scoring = negative RMSE; random seed = 42; prepro-

cessing (imputation/encoding/scaling) refit inside each fold (see 

Table 5). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5. Candidate ML models, preprocessing choice, grouped CV protocol and hyperparameter search space used for surrogate development  

(Nu and friction factor are modelled separately). 

Model family 
Preprocessing (nu-

meric) 
Fixed settings Hyperparameters tuned (randomised search space) 

Ridge regression Standardisation ON  α ∈ [10−4, 103] (60 log-spaced values) 

SVR (RBF ker-
nel) 

Standardisation ON kernel = RBF 
C ∈ [10−1, 103] (40 log-spaced); γ ∈ [10−4, 100] (40 log-spaced);  

ε ∈ [10−4, 10−1] (25 log-spaced) 

Random forest 
regressor 

Standardisation OFF n_estimators = 600 
max_depth ∈ {none, 10, 16, 24, 32}; min_samples_split ∈ {2, 4, 8, 12};  
min_samples_leaf ∈ {1, 2, 4, 8}; max_features ∈ {"sqrt", 0.5, 0.7, 1.0} 

Extra trees re-
gressor 

Standardisation OFF n_estimators = 600 
max_depth ∈ {none, 8, 12, 18, 26}; min_samples_split ∈ {2, 4, 8, 12};  
min_samples_leaf ∈ {1, 2, 4, 8}; max_features ∈ {"sqrt", 0.5, 0.7, 1.0} 

Histogram gra-
dient boosting 
regressor 

Standardisation OFF  

learning_rate ∈ [10−2.5, 10−0.2] (40 log-spaced; ~0.00316−0.631);  
max_depth ∈ {none, 4, 6, 8, 10}; max_leaf_nodes ∈ {15, 31, 63, 127};  

min_samples_leaf ∈ {10, 20, 30, 50};  
l2_regularization ∈ [10−6, 101] (30 log-spaced; 10−6 to 10) 

MLP regressor 
(optional ben-
chmark) 

Standardisation ON 

ReLU activations;  
MSE loss; AdamW 
optimiser; batch 

size = 256 

Architecture: [256, 128, 64] hidden units; dropout = 0.10; learning rate = 1×10−3; 
epochs ≤ 250 with early stopping (patience = 30) 
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Median imputation was applied to numerical features; most-

frequent imputation and one-hot encoding were applied to cate-

gorical features; standardisation was enabled only for scale-sen-

sitive models. A compact but diverse model set (“model zoo”) 

was selected to balance interpretability, nonlinear capacity and 

sample efficiency on tabular data: 

1. Ridge regression (L2-regularised linear model): a strong 

baseline for engineered features; regularisation mitigates 

multicollinearity among transformed predictors, 

2. Support vector regression (SVR) with RBF kernel: 

a nonlinear margin-based learner that can fit smooth re-

sponse surfaces; applied with standardised inputs, 

3. Random forest regression: bagged decision trees provid-

ing robust nonlinear modelling and limited sensitivity to 

monotonic transforms, 

4. Extra trees regression: randomised tree ensembles that 

typically yield strong accuracy and reduced variance on 

tabular datasets, 

5. Histogram-based gradient boosting regression: a boost-

ing approach well-suited to capturing complex interactions 

with efficient training, 

6. Optional multi-layer perceptron (MLP): a small feed-

forward neural network trained with early stopping; used 

as an additional nonlinear benchmark. 

Ridge (α); SVR (C, γ, ϵ); random forest / extra trees (depth, 

minimum samples, max features); gradient boosting (learning 

rate, depth/leaf nodes, minimum leaf samples, L2 regularisa-

tion); MLP (hidden sizes, dropout, learning rate, epochs with 

early stopping). 

Model development was performed strictly on the training 

split, while the holdout test split remained frozen for final as-

sessment (reported in Results). Cross-validation was conducted 

using GroupKFold based on GROUP_ID, i.e., the geometry 

identity formed by configuration and spacing level. This 

grouped strategy is essential for surrogate modelling of paramet-

ric CFD datasets because multiple Reynolds-number samples 

from the same geometry are highly correlated; grouping forces 

validation folds to contain geometry identities not present in the 

corresponding training fold, producing a more realistic estimate 

of generalisation to unseen configurations within the investi-

gated design space. 

The grouped validation strategy can be interpreted in a sim-

ple way: all CFD samples belonging to the same geometry fam-

ily, defined by a specific configuration and pitch ratio, were kept 

together during splitting. Thus, when one geometry group was 

placed in a validation fold or in the frozen holdout set, the model 

had not seen any samples from that same group during training. 

This is stricter than random splitting and is more appropriate for 

engineering screening, because the real task is to predict perfor-

mance for a new configuration-pitch combination rather than for 

a repeated point from a geometry already seen during training. 

A schematic of this grouped split strategy is shown in  

Fig. 13. It illustrates how grouped splitting was enforced at the 

geometry level so that all Reynolds-number samples from one 

configuration-pitch pair remained together during validation 

and frozen-holdout testing. 

Unless otherwise stated, five folds were used. A fixed ran-

dom seed was set for reproducibility of randomised procedures 

(hyperparameter sampling and any model-internal randomness). 

For each candidate model and for each target (Nu and f), hy-

perparameters were optimised using randomised search under 

grouped cross-validation. The primary tuning objective was 

minimisation of root mean squared error (RMSE), chosen be-

cause it penalises large errors and is commonly used for regres-

sion surrogates intended for engineering screening. After the 

search, the best hyperparameter setting was refit on the full 

training portion. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

To enable reproducible and fair comparison across models, 

the same grouped fold structure and the same metric definition 

were used during tuning for all candidates. Although final nu-

merical results are presented in the Results section, evaluation 

methodology is defined here. For each tuned model, out-of-fold 

(OOF) predictions were generated under grouped cross-valida-

tion. OOF prediction provides a nearly unbiased estimate of 

model performance on unseen groups because each training 

sample is predicted by a model that did not observe its geometry 

group during fitting. 

Four complementary metrics were computed: 

 𝑅𝑀𝑆𝐸 = √  
1

𝑛
∑ (

𝑛

𝑖=1
𝑦𝑖 − 𝑦̂𝑖)

2, (19) 

 𝑀𝐴𝐸 =
1

𝑛
∑ ∣𝑛

𝑖=1 𝑦𝑖 − 𝑦̂𝑖 ∣, (20) 

 𝑅2 = 1 −
∑ (

𝑛
𝑖=1 𝑦𝑖−𝑦̂𝑖)2

∑ (
𝑛
𝑖=1 𝑦𝑖−𝑦̄)2

 , (21) 

 𝑀𝐴𝑃𝐸(%) =
100

𝑛
∑ ∣

𝑦𝑖−𝑦̂𝑖

𝑚𝑎𝑥 (∣𝑦𝑖∣,𝜀)
∣𝑛

𝑖=1 . (22) 

Here, 𝜀 is a small constant used to avoid numerical instabil-

ity when 𝑦𝑖 is very small. RMSE served as the primary model-

selection criterion, while MAE, 𝑅2 and MAPE were used to pro-

vide complementary views of error magnitude, explained vari-

ance and relative error. 

Metrics were computed from out-of-fold predictions gener-

ated under GroupKFold (5 folds), ensuring that each prediction 

is produced by a model trained without access to the correspond-

ing geometry group (GROUP_ID). This provides a leakage-safe 

estimate of generalisation prior to frozen-test evaluation. RMSE, 

MAE, R2, and MAPE were computed from grouped out-of-fold 

predictions; RMSE was used for model selection. 

 

Fig. 13. Schematic of the grouped train-validation-test strategy.  
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To complement the classical ML models, an optional MLP 

regressor was trained using the same grouped cross-validation 

protocol and the same preprocessing (imputation, one-hot en-

coding and standardisation). The network employed multiple 

fully connected layers with ReLU activations and dropout regu-

larisation. Training used the mean squared error loss and an 

adaptive optimiser (AdamW) with early stopping based on val-

idation loss to reduce overfitting risk on the moderately sized 

dataset. This benchmark was treated as an additional candidate 

and compared on the same OOF metrics. 

All experiments were executed in a controlled Python envi-

ronment, recording software versions and hardware availability 

(CPU/GPU) for transparency. The best-performing pipeline for 

each target was archived for later inference and for frozen-test 

evaluation, ensuring that the exact preprocessing + model map-

ping can be reproduced without manual reconstruction. 

After model selection under grouped cross-validation, the 

best-performing surrogate for each target was refit on the full 

training partition and evaluated once on the frozen geometry-

grouped holdout test set. To quantify predictive reliability, un-

certainty in the holdout error metrics was estimated using  

nonparametric bootstrapping of the holdout predictions with 

1000 resamples. For each target, 95% confidence intervals were 

computed for RMSE and MAE from the bootstrap distributions. 

In addition, an empirical 95% prediction-error interval was esti-

mated from the holdout residuals to indicate the typical range 

within which new predictions may deviate from the CFD refer-

ence values inside the investigated design space. 

4. Results and discussion 

4.1. ML prediction results 

The trained ML surrogates were assessed using leakage-safe, 

grouped out-of-fold (OOF) predictions, where geometry groups 

were defined by configuration and pitch/relative spacing 

(GROUP_ID), consistent with the operating envelope of the nu-

merical dataset (Re = 3500–23 500; pitch ratio 3, 6 and 9). This 

grouped evaluation is intentionally stricter than point-wise ran-

dom splits because it tests whether the model generalises to un-

seen geometry groups rather than merely interpolating among 

near-duplicate samples within the same configuration family. 

In addition to grouped out-of-fold evaluation, the final se-

lected models were assessed on a frozen geometry-grouped 

holdout test set containing configuration-pitch groups not used 

during training. On this stricter test, the hist gradient boosting 

model for Nu achieved an RMSE of 3.45, MAE of 2.48, R2 of 

0.988, and MAPE of 2.55%, with a bootstrapped 95% RMSE in-

terval of 3.10–3.85. For friction factor, the ridge model achieved 

an RMSE of 0.000495, MAE of 0.000342, R2 of 0.986, and 

MAPE of 1.18%, with a bootstrapped 95% RMSE interval of 

0.000430–0.000570. The corresponding empirical 95% predic-

tion-error intervals were [−6.5, 7.1] for Nu and [−0.00092, 

0.00098] for friction factor, indicating stable predictive behav-

iour on previously unseen geometry groups. 

The documented feature set also supports interpretability of 

the reported accuracy. Because the predictor matrix contains 

only pre-target operating and geometric variables and their 

transparent mathematical transforms, the reported performance 

cannot be attributed to target-derived shortcuts. This strengthens 

confidence that the surrogates are learning transferable thermo-

fluid relationships rather than exploiting hidden leakage. 

Table 6 summarises the OOF accuracy for predicting Nu and 

f. Two key observations emerge: Firstly, the Nu prediction is 

best captured by a non-linear boosting model. The hist gradient 

boosting model (HistGB) achieved the best Nu accuracy (RMSE 

= 3.299; R2 = 0.9908, MAPE = 2.44%). Compared with the clos-

est baseline (ridge regression, RMSE = 3.928), HistGB reduces 

RMSE by ~16%. This indicates that even after extensive feature 

engineering (e.g. log and power transforms of Re and interaction 

terms with pitch), Nu retains non-linear interactions across the 

Reynolds number and configuration that are well represented by 

boosting ensembles. Secondly, the friction factor is highly pre-

dictable with a simple linear model. The ridge regression pro-

vided the lowest error for friction factor (RMSE = 0.000470;  

R2 = 0.9886, MAPE = 1.12%), outperforming the next-best mo-

del (HistGB, RMSE = 0.000740) by a ~36% RMSE reduction. 

This suggests that within the present design space, f behaves as 

a smooth and near-linear function in the engineered feature 

space (e.g. inverse/logarithmic transforms of Re and discrete 

pitch levels), consistent with the fact that friction correlations in 

internal flows often become close to linear after appropriate 

transformations.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Importantly, the CFD model used to generate the underlying 

dataset was previously validated against correlations/bench-

marks, with reported deviations of the order of ~7–8% for Nu 

and friction factor in comparable validation tests. The surrogate 

modelling errors reported here therefore add only a small incre-

mental uncertainty on top of the validated CFD responses, ena-

bling fast screening/optimisation while preserving CFD-level fi-

delity. These results show that the contribution of the present 

study is not limited to achieving high regression accuracy. The 

key improvement over a conventional CFD-ML workflow is 

that the trained surrogates remain reliable under geometry-

grouped cross-validation and frozen-holdout testing, while also 

supporting direct thermo-hydraulic ranking of candidate config-

urations. This combination of predictive fidelity, leakage-safe 

validation, uncertainty reporting, and design selection provides 

a more complete engineering workflow than studies that stop at 

Table 6. Grouped OOF performance of ML surrogates for predicting  

Nu and friction factor (f). 

(a) Target: Nu 

Model OOF RMSE OOF MAE OOF R2  OOF MAPE (%) 

HistGB 3.2990 2.3348 0.9908 2.4414 

Ridge 3.9281 2.9664 0.9870 3.3052 

ExtraTrees 4.0612 2.9025 0.9861 2.8326 

SVR_RBF 4.1796 3.5516 0.9853 3.7464 

RandomForest 4.2551 2.9797 0.9847 2.9317 

TorchMLP_CPU 13.7627 11.5722 0.6773 12.2304 

 
(b) Target: friction factor (f) 

Model OOF RMSE OOF MAE OOF R2  OOF MAPE (%) 

Ridge 0.000470 0.000325 0.9886 1.1233 

HistGB 0.000740 0.000596 0.9717 2.0201 

SVR_RBF 0.000744 0.000564 0.9714 1.9412 

ExtraTrees 0.001177 0.001040 0.9284 3.5082 

RandomForest 0.001255 0.001090 0.9186 3.6909 

TorchMLP_CPU 0.002161 0.001710 0.6393 5.8947 

 



Bisht V.S., Singh D.B., Bhandari P., Kumar P., Tipu R.K., Singh S., Bist A.S. 
 

114 
 

surrogate accuracy alone. Based on the CFD-derived thermo-

hydraulic performance trends, the configuration ranking by 

THPP showed that the W-shaped arrangement performed best, 

followed by the V-shaped, M-shaped, arc-shaped, and inclined 

configurations under the investigated operating range, with the 

top-ranked case occurring at P/D = 6 and Re = 8000. 

4.2. Best surrogate for Nu: hist gradient boosting 

The best-performing Nu surrogate (HistGB) reaches R2 ≈ 0.991, 

indicating that the model explains nearly all variance in Nu 

within the grouped validation regime. Given the Nu range in the 

dataset (≈35.7–177.8), an RMSE of 3.30 corresponds to only  

a small fraction of the operating span, supporting use as a high-

fidelity surrogate for design-space exploration. 

The OOF parity plot for HistGB (Fig. 14) provides a direct 

visualisation of calibration quality over the full Nu range, while 

the residual scatter and residual histogram (Fig. 15) diagnose 

systematic bias and error symmetry. Together, these diagnostics 

are essential for surrogate use in optimisation: unbiased residu-

als and near-identity parity behaviour imply that the model can 

be used not only for ranking candidate designs but also for esti-

mating absolute performance metrics with minimal distortion. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

That boosting domination for Nu is physically plausible: 

heat transfer enhancement in roughened SAHs is governed by 

coupled, non-linear effects of turbulence augmentation, reat-

tachment and secondary flow structures that vary with Reynolds 

number and turbulator arrangement. Even when Reynolds num-

ber is transformed (log, power laws) and combined with pitch-

related interaction features, the mapping to Nu remains non-ad-

ditive, making tree-based boosting an appropriate function class. 

The frozen-holdout results confirm that the strong grouped 

cross-validation performance is retained when the model is eval-

uated on unseen geometry groups. The narrow bootstrap interval 

around holdout RMSE indicates that the reported Nu accuracy is 

not driven by a favourable single split. This supports the use of 

the Nu surrogate for rapid design screening within the investi-

gated Reynolds-number and pitch-ratio ranges. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.3. Best surrogate for friction factor: ridge regression 

For friction factor, ridge regression yields the strongest perfor-

mance (MAPE ≈ 1.12%; R2 ≈ 0.989). This result is particularly 

valuable because the friction factor directly drives pumping 

power and thus the hydraulic penalty that must be traded off 

against heat transfer enhancement in SAH design. 

Within the present operating envelope, the friction factor is 

typically dominated by smooth trends with respect to the Reyn-

olds number and discrete roughness/pitch levels. After feature 

engineering (e.g. 1/Re, ln(Re), √Re  and pitch-related trans-

forms), these trends become approximately linear in the engi-

neered space. Ridge regression then provides (i) strong general-

isation under grouped splitting and (ii) stable estimates that are 

less sensitive to small dataset idiosyncrasies than more flexible 

models. This stability is advantageous when the surrogate will 

be embedded in optimisation loops. 

Thermo-hydraulic performance metrics explicitly couple Nu 

and friction factor; for example, the widely used THPP formu-

lation compares thermal gain against frictional loss using Nu 

and f. Therefore, high-accuracy prediction of f (along with Nu) 

is not merely a statistical achievement  it directly improves the 

reliability of multi-objective optimisation (maximise heat trans- 

Fig. 14. OOF predicted vs. true Nu for HistGB  

(colour-coded by Reynolds number). 

 

 
(a) 

 
(b) 

Fig. 15. OOF residual diagnostics for Nu–HistGB:  

(a) residual vs. predicted and (b) residual distribution 
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fer while limiting pressure drop) and reduces the risk of select-

ing designs that appear optimal due to surrogate bias. 

The frozen-holdout error and its bootstrap confidence inter-

val further show that the friction-factor surrogate remains stable 

on unseen geometry groups. This reliability is important because 

even small bias in friction-factor prediction can distort thermo-

hydraulic ranking. The holdout uncertainty bounds therefore 

strengthen confidence in using the surrogate for THPP-based 

screening and trade-off analysis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.4. Discussion of underperforming deep MLP baseline 

The torch MLP benchmark underperformed substantially for 

both Nu and friction factor, despite using standardised numeric 

inputs and early stopping. In small-to-moderate tabular datasets 

with heterogeneous engineered features and discrete categorical 

structure (configuration families and pitch levels), deep MLPs 

often require careful architecture and regularisation tuning (and 

sometimes embedding strategies for categorical inputs) to match 

the inductive bias of tree ensembles. In contrast, boosting and 

linear models can be more data-efficient and robust for this class 

of structured regression problems, which is consistent with the 

performance ranking observed in Table 6. 

4.5. Practical implications for SAH design and  

optimisation 

From a domain perspective, these surrogates enable near-instant 

evaluation of Nu and 𝑓across the validated operating envelope 

(Re = 3500–23 500; pitch ratio 3–9), replacing repeated CFD 

calls during design screening. Because both Nu and 𝑓are pre-

dicted with high accuracy under leakage-safe grouped testing, 

the surrogates are suitable for: 

 rapid parametric sweeps across Re and turbulator arrange-

ments without rerunning CFD, 

 multi-objective optimisation where Nu improvement must 

be balanced against friction penalties via THPP-style met-

rics, 

 sensitivity studies to identify which geometric and operat-

ing factors most strongly shift the heat transfer-pressure 

drop trade-off. 

To convert the thermo-hydraulic analysis into a design re-

commendation, the investigated spherical-turbulator layouts 

were ranked using the thermo-hydraulic performance parameter 

(THPP). Among all tested cases, the highest THPP was obtained 

for the W-shaped arrangement at P/D = 6 and Re = 8000, with a 

THPP of 2.14. This case provided the most favourable balance 

between heat-transfer enhancement and friction penalty. In con-

trast, the V-shaped configuration produced the highest heat-

transfer augmentation, but its larger friction loss reduced the 

overall thermo-hydraulic advantage. Likewise, the inclined con-

figuration showed lower pressure drop but did not achieve the 

strongest overall performance because of its lower Nusselt-num-

ber gain. 

Across the tested operating range, the W-shaped configura-

tion remained the most favourable choice for thermo-hydraulic 

design, particularly in the range of Re = 3500–12 000 and at  

P/D = 6. Therefore, for practical SAH implementation, the  

W-shaped configuration with P/D = 6 is recommended when the 

objective is to maximise the overall thermo-hydraulic perfor-

mance rather than heat transfer alone. 

Furthermore, from a methodological standpoint, the present 

study extends existing CFD-ML work by linking surrogate mod-

elling directly to design decision-making. Rather than treating 

the surrogate as only a fast predictor of Nu and friction factor, 

the framework uses validated and uncertainty-supported predic-

tions to rank configuration performance and identify the most 

 
Fig. 16. OOF predicted vs. true friction factor for ridge regression  

(colour-coded by Reynolds number). 

 
(a) 

 
(b) 

Fig. 17. OOF residual diagnostics for friction factor – ridge regression: 

(a) residual vs. predicted and (b) residual distribution.  
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favourable spherical-turbulator arrangement. This design-ori-

ented use of the surrogate is a central contribution of the study. 

5. Conclusions 

This study developed and validated a combined CFD-ML 

framework to evaluate and rapidly predict the thermo-hydraulic 

behaviour of a single-pass solar air heater (SAH) equipped  

with spherical turbulators arranged in five patterns (V-, M-,  

W-shaped, inclined, and arc-shaped) over three pitch ratios  

(P/D = 3, 6, 9) and a Reynolds-number range of 3500–23 500. 

The principal conclusions are: 

1. The CFD formulation and numerical settings yielded pre-

dictions that agreed well with established smooth-duct 

heat-transfer and friction correlations, and also showed ac-

ceptable deviation relative to benchmark roughened-duct 

results. This validation supports the use of the CFD data-

base as a high-fidelity reference for surrogate training and 

configuration screening. 

2. The compiled dataset captures physically consistent behav-

iour: Nu increases with the Reynolds number, while the 

friction factor decreases with the Reynolds number, and 

both responses exhibit clear dependence on turbulator ar-

rangement and pitch ratio. These configuration-dependent 

offsets confirm that layout is a first-order driver of SAH 

performance. 

3. By using geometry-aware grouping (configuration × pitch) 

and grouped cross-validation, the ML workflow explicitly 

targets generalisation across geometry identities, not 

merely interpolation among near-duplicate samples. This 

provides a more realistic estimate of surrogate robustness 

for design-space exploration. 

4. Thermo-hydraulic ranking based on THPP identified the 

W-shaped configuration as the best overall spherical-turbu-

lator layout within the investigated design space. The most 

favourable case occurred at P/D = 6 and Re = 8000, where 

the configuration achieved the best balance between heat-

transfer enhancement and friction penalty. 

5. Although the V-shaped configuration delivered strong 

heat-transfer enhancement, its higher friction loss reduced 

its overall thermo-hydraulic benefit. Similarly, the inclined 

configuration offered lower hydraulic resistance but 

a weaker overall thermal advantage. This confirms that 

configuration selection should be based on THPP rather 

than Nu or friction factor alone. 

6. For practical SAH design within the investigated Reyn-

olds-number range of 3500–23 500 and pitch ratios of 3, 6 

and 9, the W-shaped configuration with P/D = 6 is the rec-

ommended design choice for overall performance, while 

the trained surrogates can be used for rapid screening of 

similar operating conditions without repeated CFD simula-

tions. 

The present models are valid within the investigated config-

uration set, pitch ratios and Reynolds-number range. The added 

frozen holdout-test results and bootstrap-based uncertainty 

bounds confirm that the selected surrogates retain strong predic-

tive reliability on unseen geometry groups within this design 

space. Future work should expand the database to additional 

sphere diameters and geometric degrees of freedom and inte-

grate the trained surrogates with formal multi-objective optimis-

ers to generate robust design maps for practical SAH deploy-

ment. 
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1. Introduction 

The ongoing development of natural gas-based energy is driven 

by several factors [1]. These include the need to diversify gen-

eration sources, reduce direct industrial emissions, and reorgan-

ise the geopolitical landscape of existing technology parks [2]. 

Consequently, gas installations are implemented to generate us-

able forms of energy, such as electricity and heat. These systems 

are designed for the high-efficiency conversion of chemical en-

ergy from fuels and energy carriers in a gaseous state into me-

chanical or electrical energy, on a given scale and with a given 

degree of system complexity (including combined cycles [3−6]). 

These primarily include gas turbines, which are energy systems 

that enable the implementation of a real cycle similar to the 

Joule-Brayton cycle [7,8]. 

The simplified gas turbine unit consists of an inlet, compres-

sor, combustion chamber, gas turbine and an exhaust system 

[4,9]. Its thermal efficiency is not far from that of other energy 

systems, such as piston engines and the Rankine steam cycle. 

However, they also have several advantageous features, includ-

ing ecological benefits (the combustion of natural gas results in 

lower emissions of carbon dioxide  and  sulphur  oxides  per  unit
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Abstract 

The application of zero-dimensional mathematical modelling offers significant advantages in the domain of energy systems. 
Firstly, it serves as a crucial support tool for the design process. Secondly, it facilitates the optimisation of operating parame-
ters, thereby enhancing the efficiency of energy systems. Furthermore, it offers, depending on the accuracy of a model,  
a comprehensive analysis of the impact of various factors on the performance of a specific system. The present article focuses 
on a model of a gas turbine unit that has been developed using the EBSILON Professional software. The model was employed 
to assess the operating parameters that are characteristic of gas turbines, including the turbine inlet temperature and compres-
sion ratio, that are crucial for the efficiency and unit power of the abovementioned power system. Moreover, this approach 
enables the determination of the optimal operating points for the considered assumptions. Next, for the selected case, an 
analysis was conducted to determine the impact of changes in atmospheric air parameters on the operation of the gas turbine, 
applying two different approaches. Research has demonstrated that daily, and particularly seasonal, fluctuations in tempera-
ture can exert a substantial influence on the efficiency and capacity of the system, while fluctuations in pressure and relative 
humidity have a much smaller impact on turbine operation. Finally, the simplified model was utilised to ascertain the effect 
of incorporating hydrogen into fuel on the operational parameters of a gas turbine, indicating the effect of both quantitative 
and qualitative changes of stream in the combustion chamber and turbine.  

Keywords: Gas turbine; Thermodynamic analysis; EBSILON Professional; Zero-dimensional analysis; Numerical  
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Nomenclature 

h ‒ specific enthalpy, kJ/kg 

LCV– low calorific value, MJ/kg 

𝑚̇ – mass flow, kg/s 

p ‒ pressure, Pa 

P – power, kW 

TIT – turbine inlet temperature, °C  

t – temperature, °C  

 

Greek symbols 

ε  – relative pressure drop, %  

η – efficiency, %  

κ  – heat capacity ratio 

π – compression ratio 

φ  – air relative humidity, % 

 

Subscripts and Superscripts 

a  – air 

C – compressor 

el – electrical  

f – fuel 

g  – flue gas 

G – electric generator 

GT – gas turbine (turbogenerator) 

m  – mechanical 

n  – polytropic 

s  – isentropic 

T – turbine 

u – per unit  

 

Abbreviations and Acronyms 

CCGT– combined cycle gas turbines  

LCV – low calorific value 

TIT – turbine inlet temperature 

UAV – unmanned aerial vehicle  

UPS – uninterruptible power supplies  

of chemical energy introduced into the combustion chamber), 

operational benefits (quick start-up), logistical benefits (trans-

portation, fuel availability, and extraction costs),  and techno-

logical benefits (the ability to create cascade installations, such 

as combined cycle gas turbines (CCGT), with efficiencies above 

60%, as well as high development potential). Consequently, an 

increasing number of countries worldwide, including Poland (as 

evidenced by the PEP2040 document [2]), have chosen to prior-

itise research and implementation projects focusing on techno-

logical resources and fuel reserves in favour of gas carriers 

based on methane and other hydrocarbons. 

Additionally, there is a growing interest in micro gas tur-

bines, defined as systems dedicated to small stationary installa-

tions with a capacity of several hundred kW. These systems are 

most often coupled with electric generators, which are used in 

uninterruptible power supplies (UPS) and so-called SKI-Dach 

systems. Micro gas turbines also include mobile units, such as 

military vehicles, including the M1 Abrams tank family, which 

is equipped with Avco-Lycoming AGT1500 turboshaft multi-

fuel engines. Other mobile units include guided missiles and un-

manned aerial vehicles (UAVs), which burn aviation kerosene-

type fuel [10]. 

Hydrogen, regarded as the fuel of the future, possesses tech-

nological potential related to combustion in gas turbines (both 

stationary and mobile, including aircraft). Dedicated combus-

tion chambers, turbines and exhaust systems, along with solu-

tions that allow for satisfactory temperatures (strength and ther-

mal issues of expansion devices) and composition (environmen-

tal issues) of exhaust gases, have led to its current consideration 

as a component of the machinery park of many countries in the 

second half of the 21st century, similar to fuel cells. However, 

the technical implementation of hydrogen comes with chal-

lenges related to production, storage and use, including in gas 

turbines. 

The research domain of every development process is be-

coming increasingly dependent on the availability and quality of 

computer-aided tools. The second of the aforementioned fea-

tures is increasingly identified not only with the distinctive con-

vergence of results generated by a given program or solver, but 

also with their satisfactory level in terms of the time needed to 

perform them and the computer resources used. Consequently, 

a wide array of models, ranging from complex 2D and 3D nu-

merical ones to their one-dimensional or dimensionless counter-

parts, have become integral to research endeavours. These mod-

els provide a foundation for decision-making processes and the 

utilisation of advanced tools. Additionally, they play a crucial 

role in the education and training of engineering and technical 

personnel, as well as in the construction of computer models for 

parametric diagnostics. 

In recent years, as a result of the aforementioned progressive 

development and popularisation of various classes of computer-

aided design tools and ongoing control of energy systems, there 

have been many numerical analyses of gas systems and power 

machines and devices that consider gas-fuel-based systems, im-

plementing real cycles identified with gas-steam units [3] or avi-

ation turbine power units [9,11,12]. They have been part of var-

ious research and development initiatives, focusing on a selected 

group of physical quantities and issues related to the ongoing 

operation of technical systems. This confirms their important 

role in the broadly understood decision-making system. A re-

view of the extant literature reveals the existence of commercial 

tools that facilitate the aforementioned identification work in 

both stationary and aviation contexts. These include programs 

such as EngineSim (manufacturer or distributor – NASA Glenn 

Research Center) [13], ASTRA (Samara National Research Uni-

versity) [14], DVIGwT (Ufa State Aviation Technical Univer-

sity) [14], GasTurb (J. Kurzke, MTU) [15], GSP (Royal Nether-

lands Aerospace Centre) [16], Aspen HYSYS [6,17], and 

Uni_TTF (A. Lyulka Experimental Design Bureau) [14]. 

Nevertheless, despite its undeniable and steadily growing 

popularity, it remains advisable to repeat previously published 

numerical studies and verify the theses put forward with their 

help [6−9,11,12,18−22]. This is both because of the multi-

threaded but often limited nature of the objects described by 

them in the course of computer tests and because of the simpli-

fications used in many programs. For instance, existing litera-

ture continues to employ estimations that disregard the moisture 

content of the ambient air introduced into the flow machine dur-
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ing the estimation process. Additionally, these analyses often 

underestimate the influence of climatic characteristics on the re-

sulting operating parameters, treating them as negligible factors.  

One of the software programs currently available that ad-

dresses the aforementioned issues is EBSILON Professional. It 

has been identified by numerous independent researchers as an 

interesting and practical tool for simulating and evaluating the 

operation of power systems, including those with a high degree 

of technological complexity and non-linear operating character-

istics of the power machines and equipment included in it 

[23,24]. The software is characterised by its graphical interface, 

which has been in development since the early 1990s. It is 

equipped with a range of function codes dedicated to simula-

tions of various systems, including gas and gas-steam units [25]. 

The model under consideration is 'based on a structured model 

of connections and time-operational dependencies. This pro-

vides a realistic basis for identifying a number of optimisation 

and research directions for the modelled gas turbine. In addition, 

it offers insight into the specifics of the energy conversion chain 

and its accompanying technical implementations. 

In this article, the EBSILON Professional program was im-

plemented to conduct preliminary analyses of the selection of 

operating parameters (combustion chamber outlet temperature, 

compression) for a model stationary gas turbine. The impact of 

environmental conditions (ambient temperature and pressure) 

on the indicators obtained by the associated energy system was 

also investigated, including cycle efficiency, gross unit power, 

and the air flow necessary to feed the turbine compressor. Addi-

tionally, the impact of enriching conventional fuel (methane) 

with hydrogen is presented using a previously created parame-

terised gas turbine model. The results obtained were subse-

quently subjected to a comprehensive evaluation, encompassing 

both comments and an assessment of their applicability in terms 

of the simplifications adopted in the software. 

2. Mathematical model of the gas turbine 

As illustrated in Fig. 1, the considered gas turbine unit consists 

of a compressor, a combustion chamber, a turbine and an electric 

generator. The flows of individual gases: air, fuel and flue gas, 

are marked with separate colours, while the numbers indicate 

characteristic points in the system where thermodynamic param-

eters are determined. The computational model of the system for 

its individual components is presented in the following subsec-

tions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The EBSILON Professional software facilitates the execu-

tion of numerical simulations of a variety of predefined thermo-

dynamic processes and cycles. In addition, it enables the con-

struction of user-defined models of energy systems, which can 

be employed for the purpose of thermodynamic analysis. In the 

latter case, the development of a model principally consists of 

the appropriate selection and combination of components avail-

able in the program and the determination of preliminary param-

eters and assumptions for the model. The calculations are based 

on the principle of mass and energy conservation, among other 

considerations, and are performed iteratively. These calculations 

are informed by the relationships that result from the thermo-

chemical parameters of fluids. During the computational pro-

cess, the program notifies the user of its convergence status. The 

mass and energy balance equations employed, along with the 

assumptions underlying the individual elements of the system, 

will be presented below. 

The modelled gas turbine comprises four fundamental func-

tional elements available in the program, which were combined 

into a single system, as illustrated in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Scheme of the gas turbine model implemented in the EBSILON Professional program with operational parameters. 

 

Fig. 1. Scheme of the modelled gas turbine. 
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Each component was assigned specific input parameters, 

which constituted the boundary conditions for the entire model. 

In the case of air parameters at the compressor inlet, standard-

ised parameters for gas turbines according to ISO-2314 were uti-

lised. The remaining parameters were assumed, and their values 

were mostly based on the actual parameters of similar facilities. 

Pure methane, the primary component of methane-rich natural 

gas (type E according to the PN-C-04750:2011 standard), was 

presumed to be the fuel utilised during the combustion process 

within the gas turbine. Furthermore, in order to execute a more 

extensive evaluation of the gas turbine's performance under di-

verse operating conditions, the predetermined turbine inlet tem-

perature (TIT) was achieved through the automatic adjustment 

of the air or the fuel mass flow rate supplied to the combustion 

chamber alternatively. The program employs a dedicated control 

component for this purpose (forcing the implementation of the 

set change function). A comparative analysis was conducted on 

the results obtained from the implementation of both methodol-

ogies. 

The following subsections contain a detailed description of 

the equations and the input values implemented in the program 

to solve the entire analysed system. The mathematical model is 

based on the balance equations of individual machines and de-

vices forming the gas turbine. 

2.1. Air compressor 

The initial component of the modelled gas turbine is the com-

pressor. According to the calculation code employed in the pro-

gram, the variables necessary to determine the specifics of the 

process taking place in the compressor are considered to be: 

1) air inlet (static) temperature 𝑡1, 

2) air inlet (static) pressure 𝑝1, 

3) air inlet relative humidity 𝜑, 

4) air outlet (static) pressure 𝑝2, 

5) polytrophic efficiency of the compressor ηn,C, 

6) mechanical efficiency of the compressor ηm,  

7) air mass flow 𝑚̇𝑎. 

Assuming no bleed flows and a leak-tight compressor, the 

calculations presume a constant air mass flow throughout its en-

tirety, as depicted by (control cross-sections are delineated in 

Fig. 1): 

 𝑚̇𝑎 = 𝑚̇1= 𝑚̇2. (1) 

In addition, under the assumption that compression occurs 

without heat exchange with the environment (adiabatically) and 

that the change in kinetic energy of the flow is negligible within 

the scope of the analyses conducted, the energy balance of the 

compressor is calculated using the following equation: 

 𝑚̇𝑎 ℎ1 + 𝑃𝑐 = 𝑚̇𝑎 ℎ2, (2) 

where 𝑃𝑐 denotes the power supplied to the working fluid in the 

compressor, and ℎ𝑖= f(𝑡𝑖, 𝑝𝑖) denotes the specific enthalpy of 

the stream determined in accordance with the fluid properties 

libraries adopted in the program. 

The procedure for determining the parameters behind the 

compressor (in point 2) necessitates the calculation of the isen-

tropic compression efficiency. In the case of the analysed pro-

gram, this efficiency is calculated using the following formula: 

 𝜂𝑠,𝐶  = 
𝜋

𝜅𝑎−1
𝜅𝑎 −1

𝜋

𝜅𝑎−1
𝜅𝑎 𝜂𝑛,𝐶−1

. (3) 

In order to determine it, it is therefore necessary to assume  

a directly correlated polytropic efficiency of compression 
𝑛,𝐶

, 

specific heat ratio for air 𝜅𝑎, and to identify the static compres-

sion ratio resulting directly from the assumed values of static 

pressure before and behind the compressor: 

 π = 
𝑝2

𝑝1
. (4) 

Accordingly, the specific enthalpy of the air behind the com-

pressor is determined by the following formula: 

 ℎ2 = ℎ1 − ∆ℎ12, (5) 

where ∆ℎ12 is the actual increase in specific enthalpy, taking 

into account isentropic efficiency, determined from the follow-

ing relationship: 

 Δℎ12 = 
ℎ2𝑠−ℎ1

𝜂𝑠,𝐶
, (6) 

where ℎ2𝑠= f(𝑠1, 𝑝2) is the enthalpy after the compressor during 

isentropic compression. Knowing the specific enthalpy for the 

non-isentropic case, it is possible to determine the air tempera-

ture behind the compressor 𝑡2 = 𝑓(ℎ2, 𝑝2), and the power sup-

plied to the air flow in the compressor (Eq. 2). After taking into 

account the mechanical efficiency of the machine, the value of 

the mechanical power required to drive the compressor is ob-

tained with: 

 𝑃𝑚,𝐶  = 
𝑃𝐶

𝜂𝑚
. (7) 

2.2. Combustion chamber 

The second component of a gas turbine system, situated between 

the compressor and the turbine, forming a single rotor assembly, 

is the combustion chamber. This device facilitates the controlled 

oxidation of the supplied fuel in a compressed air atmosphere. 

The following assumptions were made in order to conduct this 

analysis: 

 Combustion is considered to be complete; 

 The entire air flow from the compressor goes to the com-

bustion chamber (there are no air leaks between the two 

components of the system); 

 The fuel is pure methane, and its lower calorific value 

(LCV), specified in the program's physico-chemical tables, 

is 50.015 MJ/kg.  

In the calculation of the combustion chamber balance, it is 

essential to ascertain values of the following quantities: 

1) fuel mass flow 𝑚̇𝑓, 

2) fuel pressure – assumed to be: 𝑝𝑓 = 𝑝2, 

3) relative pressure drop in the combustion chamber 𝜀. 

In accordance with the principle of energy conservation, the 

mass flow of exhaust gases leaving the combustion chamber is 

determined using the following formula: 
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 𝑚̇𝑔 = 𝑚̇𝑎 + 𝑚̇𝑓. (8) 

Given an assumed fuel flow rate, the gas parameters behind 

the combustion chamber can be determined from the energy bal-

ance equation: 

 𝑚̇𝑎 ℎ2 + 𝑚̇𝑓 (ℎ𝑓 + 𝐿𝐶𝑉) = 𝑚̇𝑔 ℎ3, (9) 

where ℎ𝑓 = 𝑓(𝑡𝑓 , 𝑝𝑓) is the specific physical enthalpy of the 

fuel. 

Knowing the enthalpy of the exhaust gas determined from 

Eq. (9), its temperature 𝑡3 = 𝑓(𝑝3, ℎ3) can be calculated. 

A pressure drop in the combustion chamber is assumed accord-

ing to the formula: 

 𝑝3 = 𝑝2 (1 − 𝜀). (10) 

The temperature of the exhaust gases behind the combustion 

chamber is described in the literature as the turbine inlet temper-

ature (TIT), and will be presented in Section 3 using this acro-

nym. This is a parameter of significant importance, as it directly 

influences the operational dynamics of a gas turbine and, by ex-

tension, the constraints imposed on materials and designs. 

2.3. Gas turbine 

The next component is the turbine (expander), which is the ma-

chine responsible for driving both the compressor and the gen-

erator by extracting enthalpy from the stream and converting it 

into effective work. In addition to the values calculated for the 

previous components, the model of the turbine requires deter-

mining the following quantities: 

1) 𝑝4  outlet pressure, 

2) 𝑚̇𝑔  flue gas mass flow, 

3) 
𝑠,𝑇

  isentropic efficiency of the turbine, 

4) 
𝑚

  mechanical efficiency of the turbine. 

