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The Thermodynamics Frontier Award (TheFA) is a yearly dis-

tinction for the best paper published in Archives of Thermody-

namics (AoT) in the preceding calendar year, recognising work 

that pushes the frontiers of thermodynamics. The assessment 

criteria are originality, scientific significance, methodological 

quality, and impact on the field. As a rule, the AoT Editors nom-

inate 8–10 papers, and the Award Donor, in cooperation with 

the Programme Council (advisory vote), selects the winner.  

In the 2024 edition, 12 papers were nominated: 

 

1. Singh, J., & Lanjewar, A. (2024). Experimental investigation and 

performance prediction of SAH using different arc rib roughness 

geometries  A comparative study. Archives of Thermodynamics, 

45(1), 33‒44. doi: 10.24425/ather.2024.150436 

2. Wajs, J., & Lukasik, J. (2024). Assessment of the impact of jet 

impingement technique on the energy efficiency of air-cooled 

BIPV/T roof tile. Archives of Thermodynamics, 45(2), 5–18. doi: 

10.24425/ather.2024.150847 

3. Sikora, M., Bohdal, T., Witczak, S., & Ligus, G. (2024). Flow 

maps in multiphase flows. Archives of Thermodynamics, 45(2), 

19–28. doi: 10.24425/ather.2024.150848 

4. Gurgul, S., & Fornalik-Wajs, E. (2024). Understanding of 

RANS-modelled impinging jet heat transfer through turbulence 

kinetic energy, momentum and energy budgets. Archives of Ther-

modynamics, 45(3), 13–30. doi: 10.24425/ather.2024.150451 

5. Kaniowski, R.M. (2024). Pool boiling for water on surfaces with 

inclined microchannel. Archives of Thermodynamics, 45(2),  

41‒49. doi: 10.24425/ather.2024.150850 

6. Rafałko, G., Mosdorf, R., Grzybowski, H., Dzienis, P., & Górski, 

G. (2024). Multiscale entropy applications for complexity analy-

sis of two-phase flow. Archives of Thermodynamics, 45(2), 

83−90. doi: 10.24425/ather.2024.150854 

7. Bobrowski, J., & Gutkowski, A. (2024). Influence of wall tem-

perature on condensation rate in duct flow of humid air: a com-

prehensive computational study. Archives of Thermodynamics, 

45(3), 127–133. doi: 10.24425/ather.2024.151229 

8. Sutjahja, I.M., Yusuf, A., Anggraini, Y., Ulhaq, S.D., Kurnia, D., 

& Wonorahardjo, S. (2024). Asymmetrical melting and solidifi-

cation processes of phase change material and the challenges for 

thermal energy storage systems. Archives of Thermodynamics, 

45(3), 135–147. doi: 10.24425/ather.2024.151224 

9. Wang, Y., Ma, Z., Gu, Y., & Guo, Q. (2017). Multi-optimization 

of thermodynamic performance of an HT-PEM fuel cell based  

on   MOPSO   algorithm.   Archives   of   Thermodynamics,   45(3),  

197–208. doi: 10.24425/ather.2024.151231 

10. Mamache, S., Mendil, F., & Bouda, F.N. (2024). Thermal insta-

bility of three-dimensional boundary layer stagnation point flow 

towards a rotating disc. Archives of Thermodynamics, 45(4), 61–

72. doi: 10.24425/ather.2024.151997 

11. Kuś, T., & Madejski, P. (2024). Numerical investigation of ther-

mal-flow processes in the ejector-condenser for selected geomet-

rical parameters. Archives of Thermodynamics, 45(4), 73–83. doi: 

10.24425/ather.2024.151998 

12. Kalina, J. (2024). Sizing large-scale industrial heat pump for heat 

recovery from treated municipal sewage in coal-fired district 

heating system. Archives of Thermodynamics, 45(4), 107–124. 

doi: 10.24425/ather.2024.152001 

 

On 24 June 2025, a meeting of the Programme Council of 

AoT was held to select the laureate of TheFA for the year 2024. 

The meeting was attended by: 

• Prof. Janusz Badur (Donor of TheFA 2024), 

• Prof. Tadeusz Chmielniak, 

• Prof. Piotr Furmański, 

• Prof. Dariusz Kardaś (Chairman of the Council), 

• Prof. Robert Kobyłecki. 

Council members presented their views on 12 articles nomi-

nated by AoT Editors. The discussion covered both the scientific 

merit of each paper and their links to fundamental issues in ther-

modynamics. Finally, the Donor of the Award 2024, a renowned 

thermodynamicist  Professor Janusz Badur, presented his as-

sessment of the most noteworthy articles. From among the nom-

inated works, he decided to bestow his award on the paper:  
 

Gurgul, S., & Fornalik-Wajs, E. (2024). Understanding 

of RANS-modelled impinging jet heat transfer through 

turbulence kinetic energy, momentum and energy budg-

ets. Archives of Thermodynamics, 45(3), 13–30. doi: 

10.24425/ather.2024.150451 
 

The Donor underlined that the awarded paper is deeply 

rooted in classical thermodynamics and that its subject—model-

ling turbulent heat transfer—rests on analysing temperature and 

velocity fluctuations. The work offers an alternative, novel ap-

proach to heat transfer in impinging-jet flows, and the selected 

application example helped to highlight key features of turbulent 

phenomena. 
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Short scientific biography of the Donor  

of TheFA 2024 – Professor Janusz Badur 

Professor Janusz Badur (born 1952 in Iława, Warmia and Ma-

zury Voivodeship, Poland) is a thermodynamicist who has been 

specialising for years in numerical modelling of combustion and 

phase transitions in the flow of working fluids through technical 

devices such as reactors, combustion chambers or turbines. Pro-

fessionally, he is associated with the Institute of Fluid-Flow Ma-

chinery of the Polish Academy of Sciences in Gdańsk. He was 

also associated with such excellent technical universities as: 

Ruhr-Universität Bochum (19801993), Université de Poitiers 

(1994), Cape Town University (1996), Manchester Univer- 

sity (1995), Technical University of Gdańsk (19962000, 

20092015), Technical University of Koszalin (19992015), 

University of Warmia and Mazury (19982002), Kazimierz 

Wielki University of Bydgoszcz (20162022).  

Prof. Badur’s deepest professional interest and practical 

skills stem from his long and technically-oriented education – 

he learned the trade of a bricklayer at a vocational school in 

Prabuty (19651968) and the trade of a technician in Olsztyn 

(19681971). 

He studied at Gdańsk Technical University (19711974) and 

Cracow Technical University (19741976). He worked part-

time at numerous companies and offices, his longest stint  

being at the Gdańsk Industrial Construction Design Office 

(19761978). 

His scientific ties lie primarily with the Institute of Fluid-

Flow Machinery PAS, where he earned his doctorate in 1985 

and habilitation in 1993. In 1993, as part of the Institute's trans-

formation, Professor Zbigniew Bilicki entrusted him with the 

challenging task of building a department dedicated to modern 

methods of computational mechanics (CFD, CSD, FSI). 

Thanks to the focused attention and talent of his staff and 

doctoral students, the Energy Conversion Department has devel-

oped computational programs based on mathematical models 

combining thermodynamics, fluid flow and solid deformation. 

These tools are continually developed and supplemented with 

elements resulting from practical needs. 

In 19932013, the research team of the Energy Conversion 

Department, led by Professor Badur, participated in Alstom 

Power's large-scale program to modernise the Polish energy sec-

tor, which aimed at emission-free, highly efficient and cheap 

electric energy production. This was a major modernisation pro-

gram for Polish power plants, which posed numerous challenges 

and scientific problems. Among them were the problems of nu-

merical simulation of real, full-scale and unrecognised phenom-

ena occurring in turbines and reactors. Many of these problems 

became the subjects of 54 doctoral theses supervised by Profes-

sor Badur. 

Between 2013 and 2025, the research efforts of Professor 

Badur and his Energy Conversion Department focused on direct 

collaboration with the largest domestic power plants. A series of 

projects were carried out for power plants in: Bełchatów, Os-

trołęka, Opole, Turów and Gorzów Wielkopolski. These pro-

jects yielded tangible financial benefits and improved the coun-

try's energy security. 

Recently, Prof. Badur's 

main scientific specialisa-

tion, presented in over 90 

publications, is the devel-

opment of computational 

tools for the science called: 

fluid-solid interactions 

(FSI), where new models 

of boundary conditions for 

fluid-solid contact are nec-

essary, since the basic phe-

nomena are concentrated 

there.  

In particular, the FSI formalism requires that many phenom-

ena that either originate at the surface or are induced by the in-

terface between two bodies, be reformulated or expressed com-

pletely differently. This applies especially to the surface boiling, 

cavitation, spontaneous condensation, catalytic combustion, 

wall turbulence, surface cracking, scaling, wear and friction, 

surface plasticity, and surface heat and mass transport. Due to 

this large accumulation of surface phenomena, numerical FSI 

methods must be of the "preserving structure" type, which is an-

other major challenge in computational thermodynamics. There-

fore, Professor Badur is developing the mathematical founda-

tions of FSI within an approach called: "post-Hamiltonian ther-

modynamics." 

Prof. Badur is also the author of a number of scientific mon-

ographs, among which the most famous is the 1160-pages work 

"The Evolution of the Concept of Energy" (2009). He revaluated 

and modernised the Carnot theory of heat exchange and the laws 

of thermodynamics established by Lazar Carnot and Sadi Car-

not. In his monograph "Eternal Energy Conversion" (2017), he 

revaluated Aristotle's thermodynamics and examined its four re-

naissances. He showed that Aristotle's concept of teleology and 

his principle of least action could be a competing paradigm of 

thought compared to that of Clausius.  

Similarly, in his monograph "Eternal Symmetry of Noether" 

(2019), drawing on historical research, he demonstrated the su-

periority of thermodynamic principles over the symmetries of 

gauge field theory. 

Also, having a thermodynamic point of view on the prob-

lems of interaction of matter and fields, in the monograph "Eter-

nal Relativity of Whitehead" (2022) he showed that excessive 

geometrisation of physics leads to models that violate the first 

law of thermodynamics, while algebraisation of physics, on the 

contrary, allows the elevation of the first and second laws of 

thermodynamics to the role of superior laws. 

Janusz Badur, like Socrates, loves to talk and debate with 

young scientists. This is because he was fortunate enough to 

meet sages such as Anna Stefaniak, Janusz Chojnacki, Andrzej 

Walicki, Zbigniew Bilicki, Stanisław Sieniutycz, and others. 

From these science-minded individuals, he received much kind-

ness and financial support. Therefore, the Thermodynamics 

Frontier Award (TheFA) is the best possible continuation of this 

approach. 

 

AoT Editorial Board 

 



 

1. Introduction 

An ejector is a device that utilises the Venturi effect to create 

a vacuum and entrain gas or vapour from a desired vessel or sys-

tem. In this study, the two-stage ejector (TSE) operates with wa-

ter vapour as a working fluid for both primary and secondary 

flows, leveraging the constant rate of momentum change 

(CRMC) approach to enhance the ejector performance. It works 

similarly to a vacuum pump but without any moving parts. In 

the early 19th century (1942), the ejector model was developed 

by Keenan J. H. and Neumann E. P. These ejectors are built on 

constant area and pressure mixing (CAM and CPM) approaches. 

Several efforts have been made to optimise the ejector parame-

ters, viz. nozzle parameters [1], mixing section geometrical pa-

rameters [2], diffuser geometrical parameters [3] and ejector op-

erating parameters [4]. Even after all efforts made to improve 

both CAM and CPM single stage ejectors, their performance is 

limited. It is found that the CPM ejector exhibits a better perfor-

mance than that of the CAM ejectors [5]. A novel method for  

a comprehensive analysis of geometric properties that can be 

used to alter the mass flow ratio and the hydrogen mass flow 

was introduced. Additionally, the dynamic behaviour of the fuel 

cell system's ejector was investigated in [6]. According to en-

ergy, exergy, and economic considerations, the goal of the re-

cent study [7] was to thoroughly examine the performance of  

a solar ejector cooling system. It was meant to provide a com-

plete view of the solar cooling system performance under typical 

operational circumstances. 
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Abstract 

A two-stage ejector based on a constant rate of momentum change is a geometrical arrangement of a single-stage ejector to 
further improve its performance, utilising water vapour as a working fluid for both primary and secondary flows. Creating an 
additional secondary inlet in the single-stage ejector helps to further entrain the secondary mass flow, resulting in a better 
entrainment ratio. The present study utilises the constant rate of momentum change, and a 1D gas dynamic approach to 
compute the geometrical profile and flow parameters using MATLAB. The numerical software ANSYS Fluent 18.0 is utilised 
to analyse the two-stage ejector geometry. The global performance ejector entrainment was computed at on and off design 
conditions. The results show that the two-stage ejector entrainment ratio is significantly higher than that of the previously 
studied single-stage ejector. The entrainment ratio of the two-stage ejector increases to reach the on-design value of operating 
conditions, and then starts decreasing.  

Keywords: Constant rate of momentum change; Ejector; Two-stage; CFD. 
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Nomenclature 

L – length, m 

M – Mach number  

ṁ – mass flow rate, kg/s 

T – temperature, K 

Pd – discharge pressure, Pa 

Ps – suction pressure, Pa 

u – velocity, m/s 

 

Greek symbols 

ρ – density, kg/m3  

φ – entrainment ratio  

 

Subscripts  

e – exit flow 

I, J – space component 

m – mixing 

n – nozzle 

o – stagnation condition 

p – primary fluid flow 

s – secondary fluid flow 

s1 – secondary fluid flow (Stage I) 

s2 – secondary fluid flow (Stage II) 

 

Abbreviations and Acronyms 

CAM – constant area mixing 

CFD – computational fluid dynamics 

CPM – constant pressure mixing  

CRMC – constant rate of momentum change 

RANS – Reynolds-averaged Navier-Stokes 

SSE – single-stage ejector 

TEWI – total equivalent warming impact 

TSE – two-stage ejector 

Kanbur et al. (2025) [8] used a coupled CFD and thermody-

namic model to define outlet boundary conditions through mul-

tiphase CFD simulations. The study claims that this framework 

reduces reliance on experimental data. A comprehensive assess-

ment of energy, exergy, and economic factors conducted by 

Ogaili et al. [9] highlights an integrated solar-thermal power sys-

tem, which leads to more sustainable and cost-effective energy 

solutions. The single-compression multi-temperature ejector re-

frigeration sequence architecture is proposed by Fabris et al. 

[10] for last-mile deliveries of multi-temperature goods in urban 

environments. The design of ejectors helps effectively to reduce 

the overall carbon footprint associated with road transport re-

frigeration systems. These results have significant implications 

for the design and deployment of hybrid refrigeration systems 

that seek to reduce their ecological influence while upholding 

operational flexibility [11]. 

The current investigation involved an experimental analysis 

of a gas ejector with a spindle calculated for use with propane 

(R290) as a working fluid. The performance of the ejector was 

assessed using conventional literature notation, the critical tem-

perature and entrainment ratio, which are the supreme important 

factors for adjusting cooling capability in ejector-based refriger-

ation methods [12]. In order to optimise the ejector performance, 

the surrogate model developed in [13] uses a multi-objective 

evolutionary approach to increase entrainment and compression 

ratios while reducing entropy output. The stagnation tempera-

ture ratio is found to be one of the main factors that enhances 

mixing layer growth and ejector performance. The optimised 

ejector shows a roughly 25% boost in efficiency over a non-op-

timised one. The study [14] looks at how well four cutting-edge 

cascaded refrigeration systems work to cool at lower tempera-

tures while consuming less energy. In a flash binary geothermal 

cycle, the study [15] offers a new method to increase the effi-

ciency of a geothermal-based power plant by substituting an 

ejector for conventional expansion valves. 

A two-stage ejector (TSE) is a type of ejector system that 

involves two stages of compression or fluid entrainment to 

achieve the desired pressure or flow rate (refer to Fig. 1). Ejec-

tors, also known as jet pumps, are devices that use the principle 

of fluid dynamics to transfer or compress fluids. They operate 

by entraining a secondary fluid or gas using a high-speed pri-

mary fluid, typically at a nozzle or diffuser, creating a low-pres-

sure section that draws in the secondary fluid. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.1. Performance evaluation 

Performance evaluation of a TSE involves assessing the effi-

ciency and effectiveness of a system that uses two ejectors in 

series to entrain and compress the secondary fluid (suction 

fluid). This configuration allows for higher compression ratios 

and is often used in applications requiring higher pressures, such 

as in studies involving entrainment ratio, discharge pressure, 

suction pressure, critical pressure ratio, and experimental test-

ing. 

1.2. Entrainment ratio 

The entrainment ratio of a two-stage ejector denotes the propor-

tion of mass flow rate attributed to the secondary fluid (often 

referred to as entrained or suction fluid) with respect to the flow 

rate of primary fluid (typically termed motive fluid) within each 

stage of the ejector. The equation which can be used to calculate 

the entrainment ratio is given as follows: 

 𝐸𝑅 =
𝑚̇𝑠,1+𝑚̇𝑠,2

𝑚̇𝑝
 . (1) 

Here, ṁs,1 is the mass flow rate of the secondary fluid en-

trained at the first stage, where the primary fluid (motive fluid) 

 

Fig. 1. Schematic of a two-stage ejector. 
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interacts with the secondary fluid. The mixed fluid from the first 

stage then acts as the motive fluid for the second stage, entrain-

ing an additional secondary mass flow rate ṁs2 at the second in-

let. This distinction ensures that the contributions of both stages 

to the overall entrainment are clearly captured. 

1.3. Compression ratio/lift pressure ratio 

The compression ratio is given as follows: 

 𝐶𝑅 =
𝑃𝑑𝑖𝑠

𝑃𝑠𝑢𝑐
. (2) 

Here, Pdis denotes the pressure at the discharge boundary, and 

Psuc signifies the pressure at the suction boundary. 

Although single-stage ejectors are frequently used to create 

vacuum, they have some disadvantages that can affect their per-

formance in some applications, including limited vacuum gen-

eration, decreased efficiency, reduced performance at low pres-

sures, and a larger size. However, the addition of a two-stage 

ejector contributes to getting over these restrictions as explained 

by various researchers.  

In the study of a two-stage ejector [16], the numerical tech-

nique utilising Navier-Stokes equations and the theoretical as-

sessment using a 1-dimensional model have been used to criti-

cally evaluate the flow phenomena within ejector systems. Ex-

isting experimental data were used to validate both numerical 

and theoretical results. In [17], to determine the ideal design pa-

rameters, numerical studies utilising computational methods 

were used to estimate the performance phenomena of the two-

stage ejector system. It has been suggested that a TSE system is 

a valuable different configuration for making use of the fired 

thrust of the discharged flow. As compared to the traditional sin-

gle-stage ejector system, the performance can be greatly en-

hanced. It is shown in [18] that the two-stage ejector-diffuser 

system performs approximately four times better than the single 

ejector system. A trial exploration of a two-stage ejector refrig-

eration system, encompassing activities such as design of the 

system, operation, and empirical assessment was made in [19]. 

It was examined using independently varying temperatures for 

evaporation and condensation to examine the likelihood for  

a system performance change. The blended performances of 

both the ejectors used in the two-stage ejector-based multi-evap-

orator refrigeration system (TEMERS) were examined in [20] 

utilising a two-dimensional CFD modelling method. First, the 

cooling capacity requirements of the refrigeration and air-con-

ditioning chamber define the main nozzle diameters. Using the 

verified Reynolds-averaged Navier–Stokes (RANS) simulation 

model, a shape optimisation was performed to maximise the en-

trainment performance of the R134a two-phase ejector [21]. The 

suggested review updates the body of prior research on the topic 

by talking about the pertinent and latest material. Expressive and 

latest improvements in refrigeration cycles, two-phase ejector 

modelling and other potential applications are shown and ad-

dressed in their respective contexts [22]. The concept of a two-

stage ejector design was proposed, incorporating a second inlet. 

In the replication, the steam ejector refrigeration system's varied 

operating parameters were used to evaluate the TSE perfor-

mance, which was then compared to the SSE performance [23]. 

The current two-stage ejector, which is CRMC-based, can high-

light recent and important developments in the area based on 

supersonic design. ANSYS Fluent 14.0 was used to examine the 

calculated model numerically for the specified design input pa-

rameters and was validated by numerical data [24]. Using ther-

modynamic analytical techniques, the two-stage cascade refrig-

eration cycle (CARC) with an enhanced ejector was compared 

in [25] with the conventional CARC for effectiveness. It has 

been suggested that the TSE should replace the single-stage 

ejector due to its superior geometrical configuration, which al-

lows better utilisation of the discharge flow’s terminated mo-

mentum to generate secondary flow [26]. To upgrade the energy 

effectiveness of the refrigeration system on a fishing craft, the 

study [27] proposed a TSE based subzero refrigeration system 

in order to construct and achieve the best entrainment perfor-

mance, where each stage's specified parameter is developed with 

the consideration of the area ratio. A pattern of established and 

newly developed exergy approaches is utilised in [28] to assess 

the exergy destruction properties inside the system. Another in-

vestigation provides the optimum design and process control 

methodologies for the hydrogen passage system with a dual 

ejector to support all aspects of PEMFC system processes [29]. 

To enhance CO2 two-phase ejectors' off-design performance,  

a new swirl-bypass nozzle ejector-based design is put forth in 

[30]. A 3D multiphase CFD is used to investigate the design of 

such a device. This study looks at the impact of adding an ejector 

to two-phase cascades for refrigeration at very low tempera-

tures. The impacts of various ejector configurations on thermo-

dynamics, the environment, and the economy are compared. The 

main characteristics examined are the volumetric chilling capac-

ity, best cascade temperature, economic analysis, and total equi-

valent warming impact (TEWI). The impact of various refriger-

ants on the cycle of low-temperature of the two-stage cascade is 

also examined [31]. The report [32] presents the findings of  

a computer-based fluid dynamic study on the TSE execution in 

a system of refrigeration using a steam ejector, along with  

a comparison to an SSE without altering the ejector’s area ratio. 

There is a discussion of the elevated entrainment ratio, coeffi-

cient of performance (COP), and the additional adaptable TSE 

functioning.  

Environmentally friendly refrigerants are replacing those 

whose use is either completely prohibited or highly restricted by 

the Kyoto Protocol. One such refrigerant, R134a, has had its use 

restricted and will eventually be completely outlawed. R134a 

has several substitutes, and various studies have been performed 

to determine possible replacements based on performance crite-

ria. In the study [33], the effects of using R1234ze€, R1234yf, 

or R600a as an alternative for R134a in the ejector-based bus air 

conditioning for single and dual ejectors were investigated. 

Given the increasing demand for heating, the implementation of 

high-efficacy heating within combined heat and power systems 

is regarded as a pragmatic method toward conserving energy 

and reducing emissions [34]. A novel two-stage ejector featur-

ing a control switching technique is presented in [35]. The main 

purpose is to ensure consistent and stable performance of the 

TSE across a wide range of primary flow pressures. To achieve 

this, an optimal switching approach has been devised. Accord-
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ing to the numerical findings, when 60% of the pressure reaches 

the specified primary flow pressure, the TSE demonstrates an 

impressive 79.4% increase in entrainment ratio as compared to 

the traditional single-stage ejector. 

Recently, the multi-stage ejector is considered as a high-per-

formance device as compared to a single stage ejector. In the 

present study, the 1-D gas dynamic model of a single stage ejec-

tor is modified by creating a second opening at the exit of the 

mixing section, where the secondary flow can again be dragged 

through the momentum of the mixed fluid from a single stage. 

ANSYS Fluent 18.0 is used to analyse the two-stage ejector ge-

ometry for on and off design operating conditions. 

2. Mathematical computation of the two-stage  

ejector geometry 

The analysis is limited to the axi-symmetric ejector. This section 

explains the compressible flow theory in one dimension, utilis-

ing the CRMC method with frictional effects for real fluids. The 

design approach is based on the equations of steady flow in an 

adiabatic steady-state system.  

2.1. Computation of flow properties at the exit from 

the mixing region for a two-stage ejector. 