According to the principle of conservation of mass, the flow 

rate through the turbine remains constant: 

 𝑚̇𝑔 = 𝑐𝑜𝑛𝑠𝑡. (11) 

Assuming adiabatic expansion, the energy balance of the tur-

bine itself is as follows: 

 𝑚̇𝑔 ℎ3 = 𝑚̇𝑔 ℎ4 + 𝑃𝑇 , (12) 

where 𝑃𝑇  is the theoretical (effective) power of the turbine, and 

ℎ4 is the specific enthalpy of the exhaust gas, given by the for-

mula: 

 ℎ4 = ℎ3 − ∆ℎ34, (13) 

where ∆ℎ34 is the actual enthalpy drop, taking into account is-

entropic efficiency, determined from the formula: 

 ∆ℎ34 =
ℎ3−ℎ4s

𝑠,𝑇

 , (14) 

where ℎ4𝑠= f(𝑠3, 𝑝4) is the enthalpy behind the turbine, which 

assumes isentropic expansion. Knowing the actual specific en-

thalpy, similarly to the case of a compressor, it is possible to 

determine the temperature of the stream (exhaust gases) behind 

the turbine 𝑡4 = 𝑓(ℎ4, 𝑝4) and the theoretical power of this ma- 

chine from the energy balance, Eq. (12). After taking into ac-

count the mechanical efficiency of the turbine, the value of the 

mechanical power output to the shaft and directed to the com-

pressor is obtained as: 

 𝑃𝑚,𝑇 = 𝑃𝑇  𝜂𝑚. (15) 

2.4. Electric generator 

In a gas turbine, the mechanical power obtained during expan-

sion is utilised for two primary functions: to drive the compres-

sor and to power the electric generator. Therefore, given the 

specified generator efficiency 
𝐺

, the electrical power is calcu-

lated using the following formula: 

 𝑃𝑒𝑙 = 𝑃𝑚,𝐺𝑇𝐺
, (16) 

where 𝑃𝑚𝐺𝑇 is the net mechanical power of the gas turbine unit 

given by the formula: 

 𝑃𝑚,𝐺𝑇 = 𝑃𝑚,𝑇 − 𝑃𝑚,𝐶. (17) 

The total efficiency of the gas turbine can ultimately be ex-

pressed as: 

 
𝐺𝑇

=
𝑃𝑒𝑙

𝐿𝐶𝑉∙𝑚̇𝑓
. (18) 

2.5. Model validation 

In order to verify the mathematical model of the gas turbine, it 

is necessary to refer to real data. In this regard, actual data from 

a GE 9HA.01 turbine, referring to the ISO-2314 standard [26], 

were implemented. The input data for the model are presented 

in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In order to compare the data declared by the producer with 

the theoretical results of the model, the values of the achieved 

electrical power of the gas turbine and the turbine inlet temper-

Table 1. Operational parameters of the gas turbine 9HA.01 representing 

input variables for the model validation. 

Parameter Symbol Unit Value 

Temperature of the air at the inlet to 
the compressor 

𝑡1 °C 15 

Pressure of the air at the inlet to the 
compressor 

𝑝1 bar 1.014 

Relative humidity ratio 𝜑 % 60 

Pressure of the air at the outlet of the 
compressor 

𝑝2 bar 23.81 

Pressure at the outlet of the turbine 𝑝4 bar 1.027 

Compressor polytropic efficiency 
𝑛,𝐶

 % 93.8 

Turbine isentropic efficiency 
𝑠,𝑇

 % 90 

Electric generator efficiency 
𝐺

 % 98.9 

Mechanical efficiency of the compres-
sor and the turbine 


𝑚

 % 99 

Pressure drop in combustion chamber ∆𝑝23 bar 1.19 

Temperature of the fuel 𝑡𝑓 °C 25 

Pressure of the fuel 𝑝𝑓 bar 36.3 

Fuel mass flow 𝑚̇𝑓 kg/s 20.9 

Temperature of the gas at the outlet of 
turbine 

𝑡4 °C 628.9 

Air mass flow 𝑚̇𝑎 kg/s 832.7 
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ature are compared in Table 2. The calculated results for the im-

plemented actual parameters of the selected turbine are nearly 

identical to the data declared by the producer, with a relative 

error of approximately 0.1%. In consideration of the aforemen-

tioned factors, it can be concluded that, although certain as-

sumptions and simplifications have been made, the model accu-

rately reflects the actual process occurring within the machine. 

 

 

 

 

 

 

 

 

3. Results and discussion 

The mathematical model of a gas turbine presented in Section 2 

was utilised to conduct a series of simulations of the operation 

of the aforementioned power system. The simulations analysed 

the impact of variables such as the compression ratio, exhaust 

gas temperature at the combustion chamber outlet, ambient pres-

sure and relative humidity of the ambient air inlet to the com-

pressor on the obtained operating parameters. 

In the course of this study, the so-called base parameters (ref-

erences) of the system were initially established, thereby serving 

as a reference point for further analysis and comparison. The 

values in question were derived from empirical data concerning 

actual turbines, including the 9HA.01 model from General Elec-

tric, and were also assumed on an intuitive basis. Subsequently, 

to execute fundamental simulations and ascertain the impact of 

selected variables, one or two parameters were modified while 

the values of the remaining parameters were maintained con-

stant. 

The input parameters at the base point are presented in Tab-

le 3, while the calculation results for the adopted parameters and 

assumptions of the modelled gas turbine are presented in Tab- 

le 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the base model, the gas turbine attained an electrical 

power of 315.7 MW with an electrical efficiency of 39.35%, for 

a compression ratio of 20 and a turbine inlet temperature of 

1400°C. The subsequent subsections delineate the impact of 

these final two parameters on the performance of the gas turbine. 

3.1. The influence of compression ratio on TIT  

and efficiency 

In order to examine the impact of compression ratio and turbine 

inlet temperature on the efficiency of a gas turbine, simulations 

were carried out for TIT values ranging from 1200°C to 1600°C 

with increments of 100°C, and for various compression ratios 

ranging from 10 to 80. The results of this study are presented in 

the graph shown in Fig. 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As illustrated in Fig. 3, the efficiency of the gas turbine cycle 

is shown to vary depending on the compression ratio and the 

turbine inlet temperature (TIT). Consequently, it is feasible to 

ascertain the maximum efficiency of the gas turbine unit for the 

specified parameters. It is evident that efficiency increases with 

the temperature at the turbine inlet, an effect that arises from 

raising the temperature of the heat source. This increase in effi-

ciency can reach up to 46% for a temperature of 1600°C. Fur- 

Table 2. Comparison between the specifications of the gas turbine 

9HA.01 and the model results. 

Parameter Symbol Unit 
Specifica-

tions 
Model 
result 

Electrical power 𝑃𝑒𝑙 MW 446.0 445.6 

Turbine inlet temperature 𝑡3 °C 1412.2 1410.3 

 

Table 3. Input variables for the model reference point.  

Parameter Symbol Unit Value 

Temperature of the air at the inlet to the 
compressor 

𝑡1 °C 15 

Pressure of the air at the inlet to the 
compressor 

𝑝1 bar 1 

Relative humidity ratio 𝜑 % 60 

Turbine inlet temperature (TIT) 𝑡3 °C 1400 

Pressure at the outlet of the turbine 𝑝4 bar 1.06𝑝1 

Compressor polytropic efficiency 
𝑛,𝐶

 % 92 

Turbine isentropic efficiency 
𝑠,𝑇

 % 90 

Electric generator efficiency 
𝐺

 % 98.6 

Mechanical efficiency of the compressor 
and the turbine 


𝑚

 % 99 

Relative pressure drop in combustion 
chamber   

𝜀 % 3 

Temperature of the fuel 𝑡𝑓 °C 15 

Pressure of the fuel 𝑝𝑓 bar 20 

Fuel mass flow 𝑚̇𝑓 kg/s 16.038 

 

Table 4. Calculated parameters for the model reference point.  

Parameter Symbol Unit Value 

Specific enthalpy of the air at the inlet of 
the compressor 

ℎ1 kJ/kg 14.9 

Air mass flow 𝑚̇𝑎 kg/s 630 

Specific enthalpy of the air at the outlet of 
the compressor 

ℎ2 kJ/kg 459.0 

Temperature of the air at the outlet of the 
compressor 

𝑡2 °C 440.7 

Flue gas mass flow 𝑚̇𝑔 kg/s 646 

Pressure of the flue gas at the inlet of the 
turbine 

𝑝3 bar 19.4 

Specific enthalpy of the flue gas at the in-
let of the turbine 

ℎ3 kJ/kg 1689.4 

Temperature at the outlet of the turbine 𝑡4 °C 664.8 

Specific enthalpy at the outlet of the tur-
bine 

ℎ4 kJ/kg 747.0 

Electrical power of the gas turbine 𝑃𝑒𝑙 MW 315.7 

Total efficiency of the gas turbine 
𝐺𝑇

 % 39.35 

 

 

Fig. 3. Dependence of gas turbine efficiency on compression ratio  

and turbine inlet temperature (TIT). 
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thermore, for each TIT, there is a specified compression ratio 

that guarantees maximum efficiency at the given operating pa-

rameters. It is observed that, at lower temperatures, the turbine 

attains maximum efficiency at a compression ratio of 40−50, 

a range that is consistent with axial compressors comprising 

multiple subsonic stages. Additionally, the TIT has been ob-

served to directly correlate with the optimal compression ratio, 

with values approaching 80 at temperatures exceeding 1500°C. 

It should be noted that the current gas turbines are incompatible 

with such high compression ratios, as depicted in Fig. 3. In prac-

tice, values below 50−60 or even lower for heavy gas turbines 

are assumed. This is a consequence of the relatively flat charac-

teristic curve depicted in Fig. 3, or the complexity involved in 

operating or constructing multi-stage compressors (particularly 

in the context of aviation). It is also difficult to maintain such 

a high temperature without a sophisticated cooling system for 

the turbine blades. 

In order to comprehensively assess the performance of 

a model gas turbine system, it is advantageous to incorporate an 

additional parameter: unit power, defined as the ratio of the ob-

tained electrical power to the air mass flow: 

 𝑃𝑢 =
𝑃𝑒𝑙

𝑚̇𝑎
. (19) 

As illustrated in Fig. 4, the power characteristics exhibit 

a noticeable divergence from the efficiency characteristics. The 

unit power also increases with temperature, reaching values of 

over 600 kJ/kg in extreme cases. However, for the highest tem-

perature, the maximum unit power is achieved for much lower 

compression ratios – in the range of 15−25. The optimal com-

pression ratio is consistent across the entire range of assumed 

temperatures. This phenomenon has been extensively studied in 

the context of aircraft turbine engines, where the optimal com-

pression ratio, which maximises specific thrust and conse-

quently minimises unit air mass input per thrust output in the 

engine, differs considerably from the economic compression ra-

tio, which enables the lowest possible specific fuel consumption, 

defined as the fuel consumed per unit of thrust generated. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Considering the variations in power and efficiency charac-

teristics, the subsequent step entailed the generation of a set of 

summary characteristic curves, incorporating the key parame-

ters that characterise the operation of a gas turbine. These curves 

are presented in the form of a graph in Fig. 5. The method of 

presenting the collective impact of the aforementioned parame-

ters is frequently employed in the context of gas turbines. It fa-

cilitates the selection of operating parameters for the gas turbine 

based on a systematic, integrated approach.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The graph presented in Fig. 5 shows the relationship between 

the efficiency of the gas turbine and the unit power in the form 

of curves determined for specific temperatures. The tempera-

tures are marked with different shaped points, while the com-

pression ratio scale is marked with a colour map. The graph 

shows the discrepancy between the maximum thermal effi-

ciency and unit power, which are achieved for significantly dif-

ferent compression ratios.  

Usually, the aim is to achieve the highest possible unit 

power, which, however, is far from the maximum efficiency of 

the gas turbine. Therefore, when designing such a system, 

a compromise must be found between maximum efficiency and 

maximum unit power. Using model characteristics may be help-

ful in this matter. 

3.2. The influence of inlet air parameters  

on turbine performance 

The gas turbine operating parameters presented in Section 3.1 

and their dependence on design solutions can be controlled and 

influenced to a certain extent during the design or operation 

stage. In contrast, the parameters of the air at the gas turbine inlet 

(i.e. temperature, pressure and relative humidity) significantly 

affect operation and often result directly from atmospheric con-

ditions (partially regulated from the air intake level). These pa-

rameters also clearly impact the operating parameters of single-

shaft aircraft turbines, which are susceptible to changes within 

the so-called climatic characteristics. 

Ambient air parameters may change in an uncontrolled man-

ner depending on the season or the geographical location (cli-

mate zone) of the gas turbine unit. Therefore, it is important to 

understand how it behaves in different atmospheric conditions, 

which can be simulated using the aforementioned model. 

To assess the impact of the environmental parameters, sim-

ulations were conducted for TIT = 1400°C and π = 20, as they 

 

Fig. 4. Dependence of gas turbine unit power on compression ratio  

and turbine inlet temperature (TIT). 

 

Fig. 5. Dependence of gas turbine efficiency on unit power for different 

values of compression ratio and turbine inlet temperature (TIT). 
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are considered representative within the scope of the analyses 

undertaken. The other input parameters, enumerated in Table 3, 

remained constant during the course of these simulations, with 

the exception of the fuel mass flux, which was constant in one 

case and variable in the other.  

The results obtained, presented in Fig. 6−11, demonstrate the 

impact of successive atmospheric air parameters (static temper-

ature at the compressor inlet, static pressure at the compressor 

inlet, and relative humidity at the compressor inlet) on the most 

important parameters characterising the operation of the gas tur-

bine. In accordance with the established mathematical model, 

there are two distinct methodologies for ensuring a constant 

temperature at the turbine inlet. The primary strategy involves 

the regulation of the air mass flow supplied to the compressor, 

while maintaining a constant fuel mass flow rate into the com-

bustion chamber. In the second, the fuel stream is selected auto-

matically, and the air mass flux is maintained at a constant level. 

The second manner is more aligned with the established prac-

tices in real installations. However, a theoretical comparison of 

these two possibilities is worthwhile in the context of the conse-

quences of different process control. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 illustrates the influence of the compressor inlet air 

temperature 𝑇1 on the air mass flow 𝑚̇𝑎, gas turbine total effi-

ciency 𝜂𝐺𝑇, and unit power 𝑃𝑢. A change in temperature from 

0°C to 30°C was found to be accompanied by an almost linear 

decrease in efficiency, resulting in a reduction of nearly 1.5 per-

centage points (Fig. 6b), and a linear decrease in unit power of 

approximately 40 kJ/kg within the considered range of changes 

(Fig. 6c). Irrespective of the method selected for maintaining  

a constant TIT, the efficiency and unit power undergo analogous 

alterations. Consequently, differences are apparent in the indi- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

vidual powers of the combustion chamber, compressor and tur-

bine (Fig. 7). 

In the case of air control, and thus the constant fuel flow, the 

change of efficiency, according to Eq. (11), depends only on the 

change of the total electrical power of the gas turbine. The de-

crease in the total power can be explained by the decrease of the 

air density (due to the temperature change) and the increase of 

the mass flow of the inlet air to the compressor (Fig. 6a).  

Although the decrease in density with temperature is self-

evident, an explanation is necessary to understand why an in-

crease in temperature at the compressor inlet leads to an increase 

in air mass flow. This is due to the assumption of a constant TIT 

and a constant fuel mass flow 𝑚̇𝑓. The inlet air temperature 𝑡1, 

with the condition of fixed compression ratio (𝜋 = 20), causes 

an increase in temperature at the compressor outlet 𝑡2. This re-

sults in higher temperatures of the air supplied to the combustion 

chamber. Since the same amount of heat is obtained from fuel 

combustion, the air flow must be increased so that the flue gas 

temperature remains at the same assumed level. 

The aforementioned factors result in the compressor requir-

ing greater drive power (see Fig. 7b), with an increase of 17% 

for a 30-degree temperature growth. Concurrently, there is 

a slight (6%) increase in turbine power (see Fig. 7c), leading to 

an elevated back-work ratio and a reduction in the net power of 

the gas turbine. 

In the second case, which pertains to fuel control, the air 

mass flow rate remains constant (see Fig. 6a). Consequently, an 

increase in air temperature leads to a reduction in the necessary 

heat input to the combustion chamber to maintain the desired 

TIT (see Fig. 7a). The increase in compressor power is analo-

gous to the initial case, with the distinction that the air mass flow 

 
Fig. 6. Influence of the air temperature 𝑇1 at the compressor 

inlet on: (a) mass flow of the inlet air 𝑚̇𝑎, (b) total  

efficiency 𝜂𝐺𝑇, (c) unit power 𝑃𝑢 of the gas turbine. 

 

Fig. 7. Influence of the air temperature 𝑇1 at the compressor in-

let on: (a) heat flux supplied in the combustion chamber 𝑄̇𝑐𝑜𝑚𝑏, 

(b) internal power of the compressor 𝑃𝐶, (c) internal power  

of the turbine 𝑃𝑇. 
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rate remains constant. Given the air-fuel ratio of approximately 

40, fluctuations in fuel mass flux result in a negligible alteration 

in exhaust gas production. Maintaining constant thermal condi-

tions at the turbine inlet consequently yields a negligible altera-

tion in turbine power. In conclusion, the discrepancy in gas tur-

bine net power in comparison to the initial case is counterbal-

anced by maintaining a constant air mass flux. This results in the 

same characteristics of the unit power. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As demonstrated in Fig. 8, the previously specified opera-

tional parameters exhibit a minor sensitivity to variations in air 

pressure at the compressor inlet. As illustrated in Fig. 8a, an in-

crease in pressure p1 at a constant assumed temperature t1 results 

in a decrease in the air mass flow, which remains constant. 

Maintaining a constant compression ratio leads to a negligible 

change in temperature behind the compressor. The minor dis-

crepancies can be explained by the variation in absolute pressure 

values, which consequently impacts the specific enthalpy. Ac-

cording to the implemented model, the specific enthalpy is  

a function of both temperature and pressure. However, for low 

pressures, this does not significantly affect enthalpy. Conse-

quently, its value at characteristic points (h2 behind the compres-

sor and h3 before the turbine) varies only slightly for different 

values of the inlet pressure. Therefore, the influence of the inlet 

pressure (which varies within the range of atmospheric air) on 

gas turbine efficiency and unit power is hardly noticeable. 

As with variations in temperature, controlling the air or fuel 

mass flow rate so as to maintain a constant turbine inlet temper-

ature (TIT) results in precisely the same characteristics of effi-

ciency and the unit power of a gas turbine. A marginal discrep-

ancy can be discerned in net power and, consequently, in the 

heat supply, compressor and turbine power (Fig. 9). Neverthe-

less, these deviations are primarily attributable to minor varia-

tions in air mass flux incorporated into the cycle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Another parameter analysed in terms of turbine operation is 

the relative humidity 𝜑 of the air at the compressor inlet. Its im-

pact on the discussed parameters is shown in Figs. 10 and 11. 

A growth of the relative humidity slightly increases density, re-

sulting in a decrease in air mass flow (Fig. 10a) in the case of air 

control. Conversely, the effect on enthalpy is more pronounced 

than the effect on pressure change. This results in a relatively 

modest yet substantial impact on gas turbine efficiency and unit 

power. The decline in efficiency is only marginally perceptible 

(Fig. 10b), and a slight rise in unit power (Fig. 10c) is evident. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 10. Influence of the air relative humidity 𝜑1 at the  

compressor inlet on: (a) mass flow of the inlet air 𝑚̇𝑎, (b) total 

efficiency 𝜂𝐺𝑇, (c) unit power 𝑃𝑢 of the gas turbine. 

 

Fig. 8. Influence of the air pressure 𝑝1 at the compressor inlet 

on: (a) mass flow of the inlet air 𝑚̇𝑎, (b) total efficiency 𝜂𝐺𝑇,  

(c) unit power of the gas turbine 𝑃𝑢.  

 

Fig. 9. Influence of the air pressure 𝑝1 at the compressor inlet 

on: (a) heat flux supplied in the combustion chamber 𝑄̇𝑐𝑜𝑚𝑏,  

(b) internal power of the compressor 𝑃𝐶, (c) internal  

power of the turbine 𝑃𝑇. 
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The discrepancies in the air control and fuel control cases are 

illustrated in Fig. 11. Given the identical thermal parameters at 

characteristic points, it is the air mass flux that is responsible for 

the observed discrepancies in compressor and turbine power.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The findings presented above indicate that, among the exam-

ined air parameters, the ambient temperature exerts the most sig-

nificant influence on the turbine efficiency and unit power. The 

ambient pressure exerts a comparatively minor influence on the 

unit power fluctuations and the gas turbine efficiency. It is im-

portant to note, however, that the ambient pressure does not un-

dergo as rapid changes during the day or over the course of sev-

eral hours as the temperature does. Consequently, its impact 

may be discernible in extreme situations when the pressure de-

viates from its standard value. It has also been demonstrated that 

the relative humidity exerts a small but noticeable influence on 

the efficiency and unit power of a gas turbine. 

3.3. The influence of hydrogen addition to the fuel  

on turbine performance 

The created model was utilised to execute a preliminary in-

vestigation into the impact of enriching conventional fuel (me-

thane) with hydrogen at varying mass percentages ranging from 

0% to 100%. The simulation was performed with a constant air 

supply to the system, as illustrated in Table 3. 

As demonstrated by the analyses, the rising proportion of hy-

drogen (Fig. 12a) in the fuel utilised in the modelled installation 

is accompanied by an increase in both the thermal power of the 

combustion chamber (heat supply) and the power of the turbine. 

This rise in power, coupled with the constant compressor power, 

results in an increase in the power output of the entire unit.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

As illustrated in Fig. 12c, the second increase exceeds the 

first in percentage terms. Consequently, the total efficiency of 

the gas turbine increases by less than 1 percentage point (see  

Fig. 12b). Additionally, the unit power increases by nearly  

30 kJ/kg, due to its reference to a constant air flow supplied to 

the compressor. 

It should be noted that the obtained results are strictly de-

pendent on the simulation settings and model parameterisation. 

For instance, the aforementioned increase in thermal power of 

the combustion chamber stems from two factors: the higher cal-

orific value of hydrogen compared to methane, and the increased 

proportion of water vapour in the exhaust gas stream, which 

raises its specific enthalpy. 

An increase in the exhaust gas stream's specific enthalpy is 

necessary to reach the desired temperature at the turbine inlet. 

Consequently, more heat must be supplied, introducing more 

chemical energy into the cycle with the fuel. While the transition 

from pure methane to pure hydrogen combustion decreases the 

stream leaving the chamber by 9.182 kg/s (less than 1.5% of the 

initial mass flux), the increase in the exhaust gas stream's spe-

cific enthalpy is 58.54 kJ/kg (nearly 3.5% more). A similar sit-

uation occurs in the turbine. The increase in power is solely the 

result of the greater difference in exhaust gas enthalpy between 

the two isobars (assuming isentropic turbine efficiency). This 

difference is a direct result of the thermochemical properties of 

the gas mixtures formed in the combustion chamber. In the con-

sidered model, the pressure ratio, turbine inlet temperature, and 

the efficiency of the aforementioned machine are constant. 

To enhance the representativeness of the results with respect 

to real objects, it would be necessary to consider factors such as 

 
Fig. 11. Influence of the air relative humidity 𝜑1 at the  

compressor inlet on: (a) heat flux supplied in the combustion 

chamber 𝑄̇𝑐𝑜𝑚𝑏, (b) internal power of the compressor 𝑃𝐶,  

(c) internal power of the turbine 𝑃𝑇. 

 

Fig. 12. Influence of the hydrogen content in fuel on:  

(a) mass flow of the fuel and its components, (b) total  

efficiency 𝜂𝐺𝑇, (c) heat flux supplied to the combustion  

chamber and turbine power, (d) unit power of the gas turbine 𝑃𝑢. 
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the combustion chamber efficiency (losses due to incomplete or 

partial combustion, pressure losses) or turbine efficiency as 

a function of the hydrogen content in the fuel. While these ele-

ments were not incorporated in the present simulations, the uti-

lised tool, EBSILON Professional, enables the implementation 

of more advanced characteristics of the aforementioned ma-

chines and devices. Consequently, they remain viable options 

for zero-dimensional analyses of gas blocks, including those 

burning or co-burning alternative fuels. 

4. Conclusions 

The article presents a numerical model of a gas turbine, prepared 

using the EBSILON Professional software. This program was 

used to examine the impact of individual parameters (compres-

sion ratio, turbine inlet temperature and ambient air parameters) 

on the efficiency and the unit power of a gas turbine.  
The EBSILON Professional program facilitates the model-

ling of real objects, including gas turbines, ensuring satisfactory 

accuracy and convergence with actual operating indicators. This 

is exemplified by the case of GE's 9HA.01 turbine. The soft-

ware's functionality encompasses the optimisation of selected 

parameters, facilitating the observation of their impact on tur-

bine performance. An illustration of this optimisation is pro-

vided in Fig. 5, a diagram that can be utilised to identify com-

pression ratio values for which the gas turbine achieves a suffi-

ciently high efficiency and the highest possible unit power. 

The operation of a gas turbine is dependent on atmospheric 

conditions, including the temperature, pressure and relative hu-

midity of the surrounding air. The atmospheric parameter that 

exerts the most influence on its operation is temperature. As 

demonstrated in Figs. 6−11, the efficiency and the unit power of 

a gas turbine are significantly affected by the air temperature, 

while changes in the pressure and the relative humidity are of 

lesser importance. Changes in ambient temperature are observed 

throughout the year, depending on seasonal conditions. Conse-

quently, gas turbines demonstrate optimal efficiency during 

winter months, when ambient temperatures are sufficiently low. 

Conversely, gas turbines exhibit minimal efficiency during sum-

mer months, when temperatures frequently exceed 30°C, de-

pendent upon the specific climate zone. However, it is important 

to note that the temperature of the inlet air should not become 

excessively low during operation, as this can lead to operational 

problems associated with condensation that can crystallise in the 

air intake. The presence of ice crystals on the compressor blades 

can damage this component of the gas turbine, leading to a for-

ced shutdown. Therefore, in case of low inlet temperature  

(i.e. between −10°C and 10°C), the air supplied to the compres-

sor is pre-heated to prevent this from happening. The impact of 

adding hydrogen to fuel on the operating parameters of a gas 

turbine was subsequently determined. 

In the context of simulating actual gas turbine cycles, it is 

necessary to consider the material limitations of the components 

utilised and the atmospheric conditions characteristic of the cli-

mate zone in which the turbine is located. These factors impose 

greater restrictions that must be taken into account during the 

calculations.  

It should be emphasised that the results obtained and pre-

sented in this paper are a direct consequence of the parameteri-

sation of the numerical model described in Chapter 2 and refer-

enced in Subsection 3.2. Although these results should be con-

sidered approximations of the actual state of the power system, 

the software allows for the inclusion of higher-order character-

istics of individual machines and devices in the simulation, as 

well as more complex control systems. 
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1. Introduction 

The suspension of nanoparticles (usually ranging in size from  

1 nm to 100 nm) in conventional fluids such as water, oils, blood 

or ethylene glycol is known as nanofluid, and it is a crucial field 

of research in fluid dynamics. These nanoparticles may signifi-

cantly improve the fluid’s thermal conductivity and heat transfer 

characteristics, making nanofluids ideal for a range of technical 

uses. In this context, a promising nexus between nanotechnol-

ogy and biomedical research is blood-based nanofluid flow. Re-

searchers want to improve drug delivery methods, provide novel 

diagnostic tools, and increase the usefulness of blood for thera-

peutic purposes by utilising the special qualities of nanoparti-

cles. The integration of blood-based nanofluids  in  the  biomedi- 
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Abstract 
Biomagnetic nanofluids have attracted considerable attention because of their potential applications in biomedical engineer-
ing, particularly in drug delivery, cancer therapy, and thermal management systems. In the present study, a nonsimilar analysis 
of biomagnetic blood-based nanofluid containing multiwalled carbon nanotubes over an exponential stretching/shrinking 
sheet is investigated. The model incorporates several important physical effects, including a transverse magnetic field, viscous 
dissipation, suction/injection, particle volume fraction, particle radius, and particle spacing during nanoparticle–blood inter-
action. The governing partial differential equations are transformed using nonsimilarity transformations and solved numeri-
cally through the local nonsimilarity technique with the bvp4c solver in MATLAB. The effects of the physical parameters on 
velocity, temperature distribution, skin friction coefficient and local Nusselt number are analysed in detail. The results indi-
cate that increasing the magnetic field parameter, particle radius and nanoparticle volume fraction significantly reduces the 
velocity profile while enhancing the temperature distribution. Moreover, an increase in particle spacing improves both veloc-
ity and temperature profiles. Quantitatively, the heat transfer rate decreases by approximately 23.46% and 8.83% in the 
stretching and shrinking cases, respectively, when the nanoparticle volume fraction increases from 0 to 0.1. Moreover, the 
skin friction coefficient increases by approximately 24.15% and 23.9% with the increasing magnetic field strength, while 
increasing the particle radius from 1 to 2 reduces the skin friction coefficient by approximately 16.52% and 33.18% in the 
stretching and shrinking cases, respectively. These findings provide useful insights for the design and optimisation of bio-
magnetic nanofluid systems in biomedical and thermal engineering applications. 
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Nomenclature 

B0 – magnetic field strength, T 

Cp – heat capacity, J/(kg K) 

Ec – Eckert number 

h – particle interspacing, m 

M – magnetic field parameter 

Nu – Nusselt number 

Pr ‒ Prandtl number 

Rp – particle radius, m 

Re – Reynolds number 

S – suction/injection parameter 

T – temperature, K 

u, v ‒ velocity components along axial and normal directions, m/s 

 

Greek symbols 

η – pseudosimilarity variable 

  dimensionless temperature 

κ – thermal conductivity, W/(m K)  

λ – stretching/shrinking parameter 

 – dynamic viscosity, kg/(m s)  

ξ – nonsimilarity variable  

ρ – blood density, kg/m3  

σ – electrical conductivity, S/m  

 – particle volume fraction 

 

Subscripts and Superscripts 

nf – nanofluid  

w – wall 

∞ – free-stream 

 

Abbreviations and Acronyms 

CNT – carbon nanotube  

HAM – homotopy analysis method 

MHD – magnetohydrodynamic 

MWCNT – multiwalled carbon nanotubes 

SWCNT – single-wall carbon nanotube  

cal and engineering domains has intriguing prospects for im-

proving performance and efficiency and tailoring therapeutics as 

research progresses. 

Single-wall carbon nanotubes (SWCNTs) and multiwall car-

bon nanotubes (MWCNTs) are important components in the 

mathematical framework of blood-based hybrid nanofluid flow 

presented by Saeed et al. [1], which takes into account the elec-

tromagnetic field and coupling stress. The hybrid nanofluid 

model increased the heat transfer rate by 11.95%, according to 

previous studies. TiO2+Ag/blood flow was numerically analy-

sed by Alanazi et al. [2]. They discovered through computation-

nal use of the Runge–Kutta technique that the particle volume 

fraction significantly contributes to improved heat transmission. 

A blood-based Casson nanofluid flow that permits SWCNT and 

MWCNT particles over an extended sheet was covered by Mo-

hamed et al. [3]. According to previous studies, compared with 

SWCNTs, MWCNTs significantly affect blood flow. The hy-

brid nanofluid stagnation fluid flow exposed to an expanding 

surface was investigated by Samat et al. [4] using carbon nano-

tubes. According to the study, magnetic fields are crucial for 

fluid transport behaviour, and whenever the magnetic field pa-

rameter is smaller than 1, several solutions to the problem may 

be found. Kerosene-based carbon nanotubes (CNTs) exhibit 

greater skin friction than do engine oil- and water-based CNTs, 

according to the mathematical model of homogeneous nanofluid 

flow of Khan et al. [5]. A MATLAB-based bvp4c-technique 

stagnation point flow of a CNT nanofluid along a curved surface 

was quantitatively examined by Khan et al. [6]. According to the 

study, when comparing SWCNTs to MWCNTs, the rate of heat 

transmission increased noticeably. Using water as the base fluid, 

Das et al. [7] investigated the effects of radiation and an external 

magnetic field on the unsteady flow of a three-dimensional hy-

brid nanofluid exposed to upward and downward rotating disks 

in the cases of SWCNT+Fe3O4 and MWCNT+Fe3O4. The nu-

merical analysis reveals that, in comparison with that of 

SWCNT+Fe3O4, the rate of heat transmission for MWCNT+ 

Fe3O4 is less than 0.35%. 

A Levenberg‒Marquardt multilayer artificial neural network 

was introduced by Priyadharshini and Archana [8] to investigate 

SWCNT-MWCNT/H2O flows. The authors discovered that 

larger values of the volume fraction result in an increase in the 

thermal profile of the fluid behaviour system as a whole. Re-

hamn et al. [9] investigated the effects of slip circumstances and 

magnetic fields on blood/MWCNT behaviour while taking var-

ious fluid characteristics into account. Using the homotopy ap-

proach (homotopy analysis method  HAM), they reported that 

the Nusselt number increases in tandem with the volume fric-

tion, Eckert number and dynamic viscosity of the nanoparticles. 

Ramanuja et al. [10] investigated the effects of heat sources and 

thermal radiation on magnetohydrodynamic (MHD) blood-

SWCNT flow and discovered that resistive impedance in the 

flow direction validates better findings in SWCNTs than in pure 

blood. A mathematical framework of TiO2+Fe3O4+SiO2/blood-

based hybrid nanofluid flow subject to an extended curved sur-

face was proposed by Nagaraja et al. [11]. The investigation re-

vealed that the Prandtl number increases the system’s total heat 

transfer rate. A thorough examination of SWCNTs/blood and 

MWCNTs/blood subjected to unstable Marangoni convection 

flow on a stretched surface was performed by Rehman  

et al. [12]. Increasing the stretching parameter values reduces 

fluid skin friction with the use of a computational process.  

A mathematical model of blood based CNT flows under Joule 

dissipation and viscous heating was developed by Nasir  

et al. [13]. They discovered that higher solid volume fractions 

for both types of CNTs increase the heat transfer rate to the 

blood vessel wall. El Glılı and Drıouıch [14] investigated the 

principles of electrically conducting water-based carbon nano-

tubes on an expanding sheet and discovered that MWCNTs had 

greater normal and tangential velocities than those of SWCNTs; 

the temperature distribution showed the opposite trend. In their 

discussion of MHD Casson ternary hybrid nanofluid slip flow 

over a surface expanded with convective heat, Mahanta and 

Sharma [15] reported that when the suction increases, the thick-

ness of the boundary layer decreases. 

Ahmad et al. [16] examined transient electroviscous flow be-

tween squeezing plates via a ternary hybrid nanofluid composed 

of silicon carbide, aluminium oxide, and multiwall carbon nano-

tubes dispersed in water. Their study demonstrated that the in-
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corporation of multiple nanoparticles significantly enhances 

thermal transport compared with that of conventional nanoflu-

ids, particularly in the presence of thermal radiation and heat 

generation effects. Yasir et al. [17] investigated the radiative 

stagnation-point flow of cross fluid with gyrotactic microorgan-

isms and highlighted the important role of the activation energy 

and heat source/sink mechanisms in modifying the thermal and 

concentration fields. Ahsan et al. [18] analysed stratified biocon-

vective Williamson nanofluid flow over a curved stretching sur-

face under the influence of Joule heating, a magnetic field and 

nonlinear thermal radiation, and reported that the magnetic and 

Williamson parameters tend to suppress the velocity field, 

whereas the thermal parameters significantly alter the tempera-

ture distribution. Furthermore, Yasir et al. [19] conducted 

a comparative analysis of radiative magnetised flows of micro-

polar, Casson, and Maxwell fluids with melting heat transfer and 

demonstrated that thermal radiation markedly intensifies the 

temperature field, particularly in the Casson fluid. Kallem et al. 

[20] investigated magnetohydrodynamic hyperbolic tangent 

fluid flow over a nonlinear stretching sheet in a porous medium, 

highlighting the significant influence of magnetic field strength, 

chemical reactions and heat sources on flow and heat transfer 

characteristics. Biswas et al. [21] analysed thermomagnetic con-

vection and entropy generation in a wavy porous cavity filled 

with a Cu-Al₂O₃/water hybrid nanofluid and reported that mag-

netic field intensity and wall undulations strongly affect hydro-

thermal transport behaviour. M and De [22] examined electro-

osmotic Maxwell nanofluid flow in a Darcy-Forchheimer po-

rous medium considering the Soret and Dufour effects, and 

demonstrated that electromagnetic forces and cross-diffusion 

mechanisms play roles in controlling velocity, temperature and 

concentration fields. 

Motivated by the above studies, the main objective of the 

present work is to investigate the nonsimilar flow and heat trans-

fer characteristics of a biomagnetic blood-based nanofluid con-

taining multiwalled carbon nanotubes (MWCNTs) over an ex-

ponentially stretching/shrinking sheet. The analysis considers 

the combined influence of the magnetic field parameters, nano-

particle volume fraction, particle radius, and particle spacing 

during nanoparticle–blood interactions. The novelty of this 

study lies in incorporating the effects of the particle radius and 

interparticle spacing within a nonsimilar biomagnetic nanofluid 

framework over an exponential stretching/shrinking surface. 

The governing nonlinear partial differential equations are solved 

via a local nonsimilarity technique with the MATLAB bvp4c 

solver. The effects of the governing parameters on the velocity, 

temperature, skin friction coefficient and local Nusselt number 

are examined in detail, providing useful insight into biomagnetic 

nanofluid transport relevant to biomedical and microscale ther-

mal applications.  

2. Mathematical formulation  

A two-dimensional steady electrically conducting biomagnetic 

fluid with nanoparticles is considered along the exponentially 

stretching/shrinking sheet, as depicted in Fig. 1. For the current 

study, the following assumptions are taken into consideration: 

 laminar flow, 

 incompressible flow, 

 MHD flow, 

 blood is considered the base fluid, 

 multiwalled carbon nanotubes (MWCNTs) are considered 

to have a spherical shape, 

 slip conditions, 

 nonsimilar flow, 

 particle radius and interspacing is assumed, while interact-

ing with blood. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

These assumptions define the physical framework of the pre-

sent model and determine the range of applicability of the ob-

tained results. The laminar and incompressible flow assump-

tions are appropriate for small-scale biomedical flow conditions 

where inertial and density variation effects are negligible. 

Therefore, the results obtained in this study apply to biomag-

netic nanofluid transport systems, particularly in biomedical and 

microscale heat transfer applications where similar physical 

conditions exist. 

Additionally, the sheet is considered to be stretched expo-

nentially with velocity uw(x) = cex/l along the axial direction x, 

whereas the radial direction is denoted by y, where the stretching 

and shrinking cases are indicated by c > 0 and c < 0, respec-

tively. The free stream velocity is represented by ue(x) = bex/l, 

where b > 0. Furthermore, the wall mass transmission is shown 

by vw(x) = v0ex/2l, in which mass suction and injection are indi-

cated by v0 > 0 and v0 < 0, respectively. A strongly applied mag-

netic field in an exponential form is given by B(x) = B0ex/2l, 

which acts perpendicularly to the surface. Considering all these 

assumptions, we extend the work of [15,23,24], and the pro-

posed mathematical model is given by: 

 
𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
= 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝑢𝑒

𝑑𝑢𝑒

𝑑𝑥
+
𝜇𝑛𝑓

𝜌𝑛𝑓
 (
𝜕2𝑢

𝜕𝑦2
) −

𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0
2(𝑥)(𝑢 − 𝑢𝑒), (2) 

 (𝜌𝐶𝑝)𝑛𝑓  (𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝜅𝑛𝑓 (

𝜕2𝑇

𝜕𝑦2
) + 𝜇𝑛𝑓 (

𝜕𝑢

𝜕𝑦
)
2

, (3) 

with boundary conditions [23,24]: 

 at 𝑦 = 0: 

 𝑣 = 𝑣𝑤 ,        𝑢 = 𝑢𝑤 ,         𝑇 = 𝑇𝑤 = 𝑇∞ + 𝑇0𝑒
2𝑥/𝑙, (4a) 

 

Fig. 1. Physical view of blood/MWCNT flow. 
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 as 𝑦 → ∞: 

 𝑢  = 𝑢𝑒 (𝑥),         𝑇 = 𝑇∞, (4b) 

where the velocity components along the axial and normal di-

rections are 𝑢 and 𝑣, respectively. Additionally, blood density, 

viscosity, electrical conductivity and thermal conductivity are 

denoted by ρ, μ, σ, κ, respectively. The subscript symbol (…)nf 

indicates a nanofluid, which refers to a base fluid with nanopar-

ticles. The proposed model is shown in Fig. 2. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The effective thermo-physical characteristics of the applied 

nanofluid model equations are given in [25−28], where  is the 

particle volume fraction. Additionally, the symbols Rp, h denote 

the particle radius and interspacing, respectively. 

 
𝜇𝑛𝑓

𝜇𝑏𝑙𝑜𝑜𝑑
= 1 + 2.5 + 4.5 [

1

ℎ

𝑅𝑝
(2+

ℎ

𝑅𝑝
) (1+

ℎ

𝑅𝑝
)
2],  

 𝜌𝑛𝑓 = (1 − )𝜌𝑏𝑙𝑜𝑜𝑑 + 𝜌𝑀𝑊𝐶𝑁𝑇 ,  

 (𝜌𝐶𝑝)𝑛𝑓 =
(1 − ) (𝜌𝐶𝑝)𝑏𝑙𝑜𝑜𝑑 +  (𝜌𝐶𝑝)𝑀𝑊𝐶𝑁𝑇 , (5) 

 
𝜎𝑛𝑓

𝜎𝑏𝑙𝑜𝑜𝑑
= (1 − )𝜎𝑏𝑙𝑜𝑜𝑑 + 𝜎𝑀𝑊𝐶𝑁𝑇 ,  

 
𝜅𝑛𝑓

𝜅𝑏𝑙𝑜𝑜𝑑
=
(𝜅𝑀𝑊𝐶𝑁𝑇+2 𝜅𝑏𝑙𝑜𝑜𝑑)−2 (𝜅𝑏𝑙𝑜𝑜𝑑−𝜅𝑀𝑊𝐶𝑁𝑇)

(𝜅𝑀𝑊𝐶𝑁𝑇+2 𝜅𝑏𝑙𝑜𝑜𝑑)+ (𝜅𝑏𝑙𝑜𝑜𝑑−𝜅𝑀𝑊𝐶𝑁𝑇)
 .  

To mathematically handle this proposed model, the follow-

ing nonsimilarity flow is introduced [29,30]: 

 𝜉 = 𝑒𝑥/𝑙 ,            𝜂 = √
𝑏

2𝜐𝑓𝑙
𝑦𝑒𝑥/2𝑙,   

 𝜃(𝜉, 𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
,         𝑢 = 𝑏𝑒𝑥/𝑙𝑓 ′(𝜉, 𝜂), (6) 

 𝑣 = −√
𝑏𝜐𝑓

2𝑙
𝑒𝑥/2𝑙 (𝜂𝑓 ′(𝜉, 𝜂) + 𝑓(𝜉, 𝜂) + 2𝜉

𝜕𝑓

𝜕𝜉
),  

where ξ is known as a nonsimilarity variable, while η is known 

as a pseudosimilarity variable. 