In addition, SSE [36] was modified to become a TSE. Utilising 

superfluous momentum from the initial stage to further entrain 

the secondary flow is made possible by the TSE’s additional en-

trainment passageway at the mixing section's outlet. The geom-

etry calculation procedure for a TSE is nearly identical to that of 

a single-stage supersonic ejector, except for the calculation of 

the ejector's second stage. To determine the equilibrium proper-

ties at the ejector section J-J', which is necessary for computing 

the TSE diffuser region, certain alterations were completed to 

the creation of section J-J', which is shown in Fig. 2. The regions 

of nozzle and mixing area of the computed two-stage ejector re-

main the same as those of the single-stage ejector (SSE), but the 

diffuser section of TSE was computed separately. The geometry 

of TSE is computed using the CRMC approach with the key pa-

rameters including the nozzle diameter (dn = 99.5 mm), mixing 

section length (Lm = 95 mm), and diffuser length (Ld = 250 mm), 

as illustrated in Fig. 3. These parameters are derived from the 

1D gas dynamic model to ensure optimal entrainment and pres-

sure recovery.  

 𝐶𝑛,𝑒 = 𝐶𝑚,𝑒, (3) 

 𝜑 → 𝜑 =
𝑚𝑠,2̇

𝑚̇𝑚,𝑒
, (4) 

 𝑚̇𝑚,𝑒 = 𝑚̇𝑝 + 𝑚̇𝑠1, (5) 

 𝑇0,𝑝 → 𝑇𝑜,𝑚, (6) 

 𝑇0,𝑠1 → 𝑇𝑜,𝑠2, (7) 

 𝑇0,𝑠1 → 𝑇0,𝑠2, (8) 

 𝜌0,𝑠1 → 𝜌0,𝑠2. (9) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.3 Selection of design conditions 

The working fluid for both primary and secondary flows is water 

vapour (steam). Steam superheating is critical for ejector perfor-

mance, as it ensures that the primary flow remains gaseous dur-

ing expansion in the nozzle, preventing condensation that could 

disrupt supersonic flow and reduce entrainment efficiency. The 

degree of superheating, defined as the temperature difference 

above the saturation point at a given pressure, enhances the ther-

mal energy available for driving the entrainment process. For 

 

Fig. 2. Discrete modelling of a two-stage ejector. 

 

Fig. 3. CRMC two-stage ejector system. 



Numerical Investigation of a Two-Stage Ejector Based on Constant Rate of Momentum Change … 

 

11 
 

the primary flow, a superheating degree is approximately 30 K 

above the saturation temperature, which ensures stable operation 

and maximises momentum transfer to the secondary flow. 

The primary flow is superheated steam at a pressure of  

2.2 bar and temperature of 423 K, with a superheating degree of 

approximately 30 K above the saturation temperature. The sec-

ondary flow is at 0.014 bar and 300 K, as specified in Table 1. 

To conduct the analytical and numerical examination, the design 

data points specified in Table 1 were taken into consideration. 

 

 

 

 

 

 

 

 

 

 

3. Computational analysis 

The chapter describes the use of a 1-D gas dynamic approach 

and computational fluid dynamics (CFD) for designing and op-

timisation of ejector systems. The 1-D gas dynamic approach 

considers axi-symmetric, steady, turbulent, compressible flow 

that is equivalent to area-averaged axis-symmetric flow. This 

approach is used to generate the ejector geometry, which is re-

quired for CFD analysis. The ANSYS Fluent 18.0 commercial 

software is used for CFD analysis, and it is specifically designed 

for simulating turbulent supersonic flow. This software is effi-

cient in optimising and simulating flow properties, which can 

help in improving the ejector system's performance. It is im-

portant to note that CFD analysis can only be performed when 

the geometry is known. Therefore, the 1-D gas dynamic CRMC 

approach is a necessary step in the ejector system design pro-

cess. The ejector geometries are quantified through a compre-

hensive study using ANSYS Fluent 18.0. Overall, the combina-

tion of the 1-D gas dynamic approach and CFD analysis can pro-

vide a powerful tool for designing and optimising ejector sys-

tems. 

The evaluation of flow properties such as the Mach number, 

pressure, and temperature has been carried out along ejector’s 

axial direction. The computation of the 'entrainment ratio,' a uni-

versal performance parameter, has been supported by the out-

comes predicted by the 1-D gas dynamic model under on-design 

conditions. Additionally, the ejector's off-design features were 

examined to ascertain its adaptability to varying operating con-

ditions and working fluids in diverse fields of application. In the 

off-design investigation, parameters were varied one at a time, 

while the remaining parameters were kept constant. 

The Navier-Stokes equation was numerically solved for the 

2-dimensional axi-symmetric field using a steady-state turbu-

lence model. Listed below are the governing equations in the 

compact Cartesian form [36]:  

 mass equation: 

 
𝜕

𝜕𝑥𝑖
 (𝜌𝑢𝑗) =  0, (10) 

 momentum equation: 

 
𝜕

𝜕𝑥𝑖
  (𝜌𝑢𝑖𝑢𝑗) = − 

 𝜕𝑃

𝜕𝑥𝑖
+

𝜕𝜏𝑗𝑖

𝜕𝑥𝑗
, (11) 

where: 

 𝜏𝑖𝑗 = 
𝑒𝑓𝑓

(
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) −

2

3


𝑒𝑓𝑓

𝜕𝑢𝑘

𝜕𝑥𝑘
𝛽𝑖𝑗 , (12) 

 energy equation: 

 
𝜕

𝜕𝑥𝑖
(𝑢𝑖(𝜌𝐸 + 𝑃)) =▽⃗⃗⃗ . (𝜀𝑒𝑓𝑓

𝜕𝑇

𝜕𝑥𝑖
+ 𝑢𝑗𝜏𝑗𝑖). (13) 

Here, ρ is the mixture density, u is the velocity vector, E  total 

energy, P  pressure, εeff  effective thermal conductivity, μeff  

effective dynamic viscosity and βij is the Kronecker function. 

The shear stress transport (SST) kω turbulence model was 

selected for numerical simulation of the supersonic ejector con-

figuration due to its superior ability to capture mixing layers and 

simulate free shear flows in round and radial jets, which are crit-

ical for accurately modelling the complex flow interactions in 

TSE. Unlike the kε model, which is less effective in resolving 

near-wall effects and separated flows, the kω SST model com-

bines the robustness of kω near walls with the accuracy of kε 

in free-stream regions, making it ideal for this study (Ariafar et 

al. [37]). Below are the governing equations of this model: 

 turbulence kinetic energy: 

 
𝜕

𝜕𝑥𝑖
(𝜌𝑘𝑢𝑖) =

𝜕

𝜕𝑥𝑗
[(µ +

µ𝑡

𝜎𝑘
)

𝜕𝑘

𝜕𝑥𝑗
] + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘, (14) 

 specific dissipation rate: 

 
𝜕

𝜕𝑥𝑖
(𝜌𝜔𝑢𝑖) =

𝜕

𝜕𝑥𝑗
[(µ +

µ𝑡

𝜎𝜔
)

𝜕𝜔

𝜕𝑥𝑗
] + 𝐺𝜔 − 𝑌𝜔 + 𝐷𝜔 + 𝑆𝜔.  

(15) 

Here: 

 𝐺𝑘 = − 𝜌𝑢𝑖
′𝑢𝑗

′̅̅ ̅̅ ̅̅ ̅ 𝜕𝑢𝑗

𝜕𝑥𝑖
 ,        𝑌𝑘 = 𝜌𝛽∗𝑘𝜔,         𝑌𝜔 = 𝜌𝛽𝜔2,  

 𝐷𝑤 = 2(1 − 𝐹1) 𝜌𝜎𝜔,2  
1

𝜔

𝜕𝑘

𝜕𝑥𝑖

𝜕𝜔

𝜕𝑥𝑗
,  

where Gk, Yk and Sk are the generation of turbulent kinetic energy 

owing to mean velocity gradients, the generation of turbulence 

kinetic energy owing to buoyancy and the influence of the vari-

able dilatation in compressible turbulence on the overall dissi-

pation rate, respectively. These terms are expressed as in AN-

SYS Fluent 18.0 (user manual). 𝐺𝜔 and 𝑌𝜔 represent generation 

and dissipation of omega, respectively. 

ANSYS Fluent 18.0 was used to employ control volume-

based discretisation techniques in solving the governing equa-

tions of the problem. The equation’s conventional terms were 

discretised using a second-order upwind approach in order to at-

tain higher-order precision. After that, an implicit method was 

used to resolve the subsequent arithmetic equations using a den-

sity-based joint solver. The algorithm stability was maintained 

by setting a CFL criterion of 5. At the primary and secondary 

flow exits and inlets of both ejectors, the pressure boundary con-

dition was applied. In order to achieve greater orthogonality and 

Table 1. Design data points for two-stage ejector. 

Parameters Primary flow Secondary flow 

Pressure (Pa) 2.2105 1103 

Temperature(K) 423 300 

Degree of superheating (K) 30 0 (saturated) 

Mass flow rate(kg/s) 0.01  

Nozzle exit position = 0   
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better control over mesh quality, the structured quadrilateral 

mesh was employed in the computational zone of TSE geome-

tries (Fig. 4). There were comparatively more cells used in the 

area with the higher velocity gradient.  

The boundaries are assumed to have zero normal gradients 

(refer to Fig. 5), resulting in no-slip conditions. In all simulation 

scenarios, the convergence criterion for the continuity equation 

and various equations, including X and Y velocities, energy, tur-

bulence kinetic energy, and turbulence dissipation rate, is set  

to 10-5. For the TSE geometry, the residual convergence crite-

rion for the continuity equation is 10-9. The supersonic flow 

computational model is solved using a second-order upwind 

scheme with an under-relaxation factor of 0.3, and standard wall 

treatment is used near the wall. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.1. Grid Independence study  

The kω SST model was used to conduct a grid independence 

study on both computational domains. Initially, 60 432 elements 

were created. The grid-independence study was conducted to as-

sess the performance parameter known as the "entrainment ra-

tio”. This study involved increasing the number of grid elements 

from 60 432 to 110 246. The results indicated that the variation 

was less than 5%. Based on this assessment, the number of ele-

ments was established at 110 246. However, a higher number of 

grid elements was defined in the ejector’s mixing region to ac-

curately capture the mixing phenomenon. The mesh quality was 

assessed based on the mesh orthogonality and aspect ratio. The 

results (refer to Table 2) indicate that changes of the entrainment 

ratio were insignificant beyond ~110 246 elements, thus further 

study was conducted using the number of cells around this value. 

 

 

 

 

 

 

 

 

 

 

4. Validation of the CRMC approach for the two-

stage ejector diffuser section 

The validation of the 1D ejector model incorporating the CRMC 

approach with CFD was carried out. The purpose of this valida-

tion was to verify the 1D ejector model before advancing to the 

study of operating parameters. On-design data (see Table 1) 

were used for this analysis. The results obtained from the CFD 

study, particularly the static pressure, were compared with those 

calculated from the 1D ejector model under design conditions. 

In the CFD results, the combined flow of the single-stage ejector 

and the secondary auxiliary fluid enters and mixes at the second 

stage, exhibiting oscillations near the diffuser inlet. However, 

this behaviour is not captured by the 1D ejector model. The 

static pressure variation along the diffuser region of the 1D ejec-

tor model and CFD centreline results are shown in Fig. 6. Mixed 

fluid of SSE and secondary auxiliary fluid exchange their kinetic 

energy and momentum during mixing and grasp up to equilib-

rium with uniform flow properties. The flow downstream of the 

diffuser shows a diminishing deviation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2. Detailed mesh used for TSE computational domain.  

Model No. No. of cell Entrainment ratio (𝝋) 

TM-1 60432 0.624 

TM-2 80642 0.649 

TM-3 110246 0.657 

TM-4 130324 0.658 

TM-5 150132 0.656 

 
 

Fig. 6. Variation of static pressure along the diffuser section under on-

design conditions (Po,p = 2.2 bar, Po,s=0.014 bar, Pe= 0.01925 bar). 

 

Fig. 5. Boundary conditions employed in TSE ejector computational domain. 

 

Fig. 4. CRMC two-stage ejector computational domain. 
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5. Results and discussion 

The computational study has been performed on the two-stage 

ejector model, which was considered for mathematical study. 

The effect of operating parameters on the performance of the 

ejector model is presented here. Mach number contours are em-

ployed to analyse the operating effects on the performance.  

Figure 7 shows the contours of Mach number. The flow char-

acteristics within the ejector can be perceived along with first 

and second series of oblique shock waves, diamond wave and 

shear layer. The primary supersonic flow and secondary sub- 

sonic flow start interacting after entering the mixing section, and 

move towards the second stage with uniform flow properties. 

The effective area plays an important role for entering secondary 

flow. The uniformly mixed fluid from SSE acts as the primary 

fluid, enabling further entrainment of secondary fluid in TSE. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.1. On-design study  

A CFD examination was conducted to analyse the design of two-

stage ejectors. Figure 8 displays the pressure fluctuations during 

the regions of mixing and diffuser. At stage I, the primary and 

secondary fluid flows strongly interact, causing pressure pulsa-

tion in the mixing section. Furthermore, pressure oscillation was 

noted in the diffuser section as a result of the contact of second-

ary and mixed flow at stage II.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The pressure gradually increased in the diffuser region after 

the mixing of the motive and secondary fluids at both stages. 

The static pressure at the diffuser section exit was predicted to 

be 0.01925 bar through numerical analysis. 

Figure 9 depicts the Mach number fluctuation throughout the 

two-stage ejector. The anticipated Mach number at the centre-

line calculated numerically is 4.3, while the design Mach num-

ber determined analytically is 3.03. The average Mach number 

was taken from the analytical design, whereas the centreline 

Mach number was obtained from the CFD investigation. 

Figure 10 displays the overall pressure fluctuation occurring 

alongside the mixing and diffuser region of TSE. The mixing 

section exhibits a discernible loss of total pressure (as depicted 

in Fig. 10) owing to the strong interaction between primary and  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Static pressure variation along the two-stage ejector under  

on-design conditions (Po,p = 2.2 bar, Po,s=0.014 bar, Pe= 0.01925 bar). 

 

Fig. 9. Mach number variation along the two-stage ejector under  

on-design conditions (Po,p = 2.2 bar, Po,s=0.014 bar, Pe= 0.01925 bar). 

 

Fig. 10. Total pressure variation along the two-stage ejector under  

on-design conditions (Po,p = 2.2 bar, Po,s=0.014 bar, Pe= 0.01925 bar). 

 

Fig. 7. Mach number contours of the two-stage ejector under on-design conditions (Po,p = 2.2 bar, Po,s=0.014 bar, Pe= 0.01925 bar). 



Kumar A., Yadav S.K., Kumar, V.  
 

14 
 

secondary fluid at the section inlet. The shift in the total pressure 

occurs gradually and uniformly, thanks to the CRMC method 

that prevents any thermodynamic shock occurring at the diffuser 

section inlet, unlike for the conventional ejector system. 

Figure 11 illustrates the changes in static temperature as it 

traverses the mixing and diffuser sections of a two-stage ejector 

system. The static temperature experiences a decrease initially 

in stage I because of the interplay between the primary and sec-

ondary fluid flows. However, it subsequently gradually in-

creases along the diffuser section and ultimately reaches 358 K 

at the exit of the diffuser section. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.2. Off-design optimisation 

Numerical analysis has been conducted to examine the 

performance of the TSE at different operating pressures. One 

operating pressure was altered at a time while the other remained 

constant as per the design. The numerical analysis optimised the 

TSE performance by evaluating the entrainment ratio (φ) under 

varying primary flow pressure, exit pressure, and nozzle exit 

position (NXP). The results (Fig. 12) show that the entrainment 

ratio peaks at a primary flow pressure of 2.2 bar under on-design 

conditions.  

 

 

 

 

 

 

 

 

 

 

 

 
Figure 12 depicts the correlation between the entrainment ra-

tio and the total pressure of the primary flow. The mass inflow 

and momentum during the nozzle's flow at exit increase when 

the primary flow's total pressure is raised. In the area of the mix-

ing section, this increase in momentum speeds up the entrain-

ment process. Nevertheless, the secondary mass flow rate that 

must be entrained in Stages I and II increases more slowly than 

the primary mass flow rate. Consequently, the entrainment ratio 

shows an initial rise in stages I and II as the primary flow total 

pressure increases (below the on-design primary flow total pres-

sure of approximately 2.2 bar). After this point, the entrainment 

ratio begins to decrease. 

Figure 13 displays the Mach number contours of a two-stage 

ejector, which can help explain the physical phenomena related 

to this pattern. When the primary flow total pressure increases, 

the secondary shock location moves downstream, causing the 

pressure within the suction section to increase for the same exit 

pressure (Pe = 0.01925 bar). However, above the on-design 

point, an increase in primary flow pressure decreases the pres-

sure difference inside the suction chamber, reducing the trend to 

entrain secondary flow. Moreover, due to a decrease in the ef-

fective area at stages I and II, the ejector can operate at higher 

critical pressure levels. Consequently, the overall entrainment 

ratio decreases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 14 depicts how the entrainment ratio changes with the 

exit pressure. This numerical investigation was conducted when 

NXP was equal to zero. The ejector's performance curvature is 

classified into three types: choked, unchoked and reverse flow. 

As the exit pressure rises, the oblique shock becomes more pow-

erful, and shock waves travel upstream. As a result, both of the 

flows, i.e. primary and secondary flows, are disrupted at stages 

I and II.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11. Static temperature variation along the two-stage ejector under 

on-design conditions (Po,p = 2.2 bar, Po,s=0.014 bar, Pe= 0.01925 bar). 

 

Fig. 14 Effect of exit pressure on entrainment ratio (φ). 

 

 

Fig. 13. Primary flow pressure impact on secondary shock position. 

 

Fig. 12. Effect of entrainment ratio (φ) on primary flow total pressure. 
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When the exit pressure is further increased, the shock waves 

become stronger and impede the secondary flow from entraining 

at stages I and II, leading to a reduction in the entrainment ratio. 

In this investigation, the ejector was found to operate under 

double fluid choking at pressures up to 0.01925 bar, with mini-

mal variation in the entrainment ratio. However, when the  

primary fluid alone was choked (between 0.01925 bar and  

0.02300 bar), there was a dramatic decrease in the system's en-

trainment ratio. The system reached its breakdown point at 

0.02350 bar. 

To avoid choking of both primary and secondary flows dur-

ing reverse flow, the primary flow is directed into the suction 

chamber. This study shows that the ejector must operate in 

a choked flow region, with a critical pressure separation, to 

achieve the highest entrainment ratio. 

The Mach number contours in Fig. 15 illustrate how the 

shock position of TSE is influenced by the exit pressure. The 

second series oblique shock wave position's distance decreases 

with the increasing exit pressure, which affects the mixing phe-

nomenon in the stage I and II entrainment zone. Still, the en-

trainment ratio stays constant up to the on-design departure pres-

sure (Pe = 0.01925 bar). Beyond this threshold, the entrainment 

ratio decreases as exit pressure rises. This study, which relies 

solely on the CRMC theory, identified the critical exit pressure 

as the on-design condition for the two-stage ejector through an-

alytical analysis. Numerical analysis confirms that the ejector 

performs optimally under double choked conditions (primary 

and secondary flow) at the on-design exit pressure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The placement of the nozzle exit is a critical geometric factor 

for two-stage ejectors as it dictates the expansion angles of the 

jet and the converging passageway that induces flow in the en-

trainment region. In the two-stage ejector system, the entrain-

ment area is not explicitly calculated through analytical model-

ling. To assess the impact of the nozzle exit position, the varia-

tion was tested comparative to the on-design situation  

(NXP = 0) in both the upstream (−4 mm) and downstream  

(+3 mm) directions of the flow at 1 mm intervals (refer to  

Fig. 16). The numerical results demonstrate that the entrainment 

ratio increases up to −2 mm when moving away from NXP = 0 

in the upstream direction, followed by a decrease. Conversely, 

moving from NXP = 0 into the mixing area when going down-

stream decreases the entrainment. As a whole, it is clear that ad-

justing the nozzle exit location away or towards the mixing area 

from NXP=0 results in a significant alteration of the entrainment 

ratio. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

By altering the expansion of the jet and induced flow path-

ways, entrainment varies with NXP. In the mixing portion, mov-

ing downstream lowers the induced flow passage and expansion 

angle, which lessens entrainment. Furthermore, the momentum 

of motive flow responsible for induced secondary flow de-

creases with the increasing distance from the suction port be-

cause of positive NXPs. On the other hand, ejector entrainment 

performance is enhanced when positioned upstream (up to  

2 mm from the mixing plane inlet), which increases the expan-

sion angle and induced flow passage. The findings of the CFD 

and 1-D analyses are compared in Fig. 17. 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Conclusions  

The physics based two-stage ejector was designed and validated 

using on-design CFD results. Operational characteristics like the 

main fluid pressure, exit fluid back pressure, and nozzle exit lo-

cation were also subjected to numerical analysis. It has been ex-

amined how operating parameters affect the entrainment ratio. 

The following is a list of the study's findings: 

 

Fig. 17. Comparison of 1-D and CFD entrainment ratios (on-design). 

 

Fig. 15. Impact of exit pressure on secondary shock position. 

 

Fig. 16. Effect of entrainment ratio (φ) on nozzle exit position (NXP). 
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 The flow characteristic inside the two-stage ejector plays 

a very important role in identifying the oblique shock po-

sitions, diamond type wave, effective area and shear layer, 

and in developing a high performance ejector. 

 Mach number contours are taken into consideration in or-

der to forecast the entrainment effect and the flow behav-

iour inside the ejector. 

 The CFD results of static pressure variation closely match 

the 1D on design ejector obtained results. 

 The entrainment ratio increases with the increase in pri-

mary pressure up to the on-design pressure. Beyond this 

value, the entrainment ratio starts to fall if the exit pressure 

increases. 
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1. Introduction 

Fluid flow across a sheet that is stretched radially is a significant 

subject in chemical, metallurgical, and biological engineering 

applications. It also plays a key role in wire drawing, hot rolling, 

polymer extrusion, metal spinning, and liquid metal processing. 

Numerous researchers have examined the features of mass and 

heat transmission in Newtonian and non-Newtonian fluid flow. 

Khan et al. [1] addressed the heat transfer and axisymmetric 

flow of a cross fluid on a radially stretched sheet. Ahmed et al. 

[2] investigated the effects of radiation and an angled magnetic 

field on the Sisko fluid across a sheet that is stretched radially. 

Utilising the homotopy analysis approach, Sreelakshmi et al. [3] 

explored the time-dependent Jeffrey nanofluid flow across a sur-

face that is expanding radially by employing convective bound-

ary conditions. Khan et al. [4] investigated the flow across 

a stretched sheet involving several slips, radiation, chemical re-

actions, and magnetic impacts. Nayak et al. [5] evaluated the  
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Abstract 

The steady laminar flow past a time-dependent radially stretching sheet with Soret and Dufour effects within a hybrid nanofluid 

is studied. The governing equations are transformed into ordinary differential equations utilising the similarity transformations. 

Successive linearization is employed to linearise the nonlinear system of equations. The resultant system of equations is solved 

using the Chebyshev collocation method. Plots of the velocity, temperature, and concentration for chosen parameters are 

displayed in conjunction with the Sherwood number, Nusselt number, and coefficient of skin friction. As the volume fraction 

of copper (Cu) nanoparticles increases, the important values of these variables decrease, while increasing the amount of alumina 

(Al2O3) nanoparticles causes them to rise. The hybrid nanofluid demonstrates a faster heat transfer rate than the nanofluid on 

the radially stretched surface. Additionally, it has been discovered that increasing the volume fractions of copper (Cu) 

nanoparticles minimizes the coefficient of skin friction, the Sherwood number, and the Nusselt number for the stretching 

surface, while increasing the volume fractions of alumina (Al2O3) nanoparticles boosts the skin friction coefficient, the 

Sherwood number, and lowers the Nusselt number. Furthermore, increasing the Dufour number maintains the Sherwood number 

at a constant level while decreasing the Nusselt number; in contrast, enhancing the Soret number decreases the Sherwood 

number and increases the Nusselt number. 

Keywords: Hybrid nanofluid; Radially stretching sheet; Successive linearisation method; Dufour and Soret effects 
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Nomenclature 

A ‒ unsteadiness parameter, (c/a) 

a, b, c, d (≥0) ‒ constants 

C(r, z, t) – concentration, mol 

C∞ ‒ concentration of the surrounding medium, mol  

Cf  – coefficient of skin friction  

Cp – specific heat at constant pressure, J/(kg K) 

Cs – concentration susceptibility of the hybrid nanofluid 

Cw (Cw>C∞) – concentration at the stretched surface, mol 

Df  – Dufour number (
𝐷𝑚𝐾𝑡(𝐶𝑤−𝐶∞)

𝐶𝑠𝐶𝑝𝜈(𝑇𝑤−𝑇∞)
)  

Dm  ‒ mass diffusivity, (m2/s)  

f′(η) ‒ dimensionless velocity 

KT ‒ thermal diffusion ratio, 1/K 

khnf ‒ thermal conductivity of the hybrid nanofluid, W/(m K) 

Nu ‒ Nusselt number 

Pr ‒ Prandtl number, (𝜈/𝛼𝑓) 

r, z ‒ radial and axial coordinate axes, m 

Re ‒ local Reynolds number, (𝑟𝑈𝑤/𝜈) 

Sh ‒ Sherwood number 

Sc ‒ Schmidt number (/𝐷𝑚) 

Sr ‒ Soret number  (
𝐷𝑚𝐾𝑡(𝑇𝑤−𝑇∞)

𝑇𝑚𝜈(𝐶𝑤−𝐶∞)
) 

T∞ (Tw>T∞) – temperature of the surrounding medium, K 

T(r, z, t) ‒ temperature, K 

Tm ‒ mean fluid temperature, K 

Tw ‒ temperature at the stretched surface, K 

u(r, z, t), w(r, z, t) ‒ velocity components in r and z direction, m/s 

Uw ‒ time-dependent stretching velocity, m/s 

W0 ‒ suction/injection velocity 

 

Greek symbols 

 ‒ thermal diffusivity, m2/s 

 – dynamic viscosity, Pas  

ν ‒ kinematic viscosity, m2/s 

ρ – density, kg/m3  

ψ(r, z) ‒ stream function 

 

Subscripts and Superscripts 

n1 – for the Al2O3 nanoparticles  

n2 ‒ for the Cu nanoparticles 

f – for the fluid  

hnf ‒ for hybrid nanofluid 

 

Abbreviations and Acronyms 

CNT   – carbon nanotube 

MHD  – magnetohydrodynamics 

SLM   – successive linearisation method 

influence of a chemical reaction on mass transfer flow across  

a radially elongated sheet. The majority of research on the radi-

ally expanded surface focuses on steady-state conditions. On the 

other hand, unsteadiness becomes a crucial subject of analysis 

in many engineering processes. Shahzad et al. [6,7] analysed the 

effect of axially symmetrical flow and heat exchange on a time 

dependent radially stretching surface. Srinivasacharya and 

Shravan Kumar [8] used artificial neural networks to investigate 

the movement of Casson fluid across an unsteady sheet that is 

expanding radially under Soret and Dufour’s influence.  

Further, simultaneous heat and mass transfer from different 

geometries embedded in porous media has many engineering 

and geophysical applications. Chamkha and Khaled [9] consid-

ered simultaneous heat and mass transfer of an electrically‐con-

ducting fluid by mixed convection in a stagnation flow over  

a flat plate embedded in a porous medium in the presence of wall 

blowing or suction, magnetic field effects, and temperature‐de-

pendent heat generation or absorption effects. Krishna et al. [10] 

studied the effects of heat and mass transfer on free convective 

flow of micropolar fluid over an infinite vertical porous plate in 

the presence of an inclined magnetic field with a constant suc-

tion velocity and taking Hall current into account. Krishna et al. 

[11] explored the Hall and ion slip impacts on an unsteady lam-

inar magnetohydrodynamics (MHD) convective rotating flow of 

heat generating or absorbing second grade fluid over a semi-in-

finite vertical moving permeable surface. 

The topic of heat transfer improvement has gained lots of 

attention in the last several years. Since nanoparticles have 

a higher thermal conductivity than base fluid, thermal scientists 

have proposed including metallic or non-metallic nanoparticles 

in the base fluid to boost its thermal conductivity. A nanofluid 

is the resultant blend with enhanced chemical and physical char-

acteristics. In 1995, Choi and Eastman [12] coined the term 

"nanofluid." However, to accelerate heat transmission, research-

ers are looking into hybrid nanofluids, a new kind of nanofluids. 

Ordinary nanofluid contains only one nanoparticle in the base 

fluid, whereas hybrid nanofluid is considered a superior nano-

fluid, consisting of two distinct nanoparticles. Hybrid nanofluid 

provides better thermophysical qualities, thereby enhancing heat 

transfer efficiency. Other than the atypically high effective ther-

mal conductivity, hybrid nanofluid can provide great benefits 

when the nanosized particles are adequately dispersed. Hybrid 

nanofluid has been introduced to investigate the properties of 

heat transfer and make it even better. Heat transfer in the fields 

of microelectronics, microfluidics, manufacturing, and medi-

cine are a few of the applications for hybrid nanofluids. Several 

researchers have analysed the heat transfer and boundary layer 

flow of hybrid nanofluids. Devi and Devi [13,14] examined Cu 

nanoparticles regardless of magnetic effects when studying the 

motion of a hybrid nanofluid across a stretched surface. They 

discovered that, compared to ordinary nanofluid, hybrid nano-

fluid increases the heat transmission rate. Recently, many re-

searchers, including Hayat and Nadeem [15], Yousefi et al. [16], 

Subhani and Nadeem [17], Ghadikolaei et al. [18], Usman et al. 

[19], Rostami et al. [20], and Waini et al. [21,22] have analysed 

the heat and mass transfer properties in a hybrid nanofluid flow.  

Gangadhar et al. [23] studied the impact of convective heat-

ing boundary on a second-grade nanofluid flow alongside a Riga 

pattern using a Grinberg term and a Lorentz force applied paral-

lel to the wall of the Riga plate. Ontela et al. [24] studied the 

behaviour of a conducting hybrid nanofluid comprised of CuO 

and Cu nanoparticles over a nonlinear stretching surface filled 

with a porous matrix. Panda et al. [25] investigated the optimi-

sation of heat transportation rate in a nonlinear radiative buoy-

ancy-driven hydromagnetic carbon nanotube (CNT) hybrid 

nanofluid flow. 

Pattnaik et al. [26] analysed the convective transport of radi-

ative blood flow properties in the context of a heated stretch-
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ing/shrinking conducting Riga sensor plate. Panda et al. [27] 

considered the influence of radiating heat on the flow of Powell-

Eyring fluid over a Riga plate subjected to thermal stratification, 

utilising the Cattaneo-Christov heat flux model. 

The Dufour and Soret effects in hybrid nanofluids have been 

the subject of extensive research in recent years. Mass and heat 

transmission in a fluid flow are referred to as Dufour and Soret 

effects. In addition to mass transfer (the Soret effect), the tem-

perature gradient produces variations in concentration. These 

two effects, Dufour and Soret, are simultaneous coupling pro-

cesses. Nisar et al. [28] studied the effects of Dufour and Soret 

in the flow of hybrid nanofluids using numerical methods. Abad 

et al. [29] have documented their exploration of the implications 

of the stagnation point on a hybrid nanofluid based on water, in 

which alumina and Cu are the nanoparticles. Hayat et al. [30] 

examined the consequences of Soret and Dufour numbers on the 

magnetohydrodynamic movement of the Casson fluid across an 

extended surface. Kameswaran et al. [31] addressed the stagna-

tion point flow of a Casson fluid along a stretched sheet in the 

presence of Dufour and Soret effects.  

Many investigators have analysed the Soret and Dufour ef-

fects on the flow of hybrid nanofluid in various geometries. Isa 

et al. [32] researched the consequence of the Soret and Dufour 

effects on the flow of a hybrid nanofluid made of copper and 

alumina nanoparticles in water. Prathiba et al. [33] explored the 

Soret and Dufour effects over a rotating hybrid nanofluid. In the 

context of Dufour and Soret effects, Arif et al. [34] assessed nu-

merically the simultaneous transmission of mass and heat in 

a Maxwell hybrid nanofluid. Sharma et al. [35] performed 

a comparative analysis of the Ag-CuO/H2O hybrid nanofluid 

flow across an inclined stretched surface incorporating Dufour 

and Soret effects. Vijay et al. [36] evaluated magnetohydrody-

namic hybrid nanofluid flow on a revolving, slowing-down disk 

using Dufour and Soret effects. 

From the available literature, the flow of hybrid nanofluid 

over radially shrinking and stretching sheets is extremely rare, 

and none of the published articles consider separately the effect 

of Dufour and Soret parameters on such a fluid stream. Most of 

the investigations on the radially stretching sheet are restricted 

to steady-state. However, when the flow depends on time, 

unsteadiness becomes an important component of study in a va-

riety of engineering processes, e.g. in solar energy, refrigeration, 

heating, ventilation, and air conditioning applications. Hence, to 

bridge the gap, this paper investigates the hybrid nanofluid flow 

behaviour and heat transmission across the time-dependent ra-

dially extending surface with Soret and Dufour effects utilising 

the Tiwari and Das nanofluid model. Hybrid nanofluid is gene-

rated by suspending alumina and Cu nanoparticles in water. 

In the present study, the aluminium and copper nanopar-

ticles are chosen because of their unique thermal properties. The 

combination of aluminium oxide and copper helps to maintain 

nanofluid consistency over time while also giving strong 

thermal characteristics. Cu − Al2O3: H2O is one of the attractive 

choices for improved heat transfer in industries like electronics 

cooling, power generation, and chemical processing. As copper 

is one of the most thermally conductive metals, it enhances the 

thermal conductivity significantly, and Al2O3 adds stability and 

strength. The data of the current analysis is compared with the 

numerical results to verify the findings. 

2. Problem formulation 

The unsteady and laminar flow of a hybrid nanofluid over 

a radially stretching surface with Soret and Dufour effects is 

considered here. Figure 1 depicts the coordinate system and 

geometry. The flow is a consequence of the radial stretching of 

the surface, which has a time-dependent velocity: Uw = ar/(1−ct). 

Let Cw= C∞ + dr/(1−ct) and Tw= T∞ + br/(1−ct) indicate the 

concentration and the temperature at the stretched surface, 

respectively. Here, C∞ (Cw > C∞) and T∞ (Tw > T∞) are the 

concentration and temperature of the surrounding medium, with 

ct < 1 and a, b, c, d (≥ 0) are constants. ∞ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The equations that govern the flow are [37−39]: 

 
∂𝑢

∂𝑟
+

𝑢

𝑟
+

∂𝑤

∂𝑧
= 0, (1) 

 
∂𝑢

∂𝑡
+ 𝑢

∂𝑢

∂𝑟
+ 𝑤

∂𝑢

∂𝑧
=

𝜇𝑛𝑛𝑓

𝜌𝑛𝑛𝑓

∂2𝑢

∂𝑧2, (2) 

 
∂𝑇

∂𝑡
+ 𝑢

∂𝑇

∂𝑟
+ 𝑤

∂𝑇

∂𝑧
=

𝐾𝑛𝑛𝑓

(𝜌𝐶𝑃)𝑛𝑛𝑓

∂2𝑇

∂𝑧2 +
𝐷𝑚𝐾𝑇

𝐶𝑆𝐶𝑃

∂2𝐶

∂𝑧2, (3) 

 
∂𝐶

∂𝑡
+ 𝑢

∂𝐶

∂𝑟
+ 𝑤

∂𝐶

∂𝑧
= 𝐷𝑚

∂2𝐶

∂𝑧2 +
𝐷𝑚𝐾𝑇

𝑇𝑚

∂2𝑇

∂𝑧2. (4) 

Following Devi and Devi [13,14], and Oztop and Abu-Nada 

[40], fluid and hybrid nanofluid thermophysical properties are 

assessed using the equations demonstrated in Table 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Coordinate system and geometry. 

Table 1. Thermophysical characteristics of hybrid nanofluid and fluid.  

Property Fluid Hybrid nanofluid [13,14,40] 

Heat 

capacity 
 𝜌𝐶𝑝 𝑓  

 𝜌𝐶𝑝 ℎ𝑛𝑓
= (1 − 𝜙2)× 

 (1 − 𝜙1) 𝜌𝐶𝑝 𝑓 + 𝜙1 𝜌𝐶𝑝 𝑛1
 + 

𝜙2 𝜌𝐶𝑝 𝑛2
 

Dynamic 

viscosity 
𝜇𝑓 𝜇ℎ𝑛𝑓 =  

𝜇𝑓

 (1 − 𝜙1)(1 − 𝜙2) 
2.5  

Density 𝜌𝑓 
𝜌ℎ𝑛𝑓 = 𝜙2𝜌𝑛2 + (1 − 𝜙2) (1 − 𝜙1)𝜌𝑓

+ 𝜙1𝜌𝑛1  

Thermal 

conductivity 
𝑘𝑓 

𝑘ℎ𝑛𝑓

𝑘𝑛𝑓

=  
𝑘𝑛2 − 2𝜙2 𝑘𝑛𝑓 − 𝑘𝑛2 + 2𝑘𝑛𝑓 

𝑘𝑛2 + 𝜙2 𝑘𝑛𝑓 − 𝑘𝑛2 + 2𝑘𝑛𝑓

  

where: 

𝑘𝑛𝑓

𝑘𝑓

=  
𝑘𝑛1 − 2𝜙1 𝑘𝑓 − 𝑘𝑛1 + 2𝑘𝑓

𝑘𝑛1 + 𝜙1 𝑘𝑓 − 𝑘𝑛1 + 2𝑘𝑓
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Table 2 gives the same information as Oztop and Abu-Nada 

[40] regarding the base fluid and nanoparticles. In this case, the 

subscripts 𝑛1, 𝑛2, 𝑓, and ℎ𝑛𝑓 stand for the Al2O3, Cu nano-

particles solid components, fluid, and hybrid nanofluid. 

 

 

 

 

 

 

 

 

 

The boundary conditions on the surface are: 

 𝑤 = 𝑊0,       𝑢 = 𝑈𝑤 =
𝑟𝑎

1−𝑡𝑐
,         𝑇𝑤 = 𝑇∞ +

𝑟𝑏

1−𝑡𝑐
,  

 𝐶𝑤 = 𝐶∞ +
𝑟𝑑

1−𝑡𝑐
𝑎𝑡𝑧 = 0, (5) 

 𝑢 → 0,        𝐶 → 𝐶∞,        𝑇 → 𝑇∞𝑎𝑠𝑧 → ∞,  

where Uw is the velocity of stretching and 𝑊0 = −2𝑆  
𝜈𝑈𝑤

𝑟
 

1

2
. 

Here on the surface, W0 < 0 (S > 0) signifies suction and W0 > 0 

(S < 0) signifies injection. 
The similarity transformations for the present problem are 

given by:  

 𝜓(𝑟, 𝑧) = −𝑟2𝑈𝑤Re−1/2𝑓(𝜂),             𝜂 =
𝑧

𝑟
Re1/2,  

 𝜃 =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
,                 𝜙(𝜂) =

𝐶−𝐶∞

𝐶𝑤−𝐶∞
, (6) 

where ψ(r,z) represents the stream function defined by  

𝑢 = −
1𝜕𝜓

𝑟𝜕𝑧
 and 𝑤 =

1𝜕𝜓

𝑟𝜕𝑟
. Re =

𝑟𝑈𝑤

𝜈
 denotes the local Reynolds 

number.  

Substituting Eq. (6) into Eqs. (1)–(4), leads to the dimension-

less equations shown below: 

 [
𝜇ℎ𝑛𝑓𝜌𝑓

𝜌ℎ𝑛𝑓𝜇𝑓
] 𝑓‴ + 2𝑓𝑓″ − 𝑓′2 − 𝐴  

1

2
𝜂𝑓″ + 𝑓′ = 0, (7) 

  
1

Pr

𝐾ℎ𝑛𝑓 𝜌𝐶𝑝 
𝑓

 𝜌𝐶𝑝 
ℎ𝑛𝑓

𝐾𝑓
 𝜃″ + Df‧𝜙″ + 2𝑓𝜃′ +  

 −𝑓′𝜃 − 𝐴  
1

2
𝜂𝜃′ + 𝜃 = 0, (8) 

 Sr‧𝜃″ +
1

𝑆𝑐
𝜙″ + 2𝑓𝜙′ − 𝑓′𝜙 − 𝐴  𝜙 +

1

2
𝜂𝜙′ = 0. (9) 

The accompanying boundary conditions are changed to the 

subsequent form: 

at η = 0: 

 𝜃(0) = 1,      𝑓′(0) = 1,      𝑓(0) = 𝑆,     𝜙(0) = 1, (10a) 

as η → ∞: 

 𝜃(𝜂) → 0,          𝑓′(𝜂) → 0,          𝜙(𝜂) → 0. (10b) 

The mass transfer rate (Sherwood number Sh), the heat 

transfer rate (Nusselt number Nu), and the coefficient of skin 

friction Cf are defined by: 

 

Sh = −
𝑟

(𝐶𝑤−𝐶∞)
(
𝜕𝐶

𝜕𝑧
)
𝑧=0

,           𝐶𝑓 =
2

𝜌𝑈𝑤
2 𝜇 (

𝜕𝑢

𝜕𝑧
)
𝑧=0

,

Nu = −
𝑟

(𝑇𝑤−𝑇∞)
(
𝜕𝑇

𝜕𝑧
)
𝑧=0

.
 (11) 

The non-dimensional form of Sherwood number Sh, skin 

friction coefficient 𝐶𝑓, and Nusselt number Nu are: 

 Re−
1

2Sh = −𝜙′(0),             
1

2
Re

1

2𝐶𝑓 = 𝑓″(0),  

 Re−
1

2Nu = −𝜃′(0). (12) 

3. Method of solution 

The basic principle of the successive linearisation method 

(SLM) is the assumption that the functions f(η), θ(η) and (η) 

can be interpreted as: 

 𝑓(𝜂) = 𝑓𝑘(𝜂) + ∑ 𝑓𝑚
𝑘−1
𝑚=0 (𝜂),  

 𝜃(𝜂) = 𝜃𝑘(𝜂) + ∑ 𝜃𝑚
𝑘−1
𝑚=0 (𝜂), (13) 

 𝜙(𝜂) = 𝜙𝑘(𝜂) + ∑ 𝜙𝑚
𝑘−1
𝑚=0 (𝜂).  

Here, fk, θk and k (k = 1, 2, 3, …) are unknown functions and 

θm, fm, and m (m ≥ 1) are the approximations that can be acquired 

repeatedly by computing the solution of the linear portion of the 

equations that arises from putting Eq. (13) into Eqs. (7)–(9). The 

basic principle concerning SLM is that when k grows in size,  

fk, θk and k become progressively smaller and thus ignored, i.e.  

 lim
𝑘→∞

𝑓𝑘 = lim
𝑘→∞

𝜃𝑘 = lim
𝑘→∞

𝜑𝑘 = 0. (14) 

The initial assumptions for f0(η), θ0(η) and 0(η) are made to 

fulfil the boundary conditions. The differential equations for  

fk, θk and k (k ≥ 1) are found by substituting Eq. (13) into  

Eqs. (7) – (9) and then taking only the linear terms. 

 𝑎1𝑓𝑘
‴ + 𝑎2𝑓𝑘

″ + 𝑎3𝑓𝑘
′ + 𝑎4𝑓𝑘 = 𝑟1, (15) 

 𝑏1𝑓𝑘
′ + 𝑏2𝑓𝑘 + 𝑏3𝜃𝑘

″ + 𝑏4𝜃𝑘
′ + 𝑏5𝜃𝑘 + Df‧𝜙𝑘

″ = 𝑟2, (16) 

 𝑐1𝑓𝑘
′ + 𝑐2𝑓𝑘 + Sr‧𝜃𝑘

″ +
1

𝑆𝑐
𝜙𝑘

″ + 𝑐3𝜙𝑘
′ + 𝑐4𝜙𝑘 = 𝑟3. (17) 

The linearised boundary conditions are: 

 𝜙𝑘(0) = 𝜙𝑘(∞) = 0,  

 𝑓𝑘(0) = 𝑓𝑘
′(0) = 𝑓𝑘

′(∞) = 0, (18) 

  𝜃𝑘(0) = 𝜃𝑘(∞) = 0,  

where the coefficients aq (q = 1, 2, 3, 4), bz (z = 1, 2, 3, 4, 5),  

cn (n = 1, 2, 3, 4), and rp (p = 1, 2, 3) are:  

 𝑎1 =
𝜇ℎ𝑛𝑓𝜌𝑓

𝜌ℎ𝑛𝑓𝜇𝑓
,              𝑎2 = 2∑ 𝑓𝑚

𝑘−1
𝑚=0 −

𝐴

2
𝜂,  

  𝑎3 = −[2∑ 𝑓𝑚
′𝑘−1

𝑚=0 + 𝐴],              𝑎4 = 2∑ 𝑓𝑚
″𝑘−1

𝑚=0 ,  

 𝑟1 = −𝑎1 ∑ 𝑓𝑚
‴𝑘−1

𝑚=0 +  
𝐴

2
𝜂 − 2∑ 𝑓𝑚

𝑘−1
𝑚=0  ∑ 𝑓𝑚

″𝑘−1
𝑚=0 +  

 +(∑ 𝑓𝑚
′𝑘−1

𝑚=0 )2 + 𝐴∑ 𝑓𝑚
′𝑘−1

𝑚=0 ,  

Table 2. Fluid thermophysical characteristics and nanoparticles [40]. 

Characteristics  Cu Al2O3  Water 

k, W/(m K)  400 40 0.613 

Cp, J/(kg K)  385 765 4179 

𝝆, kg/m3  8933 3970 997.1 
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 𝑏1 = −∑ 𝜃𝑚
𝑘−1
𝑚=0 ,      𝑏2 = 2∑ 𝜃𝑚

′𝑘−1
𝑚=0 ,      𝑏3 =

1

Pr

𝐾ℎ𝑛𝑓 𝜌𝐶𝑝 
𝑓

 𝜌𝐶𝑝 
ℎ𝑛𝑓

𝐾𝑓
 ,  

 𝑏4 = 2∑ 𝑓𝑚
𝑘−1
𝑚=0 −

𝐴

2
𝜂,            𝑏5 = −[𝐴 + ∑ 𝑓𝑚

′𝑘−1
𝑚=0 ],  

 𝑟2 = −𝑏3 ∑ 𝜃𝑚
″𝑘−1

𝑚=0 +  
𝐴

2
𝜂 − 2∑ 𝑓𝑚

𝑘−1
𝑚=0  ∑ 𝜃𝑚

′𝑘−1
𝑚=0 +  

 +(∑ 𝑓𝑚
′𝑘−1

𝑚=0 + 𝐴)∑ 𝜃𝑚
𝑘−1
𝑚=0 − Df∑ 𝜙𝑚

″𝑘−1
𝑚=0 ,  

 𝑐1 = −∑ 𝜙𝑚
𝑘−1
𝑚=0 ,             𝑐2 = 2∑ 𝜙𝑚

′𝑘−1
𝑚=0 ,      ,  

 𝑐3 = 2∑ 𝑓𝑚
𝑘−1
𝑚=0 −

𝐴

2
,              𝑐4 = −[𝐴 + ∑ 𝑓𝑚

′𝑘−1
𝑚=0 ],  

 𝑟3 = −
1

𝑆𝑐
∑ 𝜙𝑚

″𝑘−1
𝑚=0 +  

𝐴

2
𝜂 − 2∑ 𝑓𝑚

𝑘−1
𝑚=0  ∑ 𝜙𝑚

′𝑘−1
𝑚=0 +  

 +(∑ 𝑓𝑚
′𝑘−1

𝑚=0 + 𝐴) ∑ 𝜙𝑚
𝑘−1
𝑚=0 − Sr∑ 𝜃𝑚

″𝑘−1
𝑚=0 .  