Equations (2) and (3) are reduced into the following nonsim-

ilar system through the use of Eqs. (5) and (6) as follows: 

 𝐴1 𝑓
′′′ + 𝑓 𝑓 ′′ − 2(𝑓 ′2 − 1) − 2𝐴2𝑀(𝑓

′ − 1) +  

 −2𝜉 [ 𝑓 ′ 𝜕
2𝑓

𝜕𝜉𝜕𝜂
− 𝑓 ′′ 𝜕𝑓

𝜕𝜉
]  = 0 (7) 

 𝐴3𝐴4 𝜃
′′ + 𝑃𝑟 [𝐴4𝐴5Ec𝑓

′′2 + 𝑓𝜃 ′ − 4𝜃 𝑓 ′] +  

 −2Pr 𝜉 [𝑓 ′ 𝜕𝜃

𝜕𝜉
− 𝜃 ′ 𝜕𝑓

𝜕𝜉
] = 0, (8) 

along with: 

 𝑓(𝜉, 0) + 2𝜉
𝜕𝑓

𝜕𝜉
= 𝑆,       𝑓 ′(𝜉, 0) = 𝜆,       𝜃(𝜉, 0) = 1,  

 𝑓 ′(𝜉,∞)  → 0 ,         𝜃(𝜉,∞) → 0, (9) 

where prime (…) denotes the derivatives concerning 𝜂.  

Additionally, the physical nondimensional parameters are 

given in Table 1. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Additionally, we have: 

 𝐴1 =

1+2.5+4.5

[
 
 
 
 

1

ℎ
𝑅𝑝
(2+

ℎ
𝑅𝑝
) (1+

ℎ
𝑅𝑝
)

2

]
 
 
 
 

(1−+ 
𝜌𝑀𝑊𝐶𝑁𝑇
𝜌𝑏𝑙𝑜𝑜𝑑

)
 ,       𝐴2 =

(1−+ 
𝜎𝑀𝑊𝐶𝑁𝑇
𝜎𝑏𝑙𝑜𝑜𝑑

)

(1−+ 
𝜌𝑀𝑊𝐶𝑁𝑇
𝜌𝑏𝑙𝑜𝑜𝑑

)
,  

 𝐴3 = 
𝜅𝑛𝑓

𝜅𝑏𝑙𝑜𝑜𝑑
,           𝐴4 =

1

(1−+ 
(𝜌𝐶𝑝)𝑀𝑊𝐶𝑁𝑇
(𝜌𝐶𝑝)𝑏𝑙𝑜𝑜𝑑

)

,  

 𝐴5 = 1 + 2.5 + 4.5 [
1

ℎ

𝑅𝑝
(2+

ℎ

𝑅𝑝
) (1+

ℎ

𝑅𝑝
)
2].  

Two important physical quantities under the proposed model 

are the skin friction parameter and the local Nusselt number: 

 (2Re)−
1

2𝐶𝑓 =
𝐴1

𝜉
𝑓 ′′𝑓(𝜉, 0),  

 (2Re)−
1

2Nu = −𝜉𝜃′(𝜉, 0). (10) 

 

Fig. 1. Flow chart of model simulation. 

Table 1. Physical parameters. 

Parameter Expression 
 

Stretching/shrinking parameter 𝜆 =
𝑏

𝑐
 

Stretching whenever: λ > 0  
Shrinking whenever: λ < 0  

Static whenever: λ = 0 

 
Suction/injection parameter 𝑆 = − 

2𝑙

𝑏𝜐𝑓
𝑣0 

Suction whenever: S > 0 
Injection whenever: S < 0  

Magnetic field parameter 𝑀 =
𝐵0
2𝜎𝑓𝑙

𝑏𝜌𝑓
 

Prandtl number Pr =
𝜐𝑓

𝛼𝑓
 

Eckert number Ec =
𝑏2

𝑇0(𝜌𝐶𝑝)𝑓

 

Local Reynolds number Re =
𝑏𝑙

𝜐𝑓
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3. Numerical procedure and validation 

3.1. Local similarity technique 

It was suggested that the nonsimilar boundary layers may be 

solved by applying a local nonsimilarity approach, which was 

initially presented by Minkowycz and Sparrow [28] and then de-

veloped by [29–32]. The local similarity form of Eqs. (7) and 

(8) associated with boundary conditions is obtained as follows 

by removing the terms associated with 𝜕𝑓 𝜕𝜉⁄  and 𝜕𝜃 𝜕𝜉⁄ : 

 𝐴1 𝑓
′′′ + 𝑓 𝑓 ′′ − 2(𝑓 ′2 − 1) − 2𝐴2𝑀(𝑓

′ − 1)  = 0, (11) 

 𝐴3𝐴4 𝜃
′′ + Pr [𝐴4𝐴5Ec𝑓

′′2 + 𝑓𝜃 ′ − 4𝜃 𝑓 ′] = 0, (12) 

along with: 

 (𝜉, 0) + 2𝜉
𝜕𝑓

𝜕𝜉
= 𝑆,            𝑓 ′(𝜉, 0) = 𝜆,          𝜃(𝜉, 0) = 1,  

 𝑓 ′(𝜉,∞)  → 0,            𝜃(𝜉,∞) → 0 (12) 

3.2. Local nonsimilarity technique 

3.2.1. First truncation level 

To achieve first-level truncation, Eqs. (7)–(8) are kept without 

approximation and substituted: 

 {
𝑔 =

𝜕𝑓

𝜕𝜉

𝑚 =
𝜕𝜃

𝜕𝜉

. (14) 

Therefore, one can obtain: 

 𝐴1 𝑓
′′′ + 𝑓 𝑓 ′′ − 2(𝑓 ′2 − 1) − 2𝐴2𝑀(𝑓

′ − 1) +  

 −2𝜉[ 𝑓 ′𝑔′ − 𝑔𝑓 ′′]  = 0 (15) 

 𝐴3𝐴4 𝜃
′′ + 𝑃𝑟 [𝐴4𝐴5Ec𝑓

′′2 + 𝑓𝜃 ′ − 4𝜃 𝑓 ′] +  

 −2Pr 𝜉 [𝑓 ′𝑚 − 𝜃 ′𝑔] = 0, (16) 

along with: 

 𝑓(𝜉, 0) + 2𝜉𝑔 = 𝑆,         𝑓 ′(𝜉, 0) = 𝜆,        𝜃(𝜉, 0) = 1  

 𝑓 ′(𝜉,∞)  → 0,         𝜃(𝜉,∞) → 0 (17) 

3.2.2. Second truncation level 

Now, we differentiate with respect to 𝜉 and remove all the terms 
𝜕𝑔(𝜂,𝜉)

𝜕𝜉
, 
𝜕𝑚(𝜂,𝜉)

𝜕𝜉
 and their derivatives. In light of the above, the 

system of the 2nd truncation level contains Eq. (18)–(20): 

 𝐴1 𝑔
′′′ + 𝑓 𝑔′′ + 3𝑔 𝑓 ′′ − 6𝑓 ′𝑔′ − 2𝐴2𝑀𝑔

′ +  

 −2𝜉 [ 𝑔′2 − 𝑔𝑔′′]  = 0, (18) 

 Pr[2𝐴4𝐴5Ec𝑓
′′𝑔′′ + 𝑓 𝑚′ − 6𝑚𝑓 ′ + 3𝜃 ′𝑔 − 4𝜃 𝑔′] +  

 −2Pr 𝜉 [𝑔′𝑚 −𝑚′𝑔]+𝐴3𝐴4 𝑚
′′ = 0 (19) 

with the following BCs: 

 𝑔(𝜉, 0) = 0,         𝑔′(𝜉, 0) = 0,         𝑚(𝜉, 0) = 0  

 𝑔′(𝜉,∞)  → 0,          𝑚(𝜉,∞) → 0. (20) 

4. Results and discussion 

This section presents a visual representation of the computa-

tional results of the physical parameters that affect the fluid ve-

locity, temperature, skin friction and Nusselt number. We used 

the bvp4c approach, which is based on MATLAB, to handle this 

computationally. Table 2 also presents a comparison with exist-

ing research to determine the accuracy of the numerical ap-

proach used, which was determined to be within acceptable 

bounds. Additionally, this study used MWCNT particles to sim-

ulate blood numerically. Consequently, we conducted further re-

search [34–37] and considered the information shown in Tab- 

le 3 to produce realistic simulations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In this study, we present a comprehensive comparison of the 

following: 

(i) blood/MWCNT behaviour in the stretched case, 

(ii) blood/MWCNT behaviour in the shrinking case. 

Figures 3 and 4 illustrate the influence of the magnetic field 

parameter on the velocity and temperature profiles for both the 

stretching and shrinking cases. Increasing the magnetic field pa-

rameter reduces the fluid velocity while increasing the tempera-

ture distribution. This behaviour is attributed to the Lorentz 

force generated by the interaction between the magnetic field 

and the electrically conducting nanofluid, which acts as a resis-

tive force opposing the fluid motion and suppressing the veloc-

ity field. The reduced fluid motion weakens convective heat 

transport and promotes thermal energy accumulation within the 

boundary layer, resulting in an increase in the temperature pro-

file.  

Figures 5 and 6 illustrate the effects of nanoparticle volume 

fraction on the velocity and temperature profiles. Increasing the 

volume fraction reduces the fluid velocity while enhancing the  

Table 2. Comparison of values of 𝑓′′(0) when M = φ = ξ = Ec =0, λ = 1, 

Pr = 7 for various values of 𝑆. 

S 
Present outcomes 

(local nonsimilarity solutions) 
Gorla and Sidawi [33] 

0.7 0.72250 0.72252 

0.4 0.83418 0.83420 

  0.0 1.01441 1.01435 

  0.4 .2313 1.23180 

  0.7 1.41879 1.41884 

 

Table 3. Physical properties of blood and MWCNTs. 

Properties 
Base fluid: 

blood 

Nanoparticles 

MWCNT 

Cp (J kg−1 K−1)  3.9 × 103 796 

𝝆 (kg m−3)  1050 1600 

σ (s m−1)  0.8 1.9 × 10−4 

κ (W m−1 K−1)  0.5 3.7 
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temperature distribution. The reduction in velocity occurs be-

cause the addition of nanoparticles increases the effective vis-

cosity of the nanofluid, which strengthens the momentum re-

sistance within the boundary layer. Conversely, the temperature 

increases since a higher nanoparticle concentration improves the 

effective thermal conductivity of the nanofluid, thereby increas-

ing heat transport within the fluid.  

Figures 7 and 8 present the influence of the particle spacing on 

the velocity and temperature distributions. Increasing the parti-

cle spacing enhances both the velocity and temperature profiles. 

Physically, a larger interparticle spacing reduces nanoparticle–

nanoparticle interactions and agglomeration effects, which pro-

motes more uniform dispersion of nanoparticles within the base 

fluid. This  improved  dispersion  facilitates  more  efficient  mo- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Influence of M on f(η). 

 

Fig. 4. Influence of M on θ(η). 

 

Fig. 5. Influence of  on f (η). 

 

Fig. 6. Influence of  on θ(η). 

 

Fig. 8. Influence of h on θ(η). 

 

Fig. 7. Influence of h on f (η). 
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mentum and heat transport within the boundary layer, resulting 

in enhanced velocity and temperature distributions.  

Figures 9 and 10 illustrate the influence of the particle radius 

on the velocity and temperature distributions. Increasing the par-

ticle radius decreases the velocity profile while enhancing the 

temperature distribution. The reduction in velocity is attributed 

to the increase in effective viscosity and particle inertia associ-

ated with larger nanoparticles, which strengthens the momentum 

resistance within the boundary layer. Conversely, the tempera-

ture increases because larger particles increase the effective 

thermal conductivity of the nanofluid, promoting improved heat 

transport within the fluid. 

Finally, Figs. 11 to 16 examine variations of the skin friction 

and local Nusselt number with physical parameters such as the 

particle radius, particle volume fraction and magnetic field.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. Influence of Rp on f (η). 

 

Fig. 10. Influence of Rp on θ(η). 

 

Fig. 11. Influence of M on f (0, ξ) against ξ. 

 

Fig. 12. Influence of M on –θ 
(0, ξ) against ξ. 

 

Fig. 13. Influence of  on f (0, ξ) against ξ. 

 

Fig. 14. Influence of  on –θ 
(0, ξ) against ξ. 
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According to the study, for both the stretching and shrinking 

scenarios, the magnetic field parameter improves both the skin 

friction and the Nusselt number. The skin friction is shown to 

improve by 24.15% in the stretching case and by 23.9% in the 

shrinking case over a range of magnetic field parameter values 

from 1 to 3, whereas the Nusselt number improves by 0.36% and 

0.68% for the stretching and shrinking situations, respectively. 

Both the skin friction and the Nusselt number decrease as the 

particle radius increases. The skin friction decreases by 16.52% 

and 33.18% for the stretching and shrinking scenarios, respec-

tively, for particle radius values ranging from 1 to 2. The Nusselt 

number values are decreased by 0.53% and 0.96%, respectively, 

for the stretching and shrinking scenarios. The skin friction and 

Nusselt number decrease as the particle volume fraction in-

creases from 0 to 0.1. According to the study, the skin friction 

decreases by approximately 4.2% in the stretching case and by 

approximately 4.97% in the shrinking case. The Nusselt number 

likewise shows a noticeable shift, decreasing by approximately 

23.46% and 8.83%, respectively, in the stretching and shrinking 

scenarios. 

5. Conclusions  

The present study investigated the nonsimilar flow and heat 

transfer characteristics of a biomagnetic blood-based MWCNT 

nanofluid over an exponentially stretched/shrinking sheet under 

the influence of magnetic field, particle radius, particle volume 

fraction and particle spacing. The governing equations were 

solved via the local nonsimilarity technique with the MATLAB 

bvp4c solver. The key findings are summarised as follows: 

 The velocity profile decreases significantly with increasing 

magnetic field parameters, particle radius and particle vol-

ume fraction, whereas the temperature profile increases un-

der the same conditions for both the stretching and shrink-

ing cases. 

 Increasing the particle spacing enhances both the velocity 

and temperature distributions, indicating improved nano-

particle dispersion within the base fluid. 

 The skin friction coefficient increases by approximately 

24.15% in the stretching case and 23.9% in the shrinking 

case when the magnetic field parameter increases within 

the considered range. 

 The heat transfer rate (Nusselt number) decreases by ap-

proximately 23.46% and 8.83% for the stretching and 

shrinking cases, respectively, when the nanoparticle vol-

ume fraction increases from 0 to 0.1. 

 Increasing the particle radius from 1 to 2 reduces the skin 

friction coefficient by approximately 16.52% in the stretch-

ing case and 33.18% in the shrinking case, while also 

slightly decreasing the Nusselt number. 

From a practical perspective, the results indicate that mag-

netic control and nanoparticle characteristics can significantly 

influence heat transfer behaviour in biomagnetic nanofluid sys-

tems, which may be useful in biomedical engineering applica-

tions such as magnetic drug delivery, targeted thermal therapy 

and microscale cooling technologies.  

Although the present analysis provides useful insight into bi-

omagnetic nanofluid transport, the model is developed under 

simplified assumptions such as constant thermophysical proper-

ties, Newtonian fluid behaviour, and steady laminar flow condi-

tions. In real biomedical environments, additional phenomena 

such as ferrohydrodynamic (FHD) interactions, variable viscos-

ity and thermal conductivity, non-Newtonian blood rheology, 

and radiative heat transfer may significantly affect the flow and 

heat transfer characteristics. The incorporation of these effects 

in future studies would provide a more realistic description of 

biomagnetic nanofluid transport in biomedical and microscale 

thermal systems. 
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1. Introduction 

There have already been extensive studies designed to analyse 

the thermo-physical properties of traditional heat transfer fluids, 

but these fluids are not sufficient to handle the increased chal-

lenges that are presented by contemporary technology. As a re-

sult, the introduction of nanoparticles to these fluids has been 

suggested as one of the solutions. Engineered composites (nano-

fluids) created by the mixing of nanoparticles with a base fluid 

have emerged as a result. Nanoparticles, which are significantly 

smaller than the base fluid, are added to the base fluid. Recent 

experimental studies show that thermal conductivity is increased 

significantly when nanoparticles are incorporated into conven-

tional fluids. The outstanding natural properties of nanofluids 

form a bridge between the microscopic and macroscopic molec-

ular structures. Nanofluids cannot be compared with others in 

terms of heat transmission. It is through their good properties 

that they  have  become  a  hot  commodity  in  various  industries  
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Abstract 

Use of nanofluids to improve heat transfer properties has drawn considerable concern due to their wide use in various applica-
tions such as electronic appliances, fuel cell batteries and hybrid-powered engines. These are only a few examples of the many 
applications of heat transfer that can greatly utilise the distinctive properties of nanofluids. A magnetohydrodynamic nanofluid 
convective study is carried out for a sheet stretched under a non-uniform heat source/sink in a permeable medium. The heat 
transfer analysis simulations entail dissipation of porosity and the presence of Ohmic heating. Non-similarity transformations 
are then applied to the equations that have been formulated to derive dimensionless partial differential equations. Local non-
similarity approach has been used to transform partial differential equations into an equation where partial differential equations 
can be solved as ordinary differential equations, using the bvp4c MATLAB tool. Every physical parameter is represented in a 
graphical representation. Moreover, the tables that present the summary of the skin friction coefficient and Nusselt number are 
evaluated in detail. The main findings of this study include the fact that an increase in the strength of the magnetic field de-
creases the fluid velocity but improves the thermal distribution. It has been observed that the higher the porosity, the lower the 
skin friction. In addition, high radiation levels also help in having a more favourable temperature field. 

Keywords: Non-similar analysis; Non-uniform heat source/sink; Magnetohydrodynamic; Thermal radiation;  

                     MATLAB bvp4c. 
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Nomenclature 

a ‒ time constant, 1/s 

Bo ‒ applied magnetic field, kg/(A·s2) 

Cf – skin friction 

cp ‒ specific heat, m2/(s2·K) 

Ec – Eckert number, Ec = (𝑎𝑙)2/(𝑐𝑝)𝑓(𝑇𝑤 − 𝑇∞) 

E* ‒ internal heat production 

f, g, h ‒ dimensionless dependent variables 

F* ‒ internal heat absorption 

g ‒ gravitational acceleration, m2/s 

Gr – Grashof number, Gr = 𝛽𝑓𝑔(𝑇𝑤 − 𝑇∞)𝑙
3/𝜈𝑓

2 

k ‒ thermal conductivity, W/(m·K) 

kp ‒ permeability of free space, m2 

k* ‒ radiation absorption coefficient, 1/m 

M ‒ magnetic number, 𝑀 = 𝜎𝑓𝐵
2/𝑎𝜌𝑓 

Nu – Nusselt number 

Pr ‒ Prandtl number, Pr = 𝛼𝑓/𝜈𝑓 

q ‒ heat source, W/m3 

qr ‒ thermal radiation, W/m2 

Rd – radiation parameter, 𝑅𝑑 = 4𝜎∗𝑇∞
3/𝐾𝑓𝑘

∗ 

Re – Reynolds number, Re = 𝑎𝑙2/𝜈𝑓 

T – temperature, K 

Tw ‒ wall temperature, K 

𝑇∞ ‒ ambient temperature, K 

u, v ‒ velocities, m/s 

x, y ‒ independent variables, m 

 

Greek symbols 

𝛼  – mixed convection parameter, 𝛼 = Gr/Re 

𝛼f ‒ thermal diffusivity, m2/s 

βf ‒ thermal expansion, 1/K 

θ ‒ dimensionless temperature 

𝜆 – porosity parameter, 𝜆 = 𝜈𝑓/𝑘𝑝𝑎 

𝜉, 𝜂  ‒ non-similarity and pseudo variable 

f – dynamic viscosity, kg/(ms)  

νf ‒ kinematic viscosity, m2/s 

ρf – density, kg/m3 

𝜎* ‒ Stefan-Boltzmann constant, W/(m2·K) 

 

Subscripts and Superscripts 

f – base fluid 

thnf – ternary hybrid nanofluid  

 

Abbreviations and Acronyms 

MHD– magnetohydrodynamics 

ODE – ordinary differential equation 

PDE – partial differential equation  

such as fuel cells, electronics and hybrid engines. Moreover, 

nanofluids are also used in industries due to their high levels of 

production of quality oils and lubricants. Choi and Eastman [1] 

first suggested the notion of nanoparticles while conducting 

classic research on nanofluids, which they characterised as tai-

lored nanoparticle suspensions in standard heat transfer fluids. 

It has been demonstrated that the efficiency of traditional fluids 

in heat transfer can be significantly enhanced by the introduction 

of nanoparticles. Nanofluid thermal properties were widely re-

searched by Buongiorno [2], who prepared a whole theoretical 

basis to accomplish the aim. The detailed mathematical study by 

Mabood et al. [3] on heat transfer in the nanofluid movement in 

a nonlinear sheet stretching in the boundary layer is very com-

prehensive. The experiment was carried out considering the in-

fluence of an external magnetic field. Saddiqui et al. [4] investi-

gated the characteristics of thermal transport under the circum-

stances of constant movements of the boundary layer over a stre-

tched melting boundary. The dissipation effects in the viscous 

viscosity were considered in the effort. Masood et al. [5] ex-

plored stagnation point flow patterns in a hybrid nanofluid that 

comprised polystyrene and titanium dioxide particles suspended 

in water. Heat production and uptake were evaluated in an ex-

tensive manner. Hussain et al. [6] studied combined heat and 

mass transport via the Cross fluid framework. The probe was 

used to light up the input of the magnetic dipole to the motion 

of ferrofluid on a hard surface.  

Mixed convection is prevalent across a broad spectrum of 

engineering, industrial and natural systems where forced and 

free convection processes operate concurrently. These low-ve-

locity flow scenarios are encountered in a variety of practical 

applications, such as heat exchangers, marine environments, at-

mospheric currents, solar receivers exposed to wind, fan-cooled 

electronic components, and nuclear reactors during emergency 

shutdown scenarios. Chen et al. [7] conducted an investigation 

into the characteristics of laminar forced convective flow and 

heat transfer over a horizontal flat plate, utilising analytical 

methods rooted in local similarity and local non-similarity solu-

tions to assess the impacts of streamwise pressure gradients in-

duced by buoyancy. Chamkha et al. [8] studied coupled heat and 

mass transfer boundary-layer free convection over a vertical flat 

plate in a fluid-saturated porous medium, considering thermo-

phoretic particle deposition and heat generation/absorption. Ah-

mad and Pop [9] analysed the boundary layer flow of nanofluids 

over a vertical flat plate embedded within a porous medium, fo-

cusing specifically on the performance of different nanoparticle 

varieties, including copper, alumina and titanium oxide. Mahan-

thesh et al. [10] explored how viscous dissipation and nonlinear 

thermal radiation affect the magnetohydrodynamic boundary 

layer flows of specific nanofluids. Cao et al. [11] studied the 

combined influences of nonlinear thermal radiation and partial 

slip conditions on the mixed convective boundary layer flow in-

volving ternary hybrid nanoparticles of different sizes dispersed 

in nanofluids. Additionally, Jakeer et al. [12] carried out exper-

iments to examine the effect of radiation on a flat sheet under 

nonlinear Darcy-Forchheimer flow conditions, with their re-

search encompassing ternary hybrid nanofluids, water-based 

nanofluids and hybrid nanofluids. 

Flow and heat transport in porous media have wide applica-

tions in various areas of science and engineering. Applications 

of porous media have been widely utilised in many industries, 

such as soil salts leaching, chemical-based catalytic reactors, 

grain preservation, heat exchange between soil and the atmos-

phere, solar energy harvest, electrochemical processes, thermal 

insulation of nuclear reactors, moisture diffusion in fibrous in-
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sulating media, regenerative heat exchangers, geothermal sys-

tems, and others. A large amount of literature is available on 

these scenarios, mostly in the classical Darcy flow situation. 

However, at high flow rates or in porous media with high per-

meability, a non-linear Darcy law effect occurs, in which inertial 

effects are now of interest. The effect of departure is attributed 

to the fact that flow separation in the medium occurs and is ob-

servable when the Reynolds number exceeds 1. It has been 

found that the effect of non-Darcy phenomena on natural con-

vection in porous materials is of interest, and experimental stud-

ies have investigated a wide range of governing parameters and 

used various combinations of fluids and solids. Laurait and Pra-

sad [13] examined the free convection influenced by the bound-

ary conditions in a vertical enclosure. Recently, Beckermann 

and co-authors [14] carried out a numerical study in which the 

Forchheimer-Brinkmann extended Darcy equation of motion 

was used. Cortell [15] was able to explore the dynamics of fluid 

flow when the surfaces were impermeable, with an internal heat 

source or absorption and surface distension. Salahuddin et al. 

[16] investigated the effect of a porous medium on nanofluid 

flow mixed convection near an exponentially contoured surface. 

Two base fluids, such as water and ethylene glycol, and alumina 

nanoparticles were considered. Hussain et al. [17] performed an 

analysis of the influence of nanofluid using the Darcy-Forchhei-

mer Casson fluid model of a stretching sheet. The aim of a nu-

merical analysis that was carried out by Keshavarzian and 

Sayehvand [18] was to assess the precision of the local thermal 

non-equilibrium concept and the Forchheimer-Brinkman ex-

tended Darcy model. 

The study of magnetohydrodynamic (MHD) flow and heat 

transfer across a fixed or movable planar surface has evolved as 

a popular research topic with several applications in a variety of 

technical areas, including the petroleum industry, plasma stud-

ies, geothermal energy extraction and aerodynamics. A number 

of artificial solutions aimed at achieving this objective have 

been developed since effective control of boundary layer behav-

iour is a crucial component. Sparrow and Cess [19] investigated 

the influence of an induced magnetic field on free convection 

heat transfer from an isothermal plate. Ellahi et al. [20] exam-

ined entropy generation and slip effects in the context of MHD 

heat transfer over a flat plate. Jan et al. [21] assessed heat and 

flow transfer analysis of magnetised nanofluid flow over a cur-

ved geometry. Iqbal and Abbasi [23] evaluated entropy genera-

tion impacts on multi-layered peristaltic flow of a curved nano-

fluid. The evaluation incorporated temperature-sensitive ther-

mal conductivity traits from a Carreau-Yasuda nanofluid. 

Ghasemi et al. [23] examined nanofluid dynamics over an ex-

tending surface amid radiation and magnetic influences. The ex-

amination applied a distinct spectral relaxation method. Iqbal 

et al. [24] determined that MHD, alongside a revised Darcy's 

law, alters Powell-Eyring nanofluid conveyance inside a bent 

channel under a radial magnetic field. 

This paper concentrates on the thermal characteristics of 

a ternary hybrid nanofluid, which is a novel arrangement that 

exceeds the conventional mono and hybrid nanofluids with the 

application of highly improved thermal conductivities and vis-

cosities. This is attributed to synergistic blending of three kinds 

of nanoparticles, such as aluminium oxide Al2O3, titanium diox-

ide TiO2 and magnesium oxide MgO, which are suspended in 

a liquid water base of ethylene glycol, and hence enhances the 

overall thermo-physical properties of the mixture, such as the 

density, specific heat and rheology.  

The heat transfer enhancement rates in this ternary hybrid 

nanofluid, particularly its behaviour to nonuniform heat 

source/sink effects in a magnetised mixed convection boundary 

layer flow over an extending surface, are analysed. The greatest 

novelty of the study is using a nonuniform heat source, in the 

form of a spatially varying thermal generation term (e.g. quad-

ratic or exponential distribution), which makes the heat flux dis-

tribution conditions much more realistic in the advanced engi-

neering of the real world (solar collectors, nuclear reactors, elec-

tronic cooling systems, etc.). In comparison with the earlier 

study in which most of the literature either considered a uniform 

source of heat or an isolated binary nanofluid to steady thermal 

loading, this study is the first study to couple the nonuniform 

sources of heat with the complex interaction of thermo-physical 

processes in a ternary hybrid nanofluid to uncover the effects of 

perturbations due to nanoparticles on local temperature gradi-

ents and Lorentz force interactions in the magnetic forcing of 

the fluid. This interaction not only improves convective heat dis-

sipation, but it also gets rid of possible hotspots that provide us 

with new information on how to make things more stable and 

efficient in mixed thermal settings. A thorough treatment of such 

phenomena must employ non-similarity transformations 

[25−29] to reduce the governing partial differential equations to 

a system of dimensionless ordinary differential equations that 

are solved numerically with the bvp4c solver of MATLAB to 

solve high-fidelity problems in the standard form of a boundary 

value problem. The physical observations, including velocity 

profiles, temperature distributions, skin friction coefficients and 

change in Nusselt number (Nu), are explained through detailed 

graphical plots and table representation, which elucidate the 

transformational quality of this hybrid solution considering the 

next-generation thermal management technology. 

2. Problem formulation 

This study examines two-dimensional incompressible boundary 

layer flow of a ternary hybrid nanofluid under nonuniform heat 

source/sink effects near an extending sheet. The flow domain is 

limited to x ≥ 0 and y ≥ 0, while the sheet resides at y = 0. The 

x-coordinate follows the sheet extension path. The y-coordinate 

runs perpendicular to the surface. Equal opposing forces along 

the x-axis extend the sheet and preserve the origin. Boundary 

layer approximations balance normal stress against shear stress 

in magnitude. A transverse magnetic field acts on the fluid. The 

energy equation integrates linear thermal radiation via the Ros-

seland diffusion model. The fluid's magnetic Reynolds number 

(Re) stays sufficiently low to neglect the Hall effect and induced 

magnetic field. The momentum equation accounts for both elec-

tric and magnetic field influences. Equations for motion and en-

ergy conservation explain mixed convection inside the boundary 

layer using the Boussinesq approximation, which is consistent 

with the specified physical framework.  

A schematic flow diagram is shown in Fig. 1.  
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The set of governing equations is written as: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜇𝑡ℎ𝑛𝑓

𝜌𝑡ℎ𝑛𝑓

𝜕2𝑢

𝜕𝑦2
+

𝑔(𝜌𝛽)𝑡ℎ𝑛𝑓

𝜌𝑡ℎ𝑛𝑓
(𝑇 − 𝑇∞) +  

 −
𝜇𝑡ℎ𝑛𝑓

𝜌𝑡ℎ𝑛𝑓

𝑢

𝑘𝑝
−

𝜎𝑡ℎ𝑛𝑓𝐵0
2

𝜌𝑡ℎ𝑛𝑓
𝑢, (2) 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2
−

1

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
+

𝜇𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(
𝜕𝑢

𝜕𝑦
)
2

+  

 +
1

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(𝜎𝑡ℎ𝑛𝑓𝐵0
2 +

𝜇𝑡ℎ𝑛𝑓

𝑘𝑝
)𝑢2 +

𝑞′′′

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

, (3) 

with boundary conditions [28]: 

 at 𝑦 → 0: 

 𝑢 = 𝑢(𝑤) =  𝑎𝑥,       𝑣 = 0 ,       𝑇 = 𝑇𝑤, (4a) 

 as 𝑦 → ∞: 

 𝑢 → 0,        𝑣 → 0,       𝑇 → 𝑇∞ . (4b) 

In this model, the dynamic viscosity is μf, ρf is the fluid den-

sity, heat capacitance is (ρcp)f ; Tw, T are the free stream and 

ambient temperature, respectively; T is the temperature, and 

 𝑄’’’ =
𝑘𝑡ℎ𝑛𝑓

𝑥𝜈𝑡ℎ𝑛𝑓
[𝐸∗(𝑇𝑤 − 𝑇∞)   + 𝑢(𝑤)𝐹∗(𝑇 − 𝑇∞)],  

 𝑞𝑟 =
4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦
,  

where E* and F* are characteristics of internal heat production 

and absorption that vary with space and temperature [30]. It is 

observed that when E* > 0 and F* > 0, internal heat is being pro-

duced. 

3. Coordinate transformation 

The coordinate transformation is used to transform the equations 

of fluid flow and heat transfer between the physical domain and 

a computational or dimensionless domain. The method enables 

the equations to be reformulated into a more straightforward and 

tractable form to improve numerical accuracy and stability. The 

transformation characterises a correlation between the physical 

coordinates and a fresh group of coordinates which are more il-

lustrative of the geometry or flow attributes of the issue. It al-

lows scaling of variables such as length, velocity and tempera-

ture to relevant reference quantities, thereby assisting in the gen-

eralisation of the results to varying physical conditions. It is es-

pecially applicable in curved geometries or complicated config-

urations of boundaries, where it is hard to formulate these prob-

lems in physical coordinates. The main characteristics of coor-

dinate transformation are that it can lessen the number of varia-

bles, remove any dependence on the dimensions, and that it can 

be used to apply the boundary conditions on irregular surfaces 

easily. It also enables a better understanding of the governing 

parameters. This method, as opposed to similarity transfor-

mations, does not lose the complete dependence of the variables 

on both spatial coordinates, which gives a more detailed descrip-

tion of the flow field without any restrictive assumptions. The 

following transformation is introduced: 

 𝜂 = 𝑦√
𝑎

𝜈𝑓
, 𝜉 =

𝑥

𝑙
, 𝑢 = 𝑎𝑥

𝜕𝑓

𝜕𝜂
, 𝑣 = −√𝑎𝜈𝑓  (𝑓 + 𝜉

𝜕𝑓

𝜕𝜉
), (5) 

 𝜃(𝜉, 𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
.  

Using Eq. (5), Eq. (1) is identically satisfied. Eqs. (2)−(4) in 

a dimensionless non-similar system are given below: 

 
𝜕3𝑓

𝜕𝜂3
− (𝜆 +𝑀

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

𝜎𝑡ℎ𝑛𝑓

𝜎𝑓
)
𝜕𝑓

𝜕𝜂
+

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

(𝜌𝛽)𝑡ℎ𝑛𝑓

(𝜌𝛽)𝑓
𝜉−1𝛼𝜃 +  

 +
𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓
𝑓
𝜕
2
𝑓

𝜕𝜂2
−

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓
(
𝜕𝑓

𝜕𝜂
)
2
=  

 =
𝜌𝑡ℎ𝑛𝑓

𝜌𝑓
𝜉 (

𝜕𝑓

𝜕𝜂

𝜕
2
𝑓

𝜕𝜉𝜕𝜂
−

𝜕𝑓

𝜕𝜉

𝜕
2
𝑓

𝜕𝜂2
), (6) 

 
1

Pr
(
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
+ 𝑅𝑑)

𝜕2𝜃

𝜕𝜂2
+ Ec𝜉2

𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
(
𝜕2𝑓

𝜕𝜂2
)
2

+  

 +Ec𝜉2 (𝜆
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
+𝑀

𝜎𝑡ℎ𝑛𝑓

𝜎𝑓
) (

𝜕𝑓

𝜕𝜂
)
2
+

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑓
𝑓
𝜕𝜃

𝜕𝜂
+  

 +
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

Ec

Pr
[𝐸∗

𝜕𝑓

𝜕𝜂
+𝐹∗𝜃] =  

 =
(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑓
𝜉 [

𝜕𝑓

𝜕𝜂

𝜕𝜃

𝜕𝜉
−

𝜕𝑓

𝜕𝜉

𝜕𝜃

𝜕𝜂
]. (7) 

Non-similar boundary conditions are: 

 at η =0:  

 𝜕𝑓 𝜕𝜂⁄ = 1,        𝑓 = 0,        𝜃 = 1, (8a) 

 as η → ∞:  

 𝜕𝑓 𝜕𝜂⁄ → 0,         𝜃 → 0. (8b) 

4. Physical quantities 

The surface friction coefficient Cf and the local Nusselt number 

Nu are defined as: 

 𝐶𝑓   =  (
𝜏𝑤

𝜌𝑓(𝑢𝑤)
2)

𝑦=0

,    Nu =  (
𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
)
𝑦=0

, (9) 

where τw is the surface shear stress, qw is the surface heat flux: 

 𝜏𝑤  =  (𝜇𝑡ℎ𝑛𝑓
𝜕𝑢

𝜕𝑦
)
𝑦=0

, 𝑞𝑤  =  − (
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
+ 𝑞𝑟) (

𝜕𝑇

𝜕𝑦
)
𝑦=0

. (10) 

 

Fig. 1. Schematic flow diagram. 
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The dimensionless forms of Cf and Nux are: 

 

Re
1

2𝐶𝑓  =  𝜉−1
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓

𝜕2𝑓

𝜕𝜂2
(𝜉, 0)

Re−
1

2Nu =  −𝜉 (
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
+ 𝑅𝑑)

𝜕𝜃

𝜕𝜂
(𝜉, 0)

}. (11) 

5. Local non-similarity method 

To avoid complications caused by the introduction of spatial co-

ordinates into the physical controlling parameters, a stream-wise 

coordinate must be introduced. The addition of these coordi-

nates will help eliminate unnecessary variables from the flow 

equations. Applying the strategy described in Sparrow et al. [25] 

and Sparrow and Yu [26] modifies the local flow problem of 

similarity into a non-similar flow problem. In addition, the au-

thors formulated the two-equation truncation model in this no-

tion while considering the impact of the stream-wise coordinate 

[31,32]. In certain research, including the stream-wise coordi-

nate has been shown to significantly improve the flow and mass 

balance, whereas in others, including this coordinate has not yet 

been shown to make a substantial improvement. Upon applying 

the Taylor series expansion, all terms containing ∂⁄∂ξ in 

Eqs. (6)–(8) are eliminated. This enables the introduction of 

necessary variables and the formulation of first- and second-

level truncation equations. 

5.1. First-level truncation 

Assuming that ξ ≪ 1, the right-hand sides of Eqs. (6)−(8) are 

equal to zero. Equations (6)−(8) can be rewritten as: 

 𝑓′′′ − (𝜆 + 𝑀
𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

𝜎𝑡ℎ𝑛𝑓

𝜎𝑓
) 𝑓′ +

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

(𝜌𝛽)𝑡ℎ𝑛𝑓

(𝜌𝛽)𝑓
𝜉−1𝛼𝜃 +  

 +
𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓
𝑓𝑓′′ −

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓
𝑓′

2
= 0, (12) 

 
1

Pr
(
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
+ 𝑅𝑑) 𝜃

′′ + Ec𝜉2
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
𝑓′′

2
+  

 +
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

Ec

Pr
[𝐸∗𝑓′ + 𝐹∗𝜃] +  

 +Ec𝜉2 (𝜆
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
+𝑀

𝜎𝑡ℎ𝑛𝑓

𝜎𝑓
) 𝑓′

2
+

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑓

𝑓𝜃′ = 0, (13) 

with related boundary conditions: 

 at η =0:  

 𝑓′ = 1,           𝑓 = 0,           𝜃 = 1, (14a) 

 as η → ∞:  

 𝑓′ → 0,            𝜃 → 0. (14b) 

5.2. Second-level truncation 

Introducing new variables g = ∂f ∂ξ⁄  and h = ∂θ ∂ξ⁄ , and differ-

entiating Eqs. (6)−(8) over ξ, and assuming ξ ≪ 1, yields: 

𝑔′′′ − (𝜆 + 𝑀
𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

𝜎𝑡ℎ𝑛𝑓

𝜎𝑓
)𝑔′ +

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

(𝜌𝛽)𝑡ℎ𝑛𝑓

(𝜌𝛽)𝑓
𝜉−1𝛼(ℎ − 𝜉−1𝜃) +  

 +
𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓
(2𝑔𝑓′′ + 𝑓𝑔′′) − 3

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓
𝑓′𝑔′ +  

 −
𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓
𝜉(𝑔′

2
− 𝑔𝑔′′) = 0, (15) 

 
1

Pr
(
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
+ 𝑅𝑑) ℎ

′′ + 2Ec𝜉
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
𝑓′′

2
+ 2Ec𝜉2

𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
𝑓′′𝑔′′ +  

 +
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓

𝜇𝑓

𝜇𝑡ℎ𝑛𝑓

Ec

Pr
[𝐸∗𝑔′ + 𝐹∗ℎ] +  

 +2Ec𝜉 (𝜆
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
+𝑀

𝜎𝑡ℎ𝑛𝑓

𝜎𝑓
) 𝑓′

2
+  

 +2Ec𝜉2 (𝜆
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
+𝑀

𝜎𝑡ℎ𝑛𝑓

𝜎𝑓
) 𝑓′𝑔′ +  

 +
(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑓

(𝑓ℎ′ + 2𝑔𝜃′ − 𝑓′ℎ) −
(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑓

𝜉[𝑔′ℎ − 𝑔ℎ′] = 0,  

  (16) 

with related boundary conditions: 

 at η =0:  

 𝑔′ = 0,         𝑔 = 0,         ℎ = 0, (17a) 

 as η → ∞:  

 𝑔′ → 0,         ℎ → 0 . (17b) 

6. Results and discussion  

Numerical solutions for the dimensionless partial differential 

equations (Eqs. (6) and (7)) and the designated boundary condi-

tions (Eqs. (8a), (8b)) are meticulously derived using the local 

non-similarity method, which is implemented up to a second 

truncation level with the bvp4c MATLAB toolkit. This study 

investigates the influence of the magnetic number and porosity 

parameter in a porous medium containing various working flu-

ids, including Al2O3 + water, Al2O3 + TiO2 + water, and Al2O3 

+ TiO2 + MgO + water. The properties of water, aluminium ox-

ide, titanium oxide and magnesium oxide, the models of thermo-

physical properties, and computed values of Re1/2Cf and 

Re−1/2Nu are shown in Tables 1−4, respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To evaluate the proposed methods' effectiveness and preci-

sion, an extensive comparison was made between the computa-

tional results and the findings of several esteemed authors, as 

shown in Table 5:  

 Tsai et al. [35] utilised the Chebyshev finite difference 

method, whereas Gireesha et al. [36] applied the Runge-

Kutta-Fehlberg method for their solutions,  

 the present research employs the local non-similarity 

method up to second-level truncation using the bvp4c 

MATLAB package. 

Table 1. Properties of the water, aluminium oxide (Al2O3),  

titanium oxide (TiO2)  and magnesium oxide (MgO) [30,33].  

Materials 
ρ,  

kg/m3 

K, 

W/(m‧K) 

σ, 

Ωm 

β,  

1/K 

cp , 

J/(kg‧K) 

Aluminium oxide 

(Al2O3)  
3970 40 35‧106  0.85‧10−5 765 

Titanium oxide 

(TiO2)  
4250 8.9538 1‧10−12  0.9‧10−5 686.6 

Magnesium oxide 

(MgO)  
3560 45 2.6‧106  1.05‧10−5 955 

Water (H2O)  997.1 0.613 5.5‧10−6  21‧10−5 4179 
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Table 2. Models of thermo-physical properties [34].  

Viscosity 𝜇(Al2O3+TiO2+MgO)water =
(Al2O3 + TiO2)water

(1 − 𝜙Al2O3)
2.5
(1 − 𝜙TiO2)

2.5
(1 − 𝜙SiO2)

2.5 

Density 𝜌(Al2O3+TiO2+MgO)water = (1 − 𝜙MgO) ((1 − 𝜙TiO2)(1 − 𝜙Al2O3)𝜌water +𝜙Al2O3
𝜌Al2O3 + 𝜙TiO2

𝜌TiO2) + 𝜙MgO𝜌MgO 

Heat  

capacitance 
(𝜌𝑐𝑝)(Al2O3+TiO2+MgO)water

= (1 − 𝜙MgO) (1 − 𝜙TiO2)((1 − 𝜙𝐴l2O3)(𝜌𝑐𝑝)water + 𝜙Al2O3(𝜌𝑐𝑝)Al2O3
) + 𝜙TiO2(𝜌𝑐𝑝)TiO2

 + 𝜙MgO(𝜌𝑐𝑝)MgO 

Thermal 

expansion 
(𝜌𝛽)(Al2O3+TiO2+MgO)water = (1 − 𝜙MgO) ((1 − 𝜙TiO2) ((1 − 𝜙Al2O3)(𝜌𝛽)water + 𝜙Al2O3

(𝜌𝛽)Al2O3) + 𝜙TiO2
(𝜌𝛽)TiO2) + 𝜙MgO(𝜌𝛽)MgO 

Electric  

conductivity 

𝜎(Al2O3+TiO2+MgO)water

𝜎(Al2O3+TiO2)water
=
𝜎MgO + 2𝜎(Al2O3+TiO2)water − 2𝜙MgO(𝜎(Al2O3+TiO2)water − 𝜎MgO)

𝜎MgO + 2𝜎(Al2O3+TiO2)water + 𝜙MgO(𝜎(Al2O3+TiO2)water − 𝜎MgO)
 

Thermal 

conductivity 

𝑘(Al2O3+TiO2+SiO2)water

𝑘(Al2O3+TiO2)water
=
𝑘MgO + 2𝑘(Al2O3+TiO2)water − 2𝜙Mgo(𝑘(Al2O3+TiO2)water − 𝑘MgO)

𝑘MgO + 2𝑘(Al2O3+TiO2)water +𝜙MgO(𝑘(Al2O3+TiO2)water − 𝑘MgO)
 

 

Table 3. Computed values of Re1/2Cf for various values of M, λ, α.  

M λ α 
Re1/2Cf 

Al2O3 Al2O3 + TiO2 Al2O3 + TiO2 + MgO 

0.3 0.3 0.5 1.5432014126 1.2943728742 1.0885117924 

0.5   1.9414080301 1.6095879270 1.3361500205 

0.7   2.2746152535 1.8755502640 1.5468988871 

0.5 0.3 0.5 1.9414080301 1.6095879270 1.3361500205 

 0.6  1.9727973884 1.6471243162 1.3809461220 

 1.0  2.0139344766 1.6959626978 1.4386415544 

  0.5 1.9414080301 1.6095879270 1.3361500205 

  1.0 1.8650650802 1.5466559231 1.2855071000 

  1.5 1.2312155521 1.4788166666 1.7825933276 

 

Table 4. Computed values of Re−1/2Nu for various values of M, λ, α, Rd, Ec, E* and F*; Al2O3
= TiO2

= MgO = 0.1  

M λ Rd Ec E* F* 
Re−1/2Nu 

Al2O3 + water Al2O3 + TiO2 + water Al2O3 + TiO2 + MgO + water 

0.5 0.3 1.0 0.2 0.1 0.1 0.6979895966 0.6954793018 0.7170713161 

1.0      0.7986160421 0.7536400412 0.7074828826 

1.5      0.8978679485 0.8674086293 0.8187923402 

 0.3     0.6979895966 0.6954793018 0.7170713161 

 0.6     0.5307828279 0.6580774445 0.6715155841 

 1.0     0.4997764931 0.6145833652 0.6192276302 

  0.5    0.4894079681 0.4841726931 0.5147548449 

  1.0    0.6979895966 0.6954793018 0.7170713161 

  1.5    0.8494338404 0.8480060767 0.8649297428 

   0.2   0.6979895966 0.6954793018 0.7170713161 

   0.3   0.6820049371 0.6787217611 0.6885904197 

   0.4   0.6661576762 0.6620799098 0.6601762966 

    0.1  0.6979895966 0.6954793018 0.7170713161 

    0.3  0.7154796303 0.7148261966 0.7170661331 

    0.5  0.7328774635 0.7340835802 0.7170609501 

     0.1 0.6979895966 0.6954793018 0.7170713161 

     0.3 0.7083172021 0.7064924464 0.7170685399 

     0.5 0.7185305620 0.7173727386 0.7170657638 

 

Table 5. The comparison of dimensionless temperature gradient θ(0) for the case of M = λ = α = Ec = Rd = E* = 0 and Al2O3
= TiO2

= MgO = 0.  

Pr F* 
Tsai et al. [36], Chebyshev finite  

difference method 
Gireesha et al. [37], Runge-Kutta- 

Fehlberg method 
Present study, 

local non-similarity method 

2 −2 −2.4859 −2.4859 −2.4860961811 

3 −3 −3.0281 −3.0281 −3.0730949222 

4 −4 −3.5851 −3.5851 −3.5679155162 
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The influence of the buoyancy parameter α on the velocity, 

represented by 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂), in the context of nanoparticle presence, 

is vividly illustrated in Fig. 2.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Notably, the figure conspicuously elucidates that augment-

ing the value of α leads to a discernible escalation in the fluid 

velocity 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂). Furthermore, the thickness of the momentum 

boundary layer was observed to increase as the values of the 

buoyancy parameter δ were enhanced. Variations in δ corre-

spond to variations in distance from the surface. The data indi-

cate that the buoyancy force acting as an assistive factor exhibits 

characteristics like those of a favourable pressure gradient. The 

buoyancy force has a significant impact on the movement of liq-

uid through a consolidated permeable medium. Al2O3 + TiO2 + 

MgO + water, in comparison to Al2O3 + TiO2 + water, is more 

sensitive to changes in the buoyancy parameter.  

Figures 3a and 3b illustrate the impact of λ on the distribution 

of three types of nanofluids: Al2O3 + TiO2 + MgO + water, 

Al2O3 + TiO2 + water, and Al2O3 + water. As the value of λ is 

increased, there is a decrease in velocity 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂) while the ther-

mal profile θ(ξ, η) rises. From a physical standpoint, the pres-

ence of a permeable medium results in an increase in flow re-

sistance, leading to a reduction in both flow velocity and flow 

rate. Consequently, the fluid's temperature rises because of the 

heating sheet's energy transfer to the medium. Therefore, the 

thickness of the boundary layer decreases as a function of the 

surface layer's velocity. The resultant layer gradually thins out. 

The velocity distribution is observed to be greater for Al2O3 + 

water and lesser for Al2O3 + TiO2 + MgO + water, whereas the 

temperature profile exhibits an opposite trend.  

Figures 4a and 4b demonstrate the influence of the magnetic 

number (M) on the distributions of velocity 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂) and tem- 

perature 𝜃(𝜉, 𝜂) in Al2O3 + TiO2 + MgO + water, Al2O3 + TiO2 

+ water, and Al2O3 + water.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. The effect of buoyancy parameter α on velocity profile; 

 λ = 0.1, M = 1.0, E* = F* = 0.5, Rd = 1.3 and Ec = 0.1. 

a)             b)  

Fig. 3. The effect of porosity parameter λ on (a) velocity and (b) temperature profile; 

 α = 0.1, M = 1.0, E* = F* = 0.5, Rd = 1.3 and Ec = 0.1.  

a)        b)  

Fig. 4. The effect of magnetic number M on (a) velocity and (b) temperature profile; 

 α = 0.1, λ = 0.1, E* = F* = 0.5, Rd = 1.3 and Ec = 0.1.  
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As M increases with time, the temperature of the nanofluid 

also increases; on the other hand, the velocity distributions are 

found to decrease. The magnetic field is applied outside the fluid 

and perpendicular to the fluid flow, and its effect on the velocity 

and temperature of nanoparticles in the fluid is evaluated. The 

Lorentz force, which occurs due to the magnetic field, provides 

resistance which impedes and decelerates the movement of fluid 

particles and consequently decreases fluid velocity. The re-

sistance force caused by the magnetic field reinforcement in-

creases the thickness of the boundary layer and the density of 

nanoparticles. Consequently, the temperature distribution be-

comes more pronounced. When M increases, the nanofluid ex-

hibits an increase in velocity. Both Al2O3 + TiO2/water and 

Al2O3 + TiO2 + MgO/water exhibit an elevated temperature pro-

file. Furthermore, the temperature distribution for the ternary 

Al2O3 + TiO2 + MgO/water nanofluid increases more noticeably 

than that of Al2O3 + TiO2/water and Al2O3/water nanofluids. 

Figures 5 and 6 have been created to investigate the impact 

of heating sources  (sinks)  E*  and  F*  on  the  temperature  field  

θ(ξ, η).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It is a well-established fact that, in the case of heat absorption 

𝐸∗, liquid shifts away from the surface and moves towards the 

wall in a vertical direction in the case of heat generation 𝐹∗. The 

system absorbs heat in the state of 𝐸∗. Both 𝐸∗ and 𝐹∗ operate 

based on the premise of an endothermic or exothermic reaction, 

where the scheme either absorbs or releases heat. The process of 

photosynthesis is a prime example of heat absorption, wherein 

plants absorb heat to synthesise their food. The nuclear fission 

reaction exemplifies a phenomenon of heat generation whereby 

heat is released through a specific process. The increase in vol-

ume fraction of nanoparticles leads to an increase in intermolec-

ular collisions among fluid molecules, resulting in a correspond-

ing change in fluid properties. The distribution of thermal con-

ductivity and temperature is uniform throughout the fluid flow-

ing in an upward direction. The upward change is more promi-

nent in the case of Al2O3 + TiO2 + MgO + water compared to 

Al2O3 + TiO2 + water and Al2O3 + water, as depicted in Fig. 5. 

It has been observed that there is an inverse relationship between 

the thickness of a fluid and its temperature. It has been observed 

that an increase in fluid viscosity results in a decrease in fluid 

temperature, which causes more heat to be released. This ulti-

mately leads to a reduction in fluid temperature in the event of 

an increase in F*, as depicted in Fig. 6. 

Figure 7 elucidates the significant effects of thermal radia-

tion on the temperature distributions in Al2O3 + TiO2 + MgO + 

water, Al2O3 + TiO2 + water, and Al2O3 + water, where temper-

ature increments scale linearly with the radiation parameter 𝑅𝑑, 

highlighting radiation as a dominant heat transfer pathway that 

extracts energy from the vibrational and translational kinetics of 

liquid particles to generate thermal energy through fluid agita-

tion and consequent heating. This mechanism is expected to in-

crease nanoparticle concentrations in the boundary layer accord-

ing to radiation intensity, causing localised heat buildup.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Graphical data substantiate that nanofluids exhibit the great-

est thermal affinity, exceeding Al2O3 + water and Al2O3 + TiO2 

+ water and Al2O3 + TiO2 + MgO + water in heat retention, un-

locking myriad applications across industries: in solar thermal 

systems, nanoparticle-water enhancements could propel collec-

tor efficiencies via superior radiative uptake in sun-rich environ-

ments, fostering sustainable energy transitions; electronics cool-

ing benefits from hybrid nanofluid boundary layer synergies in 

microchannel designs, averting thermal failures in compact de-

vices. 

The impact of the Eckert number Ec on the temperature dis-

tribution is illustrated in Fig. 8.  

 

 

Fig. 5. The effect of E* on the temperature profile; 

α = 0.1, λ = 0.1, M = 1.0, F* = 0.5, Rd = 1.3 and Ec = 0.1. 

 

Fig. 6. The effect of F* on the temperature profile; 

α = 0.1, λ = 0.1, M = 1.0, E* = 0.5, Rd = 1.3 and Ec = 0.1. 

 

Fig. 7. The effect of Rd on the temperature profile; 

α = 0.1, λ = 0.1, M = 1.0, E* = F* = 0.5 and Ec = 0.1.  
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Empirical evidence clearly shows that better results occur as 

water temperatures rise. The generation of frictional heating has 

been attributed to the amplification in question, as per recent 

findings. The ratio of the difference in kinetic energy to the 

change in enthalpy between a solid boundary and a fluid is quan-

tified by the Eckert number, which is a nondimensional quantity. 

Any kind of fluid may have its kinetic energy transformed into 

stored energy using a newly proposed process. This process is 

achieved through the performance of work against viscous 

strains incrementally. This phenomenon is observable. The fig-

ure illustrates that the impact of Al2O3 + TiO2 + MgO + water 

on temperature distribution is more significant in comparison to 

that of Al2O3 + TiO2 + water and Al2O3 + water. 

6. Conclusions 

This current study endeavours to assess the influence of thermal 

radiation and Ohmic heating on the mixed convection boundary-

layer flow of a magnetised nanofluid over a horizontal surface. 

This surface is situated within a porous medium and is under 

steady-state conditions. The governing boundary layer equa-

tions undergo a process of non-dimensionalisation, leading to 

the emergence of a challenging system of nonlinear partial dif-

ferential equations. The equations are then solved using numer-

ical solution methods in MATLAB, which are based on the pow-

erful nature of the bvp4c toolset and instead use the local non-

similarity technique to do so. The parameters which influence 

the flow and heat transfer characteristics have been explained in 

the study, including λ, α, M and Rd. According to the results of 

the present research, it is possible to draw the following conclu-

sions: 

1. The precision and verification of the present study have 

been provided in tabular format, as compared to the previ-

ous literature published, which used different numerical 

techniques and methods. 

2. The graphs indicate the influence of M on the velocity and 

temperature profile. As the magnetic number increases, the 

velocity profile decreases and the heat profile increases. 

The velocity profile also decreases more with Al2O3 + TiO2 

+ MgO + water compared to Al2O3 + TiO2 + water and 

Al2O3 + water, and more control is exerted by Al2O3 + TiO2 

+ MgO + water. Similarly, it is observed that the heat trans-

fer rate is higher in both Al2O3 + TiO2 + water and in Al2O3 

+ water, but the drag force is lower in Al2O3 + TiO2 + MgO 

+ water.  

3. The porosity parameter affects the thermal profile more for 

Al2O3 + TiO2 + MgO + water as compared to Al2O3 + TiO2 

+ water and Al2O3 + water, which affects the velocity pro-

file less. During an increase, the rate of heat transfer de-

creases, whereas the drag coefficient decreases more 

slowly in Al2O3 + TiO2 + MgO + water than in Al2O3 + 

TiO2 + water. 

4. As the values of Rd and Ec increase, the thermal profile and 

the rate of heat transfer become increased, but the influence 

of Al2O3 + TiO2 + MgO + water is much stronger than that 

of Al2O3 + TiO2 + water and Al2O3 + water. 
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1. Introduction 

Energy plays a significant part in each one's life and is available 

in numerous forms. As the population around the world and their 

energy requirements increase, the dependence on conventional 

fuel also increases. To cope with the demand, the world has 

started focusing more on renewable or non-conventional re-

sources of energy. Among all types of energy, solar energy has 

shown the highest potential. A solar air-heater (SAH) is one of 

the devices that uses sun powered energy. SAH has applications 

in very vast fields, like in air conditioning, crop drying, etc. 

[1−3]. As solar air heaters may have low heat transfer rates, re-

searchers try to improve their performance using turbulators. 

There are several types of turbulators introduced, including in-

serts/ribs, baffles, fins, delta winglets, vortex generators, etc., 

that generate turbulence or vortices at walls, resulting in a fa-

vourable heat transfer rate with negligible pressure penalty [4,5]. 

Recent studies on nanoparticle-induced heating demonstrate that 
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Abstract 

By giving the absorber plate artificial roughness, the efficacy of a solar air heater may be increased. A mathematical study 

has been performed on solar air heaters roughened with Z-shaped baffles. With the help of MATLAB code, an exergy anal-

ysis, estimation of exergetic losses and efficiency have been made. The effect of relative pitch ratio for 45° zig-zag structured 

baffles with a fixed relative blockage height of 0.3 on various exergy parameters has also been studied. The current study has 

been done for Reynolds numbers ranging from 3000 to 14 000 and for 1100 W/m2 of solar radiation. It is deduced that with 

the increase in Reynolds number, the effective efficiency enhances up to a certain point, beyond which it begins to decline. 

Moreover, the pitch ratio of 1.5 has shown the best performance up to the Reynolds number of 5000, while at higher Reynolds 

numbers, the pitch ratio of 3 has produced better results. 

Keywords: Zig-zag structured baffles; Solar air heater; Absorber plate; Thermal attributes; Exergy investigation 
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Nomenclature 

A ‒ surface area, m² 

C ‒ conversion factor 

Cd ‒ coefficient of discharge 

Cp ‒ specific heat of air, J/(kg‧K) 

D ‒ hydraulic diameter, m 

e – rib height, m 

ELA ‒ exergy losses by absorption of irradiation by the absorber, W 

ELe ‒ exergy losses by both radiative and convective heat transfer from  

          the absorber, W 

ELΔP‒ exergy losses by friction, W 

ELΔT‒ exergy losses by the heat transfer to the working fluid, W 

f – friction factor for roughened duct 

Fo ‒ heat removal factor 

h ‒ heat transfer coefficient, W/(m²‧K) 

H ‒ height of duct, m 

I ‒ solar radiation intensity, W/m² 

k ‒ thermal conductivity, W/(m‧K) 

L ‒ length of test section in duct, m 

M ‒ mass flow rate of air, kg/s 

N ‒ number of glass covers 

Nu ‒ Nusselt number 

P ‒ pitch, m 

Pm ‒ pumping power, W 

Pr ‒ Prandtl number 

PR ‒ relative roughness pitch 

Qu ‒ useful heat gain, W 

Re ‒ Reynolds number 

t ‒ thickness, m 

T ‒ temperature, K 

UL ‒ head loss coefficients, W/(m²‧K) 

V ‒ mean flow velocity, m/s 

W ‒ width of duct, m 

Greek symbols 

α ‒ flow angle of attack, ° 

β ‒ collector inclination to horizontal, ° 

δi ‒ thickness of insulation, m 

ΔP ‒ pressure drop, N/m2 

ΔT ‒ temperature drop, K 

ε ‒ emissivity 

ηc ‒ Carnot efficiency 

ηexe ‒ exergetic efficiency 

ηth ‒ thermal efficiency of solar collector 

λ ‒ wavelength of incident ray, µm 

 – dynamic viscosity of air, N s/m²  

ν ‒ kinematic viscosity, m²/s 

ρa – density of air at mean bulk temperature, kg/m3  

σ ‒ Stefan–Boltzmann constant, W/(m²‧K⁴) 

(τα) ‒ transmittance–absorptance product 

 

Subscripts and Superscripts 

a – ambient  

b ‒ tail 

e ‒ collector edge 

f ‒ fluid 

g – glass cover 

i ‒ inlet 

m ‒ mean 

o ‒ outlet 

p ‒ absorber plate 

r ‒ roughened 

s ‒ smooth 

t ‒ head 

w ‒ wind 

 

Abbreviations and Acronyms 

SAH – solar air heater 

optimised materials surface and geometry can significantly en-

hance heat generation, distribution and convective transport, of-

fering useful design insights for improving thermal performance 

in solar air heater systems [6,7].  

Motivated by the simple yet versatile geometrical character-

istics of English alphabet shapes, numerous researchers have in-

vestigated the use of alphabet-patterned ribs as artificial rough-

ness elements on the absorber plates of SAH. These rib config-

urations, modelled after different alphabetic profiles, are de-

signed to disturb the laminar sublayer, enhance turbulence, and 

promote effective mixing of the air stream near the heated sur-

face [8]. Lau et al. [9] studied V-shaped ribs at various attack 

angles and observed that 45° and 60° ribs (of relative pitch equal 

to 10) significantly enhanced heat transfer and flow characteris-

tics compared to smooth and fully-angled ribs, whereas 120° and 

135° ribs produced lower heat transfer rates and higher friction 

losses. They also reported that roughening both opposing walls 

does not improve overall duct performance. Singh et al. [10,11] 

studied perforated multi-V-profile ribs in solar air heaters for 

Reynolds numbers of 2000–18 000, roughness widths of 2–10, 

and open area ratios up to 0.31. The best performance was ob-

tained at a roughness width of 6 and an open area ratio of 0.27, 

and they proposed Nusselt and friction factor correlations with 

accuracies of 12% and 7.5%, respectively. 

Lanjewar et al. [12] experimentally showed that W-shaped 

wire ribs provide better thermo-hydraulic performance than  

V-shaped ribs in solar air heaters. Ghildyal et al. [13] reported 

that U-shaped turbulators achieved the highest Nusselt number 

and overall performance, while D-shaped turbulators produced 

the greatest friction. In a later study, Ghildyal et al. [14] found 

that W-contoured turbulators delivered the highest thermal effi-

ciency compared with tapered and reverse-tapered designs  

(Re = 4000–18 000). Chaudhari et al. [15] reported that inverted 

L-shaped ribs with a pitch of 17.86 achieved optimal exergy ef-

ficiency at 1000 W/m², while Kumar et al. [16] showed perfor-

mance improvement using a hybrid S-shaped rib-protrusion de-

sign. Alhilali et al. [17] observed 2.5–3.0 times higher Nusselt 

numbers and 2.8–4.4 times greater friction factors with I-shaped 

ribs in a two-dimensional numerical study of solar air heaters.  

Sriromreun et al. [18] experimentally investigated the 

thermo-hydraulic performance of a rectangular duct with 45°  

Z-shaped baffles, comparing in-phase and out-of-phase arrange-

ments, as shown in Fig. 1. The in-phase configuration produced 

stronger turbulence and higher heat transfer rates, but also in-
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creased friction losses. Based on the results, empirical correla-

tions for the Nusselt number and friction factor were developed 

for similar roughened duct designs. Bohra et al. [19] investi-

gated the influence of geometric parameters, i.e. blockage ratio 

on the thermal performance of SAH equipped with Z-shaped 

baffles mounted on the absorber plate. They reported the best 

thermal performance achieved at a blockage ratio of 0.3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The present research work introduces a pioneering investi-

gation into the synergistic impact of exergy analysis and the im-

plementation of zig-zag structured baffles in solar air heater sys-

tems. Unlike conventional studies that primarily rely on energy 

analysis, this research employs exergy analysis, providing 

a more comprehensive evaluation of energy utilisation and 

losses. The integration of zig-zag structured baffles represents 

a novel design modification aimed at optimising heat transfer 

within the solar air heater. The innovative zig-zag configuration 

promotes turbulent flow, thereby enhancing the interaction be-

tween the air and absorber plate. By combining these two inno-

vative elements, the research aims to achieve a breakthrough in 

solar air heater efficiency, offering a holistic and advanced ap-

proach to the design and optimisation of sustainable solar heat-

ing technologies. 

The primary objective of the research is to systematically in-

vestigate and quantify the impact of incorporating zig-zag struc-

tured baffles having different relative roughness pitch on the 

performance of solar air heater systems using exergy analysis. 

Through this research, the goal is to provide a comprehensive 

understanding of the flow of energy, losses and efficiencies 

within the solar air heater, surpassing traditional energy anal-

yses. The specific focus on exergy analysis aims to identify and 

address inefficiencies and opportunities for improvement that 

may not be apparent in conventional energy assessments. Addi-

tionally, by introducing the novel element of zig-zag structured 

baffles, the research seeks to assess and optimise heat transfer 

mechanisms within the solar air heater, ultimately contributing 

valuable insights towards enhancing the overall efficiency and 

effectiveness of solar air heating technologies. 

2. Materials and methods  

In the current attempt, exergetic evaluation has been investi-

gated for the solar heater having zig-zag structured baffles in the 

plate. Table 1 gathers the information on SAH characteristics 

and the operating constraints.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

MATLAB program has been used to evaluate different ex-

ergetic parameters. The correlations for the Nusselt number 

(Nu) and friction factor (f) for the duct of rectangular shape hav-

ing zig-zag structured baffles are shown in Eqs. (1) and (2), re-

spectively [18] 

 Nu = 0.29023Re0.669891Pr0.4 (
𝑒

𝐻
+ 1)

4.854282
Pr0.4 (

𝑃

𝐻
+ 1)

−0.47904
,  

(1) 

 𝑓 = 0.237223Re−0.0726 (
𝑒

𝐻
+ 1)

9.859262
(

𝑃

𝐻
+ 1)

−0.86932
. (2) 

The total or overall loss coefficient is expressed as: 

 𝑈𝐿 = 𝑈𝑡 + 𝑈𝑏 + 𝑈𝑒, (3) 

where Ut, Ub and Ue are the head loss coefficient, tail loss coef-

ficient and side loss coefficient, respectively.  

The useful gain in energy is expressed as:  

 𝑄𝑢1 = [𝐼(𝜏𝛼) − 𝑈𝐿(𝑇𝑎𝑝 − 𝑇𝑠)]𝐴𝑝. (4) 

where Tap and Ts are the temperatures of the absorber plate and 

the surroundings. 

Equation (5) expresses another method for estimating a usa-

ble energy gain: 

 𝑄𝑢2 = 𝐹𝑜[𝐼(𝜏𝛼) − 𝑈𝐿(𝑇𝑜 − 𝑇𝑖)]𝐴𝑝, (5) 

where Fo denotes the heat removal factor, To and Ti are the tem-

peratures of the outflow and inlet air, respectively.  

Ideally, the values Qu1 and Qu2 would be equal. Nonetheless, 

only when the variance between the two values is more than  

0.1% of Qu1, the absorber plate temperature has been altered. In 

the MATLAB code, a conditional loop has been employed till 

the condition is satisfied. A uniform heat flux of 1000 W/m² is 

 

Fig. 1. (a) Cross sectional view of solar air heater;  

(b) zig-zag structured baffle arrangement. 

Table 1. Boundary conditions, variables and operational conditions  

employed in analytical computations.  

Parameters Range of values 

Rectangular channel total length (L) 700 mm 

Channel width (W) 300 mm 

Channel height (H) 25 mm 

Transmittance-absorptance(𝝉𝜶) 0.8 

Emittance of glass (eg) 0.88 

Emittance of plate (ep) 0.9 

Glass cover thickness (tg) 4 mm 

Number of glass covers (N) 1 

Thickness of insulation (ti) 50 mm 

Thermal conductivity of insulation (Ki) 0.037 W/(m K) 

Wind velocity (Vw)  1 m/s 

Relative roughness pitch (PR) 1.5-3 

Uniform heat flux or insolation (I) 1000 W/m2 

Inlet temperature of air (Ta) 300K 
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commonly applied in SAH numerical studies to represent a re-

alistic and controlled solar irradiation condition on the absorber 

plate. This value corresponds to typical peak solar insolation un-

der clear-sky conditions, making it a practical reference for per-

formance analysis. Using a constant heat flux also simplifies the 

boundary conditions, allowing direct comparison between dif-

ferent rib configurations by ensuring that any change in thermal 

performance is solely due to geometric modifications rather than 

variations in heat input [15,20]. The tabular presentation in Ta-

ble 2 outlines the thermo-physical characteristics of the absorber 

plate material, namely, aluminium, and the surrounding air. 

 

 

 

 

 

 

 

 

 
Thereafter, key performance parameters such as exergetic 

losses and overall exergy efficiency were evaluated for different 

pitch ratios. The analysis considered four major sources of ex-

ergy destruction: (i) losses associated with solar irradiation ab-

sorption at the absorber plate, (ii) losses due to combined radia-

tive and convective heat transfer from the absorber plate to the 

ambient environment, (iii) losses occurring during heat transfer 

from the absorber plate to the working fluid, and (iv) losses aris-

ing from fluid friction within the duct. This comprehensive eval-

uation enabled a clearer understanding of how pitch ratio influ-

ences the thermodynamic performance of the solar air heater. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The flowchart in Fig. 2 depicts the step-by-step process followed 

in the current numerical work. 

The expressions given in Eqs. (6)–(11) follow the approach 

presented by Bohra et al. [19]. Exergy losses by friction are de-

termined by: 

 𝐸𝐿ΔP =
𝑚

𝜌
∆𝑃

𝑇𝑎

𝑇𝑓𝑚
. (6) 

Exergy losses by heat transfer to the working fluid are cal-

culated by:  

 𝐸𝐿ΔT = 𝐴𝑝 𝜂th (
𝑇𝑎

𝑇𝑓𝑚
−

𝑇𝑎

𝑇𝑝𝑚
). (7) 

Exergy losses by both radiative and convective heat transfer 

from the absorber to the atmosphere are calculated by:  

 𝐸𝐿e = 𝑈𝐿Ap(𝑇𝑝𝑚 − 𝑇𝑎) (1 −
𝑇𝑎

𝑇𝑝𝑚 

). (8) 

Exergy losses by absorption of irradiation by the absorber 

are calculated as: 

 𝐸𝐿𝐴 = 𝐼 𝐴𝑝 (𝜏𝛼) 𝜂𝑒𝑥𝑒 − (1 −
𝑇𝑎

𝑇𝑝𝑚 

). (9) 

The exergetic efficiency is calculated as: 

 𝜂𝑒𝑥𝑒  
=  

𝐸𝑛

𝐸𝑠
, (10) 

where En and Es are the net exergy flow and exergy input, re-

spectively. The effective efficiency (ηeff) is calculated as: . 

 𝜂𝑒𝑓𝑓 =
𝑄𝑢−𝑃𝑚/𝐶

𝐼 𝐴𝑝
. (11) 

3. Results and discussion 

The addition of zig-zag structured baffles to a solar air heater 

can improve its thermal performance. However, this augmenta-

tion is always accompanied by increased friction losses. Due to 

that, the net energy gain will reduce, and it is always desirable 

to select the optimum design parameters. The influence of pitch 

ratio for Reynolds numbers ranging from 3000 to 14 000 has 

been studied. All configurations of pitch ratio were studied for  

a constant blockage height ratio of 0.3, insolation of 1100 W/m2 

and attack angle of 45°. 

3.1. Exergy losses 

Exergy losses due to friction are determined by the factor that 

produces increased friction losses. The lower the temperature 

rise parameter, the higher the mass flow rate, and thus the larger 

the friction losses. Figure 3 depicts the fluctuation of exergetic 

losses via friction with the temperature. 

It was discovered that the most exergetic losses occur at 

lower pitch ratios. The value of exergetic losses via friction 

(ELΔP) then increases as the temperature rise parameter decreases. 

It was observed that exergy losses due to friction are minimised 

after the temperature ascent criterion (ΔT/I) of 0.004.  

 

Table 2. Boundary condition and thermo-physical properties  

of absorber plate material and air. 

Properties Air Aluminium 

Density 1.176 kg/m3 2719 kg/m3 

Specific heat 1006.4 J/(kg K) 871 J/(kg K) 

Thermal conductivity 0.02624 W/(m K) 202.4 W/(m K) 

Viscosity 1.857e-05 kg/(m s) --- 

 

 

Fig. 2. Flowchart of the assumed mathematical model. 

https://www.editorialsystem.com/editor/aot/article/561860/view/
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Exergy losses by absorption (ELA) are due to irradiation ab-

sorbed by the plate of absorber at the mean temperature (Tpm), 

and as the temperature (ΔT/I) increases, ELA is found to decrease, 

as shown in Fig. 4. It was observed that the pitch ratio of 3 has 

shown the least value of ELA. The irreversibility rises as the tem-

perature rise parameter increases, resulting in higher exergy 

losses. The absorber plate's temperature rises in lockstep with 

the temperature rise parameter. For all pitch ratios, ELA rises with 

the temperature ascent criterion, but eventually begins to de-

cline. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As the temperature rise parameter is increased, there is a cor-

responding increase in irreversibility, leading to higher exergy 

losses. The absorber plate temperature also elevates with the es-

calation of the temperature rise parameter. Consequently, the 

maximum exergetic losses occur when the temperature rise pa-

rameter has a higher value. The variation of exergy loss due to 

the working fluid with the temperature ascent criterion (ΔT/I) 

shows a similar trend for all pitch ratios (PR) in Fig. 5. At low  

values of ΔT/I, the exergy loss increases sharply, indicating  

enhanced useful energy transfer to the fluid as the tem- 

perature difference grows. The curves reach a peak around  

ΔT/I ≈ 0.01–0.015, where the exergy transfer is maximised. Be-

yond this point, a gradual decline is observed for all PR values, 

suggesting that a higher temperature ascent leads to increased 

irreversibilities and reduced effective exergy transfer. Among 

the cases, PR = 1.5 exhibits the highest peak exergy loss, fol-

lowed by PR = 3 and PR = 2, while at larger ΔT/I values,  

PR = 2 maintains comparatively higher exergy loss than the oth-

ers. Overall, the results indicate the existence of an optimum 

temperature ascent criterion for maximising exergy transfer to 

the working fluid, which slightly varies with the pitch ratio. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 shows the variation of exergy deficit to the sur-

roundings (ELe) with the temperature rise parameter. It has been 

acknowledged that with an increment in temperature rise param-

eter, exergy loss to the environment also rises because of the 

greater temperature differential between the absorber plate and 

the environment. Moreover, the pitch ratio of 3 has shown  

a maximum ELe followed by the pitch ratios 2 and 1.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Variation of exergy losses due to friction (ELΔP)  

with temperature ascent criterion (ΔT/I). 

 

Fig. 4. Variation of exergy losses (ELA) with temperature ascent criterion. 

 

Fig. 5. Variation of exergy losses by working fluid (ELΔT)  

with temperature ascent criterion. 

 

Fig. 6. Variation of exergy losses with temperature ascent criterion  

by convective and radiative heat transfer (ELe). 
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3.2. Exergetic efficiency 

Figure 7 shows how the exergetic efficiency (ηexe) varies with 

the temperature ascent criterion (ΔT/I) for diverse pitch ratios. 

Due to the extremely high mass flow rate, a lower ΔT/I value 

concludes in a negative adverse value of exergetic efficiency. 

The exergetic efficiency improves as the value of ΔT/I increases. 

The pitch ratio 3 has the lowest exergetic efficiency, while the 

pitch ratio 1.5 has the highest exergetic efficiency. This is due 

to the supremacy of mechanical power, or the power necessary 

to overcome frictional forces. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3. Effective efficiency 

Figure 8 illustrates the variation of effective efficiency (ηeff) 

with Reynolds number for different pitch ratio (PR) configura-

tions at a constant relative blockage ratio of 0.3, insolation of 

1100 W/m², and attack angle of 45°.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It is observed that the effective efficiency increases with the 

Reynolds number, reaches a peak, and then gradually declines 

at higher flow rates. The initial rise in efficiency is due to im-

proved convective heat transfer at higher Reynolds numbers, 

whereas the subsequent decline is caused by the increasing me-

chanical power required to overcome frictional losses. 

At lower Reynolds numbers, the configuration with PR = 1.5 

demonstrates the highest effective efficiency, attaining a maxi-

mum of about 64% at Re ≈ 5000. This trend continues up to 

approximately Re = 11 000, where PR = 1.5 maintains superior 

performance compared to other configurations. However, be-

yond this point, the efficiency for PR = 1.5 decreases more rap-

idly, and the configuration with PR = 3 exhibits comparatively 

better performance at higher Reynolds numbers. This indicates 

that lower pitch ratios are more effective at moderate flow con-

ditions, while higher pitch ratios become advantageous at ele-

vated Reynolds numbers due to reduced frictional penalties. 

4. Conclusions 

The numerical investigation demonstrates that the incorporation 

of zig-zag structured baffles significantly influences the exer-

getic and effective performance of the solar air heater over the 

Reynolds number range of 3000–14 000.  

Exergy analysis reveals that frictional losses are the highest 

at lower pitch ratios, while exergy transfer to the working fluid 

reaches a maximum at a temperature ascent criterion of about 

ΔT/I ≈ 0.01–0.015.  

Among the tested configurations, PR = 1.5 shows the highest 

exergetic efficiency, whereas PR = 3 results in the lowest effi-

ciency due to reduced turbulence intensity.  

In terms of effective efficiency, PR = 1.5 achieves the max-

imum value of approximately 64% at Re ≈ 5000 and maintains 

superior performance up to about Re ≈ 11 000. Beyond this 

range, the efficiency of PR = 1.5 declines more rapidly, and  

PR = 3 performs better at higher Reynolds numbers due to com-

paratively lower frictional penalties.  

Overall, the results indicate that a lower pitch ratio is optimal 

for moderate flow conditions, while a higher pitch ratio becomes 

advantageous at elevated Reynolds numbers. 
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1. Introduction 

Solar energy is abundantly available in nature and serves as 

one of the most promising renewable energy sources. Efficient 

utilisation of solar energy at a low investment cost and with en-

hanced thermal efficiency has become increasingly important. 

Evacuated tube solar collectors are widely used to capture solar 

thermal energy for water heating applications. These systems 

can significantly improve thermal performance in industrial pro-

cesses by conserving thermal energy, reducing operational time, 

and extending equipment lifespan. The thermal efficiency of so-

lar energy systems has become a major focus in renewable en-

ergy research. The basic principle of solar heat collection in-

volves the absorption of solar radiation by a surface, resulting in 

an increase in temperature. Solar water heating systems are 

available in several configurations, among which heat pipe-

based evacuated tube collectors have attracted considerable at-

tention because of their superior heat transfer characteristics. 

Heat pipes are extensively used in thermal management ap-

plications such as automobiles, electronic cooling systems, and 

laptop computers. With rapid advancements in technology, effi-

cient thermal energy transfer has become essential in heat pipe 

technology. Nanomaterials are increasingly utilised as additives 

in working fluids such as water, engine oil and ethylene glycol 

to improve thermal performance. Nanoparticles such as silicon 

carbide and copper oxide possess superior thermal conductivity  
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Abstract 

Solar heating devices have been extensively investigated to maximise energy utilisation and improve overall thermal effi-
ciency. The present study aims to evaluate the performance of an evacuated tube heat pipe collector with nanofluid and com-
pare it with a conventional heat pipe collector operating without nanofluid, with particular emphasis on the water outlet tem-
perature. In the available literature, several studies have examined the effects of parameters such as the collector inclination 
angle, nanofluid concentration, and water inlet temperature on the thermal performance of evacuated tube solar collectors. 
However, a comprehensive comparative analysis incorporating all these parameters on a common experimental platform has 
not been adequately reported. In the present work, the variation in outlet temperature was systematically analysed by consid-
ering independent parameters such as the angle of inclination, copper oxide (CuO) nanofluid concentration, and water inlet 
temperature. Furthermore, the analysis of variance (ANOVA) was performed on the experimental dataset to evaluate the 
statistical significance and reliability of the obtained results. 
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Nomenclature 

Cp ‒ specific heat of water, J/(kg K) 

Mw ‒ mass of water, kg 

Q ‒ solar energy, J 

T – temperature of water, K 

 

Subscripts and Superscripts 

1, 2, 3, 4 ‒ number of heat pipe 

in ‒ inlet, input 

out – outlet  

u – useful  

 

Abbreviations and Acronyms 

ANOVA  – analysis of variance 

SEM – scanning electron microscope  

S/N – signal-to-noise 

XRD – X-ray diffraction  

compared to conventional base fluids, thereby enhancing heat 

transfer efficiency. A heat pipe operates on the principle of two- 

phase heat transfer, where the working fluid continuously un-

dergoes evaporation and condensation within a closed system. 

When the evaporator section of the heat pipe is heated, the work-

ing fluid vaporises, increasing vapour pressure. The vapour then 

travels through the adiabatic section to the condenser region, 

where it releases latent heat and condenses back into liquid form. 

The condensed liquid subsequently returns to the evaporator 

section through gravity or capillary action, completing the cycle. 

The use of nanofluids as working fluids significantly improves 

the thermal performance of heat pipes because of their enhanced 

thermal conductivity and heat transfer properties. 

Today, solar energy systems are gaining considerable im-

portance because of their availability, economic viability, effi-

ciency, and environmental sustainability in reducing carbon 

emissions and harmful gases. Elbrashy et al. [1] investigated the 

thermal performance of a solar air heater integrated with evacu-

ated tubes and nano-enhanced copper oxide phase change mate-

rial as a thermal storage enhancer. The nano-enhanced material 

was placed between the inlet and outlet flow passages to im-

prove heat transfer rates, resulting in a thermal efficiency of 

62.66%. Yurddas et al.[2] studied and optimised the thermal per-

formance of evacuated tube solar collectors using various 

nanofluids. Their study concluded that nanofluids improve heat 

transfer performance, with copper oxide-water nanofluid exhib-

iting superior thermal characteristics. Gupta et al. [3] conducted 

research on the thermal performance optimisation of heat pipes 

using nanofluids and reported a collector efficiency of 66.40% 

at a nanofluid concentration of 1.1% and at an inclination angle 

of 58.5°C. Alqdah et al. [4] investigated the design, fabrication 

and performance evaluation of a shell-and-tube heat exchanger 

integrated with an evacuated tube solar collector. Their findings 

indicated that the system was reliable and effective for evaluat-

ing thermal performance under varying operating conditions 

such as solar radiation intensity, ambient temperature and incli-

nation angle. Shafieian et al. [5] studied the thermal perfor-

mance of evacuated tube heat pipe solar water heating systems 

during cold seasons. They concluded that additional thermal en-

hancement techniques are required during morning hours to im-

prove solar energy absorption. Eidan et al. [6] experimentally 

investigated the performance of heat pipe evacuated tube collec-

tors using Al2O3 and CuO nanofluids. Their results demon-

strated that CuO nanofluid significantly improved thermal effi-

ciency and accelerated temperature rise. Kim et al. [7] reviewed 

the thermal performance and efficiency of evacuated tube solar 

collectors using various nanofluids and conducted CFD analysis 

of heat pipe solar water heaters. Their study confirmed that 

nanofluids considerably enhance thermal performance. Putra et 

al. [8] analysed the thermal performance of evacuated tube heat 

pipe solar collectors and concluded that both vacuum conditions 

and nanofluid properties are critical factors affecting collector 

efficiency. They also reported that thermosyphon evacuated 

tube collectors perform better than conventional heat pipe col-

lectors. Joo et al. [9] experimentally analysed the effect of dif-

ferent working fluids, including water, ethanol, Flutec and me-

thyl acetate, on evacuated tube solar collector performance. 