After calculating each solution for fk, k and θk (k ≥ 1) by 

repeatedly solving Eqs. (15)–(18) the following are the approxi-

mate values for f(η), (η) and θ(η): 

 𝑓(𝜂) ≈ ∑ 𝑓𝑠
𝑆
𝑠=0 (𝜂),  

 𝜙(𝜂) ≈ ∑ 𝜙𝑠
𝑆
𝑠=0 (𝜂), (19) 

 𝜃(𝜂) ≈ ∑ 𝜃𝑠
𝑆
𝑠=0 (𝜂),  

where S signifies the SLM approximation order. 

The solution to the system of Eqs. (15)–(16) may be compu-

ted analytically (if possible) or numerically using any methods, 

most notably collocation methods, finite differences, shooting 

technique based on Runge-Kutta, and finite elements. This study 

uses the spectral collocation method using Chebyshev polyno-

mials. This technique is based on using the Chebyshev interpola-

ting polynomials to approximate the unknown functions in 

a way that allows them to collocate at the Gauss-Lobatto points: 

 𝜉𝑘 = cos
𝜋𝑘

𝑀
,            𝑘 = 0,1, … ,𝑀, (20) 

where M + 1 collocation points are utilised. To put the method 

into practice, the domain truncation technique is used to change 

the physical domain into the domain [0,L]. The domain is 

changed to [−1,1] using the following mapping: 

 
𝜂

𝐿
=

𝜉+1

2
,          − 1 ≤ 𝜉 ≤ 1, (21) 

where L stands for the scaling value at infinity that activates the 

boundary condition. At the collocation points, the undefined 

functions fk, θk and k are approximated by the Chebyshev 

interpolating polynomials: 

 𝑓𝑘(𝜉) ≈ ∑ 𝑓𝑘
𝑀
𝑛=0 (𝜉𝑛)𝑇𝑛(𝜉𝑘),  

 𝜃𝑘(𝜉) ≈ ∑ 𝜃𝑘
𝑀
𝑛=0 (𝜉𝑛)𝑇𝑛(𝜉𝑘), (22) 

 𝜙𝑘(𝜉) ≈ ∑ 𝜙𝑘
𝑀
𝑛=0 (𝜉𝑛)𝑇𝑛(𝜉𝑘),  

where k = 0, 1, 2, ..., M and Tn is the nth Chebyshev polynomial 

described as: 

 𝑇𝑛(𝜉) = 𝑐𝑜𝑠[𝑛𝑐𝑜𝑠−1(𝜉)]. (23) 

The unknown function derivatives are computed as:  

 
𝑑𝑎𝑓𝑘

𝑑𝜂𝑎 = ∑ 𝐷𝑛𝑗
𝑎𝑀

𝑛=0 𝑓𝑘(𝜉𝑛),  

 
𝑑𝑎𝜃𝑘

𝑑𝜂𝑎 = ∑ 𝐷𝑛𝑗
𝑎𝑀

𝑛=0 𝜃𝑘(𝜉𝑛), (24) 

 
𝑑𝑎𝜙𝑘

𝑑𝜂𝑎 = ∑ 𝐷𝑛𝑗
𝑎𝑀

𝑛=0 𝜙𝑘(𝜉𝑛),  

where j = 0, 1, 2, …, M. Here D = 2D/L, where D is the 

Chebyshev spectral differentiation matrix and a is the order of 

differentiation. The matrix equation that emerges from substitu-

ting Eqs. (21)–(24) in Eqs. (15)–(18) is as follows. 

 𝑩𝒌−𝟏𝑋𝑘 = 𝑍𝑘−1, (25) 

along with the conditions on the boundary: 

 𝑓𝑘(𝜉𝑀) = ∑ 𝐷0𝑛
𝑀
𝑛=0 𝑓𝑘(𝜉𝑛) = ∑ 𝐷𝑁𝑛

𝑀
𝑛=0 𝑓𝑘(𝜉𝑛) = 0,  

 𝜃𝑘(𝜉𝑀) = 𝜃𝑘(𝜉0) = 𝜙𝑘(𝜉𝑀) = 𝜙𝑘(𝜉0) = 0, (26) 

in which Bk−1 is a square matrix of order 3(M + 1) and Xk Bk−1 

are column vectors 3(M + 1) × 1 described by:  

 𝐵𝑘−1 =  

𝐵11 𝐵12 𝐵13

𝐵21 𝐵22 𝐵23

𝐵31 𝐵32 𝐵33

 ,   𝑋𝑘 =  

𝐹𝑘

𝛩𝑘

𝛷𝑘

 ,   𝑍𝑘−1 =  

𝑧1

𝑧2

𝑧3

 , (27) 

where: 

 𝐵11 = 𝑎1𝐷
3 + 𝑎2𝐷

2 + 𝑎3𝐷 + 𝑎4,      𝐵12 = 0,      𝐵13 = 0,  

 𝐵21 = 𝑏1𝐷 + 𝑏2,      𝐵22 = 𝑏3𝐷
2 + 𝑏4𝐷 + 𝑏5,     𝐵23 = Df‧𝐷2,  

 𝐵31 = 𝑐1𝐷 + 𝑐2,      𝐵32 = Sr‧𝐷2,      𝐵33 =
1

Sc
𝐷2 + 𝑐3𝐷 + 𝑐4,  

 𝐹𝑘 = [𝑓𝑘(𝜉0), 𝑓𝑘(𝜉1), … , 𝑓𝑘(𝜉𝑀−1), 𝑓𝑘(𝜉𝑀)]𝑇 ,  

 𝛩𝑘 = [𝜃𝑘(𝜉0), 𝜃𝑘(𝜉1), … , 𝜃𝑘(𝜉𝑀−1), 𝜃𝑘(𝜉𝑀)]𝑇 ,  

 𝛷𝑘 = [𝜙𝑘(𝜉0), 𝜙𝑘(𝜉1), … , 𝜙𝑘(𝜉𝑀−1), 𝜙𝑘(𝜉𝑀)]𝑇 ,  

 𝑧1 = [𝑟1(𝜉0), 𝑟1(𝜉1), … , 𝑟1(𝜉𝑀−1), 𝑟1(𝜉𝑀)]𝑇 ,  

 𝑧2 = [𝑟2(𝜉0), 𝑟2(𝜉1), … , 𝑟2(𝜉𝑀−1), 𝑟2(𝜉𝑀)]𝑇 ,  

 𝑧3 = [𝑟3(𝜉0), 𝑟3(𝜉1), … , 𝑟3(𝜉𝑀−1), 𝑟3(𝜉𝑀)]𝑇 ,  

 𝑎𝑓 (𝑓 = 2,3,4),     𝑏𝑚 (𝑚 = 1,2,4,5),     𝑐𝑛 (𝑛 = 1,2,3,4),  

defined above are diagonal matrices of dimension (M + 1), and 

the transpose is indicated by the superscript T. On Eq. (25), the 

boundary constraints (26) are applied by altering the first and 

last rows of Bmn (m = 1, 2, 3; n = 1, 2, 3) and zp (p = 1, 2, 3). 

4. Findings and discussion 

In the current investigation, the Sherwood number Sh, velocity, 

Nusselt number Nu, temperature, coefficient of skin friction Cf, 

and concentration are evaluated for distinct values of solid 

volume fraction of 1 (Al2O3), 2 (Cu), unsteadiness parame- 

ter A, Schmidt number Sc, suction/ injection parameter S, Soret 

number Sr, and Dufour number Df and are graphically 

represented. Unless otherwise stated, numerical computations 

are performed using 1 = 0.1, 2 = 0.1, A = 0.5, S = 0.5, Df = 0.5, 

Sc = 0.2 and Sr = 0.2 to assess the influence of all the parameters 

involved. Eqs. (7)–(9) are linearised using the successive lineari-

sation procedure, and then the system is resolved by applying 
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the collocation technique. The resultant skin friction coefficient 

and Nusselt number are compared with the findings of previous 

investigations for 1 = 2 = 0. A well-justified comparison 

between our results and those of for θ ́ (0) and f"(0) is demonstra-

ted in Table 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 demonstrates the influence of unsteadiness variable 

A over the velocity, heat transfer rate −θ ʹ(0), temperature, and 

mass transfer rate, −ʹ(0), concentration, and coefficient of skin 

friction f"(0). An enhancement in A decreases the f"(0), as 

demonstrated in Fig. 2a. This is due to the development of the 

velocity boundary layer is caused solely on the stretching plate. 

Figure 2b and Fig. 2c demonstrate that −ʹ(0) and −θ ʹ(0) 

enhance when parameter A increases. Physically, it means that 

the temperature gradient at the surface increases as A increases, 

which implies an increase of the heat transfer rate at the surface. 

The rise in parameter A led to an initial decrease in velocity, but 

later to a slow increment in the velocity, depicted in Fig. 2d. It 

can be viewed from Fig. 2e and Fig. 2f that the rise in parame-

ter A led to a decrease in concentration and temperature.  

The impact of 1 on the heat transfer rate −θ ʹ(0), concentra-

tion, coefficient of skin friction f"(0), temperature, mass transfer 

rate −ʹ(0), and velocity is described in Fig. 3. It has been noted 

that as 1 increases, the f"(0) and −ʹ(0) escalate, as demonstra-

ted in Fig. 3a and Fig. 3c, and −θ ʹ(0) diminishes, as depicted in 

Fig. 3b. It appears that the rise in parameter 1 the enhances 

temperature and velocity, as shown in Fig. 3d and Fig. 3e and 

decreases the concentration, as displayed in Fig. 3f.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The influence of 𝜙2 on velocity, skin friction coefficient 

𝑓″(0), temperature, mass transfer rate −ʹ(0), concentration, and 

heat transfer rate −θ ʹ(0), are shown in Fig. 4. As 2 increases, 

f"(0), −θ ́ (0), and −ʹ(0) reduce, depicted in Fig. 4a, Fig. 4b, and 

Fig. 4c. It is noticed that the boost in parameter 2 lowers 

velocity, as shown in Fig. 4d, but increases temperature and 

concentration as illustrated in Fig. 4e and Fig. 4f.

Table 3. Comparison between f"(0) and θ ʹ(0) values at the surface by the 

current strategy with Shahzad et al. [6].  

A S Pr 

f"(0) Θʹ(0) 

Current 

values 

Shahzad  

et al. [6] 

Current  

values 

Shahzad  

et al. [6] 

0.5 1 1 -2.6713727 -2.655999 -2.4191865 -2.655999 

0.5 0.5 1 -1.9147295 -1.907999 -1.7474918 -1.907999 

0.5 0 1 -1.3104137 -1.308999 -1.2096476 -1.308999 

0.5 -0.5 1 -0.8867758 -0.887200 -0.8309926 -0.887200 

0.5 -1 1 -0.6192663 -0.620400 -0.5899393 -0.620400 

0 0.5 1 -1.8041331 -1.798999 -1.6397280 -1.798999 

0.5 0.5 0.5 -1.9147295 -1.907999 -1.0313962 -1.119999 

0.5 0.5 0.7 -1.9147295 -1.907999 -1.3312163 -1.450000 

1 0.5 1 -2.0244687 -2.016999 -1.8528471 -2.016999 

 

      a)                                                                               b)                                                                                 c) 

       

     d)                                                                               e)                                                                                  f) 

         

Fig. 2. Variation of f "(0), ’(0), −ʹ(0), f ʹ(), () and () with unsteadiness parameter A. 
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      a)                                                                               b)                                                                                  c) 

       

      d)                                                                               e)                                                                                  f) 

       

Fig. 3. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with nanoparticle volume fraction 1. 

      a)                                                                               b)                                                                                 c) 

       

     d)                                                                               e)                                                                                  f) 

       

Fig. 4. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with nanoparticle volume fraction 2. 
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The impact of Schmidt number Sc on the velocity, mass 

transfer rate −ʹ(0), concentration, heat transfer rate −θ ʹ(0), 

temperature, and skin friction coefficient f"(0) is demonstrated 

in Fig. 5. It has been noted that f"(0), is unaffected by an increase 

in parameter Sc, as depicted in Fig. 5a. Figures 5b and 5c 

demonstrate that as Sc grows, −θ ́ (0) drops and −ʹ(0) increases. 

It is noticed from Fig. 5d that the boost in parameter Sc does not 

affect velocity. Figure 5e demonstrates that as Sc enhances, the 

temperature initially increases and later diminishes. It is appa-

rent from Fig. 5f that a spike in Sc reduces the concentration. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 demonstrates the influence of the Soret number Sr 

over temperature and mass transfer rate −ʹ(0), skin friction 

coefficient f"(0), concentration, velocity, and heat transfer rate 

−θʹ(0). The Soret number (Sr) describes the relative significance 

of mass diffusion (species diffusion) and thermal diffusion (heat 

conduction) in a fluid combination. When temperature gradients 

and concentration gradients combine, as they do in combustion, 

chemical processes, and in other reactive flow systems, the 

parameter Sr is especially important. It is noticed that as Sr 

increases, f"(0) is constant and −θ ʹ(0) escalates, as displayed in 

Fig. 6a and Fig. 6b. Figure 6c demonstrates that as Sr grows, 

−ʹ(0) diminishes. Note that the rise in parameter Sr has no 

effect on velocity, but the temperature decreases, as shown in 

Fig. 6d and Fig. 6e. Figure 6f reveals that an increase in Sr 

increases concentration.  

The enhancement in concentration is due to the Soret effect, 

where thermal gradients drive mass diffusion, enriching the 

species concentration near the surface. This enhanced diffusion 

also contributes to increased tangential motion. Conversely, the 

reduced temperature profile indicates that thermal energy is 

being redistributed to aid species transport, leading to a lower 

thermal boundary layer. 

The influence of Dufour number Df on the heat transfer rate 

−θ ʹ(0), coefficient of skin friction f"(0), mass transfer rate 

−ʹ(0), velocity, temperature, and concentration is presented in 

Fig. 7. The Dufour number Df describes how the diffusion 

coefficient in thermodynamics and transport phenomena 

changes with temperature θ(η). It reflects the temperature-

dependent variation in the rate of diffusion and can be useful for 

understanding and simulating diffusion processes in a variety of 

systems, such as gases, liquids, and solids. Figure 7a depicts that 

the rise in the parameter Df does not influence the f"(0). It is 

noticed from Fig. 7b and Fig. 7c that when the magnitude of the 

variable Df grows, (−θ ʹ) drops and (−ʹ) remains constant. The 

rise in parameter Df has no impact on velocity, but the increment 

in temperature is shown in Fig. 7d and Fig. 7e. This behaviour 

is attributed to the Dufour effect, where the energy flux induced 

by concentration gradients enhances thermal motion. It can be 

spotted from Fig. 7f that a spike in variable Df does not affect 

the concentration. 

The outcome of the suction/injection parameter S on the 

concentration, velocity and temperature is apparent in Fig. 8. As 

the value of S rises, the temperature, velocity, and concentration 

diminish as presented in Figs. 8a, 8b and 8c. 

       a)                                                                               b)                                                                                 c) 

       

      d)                                                                                e)                                                                                 f) 

        

Fig. 5. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with Schmidt number Sc. 
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       a)                                                                                 b)                                                                               c) 

       

       d)                                                                                 e)                                                                               f) 

       

Fig. 6. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with Soret number Sr. 

       a)                                                                               b)                                                                                 c) 

       

      d)                                                                                 e)                                                                                f) 

         

Fig. 7. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with Dufour parameter Df. 
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5. Conclusions 

In this paper, the nonlinear differential equations arising from 

the hybrid nanofluid flow past a time-dependent sheet that is 

stretching radially with Dufour and Soret effects under the 

influence of the unsteadiness parameter A, suction or injection 

parameter, 1 and 2 at the surface, are solved employing the 

SLM approach. The effect of variables Sr, A, S, Sc, 1, 2 and 

Df over the pertinent physical quantities is scrutinised. The key 

findings are outlined below:  

 The skin friction falls when the unsteadiness parameter 2 

rises, and as 1 values rise, the skin friction enhances. As 

the Soret, Schmidt, and Dufour numbers rise, the skin 

friction doesn’t alter. 

 As the unsteadiness parameter increases, the Nusselt 

number rises, and decreases when 1 and 2 are increased. 

The Nusselt number diminishes as the Schmidt and Dufour 

numbers escalate but increases as the Soret number boosts. 

 As 2 gets higher, the Sherwood number goes down and 

rises when the unsteadiness parameter 1 increases. The 

Sherwood number advances with the Schmidt number, but 

it stays constant while the Dufour number rises and falls 

with the Soret number. 

 The velocity initially reduces and then increases when the 

unsteadiness parameter grows. The velocity decreases as 

the suction/injection parameter 2 increases, but the veloci-

ty escalates when 1 increases. As the Dufour, Schmidt, 

and Soret numbers grow, the velocity remains constant. 

 The temperature decreases as the suction/injection parame-

ter, Soret number, and unsteadiness parameter increase, 

and rises when 1, 2, and Dufour number are increased. 

The temperature increases initially and later diminishes 

while the Schmidt number grows. 

 The concentration drops while the Schmidt number, unste-

adiness parameter 1 and suction/injection parameter 

enhance, and rises when 2 and Soret number are incre-

ased. The rise in the Dufour number does not affects the 

concentration.  
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1. Introduction 

Research on the hydromagnetic convection of radiative nanoflu-

ids over exponentially stretching sheets within porous media is 

highly significant, as it effectively tackles complex multiphysics 

problems encountered in engineering and applied sciences. Na-

nofluids, known for their superior thermal conductivity, play 

a vital role in enhancing heat transfer performance. Their re-

sponse to the combined effects of magnetic fields, thermal ra-

diation, and porous environments helps optimise diverse indu-

strial processes [1]. Incorporating a porous medium enables re-

alistic simulation of systems such as geothermal reservoirs, pac-

ked bed reactors and filtration units, while the exponentially 

stretching sheet models practical scenarios in manufacturing, in-

cluding polymer extrusion, thin-film fabrication, and nanomate-

rial coating technologies [2]. The research also provides clarity 

regarding how magnetic fields affect fluid dynamics and energy 

transport, which is essential for applications such as electroma-

gnetic pumps, magnetic damping systems, and magnetically ac-

tuated microfluidic devices. Additionally, the results can be used 

in high-efficiency thermal energy systems like solar collectors, 

heat exchangers, and thermal storage units, as well as in medical  
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Abstract 

This study investigates the hydromagnetic convection of a radiating nanofluid flowing over an exponentially stretched sheet 
embedded in a porous medium, with emphasis on the influences of thermal radiation, magnetic fields, Joule heating, viscous 
dissipation, porous permeability, and nanoparticle volume fraction on flow and heat transfer behaviour. The governing mo-
mentum and energy equations are formulated using boundary layer theory and reduced to nonlinear ordinary differential 
equations via similarity transformations. We numerically solve these equations using the shooting method in conjunction 
with the Runge-Kutta-Fehlberg integration scheme. The analysis looks at how important factors like the strength of the 
magnetic field, thermal radiation, Prandtl number, and how easily fluid can flow through a porous material impact the system, 
showing how magnetic and thermal effects play a big role in how fluids move. One of the main discoveries is that stronger 
magnetic fields and more thermal radiation together lower the Nusselt number, highlighting the balance between heat transfer 
through radiation and convection, which is important in high-temperature industrial processes. The study offers important 
insights for optimising a range of engineering applications, including nanomaterial-based thermal coatings, energy systems, 
and magnetically influenced flow control that ultimately aid advancements in energy efficiency, manufacturing processes, 
and environmental technologies. 
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Nomenclature 

Cf ‒ skin friction coefficient  

Cp ‒ specific heat capacity, J/(kg‧K) 

Da – Darcy number 

Ec – Eckert number 

k – thermal conductivity, W·m⁻¹·K⁻¹  

k* ‒ mean absorption coefficient, m⁻¹ 

K – porous medium permeability, m2 

L ‒ length, m 

M ‒ magnetic field parameter 

Nu ‒ Nusselt number 

Pr ‒ Prandtl number 

qr ‒ radiative heat flux, W·m⁻2  

qw ‒ local heat flux, W·m⁻2· 

Ra ‒ thermal radiation parameter 

Rex ‒ local Reynolds number 

T, Tw, T∞ – temperatures, K  

u, v ‒ velocity components (in the x, y directions, respectively), m/s 

Uw(x)‒ sheet exponential stretching velocity, m/s 

x, y ‒ directions, m 

 

Greek symbols 

  – dynamic viscosity, Pas 

ρ – density, kg/m3 

 – electrical conductivity, S·m⁻¹ 

σ* – Stefan-Boltzmann constant, W·m⁻2·K⁻4 

 ‒ wall shear stress, N·m⁻2 

 – volume fraction 

 

Subscripts and Superscripts 

f – fluid 

nf – nanofluid 

s – nanoparticles 

w – sheet surface 

∞ – free stream 

 

Abbreviations and Acronyms 

LTE   – local thermal equilibrium 

MHD – magnetohydrodynamic  

ODE – ordinary differential equations 

 

 

technologies such as targeted drug delivery using magnetic na-

nofluids and hyperthermia treatment. Additionally, the research 

contributes to advancements in geothermal and environmental 

engineering, supports efficient geothermal energy extraction, 

manages pollutant transport in aquifers, and prompts the deve-

lopment of magnetohydrodynamics (MHD) systems, including 

MHD generators and nuclear reactor cooling technologies. 

The investigation of fluid flow over stretching surfaces has 

garnered significant attention due to its industrial relevance. Se-

minal work [3] on flow past a stretching plate laid the groun-

dwork for further developments in this domain. Building on this, 

researchers such as those in [4–6] explored heat transfer over 

stretching surfaces under various boundary conditions, inclu-

ding scenarios involving variable surface heat flux. The influ-

ence of fluid properties like variable viscosity on flow and ther-

mal behaviour was analysed in [7], highlighting the complexity 

of real-world applications. The incorporation of exponentially 

stretching surfaces introduced new dimensions to this field, al-

lowing for the analysis of more intricate flow behaviours. As 

emphasised in [1], the unique geometry of exponentially stre-

tching sheets, where the stretching rate increases exponentially 

with distance, has a profound effect on the fluid dynamics. Fur-

ther studies [8–9] examined how surface curvature interacts with 

exponential stretching, offering valuable insights for optimising 

surface configurations in engineering systems. Research has 

also extended to different fluid types, with analysing second-

grade fluids over stretching sheets [10] and investigating flow 

and heat transfer over curved surfaces [11], enriching the under-

standing of these complex flow environments. 

The emergence of nanofluids has significantly transformed 

the landscape of heat transfer research. Notably, studies like [12] 

have investigated nanofluid flow over exponentially stretching 

sheets, taking into account critical factors such as thermal radia-

tion, magnetic fields, and internal heat generation. These studies 

highlighted the capacity of nanofluids to enhance heat transfer 

performance in systems involving such stretching surfaces. The 

presence of nanoparticles dispersed in base fluids, which enhan-

ces properties like thermal conductivity, viscosity, and overall 

stability, is largely responsible for this improvement. A broad 

spectrum of research [13–16] has been dedicated to examining 

nanofluid dynamics under varied flow conditions. In particular, 

investigations in [17–20] have focused on flow and heat transfer 

over stretching surfaces while incorporating the influences of 

magnetic fields, heat sources, and radiation. Additionally, the 

influence of magnetic fields on nanofluid behaviour has been 

studied in detail [21–23], with findings emphasising the interac-

tion between magnetic forces and fluid motion. Further studies 

have explored the impact of parameters such as Brownian mo-

tion, thermophoresis, heat generation or absorption, and the pre-

sence of porous media, offering valuable insights into optimi-

sing nanofluid-based heat transfer systems across a range of en-

gineering applications. 

Magnetohydrodynamics (MHD), which examines the inte-

raction between electrically conducting fluids and magnetic 

fields, plays a pivotal role in various fields such as materials pro-

cessing, astrophysics, and geophysics. Its principles underpin 

several advanced technologies, including MHD propulsion sys-

tems, power generation units, and electromagnetic pumps. 

Extensive research on MHD heat transfer in nanofluids has shed 

light on its unique thermal characteristics and flow behaviour. 

Studies [24–26] have specifically explored the influence of ma-

gnetic fields on flow dynamics, thermal radiation, and heat 

transfer, enhancing our comprehension of nanofluid perfor-

mance under magnetic effects. Further investigations [27–29] 

into MHD nanofluid flow over stretching surfaces have exami-

ned how magnetic forces affect velocity fields, temperature pro-

files, and heat transfer rates. These works collectively highlight 

the intricate interplay between magnetic fields and buoyancy-

driven convection, offering more profound insights into the 

complex thermal-fluid behaviour of nanofluids exposed to si-

multaneous magnetic and thermal influences. Several notable 

studies on hydromagnetic nanofluid convection over a stre-

tching sheet can be found in Refs. [35–38]. 
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In this study, we look at how several important factors, inc-

luding magnetic field strength, the ability of the porous material 

to conduct magnetic fields, thermal radiation, heat loss due to 

fluid movement, the amount of nanoparticles, and Joule heating, 

affect the movement of a nanofluid flowing over a heated sur-

face that stretches exponentially, especially regarding heat trans-

fer. To the best of our knowledge, this kind of comprehensive 

analysis is scarcely addressed in the existing literature, aiming 

here to bridge that gap. The multifaceted approach provides hel-

pful suggestions for enhancing heat transfer performance in 

complex systems where multiple physical effects interact simul-

taneously. Such investigations are essential for advancing ther-

mal management strategies in critical applications, including 

electronic device cooling, metal extrusion, polymer manufactu-

ring, nuclear reactor safety, and energy harvesting systems. By 

understanding how these parameters affect temperature profiles, 

flow dynamics, and heat transfer rates, engineers can develop 

more efficient, robust, and high-performance systems capable of 

functioning under extreme thermal and electromagnetic condi-

tions. The subsequent sections detail the mathematical model-

ling, analytical framework, and numerical findings, accompa-

nied by a thorough quantitative discussion. 

2. Model description 

We examine the laminar flow of a steady, two-dimensional, in-

compressible, viscous, electrically conducting, and radiative na-

nofluid over an exponentially stretching sheet embedded in a po-

rous medium. The coordinate system is defined such that the  

x-axis lies along the surface of the sheet, while the y-axis is 

oriented normal to it. A transverse magnetic field of constant 

strength B0 is applied perpendicular to the flow direction, as de-

picted in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

The induced magnetic field is considered negligible due to 

a low magnetic Reynolds number, and the Hall effect is disre-

garded, assuming a minimal overall current density. The porous 

medium, characterised by negligible inertia effects, and the na-

nofluid are assumed to be in local thermal equilibrium (LTE). 

Applying the standard boundary layer approximations, the 

governing continuity, momentum, and energy balance equations 

for the problem are formulated as follows [2,9,36,37]: 
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along with the corresponding boundary conditions: 

 at y = 0: 

 𝑢 = 𝑈𝑤(𝑥) = 𝑎𝑒
𝑥

𝐿, 𝑣 = 0,    𝑇 = 𝑇𝑤 = 𝑇∞ + 𝑇0𝑒
𝑥

2𝐿, (4) 

 as y → ∞: 

 𝑢 ⟶ 0,                    𝑇 ⟶ 𝑇∞, (5) 

where (u,v) denote the velocity components of the nanofluid in 

the x- and y-directions, respectively, Uw(x) is the velocity of the 

exponentially stretching sheet, K denotes the porous medium 

permeability, T is the nanofluid temperature, T  represents the 

free stream temperature, Tw is the temperature of the sheet sur-

face of the hot fluid below the sheet, nf represents the nanofluid 

density, nf is the nanofluid dynamic viscosity, knf denotes the 

nanofluid thermal conductivity, (ρCp)nf is the nanofluid heat ca-

pacitance, L is characteristic length and nf is the nanofluid elec-

trical conductivity. It is important to note from the boundary 

conditions in Eq. (4) that the surface of the exponentially stre-

tching sheet is impermeable and maintained at a non-uniform 

temperature that increases along the sheet. Following [32], the 

thermophysical expressions relating ferrofluids to base fluid and 

nanoparticles are given as follows: 

  𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠,           𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜙)2.5, (6a) 

 (𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜙)(𝜌𝐶𝑝)𝑓 + 𝜙(𝜌𝐶𝑝)𝑠,            𝑟 =
𝜎𝑠

𝜎𝑓
, (6b) 
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𝑘𝑓
=

𝑘𝑠+2𝑘𝑓−2𝜙(𝑘𝑓−𝑘𝑠)

𝑘𝑠+2𝑘𝑓+𝜙(𝑘𝑓−𝑘𝑠)
,        

𝜎𝑛𝑓

𝜎𝑓
= 1 +

3(𝑟−1)𝜙

(𝑟+2)−(𝑟−1)𝜙
, (6c) 

where ρf refers to the density of the base fluid, ρs is the density 

of the solid nanoparticle, kf is the base fluid thermal conductiv-

ity, ks is the thermal conductivity of the nanoparticles, f is the 

electrical conductivity of the base fluid,s is the electrical con-

ductivity of the nanoparticles,  represents the volume fraction 

of the nanoparticles, f is the base fluid’s dynamic viscosity Cpf 

is the specific heat capacity of the base fluid, and Cps is the spe-

cific heat capacity of the nanoparticles. The physical properties 

of H2O and Fe3O4 nanoparticles are listed in Table 1 below. 

 

 

 

 

 

 

 
 

Based on the Roseland approximation [34], the local radia-

tive heat flux term for optically thick gray nanofluid can be writ-

ten as: 

 𝑞𝑟 = −
4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦
≈ −

16𝜎∗𝑇∞
3

3𝑘∗

𝜕𝑇

𝜕𝑦
, (7) 

 

Fig. 1. Flow model diagram. 

Table 1. Nanoparticles and base fluid thermophysical properties [33].  

Physical properties 
,  

kg/m3 
Cp,  

J/(kg‧K) 
k, 

W/(m‧K) 
,  

S/m 

H2O 997.1 4179 0.613 5x10-5 

Fe3O4 5180 670 9.7 2.5x106 
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where T4  4T∞
3T – 3T∞

4 (by employing the Taylor series ap-

proximation), k* denotes the mean absorption coefficient, and 

 
is the Stefan-Boltzmann constant.  

Thus,  

 
𝜕𝑞𝑟

𝜕𝑦
≈ −

16𝜎∗𝑇∞
3

3𝑘∗

𝜕2𝑇

𝜕𝑦2. (8)  

Inserting Eq. (8) into Eq. (3), we obtain the energy balance 

equation as: 

 
(𝜌𝑐𝑝)

𝑛𝑓

𝑘𝑓
(𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = [(

𝑘𝑛𝑓

𝑘𝑓
) +

16𝜎∗𝑇∞
3

3𝑘∗𝑘𝑓
]

𝜕2𝑇

𝜕𝑦2 +  

 +
𝜇𝑛𝑓

𝑘𝑓
(

𝜕𝑢

𝜕𝑦
)

2

+ (
𝜇𝑛𝑓

𝑘𝑓𝐾
+

𝜎𝑛𝑓𝐵0
2

𝑘𝑓
) 𝑢2 (9) 

Similarity transformations defined below are considered to 

simplify the governing partial differential equations into a sys-

tem of ordinary differential equations  

 𝜂 = 𝑦𝑒
𝑥

2𝐿√
𝑎

2𝜈𝑓𝐿
,         𝑣 = −𝑒

𝑥

2𝐿√
𝑎𝜈𝑓

2𝐿
(𝜂𝑓′(𝜂) + 𝑓(𝜂)) ,  

 𝑀 =
𝜎𝑓𝐵0

2𝐿

𝜌𝑓𝑈𝑤
,      𝐴5 =

(𝜌𝐶𝑝)
𝑛𝑓

(𝜌𝐶𝑝)
𝑓

,      𝐴1 =
𝜇𝑛𝑓

𝜇𝑓
,       𝐴2 =

𝜌𝑛𝑓

𝜌𝑓
,  

 𝐴3 =
𝑘𝑛𝑓

𝑘𝑓
,     Ec =

𝑈𝑤
2

𝐶𝑝𝑓(𝑇𝑤−𝑇∞)
,      𝑢 = 𝑎𝑒

𝑥

𝐿𝑓′(𝜂),  

 𝐴4 =
𝜎𝑛𝑓

𝜎𝑓
,        𝜃 =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
,        𝑇𝑤 = 𝑇∞ + 𝑇0𝑒

𝑥

2𝐿,  

 Da =
𝐾𝑈𝑤

𝜈𝑓𝐿
,       Ra =

4𝜎∗𝑇∞
3

𝑘∗𝑘𝑓
,       Pr =

𝜇𝑓𝐶𝑝𝑓

𝑘𝑓
. (10) 

Substituting Eq. (10) into Eqs. (2)−(9), we obtain the follow-

ing local similarity equations: 

 𝑓′′′ +
𝐴2

𝐴1
[𝑓𝑓′′ − 2(𝑓′)2] − 2 (

𝐴4

𝐴1
𝑀 +

1

Da
) 𝑓′ = 0, (11) 

 (𝐴3 +
4𝑅𝑎

3
) 𝜃′′ + 𝐴5Pr[𝑓𝜃′ − 𝑓′𝜃] + 𝐴1PrEc(𝑓′′)2 +  

 +PrEc (𝐴4𝑀 +
𝐴1

Da
) (𝑓′)2 = 0 (12) 

with the associated boundary conditions given as: 

 at y = 0: 

 𝑓′(𝜂) = 1,       𝑓(𝜂) = 0,      𝜃(𝜂) = 1 (13a) 

 as y → ∞: 

 𝑓′(𝜂) = 0,        𝜃(𝜂) = 0, (13b) 

where Pr (6.2) is the Prandtl number (for water-based 

nanofluid), Ra is the thermal radiation parameter, with M as the 

magnetic field parameter, Ec is the Eckert number, and Da is the 

Darcy number. Other related quantities of interest include the 

skin friction coefficients (Cf) and the Nusselt number (Nu), 

which are given as: 

 𝐶𝑓 Re𝑥
1/2

= 𝐴1
𝑑2𝑓

𝑑𝜂2 (0), (14a) 

 Nu Re𝑥
−1/2

= − (𝐴3 +
4Ra

3
)

𝑑𝜃

𝑑𝜂
(0), (14b) 

where: 

 𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑈𝑤
2 ,        Nu =

𝑥𝑞𝑤

𝑘𝑓(𝑇𝑓−𝑇∞)
,       𝜏𝑤 = 𝜇𝑛𝑓

𝜕𝑢

𝜕𝑦
, (15a) 

 𝑞𝑤 = − (𝑘𝑛𝑓 +
16𝜎∗𝑇∞

3

3𝑘∗ )
𝜕𝑇

𝜕𝑦
,         Re𝑥 =

𝑥𝑈𝑤

𝜐𝑓
. (15b) 

3. Numerical procedure 

The nonlinear boundary value problem defined by Eqs. (11) and 

(12), along with the boundary conditions specified in Eq. (13), 

is solved numerically using the shooting method combined with 

the Runge-Kutta-Fehlberg integration technique [30–31]. To fa-

cilitate this approach, the boundary value problem (BVP) is re-

formulated as an initial value problem (IVP), and numerical in-

tegration is carried out using the Runge-Kutta-Fehlberg method 

(RKF45). To implement the method, new variables are introdu-

ced to represent the derivatives, such that: 

 𝑓1 = 𝑓, 𝑓2 = 𝑓′, 𝑓3 = 𝑓′′, 𝜃1 = 𝜃, 𝜃2 = 𝜃′. (16) 

Implementing Eq. (16), transform Eqs. (11)−(13) to: 

 𝑓3
′ =

𝐴2

𝐴1
(2𝑓2

2 − 𝑓3𝑓1) + 2𝑓2 (
𝐴4

𝐴1
𝑀 +

1

Da
), (17) 

 𝜃2
′ =

𝐴5Pr(𝑓2𝜃1−𝑓1𝜃2)−𝐴1PrEc𝑓3
2−PrEc𝑓2

2(𝐴4𝑀+
𝐴1
Da

) 

𝐴3+
4𝑅𝑎

3

, (18) 

with initial conditions: 

 𝑓2(0) = 1,        𝑓1(0) = 0,        𝜃1(0) = 1,  

 𝑓3(0) = 𝑎1,        𝜃2(0) = 𝑎2. (19) 

The unspecified, initial values of a1 and a2 that emerged in 

Eq. (19) are first assumed, and then the values are estimated ac-

curately through a shooting methodology using an iterative met-

hod employing Newton-Raphson's method. We define the first-

order system of ODEs for f and θ as: 

 𝒚′ = 𝑭(𝜂, 𝑦), (20) 

where y = [f1, f2, f3, θ1, θ2]T and the components of 𝑭(𝜂, 𝑦) are 

derivatives of Eqs. (16)−(18), and thereafter, the Runge-Kutta-

Fehlberg integration scheme is applied. To validate the accuracy 

of our numerical procedure and benchmark the present results, 

we compare a special case from this study with previously pu-

blished values of the skin friction coefficient reported in  

Refs. [36,37] for the conditions ϕ = 0 and Da → ∞, as presented 

in Table 2. The comparison demonstrates excellent agreement 

both qualitatively and quantitatively. 

 

 

 

 

 

 

 

 

 

 

Table 2. Comparative data of f″(0) for 2M when  = 0, Da  .  

2M Ref. [36] Ref. [37] Present 

0.0 1.0000 1.0000 1.00000 

0.25 1.1180 1.1180 1.11803 

1.0 1.4137 1.4142 1.41421 

5.0 2.4495 2.4495 2.44949 

10 3.3166 3.3166 3.31662 
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2. Results and discussion 

The graphical results derived from Eqs. (11) to (13) vividly illu-

strate the influence of key thermophysical flow parameters on 

the behaviour of nanofluid motion within porous and magneti-

cally influenced environments, with direct relevance to various 

industrial and engineering systems. Figure 2 emphasises the role 

of the porous medium's permeability, quantified by the Darcy 

numer, in the velocity distribution. As the Darcy number incre-

ases, indicating a more permeable medium, the fluid experiences 

reduced resistance due to lower drag forces imposed by the solid 

matrix. This results in a broadened momentum boundary layer 

and enhanced nanofluid velocity, which is critical for optimising 

flow systems such as packed-bed reactors, geothermal reservo-

irs, and filtration devices, where controlled permeability is es-

sential for performance.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 shows how the strength of the magnetic field affects 

the fluid's speed, demonstrating that the Lorentz force works 

against the fluid's movement, which slows it down. At a nano-

particle concentration of 10%, the magnetic field's damping ef-

fect becomes more pronounced, especially in regions away from 

the boundary, eventually causing the velocity to approach zero 

in the free stream. Strong magnetic fields effectively draw the 

nanofluid closer to the heated surface, compressing the momen-

tum boundary layer and thereby enhancing surface heat ab-

sorption.  

This MHD behaviour is particularly advantageous in appli-

cations such as electromagnetic pumps, nuclear reactor cooling 

systems, and advanced cooling technologies in electronics and 

metallurgy, where precise control over flow and heat transfer is 

vital. Additionally, being able to control fluid flow and transfer 

heat by adjusting permeability and magnetic fields allows for the 

creation of advanced thermal systems and nanofluid heat ex-

changers in fields like aerospace, healthcare, and energy conver-

sion. 

Figures 4 to 8 clearly show how important thermophysical 

factors affect temperature distribution in the flow problem being 

studied, which is important for various engineering and indu-

strial uses like thermal management systems, energy devices, 

and material processing. Figure 4 shows that when the porous 

material allows more fluid to pass through, it improves heat 

transfer by convection rather than conduction because there is 

less resistance to the fluid's movement. In areas with low poro-

sity, high friction creates a lot of internal heat, but as porosity 

increases, this heat is reduced, leading to lower temperatures. 

This is especially important in fields like geothermal engineer-

ing, filtration systems, and catalytic reactors where porous ma-

terials are essential.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5 shows that the introduction of the magnetic field 

imposes a Lorentz force that resists fluid flow and induces Joule 

heating by transforming kinetic energy into thermal energy. This 

results in a higher temperature within the boundary layer, espe-

cially near the surface, making magnetic control valuable in 

MHD power generators, plasma confinement, and metallurgical 

cooling processes. Figure 6 emphasises the role of thermal ra-

diation, where increased radiative heat transfer augments the ef-

fective thermal conductivity of nanofluids. This mechanism, vi-

tal in high-temperature environments such as aerospace thermal 

shields and solar energy collectors, promotes enhanced thermal 

 

Fig. 2. Velocity profile with increasing Da. 

 

Fig. 3. Velocity profile with increasing M. 

 

Fig. 4. Temperature profile with increasing Da. 
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dispersion and results in elevated fluid temperatures. In Fig. 7, 

the impact of the  Eckert  number,  representing  viscous  dissipa-  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

tion, becomes apparent: as this parameter rises, the conversion 

of kinetic energy into thermal energy intensifies, particularly 

near the heated plate surface, where velocity gradients are steep. 

This phenomenon is critical in high-speed fluid applications like 

turbine blade cooling and polymer extrusion processes.  

Finally, Fig. 8 underscores the importance of nanoparticle 

volume fraction in nanofluid behaviour. An increase from 5% to 

10% significantly thickens the thermal boundary layer and ac-

celerates heat transfer, leading to a marked temperature rise. 

Such behaviour is highly advantageous in advanced heat ex-

changers, electronic cooling systems, and biomedical applica-

tions, where precise thermal control and efficient heat dispersal 

are paramount. Collectively, these findings underscore the pivo-

tal role of thermophysical parameter tuning in optimising ther-

mal performance across a wide range of engineering domains. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figures 9 to 11 show how the magnetic field parameter, 

Darcy number, nanoparticle volume fraction, and thermal radia-

tion interact and affect the skin friction and Nusselt number, 

which are important in fluid dynamics and heat transfer.  

Figure 9 shows that when the magnetic field parameter is incre-

ased, skin friction goes up because the Lorentz force makes it 

harder for the fluid to move, pushing the flow closer to the sur-

face and increasing resistance and possible wear on the surface. 

This effect is especially important in MHD applications like 

cooling nuclear reactors, using electromagnetic pumps, and in 

metal processing, where controlling fluid movement is essential. 

The amount of nanoparticles in a fluid is important; when there 

are more nanoparticles, it increases skin friction because the 

fluid becomes denser and thicker. This is especially important 

in areas like targeted drug delivery, solar energy systems, and 

managing heat in electronics. The Darcy number, which shows 

how easily fluid can flow through a porous material, is very im-

portant; low Darcy values mean less space for fluid to move, 

causing more friction, while higher values allow fluid to flow 

more easily and reduce friction, which is essential for creating 

efficient packed bed reactors, geothermal reservoirs, and filtra-

tion systems. Figure 10 shows that having too many particles in 

the mixture lowers the Nusselt number, meaning that too many 

 

Fig. 5. Temperature profile with increasing M. 

 

Fig. 6. Temperature profile with increasing Ra. 

 

Fig. 7. Temperature profile with increasing Ec. 

 

Fig. 8. Temperature profile with increasing . 
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nanoparticles can act as an insulator and reduce heat flow. This 

information is important for optimising heat exchangers and 

thermal interface materials. Moreover, as the Darcy number in-

creases, heat transfer at the surface improves due to enhanced 

convective flow, while stronger magnetic fields suppress the 

Nusselt number by impeding thermal boundary layer motion  

key in applications involving MHD flows in aerospace engine-

ering and advanced energy systems.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Finally, Fig. 11 shows that both magnetic fields and thermal 

radiation significantly lower the Nusselt number, which means 

they reduce the ability to transfer heat through convection. This 

phenomenon has significant implications in high-temperature 

environments such as space vehicle thermal shields, radiative 

cooling systems, and solar thermal power plants, where under-

standing and mitigating heat transfer suppression due to electro-

magnetic and radiative forces is essential for maintaining per-

formance and structural integrity. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions 

This study examines the hydromagnetic convective flow of a ra-

diating nanofluid past an exponentially stretching  sheet  embed-

ded in a porous medium. The shooting numerical technique co-

upled with the Runge-Kutta-Fehlberg integration scheme is em-

ployed to tackle the nonlinear model problem. We present gra-

phically and discuss pertinent results on the effects of various 

thermophysical parameters on the overall flow structure and 

thermal enhancement. The research elaborates its findings as 

follows:  

 The Darcy number, which measures the permeability of the 

porous medium, increases fluid velocity by reducing flow 

resistance, impacting fields like filtration, petroleum engi-

neering, and soil mechanics. In contrast, a magnetic field 

slows down fluid velocity due to the MHD effect, where 

the magnetic field interacts with charged particles in the 

fluid. This effect is important in industries like nuclear re-

actors, electrical power generation, and materials pro-

cessing, where magnetic fields are used to control or stabi-

lise fluid flows, especially in high-temperature environ-

ments. 

 The study shows that the magnetic field and thermal radia-

tion parameters increase the fluid's temperature profile, 

while the Eckert number raises the temperature by conver-

ting kinetic energy to thermal energy. Increased nanopar-

ticle volume enhances thermal conductivity, boosting the 

temperature profile, while a higher Darcy number reduces 

the temperature by lowering the fluid's residence time in 

porous media. These factors are crucial in applications like 

cooling systems, aerospace, high-speed fluid flow, heat ex-

changers, and geothermal energy systems. 

 The skin friction increases with a growing magnetic field, 

higher Darcy numbers, and larger nanoparticle volume 

fractions. The MHD effect raises viscous drag, while 

 

Fig. 9. Skin friction with increasing M and Da versus . 

 

Fig. 10. Nusselt number with increasing M and Da versus . 

 

Fig. 11. Nusselt number with increasing Ec versus Ra. 
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higher Darcy numbers and nanoparticle concentrations en-

hance fluid viscosity, leading to more friction. These fac-

tors are critical in designing efficient fluid flow systems, 

porous media-based filtration, and catalysis, where mini-

mising frictional losses is essential. 

 The Nusselt number, representing convective heat transfer, 

decreases with higher magnetic field strength, as does the 

Darcy number, reducing heat transfer efficiency in systems 

like heat exchangers and reactors. A higher amount of na-

noparticles makes it harder for heat to transfer in cooling 

systems because it thickens the layer of heat around them. 

Also, when stronger magnetic fields and more thermal ra-

diation work together, they further lower the Nusselt num-

ber, showing the balance between radiation and convec-

tion, which is crucial in high-temperature industries like 

materials processing and aerospace. 

The study’s findings are relevant to several industrial appli-

cations involving fluid flow in porous media, heat transfer, and 

nanofluids. These include energy systems (geothermal, oil re-

covery, and heat exchangers), where managing Darcy numbers, 

magnetic fields, and nanoparticle contents enhances efficiency. 

Nanofluids are also used in cooling systems for electronics, au-

tomotive engines, and industrial heat exchangers, where contro-

lling nanoparticle volume and magnetic fields optimises perfor-

mance. In chemical engineering, these results benefit processes 

like catalysis and filtration by improving fluid flow and heat 

transfer. Additionally, the findings assist in managing heat dis-

sipation in aerospace and high-temperature systems like combu-

stion chambers and nuclear reactors. Overall, the study provides 

valuable insights for optimising heat transfer and flow in various 

engineering applications. In the future, this study will be broa-

dened to look into how changes in flow, shrinking and slippery 

surfaces, the effects of porous materials, entropy, thermophore-

sis, and the movement of nanoparticles affect the results. 
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1. Introduction 

The major bottleneck of electrical energy is well known, as its 

storage is still not solved in an efficient way and in an appropri-

ate amount. Consequently, a permanent balance between actual 

consumption and production is a must. Because the consump-

tion side practically cannot be influenced and because some un-

controllable elements have also been appearing on the produc-

tion side, the rest of this side must satisfy the entire burden of 

controllability. As highlighted by Marusic et al. [1], the growing 

share of uncontrollable renewables, together with the decreasing 

amount of easy-to-control fossil-fuelled power plants, results in 

the need for the load-following operation of rather large power-

generating units. The difficulty is that such units were tradition-

ally handled as permanent-load ones. 
Nuclear power plants (NPPs) are typical examples of this type, 

as discussed in the study by Raskovic et al. [2], and they are char-

acterised by outstandingly high relevance of security, economic, 

and ecological issues. Just because of these reasons, a basic ques-

tion is whether they are capable of load-following operation at all.  
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Nomenclature 

c – specific heat capacity, J/(kg K) 

E – total internal energy, J 

E – Young’s modulus, Pa  

F – force vector, N 

h – specific enthalpy, J/kg 

I – identity tensor 

J ‒ dimensionless cost function  

m – mass, kg 

ṁ – mass flow rate, kg/s  

p – pressure, Pa 

Q ‒ weighting matrix for the control accuracy 

Q̇ – heat transfer rate into the system, W 

q̇ – volumetric heat transfer rate, W/m3 

r – reference signal  

R ‒ weighting matrix for the manipulated variable change 

t – time, s 

T – temperature, K 

u – local fluid velocity vector, m/s  

Δu – manipulated variable change (between two time steps) 

v – velocity vector, m/s 

V – volume, m3 

Ẇ – work done by the system, W 

y – controlled variable (process output) 

 

Greek symbols 

ε – strain tensor 

κ – thermal conductivity, W/(m K) 

ν – Poisson’s ratio 

ρ – density, kg/m3 

σ – stress, Pa 

σ – stress tensor, Pa 

τ – shear stress tensor, Pa 

 

Subscripts and Superscripts 

1, 2, 3– first, second, third 

ext – external 

in – incoming  

l – liquid 

ls – fluid and solid 

out – outgoing 

s – solid 

T – transpose of the vector  

VM – von Mises 

I – first scalar invariant 

 

Abbreviations and Acronyms 

FEA – finite element analysis 

normd. – normalised: divided by the maximal value* 

NPP – nuclear power plant 

PID – proportional-integral-derivative 

Pos. – position 

Rel. – relative: deviation from the point of linearization* 

RPV – reactor pressure vessel 

vlv – valve 

* Note that most numerical results are shown as ‘rel., normd.’as devia-

tions from the point of linearisation in a normalised (dimensionless), 

hence have an easy-to-compare form.