Their results indicated that methyl acetate provided the best per-

formance at an inclination angle of 40°. Lopez et al. [10] inves-

tigated the thermo-hydraulic performance and entropy genera-

tion characteristics of evacuated tube solar collectors using pure 

water and nanofluids as working fluids. Mahendran et al. [11] 

studied the thermal efficiency enhancement of direct-flow evac-

uated tube solar collectors using titanium oxide nanofluids. 

Khalipe et al. [12] experimentally evaluated two-phase closed 

thermosyphon evacuated tube solar collectors with different 

nanofluids. Sakhrieh et al. [13] investigated the performance of 

five types of solar collectors and reported that evacuated tubes 

with black coatings exhibited the highest efficiency. Chaudhari 

et al. [14] experimentally analysed a heat pipe heat exchanger 

using zinc oxide nanofluid dispersed in water and observed that 

the heat transfer coefficient increased with temperature. Gupta 

et al. [15] studied evacuated tube collectors at different mass 

flow rates and concluded that the thermal system size could be 

reduced by nearly 30%. Sarr et al. [16] determined the optimum 

tilt angle for photovoltaic modules in Senegal and recommended 

monthly adjustment of the tilt angle for improved solar energy 

conversion. Mahendran et al. [17] investigated the variation of 

global solar radiation in East Coast Malaysia. Chakraborty et al. 

[18] reviewed the stability characteristics of nanofluids under 

varying temperature, pressure, magnetic field, and heat transfer 

conditions. Alabayechi et al. [19] performed numerical and ther-

mal simulations using STAR-CCM+ software and reported that 

aluminium oxide nanofluids increased water temperature. Ag-

garwal et al. [20] reviewed energy storage media and hybrid en-

hancement techniques for improving evacuated tube collector 

performance. Yazdi et al. [21] studied nanofluid flow inside 

evacuated tube solar collectors and concluded that the collector 

efficiency increases with increasing nanofluid volume fraction.  

Tang et al. [22] investigated the effect of collector tilt angle 

and observed similar efficiencies at 22° and 46° inclination an-

gles. Sundar et al. [23] experimentally studied Al2O3 nanofluids 

in ethylene glycol-water mixtures and reported that the thermal 
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conductivity increased with nano-particle concentration but de-

creased with increasing temperature. Morrison et al. [24] devel-

oped a numerical model for heat transfer and fluid flow inside 

single-ended evacuated tubes and concluded that separate corre-

lations are necessary for accurate flow rate prediction. Sukarno 

et al. [25] discussed challenges associated with nanofluid appli-

cations, including thermo-physical property determination, heat 

transfer behaviour and stability issues. Wole-Osho et al. [26] re-

viewed the limitations of nanofluids in solar thermal collectors 

and highlighted the need for further research on stability, hyste-

resis and long-term predictability. Ersöz et al. [27] investigated 

the influence of different working fluids on the energy and ex-

ergy performance of evacuated tube solar collectors with 

thermo-syphon heat pipes. Among the tested fluids  hexane, 

petroleum ether, chloroform, acetone, methanol and ethanol  

acetone and chloroform demonstrated the highest exergy effi-

ciency. 

Although significant progress has been made in heat pipe 

solar collector technology, research on evacuated tube collectors 

using nanofluids as working fluids remains limited. Experimen-

tal and numerical investigations involving different working 

fluids are still required to determine optimal operating condi-

tions. Most previous studies focused primarily on solar radiation 

effects; however, the integration of heat pipes and nanofluids 

can substantially enhance thermal energy absorption. 

The vapour generated inside the heat pipe moves toward the 

condenser section, where heat is transferred to the manifold 

before the condensed liquid returns to the evaporator section, 

completing the continuous cycle. The performance of heat pipes 

is strongly influenced by parameters such as the inclination 

angle, solar radiation intensity and nanofluid concentration. 

Existing results indicate that copper oxide nanofluid is an 

effective working fluid for heat pipe applications. The present 

study utilises four evacuated tubes integrated with heat pipes, 

and it is anticipated that increasing the number of tubes and heat 

pipes will further improve the outlet water temperature and 

overall system efficiency. 

2. Materials and methods 

Nanoparticles consisting of nanometre-sized additives exhibit 

thermal properties, including the thermal conductivity, thermal 

diffusivity, viscosity and convective heat transfer coefficient, 

which differ from those of base fluids like water. Nanofluids are 

two-phase systems with phase one (liquid phase) and phase two 

(solid phase). The step method is used to prepare nanofluids. In 

this method, the first step produces dry powder by a chemical or 

physical method. Due to the trouble in making stable nanofluids 

by the two-step method, many progressive techniques have been 

developed to produce nanofluids. Copper oxide nanoparticles 

are manufactured at Adnano Technologies Pvt. Ltd., Shimoga, 

India, by the chemical precipitation method with multiple qual-

ity checks to obtain pure copper oxide nano-powder dispersed 

in water, as shown in Table 1.  

Copper oxide nano-powder has an increased toughness and 

ductility, and an increased hardness. SEM and XRD techniques  

were used for analysis, as shown in Figs. 1 and 2. A graph of 

particle size distribution is presented in Fig. 2. A particle distri-

bution indicates the percentage of particles of different size. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The nanofluid was prepared by dispersing copper oxide with 

distilled water as a base fluid and filled in a heat pipe by weight 

per cent. The material used to prepare a heat pipe is copper. One 

end of the tube is well closed while the tube is vacuumed and 

charged with nanofluid from the other end, using a closing and 

opening mechanism, as shown in Fig. 3.  

 

 

 

 

Fig. 1. SEM image of nanofluid. 

Table 1. Properties of nanofluid used in research work. 

CuO Description 

Weight per cent 1%, 3%, 5% (wt.) 

Particle size 30−70 nm 

Physical form liquid 

Morphology of dispersed particle Near spherical 

Colour purity 
Brownish black 

99.5% 

 

 

Fig. 2. XRD image of nanofluid. 
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During the experimentation, each of the copper tubes and evacu-

ated tubes will be arranged in a tilted position and tested in out-

door conditions, but we are waiting for full sunshine hours for 

solar radiation. Monthly solar radiation at the location of Pune, 

India, for experimentation (longitude 74.15o, latitude 18.6o) is 

shown in Table 2. The water is taken as the working fluid and 

recirculated with the help of a pump. The heat pipe consists of 

three parts, which are the evaporator, the adiabatic part, and the 

condenser, as shown in Fig. 3. The working fluid inside the heat 

pipe evaporates as a result of transferring thermal energy to its 

surface, and the vapour moves upwards towards the condenser 

part, as shown in Fig. 4. The temperature was measured using 

K-type thermocouples positioned as shown in Fig. 5. Four tem-

perature sensors were used to measure the temperature at the 

heat pipe condenser section, while one sensor was placed to 

measure the inlet temperature of water, and another was placed 

to measure the outlet temperature of water. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Four evacuated tubes are installed as shown in Fig. 5. Heat 

pipes are filled with copper oxide nanofluid dispersed in deion-

ised (DI) water to absorb solar energy. Solar energy is trans-

ferred to the recirculating water in the header of the condenser 

section of the heat pipe, and the recirculating water absorbs ther-

mal energy from the condenser section of the heat pipe, com-

pleting the cycle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Throughout the test, the ambient temperature, inlet water 

temperature, outlet water temperature and heat pipe condenser 

temperature were recorded. The mass flow rate at the inlet of the 

header is controlled by a rotameter. The temperature of heat 

pipes and recirculating water was measured by thermocouples 

placed as shown in the figure. The solar system consists of evac-

uated tubes, copper pipes, a tank with a circulation pipe, and 

a suitable frame for mounting. There are four copper tubes in-

stalled with some inclination, as shown in Fig. 5. These copper 

tubes are surrounded by borosilicate glass tubes. The inlet pipe is 

connected to the header, and tubes are press-fitted in the header. 

Another thermocouple was placed inside the storage tank. Water 

was circulated through the header. During the experimentation, 

each of the copper tubes and evacuated tubes will be arranged in 

a tilted position and tested in outdoor conditions. 

The rate of useful solar energy (Qu) is calculated by: 

 𝑄u  =  𝑀w𝐶p(𝑇out –  𝑇in) , (1) 

where Mw is the mass of water and Cp is the specific heat of wa-

ter, Tout is the outlet temperature of water, and Tin is the inlet 

temperature of water. 

The incident solar radiation on the evacuated tube collector, 

which can be considered as input energy (Qin), so the thermal 

efficiency of the system can be found as: 

  =  𝑄u/𝑄in. (2) 

3. Results and discussion 

During the experimentation, each of the copper tubes and evacu-

ated tubes was arranged in a tilted position and tested in outdoor 

conditions. The temperatures in the heat pipe condenser are gath-

ered in Table 3, where T1 is the temperature at heat pipe 1, T2 is 

the temperature at heat pipe 2, T3 is the temperature at heat pipe 

3, and T4 is the temperature at heat pipe 4.  

 

 

Table 2. Monthly solar radiation. 

Month Sunshine hours Day length, hours 

Jan 8.7 11.15 

Feb 8.9 11.53 

March 9.0 12.02 

April 9.7 12.55 

May 9.6 12.99 

Oct 7.8 11.72 

Nov 8.3 11.27 

Dec 8.4 11.03 

 

 

Fig. 4. Assembly of heat pipes with evacuated tubes. 

 

Fig. 5. Experimental setup of evacuated tube solar collector. 

 

Fig. 3. Schematic diagram of the heat pipe. 
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The graphs of inlet temperature, inclination angle of 40o  to 

the ground level and outlet temperature captured throughout the 

day at full sunshine hours for different nanofluid concentrations 

are plotted in Figs. 6−8.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Based on the literature, the authors have decided to determine 

the variation of angle, copper oxide percentage, and inlet temper-

ature in three levels taken for testing. Taugchi's robust design 

method was used with three parameters and three variable levels 

to cover a wide range. The control factors and levels (V1−V3 and 

L1−L3) are listed in Table 4.  

A total of 27 experiments were conducted with three levels 

and three factors. For the experimental data set, ANOVA anal-

ysis was carried out for the prediction of the quality of the data. 

 

 

 

 

 

 

 

 
Table 5 shows the details for the analysis of variance (DF, 

SS, MS, F and P) for the outlet temperature. From the above 

table, it has been observed that p measure values for all the input 

parameters, such as the angle of tilt in degrees, copper oxide per-

centage, and input temperature, are less than 0.05. Hence, all 

these input parameters are identified as significant factors. 

 

 

 

 

 

 

 

 

 

 

In the present experimentation, the optimum value of the an-

gle in degrees is 40o, the optimum value of the copper percent-

age is 5 percent, and the input temperature is 30°C, as shown in 

Table 6. 

 

 

 

 

 

 

 

 

Previous studies regarding heat pipe solar water heating sys-

tems have focused on solar radiation only, but by using a heat 

pipe and nanofluid in the solar collector, more energy is ab-

sorbed. The vapours inside the heat pipe rise towards the con-

denser section, where they transfer their heat through the mani-

fold and return to the evaporator section, and the cycle contin-

ues. Heat pipe characteristics are dependent on the angle of in-

clination, solar radiation, and the percentage of nanofluid used. 

The above results show that copper oxide nanofluid is an effec-

tive working fluid for the heat pipe. 

The present work is carried out with four evacuated tubes 

and heat pipes. If more tubes and a heat pipe are used, the outlet 

Table 3. Temperatures at the heat pipe condenser.  

T1 (°C) T2 (°C) T3 (°C) T4 (°C) 

105 104 102 97 

105 105 96 97 

106 104 102 97 

107 106 105 98 

104 110 90 92 

103 97 87 90 

 

 

Fig. 6. Variation of temperature with tilt angle  

for 1% copper oxide nanofluid used in the heat pipe. 

 

Fig. 8. Variation of temperature with tilt angle  

for 5% copper oxide nanofluid used in the heat pipe. 

 

Fig. 7. Variation of temperature with tilt angle  

for 3% copper oxide nanofluid used in the heat pipe. 

Table 4. Control factors and levels. 

Variable Parameter L1 L2 L3 

V1 Angle (o) 20 40 60 

V2 CuO (%) 1 3 5 

V3 Inlet temperature (°C) 24 27 30 

 

Table 5. Analysis of variance for outlet temperature. 

Source DF SS MS F P 

Angle (o) 2 758.0 379.000 46.28 0.000 

CuO (%) 2 816.7 408.333 49.86 0.000 

Inlet temperature (°C) 2 356.2 178.111 21.75 0.000 

Error 20 163.8 8.189   

Total 26 2094.7    

 

Table 6. Optimum parameters.  

Factors Optimum values 

Angle (o) 40 

CuO (%) 5 

Inlet temperature (°C) 30 

 



Desale S., Bansod P., Rachyya A., Campli S.  
 

164 
 

temperature will further increase, thereby resulting in the econo-

mics of material/price to heat capture. From the above result, the 

maximum outlet temperature is found to be about 68°C as shown 

in Table 7. 

 

 

 

 

 

 

 

 

The developed experimental setup in this work well predicts 

the increase in outlet temperature. As the performance of the 

heat pipe depends on the temperature of the evaporator and con-

denser area, more experimental and numerical work is required 

to explore the interaction effect among all the parameters of the 

evacuated tube heat pipe by using a nanofluid. Among the chal-

lenges for future research work are nanofluid preparation, in par-

ticular concerning the particle size, nanofluid stability, thermal 

conductivity and morphology.  

4. Conclusions 

The overall performance of the evacuated-tube solar collector 

was calculated. The outlet temperature was observed to vary 

with input parameters like the angle of inclination, CuO 

nanofluid concentration (% vol), and water inlet temperature. 

The outlet temperature was found to depend on the incoming 

solar radiation and the number of tubes, and the intensity of solar 

heat absorption was increased with the use of CuO nanofluid. 

The ANOVA analysis was carried out for the prediction of the 

quality of the data. The p-measure values for all input parame-

ters, such as tilt angle, copper oxide percentage, and input tem-

perature, were found to be less than 0.05, indicating a good level 

of significance. The best results for the water outlet temperature 

of 68°C were obtained for a 40° angle of inclination, 5% copper 

oxide nanofluid dispersed in distilled water, and 30°C of water 

inlet temperature. An increased concentration of CuO can be 

considered, however the possibility of contamination and foul-

ing effects needs to be explored. 
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1. Introduction 

The origin of this work lies in recognition of extensive literature 

on "Finite Time Thermodynamics" (FTT) and "Endoreversibil-

ity", with the proposal of a straightforward equation, Eq. (1) 

hereafter, aimed to provide a more realistic estimation of the ef-

ficiency of energy conversion systems, particularly in compari-

son with the Carnot efficiency. This equation is: 

 
𝑡

=  1 − √
𝑇𝑑

𝑇𝑢
, (1) 

with Tu being said to be the heat source temperature and Td the 

heat sink temperature (both in Kelvin).  

The main objective of this paper is to better understand the 

conditions and assumptions necessary to obtain this elegant 

equation.  
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Nomenclature 

h – specific enthalpy, J/kg 

ℎ̇d  – heat sink heat transfer coefficient, W/K 

ℎ̇𝑢 – heat source heat transfer coefficient, W/K 

𝑚̇ – cycle mass flowrate, kg/s 

𝑃̇ – cycle power output, W 

Pi  – pressures of the Carnot cycle, i = 1 to 4, Pa 

𝑄̇𝑑  – heat transfer with the surroundings for the heat sink, W 

𝑄̇𝑢  – heat transfer with the surroundings for the heat source, W 

r ‒ specific ideal gas constant, J/(kg‧K) 

s – specific entropy, J/(kg‧K) 

Td  – heat sink temperature, K 

Ti  – temperatures of the Carnot cycle, i = 1 to 4, K 

Tu  – heat source temperature, K 

𝑊̇𝑖𝑗  – work exchanged with the surroundings in the (i, j) process, W 

 

Greek symbols 

  – ratio of specific heats at constant pressure and at constant vol 

          ume 

 – thermodynamic cycle efficiency 

t – finite time thermodynamic optimum efficiency 

 

Subscripts and Superscripts 

d – heat sink parameters 

u – heat source parameters 

 

Abbreviations and Acronyms 

FTT – finite time thermodynamics 

PWR – pressurised water-cooled reactor 

 

This equation is by some authors referred to as the Chamba-

dal-Novikov-Curzon-Ahlborn efficiency to pay tribute to some 

of the pioneering authors. These pioneering authors, [1−3] and 

even [4], in establishing this equation, were mainly interested in 

energy conversion of nuclear power plants. Thus Tu is said to be 

the nuclear fuel cladding temperature by Yvon [1] or just the 

nuclear fuel temperature, Novikov [3]. Chambadal [2] mentions 

the nuclear primary circuit coolant temperatures. Curzon and 

Ahlborn [4] apply Eq. (1) to real systems by considering the 

mean temperature of the primary coolant. This approach appears 

to be the most rational within the framework of FTT with a well-

defined heat exchanger for the cycle heat source (thus, the steam 

generator in nuclear reactors having two separate circuits for 

power conversion and reactor core cooling). This approach will 

therefore be adopted as the reference case in the present study. 

In most papers, Tu is simply the heat source temperature. For 

a real and complex system, like nuclear power plants, it is not a 

definition precise enough, which could be a problem for 

a proper use of Eq. (1), see Section 2.2. 

Td poses much fewer definition issues. For a common steam 

cycle, it must be the condenser secondary side temperature, 

a temperature that usually varies very little. Here, we are close 

to having an infinite thermal capacity at constant temperature. 

In some of these pioneering works, the derivation of Eq. (1) 

is obtained with the introduction of a cycle geometric mean tem-

perature: 

 𝑇𝑚 =  √𝑇𝑑  𝑇𝑢 .  

Feidt [5], in his history of efficiency at maximum power, ex-

plains that such derivation was already achieved in a 19th century 

thermodynamic book. We will explain in Section 2.1 how to ob-

tain this mean temperature. 

Since these early publications, numerous FTT studies have 

been published, see for example [6−10]. FTT has evolved into  

a well-established branch of thermodynamics, with its inclusion 

in the French "Technique de l'ingénieur" [11], dedicated text-

books [12,13], and even its selection as a topic for the entrance 

examination of French elite engineering schools in 2023 [14]. 

Some of these works propose new discussions of the FTT 

approach. Others attempt to extend the use of FTT, for example, 

with the consideration of other energy conversion phenomena, 

like thermoelectricity, Ouerdane et al. [6], or with the introduc-

tion of irreversibilities, Wu and Kiang [7] or Feidt and Cos- 

tea [8]. Le et al. [9] or Kaushik et al. [12] have shown that  

Eq. (1) could be useful for other cycles than the Carnot cycle 

originally considered. In this paper, only Carnot-like cycles will 

be examined.  

It is worth noting from this abundant scientific literature that 

many of these studies share a common limitation: the absence of 

a clear definition of the thermodynamic system under consider-

ation, which could explain difficulties encountered in properly 

defining Tu. 

Our purpose is to revisit these analyses, to better understand 

the real interest of Eq. (1) and not at all to propose new optimi-

sations of real system energy conversion cycles. Thus, in Sec-

tion 2.1, we present a derivation of this equation without intro-

ducing a cycle time. In the following Section 2.2, some Eq. (1) 

numerical results will be compared to real cycle efficiencies. 

In Section 2.3, we will examine further all the implications 

of the maximum power output by determining all the cycle var-

iables in very simple cases (use of an ideal gas as the cycle work-

ing fluid). 

In section 3, we will see that for a “Carnot cycle”, with in-

ternal irreversibilities, here non-isentropic compression and ex-

pansion (of course with irreversibilities, strictly speaking, it is 

no longer a Carnot cycle), we obtain a different result in terms 

of compromise between the maximum efficiency and maximum 

power output of the cycle. 

Finally in Section 4, we will propose an “academic exten-

sion” of the Carnot efficiency to real cycles. The equation ob-

tained is not of interest to calculate the efficiency of real sys-

tems, but it reveals the underlying causes, in fact well known, to 

be well below the Carnot efficiency. 

It is important to note that this work is essentially academic 

in nature as it involves discussing a theory, the FTT, that is itself 

also essentially academic. The ambition of this paper is also ped-

agogical: to better understand the FTT theoretical background. 

2. “Endoreversible” Carnot cycle calculation 

Our objective is to revisit the derivation of Eq. (1) by a thermo-

dynamic approach based on well-defined thermodynamic sys-

tems and without the introduction of a cycle “finite time” (for 
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example, cycle time introduced in [4]). Being in steady-state, we 

thought there is no real need to introduce such a time. 

The cycle calculated is a Carnot cycle (Fig. 1) with two heat 

exchangers for the heat source at Tu and the heat sink at Td.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The thermodynamic system considered is the working fluid 

having a mass flow rate 𝑚̇ and describing the cycle formed by 

the four successive states 1 to 4 (Fig. 1), so it does not include 

the “materials” constituting the two heat exchangers. The cycle 

is characterised by four enthalpies (h1 to h4) and four entropies 

(s1 to s4). 

As it is a Carnot cycle, we have: 

 s2 = s1 and s4 = s3 (isentropic process), and 

 T3 = T2 and T1 = T4  (isothermal heat addition and isother-

mal heat rejection). 

To introduce the two heat exchangers, two heat transfer co-

efficients, ℎ̇𝑢 and ℎ̇𝑑, must be introduced to calculate the heat 

transfers, so the following simple equations are used: 

 for the heat source 

 𝑄̇𝑢 =  ℎ̇𝑢(𝑇𝑢 − 𝑇2),  

 for the heat sink 

 𝑄̇𝑑 =  ℎ̇𝑑(𝑇𝑑 − 𝑇1).  

These heat transfer coefficients are assumed constant in the 

FTT approach, and in fact, they are the product of the actual heat 

transfer coefficient (in W/(m2 K)) by the heat exchanger surface. 

As a consequence, T1 is the real low temperature seen by the 

working fluid of the cycle, and T2 is the real high temperature of 

the cycle. To achieve such constant temperatures, with heat ad-

dition (or heat rejection), is only possible during a phase transi-

tion of the working fluid or by combining heat addition (or re-

jection) with the expansion (or compression) of a gas as the 

working fluid. For this simple thermodynamic cycle, the effi-

ciency is, of course, given by the Carnot equation: 

 
𝑐

=  1 −
𝑇1

𝑇2
.  

The FTT purpose is to go further by expressing the efficiency 

with Tu and Td, thus two temperatures not directly experienced 

by the thermodynamic system, but which may be of interest for 

the process evaluation. Usually, a thermodynamic analysis must 

use system temperatures, for example, the “exchanged entropy” 

Q/T must be calculated with “the temperature of the part of the 

system receiving it” (the Gibbs formulation). Therefore, in prin-

ciple, using Tu and Td would imply that the two heat exchangers 

(i.e., the materials responsible for heat conduction) are included 

in the thermodynamic system. Such a system will be considered 

in Section 4. 

Tu and Td are also assumed constant; it is often said that the 

two heat reservoirs are of infinite thermal capacity.  

For a nuclear reactor like a PWR (pressurized water-cooled 

reactor), the very simple equation giving 𝑄̇𝑢 raises some ques-

tions, see Section 2.2. A rational assumption seems to take Tu as 

the primary coolant temperature, with several dozens of tons per 

second of water flow in the primary circuit, almost constant wa-

ter temperatures in this circuit are obtained. In other real sys-

tems, such as coal power plants, much larger variations in the 

heat source primary side temperature are observed, several hun-

dred degrees of Celsius, making the use of this hypothesis even 

more questionable. 

2.1. Efficiency at the maximum power output 

With the mass flow rate 𝑚̇ of the working fluid used in this cy-

cle, the system of ten equations to solve is made of the four en-

ergy balances: 

 𝑚̇(ℎ2 − ℎ1) =  𝑊̇12,  

 𝑚̇(ℎ3 − ℎ2) =  𝑊̇23 + ℎ̇𝑢(𝑇𝑢 − 𝑇2),  

 𝑚̇(ℎ4 − ℎ3) =  𝑊̇34,  

 𝑚̇(ℎ1 − ℎ4) =  𝑊̇41 + ℎ̇𝑑(𝑇𝑑 − 𝑇1),  

𝑊̇𝑖𝑗 being the work exchanged with the surroundings by  

the (ij) process of the cycle. 

In addition, we have the four entropy balances: 

 𝑠2 = 𝑠1,  

 𝑚̇(𝑠3 − 𝑠2) =
ℎ̇𝑢(𝑇𝑢−𝑇2)

𝑇2
,  

 𝑠4 = 𝑠3,  

 𝑚̇(𝑠1 − 𝑠4) =  
ℎ̇𝑑(𝑇𝑑−𝑇1)

𝑇1
,  

and finally: 

 𝑇3 = 𝑇2,  

 𝑇4 = 𝑇1.  

For a working fluid with h = h(P, T) and s = s(P, T), and 

having chosen Tu, Td, ℎ̇𝑢 and ℎ̇𝑑, we have these 10 equations to 

determine 13 unknowns: 

 the four pressures and the four temperatures, 

 the four works exchanged with the surroundings, 𝑊̇𝑖𝑗, 

 and the cycle mass flowrate. 

It is worth recalling that we are in steady-state, so all these 

unknowns are constant. 

 

Fig. 1. The FTT Carnot cycle with its two heat exchangers. 
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In the FTT approach, Tu − T2 will be varied in order to find 

the maximum cycle power output. We will see just after that it 

is enough to fix Tu − T2 to calculate the cycle efficiency and the 

cycle power output (specificity of the Carnot cycle). But to de-

termine the 13 unknowns, two additional cycle parameters have 

to be fixed; we will see that there is an interest to determine all 

the cycle parameters, see Section 2.3. 

The cycle power output 𝑃̇ (a positive value is considered 

here) is given by the cycle energy balance (by summing up the 

4 enthalpy equations): 

 𝑃̇ = |𝑊̇12 + 𝑊̇23 + 𝑊̇34 +  𝑊̇41| = 𝑄̇𝑢 + 𝑄̇𝑑 ,  

with x = 𝑇𝑢 − 𝑇2 and y = 𝑇𝑑 − 𝑇1. 

We have: 

 𝑃̇ =  ℎ̇𝑢𝑥 +  ℎ̇𝑑𝑦.  

And the cycle entropy balance (by summing up the 4 en-

tropy equations) gives: 

 
ℎ̇𝑢(𝑇𝑢−𝑇2)

𝑇2
+

ℎ̇𝑑(𝑇𝑑−𝑇1)

𝑇1
=

ℎ̇𝑢𝑥

𝑇𝑢−𝑥
+

ℎ̇𝑑𝑦

𝑇𝑑−𝑦
= 0.  

It could be noted that these last two equations represent the 

global cycle energy and entropy balance. Therefore, it could be 

argued that the initial system of 13 equations was indeed not 

useful. In fact, this system is necessary for the complete deter-

mination of the cycle variables, see Section 2.3. 

One can calculate: 

 𝑦 =  
𝑇𝑑ℎ̇𝑢𝑥

𝑥(ℎ̇𝑢+ℎ̇𝑑)−𝑇𝑢ℎ̇𝑑

.  

It is now possible to calculate the power output and the cy-

cle efficiency as a function of x only: 

 𝑃̇ = ℎ̇𝑢𝑥 (1 −
𝑇𝑑

𝑇𝑢−𝑥(ℎ̇𝑢+ℎ̇𝑑)/ℎ̇𝑑

 ), (2) 

  =
𝑃̇

ℎ̇𝑢𝑥
= 1 −

𝑇𝑑

𝑇𝑢−𝑥(ℎ̇𝑢+ℎ̇𝑑)/ℎ̇𝑑 
. (3) 

This Eq. (3) is a continuously decreasing hyperbola as 

a function of x. For non-negative values of x, the maximum ef-

ficiency is obtained for x = 0, this is the Carnot efficiency of 

a cycle producing no work, no heat being transferred to the cycle 

(because x = 0). We determine xmax, giving the maximum power, 

so the FTT optimum is found by solving 
𝑑𝑃̇

𝑑𝑥
= 0: 

 𝑥𝑚𝑎𝑥  =  
𝑇𝑢ℎ̇𝑑

ℎ̇𝑢+ℎ̇𝑑

 (1 − √
𝑇𝑑

𝑇𝑢
  ).  

And finally, 

 (𝑥𝑚𝑎𝑥) =  1 − √
𝑇𝑑

𝑇𝑢
= 

𝑡
.  

The attractiveness of this equation lies in a very simple ex-

pression depending only on Tu and Td and not on ℎ̇𝑢 and ℎ̇𝑑, mak-

ing it independent of the two heat exchanger characteristics. It 

is worth noting that in the previous calculations, no assumptions 

have been made regarding the Carnot cycle's working fluid. 

At this stage of our demonstration, one can already observe 

that if ℎ̇𝑢 and ℎ̇𝑑 are of the same order of magnitude, an appar-

ently reasonable assumption for nuclear PWR but which could 

be discussed (see Section 2.2), and for typical Tu and Td PWR 

temperatures, roughly 600 K and 300 K, one obtains xmax of 

about 90 K and ymax of about 60 K. These values are quite high 

compared to those of PWR systems, which usually operate with 

lower temperature differences, about 30 K for x. It is worth re-

calling that our choice of Tu means that we have considered the 

PWR steam generator as the cycle heat source heat exchanger, 

thus Tu is the primary coolant mean temperature. As already 

mentioned, a well identified heat exchanger seems the most suit-

able choice in the frame of FTT. 

Returning to the works of the FTT pioneering authors, one 

of the main difference of some of these works, compared to the 

previous derivation, is the assumption of a low temperature of 

the Carnot cycle (T1) equal to the heat sink temperature (Td). 

This implies very large ℎ̇𝑑 values, so a value much larger than 

the ℎ̇𝑢 value. This could be named the ”Chambadal-Novikov hy-

pothesis” [2,3]. This assumption is almost opposite to our refer-

ence PWR case, where ℎ̇𝑢 and ℎ̇𝑑 are similar, however it is  

a justifiable assumption (see Section 2.2 below), which gives: 

 𝑥𝑚𝑎𝑥 = 𝑇𝑢 − 𝑇2 = 𝑇𝑢 (1 − √
𝑇𝑑

𝑇𝑢
  ).  

So, T2 at maximum power output is: 

 𝑇2  =  √𝑇𝑑𝑇𝑢 .  

And finally, 

  =  1 −
𝑇𝑑

√𝑇𝑑𝑇𝑢 
=  1 − √

𝑇𝑑

𝑇𝑢
= 

𝑡
.  

Another way to determine the maximum power output is to 

calculate 𝑃̇ as a function of  instead of x. From Eq. (3),  

 𝑥 =
ℎ̇𝑑

ℎ̇𝑢+ℎ̇𝑑

 (𝑇𝑢 −
𝑇𝑑

1− 
).  

Introducing this value into Eq. (2) gives: 

 𝑃̇ =
ℎ̇𝑢ℎ̇𝑑

ℎ̇𝑢+ℎ̇𝑑

(𝑇𝑢 −
𝑇𝑑

1− 
). (4) 

We see that 𝑃̇ is proportional to ℎ̇𝑢ℎ̇𝑑 (ℎ̇𝑢 + ℎ̇𝑑)⁄ , which is the 

overall heat transfer coefficient of the heat source and heat sink 

“heat exchangers” in series. This overall heat transfer coefficient 

has a clear meaning for efficiencies close to zero, where we 

have: 

 𝑃̇ =  
ℎ̇𝑢ℎ̇𝑑

ℎ̇𝑢+ℎ̇𝑑

(𝑇𝑢 − 𝑇𝑑).  

We confirm that 𝑃̇ (Eq. (4)) is equal to zero for the maximum 

efficiency (which is a “Carnot efficiency”): 

 
𝑐

= 1 −
𝑇𝑑

𝑇𝑢 
.  

The determination of the maximum power output by 
𝑑𝑃̇

𝑑
 = 0 gives: 
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 (1 − )2 =
𝑇𝑑

 𝑇𝑢
,  

leading to 
𝑡
 of Eq. (1). 

We can easily calculate the maximum power output: 

 𝑃̇𝑚𝑎𝑥 =  
ℎ̇𝑢ℎ̇𝑑

ℎ̇𝑢+ℎ̇𝑑

(√𝑇𝑢 − √𝑇𝑑)
2
.  

The typical variation of 𝑃̇ (and 𝑄̇𝑢) as a function of  (Eq. (4)) 

is shown in Fig. 2.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We will see (in Section 3) that such a variation is not ob-

served in a real system. In fact, the previous equations cannot 

well explain the “trade-off” to be made between efficiency and 

power output. 

2.2. Discussion of the applicability of Eq. (1) 

Like Curzon and Ahlborn in [4], we try to see whether Eq. (1) 

offers good approximations of real system efficiency. For nu-

clear power plants, assuming 𝑄̇𝑢 =  ℎ̇𝑢(𝑇𝑢 − 𝑇2), the issue is not 

only whether Tu remains constant, but also the system's ability 

to handle the large variation of 𝑄̇𝑢. This large variation of 𝑄̇𝑢 

behind the FTT approach (see Fig. 2) seems difficult to achieve 

by the same system. In a PWR reactor, the core's thermal design 

imposes specific core material temperatures, and therefore, the 

core power is fixed (by heat conduction within the core materi-

als). The following simple equations can roughly describe the 

series of heat transfers between the core materials and the ther-

modynamic cycle: 

 𝑄̇𝑢 =  ℎ̇′(𝑇𝑓𝑢𝑒𝑙 − 𝑇′) = ℎ̇′′(𝑇′ − 𝑇2).  

So, 

 𝑄̇𝑢 =  
ℎ̇′ℎ̇′′

ℎ̇′+ℎ̇′′  (𝑇𝑓𝑢𝑒𝑙 − 𝑇2),  

Tfuel being representative of the fuel temperature (it could be the 

mean temperature of the UO2 pellets), T′ is the mean primary 

circuit temperature, and ℎ̇′, ℎ̇′′ are the equivalent heat transfer 

coefficients of the core and steam generator, respectively. They 

are roughly constant for a given core and steam generator size. 

Both are a combination of conduction and convection heat trans-

fers, but conduction is the dominant phenomenon. 

When we assume 𝑇𝑢 = 𝑇′ (said in the introduction to be a ra-

tional assumption), it can be seen that the variation in 𝑄̇𝑢 cannot 

be obtained by varying Tfuel; this variation requires changing the 

number of nuclear fuel elements (each fuel element producing 

a constant power). In this case, the FTT approach is justified by 

the constant value of ℎ̇′ (which corresponds to ℎ̇𝑢 here). 

On the other hand, if we choose the fuel temperature for Tu, 

we have: 

 ℎ̇𝑢 =  
ℎ̇′ℎ̇′′

ℎ̇′+ℎ̇′′
.  

And to be consistent with the FTT approach (constant ℎ̇𝑢 

value), we cannot vary the heat source power by changing the 

number of nuclear fuel elements. Thus, it is the T′ variation that 

will cause the variation in 𝑄̇𝑢. The large variation of the latter 

will lead to unusual values of the primary coolant temperature, 

with: 

 𝑇′ =  
ℎ̇′𝑇𝑓𝑢𝑒𝑙+ℎ̇′′𝑇2

ℎ̇′ℎ̇′′ .  

In this case, we can consider that the variations of 𝑄̇𝑢 occur 

without change in the “heat source system". 

Our reference utilisation of Eq. (1) will consider the reactor 

primary coolant temperatures as the heat source temperature Tu. 

We have already noted that this temperature has small variations 

(lower than 40°C for a PWR). For the condenser secondary side 

(to determine Td), temperature variations are even smaller (about 

10°C). In both cases, the arithmetic mean of these temperatures 

will be used in Eq. (1). 

2.2.1. Case of a 900 MWe PWR 

The primary coolant mean temperature is about 304°C [15]. For 

the condenser secondary side (considering a sea site with direct 

cooling), the mean temperature is about 20°C. The “gross effi-

ciency”, so the ratio of the gross electrical generation over the 

heat transferred by the steam generators, is about 34% (see [15] 

or the IAEA Database on Nuclear Power Reactors). Taking into 

account the generator efficiency, the real thermodynamic cycle 

efficiency is about 35%. 

By using Eq. (1), we obtain approximately 29%, which 

slightly underestimates the actual value. Of course, with these 

temperatures (Tu and Td), the Carnot efficiency is equal to 49%, 

so a far too optimistic value. But the correct use of the Carnot 

efficiency requires the use of working fluid temperatures (so T1 

and T2), thus the steam generator secondary side temperature 

(typically about 273°C) and the condensing temperature on the 

condenser’s primary side (about 33°C) result in a Carnot effi-

ciency of 44 %. With this latest result, it could be argued that the 

FTT efficiency provides a better approximation of the real effi-

ciency. 

Using these PWR data, we have also estimated the two FTT 

“heat transfer coefficients”. We have: ℎ̇𝑢 = 90 MW/K (with 

a heat source of 2800 MW for a temperature difference of 

304°C−273°C), and ℎ̇𝑑 = 140 MW/K (with a heat sink of  

1820 MW for a temperature difference of 33°C−20°C). We re-

call that these latter values are calculated for a primary coolant 

heat source temperature, this heat source being about 2800 MW. 

 

Fig. 2. Power output and cycle heat source as a function of efficiency 

for x=Tu  T2 variation. 
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These data are used in the following numerical applications, pre-

sented in Section 2.2.3. 

2.2.2. Case of a French sodium cooled reactor 

For this type of reactor, the mean sodium temperature of the 

steam generator primary side is about 420°C. For a heat sink 

with direct condenser cooling, the temperature to be considered 

is again 20°C. The thermodynamic efficiency of this cycle is 

about 42%, while 35% is obtained by Eq. (1). 

As in the previous PWR case, the FTT efficiency tends to 

give a lower value (around 20%) than the actual one. However, 

in both cases, we can agree that it provides a conservative esti-

mate of the plant's efficiency. 

2.2.3. Numerical applications for various heat source choices 

We propose numerical applications of Eq. (2) and Eq. (3) with 

ℎ̇𝑢 and ℎ̇𝑑 values estimated in Section 2.2.1. As expected with 

this heat transfer coefficients choice, for typical reactor power 

outputs (about 1000 MW) the TuT2 value is about 30 K (black 

dot in Fig. 3) with a much higher efficiency and a much lower 

power output compared to the FTT optimum, which is obtained 

for a TuT2 value of about 100 K (Fig. 3). For this low T2 tem-

perature (about 200°C) an acceptable efficiency (0.29) is ob-

tained because this low temperature is used in an ideal thermo-

dynamic cycle: the Carnot cycle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The FTT optimum power is about 2600 MW. For realistic 

use of this optimum, it would be necessary to reduce ℎ̇𝑢 and ℎ̇𝑑 

by a factor of three to align with the typical core power. This 

would mean reducing the heat exchange surfaces of the steam 

generator and condenser. We are not aware of any commercial 

nuclear reactor operating under these conditions (i.e. smaller 

heat exchangers with larger temperature differences). 

To be truly comprehensive on the FTT approach, we exam-

ine other justifiable choices of the nuclear reactor heat source 

temperature Tu, in fact to be closer to the nuclear fuel tempera-

tures, see the beginning of Section 2.2. Two Tu choices are pro-

posed: the fuel cladding temperature (in contact with the pri-

mary coolant with a temperature close to the saturation temper-

ature of the primary circuit) and the mean fuel pellet temperature 

(temperature values from reference [15]). The new ℎ̇𝑢 values are 

calculated like in Section 2.2.1, of course, the Tu increase leads 

to a ℎ̇𝑢 decrease. 

In both cases, the variation of T2 (or x), thus of 𝑄̇𝑢, results in 

a change in the primary coolant temperature (see comments at 

the beginning of Section 2.2). The FTT optimum of these differ-

ent assumptions are presented in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It can be observed that, as Tu increases, x and the power out-

puts move towards more realistic values. On the contrary, as ex-

pected with this increase, Eq. (1) now overestimates the actual 

efficiency. With the ℎ̇𝑢 decrease, the use of the ”Chambadal-

Novikov hypothesis” is more and more justified, thus the 

”Chambadal-Novikov temperature” (√𝑇𝑑𝑇𝑢 ) becomes an inter-

esting approximation. 

To discuss further this issue, a coal-fired power plant is ex-

amined. Here, we have a “simpler” heat source at much higher 

temperatures. We observe a temperature decrease from 1700°C 

to 300°C for the coal combustion products to produce subcritical 

steam at approximately 500°C and 100 to 150 bar [16]. Due to 

the poor heat transfer with the combustion products, the ℎ̇𝑢 value 

is low. To be consistent with previous calculations, we will con-

tinue to determine Tu with a mean temperature and ℎ̇𝑢 like in 

Section 2.2.1 (for a boiler secondary side temperature of 310°C). 

The FTT optimum values (Table 1) are perfectly consistent with 

the previous PWR “mean fuel pellet” case. We have a reasona-

ble FTT value for T2 (steam boiler being at saturation tempera-

tures between 310°C and 340°C), a good “Chambadal-Novikov 

temperature” but an efficiency that is much too high (the actual 

cycle efficiency being about 35%). This latter result is in disa-

greement with [4]. We believe that Curzon and Ahlborn did not 

use the correct heat source temperature Tu for their coal power 

plant case, as it appears that Eq. (1) was applied using the steam 

temperature at the boiler outlet. 

To conclude this section, it is worth noting again the rele-

vance of the temperatures obtained when the “Chambadal-

Novikov” hypothesis can be made (thus when ℎ̇𝑑 >> ℎ̇𝑢). This 

also concerns the maximum power output equation:  

 𝑃̇𝑚𝑎𝑥 =  ℎ̇𝑢(√𝑇𝑢 − √𝑇𝑑)
2
.  

2.3. Complete determination of the cycle variables 

To go further and gain a better understanding of the practical 

implications of the previous calculations, we propose to calcu-

Table 1. FTT optimal values under different heat source hypotheses,  

defined by (Tu, ℎ̇u). 

Heat source 
PWR  

reference 
Fuel  

cladding 
Mean 

fuel pellet 
Coal 
plant 

Tu (°C) 304 345 715 1000 

𝒉̇u (MW/K) 90 39 6.3 4 

x (°C) 101 151 431 644 

𝑷̇ (MW) 2611 1828 1235 1340 

Efficiency 0.29 0.31 0.455 0.52 

T2 (°C) 203 194 284 356 

√𝑻𝒅𝑻𝒖  (°C) 138 153 265 338 

 

 

Fig. 3. Cycle power output and efficiency as a function of x = 𝑇𝑢 − 𝑇2 

(here: Tu = 577 K, ℎ̇𝑢 = 90 MW/K, Td = 293 K and ℎ̇𝑑 = 140 MW/K). 
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late all the cycle variables, in particular the cycle mass flowrate. 

To achieve this, it is necessary to choose two additional cycle 

parameters (see the description of the system of 10 equations 

and 13 unknowns in Section 2.1). 

To simplify significantly the computations, the working 

fluid is assumed now to be an ideal gas with an entropy variation 

for an (a-b) process given by: 

 𝑠𝑏 − 𝑠𝑎 = 𝑟 (ln (
𝑇𝑏

𝑇𝑎
)

𝛾

𝛾−1
− ln (

𝑃𝑏

𝑃𝑎
)),   

where r being the specific ideal gas constant (in J/kg/K), and  

 is the ratio of specific heats at constant pressure and at constant 

volume. 

Of course, such a working fluid is far from the steam/water 

used in PWR or conventional power plants cycles, but our ob-

jective here is only to explore all the possible implications of the 

FTT analysis, not to get new insights in the optimisation of these 

energy conversion systems. 

For the two additional cycle parameters required, we propose 

to set the maximum and minimum pressures of the cycle, so  

P2 and P4, the two remaining cycle pressures are then: 

 𝑃1 = 𝑃2 (
𝑇1

𝑇2
)

𝛾

𝛾−1
,  

 𝑃3 = 𝑃4 (
𝑇2

𝑇1
)

𝛾

𝛾−1
.  

From Section 2.1 computations, we know that the cycle en-

tropy balance can be used to determine T1 as a function of T2. 

With: 

  𝑚̇(𝑠3 − 𝑠2) =
ℎ̇𝑢(𝑇𝑢−𝑇2)

𝑇2
,  

we have: 

  𝑚̇ =
ℎ̇𝑢 𝑥

𝑟𝑇2 𝑙𝑛(
𝑃2
𝑃3

)
.  

So, 

  𝑚̇ =
ℎ̇𝑢𝑥

𝑟(𝑇𝑢−𝑥)(ln(
𝑃2
𝑃4

)+
𝛾

𝛾−1
ln(

ℎ̇𝑑𝑇𝑑
ℎ̇𝑑𝑇𝑢−𝑥(ℎ̇𝑢+ℎ̇𝑑)

))
.  

As seen in Fig. 4, for our “reference PWR case” (with the 

parameters from Fig. 3), the cycle mass flowrate is almost pro-

portional to x. Therefore, a significantly higher mass flow rate 

would be required at the point of maximum power output 

(16 200 kg/s in this case) compared to the high-efficiency range.  

Even with a reduction by a factor of three in the heat transfer 

coefficients (see Section 2.2.3), a very high flow rate is still ob-

tained. These high flowrates are, of course, also a consequence 

of the choice of a simple air Carnot cycle. Additionally, such 

variations in flow rate seem difficult to achieve without changes 

in the heat transfer coefficients (assumed constant in the FTT 

approach) and in the pressure losses within the heat exchangers, 

which are also neglected in the FTT approach. For higher Tu as-

sumptions, lower mass flow rates are observed at the FTT opti-

mum, decreasing by a factor of three for the 'mean fuel pellet' 

case. 

Now a very important cycle parameter can be computed, the 

cycle specific net work 𝑃̇  𝑚̇⁄  (in J/kg), which is equal to: 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
𝑃̇

 𝑚̇
= 𝑟(𝑇𝑢 − 𝑥) (1 −

𝑇𝑑ℎ̇𝑑

𝑇𝑢ℎ̇𝑑−𝑥(ℎ̇𝑢+ℎ̇𝑑)
) ×  

 × (ln (
𝑃2

𝑃4
) +

𝛾

𝛾−1
ln (

𝑇𝑑ℎ̇𝑑

𝑇𝑢ℎ̇𝑑−𝑥(ℎ̇𝑢+ℎ̇𝑑)
)).  

In fact, high specific net works mean lower cycle mass flow 

rates for the same power output. For our “reference PWR case”, 

the specific net work is maximum when x is close to zero, thus 

when the efficiency is maximum, see Fig. 5. This could justify 

that PWR systems operate well below the FTT optimum of this 

reference case. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
For our “reference PWR case”, the specific net work is max-

imised when x is close to zero (both the power output and the 

cycle mass flowrate tend to zero), which corresponds to the max-

imum efficiency, see Fig. 5. For higher Tu assumptions, we have 

a different behaviour with a well identified maximum value of 

the specific net work, this value appearing much closer to the 

FTT optimum power. 

To better understand these differences, we attempt to com-

pute the maximum value of the specific net work. This can be 

achieved by making use of ”the Chambadal-Novikov hypothe-

sis” (ℎ̇𝑑 >> ℎ̇𝑢), which gives: 

 
𝑃̇

 𝑚̇
= 𝑟(𝑇𝑢 − 𝑥) (1 −

𝑇𝑑

𝑇𝑢−𝑥
 ) (ln (

𝑃2

𝑃4
) +

𝛾

𝛾−1
ln (

𝑇𝑑

𝑇𝑢−𝑥
)).  

The zero of the derivative of this function leads to: 

 

Fig. 5. Power output as a function of the specific net work  

for x = Tu − T2 variation. 

 
Fig. 4. Variations of the power output and of the mass flowrate  

(reference PWR case, air working fluid, P2 = 200 bar and P4 = 1 bar). 
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𝑇𝑑

𝑇𝑢−𝑥
+ ln (

𝑇𝑑

𝑇𝑢−𝑥
) =  1 −  

𝛾−1

𝛾
ln (

𝑃2

𝑃4
).  

Introducing the Lambert W function gives: 

 
𝑇𝑑

𝑇𝑢−𝑥
= 𝑊 (𝑒

1− 
𝛾−1

𝛾
ln(

𝑃2
𝑃4

)
 ).  

So, 

 𝑥 =  
𝑇𝑢𝑊−𝑇𝑑

𝑊
 .  

Using the previously mentioned air characteristics, we have: 

 𝑥 = 𝑇𝑢 −  
𝑇𝑑

0.4
.  

We can see that for high Tu cases, positive x values are ob-

tained at the specific net work maximum, which explains the 

dashed curve in Fig. 5. 

Finally, regardless of the assumption made for Tu, these re-

sults confirm that real systems operate close to the maximum of 

the specific net work, which is an effective way to limit the size 

of components for a given power output.  

To conclude this section, in which we have seen that differ-

ent values of Tu can be assumed for a complex system like 

a PWR, we can state the following: 

 for “low Tu and high ℎ̇𝑢” values, our reference case (the 

most rational choice for a PWR with a well-identified heat 

source exchanger), the operating conditions at the FTT op-

timum are not realistic, while the FTT efficiency provides 

a conservative estimation of the real efficiency,  

 for “high Tu and low ℎ̇𝑢” values, the operating conditions 

at the FTT optimum are more realistic, but the FTT effi-

ciency overestimates the real efficiency like the efficiency 

given by the Carnot equation. 

It is worth noting that this conservative FTT efficiency for 

the “low Tu” case is obtained with low maximum cycle temper-

atures (much lower than the actual ones) balanced by an ideal 

thermodynamic cycle, the Carnot cycle, without any losses. All 

these results clearly question and challenge the universal valid-

ity of Eq. (1). 

3. More realistic relationship between power  

output and efficiency 

We believe that one of the drawbacks of the previous approach 

is that it does not adequately illustrate the trade-off between 

maximum power output and maximum efficiency. To address 

this better, cycle irreversibilities must be introduced. Therefore, 

we now assume that the compression process (1–2) and the ex-

pansion process (3–4) are not isentropic. The cycle is no more 

an endoreversible cycle. 

This was the objective of reference [7] or [8] with the intro-

duction of a constant ratio: 

 𝑅𝑠 =  
𝑠3−𝑠2

𝑠4−𝑠1
< 1.  

Here (𝑠4 − 𝑠1) − (𝑠3 − 𝑠2) is the increase of entropy 

(strictly positive) resulting from the irreversible compression 

(1−2) and from the irreversible expansion (3−4). 

The update of the calculations from Section 2.1 is straight-

forward, involving an update of the global entropy balance: 

 
ℎ̇𝑢(𝑇𝑢−𝑇2)

𝑇2
= 𝑅𝑠  

ℎ̇𝑑(𝑇𝑑−𝑇1)

𝑇1
.  

So: 

 𝑦 =  
𝑇𝑑ℎ̇𝑢𝑥

𝑥(ℎ̇𝑢+𝑅𝑠ℎ𝑑)−𝑅𝑠ℎ̇𝑑𝑇𝑢
.  

Thus: 

 𝑃̇ = ℎ̇𝑢𝑥 (1 −
𝑇𝑑ℎ̇𝑑

𝑇𝑢𝑅𝑠ℎ̇𝑑−𝑥(ℎ̇𝑢+𝑅𝑠ℎ̇𝑑)
 ),  

and 

  = 1 −
𝑇𝑑ℎ̇𝑑

𝑇𝑢𝑅𝑠ℎ̇𝑑−𝑥(ℎ̇𝑢+𝑅𝑠ℎ̇𝑑)
.  

This latter equation gives: 

 𝑥 =  
ℎ̇𝑑

ℎ̇𝑢+𝑅𝑠ℎ̇𝑑
 (𝑅𝑠𝑇𝑢 −

𝑇𝑑

1− 
),  

and 

 𝑃̇ =  
ℎ̇𝑢ℎ̇𝑑

ℎ̇𝑢+𝑅𝑠ℎ̇𝑑
  (𝑅𝑠𝑇𝑢 −

𝑇𝑑

1− 
).  

The derivation of the previous equation gives the efficiency 

at the maximum power output: 

  = 1 − √
𝑇𝑑

𝑅𝑠𝑇𝑢
. (5) 

This efficiency is lower than the efficiency given by Eq. (1) 

and remains independent of ℎ̇𝑢 and ℎ̇𝑑. Increasing irreversibili-

ties, thus decreasing Rs, reduces efficiency, which becomes zero 

for: 

 𝑅𝑠 =
𝑇𝑑

𝑇𝑢
.  

The relationship between power output and efficiency ob-

tained is shown in Fig. 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The curve is very similar to the reversible case, with maxi-

mum efficiency occurring at zero power output. We believe it 

still does not properly represent the power – efficiency relation-

ship. 

 

Fig. 6. Power output as a function of cycle efficiency,  

with and without irreversibilities (reference PWR case). 
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Our viewpoint is that Rs being constant, the entropy produc-

tion by irreversibilities does not depend of the pressure ratio of 

the (1−2) compression and the (3−4) expansion, making this 

analysis of the “irreversible Carnot cycle” irrelevant. So, in ac-

cordance with Feidt and Costea [8], we propose assuming that 

these irreversibilities will generate an entropy increase equal to: 

 𝑚̇(𝑠2 − 𝑠1) =   (𝑇2 − 𝑇1)  

and 

 𝑚̇(𝑠4 − 𝑠3) =   (𝑇3 − 𝑇4).  

To simplify the calculations,  is assumed to be a constant 

positive value, identical for the compression and expansion. The 

cycle entropy balance is now: 

 
ℎ̇𝑢𝑥

𝑇𝑢−𝑥
+

ℎ̇𝑑𝑦

𝑇𝑑−𝑦
+ 2(𝑇𝑢 − 𝑥 −  𝑇𝑑 + 𝑦) = 0.  

This is a second-order equation with respect to y, so a more 

complicated equation than the cycle entropy equation of Sec-

tion 2.1. Solving it gives: 

 𝑦 =  𝑇𝑑 +
1

2
( 𝐵 − √𝐵2 +

2𝑇𝑑ℎ̇𝑑


  ),  

with, 

 𝐵 =  
ℎ̇𝑢𝑥+(𝑇𝑢−𝑥)[2(𝑇𝑢−𝑥)−ℎ̇𝑑 ]

2(𝑇𝑢−𝑥)
.  

Finally, we have: 

 𝑃̇ = ℎ̇𝑢𝑥 + ℎ̇𝑑 (𝑇𝑑 +
1

2
( 𝐵 − √𝐵2 +

2𝑇𝑑ℎ̇𝑑


  )), (6a) 

and 

  = 1 +
ℎ̇𝑑

ℎ̇𝑢𝑥
( 𝑇𝑑 +

1

2
( 𝐵 − √𝐵2 +

2𝑇𝑑ℎ̇𝑑


  )). (6b) 

The variations of power output and efficiency as a function 

of x (Fig. 7) show that this time, we have two distinct maximum 

values of interest: one for efficiency and one for power output.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The value of  used (1000 W/(K m2)) is somewhat arbitrary, 

although it could give entropic losses of the correct order of  

 

magnitude (about 0.5 MW/K for PWR conditions). 

For very low x, the thermodynamic cycle is not feasible, at 

higher x values, very low power outputs are achieved, and the 

heat generated by irreversible compression and expansion is re-

moved by the heat sink. The maximum efficiency is now ob-

tained for non-zero values of x. For our reference case, these x 

values (about 30 K, Fig. 7) are close to those of real systems 

(thanks to the choice of ). The x value at the FTT optimum is 

still very high (100 K) and is accompanied by a significant re-

duction in efficiency, compared to the maximum value. 

For higher Tu cases, the optimum efficiency and power out-

put are obtained at large x values (310 K and 450 K). 

The power output as a function of  (Fig. 8) now differs a lot 

from the variations obtained without irreversibilities (Fig. 2) or 

with a questionable introduction of irreversibilities (Fig. 6). 

The marker (black dot) in Fig. 8 indicates the point corre-

sponding to the actual x values of a PWR reactor, 31 K for our 

reference case, 442 K for the “mean fuel pellet” case.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
For the former, this point corresponds to the maximum effi-

ciency, for the latter to the maximum power output. Thus, as 

without irreversibilities, the “high Tu” case leads to a more real-

istic FTT optimum. From the variation of the cycle specific net 

work with respect to efficiency (Fig. 9), it is observed that, in 

both cases, the actual PWR temperatures correspond to a point 

(black dot) very close to the maximum net work. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: Power output and efficiency as a function of x = Tu − T2  

(reference PWR case and  = 1000 W/(K m2)). 

 

Fig. 8. Power output as a function of efficiency ( = 1000 W/(K m2)). 

 

Fig. 9. Cycle net work as a function of efficiency ( = 1000 W/(K m2)). 
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For the “high Tu” case, higher efficiency can be achieved at 

smaller x values, but this would result in unreasonable primary 

circuit temperatures at the optimum efficiency (the PWR pri-

mary pressure being 155 bar). It would be interesting to explore 

this temperature range with a more realistic thermodynamic cy-

cle. 

Finally, as expected, we can observe that with this more re-

alistic approach to accounting for compression and expansion 

irreversibilities, the efficiency at the maximum power output is 

no longer independent of ℎ̇𝑢 and ℎ̇𝑑, which is a key characteristic 

of the FTT optimum, still obtained with Eq. (5). 

4. An equation for the efficiency of energy  

conversion cycles 

To further support our view on the too restrictive vision of cycle 

optimisation issues using the FTT approach, we propose in this 

section a more general efficiency equation. This equation will 

better illustrate why the actual efficiency is much lower than the 

Carnot efficiency and provide another perspective on the system 

optimisation issue. 

A real cycle in steady state is a thermodynamic system, made 

of working fluids (and eventually of solid media in particular if 

heat exchangers are part of the system), exchanging heat and 

work with the surroundings, and having a set of internal irre-

versible processes (friction, diffusion, conduction, mixing …), 

producing entropy. 

We assume that the exchange of heat with the surroundings 

can be described by a series of elementary terms: 

 𝑄̇
𝑢.𝑖

 with the heat sources, Tu.i being here the temperature 

of the thermodynamic system receiving 𝑄̇
𝑢.𝑖

, and  

 𝑄̇
𝑑.𝑗

 with the heat sinks, Td.j being the temperature of the 

thermodynamic system losing 𝑄̇
𝑑.𝑗

 (cycle heat losses to 

the environment can be accounted for in this term). 

These lead to the following variation of the system entropy 

by heat exchanges: 

 ∑
𝑄̇𝑢.𝑖

𝑇𝑢.𝑖
+ ∑

𝑄̇𝑑.𝑗

𝑇𝑑.𝑗
𝑗𝑖 .  

The entropy production by irreversibilities inside the cycle 

components (turbines, pumps, heat exchangers, …) will be de-

scribed by k elementary terms: 

 ∑ ̇𝑘𝑘 .  

With 𝑊̇𝑙 denoting the set of exchange of work with the sur-

roundings, the global energy and entropy balances of the cycle 

are: 

 𝑃̇ = |∑ 𝑊̇𝑙𝑙 | = ∑ 𝑄̇𝑢.𝑖𝑖 + ∑ 𝑄̇𝑑.𝑗𝑗 ,  

 ∑
𝑄̇𝑢.𝑖

𝑇𝑢.𝑖
+ ∑

𝑄̇𝑑.𝑗

𝑇𝑑.𝑗
𝑗𝑖 + ∑ ̇𝑘𝑘 = 0.  

We introduce the mean entropic temperature 𝑇𝑢
̅̅ ̅ for the heat 

sources and the mean entropic temperature 𝑇𝑑
̅̅ ̅ for the heat sinks 

by: 

 
∑ 𝑄̇𝑢.𝑖𝑖

𝑇𝑢̅̅̅̅
=  ∑

𝑄̇𝑢.𝑖

𝑇𝑢.𝑖
𝑖 ,  

 
∑ 𝑄̇𝑑.𝑗𝑗

𝑇𝑑̅̅ ̅̅
=  ∑

𝑄̇𝑑.𝑗

𝑇𝑑.𝑗
.𝑗   

It is worth noting that cycle heat losses to the environment 

will induce an increase of 𝑇𝑑
̅̅ ̅ signifying a decrease in efficiency, 

see Eq. (7) just hereafter. 

Thus, the cycle efficiency will be given by: 

  =
𝑃̇

∑ 𝑄̇𝑢.𝑖𝑖
=  1 +

∑ 𝑄̇𝑑.𝑗𝑗

∑ 𝑄̇𝑢.𝑖𝑖
= 1 − 

𝑇𝑑̅̅ ̅̅

𝑇𝑢̅̅̅̅
− 

𝑇𝑑̅̅ ̅̅

∑ 𝑄̇𝑢.𝑖𝑖
∑ ̇𝑘𝑘 . (7) 

In this equation, we have the two well-known reasons which 

explain that a real system efficiency is always lower than the 

Carnot efficiency: 

 The difficulty to maintain constant temperatures for both 

the heat source side and the heat sink side, and as close as 

possible to the available heat source temperatures and heat 

sink temperatures; 

 The use of real machines and components with internal ir-

reversibilities. 

We must acknowledge that a similar equation has already 

been proposed in [7], but for a Carnot cycle only, with irrevers-

ibilities in both the compression and expansion processes, so 

with constant heat source and heat sink temperatures. 

We propose to apply Eq. (7) to the "FTT Carnot cycle" cal-

culated in section 2.1. To do that, the thermodynamic system 

considered now includes the two theoretical heat exchangers (in 

addition of the cycle working fluid). With this new definition of 

the thermodynamic system, Tu and Td are now temperatures seen 

by the thermodynamic system. With the variables of Section 2.1, 

Eq. (7) gives: 

  =  1 −
𝑇𝑑

𝑇𝑢
−  

𝑇𝑑

 𝑄̇𝑢
(𝑠𝑖.𝑢 + 𝑠𝑖.𝑑).  

𝑠𝑖.𝑢 and 𝑠𝑖.𝑑 being the entropy production by the heat transfer 

irreversible processes within the two theoretical heat exchang-

ers. We have: 

 𝑠𝑖.𝑢 = 𝑄̇𝑢 (
1

𝑇2
−

1

𝑇𝑢
) =  

ℎ̇𝑢𝑥2

𝑇𝑢(𝑇𝑢−𝑥)
,  

 𝑠𝑖.𝑑 = − 𝑄̇𝑑 (
1

𝑇𝑑
−

1

𝑇1
) =  

ℎ̇𝑑𝑦2

𝑇𝑑(𝑇𝑑−𝑦)
.  

Thus, we have an efficiency depending on x and y (Tu, Td, ℎ̇𝑢 

and ℎ̇𝑑 being fixed variables):  

  =  1 −
𝑇𝑑

𝑇𝑢
−  

𝑇𝑑

ℎ̇𝑢𝑥
 (

ℎ̇𝑢𝑥2

𝑇𝑢(𝑇𝑢−𝑥)
+

ℎ̇𝑑𝑦2

𝑇𝑑(𝑇𝑑−𝑦)
).  

To eliminate y, we can use again the entropy balance: 

 
ℎ̇𝑢𝑥

𝑇𝑢
+

ℎ̇𝑑𝑦

𝑇𝑑
+

ℎ̇𝑢𝑥2

𝑇𝑢(𝑇𝑢−𝑥)
+

ℎ̇𝑑𝑦2

𝑇𝑑(𝑇𝑑−𝑦)
= 0.  

which can be rewritten to obtain the entropy balance from Sec-

tion 2.1: 

 
ℎ̇𝑢𝑥

𝑇𝑢−𝑥
+

ℎ̇𝑑𝑦

𝑇𝑑−𝑦
= 0,  
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thus:  

 𝑦 =  
𝑇𝑑ℎ̇𝑢𝑥

𝑥(ℎ̇𝑢+ℎ̇𝑑)−ℎ̇𝑑𝑇𝑢
.  

So: 

 𝑠𝑖.𝑑 =
ℎ̇𝑑𝑦2

𝑇𝑑(𝑇𝑑−𝑦)
= −

ℎ̇𝑢𝑥

(𝑇𝑢−𝑥)
 

ℎ̇𝑢𝑥

𝑥(ℎ̇𝑢+ℎ̇𝑑)−ℎ̇𝑑𝑇𝑢.
.  

The efficiency is now:  

  =  1 −
𝑇𝑑

𝑇𝑢
−  

𝑇𝑑

ℎ̇𝑢𝑥
 (

ℎ̇𝑢𝑥2

𝑇𝑢(𝑇𝑢−𝑥)
 −

ℎ̇𝑢𝑥

(𝑇𝑢−𝑥)
 

ℎ̇𝑢𝑥

𝑥(ℎ̇𝑢+ℎ̇𝑑)−ℎ̇𝑑𝑇𝑢.
).  

This equation can easily be rewritten as: 

  =  1 −  
𝑇𝑑ℎ̇𝑑

𝑇𝑢ℎ̇𝑑−𝑥(ℎ̇𝑢+ℎ̇𝑑)
.  

Thus, Eq. (3) from Section 2.1 is obtained.  

Equation (7) can also be used to introduce the irreversibili-

ties in the compression process (1–2) and the expansion process 

(3–4), so: 

  =  1 −
𝑇𝑑

𝑇𝑢
−  

𝑇𝑑(𝑠𝑖.𝑢+𝑠𝑖.𝑑)

 𝑄̇𝑢
− 

2(𝑇2−𝑇1)

𝑄̇𝑢
.  

Using previous calculations, one has: 

  = 1 −
𝑇𝑑

𝑇𝑢
−

𝑇𝑑

ℎ̇𝑢𝑥
(

ℎ̇𝑢𝑥2

𝑇𝑢(𝑇𝑢−𝑥)
+

ℎ̇𝑑𝑦2

𝑇𝑑(𝑇𝑑−𝑦)
) −

2(𝑇𝑢−𝑥− 𝑇𝑑+𝑦)

ℎ̇𝑢𝑥 
.  

With the entropy balance to compute y: 

 
ℎ̇𝑢𝑥

𝑇𝑢−𝑥
+

ℎ̇𝑑𝑦

𝑇𝑑−𝑦
+ 2(𝑇𝑢 − 𝑥 −  𝑇𝑑 + 𝑦) = 0,  

we will obtain Eq. (6). 

It must be acknowledged that the usefulness of Eq. (7) for 

computing the system efficiency (as in the previous examples) 

is very limited. In fact, its interest is essentially academic, serv-

ing to clarify energy conversion optimisation issues through: 

 temperatures as close as possible to the maximum and min-

imum available values, 

 limiting the irreversibilities of the system’s components 

and machines. 

Of course, optimisation means result in an increase of the 

system cost. For certain cycles, a compromise has to be made 

between these two optimisation paths. For example, in a steam 

Rankine cycle, water reheating, which involves mixing of cold 

water and steam, allows an increase of the temperature 𝑇𝑢
̅̅ ̅, but 

mixing generates irreversibilities. These irreversibilities reduce 

the cycle efficiency, but the increase in 𝑇𝑢
̅̅ ̅ has finally a more 

significant contribution. 

5. Final comments and conclusions 

The finite-time thermodynamics (FTT) approach to endoreversi-

ble cycles enables the formulation of an elegant relationship 

known as the FTT efficiency. Derivation of this expression re-

quires consideration of a Carnot cycle. However, given the well-

known limitations of this idealised cycle, the Carnot efficiency 

provides only limited insight into the performance of real sys-

tems. Consequently, the same limitation may apply to the FTT 

efficiency, which is, in essence, a reformulation of the Carnot 

efficiency expressed in different variables. 

It is worth recalling that the derivation of this equation pre-

sented in this paper is a quite classical and simple approach in 

thermal sciences (enthalpy and entropy balances in steady-state 

conditions), in particular without introducing a “finite time” for 

the cycle. Indeed, being in steady state, the use of a “finite time” 

may appear as a paradox.  

The use of the FTT efficiency to estimate the efficiency of 

real systems leads to the problem of an unambiguous choice of 

the heat source temperature Tu. For a nuclear reactor like a PWR, 

it seems logical to choose the primary coolant temperature, thus 

the temperature of the steam generator primary side in order to 

have a well identified heat exchanger. In this case, we have rel-

atively moderate Tu values, and it is shown that the FTT opti-

mum (the maximum power output which gives the FTT effi-

ciency) gives an acceptable estimation of efficiency (with a 

slight underestimation, thus a conservative value). But this opti-

mum corresponds to unrealistic operating conditions (much too 

large differences of temperature within the two FTT heat ex-

changers). It is these unrealistic conditions which in fact allow 

the acceptable estimation of efficiency by FTT. 

On the contrary, when much larger values of Tu can be as-

sumed, for example by choosing a heat source extending to the 

nuclear fuel, the FTT optimum was achieved under more realis-

tic operating conditions but with an overestimated efficiency. 

The determination of all the cycle parameters, obtained with an 

ideal gas, confirms these conclusions. These results clearly chal-

lenge the universality of the FTT efficiency equation.  

This discussion about the heat source temperature has high-

lighted the relevance of the results obtained (cycle temperatures 

and power output) when the “Chambadal-Novikov” hypothesis 

can be made, thus when the heat transfer coefficient at the heat 

sink side is much larger than the heat transfer coefficient at the 

heat source side. Finally, we recommend to have a well identi-

fied thermodynamic system to minimise ambiguity in the selec-

tion of temperatures. 

Since the FTT approach is driven mainly by maximising cy-

cle work output, we have discussed the “trade-off’ between the 

maximum of efficiency, the maximum of power output and the 

maximum of specific net work. We have a better illustration of 

this issue with the introduction of irreversibilities within the cy-

cle and not only on the heat source and heat sink sides. Regard-

less of the assumption made for Tu, our calculations tend to show 

that PWR reactors are designed in the high specific net work 

range. 

To further illustrate these cycle optimisation issues, an aca-

demic “generalisation” of the Carnot efficiency is presented. 

This generalisation highlights another important compromise: 

the trade-off between maximising the heat source temperature 

(and minimising the heat sink temperature) and limiting the ir-

reversibilities of the system’s components and machines. 

Having considered in this paper only Carnot cycles with con-

stant heat source temperatures, complementary analyses and 

computations on the Rankine cycles and on the Brayton cycles 

will be proposed in a further paper. 
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1. Introduction 

Thermal power plants are significant sources of electricity gener-

ation around the world and their efficient operation is crucial for 

meeting the growing energy demand. Cogeneration, also known 

as combined heat and power (CHP), is a technology that allows 

for the simultaneous generation of electricity and heat from the 

same energy source. By utilising the waste heat generated during 

electricity generation, cogeneration systems can significantly im-

prove the energy efficiency of thermal power plants. 

One of the key factors that affects the performance of cogen-

eration systems is the steam flow parameters, such as pressure, 

temperature and mass flow rate. These parameters have been 

shown to have a significant impact on the thermal efficiency, 

electricity generation, and overall energy utilisation of cogener-

ation systems. 

The purpose of this research is to look into the performance of 

a thermal power plant cogeneration system by varying steam flow 

parameters through hourly-based experimentation. This study 

will provide valuable insights into optimising cogeneration sys-

tems and contribute to developing more energy-efficient thermal 

power plants. Ozdil et al. [1] conducted an in-depth analysis of 

a 14.25 MW cogeneration plant in Adana, Turkey, utilising the 

first and second laws of thermodynamics. Their study examined 

the system’s key components and assessed its thermodynamic 

performance. Findings revealed that exergy destruction in the 

boiler accounted for a significant 42% of the system’s total irre-

versibility. Gambini and Vellini [2] focused on the development 

of highly efficient heat and power cogeneration systems and ex-

plored strategies for enhancing overall energy efficiency. High-

efficiency cogeneration, as defined by compliance with specific 

criteria for accessing support  systems,  is  rewarded  with energy  
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Abstract 

This experimental study examines the efficiencies of a cogeneration plant under various constant turbine inlet temperatures. 
The study considers the effects of changes in mass flow rate, inlet pressure and inlet temperature on the electrical and 
overall efficiencies of the system. The findings indicate that the electrical and overall efficiencies are relatively consistent 
across different mass flow rates but vary slightly across different inlet pressures. The highest overall efficiency and elec-
trical efficiency are obtained at a mass flow rate of 21.56 kg/s, an inlet pressure of 83 kG/cm2 and an inlet temperature of 
507°C. Under these operating conditions, the overall efficiency reached 58.06% and the electrical efficiency was 26.26%. 
These findings suggest that the optimum conditions for this system depend on the specific requirements and priorities. 
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Nomenclature 

CV – calorific value, kJ/kg 

Fi ‒ fuel energy input, kW 

h ‒ specific enthalpy, kJ/kg 

ms – mass flow rate of steam, kg/s 

P ‒ pressure, kG/cm2 

Qs ‒ steam input energy, kW  

Qu  – process heat, kW 

T – temperature, ºC, K  

Wt  – power generated, kW 

1,…,10 – point states in thermodynamic cycle 

 

Greek symbols 

δ – heat-to-power ratio 

ηe – electrical efficiency, % 

ηo – overall efficiency, % 

 

Subscripts and Superscripts 

i – inlet  

o – output  

 

Abbreviations and Acronyms 

CHP – combined heat and power 

FW – feed water 

HU – heat utilisation 

4E – energy-exergy-environment-economics 

 

 

efficiency certificates (white certificates) based on the energy sav-

ings achieved annually.  

Chicco et al. [3] explored the potential of distributed cogen-

eration technologies to improve efficiency and cater to niche 

markets. They evaluated cogeneration plants using three pri-

mary metrics: energy savings, environmental impact and finan-

cial viability. Their study introduced a method for analysing 

electrical and thermal production using incremental indicators, 

with a focus on microturbines and internal combustion engines 

— the two most common small-scale cogenerative prime mov-

ers. Dinakaran et al. [4] advanced the concept of bagasse cogen-

eration, emphasising the efficient generation of heat and elec-

tricity from sugarcane waste (bagasse) in sugar mills. Their re-

search addressed the economic aspects of modern cogeneration 

systems within the sugarcane industry. By replacing inefficient 

mill turbines with hydraulic drives and DC (direct current) mo-

tors, sugar mills can achieve high operational efficiency  

(65–75%) and supply surplus power to the grid, thereby boost-

ing revenue streams for sugar plants. Gulhane et al. [5] pub-

lished a study focused on optimising energy use while minimis-

ing its adverse impacts. The paper highlights several key find-

ings based on extensive research and first-hand observations of 

local power plants. The primary objective was to determine the 

magnitude and sources of irreversibilities in a 35 TPH (tons per 

hour) boiler within a 6 MW captive power plant. These insights 

aim to help system designers identify the processes contributing 

most to energy losses. Gambini and Vellini [2] worked on ad-

vancing high-efficiency cogeneration systems for heat and 

power production while striving to enhance overall energy effi-

ciency. ‘High-efficiency cogeneration’ refers to systems that 

meet the necessary conditions and protocols for integration into 

the cogeneration support framework. Such systems are annually 

awarded energy efficiency certificates (white certificates) pro-

portional to the energy savings achieved. Gladysz et al. [6] de-

veloped a sophisticated algorithm to evaluate the share of co-

generation in district heating systems. The study concluded with 

a set of empirical equations that demonstrated how various fac-

tors influence the optimal cogeneration ratio, both for systems 

with and without thermal storage. Vazini Modabber et al. [7] 

conducted a ‘4E (energy-exergy-environment-economics) anal-

ysis’ of a power and water cogeneration plant using MATLAB 

to evaluate its energy efficiency, total costs and environmental 

impact. Bhalodia et al. [8] developed a thermal analysis to en-

hance the efficiency of a 25 MW plant by identifying and quan-

tifying thermodynamic losses within the cogeneration facility. 

Silveira et al. [9] introduced a thermo-economic functional anal-

ysis based on the Second Law of thermodynamics, which was 

applied to four cogeneration systems under investigation. As-

suming constant electricity generation and steam processing 

rates in the exergy framework, the proposed method aimed to 

minimise the energy production cost (EPC) of the cogeneration 

plant. Among the configurations analysed, the most economical 

system, requiring no additional firing, comprised a gas turbine 

coupled with a heat recovery steam generator. Kamate et al. [10] 

analysed a bagasse-based cogeneration system with an extrac-

tion condensing steam turbine and backpressure for a typical 

2500 TCD (tonnes crushed per day) sugar refinery, focusing on 

energy efficiency. The study combined traditional energy anal-

ysis with advanced energy methods to evaluate overall and com-

ponent efficiencies and quantify thermodynamic losses. Koro-

bitsyn et al. [11] investigated cogeneration and found that effi-

ciency could be enhanced by modifying the basic cycle to re-

cover heat from turbine exhaust for steam production in a steam 

turbine bottoming cycle. Barigozzi et al. [12] demonstrated how 

the performance of a waste-to-energy cogeneration plant could 

be improved by optimising the condensation system, highlight-

ing the benefits of combining wet and dry cooling systems. Ka-

noglu et al. [13] evaluated the efficiency of various building co-

generation systems, measuring and analysing energy and exergy 

efficiencies. The study considered systems utilising steam tur-

bines, gas turbines, diesel engines and geothermal energy for 

simultaneous production of electricity and heat (e.g. for space 

heating and hot water). Actual operating data were used for anal-

ysis and performance assessment. 

Manesh et al. [14] advanced the development of the R-curve 

concept through sophisticated exergetic, exergoeconomic, and 

exergoenvironmental analyses. They proposed a systematic ap-

proach for optimally designing and assessing cogeneration sys-

tems using a detailed cogeneration targeting model. Bisulandu 

et al. [15] reported that turbine inlet temperature (TIT) is one of 

the strongest direct drivers of gas turbine performance: increas-

ing TIT typically raises engine specific work and cycle thermal 
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efficiency, and in combined/CHP plants increases the available 

heat for the bottoming cycle or process steam, improving overall 

energy utilisation. Liu et al. [16] examined the effect of ambient 

temperature and humidity on TIT and overall plant output: 

higher inlet air temperatures reduce mass flow and compressor 

performance, lowering net output and often lowering overall 

CHP electrical efficiency unless inlet-air cooling or other strat-

egies are used. Kazemiani-Najafabadi and Rad [17] emphasised 

that the several recent 4E studies have quantified that an ‘opti-

mum’ TIT exists when environmental penalties and capital/op-

erating costs (e.g. advanced cooling or blade materials) are ac-

counted for. For CHP, optimal TIT must be balanced against the 

temperature/quality required by the process steam or district 

heating load. Mehregan et al. [18] in their study proposed a new 

combined heat and power (CHP) system configuration featuring 

a dual prime mover: a proton exchange membrane (PEM) fuel 

cell and a Stirling engine. The hybrid integration of the fuel cell 

and Stirling engine enables assessment of potential performance 

improvements and identification of optimal operating conditions 

compared to conventional single–prime mover CHP systems. 

Sanjay et al. [19] evaluated the thermodynamic performance of 

an MS9001 gas turbine-based cogeneration cycle equipped with 

a two-pressure heat recovery steam generator (HRSG), consid-

ering various blade-cooling methods. In this configuration, one 

steam drum in the HRSG produces steam to satisfy the turbine 

blade cooling demand, while a second steam drum supplies 

steam for process heating. Feidt et al. [20] examined the optimi-

sation of these systems, focusing on maximising exergy while 

considering practical constraints, such as mechanical energy 

limitations, heat demand requirements, and physical constraints 

like heat source availability and temperature limitations of the 

system. 

The purpose of this research is to determine efficiency of 

a cogeneration plant by varying the steam flow parameters at 

different constant temperatures at the inlet of the steam turbine. 

2. Description of the extraction condensing 

steam turbine cogeneration plant 

The system under study is the most common layout of a modern 

cogeneration plant in the sugar industry. The plant in this design 

burns all of the bagasse it produces to generate steam. After 

meeting the plant’s minimum requirement for process steam, 

any excess steam is routed to the condenser, where it can poten-

tially generate more electricity. 

To estimate the performance characteristics of the steam tur-

bine, it is required to measure the steam parameters at the inlet 

and stage levels. Steam temperature, pressure and mass flow rate 

at the inlet of the turbine and at the stages of the turbine are con-

sidered as the influencing parameters. To measure these param-

eters, pressure gauges, thermocouples and Venturi meters are lo-

cated at the inlet and stage levels.  

3. Experimental analysis 

3.1. Methodology 

The experimental parameters  for  the  cogeneration  plant  inclu-

ded pressure, steam temperature and mass flow rate, which were 

tested in various combinations. The tests were performed at sev-

eral constant inlet temperatures. System performance was eval-

uated in terms of power output and overall efficiency. Figure 1 

presents the sequence of steps used to estimate the performance 

of a steam turbine-based cogeneration system, which is the most 

widely used configuration in industry (Fig. 2). While the general 

methodology is applicable to all cogeneration systems, the sub-

sequent formulations specifically focus on steam turbine cogen-

eration. The key output parameters analysed include electrical 

efficiency, heat-to-power ratio and overall plant efficiency. Co-

generation involves the simultaneous generation of electricity 

and useful heat, meaning the system produces two forms of en-

ergy. Therefore, a common benchmark is required to assess its 

efficiency. According to the first law of thermodynamics, the 

primary performance indicators are electrical efficiency for con-

ventional power plants and overall energy efficiency for cogen-

eration systems. These metrics assess only the quantitative char-

acteristics of energy conversion. 

The electrical efficiency is given by the equation: 

 𝜂𝑒 =
𝑊𝑡

𝑄𝑠
   × 100, (1) 

 

Fig. 1. Extraction condensing steam turbine cogeneration plant: 

B − boiler; Cond. − condenser; PH1, PH2 – process heat 

at extraction stages 1 and 2; WP1WP3 – water pumps, 

m1−m3 – steam mass flow rates at extraction stages. 

 

Fig. 2. Temperature-entropy (T–S) diagram. 
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where Wt is the electrical power received directly at the genera-

tor output, and Qs is the steam energy input to the turbine: 

 𝑄𝑠 = 𝑚𝑠(ℎ1 − ℎ10), (2) 

where ms is the steam mass flow rate, h1 is the specific enthalpy 

of the steam entering the turbine, and h10 is the specific enthalpy 

of the feed water to the boiler. 

The electrical efficiency is calculated in relation to the steam 

energy input to the turbine at various constant temperatures: 

507C, 500C and 495C. 

The overall efficiency of the plant is given by the following 

equation: 

 𝜂𝑜 =
𝑊𝑡+𝑄𝑢

𝐹𝑖
 × 100, (3) 

where Wt is the power or electrical energy generated as deter-

mined by a digital indicator, and Qu is the process heat extracted 

from the turbine at usable temperatures during the in-stage ex-

traction process. 

The energy input from the fuel source is given as: 

 𝐹𝑖 = 𝑚𝑓CV, (4) 

where mf is the mass flow rate of bagasse and CV is its calorific 

value of 9500 kJ/kg.  

The heat-to-power ratio is expressed by the formula: 

 δ = 
𝑄𝑢

𝑊𝑡
. (5) 

The heat energy usage in stages 1 and 2 of the turbine is as 

follows: 

 heat utilisation at stage 1 =  𝑚1ℎ1, (6) 

 heat utilisation at stage 2 =  𝑚2ℎ2, (7) 

where m1 and m2 represent the steam mass flow rates at the first 

and second extraction stages, respectively, and h1 and h2 denote 

the specific enthalpy at the respective pressure and temperature 

conditions. 

Finally, the heat output (Qu) and the total energy output (Qo) 

are represented by the following relations, respectively:  

 𝑄𝑢 =  𝑚1ℎ1 + 𝑚2ℎ2, (8) 

 𝑄𝑜 = 𝑊𝑡 + 𝑄𝑢. (9) 

3.2. Results and discussion 

 The inlet pressure fluctuates between 81.3 and 84.9 kG/cm2, 

as seen in Fig. 3 and Table 2. While the overall efficiency falls 

between 56.04% and 58.06%, the electrical efficiency falls be-

tween 23.84% and 26.26%. The findings show that across the 

investigated input pressures, both electrical and total efficiency 

remain largely constant. Nevertheless, the maximum electrical 

efficiency of 26.26% and the highest overall efficiency of 

57.05% are produced by the highest inlet pressure of 

84.1 kG/cm². These findings indicate that 84.1 kG/cm2 is the 

ideal input pressure for this system's maximum efficiency (Ta-

ble 2).  

Table 1. Conditions for steam flow input parameters and net power output at 507°C. 