A high number of operational experiences definitely answers this 

question with a yes. Germany is a well-documented example, 

where several units operated in a load-following mode nearly 

continuously throughout the year, as confirmed by Ludwig et al. 

[3] and Grünwald and Caviezel [4]. This operational flexibility 

is often referred to as ‘manoeuvrability’, a term borrowed from 

aviation, where faster control typically comes at the cost of 

higher structural stress [5]. 

The most critical technical challenge of manoeuvring opera-

tion in NPPs is the thermal stress induced in thick-walled com-

ponents, especially in the reactor pressure vessel (RPV). Among 

its regions, the nozzle corner is widely recognised as the most 

vulnerable due to geometric complexity and stress concentration 

effects [6−8]. 

While the control side of load-following has been exten-

sively studied, the structural integrity side – particularly the dy-

namic modelling of thermal stress – has received less attention. 

Recent studies [5] have proposed integrated modelling ap-

proaches that combine fluid dynamics, heat transfer and solid 

mechanics to derive time-dependent stress functions suitable for 

control-oriented optimisation. Furthermore, the long-term im-

pact of thermal stress is material ageing, which can be assessed 

using either cycle-based (Palmgren-Miner) or time-dependent 

(Lorenzo-Ray) damage models [9,10]. These models are in-

creasingly being incorporated into control strategies to extend 

component lifetime while maintaining grid compliance. 

For investigating the potential of NPPs to participate in the 

load control, it is necessary to determine their optimal behav-

iour. For this, these dynamical systems must be mathematically 

described, that is, modelled. If a model is ready and pro-

grammed, it can be easily turned into a linearised one. Because 

of some practical reasons, for simplicity, throughout this study, 

we consider the linearised model and the linear ramp of the load 

change as the expectation of the grid operation. 

The main contribution of this study is to introduce a new 

procedure for determining the optimal route of the plant’s real 

inputs, i.e. the actuators, while also considering the side-effects, 

i.e. the caused thermal stresses. The resulting trajectories can 

then be used as reference pathways for traditional proportional-

integral-derivative (PID) controllers or as benchmarks for as-

sessing any controller performances. 

2. Dynamical model of the power unit 

The power unit itself has to be modelled in the first step, and, on 

this basis, a model for calculating thermal stress must be built. 

Both model parts are needed for the optimisation of the control 

curves of the entire system. The first part of the dynamical 

model is introduced in the current section (Sec. 2), while the sec-

ond one is presented in the subsequent one (Sec. 3). 

The inputs of the model of the power unit are the variables 

that also serve as inputs in reality, that is, the control rod posi-

tions and the main steam valve positions. Similarly, all those 

variables are modelled as outputs that may be used as measured 
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values for any control strategies, such as temperatures in both 

the primary and secondary circuits, flow rates, neutron fluxes, 

water levels, etc. Further, the process variables that can act as 

the inputs for thermal stress calculations are also handled as out-

puts in this model part. 

A central item in any lumped dynamical model is the state 

variable. This variable defines the model’s internal state at any 

given time and serves as the foundation for describing time-de-

pendent processes. Accordingly, these models are often referred 

to as state space models, and their dynamical nature arises pre-

cisely from the evolution of state variables over time. At the 

heart of lumped models lie the fundamental conservation laws, 

which form the primary differential equations governing the sys-

tem’s behaviour. These include: conservation of mass, conser-

vation of momentum and conservation of energy. 

The general form of these conservation laws can be ex-

pressed as follows: 

Conservation of mass: 

 
𝑑𝑚

𝑑𝑡
=  𝛴𝑚̇𝑖𝑛 −  𝛴𝑚̇𝑜𝑢𝑡, (1) 

where m is the total mass within the control volume, ṁin and ṁout 

are the incoming and outgoing mass flow rates, respectively. 

Conservation of momentum, which is typically omitted in 

lumped models unless forces or accelerations are of primary 

concern; if required, it takes the form: 

 
𝑑(𝜌𝑉𝒗)

𝑑𝑡
=  Σ𝑭, (2) 

where ρ is the fluid density, V is the volume of the control re-

gion, v is the velocity vector and F  is the force vector acting on 

the control volume. However, in the current model, momentum 

conservation is not explicitly included. 

Conservation of energy: 

 
𝑑𝐸

𝑑𝑡
=  Σ𝑄̇ −  Σ𝑊̇ +  Σ𝑚̇ℎ, (3) 

where E is the total internal energy of the control volume, Q̇ is 

the heat transfer into the system, Ẇ is the work done by the sys-

tem (e.g. shaft or flow work), ṁ is the mass flow rate and h is 

the specific enthalpy of the inflowing or outflowing fluid. 

A well-balanced mathematical model was set up by targeting 

accuracy and numerical effectiveness at the same time. It was 

achieved by our in-house model, which includes 12 state varia-

bles covering the above conservation laws as per Table 1.  

Besides the above conservation equations, their internal var-

iables also have to be calculated. It can be done by algebraic 

equations (no differential equations) and their sources are rather 

diverse. Throughout setting up the lumped model, its parts can 

be taken from the basic physical rules, reliable approximations 

and phenomenological equations, and their selection and formu-

lation are exciting aspects of model building. Textbooks can be 

beneficially used here (see, e.g. Walter et al. [11] for the most 

relevant systems of the current topic, and Corriou [12] for addi-

tional insights), along with tables or calculation methods for ma-

terial properties and often also the latest publications and own 

measurements. It should be noted that this way of model devel-

opment is referred to as theoretical or first-principle model 

building, in contrast to the empirical method. The latter relies on 

input-output data measured on the existing full-sized facility. 

A mixed use of these two basic directions is also possible, as 

demonstrated by Rossi et al. [13]. 

Accordingly, the first-principle modelling approach was ap-

plied in the actual work, and because control systems may sense 

and act on discrete points only, the proposed model class is that 

of the lumped models, as introduced in more detail by 

Szentannai et al. [14]. 

3. Dynamical calculation of thermal stress  

at the most critical point 

Non-stationary states cause thermal stresses in the structural ma-

terials of nuclear power plants. Among these, the RPV is of par-

ticular concern due to its large wall thickness, complex geome-

try, and the fact that it is practically irreplaceable. Within the 

RPV, the nozzle region – especially the nozzle corner – has been 

consistently identified as the most critical location in terms of 

stress concentration and fatigue vulnerability. This is supported 

by multiple studies. 

Li et al. [6] conducted an engineering critical assessment of 

RPV nozzle corner cracks under pressurised thermal shocks and 

highlighted the nozzle corner as the most vulnerable area due  

to geometric stress intensification. Liu et al. [7] and Cheng 

et al. [15] further confirmed that the nozzle-cylinder intersection 

is highly susceptible to crack initiation and propagation, partic-

ularly under transient thermal loads. Trampus [8] emphasised 

that the nozzle corner’s geometry and material constraints make 

it the limiting factor in manoeuvring operations. Additionally, 

Rabazzi et al. [16] performed a detailed structural integrity as-

sessment of the nozzle during thermal shock events, reinforcing 

its criticality.  

Based on these findings, the nozzle corner was selected as 

the focus of our analysis. To quantify the thermal stresses in this 

region, we developed a dynamic model through an in-depth in-

vestigation. 

A finite element analysis was carried out, which consisted of 

three main steps: 

• fluid mechanical calculations, 

• numerical modelling of heat transfer phenomena, and 

• computation of stress-strain fields within the steel body. 

 

Table 1. Conservation equations in the dynamical model of the power 

unit. 

Type No. Applied for 

Mass  
conservation 

4 
Neutrons, delayed neutron precursor atoms, 
steam (several locations) 

Momentum 
conservation 

0 − 

Energy  
conservation 8 

Thermal energy stored in the fuel rods, clad-
ding, moderator (several locations), steam 
generator and pipe (several locations) 
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The fluid flow in the analysed region was modelled using the 

Navier-Stokes equation and the continuity equation, both ap-

plied for incompressible fluids: 

 𝜌𝑙 (
𝜕𝒖

𝜕𝑡
+  (𝒖 · ∇)𝒖) =  −∇𝑝 +  ∇ · 𝛕 + 𝑭𝑒𝑥𝑡 , (4) 

 ∇ · (𝜌𝑙  𝒖) =  0, (5) 

where u is the local fluid velocity vector, ρ is the fluid density, 

p is the pressure, τ is the local shear stress tensor and Fext sum-

marises the external forces. 

The fluid flow governs the heat exchange between the fluid 

and solid domains. The energy equation for the fluid phase is 

 𝜌𝑙𝑐𝑙   
𝜕𝑇𝑙

𝜕𝑡
+ 𝜌𝑙𝑐𝑙  (𝒖 · ∇)𝑇𝑙  −  ∇ · (𝜅𝑙  ∇𝑇𝑙) =  𝑞̇𝑙𝑠, (6) 

where Tl is the fluid temperature, cl is the fluid specific heat ca-

pacity, κl is the fluid thermal conductivity and q̇ls is the volumet-

ric heat transfer rate between fluid and solid. 

In the solid domain, where there is no convective motion, the 

energy equation simplifies to 

 𝜌𝑠𝑐𝑠  
𝜕𝑇𝑠

𝜕𝑡
− ∇ · (𝜅𝑠∇𝑇𝑠) =  −𝑞̇𝑙𝑠, (7) 

where Ts is the solid temperature, ρs is the solid density, cs is the 

solid specific heat capacity and κs is its thermal conductivity. In 

regions away from fluid contact q̇ls = 0. 

The steel structure is considered to behave as an isotropic, 

linear thermoelastic material. The stress tensor σ is given by the 

following formulation [19]: 

 𝛔 =  
𝐸

1 + 𝜈
[𝛆 +

𝜈

1 − 2𝜈
𝜀𝐼𝐈] −  

𝐸

1 − 2𝜈
𝛼 (𝑇 − 𝑇𝑟𝑒𝑓)𝐈, (8) 

where E is Young’s modulus, ν is Poisson’s ratio, α is the ther-

mal expansion coefficient, ε is the strain tensor, εI is the first 

scalar invariant of the strain tensor, T is the local temperature, 

Tref is the reference temperature and I is the identity tensor. 

The principal stresses σ1, σ2, and σ3 are calculated as the eigen-

values of σ. From these, the von Mises stress is determined as 

 𝜎𝑉𝑀 = √
1

2
 [(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2]. (9) 

This scalar quantity characterises the effective stress at each 

point in the material. The regions of highest σVM values align 

with the expected stress concentrations. Due to symmetry, only 

one critical zone is considered for further calculations. 

As a result of the above series of finite element calculations, 

the stress field around the critical point inside the steel body 

could be obtained, as shown in Fig. 1.  

The time-dependent maximum of the thermal stress was then 

calculated as a consequence of a (theoretically applied) stepwise 

change in the input. This time function is the step response func-

tion [12] of this subsystem, which can already be integrated with 

the dynamical model of the power unit, as discussed in the pre-

vious subsection. 

 

 

4. System of criteria for the optimisation 

The consumer of the product that a power plant offers is the elec-

trical grid, hence, the criteria formulated on this side are the first 

ones to be considered. In the synchronous area of Continental 

Europe, it is clearly formulated and summarised by a regulation 

of the European Commission [17]. According to this, limiting 

curves are given, between which the electrical power output 

must be kept throughout any load-changing transients. Although 

this regulation allows a certain freedom between the two limit-

ing curves, throughout this study, we simply follow the more 

remote limiting line. This is because our preliminary investiga-

tions show that the optimum is in the very close proximity of 

this line (Fig. 2), hence, this simplifying decision does not result 

in any noticeable influences on the global optimisation result.  

A first attempt at solving the control problem could be a pro-

portional, purely linear moving of both actuators within the pre-

scribed time interval from their original positions to the final ones, 

determined by the final desired operating point (Fig. 3). In the 

presence of a dynamical plant model (see Sec. 2), the plant outputs 

can be calculated as functions of time, as shown in Fig. 4.  

These plant outputs are the electrical output, the steam pressure 

 

Fig. 2. The setpoint of the electrical power output vs. time as one 

of the criteria for transient load change formulated 

by the grid operator. 

 

Fig. 1. Von Mises stress field around the critical point 

in the course of increasing the unit load; 

300 s after stepwise temperature increase. 
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in the secondary circuit and the von Mises stress at the most crit-

ical point. As visible in the top right high-time-resolution graph 

in this figure, this control concept fulfils the first criterion. Note 

that this scenario will be used as the reference one with the same 

normalising values throughout this study. 

Further optimisation criteria come from the capabilities of 

the plant itself. As the first one, the speed of the control rods is 

limited to 0.2 m/s in the investigated plant. For formulating the 

next one, the degree of freedom of such plants must be consid-

ered. Based on these thoughts and based on the two known 

modes of traditional reactor control, either the live steam pres-

sure in the secondary circuit or the average coolant temperature 

in the primary circuit can be freely chosen and kept constant. 

Throughout this study, we consequently apply the former one, 

as this seems to be the more often implemented one. Finally, all 

criteria together must be formulated in an integrated form. For 

this, we apply the quadratic cost function: 

 𝐽 = ∫ (𝒓 − 𝒚)𝑇𝐐
time frame

(𝒓 − 𝒚) + ∆𝒖𝑇𝐑∆𝒖 d𝑡. (10) 

This form is extensively applied in both theoretical and practical 

control applications due to its analytical tractability and effec-

tiveness in balancing multiple objectives. The definitions of the 

vector variables and matrices are as follows: r(t) − the reference 

signal (desired output trajectory), y(t) − the actual process out-

put, u(t) − the control input (e.g. actuator positions), Δu(t) − the 

rate of change of the control input (i.e. actuator speed), Q − 

weighting matrix for the control accuracy, penalising output 

tracking error, R − weighting matrix for the manipulated varia-

ble change penalising control effort. 

This quadratic optimisation problem can also be numerically 

solved while considering several constant or time-dependent 

constraints. The cost function defined by Eq. (10) is a widely 

used quadratic form in optimal control theory [18]. Its applica-

tion in nuclear reactor control has also been demonstrated in re-

cent studies, where it enables the simultaneous consideration of 

control accuracy, actuator effort and thermal stress. 

Based on the above possibilities, also for considering ther-

mal stress, the same optimum-seeking procedure can be applied 

in two ways: either by putting a constraint or by making the ther-

mal stress more marked. These two methods are detailed and 

commented on below. 

4.1. Weight on thermal stress 

To follow established practices, the pressure should return to its 

initial value after the transitory state. In order to do so, a weight 

can be put on this output to be stricter on the correspondence 

between this value and its reference, which remains unchanged. 

A time-varying weight is applied to the pressure value to make 

it slowly but surely reach the right value. This weight on the 

pressure, increasing linearly over time, assures stabilising the 

pressure at its initial value at the end of the transient. 

Of course, thermal stress must also be weighted. A very large 

weight was applied throughout the transient period, which can 

then be removed later. An appropriate set of these two time-de-

pendent weights was applied, as shown in Fig. 5. 

4.2. Constraint on thermal stress 

Another possibility offered by the quadratic optimisation 

method is to apply constraints on thermal stress. This approach 

is useful in cases when material ageing is considered to be neg-

ligible by low thermal stress values, while it becomes harmful 

after overstepping a certain limit. 

5. Numerical method for seeking the optimal 

pathway 

Effective numerical optimum seeking procedures have been 

available for many decades. In the current study, its realisation 

 

Fig. 3. Purely linear control of the actuators between their initial 

and final positions with filling the allowed time frame – 

to be used as the reference case throughout the present study. 

 

Fig. 4. Plant outputs as functions of time as consequences of the basic 

control strategy – to be used as the reference case 

throughout the present study. 

 

Fig. 5. Time-dependent weights applied in the cost function 

for fulfilling the system of criteria. 
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within the Matlab framework, as demonstrated by Bemporad  

et al. [18], was applied. According to its hints, we applied a sim-

plification to achieve a numerically very cheap and effective so-

lution. It is based on a step-by-step optimisation of Eq. (10) and 

constraints, in such a way that it always seeks the next optimal 

move of the process inputs, instead of doing the same for the 

entire set of future time instances. 

Throughout the dynamic optimisation procedure, the σVM ther-

mal stress was considered as one component in the y output vector 

of the process. This σVM was calculated by means of the step re-

sponse function, which had to be achieved once as the final result 

of the finite element modelling, as described in Section 3. 

6. Results and discussion 

The optimisation procedure presented in this study aimed to de-

termine actuator trajectories that minimise thermally induced 

stress in critical components of nuclear power plants during 

load-following operation. The focus was on the nozzle corner of 

the reactor pressure vessel, which is widely recognised as the 

most vulnerable region due to its geometric complexity and 

stress concentration effects. Two optimisation strategies were 

investigated: one treating thermal stress as a constrained varia-

ble and another, incorporating it as a weighted term in the cost 

function. In both cases, the optimisation was performed using a 

two-scale time framework: a fast scale (seconds) to satisfy grid-

side ramping requirements, and a slow scale (minutes to hours) 

to capture the evolution of thermal stress. 

6.1. Weight on thermal stress 

The optimisation was carried out for two cases to demonstrate 

the effect of changing the weights. In the first one (dashed blue 

line in Figs. 6 and 7), there was a bigger weight on the steam 

pressure, while in the second one (thick, solid blue line), the 

thermal stress was more heavily weighted. As visible in Fig. 7, 

the latter one results in a fairly acceptable deviation in the main 

steam pressure, which allows a significantly lower absolute peak 

in the thermal stress. 

The basis for the proposed weight functions for both pressure 

and thermal stress lies in the physical interpretation of the tran-

sient process and the optimisation strategy used in predictive 

control frameworks. As can be observed, in the case where there 

was a higher weight on the thermal stress (solid line), in ex-

change for a lower peak in the thermal stress, we had to allow 

a much larger deviation in the main steam pressure. While the 

peak thermal stress was reduced by more than 50%, the peak 

value of the main steam pressure increased by almost 1.5 times 

compared to the first case (dashed line). However, this is in our 

favour as the thermal stress is more significant for the ageing of 

the structural materials. Compared to the purely linear actuator 

control, the optimised trajectories achieved the same load-fol-

lowing performance while significantly reducing thermal stress. 

6.2. Constraint on thermal stress 

To demonstrate the effectiveness of constrained optimisation, 

two cases will also be shown with two different values as the 

constraints of thermal stress. In Figs. 8 and 9, these cases were 

marked consequently by a dashed blue line (less strict con-

straint) and a thick, solid blue line (more strict constraint). The 

figures show a similar trend: less absolute thermal stress can be 

achieved at the price of a higher transitional pressure peak. 

6.3. Overall observations and causes 

The results show that the optimised control curves significantly 

reduce the peak thermal stress compared to heuristic or linearly 

ramped control actions. In the constrained case, the stress was 

 

Fig. 7. Results of optimised control – by means of diverse weighting 

of plant variables. The absolute thermal stress can be significantly 

reduced at the expense of a larger (but still fully acceptable) deviation 

in the main steam pressure (dotted, light line: no optimisation; 

dashed blue line: slight weight on thermal stress; 

thick, solid blue line: greater weight on thermal stress). 

 

Fig. 8. Optimised control of the actuators (solid and dashed blue 

lines), together with the pure linear control (dotted, light line) – 

by means of constraining the resulted thermal stress. 

 

Fig. 6. Optimised control of the actuators (solid and dashed blue 

lines), together with the pure linear control (dotted, light line) –  

by means of diverse weighting of plant variables. 
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kept below the predefined limit throughout the transient. In the 

weighted case, although the peak stress was slightly higher, the 

overall stress-time integral – representing accumulated fatigue – 

was reduced. This demonstrates that the optimisation not only 

limits instantaneous stress but also mitigates long-term material 

degradation. Importantly, the optimisation did not rely on a uni-

form slowing down of the load change. Instead, the algorithm 

exploited the plant’s internal flexibility – such as the thermal in-

ertia of the primary loop and the buffering capacity of the steam 

pressure – to decouple the fast electrical response from the 

slower thermal dynamics. This allowed the control rods to move 

more gradually, reducing stress, while the steam valve compen-

sated for the required power output. 

The optimised trajectories also showed improved smoothness 

and coordination between actuators, which is beneficial for me-

chanical wear and control stability. The results confirm that the 

proposed method provides a non-trivial improvement over con-

ventional control strategies, offering a viable path toward extend-

ing component lifetime while maintaining operational flexibility. 

Although the study focused on a specific reactor configura-

tion and nozzle geometry, the methodology is generalisable. The 

derived stress transfer function and optimisation framework can 

be adapted to other critical components and reactor types. Future 

work may include the integration of fuel behaviour models and 

the extension of the optimisation to multi-unit coordination. 

7. Conclusions 

This study demonstrated that the practically required load-follow-

ing operation of nuclear power plants can be realised in a way that 

significantly reduces reactor-side thermal stresses – thus mitigat-

ing material ageing – while still fulfilling the grid operator’s dy-

namic power delivery requirements. 

By integrating a dynamical system model with a detailed 

stress-strain analysis of the reactor pressure vessel, the proposed 

optimisation framework enables a balance between fast electri-

cal load manoeuvring and reactor-side structural integrity. In nu-

merical simulations, thermal stress peaks were reduced by up to 

almost 50% compared to a standard linear control approach. Im-

portantly, this reduction was achieved without exceeding ac-

ceptable deviations in steam pressure. 

The resulting actuator trajectories adhered to physical con-

straints, including control rod speed limits (≤ 0.2 m/s), and 

showed smoother, more predictable behaviour, minimising 

high-frequency mechanical load changes. This confirms that 

stress-aware optimisation not only supports flexible plant oper-

ation but also contributes to long-term component reliability. 