Inlet Ext. 1 Ext. 2 FW 
Wt, 
kW 

mf, 
kg/s 

ms, 
kg/s 

Ti, 
°C 

Pi, 
kG/cm2 

m1, 
kg/s 

T1, 
°C 

P1, 
kG/cm2 

m2, 
kg/s 

T2, 
°C 

P2, 
kG/cm2 

T10, 
°C 

P10, 
kG/cm2 

  9.86 21.92 507 81.9 1.47 240 5.11 14.27 156 0.88 174 120 15227 

10.14 22.58 507 84.1 1.50 238 5.10 13.05 154 0.87 174 120 14892 

  9.83 21.89 507 82.2 1.44 241 5.00 13.52 156 0.89 176 120 14061 

  9.69 21.56 507 83.0 1.61 228 5.20 13.75 146 0.87 170 120 15374 

 

Table 2. Electrical efficiency and overall efficiency at various inlet mass flow rates and pressures at 507°C. 

mf, 
kg/s 

ms, 
kg/s 

Ti, 
°C 

Pi, 
kG/cm2 

Qs, 
kW 

Fi,  
kW 

Qo,  
kW 

Wt,  
kW 

δ 
Ƞe, 
% 

Ƞo,  
% 

  9.86 21.92 507 81.9 58883.95 94323.37 52860.78 15227 2.47 25.86 56.04 

10.14 22.58 507 84.1 60814.43 97192.52 59354.76 14892 2.98 24.49 58.06 

  9.83 21.89 507 82.2 58991.87 94203.82 53010.65 14061 2.77 23.84 56.27 

  9.69 21.56 507 83.0 58538.42 92769.25 53859.97 15374 2.50 26.26 57.05 

 

 

Fig. 3. Electrical efficiency and overall efficiency 

vs. inlet pressure at 507ºC. 
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 Figure 4 and Table 1 and 2 illustrate the electrical efficiency 

and total efficiency, as a function of the inlet mass flow rate at 

507oC. The range of the mass flow rate is 21.56–22.58 kg/s. The 

overall efficiency ranges from 56.04% to 58.06%, while the 

electrical efficiency ranges from 23.84% to 26.26%. According 

to the data, the electrical and total efficiencies remain compara-

tively constant throughout the various mass flow rates. The best 

overall efficiency of 58.06% is achieved at the highest mass flow 

rate of 22.58 kg/s, while the highest electrical efficiency of 

26.26% is achieved at a mass flow rate of 21.56 kg/s (Table 2). 

As a result, the system's ideal settings would be based on the 

specific requirements and objectives. 

The intake pressure varies from 81.7 kG/cm2 to 85.3 kG/cm2, 

as shown in Fig. 5 and Table 4. The overall efficiency is between 

56.23% and 57.27%, while the electrical efficiency is between 

24.31% and 25.53%. The data shows that there are minor differ-

ences in electrical and total efficiency between various inlet pres-

sures. According to the findings, an input pressure of 82.8 kG/cm2 

produced the maximum total efficiency of 57.27%, with an elec-

trical efficiency of 25.2% (Table 4). Accordingly, an input pres-

sure of 82.8 kG/cm2 would be the ideal condition for this system, 

while a mass flow rate of 21.56 kg/s would yield the best electrical 

efficiency of 26.26%. As a result, the particular needs and priori-

ties would determine the best conditions for this system. 

The mass flow rate ranges from 21.67 kg/s to 22.67 kg/s, as 

shown in Fig. 6 and Tables 3 and 4. The overall efficiency is  

 

 

Fig. 4. Electrical efficiency and overall efficiency 

vs. inlet mass flow rate at 507°C. 

Table 3. Conditions for steam flow input parameters and net power output at 500°C. 

Inlet Ext. 1 Ext. 2 FW 
Wt, 
kW 

mf, 
kg/s 

ms, 
kg/s 

Ti, 
°C 

Pi, 
kG/cm2 

m1, 
kg/s 

T1, 
°C 

P1, 
kG/cm2 

m2, 
kg/s 

T2, 
°C 

P2, 
kG/cm2 

T10, 
°C 

P10, 
kG/cm2 

  9.83 21.81 500 82.8 1.50 221 5.2 11.86 147 0.77 171 120 15480 

10.00 22.67 500 85.3 1.56 217 5.2 14.25 149 0.85 169 119 15436 

  9.75 22.39 500 82.3 1.53 213 4.9 12.31 148 0.70 168 119 14801 

  9.89 21.67 500 81.7 1.50 190 5.3 12.22 145 0.73 164 120 15483 

 

Table 4. Electrical efficiency and overall efficiency at various inlet mass flow rates and pressures at 500°C.  

mf, 
kg/s 

ms, 
kg/s 

Ti, 
°C 

Pi, 
kG/cm2 

Qs, 
kW 

Fi,  
kW 

Qo,  
kW 

Wt, 
kW 

δ 
Ƞe, 
% 

Ƞo,  
% 

  9.83 21.81 500 82.8 61432.31 94084.2 52860.78 15480 2.48 25.20 57.27 

10.00 22.67 500 85.3 63015.85 95638.4 59354.76 15436 2.49 24.50 56.44 

  9.75 22.39 500 82.3 60880.51 93486.5 53010.65 14801 2.55 24.31 56.23 

  9.89 21.67 500 81.7 60645.68 94801.5 53859.97 15483 2.47 25.53 56.73 

 

 

Fig. 5. Electrical efficiency and overall efficiency 

vs. inlet pressure  at 500ºC. 

 

Fig. 6. Electrical efficiency and overall efficiency 

vs. inlet mass flow rate at 500°C. 
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between 56.23% and 57.27%, while the electrical efficiency is be-

tween 24.31% and 25.53%. At a mass flow rate of 21.81 kg/s, the 

highest overall efficiency of 57.27% was achieved. At a mass 

flow rate of 21.67 kg/s, the greatest electrical efficiency of 25.53% 

was achieved (Table 4). 

Figure 7 and Table 6 show the change in the efficiency for 

inlet pressure varied between 82.1 kG/cm2 and 85.3 kG/cm2. 

The total and electrical efficiencies range from 23.71% to 

25.20% and from 23.71% to 25.2%, respectively. It should be 

noted that an increased inlet pressure typically results in an in-

creased overall efficiency. However, this relationship is incon-

sistent, as it can be observed that at the greatest inlet pressure of 

85.3 kG/cm2, overall efficiency actually slightly declines. It is 

evident that an input pressure of 84.3 kG/cm2 gave the greatest 

overall efficiency of 56.60% (Table 6). 

Figure 8 and Tables 5 and 6 depict the change in the effi-

ciency for a mass flow rate range of 28.4 kg/s to 30.2 kg/s. The 

electrical efficiency ranges from 23.71% to 25.2%, and the over-

all efficiency ranges from 52.01% to 56.6%. The highest overall 

efficiency of 56.6% was obtained at a mass flow rate of 

22.6 kg/s. The highest electrical efficiency of 25.20% was ob-

tained at a mass flow rate of 28.4 kg/s (Table 6). The maximum 

electrical and overall efficiencies obtained at constant tempera-

tures of 495°C, 500°C and 507°C are tabulated in Tables 7 and 

8, respectively, and depicted in Fig. 9. 

The data in Fig. 9 indicate that as the inlet temperature 

increases, both electrical and overall efficiency increase. The 

increase in electrical efficiency is 0.63% with an increase in inlet 

temperature from 495°C to 500°C and 0.79% between 500°C 

and 507°C. The increase in overall efficiency is 0.67% between 

increased inlet temperatures of 495°C and 500°C and 0.79% 

between 500ºC and 507ºC. Inlet temperature has a significant 

impact on the efficiency of the system being measured. The 

higher the temperature of the steam entering the system, the 

Table 7. Maximum electrical efficiency at various inlet mass 

flow rates and pressures, at different inlet temperatures.  

Ti, °C ms, kg/s Pi, kG/cm2 Ƞe, % 

507 21.56 83.0 26.26 

500 21.67 81.7 25.53 

495 28.40 82.1 25.20 

 

Table 6. Electrical efficiency and overall efficiency at various inlet mass flow rates and pressures at 495°C.  

mf, 
kg/s 

ms, 
kg/s 

Ti, 
°C 

Pi, 
kG/cm2 

Qs, 
kW 

Fi,  
kW 

Qo,  
kW 

Wt,  
kW 

δ 
Ƞe, 
% 

Ƞo,  
% 

9.61 28.4 495 82.1 60952.64 92171.5 15359 48440.1 2.47 25.20 52.55 

8.97 28.6 495 84.3 62619.68 85835.4 15341 48412.6 2.98 23.71 56.40 

9.92 30.2 495 83.4 62087.00 94921.1 15462 49370.5 2.77 24.90 52.01 

9.19 29.3 495 85.3 62920.36 87987.3 15316 49863.4 2.50 24.34 56.60 

 

Table 5. Conditions for steam flow input parameters and net power output at 495°C.  

Inlet Ext. 1 Ext. 2 FW 
Wt, 
kW 

mf, 
kg/s 

ms, 
kg/s 

Ti, 
°C 

Pi, 
kG/cm2 

m1, 
kg/s 

T1, 
°C 

P1, 
kG/cm2 

m2, 
kg/s 

T2, 
°C 

P2, 
kG/cm2 

T10, 
°C 

P10, 
kG/cm2 

9.61 28.4 495 82.1 1.50 221 5.2 11.86 147 0.77 171 120 15359 

8.97 28.6 495 84.3 1.56 217 5.2 14.25 149 0.85 169 119 15341 

9.92 30.2 495 83.4 1.53 213 4.9 12.31 148 0.70 168 119 15462 

9.19 29.3 495 85.3 1.50 190 5.3 12.22 145 0.73 164 120 15316 

 

 

Fig. 7. Electrical efficiency and overall efficiency 

vs. inlet pressure at 500ºC. 

 

Fig. 8. Electrical efficiency and overall efficiency 

vs. inlet mass flow rate at 495°C. 
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higher the efficiency of the system. This could be due to factors 

such as reduced losses, improved thermal efficiency or 

increased power output. 

4. Conclusions 

Based on the given results and discussion, it can be concluded 

that the steam turbine’s electrical efficiency is not only affected 

by the pressure and mass flow rate of the steam. According to 

the findings, the greatest efficiency value of 26.26% was 

achieved at a steam pressure of 83 kG/cm2 with a mass flow rate 

of 21.3 kg/s and a corresponding temperature of 507°C. Con-

versely, the lowest efficiency value of 23.71% was observed at 

a pressure of 84.3 kG/cm2, a mass flow rate of 22.1 kg/s and 

a corresponding temperature of 495°C. The maximum overall 

efficiency of 58.06% was recorded with an inlet steam pressure 

of 83.1 kG/cm2 at a constant temperature of 507°C, while the 

minimum of 52.01% was observed at an inlet steam pressure of 

84.3 kG/cm2 at a constant temperature of 495°C. As a result, the 

efficiency of the plant is influenced by every fractional value, 

based on practical values, and their continuous changes by alter-

ing the parameters of the extraction stage affect the plant’s effi-

ciency at different constant temperatures of 507°C, 500°C and 

495°C, causing variations in electrical and overall efficiency ir-

respective of the inlet pressure and steam mass flow rate. Con-

sequently, the parameters of the steam extraction stages play 

a crucial role in determining the electrical and overall efficiency 

of the cogeneration power plant. 

The highest electrical efficiencies were achieved at constant 

input temperatures of 507°C, 500°C, and 495°C, which are 

26.26% at 83 kG/cm2, 25.53% at 81.7 kG/cm2, and 25.2 % at 

83.4 kG/cm2, respectively.  

For constant input temperatures of 507°C, 500°C and 495°C, 

the maximum overall efficiency values reached 58.06% at the 

pressure of 84.1 kG/cm2, 57.27% at the pressure of 82.8 kG/cm2, 

and 55.72% at the pressure of 83 kG/cm2, respectively. 

Controlling the inlet temperature is one way to improve the 

efficiency of the system, but it is also important to consider other 

factors that may be contributing to losses or inefficiencies in the 

system. It is evident that as working inlet temperatures rose from 

495°C to 500°C, the electrical efficiency and total efficiency in-

creased by 0.33% and 0.73% percent, respectively. The values 

of electrical efficiency and overall efficiency increased by 

0.67% and 0.79%, respectively, as operational intake tempera-

tures rose from 500°C to 507°C, indicating that the efficiencies 

were boosted by raising temperatures and the amount of fuel 

consumption. 
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1. Introduction 

Human physiological fluids serve essential purposes in lubrica-

tion, protection and transportation. Blood is the most intricate 

physiological ionic fluid that conveys essential components, in-

cluding organic compounds, nutrients and oxygen to cells, while 

simultaneously removing waste products from metabolism and 

carbon dioxide from those cells, constituting 7% of the human 

body weight [1]. Among many components that make up blood 

are enzymes, hormones, sugar glucose, ionised mineral sub-

stances, carbon dioxide, cellular membranes, haemoglobin and 

proteins (albumin, globulin and fibrinogen). It shields the body 

from mechanical and microbiological damage and controls the 

body's overall temperature, osmotic pressure and pH [2]. Blood 

is a non-Newtonian fluid. Examining non-Newtonian fluids in 

connection to extending surfaces has received  attention  in  rec-
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Abstract 

The current study focuses on numerical analysis of magnetohydrodynamic Casson hybrid nanofluid blood flow carrying 
hybrid nanoparticles through a porous stenotic artery. In order to improve thermal conductivity and flow management in 
the presence of heat source/sink, gold-silver nanoparticles are suspended in a base fluid blood. The governing highly non-
linear differential equations for momentum and energy were solved employing the MATLAB’s bvp4c solver, ensuring 
high accuracy and stability. The effects of various physical parameters including magnetic parameter, permeability, curva-
ture, Casson parameter, Eckert number and heat source/sink parameter are examined on velocity, temperature, skin friction, 
and Nusselt number profiles. Results indicate that higher magnetic field strength and permeability declined velocity due to 
Lorentz and frictional resistance, while increases in curvature and Casson parameter improve flow rates. Temperature 
distribution is notably elevated by magnetic forces, viscous dissipation and internal heating, with hybrid nanoparticles 
contributing to enhanced thermal energy. The correctness of the model is validated by its strong agreement with previously 
reported results. These results offer important new information for biological uses such as tailored medication delivery, 
heat-assisted therapies and blood flow regulation in diseased arteries, offering a reliable computational framework for 
future research involving nanoparticle-assisted magnetohydrodynamic flow through porous biological channels.  
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Nomenclature 

Cf – skin friction 

Cp – specific heat capacity, J/(kg K) 

(ρCp) – effective heat capacity, J/(m3 K) 

Ec – Eckert number 

f '(η) – dimensionless velocity  

k ‒ thermal conductivity, W/(m K) 

K – porosity parameter 

K* – permeability of porous medium, m2 

L0 – length, m 

M – magnetic parameter 

Nu – Nusselt number 

Pr ‒ Prandtl number  

Q ‒ heat source parameter 

r – radial coordinate, m 

R – width of unblocked region, m 

R0 – artery radius, m 

Rer
½ – local Reynolds number 

t ‒ time, s 

T – temperature, K  

u, υ – velocity component, m/s 

x – axial coordinate, m 

Greek symbols 

β – Casson parameter 

γ – curvature parameter 

η – similarity index 

θ – dimensionless temperature 

μ – viscosity, kg/(m s) 

ν – kinematic viscosity, m2/s 

ρ – density, kg/m3 

σ – electrical conductivity, S/m 

ϕ1 – nanoparticle volume fraction 

χ – dimensionless maximum height of the stenosis 

ψ – stream function, m2/s 

 

Subscripts and Superscripts 

f – fluid  

hnf – hybrid nanofluid 

w – wall  

(·)ꞌ, …, (·)ꞌꞌꞌ – first- and higher-order differentiation with respect to  η 

 

Abbreviations and Acronyms 

HNF – hybrid nanofluid 

MHD – magnetohydrodynamics  

 

ent decades. The unique and diverse applications of these fluids 

have garnered significant interest, including their roles in ink-jet 

printing, polymer manipulation and geological flow systems, 

among others. 

The Casson fluid model is a well-known non-Newtonian 

rheological model that was created to explain the flow behaviour 

of viscoplastic fluids with shear-thinning and yield stress prop-

erties. It was originally introduced by Casson to characterise the 

flow of printing inks and has since been extended to model a va-

riety of complex fluids. Human blood, honey, tomato sauce and 

jelly exemplify the Casson fluid. Numerous academics are con-

centrating on the examination of Casson fluid behaviour due to 

its substantial applications. Casson fluid flow behaviour in an 

unstable boundary layer across an extending surface was studied 

in [3]. A quantitative study of Casson fluid dynamics on flat and 

cylindrical surfaces, taking into account elements like chemical 

reactions and Joule heating, was carried out in [4] using compu-

tational techniques to assess the impact of several parameters on 

heat and mass transfer rates. In [5], the peristaltic flow of a Cas-

son hybrid nanofluid was examined in a wavy-walled channel, 

deliberating the influence of induced magnetic fields, heat gen-

eration and entropy production. The analysis highlights the im-

pact of the Casson fluid parameter on flow impedance and ther-

mal transport, as well as the use of hybrid nanoparticles in en-

hancing thermal conductivity and heat transfer. Mehdi et al. [6] 

focused on entropy generation in magnetohydrodynamic Casson 

fluid flow with the effects of thermal radiation in a porous mi-

cro-annulus, and the study provides valuable insights into en-

ergy efficiency and thermal management in engineering sys-

tems. A numerical simulation of mass and heat movement in  

hydromagnetic Casson fluid flow under sinusoidal boundary 

conditions was conducted in [7]. The study offers a thorough 

examination of how different physical characteristics affect the 

flow behaviour. 

Unusual local intravascular endothelial development in 

many blood vessel locations, such as the abdominal, cerebral, 

carotid, thoracic and femoral arteries, can exacerbate arterial ste-

nosis [8]. One of the most harmful outcomes of arterial stenosis 

is increased resistance and reduced blood flow to the particular 

vascular bed that the artery supplies. The study of stenotic hemo-

dynamics in narrowed arteries is crucial because it has many ap-

plications in cardiovascular diseases such as atherosclerosis, an-

eurysms, angina or heart attacks, which are among the leading 

causes of death worldwide. Cardiovascular diseases, which 

commonly arise in the coronary arteries, are associated with 

fatty material accumulation inside the arterial wall lumen. Nu-

merous theoretical and experimental studies have examined the 

specific causes of stenosis formation and how it affects blood 

flow properties [9]. 

Coughing, chest pain, fatigue, palpitations, fainting, breath-

ing difficulties, weakness and dizziness are some of the symp-

toms of artery stenosis. Arteriosclerosis is the name given to the 

conditions that arise from a partial blockage that impairs blood 

circulation and poses serious health risks, such as strokes, cere-

bral ischemia and heart ischemia [10,11]. The blood vessel’s 

permeability is a crucial characteristic of actual arteries. This 

characteristic enables oxygen and other essential nutrients to dif-

fuse into the blood flow as it flows through the channel. Hemo-

dynamic transport with artery wall permeability has been the 

subject of numerous computer studies in recent years. Adopting 

a cylindrical artery model balances computational simplicity 

with physiological relevance. It captures key hemodynamic fea-

tures, that is, velocity profiles  WSS (wall shear stress)  pres-

sure gradients and facilitates efficient simulation of complex 

flow with nanoparticles and magnetic fields. Pincombe and Ma-

zumdar [12] investigated the impact of post-stenotic dilatation 

on the blood flow pattern; the non-Newtonian character of the 

blood was covered in their study. Additionally, Pincombe  
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et al. [13] discussed the same result in relation to coronary arter-

ies that have post-stenotic dilatation. Wong et al. [14] later pro-

vided a theoretical study, in which they computed the blood flow 

resistance in a damaged artery. From the analysis of Akbar  

et al. [15], exact solutions for the unsteady pressure-driven per-

istaltic transport in regular and irregular channels with tempera-

ture-dependent nanofluid viscosity were obtained. A compre-

hensive investigation on hemodynamic flow in a composite ar-

tery with a porous wall was carried out in [16]. In the investiga-

tion, blood was considered a Newtonian fluid. Moreover, Singh 

et al. [17] conducted a theoretical investigation of magneto- 

hydrodynamic blood flow through a porous artery with stenosis, 

Tripathi [18] performed a theoretical study of blood flow in 

tilted arteries affected by an obliquely applied magnetic field, 

and Eldesoky [19] investigated unsteady pulsatile magneto- 

hydrodynamic blood flow through a porous medium with slip 

boundary conditions and body acceleration effects. Further-

more, several studies have reported the effects of permeability 

and numerous stenoses. 

The magnetic field is important because it helps to regulate 

blood flow during surgery or thermal therapy. Therefore, the im-

portance of heat transfer through a cylindrical artery using the 

Casson liquid and gold nanoparticles (GNPs) was investigated 

[20]. Using blood Au nanoparticles and micropolar nanoliquid 

from a curved surface that shrinks and stretches, a new study on 

radiative flow was carried out by Nisar et al. [21]. Akbar  

et al. [22] investigated the magnetic force effects and differently 

shaped nanoparticles in diverging tapering arteries with stenoses 

via a blood flow model. There has not been any research done 

on using metallic nanoparticles of different shapes with water as 

the base fluid. A radially symmetric but axially non-symmetric 

stenosis is used to depict the blood flow. A further significant 

contribution of the present work was the examination of the 

symmetric distribution of wall shear stress associated with resis-

tive impedance, as well as the enhancement of these quantities 

with increasing stenosis severity. Surgical site infections are re-

duced when silver nanoparticles are applied to surgically im-

planted catheters. In the emerging discipline of nanomedicine, it 

may also serve as a thrombolytic and anticoagulant [23,24]. It 

also possesses anti-inflammatory, anti-fungal, anti-permeabil-

ity, anti-angiogenic and drug-carrying qualities. Hence, hybrid 

nanofluid (HNF) produced from blood with suspended Au and 

Ag nanoparticles is considered a highly potent and sophisticated 

chemical instrument for the diagnosis and management of ill-

nesses like HIV (human immunodeficiency virus), cancer, heart 

issues and other infections. Heat transmission using Ag-

Au/blood hybrid nanofluid flow via an artery stenosis was in-

vestigated in [25]. A 3D numerical model making use of blood 

as the base fluid was investigated in [26] for tracking velocity, 

temperature and pressure in a pathologically dilated artery with 

Ag-Au. Zaman et al. [27] studied the effect of MHD (magneto-

hydrodynamics) on power law flow through an angled artery. In 

a channel subjected to pressure fluctuations and an external 

magnetic field, Eldesoky et al. [28] examined the MHD flow and 

peristaltic heat transfer of a suspended viscous fluid. 

The influence of heat transfer on MHD flow of micropolar 

fluids across porous media was shown by [29]. Rehman  

et al. [30] studied magnetised and non-magnetised Casson fluid 

flow around a cylinder, finding reduced flow momentum under 

a magnetic field. This offers insights into the behaviour of non-

Newtonian fluids when magnetic fields are present. Jena  

et al. [31] looked at how an inclined magnetic field could inter-

act with nanofluid to improve its heat transfer properties. 

Pattnaik et al. [32] looked at how velocity slip affected the MHD 

flow of a micropolar fluid across a stretching surface, presenting 

alterations in velocity due to suction and enhanced rate coeffi-

cients. This type of flow can occur in arteries that have been ste-

nosed, or narrowed, due to plaque buildup. A higher value of the 

Brownian motion parameter enhances the fluid temperature, ac-

cording to a quantitative analysis of the magnetohydrodynamic 

blood flow via a permeable artery with radiative influence by 

[33]. Some noteworthy results in nanofluid flow issues with 

MHD impact are presented in the following papers: Ali  

et al. [34] presented magnetohydrodynamic flow of a nanofluid 

past a moving slender needle, considering nanoparticle aggrega-

tion and viscous dissipation effects. In another work, Ali  

et al. [35] investigated magnetohydrodynamic flow of a tangent 

hyperbolic nanofluid over a vertically stretched surface using 

Levenberg-Marquardt backpropagation-based artificial neural 

networks. Further, Ali et al. [36] examined an unsteady magne-

tohydrodynamic fluid flow between two parallel plates experi-

encing uniform oscillations, considering modified Hall current 

and activation energy effects, and, recently, utilised artificial 

neural networks to model MHD flow of a tangent hyperbolic 

nanofluid containing motile microorganisms over a vertically 

stretched slender surface [37]. Jalali et al. [38] investigated the 

simulation of pulsatile blood flow for magnetic drug targeting 

(MDT), focusing on drug particle dispersion through symmetric 

and asymmetric stenosed vessels. The research of Akbar  

et al. [39] uses the finite element method (FEM) to produce nu-

merical solutions and artificial neural networks (ANN) to en-

hance visualisation in a computational study of Prandtl-

nanofluid flow inside tapered arteries. The nanofluid exhibits 

enhanced flow and heat transfer characteristics relative to pure 

blood, suggesting its effectiveness in biomedical therapies like 

precise drug delivery and blood flow simulation. 

Recent advances in nanomedicine have introduced the use of 

hybrid nanofluids-mixtures of two or more different nanoparti-

cles dispersed in a base fluid for enhanced drug delivery, diag-

nostic imaging and thermal therapy. Among various nano-

materials, silver and gold nanoparticles have emerged as partic-

ularly attractive due to their high thermal conductivity, biocom-

patibility, and antibacterial and plasmonic properties. Gold na-

noparticles are extensively used in photothermal cancer therapy 

and biosensors, while silver nanoparticles are prominent in vas-

cular stents, antibacterial coatings and controlled drug release 

systems [40,41]. The glaring absence of research on the behav-

iour of non-Newtonian Casson fluid inside a cylindrical ste-

nosed artery in the previously stated studies reveals a substantial 

research gap. Additionally, more needs to be done to understand 

the intricate relationships that exist between blood flow in arter-

ies that are cylindrically stenosed and physical processes like the 

MHD effect. In the research of blood flow in this complex vas-

cular structure, there is still much to learn about the study of na-
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noparticles, particularly four distinct types: copper (Cu), alu-

minium oxide, silver (Ag), and gold (Au) of cylindrical shape. 

The characteristics and applications of various nanoparticle 

kinds in medicine and drug delivery vary. By closely examining 

their blood flow dynamics, particularly in complex geometries 

like cylindrically stenosed arteries, there may be new develop-

ments in targeted medication delivery and medical treatments.  

To address the aforementioned shortcomings, the use of cy-

lindrical-shaped silver and gold nanoparticles is considered in 

our work. These particles have great heat conductivity and 

a high aspect ratio, among other special thermal characteristics. 

When cylindrical-shaped silver and gold nanoparticles are 

added to a base fluid, the base fluid’s viscosity, flow character-

istics and thermal conductivity are all improved. The study by 

Tanveer et al. [42] investigated magnetohydrodynamic flow and 

heat transfer of a silver–aluminium oxide (Ag-Al2O3) hybrid 

nanofluid within a trapezoidal cavity. A Cu-Al2O3/water hybrid 

nanofluid flowing via a wavy enclosure exposed to inclined 

magnetic fields was investigated by [43]. 

Research by Zaman et al. [44] on the effect of magnetic force 

on hybrid nanoliquid embedded with a heat source/sink on blood 

flowing beyond stenosed arteries shows that a multiplication of 

hybrid nanoparticles leads to an amplification of the heat trans-

fer rate in biological systems. Modelling the tissue or vascular 

environment as a porous medium provides an effective frame-

work for capturing the complex interactions between fluid and 

structural components. Tissues such as the extracellular matrix 

(ECM), capillary walls and cellular matrices present significant 

hydraulic resistance to fluid flow. This porous medium approach 

becomes particularly critical in pathological conditions like ath-

erosclerosis, tumour-induced angiogenesis, or fibrotic tissues, 

where abnormal cellular growth or plaque deposition severely 

alters the porosity and permeability of the medium. In athero-

sclerotic arteries, for instance, the accumulation of lipids and 

immune cells narrows the vessel lumen and changes the local 

porosity, leading to elevated shear stress and reduced perfusion. 

Similarly, in the tumour microenvironment, irregular and leaky 

vasculature surrounded by dense stromal tissue behaves like 

a low-permeability porous medium. Modelling such zones helps 

predict nanoparticle-based drug delivery, solute transport and 

pressure gradients more accurately [45,46]. Furthermore, the in-

teraction between blood plasma, macromolecules and therapeu-

tic nanoparticles within these porous media dictates the diffusive 

and convective mass transfer processes. Therefore, porous me-

dia models are extensively used to simulate filtration across ca-

pillary membranes, interstitial fluid movement and lymphatic 

clearance, offering a more physiologically realistic perspective 

[47,48]. 

Incorporating non-uniform heat sources and sinks in thermal 

transport models is essential for representing spatially heteroge-

neous thermal phenomena in biological tissues [49]. Unlike con-

ventional uniform source models, non-uniform terms account 

for localised metabolic activities, inflammation-induced heat-

ing, external therapies like laser ablation, hyperthermia or cryo-

therapy, and blood perfusion-dependent heat redistribution [50]. 

For instance, during laser-based photothermal therapy, the ab-

sorption of light by target chromophores generates localised heat 

that decays radially. A spatially varying source term can accu-

rately capture this radial thermal profile [51]. Likewise, in fe-

verish tissues, elevated metabolic heat production is not uni-

formly distributed but varies with inflammatory cytokine gradi-

ents. From a mathematical modelling perspective, these heat 

source/sink terms are commonly introduced as space-dependent 

functions (e.g., Gaussian or exponential profiles) in the bioheat 

equation (Pennes or dual-phase-lag models). Their presence sig-

nificantly impacts temperature fields, tissue damage thresholds 

and thermal conductivity profiles, especially under transient or 

nonlinear physiological conditions. Moreover, entropy genera-

tion due to thermal gradients and viscous dissipation becomes 

pronounced in such scenarios, making it a valuable metric in the 

thermodynamic optimisation of hyperthermia protocols and 

heat-sensitive nanoparticle delivery systems [52]. 

In this work, the movement of blood containing Au-Ag nano-

particles in a Casson hybrid nanofluid through a stenosed artery 

embedded in a porous medium is examined in the presence of 

thermal radiation and a heat source/sink. The model incorporates 

magnetohydrodynamics and a porous medium, which are mainly 

used in physiologically and biomedically relevant contexts. The 

study’s main focus is on analysing the impacts of several param-

eters, including the magnetic parameter, radiation parameter and 

porosity parameter. Numerical solutions are found for the govern-

ing nonlinear partial differential equations using the bvp4c 

method in the MATLAB solver. The present study has applica-

tions in various sectors in microcirculatory transport, hyperther-

mic tumour ablation and nanoparticle-assisted drug targeting, of-

fering potential improvements in clinical diagnostics and person-

alised therapy planning. 

2. Motivation of the proposed model 

Cardiovascular diseases involving arterial stenosis require pre-

cise modelling of blood flow to improve diagnostic and thera-

peutic techniques. The effect of magnetohydrodynamics on 

blood moving through arteries with cosine-shaped stenosis was 

examined. This study is motivated by the need to bridge that gap 

by exploring hybrid nanoparticle-enhanced Casson fluid flow 

through a porous stenotic artery under magnetic and thermal in-

fluences. Casson fluid models better represent blood rheology 

under low shear conditions, accounting for the yield stress ex-

hibited by blood in microcirculatory systems. Gold-silver nano-

particles offer superior heat conduction, while magnetic fields 

provide control over targeted blood flow modulation. By numer-

ically analysing the impact of key parameters, this work aims to 

offer insights relevant to biomedical uses such as heat treatments 

and magnetically guided medication distribution, contributing to 

more effective and minimally invasive cardiovascular treatment 

strategies and advancing biomedical technologies reliant on 

magneto-thermal control of blood flow. 

Research questions 

1) How bio-magnetic forces (Lorentz force) influence hy-

brid nanofluid blood flow in a stenotic artery? 

2) How Casson rheology modifies velocity, shear stress 

and temperature distribution? 
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3) How a heat source/sink affects thermal regulation 

within a partially occluded artery? 

4) How hybrid nanoparticles enhance heat transfer and 

modify hemodynamic resistance? 

3. Mathematical formulation of the problem 

1) In the mathematical analysis, the incompressible 2D Cas-

son hybrid nanofluid flow through a stenosed artery is as-

sumed. Moreover, the effects of the magnetic field, po-

rous medium and heat source/sink on the Casson hybrid 

nanofluid flow through a stenosed artery are examined. 

2) Arterial blood is assumed to flow through an incompress-

ible stenosed artery, and the characteristic half-length of 

the stenosis is taken as L0/2. The cylindrical coordinates 

are considered (r, θ, x), where the x-axis is taken along 

the direction of the horizontal artery, while θ and r rep-

resent the radial and circumferential directions, respec-

tively. 

3) In the current model, the flow is considered along the ax-

ial direction x and r is perpendicular to the flow. The tem-

perature T is set to the arterial wall temperature Tw, sig-

nifying that the wall is preserved at a constant tempera-

ture. 

4) In the physical model, blood flow is along the x-axis and 

the r-axis is taken perpendicular to the blood flow, as pre-

sented in Fig. 1; thermophysical properties of hybrid 

nanofluid are shown in Table 1.  

5) As Fig. 1 portrays, blood is moving over a stenosed blood 

artery with an unobstructed area of 2R0; R(x) is the radius 

of the artery and χ is the maximum height of stenosis.  

A stenosis profile is constructed to represent the stenosed re-

gion as follows: 

 
𝑅(𝑥)

𝑅0
= {

1 −
𝜒

2
[1 + cos (

4𝜋𝑥

𝐿0
)] ,   −

𝐿0

4
< 𝑥 <

𝐿0

4
= 𝑅0, 

1                         ,     otherwise.                  
 (1) 

The mathematical flow equations are as follows [53−56]:  

 
𝜕(𝑟𝑢)

𝜕𝑥
+

𝜕(𝑟𝑣)

𝜕𝑟
= 0, (2) 
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where u and υ are the velocity components, T is the temperature, 

 𝜎ℎ𝑛𝑓 , 𝜇ℎ𝑛𝑓,  𝜌ℎ𝑛𝑓 and 𝑘ℎ𝑛𝑓 are the electrical conductivity, vis-

cosity, density and thermal conductivity of hybrid nanofluids, re-

spectively, β is the Casson parameter, (ρCp)hnf  is the effective heat 

capacity, K* represents the permeability of the porous medium,  

B is the applied magnetic field strength, and 𝑄0 is the volumetric 

flow rate. 

The boundary conditions are: 

 
𝑢 = 𝑢0,  𝑣 = 0 and 𝑇 = 𝑇𝑤   at  𝑟 = 𝑅(𝑥),
 𝑢 → 0,   and 𝑇 → 𝑇∞             as 𝑟 → ∞        

}, (5) 

where u0 is the characteristic velocity. 

The thermo-physical nature is determined by: 

 

𝐴1 =
𝜇ℎ𝑛𝑓

𝜇𝑓
, 𝐴2 =

𝜌ℎ𝑛𝑓

𝜌𝑓
, 𝐴3 =

𝜎ℎ𝑛𝑓

𝜎𝑓
,

𝐴4 =
(𝜌𝑐𝑝)ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑓
, 𝐴5 =

𝑘ℎ𝑛𝑓

𝑘𝑓
,

. (6) 

where A1, A2, A3, A4, A5 denote the viscosity ratio parameter, den-

sity ratio parameter, electrical conductivity ratio parameter, ef-

fective heat capacity ratio and thermal conductivity ratio param-

eters, respectively.  

The appropriate self-similarity modulations are: 

 
𝑢 =

𝑢0𝑥

𝐿0
𝑓′(𝜂),  𝑣 = −

𝑅

𝑟
√

𝑢0𝜐𝑓

𝐿0
𝑓(𝜂),  𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
,

𝜂 =
𝑟2−𝑅2

2𝑅

}, (7) 

where νf  is the kinematic viscosity of the fluid and η is the sim-

ilarity index. 
 The modified Eq. (1) can be written as: 

 𝑓 = {
1 −

𝜒

2
[1 + cos(4𝜋𝑥)],   −

1

4
< 𝑥 <

1

4
,

1                                      ,     otherwise.
 (8) 

 

Fig. 1. The artery’s physical structure. 

Table 1. Thermophysical characteristics of base fluid  

and nanoparticles (Shahzad et al. [57]). 

Property Unit Blood Silver (Ag) Gold (Au) 

ρ kg/m3 1063 10 500 19 282 

Cp J/(kg K) 3594 235 129 

k W/(m K) 0.492 429 310 

σ 1/(Ω m) 0.667 6.3×107 4.1×106 

Pr − 21   
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where 𝑓 =
𝑅(𝑥)

𝑅0
, and 𝜒 =

𝜆

𝑅0
 is the non-dimensional measure of 

stenosis in the referring artery.  

Substituting Eq. (7) into Eqs. (2)−(4), modified dimension-

less equations are obtained: 

 
𝜇ℎ𝑛𝑓 𝜇𝑓⁄
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where: 

 

𝛾 = √
𝜐𝑓𝐿0

𝑢0𝑅2,   𝐾 =
𝜇𝑓𝐿0

𝜌𝑓𝐾∗𝑢0
, 𝑀 =

𝜎𝑓𝐵2𝐿0

𝑢0𝜌𝑓
,

Pr =
𝑘𝑓

(𝜇𝐶𝑝)
𝑓

, Ec =
𝑈𝑤

2

𝑐𝑝(𝑇𝑤−𝑇∞)
,

.  

are the curvature parameter, porosity parameter, magnetic pa-

rameter, Prandtl number, Eckert number, and Uw is the wall ve-

locity. 

The dimensionless boundary conditions are: 

 
𝑓(𝜂) = 0,   𝑓′(𝜂) = 1,   𝜃(𝜂) = 1,   𝜂 = 0,

𝑓′(𝜂) → 0,  𝜃(𝜂) → 0,    𝜂 → ∞                   
}. (11) 

The physical quantities of Cf and Nu are: 

 𝐶𝑓 =
2𝜏𝑤

𝜌𝑓𝑈𝑤
2 ,      𝜏𝑤 = 𝜇ℎ𝑛𝑓

𝜕𝑢

𝜕𝑟
|

𝑟=𝑅
, (12) 

 Nu =
𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
,     𝑞𝑤 = −𝑘ℎ𝑛𝑓

𝜕𝑇

𝜕𝑟
|

𝑟=𝑅
, (13) 

where τw is the wall shear stress and qw represents the heat flux. 

Equations (12)–(13) take the following dimensionless form:  

 Re𝑟

1
2⁄

𝐶𝑓 = 𝐴1𝑓″(0), (14) 

 Re𝑟

1
2⁄

Nu𝑟 = −𝐴5 𝜃′(0), (15) 

where Re𝑟
1/2

 represents the local Reynolds number, and Nu𝑟 de-

notes the local Nusselt number. 

4. Numerical methodology 

The highly nonlinear coupled ordinary differential equations 

(ODEs) (9)−(11) are challenging to resolve numerically. A num-

ber of methodologies may be employed to solve nonlinear dif-

ferential equations, including boundary layer movement. Sev-

eral methods may be used, which involve semi-analytical, ana-

lytical, and computational approaches. In order to solve this nu-

merically, the present study used the bvp4c MATLAB package. 

Step 1: New unknown variables are introduced into the system 

of higher-order non-linear ordinary differential equations, fol-

lowing the procedure: 

 
𝑓 = 𝜉1, 𝑓′ = 𝜉2,   𝑓″ = 𝜉3,   𝑓‴ = 𝜉3′,

𝜃 = 𝜉4,  𝜃′ = 𝜉5, 𝜃″ = 𝜉5
′ .                      

  

Step 2: To solve the higher-order ODEs effectively, this method 

reduces them to a system of first-order ODEs, to simplify the 

computation in MATLAB solver by utilising syntax of the 

bvp4c solver like sol = bvp4c (codesys, bcfun, solinit): 

 

𝜉1
′ = 𝜉2,

𝜉2
′ = 𝜉3,

𝜉3
′ = − [

1

(1+2𝛾𝜂)(1+
1

𝛽
)

𝐴1
𝐴2

[
𝐴1

𝐴2
2𝛾𝜉3 + 𝜉1𝜉3 − 𝜉2

2 −
𝐴1

𝐴2
𝐾𝜉2 −

𝐴3

𝐴2
𝑀𝜉2]] ,

𝜉4′ = 𝜉5

𝜉5
′ = − [

1

(1+2𝛾𝜂)
𝐴5
𝐴4

1

Pr

[
𝐴5

𝐴4

1

𝑃𝑟
2𝛾𝜉5 + 𝜉1𝜉5 − 𝜉2𝜉4 +

𝐴3

𝐴4
𝑀Ec𝜉2

2 +
1

𝐴4
Pr𝑄𝜉4]] ,

  

 

and the boundary conditions are: 

 
𝜉1(𝜂) = 0,   𝜉2(𝜂) = 1,   𝜉4(𝜂) = 1   at  𝜂 = 0,

𝜉2(𝜂) → 0,   𝜉4(𝜂) → 0  as  𝜂 → ∞                     
}. 

For the numerical computations, a convergence tolerance of 

10−6 and a step size of 0.01 were employed throughout the anal-

ysis. When compared with the shooting approach and the bvp4c 

MATLAB software, this level of accuracy is much greater. 

 

5. Results and discussion 

This section focuses on exploring the numerical implications 

through the utilisation of physical descriptions. The goal is to 

quantify the parameters of heat transfer and flow through a ste-

nosis artery by employing the hybrid nanoparticles (Au and Ag), 

as well as blood as the base fluid. Velocity and temperature 
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graphs reveal various key characteristics. The study used com-

putational methods to find the right answer to the altered highly 

chaotic coupled equations that described how the Casson 

nanofluid flowed along a stenotic artery. This research phase 

made use of the bvp4c procedure in the MATLAB solver, as 

well as the current examination and a number of significant ac-

tive parameters. Within these ranges, the figures show the im-

pact of several significant factors: 0.0 < M < 0.5, 0.0 < K < 0.2, 

0.0 < γ < 0.4, 0.0 < β < 1.0, 0.0< Q < 0.6, 0.0 < Ec < 0.2. 

Figure 2 shows a declining trend in the velocity profile as  

M (magnetic field strength) increases. The presence of an electri-

cally charged fluid has been shown to generate Lorentz power, 

which works against the natural inclination of blood to flow 

through arteries in the same direction as a magnetic field that is 

being applied. 

The charged and magnetic particles in blood will probably 

spin when a magnetic field is applied to it because of the magneto 

force. With increasing resistance, more flow energy is converted 

into frictional losses, thereby diminishing the fluid's capacity to 

maintain its velocity. Figure 3 shows a decline in the velocity 

profile with a higher value of K (permeability parameter), as the 

resistance dissipates more of the flow energy into frictional 

losses, reducing the fluid's capacity to sustain velocity. Figure 4 

illustrates how the curvature parameter (γ) affects the velocity 

profile; that is, the velocity profile increases as γ values rise. 

Physically, the blood vessel’s curvature changes when the ste-

nosis causes the arterial walls to shrink. Changes in blood circu-

lation and associated patterns may result from this occurrence, 

which could have significant physiological implications. 

As observed from Fig. 5, the velocity profile increases as the 

Casson parameter (β) becomes larger; this trend occurs because 

the fluid’s resistance to deformation decreases when its yield 

stress decreases, which is correlated with a larger β value. Con-

sequently, the fluid exhibits a more Newtonian-like behaviour, 

allowing it to flow more freely. This effect is particularly notice-

able in complex geometries such as stenosed arteries, where re-

duced internal resistance significantly enhances the fluid mo-

tion. It can be seen from Fig. 6 that the magnetic field creates 

resistance to the fluid’s mobility, slowing down the flow. The 

opposing force from the magnetic field results in internal energy 

dissipation in the form of heat, a phenomenon known as Joule 

heating. Moreover, the reduced flow velocity weakens convec-

tive heat transfer, allowing thermal energy to accumulate in the 

 

(a) 

 

(b) 

Fig. 2. Impact of M on the velocity profile. 

 

(a) 

 

(b) 

Fig. 3. Impact of K on the velocity profile. 



Sangapatnam S., Ramasekhar, G., Chakravarty, A., Pallapu, V. 
 

194 
 

fluid. Consequently, stronger magnetic fields contribute to a rise 

in the temperature profile. 

Figure 7 shows that the curvature parameter increase leads 

to a noticeable rise in the fluid temperature. This behaviour 

arises due to the geometric effects associated with curved sur-

faces, where the boundary layer becomes thinner and convective 

heat loss is reduced. As a result, thermal energy accumulates 

more effectively near the surface. In addition, the presence of 

hybrid nanoparticles (Au-Ag) enhances heat conduction, further 

amplifying the temperature within the curved stenotic artery. 

Thus, curvature plays a critical role in regulating heat transfer 

characteristics in biomedical flows. Figure 8 shows a rise in the 

heat source parameter (Q), which leads to a noticeable enhance-

ment in the temperature profile. This is because positive values 

of Q stand for the fluid’s internal heat generation, which con-

tributes additional thermal energy to the system. As a result, the 

thermal boundary layer becomes thicker, and the overall tem-

perature distribution increases. 

Figure 9 shows that the Eckert number (Ec) enhances vis-

cous dissipation, converting more thermal energy from kinetic 

energy. This raises the fluid temperature, resulting in a thicker 

thermal boundary layer. 

Figure 10 reveals that the skin friction coefficient decreases 

with increasing permeability and magnetic field strength. Higher 

porosity facilitates fluid seepage through the medium, lowering 

wall shear. Meanwhile, the Lorentz force due to magnetic effects 

suppresses flow velocity near the surface, further reducing fric-

tional resistance. From Fig. 11, it is seen that a rise in either 

magnetic parameter or the heat source parameter cuts the 

Nusselt number (Nu); added internal heating flattens the wall’s 

temperature gradient, while the Lorentz force from a stronger 

 

(a) 

 

(b) 

Fig. 4. Impact of γ on the velocity profile. 

 

(a) 

 

(b) 

Fig. 5. Impact of β on the velocity profile. 

 

Fig. 6. Impact of M on the temperature profile. 
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magnetic field slows the fluid. Both effects curb convective heat 

transfer. Figure 12 shows that as the radius of curvature in-

creases, the Nusselt number also increases, indicating improved 

heat transfer near the artery wall; this happens because  

a smoother curvature allows better fluid flow. On the other hand, 

increasing M lowers the Nusselt number, since the magnetic 

force slows down the fluid, lessening the heat it can transfer 

from the wall. 

In Fig. 13, it has been observed that the streamline plot for 

K  = 2.0 illustrates how the fluid flows through the porous artery. 

 

Fig. 7. Impact of γ on the temperature profile. 

 

Fig. 8. Impact of Q on the temperature profile. 

 

Fig. 9. Impact of Ec on the temperature profile. 

 

Fig. 10. Impact of K and M on the skin friction profile. 

 

Fig. 11. Impact of Q and M on the Nusselt number profile. 

 

Fig. 12. Impact of γ and M on the Nusselt number profile. 
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The streamlines are denser near the wall, showing stronger ve-

locity gradients in that region. Farther from the wall, the flow 

becomes more uniform. This behaviour reflects how moderate 

porosity influences the blood flow, allowing movement but still 

offering resistance. Figure 14 shows how the fluid flows under 

the influence of a magnetic field with M = 1.0; the streamlines 

are tightly packed near the wall, indicating strong velocity gra-

dients there. The magnetic field slows the flow by opposing mo-

tion, especially in the central region, leading to more stable and 

controlled stream behaviour across the artery. The 3D surface 

plot in Fig. 15 shows how the stream function changes with po-

sition, reflecting the strength and direction of blood flow. The 

flow starts slowly near the wall and upstream, then becomes 

stronger as it moves away from the wall and further downstream. 

This gives a clear picture of how the velocity field evolves 

through the stenotic artery.  

Table 2 confirms the validity of the present numerical 

method by comparing it with earlier results from Waqas  

et al. [40]. The strong consensus between both sets of values 

demonstrates the accuracy of the current model and solution 

technique. 

6. Conclusions  

The numerical investigation of Casson-based hybrid nanofluid 

flow through a porous, magnetised stenotic artery using the 

bvp4c MATLAB solver has provided detailed insights into the 

flow and thermal behaviour of blood with embedded gold-silver 

nanoparticles. The model revealed critical dependencies of ve-

locity, temperature, wall shear, and heat transfer on parameters 

such as the magnetic parameter, permeability and curvature pa-

rameter, contributing valuable knowledge towards biomedical 

fluid dynamics and therapeutic control in stenotic conditions: 

1) A rise in magnetic field intensity leads to reduced blood 

velocity due to the opposing Lorentz force. Simultane-

ously, it raises the fluid temperature, as magnetic re-

sistance contributes to internal heat build-up (Joule heat-

ing) and weakens the transport of heat by convection. 

2) As the permeability of the artery increases, fluid velocity 

and wall shear stress decrease; this is attributed to higher 

flow resistance within the porous structure, which dissi-

pates energy more effectively. 

3) Higher curvature values result in increased velocity and 

temperature. This is due to geometric changes in the ar-

tery that affect both flow distribution and heat transfer 

behaviour, especially in narrowed (stenotic) regions. 

4) Larger values of the Casson parameter increase flow ve-

locity by reducing the fluid’s yield stress. This change 

enables the fluid to behave more like a Newtonian fluid, 

thereby improving its ability to move through irregular 

arterial structures. 

5) An increase in internal heat source strengthens the tem-

perature field; this causes thickening of the thermal 

boundary layer and decreases the Nusselt number due to 

reduced temperature gradient. 

 

Fig. 13. Streamlines for K = 2.0. 

 

Fig. 14. Streamlines for M = 1.0. 

 

Fig. 15. 3D surface plot of stream function. 

Table 2. Comparison of results for 𝐶𝑓 Re𝑟
1/2 for various values  

of γ and ϕ1.  

Sarwar and Hussein [58] 
Present outco-

mes (bvp4c) 

γ       𝝓𝟏 CfRer
1/2 CfRer

1/2 

0.10 0.01 0.939968 0.939925 

0.12 0.01 0.924794 0.924651 

0.14 0.01 0.911311 0.911306 

0.10 0.05 1.329552 1.329549 
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6) Higher Eckert numbers increase the temperature of the 

nanofluid by converting kinetic energy into thermal en-

ergy. This enhances viscous dissipation and leads to 

greater heat accumulation in the fluid. 

This work shows a comprehensive theoretical framework for 

analysing bio-magnetic Casson hybrid nanofluid blood flow 

through a stenosed artery with internal heat generation or ab-

sorption. The results demonstrate that: 

1. Casson rheology significantly influences velocity and 

shear stress distribution, reinforcing the need for non-

Newtonian modelling in stenotic arteries. 

2. Magnetic fields reduce flow velocity but enhance tem-

perature due to Joule heating, revealing both therapeutic 

potential and safety considerations. 

3. Heat source/sink effects strongly modulate temperature, 

suggesting applications in hyperthermia and inflamma-

tory heat regulation. 

4. Hybrid nanoparticles, especially of cylindrical shape, im-

prove thermal conductivity and heat transport but must 

be carefully controlled to avoid excessive thermal loads. 

5. The combined effects of rheology, stenosis geometry, 

magnetic field, and nanoparticle-enhanced thermal con-

duction create complex hemodynamic behaviours rele-

vant to cardiovascular pathology and advanced biomedi-

cal engineering. 
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1. Introduction 

The high consumption of plastics around the world has caused 

a high level of plastic waste accumulation, which has been rather 

threatening to not only the environment but also human health [1]. 

Of these wastes, medical plastics, with single-use syringes being 

one exceptional and increasing proportion, are a major cause of 

concern. Polymers (polypropylene and polyethylene) are the most 

commonly used materials in the production of syringes because 

they are mechanically robust, have chemical resistance, and are 

inexpensive, which are required for use in healthcare practices [2]. 

However, these properties cause poor biodegradation, which 

causes long-term pollution of the environment. 

The control of medical plastic waste has continued to become 

increasingly difficult with the growing healthcare services and 

emergency medical interventions, which are highly dependent on 

disposable plastic products. The traditional methods of disposal, 

such as incineration and landfill, cannot be considered sustainable 

methods anymore. Incineration can also release toxic chemicals like 

dioxins and furans, and landfilling can also consume unused land 

resources and contaminate the soil and groundwater [3]. In addition, 

medical plastic waste may pose serious biological risks when mis-

handled or improperly disposed of. Consequently, there is an urgent 

requirement for an alternative mode of waste management that 

would limit environmental degradation but allow the reuse of useful 

resources in medical plastic waste [4]. 
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Abstract 

This study explores the potential of converting syringe plastic waste into an alternative fuel through pyrolysis. Since sy-
ringes are primarily made of polypropylene, they were thermally decomposed in a batch reactor, producing a maximum 
pyrolysis oil yield of 76% at 400–500°C. The produced syringe plastic oil (SPO) was characterised for key fuel properties 
and blended with diesel at 20%, 30%, and 40% proportions. The performance of the engine and the emission characteristics 
of these blends were tested experimentally on a common rail direct injection diesel engine. Of the fuels tested, the 
D80SPO20 mixture proved to be as efficient as diesel with the brake thermal efficiency of 26.9% and brake specific fuel 
consumption of 0.27 kg/kWh at full load. This mixture was also found to result in a significant reduction in carbon mon-
oxide, hydrocarbons and smoke emission with a slight increment in NOx relative to diesel. On the whole, the findings show 
that low-percentage SPO30, especially D80SPO20, provide a favourable combination between engine efficiency and emis-
sion reduction, proving the potential of the syringe plastic pyrolysis oil as a sustainable alternative of diesel fuel in part. 
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Nomenclature 

CO ‒ carbon monoxide 

HC – hydrocarbon 

NOx – oxides of nitrogen 

SOx – oxides of sulphur 

 

Abbreviations and Acronyms 

BSFC – brake specific fuel consumption  

BTE – brake thermal efficiency 

CRDI – common rail direct injection  

PM – particulate matter  

SPO – syringe plastic oil

A lot of focus has been on bio-derived oxygenated fuels, bio-

derived biodiesel, and products of thermochemical conversion, 

as they are renewable and have the potential to lower the envi-

ronmental effects. Some of the studies highlight the nature of 

biodiesel and oxygenated fuels' performance and combustion in 

CI engines. The experiment reported in [5] showed that bio-

diesel mixtures have a higher combustion efficiency because 

they contain built-in oxygen, which results in increased brake 

thermal efficiency under increased loads. Nevertheless, bio-

diesel had a lower calorific value, which meant that it consumed 

more brake-specific fuel than diesel. 

The same tendencies could be found in [6], where optimisa-

tion of the injection parameters was used to overcome the per-

formance penalties related to the use of biodiesel. These are the 

findings that point to the significance of engine calibration to 

reap the full advantages of oxygenated fuels. 

Research concerns on engine emissions indicate uniform 

emissions of carbon monoxide (CO), unburned hydrocarbons 

(HC) and particulate matter (PM) that are reduced with the use 

of biodiesel or bio-derived production. The paper [7] has ob-

tained significant reductions in smoke opacity and PM emis-

sions, which were attributed to better oxidation in combustion. 

Nevertheless, the rise in nitrogen oxides (NOx) emissions is still 

an issue that is here to stay, as research findings have established 

in [7]. Further combustion plans and post-treatment devices are 

thus required to deal with this trade-off. It has also discussed the 

environmental and health effects of exhaust emissions in detail. 

Another extensive study [8] assessed the oxidative potential and 

toxicity of the biodiesel-powered engine particulate emissions. 

The research inference was that biodiesel particulates have 

a lower potential to cause adverse health effects due to their 

lower oxidative stress potential than diesel PM. This is in line 

with the larger environmental analyses that focus on the use of 

biodiesel in reducing air pollution in urban environments. Re-

newable fuel production pathways are critically evaluated in 

terms of their sustainability and life cycle. The paper [9] com-

pared life-cycle greenhouse gas emissions of biodiesel and con-

cluded that the feedstock choice is a very important part of the 

total sustainability. It was demonstrated that waste-derived and 

non-edible feedstocks have a huge impact in lowering carbon 

footprints as compared to the traditional sources of edible oils. 

To further support this, paper [10] emphasised the potential of 

using agricultural waste and oils from production processes to 

generate biofuels, thereby reducing environmental costs and re-

source loss. 

Recent studies talk about the advances in technologies of bi-

omass conversion. A study [11] examined catalytic and thermo-

chemical conversion pathways in the production of biofuels and 

found that the quality of fuels produced was better and conver-

sion efficiencies were increased. These findings were also con-

firmed by [12], which showed that optimising the process can 

help to increase the stability of the fuel and the engine's compat-

ibility. Most recently, the paper [11] provided promising find-

ings on an integrated bioenergy system with a focus on techno-

economic feasibility and scalability. 

Thermochemical conversion of plastic wastes by the pyroly-

sis process is one prospective method. One of these techniques 

is pyrolysis, which involves decomposition of waste plastics at 

high temperatures in the absence of oxygen [12]. Through this 

process, long plastic chains are reduced into smaller parts, which 

are useful materials such as pyrolysis oil, syngas and char. Of 

these, pyrolysis oil has attracted much attention because of its 

prospects of being used as a liquid fuel. It has properties similar 

to those of diesel, which provide the chance to completely or 

partially replace standard petrol engines. 

Current advancements in fuel technology involve the use of 

alternative forms of fuel in contemporary diesel motors [13]. 

The common rail direct injection (CRDI) engine is one of them. 

Fuel atomisation, accurate injection timing and injected pres-

sures are also some of the factors that make common rail direct 

injection engines achieve better combustion efficiency and 

lower exhaust emissions [14]. With these merits, CRDI engines 

are specifically better applied in the experimental studies of us-

ing alternative fuels, even waste-based fuels, like plastic pyrol-

ysis oil. Past experimental research on the utilisation of plastic-

derived pyrolysis oil as a diesel engine fuel has recorded prom-

ising findings [15]. Studies have also proved that the pyrolysis 

oil can be mixed with standard diesel in any quantity and used 

successfully in a diesel engine without significant operational 

problems. The blended fuels have shown satisfactory perfor-

mance qualities and, in some instances, enhanced thermal effi-

ciency of the brakes. In addition, it has been found that there will 

be decreases in exhaust pollutants like unburned hydrocarbons 

and carbon monoxide at specific ratios of blends. Nevertheless, 

under certain operating conditions, nitrogen oxide emissions are 

inclined to go up, which shows that additional optimisation and 

emission control measures are needed. 

Although significant advances have been achieved in the re-

cent past regarding the use of plastic waste to obtain energy via 

its conversion into energy, little attention has been given to the 

actual application of medical plastic waste and specifically dis-

carded syringes in the pyrolysis oil production [17]. This is 

a significant gap in the study since, besides being easily acces-

sible, syringe plastics are also high-quality polymers that can 

undergo thermal degradation [18]. The advantages of converting 

this form of waste into fuel are also twofold since it not only 

solves this pressing concern of medical waste disposal but also 

helps in the energy recovery process. The paper [19] examines 

the possibility of using the pyrolysis oil by using the old medical 

syringe plastic as an alternative fuel in a common rail direct in-

jection diesel engine. 
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In the work [20], the collection and preparation of medical 

plastic waste is followed by the pyrolysis oil production, in 

which controlled thermal decomposition takes place, and the 

characterisation of the received fuel in greater detail. The prop-

erties of important fuels such as viscosity, density, calorific 

value and flash point are discussed and compared with those of 

conventional diesel to determine their suitability to be applied in 

engines [21]. Using a CRDI engine, the engine performance and 

emission tests with different proportions of pyrolysis oil and die-

sel have been carried out [22]. The performance parameters that 

are measured to understand how the engine works include brake 

thermal efficiency, brake specific fuel consumption, and the in-

cylinder exhaust gas temperature and pressure [23]. Moreover, 

exhaust emissions, such as hydrocarbons, carbon monoxide, ni-

trogen oxides and smoke opacity, are quantified to evaluate the 

environmental effect of the alternative fuel blends [24]. 

This paper gives useful information on the combustion be-

haviour and performance characteristics, as well as the emission 

profile of syringe plastic-derived pyrolysis oil in a modern 

CRDI diesel engine. The study reveals that waste-based fuels 

are practically applicable by using an innovative method of 

medical plastic waste treatment in order to generate energy. The 

research results provide evidence-based information that proves 

the feasibility of this fuel and can be used to guide future policy, 

technological advancement and manufacturing to curb plastic 

waste and to improve energy sustainability. The novelty of the 

work is the use of the discarded plastic medical syringe as feed-

stock and a systematic assessment of syringe plastic oil (SPO) 

in a CRDI engine under controlled experimental conditions. 

Also, the study underscores the correlation of pyrolysis temper-

ature, properties of fuels, and performance and emissions of the 

engine, which gives a holistic picture of SPO as an alternative 

fuel. 

2. Materials and methods  

2.1. Syringe waste 

Syringe plastic waste was selected due to its abundance, con-

sistent polymer composition and environmental concerns. Made 

mainly of polypropylene and polyethylene, it is ideal for pyrol-

ysis to produce fuel-rich oil. Utilising this waste helps reduce 

biomedical pollution, avoids harmful incineration by-products, 

and supports sustainable energy recovery from non-biodegrada-

ble plastics, in line with eco-friendly waste management prac-

tices [25]. The part of the syringe shown in Fig. 1 and Table 1 

represents the materials of syringe components. 

2.2. Pyrolysis process 

Pyrolysis is a process where syringe plastic waste is heated in 

the absence of oxygen, breaking it down into liquid oil, gases, 

and char. The photographic view of the experimental setup is 

shown in Fig. 2. In a batch reactor, oil is produced by heating 

waste to temperatures ranging from 300°C to 500°C, which 

starts the breakdown of polymers. This process efficiently turns 

non-biodegradable plastic into useful fuel [26], providing 

a long-term solution for energy recovery and biomedical waste 

management [27]. The temperature in the reactor first increases 

at a rate of 8°C/min and then decreases to 3°C/min towards the 

end of pyrolysis. 

3. Testing and analysis 

3.1. Proximate analysis 

The proximate analysis (Table 2) of medical syringe waste re-

veals a high volatile matter content of 99.86%, indicating excel-

lent potential for pyrolysis-based fuel recovery. As the moisture 

content is 0.00%, there is no water interference in thermal con-

version [28]. Ash content is minimal at 0.05%, while fixed car- 

 

 

Fig. 1. Parts of syringe [16]. 

Table 1. Materials and properties of syringe components. 

Syringe component Material used 

Barrel Polypropylene (PP) 

Plunger Polypropylene (PP) 

Plunger seal (rubber stopper) 
Synthetic rubber (e.g., polyi-
soprene or butyl rubber) 

Finger flange Polypropylene (PP) 

Syringe tip (luer lock/slip) Polypropylene (PP) 

Needle hub 
Polypropylene (PP) or poly-
ethylene (PE) 

Needle 
Stainless steel (Grade 304 or 
316) 

Needle bevel (tip) Stainless steel 

Needle cap Polyethylene (PE) 

 

 

Fig. 2. Pyrolysis setup. 
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bon is 0.09%, confirming the material’s clean and energy-rich 

nature, ideal for thermal degradation [29]. 

3.2. Ultimate analysis 

The ultimate analysis (Table 3) shows that medical syringe 

waste contains a high carbon content of 84.71% and hydrogen 

at 13.81%, indicating strong potential as a hydrocarbon fuel 

source. The absence of nitrogen (0.00%) and very low sulphur 

content (0.07%) suggest minimal emission of harmful gases, 

making it suitable for clean pyrolysis-based energy recovery ap-

plications [30].  

3.3. Thermogravimetry analysis 

A thermogravimetric analysis (TGA) was performed on medical 

syringe plastic waste to assess its thermal decomposition char-

acteristics, as shown in Fig. 3. The sample showed a steady 

weight loss when heated at a rate of 10°C per minute from room 

temperature to 800°C in a nitrogen atmosphere. The breakdown 

started around 250°C, with major weight loss occurring between 

300°C and 500°C, suggesting the main thermal decomposition 

of plastics like polypropylene and polyethylene. The maximum 

rate of degradation occurred around 400°C, with a steep decline 

in weight. By 600°C, over 90% of the sample mass had decom-

posed. A stable residual mass of approximately 5% remained 

beyond 700°C, likely representing char and inorganic fillers. 

The TGA curve confirms that syringe waste undergoes major 

thermal degradation within a specific range, making it suitable 

for pyrolysis processes targeting liquid fuel recovery while min-

imising solid residue [31]. This thermal behaviour guides the se-

lection of optimal pyrolysis conditions. 

3.4. Pyrolysis oil yield rate 

As seen in Fig. 4, more oil is obtained when using a syringe 

plastic waste at higher temperatures. At 300°C, the liquid pro-

duction is more or less 71.2%, the gas and char are 20% and 

8.8%, respectively. With a rise in temperature to 400°C, the liq-

uid production increases to 76.4%, and the gas and char fractions 

decrease to 17% and 6.6%, respectively. Further increase in tem-

perature to 500°C yields the same oil yield of 76.5%, as well as 

gas and char fractions of 17% and 6.5%, respectively. This 

shows that the optimum temperature at which the highest output 

of oil is achieved is between 400−500°C. The oil yield levels off 

beyond 400°C, giving little indication of further benefits due to 

high temperature. The selected temperature profile was in-

formed by the preliminary experiments and literature on plastic 

pyrolysis to maximise the oil production and reduce a lot of ex-

cessive degradation by the thermal process. 

3.5. Gas chromatography – mass spectrometry  

To identify the chemical composition of the pyrolysis oil of dis-

carded plastic waste derived from medical syringes, gas chro-

matography-mass spectrometry (GC-MS) analysis (Fig. 5) was 

conducted. The chromatogram indicates a wide distribution of 

hydrocarbon compounds in a retention time span of 0−40 min. 

The existence of light hydrocarbons, predominantly short-chain 

alkanes and alkenes (C5C7) in low-intensity peaks at low re-

tention times (0.05 min (5.10%), 0.15 min (7.12%), and 1.32 

min (7.12%)) at early retention times (< 2 min) shows that early 

polymer chain  scission  occurred  during  pyrolysis.  The  promi-  

Table 2. Proximate analysis of medical syringe waste.  

Proximate analysis wt.% 

Volatile matter 99.86 

Fixed carbon 0.09 

Ash 0.05 

Moisture 0.00 

 

Table 3. Ultimate analysis of medical syringe waste.  

Elements analysis wt.% 

Carbon (C) 84.71 

Hydrogen (H) 13.81 

Nitrogen (N)   0.00 

Sulphur (S)   0.07 

 

 

Fig. 3. Thermogravimetric analysis curve. 

 

Fig. 4. Pyrolytic product yield rate. 
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nent peaks at 3.30 min (14.06%), 3.41 min (18.98%), and 

3.70 min (9.69%) in the low-to-mid retention time range 

(3−5min) represent the presence of the light olefinic and 

branched hydrocar-bons (octane, nonane and their unsaturated 

derivatives). The medium-chain hydrocarbons (decane, undeca-

ne, dodecane, etc.) have a boiling point in the gasoline and light 

diesel ranges (6−10 minutes’ retention time) and yield moder-

ate-intensity peaks at 6−12 min (6.69 min (11.71%), 8.26 min 

(11.71%), and 10.94 min (11.71%)). Higher aliphatic hydrocar-

bons such as tridecane, tetradecane, pentadecane and cycloal-

kanes are present, as indicated by the presence of peaks with 

relative abundances of between 5% and 9% in the mid-to-high 

retention time region (15 min to 23 min), such as tridecane at 

17.83 min (6.72%), tetradecane at 18.43 min (7.09%) and pen-

tadecane at 21.10 min. A large mass cluster is found around the 

range of 28 min to 29 min with a major peak at 28.71 min in-

dicating the highest relative abundance of 75.77% and the  

next few masses of 28.46 min (37.75%), 28.81 min (39.02%),  

28.91 min (30.83%), which are related to long-chain hydrocar-

bons, including eicosane, heneicosane and other polypropylene 

derivatives aliphatic compounds. The heavier hydrocarbons 

(C20−C30) above 30 min correspond to heavier hydrocarbons 

that add to the boiling range and viscosity of the oil. In general, 

the GC-MS data prove that the pyrolysis oil is mainly composed 

of the alkanes and alkenes of light to heavy fractions, which ev-

idences that this oil can be used as an alternative fuel after proper 

blending. 

3.6. Properties of syringe plastic oil 

Syringe plastic oil (SPO) (Fig. 6), produced through pyrolysis, 

shows great potential as an alternative source due to its favour-

able properties (Table 4). It has a higher energy content of 

39.5 MJ/kg, with a density of 0.89 g/cm3 and viscosity of 

1.92 mm2/s. Its flash point is 39°C and fire point is 48°C. These 

features make SPO comparable to conventional diesel, indicat-

ing its suitability for energy applications [32]. 

4. Experimentation 

4.1. Common rail direct injection engine specification  

The engine to be considered in this study is a common rail direct 

injection (CRDI) engine (Fig. 7), because it has accurate control 

of the fuel injection, better combustion efficiency, and reduced 

emissions. The following conditions were used to operate the 

engine: injection pressure − 2000−2300 bar; injection timing − 

230° before top dead centre (BTDC); injection strategy − multi-

ple injections per cycle; compression ratio − 17.5:1. To measure 

the combustion and performance characteristics of alternative 

fuels, such as syringe plastic pyrolysis oil and mixtures with die-

sel, these settings were selected. High injection pressure, opti-

mised timing and multiple injection strategy enable the engine 

 

Fig. 5. Gas chromatography-mass spectrometry analysis 

of syringe plastic pyrolytic oil. 

Table 4. Physical properties of pyrolysis oil from syringe plastics.  

Property 
Syringe plastic 

oil  
Standard 
method 

Lower heating value 
(MJ/kg) 

39.5 ASTM D240 

Density (g/cm3 at 15°C) 0.89 ASTM D4052 

Kinematic viscosity 
(mm2/s at 40°C) 

1.92 ASTM D445 

Flash point (°C) 39 ASTM D93 

Fire point (°C) 48 ASTM D92 

Cetane number 46 ASTM D613 

Lubricity (µm, HFRR*) 450 ASTM D6079 

Cold filter plugging 
point (°C) 

4 ASTM D6371 

*HFRR − high frequency reciprocating rig. 

 

Fig. 7. Common rail direct injection engine setup. 

 

Fig. 6. Syringe plastic oil from pyrolysis process. 
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to achieve effective fuel atomisation and full combustion, mak-

ing the engine ideal in the study of effects of pyrolysis oil on 

efficiency, emissions and combustion behaviour. The engine 

specifications are provided in Table 5. 

4.2. Uncertainty analysis  

The accuracy of experimental measurements of the data is highly 

reliant on an appropriate uncertainty analysis, which is necessary 

to determine the accuracy of the instrumentation and measure-

ments. An appropriate choice of instruments, proper operating 

conditions, proper configuration of experiment parameters, and 

proper carrying out of calibration, observation, and testing proce-

dures can help in minimising measurement errors [33].  

The root sum square (RSS) method was used to determine 

the total experimental uncertainty in the current experiment by 

examining each of the uncertainties related to brake power (BP) 

and specific fuel consumption (BSFC), brake thermal efficiency 

(BTE) and exhaust emissions (CO, HC, and NOₓ). It is deter-

mined by the uncertainties of the pressure transducer (δP), the 

crank angle encoder (δθ), the exhaust emission measurements of 

nitrogen oxides (δNOx), hydrocarbons (δHC) and carbon monox-

ide (δCO), the fuel consumption measurement (δFC) and the ma-

nometer (δM): 

Total uncertainty of the experiment =

√(δ𝑃)2 + (δ𝜃)2 + (δNOx)2 + (δHC)2 + (δCO)2 + (δFC)2 + (δM)2
. 

Substituting the relevant numbers into the formula using 

consistent units, the following is obtained: 

 
Total percentage uncertainty =

√(1.2)2 + (1.5)2 + (2.0)2 + (1.8)2 + (1.0)2 + (1.5)2 + (1.8)2
. 

According to this analysis, the overall uncertainty of the ex-

periment readings was determined as being within the range of 

about ±4%. 

5. Results and discussion 

The generation of bio-oil from medical plastic waste through py-

rolysis is an innovative and environmentally significant process 

with the potential to address waste management and energy 

needs for the CRDI engine.  

5.1. Performance characteristics  

5.1.1. Brake thermal efficiency  

Figure 8 shows how the brake thermal efficiency (BTE) changes 

with brake power in a CRDI engine with diesel-based and SPO-

diesel blends. In all test fuels, the BTE increases with the load, 

which can be explained by the increased combustion efficiency 

at the higher brake power as a result of reduced relative heat 

losses and an increased use of the provided fuel energy. Diesel 

has the highest BTE of 27.2, with D80SPO20 having a nearly 

similar value (26.9%) and D70SPO30 (25.7%). The marginal 

decrease in BTE with an increase in the proportion of SPO is 

mainly due to the lower calorific value and increased viscosity 

of the syringe plastic oil relative to diesel that can negatively 

influence the atomisation of the fuel and the air-fuel mixture, 

mainly at reduced loads. Nevertheless, the fact that the 

D80SPO20 blend is nearly diesel highlights that at lower SPO 

concentrations, the increased volatility and oxygenated charac-

ter of the blend fosters increased combustion during CRDI in-

jection conditions [34]. This is because the negative effects of 

SPO properties are further reduced by the high injection pres-

sure and the enhanced spray properties of the CRDI system, al-

lowing efficient combustion at higher loads. 

These trends are in line with the previous studies of plastic 

pyrolysis oil-diesel blends in CRDI engines [35], where even 

blends with as much as 20% pyrolysis oil had a BTE value sim-

ilar to diesel due to phasing up of combustion and low ignition 

lag at higher loads. 

 

 

Table 5. Engine specifications. 

Parameter Specification 

Engine type 
4-cylinder, 4-stroke, double 
overhead camshaft (DOHC), 

water-cooled 

Engine capacity 1248 cc 

Bore × stroke 69.6 mm × 82 mm 

Compression ratio 17.5:1 

Rated power 74 BHP at 4000 rpm 

Maximum torque 190 Nm at 2000 rpm 

Fuel injection system type 
Common rail direct injection 

(CRDI) 

Injection pressure 1400–1600 bar 

Injection timing 
23° BTDC (typical for  

CRDI diesel) 

Rated engine speed 4000 rpm 

Operating speed range 1000–4000 rpm 

 

 

Fig. 8. Brake thermal efficiency vs. load for diesel 

and SPO-diesel blends. 
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5.1.2. Brake specific fuel consumption 

Figure 9 illustrates the change in the brake specific fuel con-

sumption (BSFC) with the brake power of diesel and SPO-diesel 

blends in a CRDI engine. In all test fuels, we find that BSFC 

decreases significantly with increasing load, and this is mainly 

because of the better combustion efficiency and the low relative 

friction and heat loss at higher brake power. Diesel at low loads 

(10 kW) has a BSFC of approximately 0.512 kg/kWh, whereas 

higher values are observed in the SPO-diesel blends, with 

D60SPO40 and D70SPO30 actually being around 0.55 kg/kWh 

and 0.60 kg/kWh, respectively.  

It can be explained by the higher BSFC of the blends with 

a high percentage of SPO at low loads, as the calorific value and 

viscosity of the syringe plastic oil negatively influence the pro-

cess of spray atomisation, leading to incomplete combustion of 

the air-fuel mixture and increased fuel consumption. The in-cyl-

inder temperature and pressure increase with the load and im-

prove fuel evaporation and combustion performance of all 

blends [36]. Accordingly, when the loads increase (approaching 

35 kW), the values of the BSFC of all fuels become almost equal 

to approximately 0.27 kg/kWh. D80SPO20, of the SPO blends, 

is also always found to have lower BSFC at all loads with an 

almost similar operation to that of the diesel. 

5.2. Emission characteristics  

5.2.1. Carbon monoxide 

Figure 10 shows how carbon monoxide (CO) emissions depend 

on the brake power of the CRDI engine for diesel and SPO-die-

sel blends. The CO emissions of diesel are comparatively higher 

at low load states (approx. 5 kW) of approximately 0.10% vol., 

and this may be associated with incomplete combustion because 

of lower in-cylinder temperatures and the lack of oxidation of 

CO. Conversely, the D80SPO20 blend has the least CO emis-

sion of about 0.06% (vol.), stating that combustion behaviour is 

better even at light loads. This is reduced with the improved 

spray atomisation and oxidation properties that are generated by 

the fuel properties of the blended SPO at the high-pressure in-

jection of the CRDI engine. 

Increasing the brake power, the CO emissions of all test fuels 

decrease to about 25−30 kW as a result of high combustion tem-

peratures, better air-fuel mixing, and a long effective oxidation 

period, which favour complete combustion [37]. But, over this 

range of loads, there is an abrupt rise in CO emissions of all the 

fuels. This increase with higher loads is primarily a result of 

a higher rate of fuel injection, locally rich mixtures of fuel and 

air, low oxygen supply, and the shortness of residence time of 

oxidation reactions [38]. Diesel has the highest CO emission at 

35 kW of approximately 0.21% (vol.), and D80SPO20 has a rel-

atively lower amount of about 0.13% (vol.). This lower CO 

emission of D80SPO20 was consistent with the trend of the 

study previously reported on plastic oil in CRDI engines be-

cause of its improved combustion efficiency.  

5.2.2. Unburnt hydrocarbons  

Figure 11 shows the change in the emission of hydrocarbon 

(HC) with the brake power of diesel and SPO-diesel mixtures 

used in a CRDI engine. At low loads (approx. 5 kW), diesel has 

a higher value of HC emissions of about 46 ppm (parts per mil-

lion) and the lowest value of about 34 ppm at D80SPO20. This 

is mainly because of the incomplete combustion at the low in-

cylinder temperatures, such that incomplete oxidation results in 

the persistence of unconsidered hydrocarbons. The compara-

tively reduced HC emissions of SPO blends, especially 

 

Fig. 9. Brake specific fuel consumption vs. load for diesel 

and SPO-diesel blends. 

 

Fig. 10. Carbon monoxide emissions vs. load 

for diesel and SPO-diesel blends. 

 

Fig. 11. Hydrocarbon emissions vs. load for diesel 

and SPO-diesel blends. 
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D80SPO20, are indicative of better combustion properties with 

better spray atomisation, as well as better mixing under high-

pressure injection during CRDI. 

The emissions of HC increase gradually with the brake power, 

and increase sharply after 30 kW, regardless of the test fuel. At 

higher loads, higher rates of fuel injection also result in locally 

rich fuel-air mixtures and re-shortened residence time available to 

allow complete oxidation and, thus, increasing HC formation. 

Diesel has the highest level of HC of approximately 130 ppm, 

whereas D60SPO40, D70SPO30 and D80SPO20 have lower val-

ues of about 120 ppm, 105 ppm and 95 ppm, respectively. The 

relatively smaller HC emissions of D80SPO20 indicate that an in-

termediate level of SPO as a blend would support further com-

plete combustion even during the high load status. Other past re-

search has reported similar HC emission trends in CRDI engines 

using plastic pyrolysis oil-diesel blends [28], where blends with 

up to 20% pyrolysis oil had lower unburned hydrocarbons as 

a result of enhanced combustion efficiency and a favourable fuel-

air interaction [29]. 

5.2.3. Nitrogen oxides  

Figure 12 shows that the emissions of nitrogen oxides (NOx) de-

pend on the brake power of diesel and SPO-diesel mixtures in 

a CRDI engine. The emissions of NOx go proportionate to load 

in all test fuels because of the increased in-cylinder temperatures 

and the greater ability to form thermal NOx with increased com-

bustion intensity. At low loads, the level of NOx is relatively low 

in all fuels, indicating low peak temperatures and low oxidation 

rates. The combustion is also conducive to NOx formation, as 

the increase in brake power causes an increase in the quantity of 

fuel injection and efficiency of the combustion, which results in 

the enhancement of the flame temperature. The highest NOx 

emission of around 850 ppm is generated by the D60SPO40 

blend, followed by the emissions of D70SPO30 and D80SPO20 

being around 750 ppm and 700 ppm, respectively, and the low-

est emission level, at 640 ppm, recorded for diesels. This is be-

cause the increased NOx emissions of SPO blends are due to the 

enhanced combustion properties like reduced ignition delay and 

increased rates of heat release, which elevate peak temperatures 

in the cylinder. Moreover, the availability of lighter hydrocarbon 

fractions and oxygenated compounds in syringe plastic oil in-

tensifies oxidation reactions, which further contributes to the 

formation of NOx. 

Despite the fact that SPO-diesel blends show better brake ther-

mal efficiency and lower CO and HC emissions compared to die-

sel, the trade-off is, however, exhibited through higher emissions 

of NOx [39]. D80SPO20 is the most desirable of the blends inves-

tigated, and it has significantly lower NOx than higher SPO-per-

centage blends without compromising the advantages of the im-

proved combustion [40]. 

5.2.4. Smoke emission 

Figure 13 demonstrates the change in smoke emissions with 

brake power of diesel and SPO-diesel combinations in a CRDI 

engine. There is a steady increase in the smoke opacities with 

increasing load in all test fuels, primarily due to increased vol-

umes of fuel injection, localised rich fuel-air blends and shorter 

time of oxidation at high brake power. Under low load levels, 

the smoke emissions are relatively low because of the adequate 

oxygen supply, as well as improved combustion conditions. 

With increased load, the increase in in-cylinder pressure and fuel 

supply causes incomplete combustion and increased quantity of 

soot formation, which causes more smoke. Diesel has the high-

est smoke emission at full load (35 kW), which is approximated 

to be about 72 HSU (Hartridge smoke units); D60SPO40, 

D70SPO30 and D80SPO20 have lower values of about 58 HSU. 

The relatively greater emission of smoke by diesel is linked with 

less oxidation of soot particles by fuel-rich conditions at high 

loads. 

The lower levels of smoke emissions recorded with SPO-

diesel blends, especially D80SPO20, can be explained by the 

fact that there were superior combustion properties during CRDI 

engine injection, which included better spray atomisation and 

better oxidation of the soot precursors. Moreover, the occur-

rence of lighter fractions of hydrocarbons in syringe plastic oil 

helps to promote more complete combustion, and thus, inhibits 

the development of particles [41]. D80SPO20 was selected as 

the best soot oxidation blend, showing the lowest smoke emis-

sions at all loads, and, therefore, the best behaviour [42]. 

 

 

 

Fig. 12. Nitrogen oxides emission vs. load for diesel 

and SPO-diesel blends. 

 

Fig. 13. Smoke opacity vs. load. 
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6. Conclusions  

This study investigated the viability of syringe plastic oil (SPO) 

as an alternative fuel for a common rail direct injection (CRDI) 

diesel engine by characterising the properties of fuel, pyrolysing 

it, and assessing its performance and emissions. According to the 

results, the following conclusions are made: 

1) Syringe plastic waste was found to contain a very high pro-

portion of volatile matter (99.86%), which proved that it is 

very suitable for pyrolysis conversion. During pyrolysis at 

400-500°C, the highest percentage of liquid oil produced 

was up to 76%, implying the efficient thermal breakdown of 

the substance within this temperature range. 

2) The SPO that was obtained had a lower heating value of 

39.5 MJ/kg, similar to diesel; its density (0.89 g/cm3) and 

kinematic viscosity (1.92 mm2/s) were within the tolerable 

blending ranges, and it was possible to operate the engine 

with it without alteration. 

3) A test on engine thermal efficiency (BTE) showed that brake 

thermal efficiency increased with load, across all fuels. 

However, the D80SPO20 mixture produced BTE values at 

the level of 0.89% of those of diesel at the full load, indicat-

ing its ability to burn under the altered fuel characteristics 

through CRDI engine injection. 

4) Brake specific fuel consumption decreased with load for all 

fuels, with D80SPO20 consistently showing lower BSFC 

than higher SPO-percentage blends, confirming improved 

fuel utilisation at moderate SPO proportions. 

5) Emission measurements indicated that D80SPO20 cut down 

CO, HC and smoke emissions by an average of 35−45% as 

compared to diesel under heavy load conditions, which 

demonstrated improved oxidation and suppression of soot. 

Even though NOx emissions at increased SPO fractions in-

creased due to increased combustion temperatures, the 

D80SPO20 blend constrained the increase in NOx compared 

with higher SPO concentrations. 

Overall, the findings show that a 20% SPO blend offers the 

best balance between performance improvement and emissions. 

It is observed that the D80SPO20 blend is both technically fea-

sible and eco-friendly as an alternative fuel in CRDI diesel en-

gines, which justifies the successful use of medical plastic waste 

in the recovery of energy. 
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