This method provides a practical and scalable solution for 

adapting existing nuclear power plants to modern grid demands 

with a high share of intermittent renewables. It supports life-

time considering control and paves the way for health-aware op-

timisation strategies, offering a path toward more resilient, sus-

tainable nuclear power operation in the future energy mix. 
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1. Introduction 

The understanding and mastery of the processes occurring in 

a nuclear reactor enabled the construction of the first nuclear 

units with relatively low thermal and electrical power. Some of 

the oldest nuclear units connected to the electrical network were 

built, among others, in Russia in Obninsk [1] with a thermal 

power of 36 MWth and electrical power of 5 MWel, and in Great 

Britain in Calder Hall [2] with a thermal power of 268 MWth and 

electrical power of 49 MWel. Over time, due to the minimisation 

of the unit cost of building 1 MWel of power, nuclear units with 

higher thermal and electrical power were built. Here, we can dis-

tinguish nuclear units of the class 400 MWel (VVER – Rus. 

vodo-vodyanoi enyergeticheskiy reaktor – water-water ener-

getic reactor [3]), 600 MWel (AP600 – advanced passive [4]), 

1000−1200 MWel (AP1000 [5−8], EPR – evolutionary power 

reactor [8−11], VVER [8,12,13]) and even those reaching the 

power of 1400 MWel (APR1400 – advanced power reactor [14]) 

or 1600−1700 MWel (EPR [8−11]). As can be seen, all of the 

aforementioned nuclear units, i.e. VVER, AP600, AP1000,  

APR 1400, EPR, belong to the PWR (pressurised water reactor) 

type nuclear units, which constitute the largest group among the 

nuclear reactors built in the world. According to the IAEA PRIS 

(International Atomic Energy Agency Power Reactor Infor-

mation System) statistics [15], there are currently 417 operating 

nuclear reactors in the world with a total capacity of 

373.735 MWel. The largest number of PWR-type nuclear reac-

tors is 306, with a total capacity of 293.147 MWel, which is 

73.7% of the number of PWR reactors of all types, and the share 

of PWR reactors is 78.4%.  
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Abstract 

The article presents the influence of hydraulic resistance in the main pipelines of EPR (evolutionary power reactor) and 
AP1000 (advanced passive) pressurised water nuclear reactors secondary circuit on the electric power of these units. The 
change of hydraulic resistance in the passage pipelines of the high-pressure and low-pressure turbine parts and in the 
pipelines supplying the low-pressure and high-pressure regenerative heaters was taken into account. These two types of 
units were selected due to the different values of live steam parameters and different values of pressure drops in the turbine 
passage and regeneration system pipelines. The analysis shows that the flow resistance in the turbine passage pipelines has 
the greatest impact on the power and efficiency of the unit, followed by high-pressure regeneration pipelines, while low-
pressure regeneration pipelines have the least impact. 
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Nomenclature 

dp ‒ pressure drop, = 𝑝𝐻𝐸 − 𝑝𝑇, bar 

h ‒ specific enthalpy, kJ/kg 

𝑚̇ ‒ mass flow rate, kg/s 

p ‒ pressure, bar 

t – temperature, °C 

 

Greek symbols 

∆𝑚̇ – difference in mass flow rates, = 𝑚̇𝑑𝑜𝑐 − 𝑚̇𝑒𝑏𝑠, kg/s 

𝛿𝑚̇ – mass flow rate relative error,= (𝑚̇𝑑𝑜𝑐 − 𝑚̇𝑒𝑏𝑠)/𝑚̇𝑑𝑜𝑐, % 

 

Subscripts and Superscripts 

doc – data from the documentation 

ebs – data from the Ebsilon program 

HE – steam at the inlet to the heat exchanger 

T – steam in the turbine bleed 

 

Abbreviations and Acronyms 

AP600/1000 – advanced passive 

APR1400 – advanced power reactor 

CON – steam condenser 

DE – deaerator 

EPR – evolutionary power reactor 

EPR OL3 – evolutionary power reactor in Olkiluoto unit 3 

EPR F3– evolutionary power reactor in Flamanville unit 3 

G – electric generator 

HPC – high-pressure cooler 

HPRH – high-pressure regenerative heat exchangers 

HPT – the high-pressure part of the steam turbine 

IAEA PRIS – International Atomic Energy Agency Power Reactor  

   Information System 

LPC – low-pressure cooler 

LPRH – low-pressure regenerative heat exchangers 

LPT – low-pressure part of the steam turbine 

M – electric motor 

P – pipes 

PWR – pressurised water reactor 

R – nuclear reactor 

SG – steam generator 

SH – superheater, first and second stages 

VVER – water-water energetic reactor 

At the same time as the thermal and electrical power of nu-

clear units increased, efforts were made to increase their effi-

ciency, which can be achieved by using classical methods that 

are also used in conventional steam power plants. The increase 

in the efficiency of nuclear power plants is achieved by increas-

ing the pressure and temperature of steam at the inlet to the 

steam turbine and by reducing the pressure of condensing steam 

in the condenser [16−21]. In turn, the pressure of condensing 

steam in the condenser is influenced by the design of the con-

denser [22−24], the load of the unit [25], and the temperature 

[26−30] and mass flow of cooling water at the inlet to the con-

denser [31−33]. With the increase in the thermal power of the 

reactor, it is possible to produce more steam in the generators. 

The above parameters (pressure and temperature, the mass flow 

of steam at the inlet to the turbine, and the pressure of condens-

ing steam at the inlet from the turbine) affect the power gener-

ated by the steam turbine, which affects the efficiency of the en-

tire nuclear unit. 

The second method of increasing the power and efficiency 

of nuclear units involves changes in the structure of the thermal 

system, e.g. by using low-pressure and high-pressure regenera-

tion [16−19]. Thermal systems of the nuclear unit designed for 

cogeneration operation are also analysed, i.e. systems that sim-

ultaneously produce electricity and district heating [34−38]. 

Systems of nuclear units for hydrogen production [39,40] and 

seawater desalination [41,42] are increasingly being proposed 

and tested. In order to increase the efficiency and power, com-

bined thermal systems of the nuclear unit with gas turbines 

[43−46] are also analysed, as well as in combination with con-

ventional systems coupled by means of superheaters [47,48]. 

Combined systems with the nuclear unit significantly increase 

the power and efficiency of such systems, but significantly in-

crease the construction costs due to significant interference in 

the structure of the thermal system. 

The influence of the main parameters determining the effi-

ciency of nuclear units, including the parameters of steam gen-

erated in generators and pressure in the condenser, has been the 

subject of a number of analyses, including the ones mentioned 

above. However, considering that nuclear units operate for 

40−50 years with the possibility of extending to 60−80, even 

a slight increase in efficiency provides significant economic 

benefits. Therefore, due attention should be paid to the entire 

thermal system of the nuclear unit, and possible places in the 

system should be sought, the careful selection of which would 

allow for an increase in the power and efficiency of the system. 

One of such possibilities is the proper selection of pressure drops 

in the pipelines connecting the steam bleedings in the turbine 

with the regenerative exchangers and in the passage between the 

high-pressure and low-pressure parts of the turbine, which is the 

subject of this article. 

During the design of a nuclear unit, the designers’ main fo-

cus is on maintaining the required power and efficiency of the 

unit by ensuring the values of the main parameters, i.e. steam 

pressure and temperature at the turbine inlet, steam mass flow 

(obtained based on the required heat flow transferred in the 

steam generators), condenser pressure, feed water temperature 

at the steam generator inlet. It happens that during the design of 

a nuclear unit, pressure drops in the pipelines are assumed as 

a certain percentage of the steam pressure at the inlet. This prac-

tice is also found in conventional power plants. Therefore, it 

seems that they are not determined with due accuracy during 

their design. For a nuclear unit built with such adopted assump-

tions regarding flow resistance in the pipelines supplying the re-

generative exchangers and in the passageway, there may be sig-

nificant differences that affect the power and efficiency. The sig-

nificant impact of these assumptions on the performance of the 

nuclear unit is presented in this paper. The EPR-type nuclear 

unit with the highest electrical power was selected for analysis, 
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as well as the AP1000 nuclear unit, which was selected as the 

first nuclear unit to be built in Poland. 

2. List of pressure drops in pipelines to  

regeneration exchangers 

Based on the thermodynamic and economic analysis, the appro-

priate number of low-pressure and high-pressure regenerative 

exchangers was determined for the thermal systems of EPR and 

AP1000 units. Considering only thermodynamic considerations, 

the increase in the number of regenerative exchangers causes the 

increase in the temperature of the feed water at the inlet to the 

steam generators and the increase in the efficiency of the entire 

system [16,49,50]. However, with the increase in the number of 

regenerative exchangers, this increase is smaller and smaller, 

and taking into account economic considerations (costs of build-

ing additional exchangers), the optimal number of high-pressure 

and low-pressure regenerative exchangers can be determined. In 

conventional units, there are 2−3 high-pressure regenerative  

exchangers and 4−5 low-pressure regenerative exchangers 

[16,18]. For nuclear units, the number of high-pressure regener-

ative exchangers is usually 2 and the number of low-pressure 

regenerative exchangers is usually 4 [7,11,34,35,40]. Table 1 

shows the steam pressure in the turbine bleeds (pT) and at the 

inlet to the exchangers (pHE), pressure drops in the steam pipe-

lines (dp) supplying the low-pressure and high-pressure regen-

erative exchangers and the percentage share of the pressure drop 

in relation to the pressure in the turbine extraction for conven-

tional units, and in Table 2 for EPR and AP1000 nuclear units, 

also taking into account the pressures in the passage.  

3. Models of the analysed thermal systems 

The secondary thermal cycles of the EPR and AP1000 units op-

erate according to the Rankine cycle, are similar to each other 

and have the same main elements, e.g. the high-pressure and 

low-pressure parts of the steam turbine, a two-stage steam su-

perheater after the high-pressure part of the turbine, a condenser, 

a deaerator, low- and high-pressure regenerative exchangers, 

cooling water, condensate and feed water pumps and an electric 

generator. There are also some differences between them, e.g. in 

the number of turbine stage groups for the high-pressure and 

low-pressure parts, an additional water heater for high-pressure 

regeneration for the EPR and a different method of condensate 

flow from low-pressure regenerative exchangers. The difference 

also concerns the heat flux generated in the reactor and the pres-

sure of live steam at the outlet of the steam generator, which 

causes them to have different generated electrical power and ef-

ficiency. 

The EPR and AP1000 nuclear power unit models were de-

veloped in the Ebsilon program [51]. The Ebsilon program has 

been used to model conventional power units [31,52−54] as well 

as nuclear power units [21,30,33,44,55−57]. Both models refer to 

the steady state of the thermal system operation. The Ebsilon pro-

gram is dedicated to thermal-fluid calculations of complex ther-

mal systems [51]. Models of EPR and AP1000 units were created 

in Ebsilon based on their balance thermal diagrams. In the con-

struction of the models, ready-made components of thermal sys-

tem elements contained in the program’s database were used. The 

components are interconnected to form the primary and secondary 

layout of the nuclear unit, consistent with their thermal scheme. 

The models consist of components, such as turbine stage groups, 

regenerative exchangers, a deaerator, steam condenser, steam su-

perheaters, a moisture separator, pipelines, pumps, valves, electric 

motors to drive pumps, an electric generator, and distribution and 

mixing nodes. For each component, the relevant design or balance 

data should be entered, e.g. for the turbine stage group  effi-

ciency, for the regenerative exchanger  terminal temperature dif-

ference (TTD), and for the valves and pipelines  nominal pres-

sure drops. In the heat exchanger model, the heat transfer equation 

according to Péclet’s law is used and for turbine stage groups the 

Flugel-Stodola equation is used. In the online documentation  

of the Ebsilon program, it is possible to reach detailed descriptions 

of the models and the calculation formulas used, but this is labo-

rious and beyond the scope of this article. According to the au-

thors of the paper, the Ebsilon program is one of the most ad-

vanced programs for steady-state thermal-fluid balance calcula-

tions and is therefore used in scientific and research work at the 

Institute of Heat Engineering of Warsaw University of Technol-

ogy. 

In the model, it is also necessary to enter parameters at char-

acteristic points, such as pressures in the turbine bleedings. In 

the developed models, the number of entered data for the design 

Table 1. Steam pressure in turbine extractions and at the inlet to ex-

changers, pressure drops in steam pipelines supplying low-pressure 

and high-pressure regenerative exchangers, and percentage pressure 

drop for conventional units. 

Unit 
(MWel) 

Heat  
exchanger 

pT 
(bar) 

pHE 
(bar) 

dp 
(bar) 

dp/pT 
(%) 

360  

 LPRH1 0.382 0.378 0.004 1.0 

 LPRH2 1.061 1.049 0.012 1.1 

 LPRH3 3.14 3.08 0.06 1.9 

 LPRH4 5.46 5.4 0.06 1.1 

 HPRH1 21.41 21.05 0.36 1.7 

 HPRH2 44.81 43.2 1.61 3.6 

500   

 LPRH1 0.137 0.134 0.003 2.2 

 LPRH2 0.924 0.897 0.027 2.9 

 LPRH3 2.946 2.758 0.188 6.4 

 HPRH1 13.63 13.27 0.36 2.6 

 HPRH2 21.05 20.8 0.25 1.2 

 HPRH3 43.57 42.91 0.66 1.5 

1000   

 LPRH1 0.175 0.166 0.009 5.1 

 LPRH2 0.553 0.525 0.028 5.1 

 LPRH3 2.65 2.53 0.12 4.5 

 LPRH4 5.98 5.8 0.18 3.0 

 LPRH5 11.6 10.7 0.9 7.8 

 HPRH1 24.5 23.3 1.2 4.9 

 HPRH2 58 56.2 1.8 3.1 

 HPRH3 104.3 99.1 5.2 5.0 
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model for one unit is about 120. The Ebsilon program, on the 

basis of the created thermal system with the entered required pa-

rameters using mass and energy balances, determines mass flow 

rates at characteristic points of the thermal system for the nomi-

nal (design) condition. In the case of analysis of load changes, 

calculations are performed under the changed conditions of op-

eration (off-design). In this case, the number of additional data 

is small (less than 10). It increases significantly in the case when 

the own characteristics of elements under changed operating 

conditions are introduced. For the analysed models of the EPR 

and AP1000 nuclear units, the values of pressure drops in the 

high-pressure to low-pressure (HP−LP) passage and in the pipe-

lines (P1−P4) feeding the regenerative exchangers were given 

as input data to the model in the pipeline component. For the 

assumed input data, including pressure drops for these pipelines 

and in the HP−LP passage, the Ebsilon program determined the 

mass flow rate of the fluids and the performance of the unit, i.e. 

power and efficiency of the unit. 

3.1. Model of the thermal system of the EPR nuclear 

unit 

The diagram of the EPR nuclear unit system with parameters was 

taken from the data presented by Framatome in [11]. Based on the 

available thermal diagram, a thermal-flow model of the EPR nu-

clear unit was created in the Ebsilon program, as shown in Fig. 1. 

In the analysed EPR nuclear unit, the steam turbine consists of 

a high-pressure part (HPT) and three low-pressure parts. A con-

denser is located under each of the low-pressure turbine parts. In 

the model presented in Fig. 1, due to the identity of the three low-

pressure turbine parts, they were aggregated into a single part 

(LPT), and the steam condensers (CON) were treated similarly. In 

the secondary circuit, there is a two-stage steam superheater (SH) 

located between the outlet from the HP part and the inlet to the LP 

part of the turbine. The high-pressure regeneration system con-

sists of two regenerative exchangers (HPRH1−2) and a high-pre- 

 

Fig. 1. Schematic diagram of the thermal system of the EPR nuclear power plant: CON – steam condenser, DE – deaerator, G – electric generator, 

HPC – high pressure cooler, HPRH – high-pressure regenerative heat exchangers, HPT – the high-pressure part of the steam turbine, 

LPC – low pressure cooler, LPRH – low-pressure regenerative heat exchangers, LPT – the low-pressure part of the steam turbine, 

M – electric motor, P – pipes, R – nuclear reactor, SG – steam generator, SH – superheater, first and second stages; 

blue line – water, red line – steam, green line – shaft, pink colour – electric lines. 

Table 2. Steam pressure in turbine extractions and at the inlet to  ex-

changers, pressure drops in steam pipelines supplying the low-pressure 

and high-pressure regenerative exchangers, and percentage pressure 

drop for EPR and AP1000 nuclear units, also taking into account the 

pressures in the passage. 

Unit  
Heat  

exchanger 
pT 

(bar) 
pHE 

(bar) 
dp 

(bar) 
dp/pT 

(%) 

EPR OL3  

 LPRH1 0.1311 0.1245 0.0066 5.0 

 LPRH2 0.615 0.584 0.031 5.0 

 LPRH3 2.13 2.02 0.11 5.2 

 LPRH4 4.43 4.21 0.22 5.0 

 HPRH1 19.96 18.96 1 5.0 

 HPRH2 29.37 27.9 1.47 5.0 

 Turbine passage 10 9.5 0.5 5.0 

EPR F3  

 LPRH1 0.1703 0.1619 0.0084 4.9 

 LPRH2 0.855 0.8123 0.0427 5.0 

 LPRH3 3.451 3.215 0.236 6.8 

 LPRH4 6.37 6.051 0.319 5.0 

 HPRH1 20.81 19.78 1.03 4.9 

 HPRH2 30.27 28.76 1.51 5.0 

AP1000   

 LPRH1 0.405 0.393 0.0124 3.1 

 LPRH2 0.866 0.839 0.0269 3.1 

 LPRH3 2.565 2.482 0.0827 3.2 

 LPRH4 4.268 4.137 0.1310 3.1 

 LPRH5 17.858 17.306 0.5516 3.1 

 HPRH1 28.270 27.373 0.8963 3.2 

 HPRH2 0.405 0.393 0.0124 3.1 

 Turbine passage  11.328 10.958 0.37 3.3 
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ssure cooler (HPC). The low-pressure regeneration system con-

sists of four regenerative exchangers (LPRH1−4) and a low-pres-

sure cooler (LPC). The power of the analysed EPR nuclear unit is 

about 1700 MWel and the gross efficiency is about 39% [9−11]. 

A detailed description of the model, as well as a list of parameters 

(temperatures, pressure, mass flow) at characteristic points of the 

thermal system, are presented in [21,30]. A detailed description of 

the system and individual components, as well as the thermal cy-

cle, is presented in [21]. A description of the EPR and AP1000 

reactors can also be found in the literature, e.g. in [58]. 

3.2. Thermal system model of the AP1000 nuclear unit 

The AP1000 nuclear unit consists of a high-pressure turbine 

(HPT) part, a two-stage steam superheater (SH) and three low-

pressure turbine (LPT) parts. The low-pressure regeneration sys-

tem consists of four regenerative exchangers and a low-pressure 

cooler. The high-pressure regeneration system consists of two re-

generative exchangers. The power of the analysed AP1000 nu-

clear unit is about 1200 MWel and the gross efficiency is about 

35% [1−7]. The input data for the model were taken from availa-

ble documentation [7]. Based on the established structure and pa-

rameters, a unit model was created in the Ebsilon program 

(Fig. 2). Table 3 presents selected parameters (pressure, tempera-

ture, mass flow and specific enthalpy) for characteristic points of 

the system (1−14). The symbols in Fig. 2 are the same as in Fig. 1. 

For the given pressures and temperatures at selected points 

in the thermal system, mass flows corresponding to the nominal 

power of the unit were determined in the Ebsilon program. Ta-

ble 4 presents a comparison of mass flows and relative error at 

characteristic points of the system according to data from the 

documentation [7] and data obtained from the model in the Eb-

silon program. 

The maximum mass flow rate differences are 4−6 kg/s, but 

they occur for large mass flow rates, for which the relative error 

is equal to or below 0.52%. The maximum relative error does not 

exceed 1%, which can be considered a satisfactory model valida-

tion, considering also the fact that the Ebsilon model uses simpli-

fications in the steam system from the glands and turbine seals. 

 

Fig. 2. Schematic diagram of the thermal system of the AP1000 nuclear power plant: 1–14 – characteristic points of the system (for legend see Fig. 1). 

Table 3. Pressure (p), temperature (t), mass flow (𝑚̇) and 

enthalpy (h) at characteristic points of the thermal system 

of the AP 1000 nuclear unit.  

No. 
p 

(bar) 
t 

(°C) 
𝒎̇ 

(kg/s) 
h 

(kJ/kg) 

1 57.61   1886.9   

2 55.71 270.72 1824.1 2785.62 

3     61.3 2785.62 

4 28.27   89.9 2685.60 

5 11.33   1450.8 2539.99 

6 34.13   82.9 2718.40 

7 17.86   71.7 2610.47 

8   226.67   975.76 

9 4.27   43.1 2773.52 

10 2.56   74.8 2686.30 

11 0.84 94.78 47.8   

12 0.41   81.8 2472.54 

13     1034.5   

14  42.61 1285.6 180.73 

 

Table 4. Comparison of mass flows at characteristic points 

of the thermal system for the AP1000 nuclear unit  

according to data from [7] and the Ebsilon program.  

No. 
𝒎̇𝒅𝒐𝒄 
(kg/s) 

𝒎̇𝒆𝒃𝒔 
(kg/s) 

∆𝒎̇ 
(kg/s) 

𝜹𝒎̇ 
(%) 

1 1886.91 1882.78 4.13 0.22 

2 1824.06 1820.79 3.28 0.18 

3 61.32 61.79 -0.46 -0.76 

4 89.91 89.83 0.08 0.09 

5 1450.85 1446.07 4.77 0.33 

6 82.94 83.58 -0.65 -0.78 

7 71.72 71.86 -0.15 -0.21 

8 125.08 126.30 -1.22 -0.98 

9 43.07 43.41 -0.34 -0.80 

10 74.76 75.11 -0.35 -0.46 

11 47.84 48.20 -0.36 -0.76 

12 81.79 81.09 0.71 0.86 

13 1034.51 1034.30 0.22 0.02 

14 1285.62 1278.88 6.74 0.52 
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4. The influence of pressure drop change  

in the steam supply line on the performance  

of the regenerative heat exchanger 

Regenerative exchangers can be divided into three zones (steam 

cooling zone, steam condensation zone and condensate cooling 

zone) [59−63]. High-pressure regenerative exchangers in the an-

alysed nuclear units (HPRH1 and HPRH2) are supplied with wet 

steam, therefore, they do not have a zone of steam cooling to 

saturation. Low-pressure regenerative exchangers (LPRH3 and 

LPRH4) are supplied with superheated steam; therefore, they 

have three heat exchange zones. The temperature distribution in 

the high-pressure regenerative heat exchanger (HPRH1) to-

gether with its unit diagram from the Ebsilon program is shown 

in Fig. 3, and the temperature distribution for the low-pressure 

regenerative heat exchanger (LPRH4) is shown in Fig. 4. The 

temperature distribution applies to the EPR nuclear unit for the 

nominal system parameters (the pressure drop in the pipeline is 

equal to 5% of the pressure in the steam bleeding – according to 

Table 2) and pressure drops in the pipelines of 3% of the steam 

pressure in the steam bleeding. 

Reducing the steam pressure drop in the pipeline supplying 

the high-pressure exchanger causes an increase in steam pres-

sure and, at the same time, an increase in steam temperature at 

the inlet to the exchanger (the exchanger is supplied with wet 

steam). Higher steam temperature and greater steam mass flow 

cause more heat to be transferred in the exchanger, which results 

in an increase in water temperatures at the exchanger outlet.  

Reducing the pressure drop in the steam pipeline supplying 

the regenerative high-pressure exchanger (HPRH1) from 5% to 

3% causes an increase in the water temperature at the exchanger 

outlet by 1C.  

Reducing the pressure drop in the steam pipeline supplying 

the low-pressure exchanger (LPRH4) from 5% to 3% causes an 

increase in water temperature at the exchanger outlet by 0.7 C. 

This increase is mainly due to the increase in saturation tempera-

ture resulting from the higher steam pressure at the exchanger in-

let. 

5. Results 

An analysis of the influence of changes in resistance in the pipe-

lines connecting steam extractions with regenerative exchang-

ers, for the EPR and AP1000 nuclear units, was carried out for 

two high-pressure regenerative heaters and two low-pressure re-

generative heaters, as well as for the passage between the high-

pressure and low-pressure turbine sections. 

For the EPR nuclear unit, for the nominal gross power of the 

unit, the pressure drops in the pipelines for the analysed regen-

erative exchangers and in the passageway amount to 5% of the 

pressure value at the inlet (Table 2). The analysis was performed 

for reduced pressure drops to the levels of 4% and 3%, respec-

tively. The results of calculations of the change in the unit power 

are presented in Table 5. Reducing pressure drops to 4% of  

the inlet pressure results in a power increase of 2.31 MWel 

(0.65 MWel results from the reduction of pressure drops in the 

pipelines to the exchangers and 1.66 MWel results from the re-

duction of pressure drops in the passage). Reducing pressure 

drops to 3% of the inlet pressure results in a power increase of 

4.58 MWel (1.28 MWel results from the reduction of pressure 

drops in the pipelines to the exchangers and 3.31 MWel results 

from the reduction of pressure drops in the passage). 

 

 

 

Fig. 4. Temperature distribution in the low-pressure regenerative 

heat exchanger (LPRH4) along with its unit diagram from the Eb-

silon program, for 5% and 3% pressure drop in the pipeline. 

 

 

Fig. 3. Temperature distribution in the high-pressure regenerative 

heat exchanger (HPRH1) with its unit diagram from the Ebsilon 

program, for 5% and 3% pressure drop in the pipeline. 
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For the AP1000 nuclear unit, for the rated gross unit power, 

the pressure drops in the pipelines to the analysed regenerative 

exchangers and in the passage are 3% of the inlet pressure  

(Table 2). An analysis was made of how the change in pressure 

drops affects the unit power for pressure drops of 4% and 2%, 

respectively. The calculation results of the change in the unit 

power are presented in Table 6. For resistances of 4%, there is 

an increase in pressure drops compared to the basic variant, in 

which these drops were equal to 3%; therefore, in this case, we 

have a loss of electrical power of 1.63 MWel (a power loss of 

0.39 MWel on the pipelines to the regenerative exchangers and 

a power loss of 1.24 MWel in the passage). Reducing the  

pressure drops to 2% results in a power increase of 2.47 MWel 

(a power increase of 0.51 MWel resulting from the reduction of 

the pressure drops in the pipelines to the regenerative exchang-

ers and a power increase of 1.97 MWel resulting from the reduc-

tion of the pressure drop in the passage). 

6. Conclusions 

In the EPR unit, reducing resistance from 5% to 3% in the pipe-

lines supplying two low-pressure regenerative exchangers 

(LPRH3 and LPRH4) and two high-pressure regenerative ex-

changers (HPRH1 and HPRH2), and in the passage, gives a po-

wer increase of 4.58 MWel, which is 0.266% of the nominal 

power. In the AP1000 unit, reducing resistance by 2% gives  

a power increase of 4.1 MWel, which is 0.342% of the nominal 

power.  

The greatest impact (for the pipelines analysed) on the power 

and efficiency of the whole unit is exerted by the flow resistance 

in the pipelines in the turbine passageway, less in the pipelines 

in the high-pressure regeneration and the least in the pipelines 

in the low-pressure regeneration. An increase in the power of the 

unit by 1 MWel gives about 3.5 million PLN in revenue from the 

sale of additional electricity (assuming that the annual operating 

time of the unit is equal to 7 000 hours and the price of electricity 

is PLN 500/MWh). For a 4 MWel unit, this profit amounts to 

about 14 million PLN. Therefore, a careful analysis of the influ-

ence of resistance in the live steam, interstage steam and regen-

eration system pipelines should be the subject of research and 

analysis. Among other things, it is necessary to take into account 

increasing the diameter of the pipelines and shortening their 

length, especially for high-pressure regeneration. These sugges-

tions can be taken into account for newly designed PWR-type 

nuclear power plants, including those envisioned for implemen-

tation in Poland. 

The flow resistance from the outlet of the steam generators 

to the inlet to the high-pressure section of the turbine can still be 

analysed, with special attention paid to pressure drops on valves 

upstream of the high-pressure part of the steam turbine. To be 

able to assess the possibility of reducing pressure drops along 

this section, one needs to know the geometry of the pipelines 

(pipeline diameters and lengths), the geometry of elbows, the 

characteristics of valves, and pressure drops at the stop and con-

trol valves. The authors of the paper do not currently have access 

to such detailed data. If such data can be obtained, the analysis 

will be continued in the near future. 

References 

[1] APS 1 Obninsk (2025). https://world-nuclear.org/nuclear-reactor-

database/details/APS-1-Obninsk [accessed 25 March 2025]. 

[2] Calder Hall 1 (2025). https://world-nuclear.org/nuclear-reactor-

database/details/calder%20 hall-1 [accessed 25 March 2025]. 

[3] VVER (2025). https://en.wikipedia.org/wiki/VVER [accessed 25 

March 2025]. 

[4] Westinghouse AP600 advanced nuclear plant design (2025). 

https://inis.iaea.org/collection /NCLCollectionStore /_Public/31/ 

007/31007051.pdf [accessed 25 March 2025]. 

[5] AP1000 Pressurized Water Reactor (2025) https://westinghouse-

nuclear.com/energy-systems/ap1000-pwr/ [accessed 25 March 

2025]. 

[6] Issued design certification - Advanced passive 1000 (AP1000) 

(2025). https://www.nrc.gov/ reactors/new-reactors/large-lwr/de-

sign-cert/ap1000.html [accessed 25 March 2025]. 

[7] Westinghouse AP1000 design control document (2025) 

https://www.  nrc.gov/docs/ml1117/ ml11171a500.html [ac-

cessed 25 March 2025]. 

[8] Kubowski, J. (2014). Nuclear power plants (2nd ed.). WNT, 

Warsaw (in Polish). 

[9] EPR design description (2025) https://www.nrc.gov/docs/ 

ML0522/ ML052280170.pdf [accessed 25 March 2025]. 

[10] Large projects (2025). https://www.framatome.com/EN/busi-

nessnews-136/framatome-large-projects--management-and-exe-

cution-of-nuclear-reactor-new-build-projects.htm [accessed 25 

March 2025]. 

[11] Jurkowski, R. (2019). EPR circuit – overview. Lecture at Institute 

of Heat Engineering at Warsaw University of Technology, War-

saw, Nov. 29 − Dec. 3 (unpublished). 

Table 5. Increase in the power of the EPR nuclear unit due to  

reduction of pressure drops in the pipelines to the regenerative 

exchangers and in the passage by 4% and 3%. 

Heat exchanger 
dp/pT 

(%) 

Power 
increase 
(MWel) 

dp/pT 
(%) 

Power 
increase 
(MWel) 

LPRH3 4 
0.204 

3 
0.39 

LPRH4 4 3 

HPRH1 4 
0.446 

3 
0.89 

HPRH2 4 3 

Exchangers in total  0.65  1.28 

Passage 4 1.66 3 3.31 

Unit in total  2.31  4.58 

 

Table 6. Change in the power of the AP1000 nuclear unit due to 

changes in pressure drops in the pipelines to the regenerative  

exchangers and in the passage for 4% and 2%. 

Heat exchanger 
dp/pT 

(%) 

Power 
drop 

(MWel) 

dp/pT 
(%) 

Power 
increase 
(MWel) 

LPRH3 4 
0.13 

2 
0.16 

LPRH4 4 2 

HPRH1 4 
0.26 

2 
0.34 

HPRH2 4 2 

Exchangers in total  0.39  0.51 

Passage 4 1.24 2 1.97 

Unit in total  1.63  2.47 

 

https://inis.iaea.org/collection%20/NCLCollectionStore%20/_Public/31/
https://www.framatome.com/EN/businessnews-136/framatome-large-projects--management-and-execution-of-nuclear-reactor-new-build-projects.html
https://www.framatome.com/EN/businessnews-136/framatome-large-projects--management-and-execution-of-nuclear-reactor-new-build-projects.html
https://www.framatome.com/EN/businessnews-136/framatome-large-projects--management-and-execution-of-nuclear-reactor-new-build-projects.html


Laskowski R.M., Smyk A., Wolowicz M., Szymczyk J. 
 

56 
 

[12] Modern reactors of Russian design (2025). https:// www.rosatom.ru/ 

en/rosatom-group/engineering-and-construction/modern-reactors-

of-russian-design/ [accessed 25 March 2025]. 

[13] The VVER today, Evolution, design, safety. (2025). https:// 

rosatom.ru/upload/iblock/0be/0be1220af25741375138 

ecd1afb18743.pdf [accessed 25 March 2025]. 

[14] APR1400 Reactor (2025). https://home.kepco.co.kr/kepco/EN/  

G/htmlView/ENGBHP00102.do?menuCd=EN07030102 [access-

ed 25 March 2025]. 

[15] Power Reactor Information System (2025). https://pris.iaea.org/ 

PRIS/WorldStatistics/ OperationalReactorsByType.aspx [accessed 

25 March 2025]. 

[16] Laudyn, D., Pawlik, M., & Strzelczyk, F. (2007). Power plants. 

WNT, Warsaw (in Polish). 

[17] Cengel, Y.A., & Boles, M.A. (2002). Thermodynamics: An engi-

neering approach (4th ed.). McGraw-Hill, New York. 

[18] Nag, P.K. (2002). Power plant engineering. Tata McGraw-Hill, 

New York. 

[19] Szargut, J. (2000). Thermodynamics. PWN, Warsaw (in Polish). 

[20] Wang, C., Yan, C., Wang, J., Tian, C., & Yu, S. (2017). Paramet-

ric optimization of steam cycle in PWR nuclear power plant using 

improved genetic-simplex algorithm. Applied Thermal Engineer-

ing, 125, 830−845. doi: 10.1016/j.applthermaleng.2017.07.045 

[21] Laskowski, R., Smyk, A., Jurkowski R., Ancé, J., Wołowicz, M., 

& Uzunow, N. (2022). Selected aspects of the choice of live 

steam pressure in PWR nuclear power plant. Archives of Thermo-

dynamics, 43(3), 85−109. doi: 10.24425/ather.2022.143173 

[22] Salij, A., & Stępień, J.C. (2013). Performance of turbine conden-

sers in power units of thermal systems. Kaprint, Warsaw (in 

Polish). 

[23] Rusowicz, A. (2013). Issues concerning mathematical modelling 

of power condensers. Warsaw University of Technology, War-

saw (in Polish). 

[24] Saari, J., Kaikko, J., Vakkilainen, E., & Savolainen, S. (2014). 

Comparison of power plant steam condenser heat transfer models 

for on-line condition monitoring. Applied Thermal Engineering, 

62(1), 37−47. doi: 10.1016/j.applthermaleng.2013.09.005 

[25]  Laskowski, R., Smyk, A., Lewandowski, J., & Rusowicz, A. 

(2015). Cooperation of a steam condenser with a low-pressure 

part of a steam turbine in off-design conditions. American Jour-

nal of Energy Research, 3(1), 13−18. doi: 10.12691/ajer-3-1-3 

[26] Gañán, J., Al-Kassir, A.R., González, J.F., Macías, A., & Diaz, 

M.A. (2005). Influence of the cooling circulation water on the effi-

ciency of a thermo nuclear plant. Applied Thermal Engineering, 

25(4), 485−494. doi: 10.1016/j.applthermaleng. 2004.07.001 

[27] Laković, M.S., Stojiljković, M.M., Laković, S.V., Stefanović, V.P., 

& Mitrović, D.D. (2010). Impact of the cold end operating condi-

tions on energy efficiency of the steam power plants. Thermal Sci-

ence, 14(Suppl. 1), S53−S66. doi: 10.2298/TSCI100415066L 

[28] Durmayaz, A., & Sogut, O.S. (2006). Influence of cooling water 

temperature on the efficiency of a pressurized-water reactor nu-

clear-power plant. International Journal of Energy Research, 30, 

799−810. doi: 10.1002/er.1186 

[29] Attia, S.I. (2015). The influence of condenser cooling water temper-

ature on the thermal efficiency of a nuclear power plant. Annals of 

Nuclear Energy, 80, 371−378. doi: 10.1016/j.anucene.2015.02.023 

[30] Laskowski, R., Smyk, A., & Uzunow, N. (2021). Influence of 

cooling water temperature on performance of EPR nuclear power 

plant. Rynek Energii, 152 1, 57−62. 

[31] Laskowski, R., Smyk, A., Rusowicz, A., & Grzebielec, A. (2021). 

Optimization of the cooling water mass flow rate under variable 

load of a power unit. Applied Thermal Engineering, 191, 116874. 

doi: 10.1016/j.applthermaleng.2021.116874 

[32] Dobkiewicz-Wieczorek, E. (2022). Cooling water flow influence 

on power plant unit performance for various condenser configu-

rations setup. Archives of Thermodynamics, 43(1), 141−167. doi: 

10.24425/ather.2022.140929 

[33] Wang, X., Zhao, G., Qu, X.,Yang, X., Wang, J., & Wang, P. 

(2023). Influence of cooling water parameters on the thermal per-

formance of the secondary circuit system of a modular high-tem-

perature gas-cooled reactor nuclear power plant. Energies, 

16(18), 6560. doi: 10.3390/en16186560 

[34] Smyk, A. (1999). The influence of thermodynamic parameters of 

a heat cogeneration system of the nuclear heat power plant on 

fuel saving in energy system, PhD thesis, Warsaw University of 

Technology, Warsaw (in Polish). 

[35] Jaskólski, M., Reński, A., & Minkiewicz, T. (2017). Thermody-

namic and economic analysis of nuclear power unit operating in 

partial cogeneration mode to produce electricity and district heat. 

Energy, 141, 2470−2483. doi: 10.1016/ j.energy.2017.04.144 

[36] Lipka, M., & Rajewski, A. (2020). Regress in nuclear district 

heating. The need for rethinking cogeneration. Progress in Nu-

clear Energy, 130, 103518. doi: 10.1016/j.pnucene.2020.103518 

[37] Jaskólski, M., Reński, A., Duzinkiewicz, K., & Kaczmarek-Kac-

przak, A. (2014). Profitability criteria of partial cogeneration in 

nuclear power plant. Rynek Energii, 5(114), 141−147. 

[38] Safa, H. (2012). Heat recovery from nuclear power plants. Inter-

national Journal of Electrical Power & Energy Systems, 42(1), 

553−559. doi: 10.1016/j.ijepes.2012.04.052 

[39] Verfondern, K., Yan, X., Nishihara, T., & Allelein, H.J. (2017). 

Safety concept of nuclear cogeneration of hydrogen and electric-

ity. International Journal of Hydrogen Energy, 42(11), 7551− 

7559. doi: 10.1016/j.ijhydene.2016.04.239 

[40] Milewski, J., Kupecki, J., Szczęśniak, A., & Uzunow, N. (2022). 

Hydrogen production in solid oxide electrolyzers coupled with 

nuclear reactors. International Journal of Hydrogen Energy, 

46(72), 35765−35776. doi: 10.1016/j.ijhydene.2020.11.217 

[41] Ansari, K., Sayyaadi, H., & Amidpour, M. (2010). Thermoeco-

nomic optimization of a hybrid pressurized water reactor (PWR) 

power plant coupled to a multi effect distillation desalination sys-

tem with thermo-vapor compressor (MED-TVC). Energy, 35(5), 

1981−1996. doi: 10.1016/j.energy.2010.01.013 

[42] Aziz, M.A.B., Callaway, C.T., Brown, N.R., & Brooks, C. (2025). 

Review and modeling of integrated energy systems with nuclear 

reactor coupled desalination and district heating review and mod-

eling of integrated energy systems with nuclear reactor coupled de-

salination and district heating. Nuclear Science and Engineering, 

199(2), 295–313. doi: 10.1080/00295639.2024.2357394 

[43] Darwish, M.A., Awadhi, F.M., & Amer, A.O.B. (2010). Combin-

ing the nuclear power plant steam cycle with gas turbines. En-

ergy, 35(12), 4562−4571. doi: 10.1016/j.energy.2010.04.031 

[44] Oziemski, M. (2019). Topping nuclear power plants steam cycles 

with gas turbines as the way of enhancing their efficiency. 5th 

International Conference on Power Generation Systems and Re-

newable Energy Technologies (PGSRET), 26-27 Aug., Istanbul, 

Turkey. doi: 10.1109/PGSRET.2019.8882708 

[45] Seyyedi, S.M., Hashemi-Tilehnoee, M., & Rosen, M.A. (2018). 

Exergy and exergoeconomic analyses of a novel integration of 

a1000 MW pressurized water reactor power plant and a gas tur-

bine cycle through a superheater. Annals of Nuclear Energy, 115, 

161−172. doi: 10.1016/j.anucene.2018.01.028 

[46] Veszely, K. (2002). Hybrid combined cycle power plant. Inter-

national Conference on Nuclear Energy for New Europe 2002, 9-

12, Sept. Kranjska Gora, Slovenia. 

[47] Wibisono, A.F., & Shwageraus, E. (2016). Thermodynamic per-

formance of pressurized water reactor power conversion cycle 

combined with fossil-fuel superheater. Energy, 117(2), 190−197. 

doi: 10.1016/j.energy.2016.10.060 

[48] Zaryankin, A., Lyskov, M., Arianov, S., & Rogalev, A. (2011). 

Super powerful steam superheaters and turbines for hybrid 

nuclear power plants. Journal of Power Technologies, 91(4), 

191−197. 

https://www.sciencedirect.com/science/journal/13594311/125/supp/C
https://doi.org/10.3390/en16186560
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=58018959600&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=58758540200&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=55700961800&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=55235279600&zone=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85197599283&origin=resultslist&sort=plf-f&cite=2-s2.0-84861830837&src=s&imp=t&sid=f9342f3ea28b87798bfd3a24708acbc0&sot=cite&sdt=a&sl=0&relpos=4&citeCnt=0&searchTerm=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85197599283&origin=resultslist&sort=plf-f&cite=2-s2.0-84861830837&src=s&imp=t&sid=f9342f3ea28b87798bfd3a24708acbc0&sot=cite&sdt=a&sl=0&relpos=4&citeCnt=0&searchTerm=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85197599283&origin=resultslist&sort=plf-f&cite=2-s2.0-84861830837&src=s&imp=t&sid=f9342f3ea28b87798bfd3a24708acbc0&sot=cite&sdt=a&sl=0&relpos=4&citeCnt=0&searchTerm=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85197599283&origin=resultslist&sort=plf-f&cite=2-s2.0-84861830837&src=s&imp=t&sid=f9342f3ea28b87798bfd3a24708acbc0&sot=cite&sdt=a&sl=0&relpos=4&citeCnt=0&searchTerm=
https://www.scopus.com/record/display.uri?eid=2-s2.0-85197599283&origin=resultslist&sort=plf-f&cite=2-s2.0-84861830837&src=s&imp=t&sid=f9342f3ea28b87798bfd3a24708acbc0&sot=cite&sdt=a&sl=0&relpos=4&citeCnt=0&searchTerm=
javascript:void(0)


The influence of flow resistance in the main pipelines of secondary circuit on the power… 

 

57 
 

[49] Oyedepo, S.O., Fakeye, B.A., Mabinuori, B., Babalola, P.O., Ler-

amo, R.O., Kilanko, O., Dirisu, J.O., Udo, M., Efemwenkiekie, 

U.K., & Oyebanji, J.A. (2020). Thermodynamics analysis and 

performance optimization of a reheat -regenerative steam turbine 

power plant with feed water heaters. Fuel, 280, 118577. doi: 

10.1016/j.fuel.2020.118577 

[50] Srinivas, T., Gupta, A.V., & Reddy, B.V. (2007). Generalized 

thermodynamic analysis of steam power cycles with ‘n’ number 

of feedwater heaters. International Journal of Thermodynamics, 

10 (4), 177−185. doi: 10.5541/ijot.201 

[51] EBSILON Professional (2025). https://www.ebsilon.com/ 

uploads/pics/Brochure_EBSILON_Simulation_Software_eng_ 

01.pdf [accessed 25 March 2025]. 

[52] Li, P.F., Ge, Z., Yang, Z., Chen, Y., & Yang, Y. (2014). District heat-

ing mode analysis based on an air-cooled combined heat and power 

station. Entropy, 16(4), 1883−1901. doi: 10.3390/e16041883 

[53] Ge, Z., Zhang, F., Sun, S., He, J., & Du, X. (2018). Energy anal-

ysis of cascade heating with high back-pressure large-scale steam 

turbine. Energies, 11(1), 119. doi: 10.3390/en11010119 

[54] Zhao, S., Wang, W., & Ge, Z. (2019). Energy and exergy evalu-

ations of a combined heat and power system with a high back-

pressure turbine under full operating conditions. Energies, 

13(17), 4484. doi: 10.3390/en13174484 

[55] Dudek, M., Jaszczur, M., & Kolenda, Z. (2019). Thermodynamic 

analysis of modular high-temperature nuclear reactor coupled 

with the steam cycle for power generation. Archives of Thermo-

dynamics, 40(4), 49–66. doi: 10.24425/ather.2019.130007 

[56] Laskowski, R., Theibech, M., & Uzunow, N. (2021). The effect 

of cooling water temperature on the performance of a BWR nu-

clear power plant. Modern Engineering, 3, 5−13. 

[57] Zhang, X., Zhang, H., Hou, J., Xie, J., He, X., & Si, H. (2024). De-

velopment of online validation and monitoring system for the thermal 

performance of nuclear power plant in service. Annals of Nuclear En-

ergy, 195, 110173. doi: 10.1016/j.anucene.2023.110173 

[58] Nowicki, J. (2020). Nuclear generation plant with AP1000 power re-

actor. Design solutions and application perspectives. Energetyka, 8, 

380391 (in Polish). 

[59] Hussaini, I.S., Zubair, S.M., & Antar, M.A. (2007). Area allocation 

in multi-zone feedwater heaters. Energy Conversion and Manage-

ment, 48(2), 568−575. doi: 10.1016/j.enconman.2006.06.003 

[60] Antar, M.A., & Zubair, S.M. (2007). The impact of fouling on 

performance evaluation of multi-zone feedwater heaters. Applied 

Thermal Engineering, 27(14-15), 2505−2513. doi: 10.1016/ j.ap-

plthermaleng.2007.02.006  

[61] Laskowski, R., & Wawrzyk, K. (2011). Comparison of two sim-

ple mathematical models for feed water heaters. Journal of Power 

Technologies, 91(1), 14−22. 

[62] Barszcz, T., & Czop, P. (2011). A feedwater heater model intended 

for model-based diagnostics of power plant installations. Applied 

Thermal Engineering, 31(8-9), 1357−1367. doi: 10.1016/j.appl-

thermaleng.2010.12.012 

[63] Hossienalipour, S.M., Karbalaee, S.M., & Fathiannasab, H. 

(2017). Development of a model to evaluate the water level im-

pact on drain cooling in horizontal high pressure feedwater heat-

ers. Applied Thermal Engineering, 110, 590−600. doi: 10.1016/j. 

applthermaleng.2016.08.203

 



 

 

 



 

1. Introduction 

1.1. The history of the problem 

At the end of the 19th century, it was noticed that city street 

lighting was the leading cause of the formation of the night sky 

glow, which hurts the quality of astronomical observations [1,2]. 

Of course, many natural light sources brighten the night sky (the 

Moon, planets, stars, etc.) [3], but the anthropogenic component 

always dominates in urban conditions. This is why the term 

"light pollution" is often treated as synonymous with the artifi-

cial glow of the night sky. The observation of the effect of city 

street lighting on brightening the night sky led to light pollution 

in the form of the artificial night sky glow being treated as an-

other example of human pollution of the natural environment. 

Initially, it was important only for astronomers. Until the begin-

ning of the 20th century, astronomical observatories (Green-

wich, Mt Wilson, Mt Palomar, Kraków-Botanical Garden) were 

located on the outskirts of cities, most often university centres, 

which were dictated by logistical reasons. Modernising urban 

lighting, especially its electrification, meant that these observa-

tories were frequently moved to new locations, far from civili-

sation (Hawaii, the Canary Islands, Czarnohora) [4,5]. Starting 

mainly from the end of the 20th century, other light sources have  
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Abstract 

Light pollution is a growing problem in developed countries. One of its categories, often associated with this concept, is 
night sky glow. This glow is caused by scattering light from artificial ground light sources on atmospheric particles. The 
paper indicates that street lighting may be the primary source of light scattered on these particles. This is caused by often 
outdated luminaires or their installation, which does not protect the surroundings from light pollution. The second, even more 
important factor increasing the brightness of the sky glow may be the reflection of incident light upwards by the street 
surface. Satellite images of the Earth's surface allow for determining the radiance from a given area, determined by the 
amount of light scattered in the atmosphere. However, the part of this light associated with street lighting is difficult to 
separate from the background of other artificial ground light sources. In 2020, due to the COVID-19 pandemic and reduced 
traffic at night, the authorities of several municipalities in the Małopolska province in Poland decided to switch off street 
lighting at night. This was the first time street lighting was switched off for part of the year in large areas and entire cities. 
Analysis of satellite data allowed us to determine that the luminance from the analysed localities decreased by almost 70% 
after switching off city lighting. The analysis also allowed us to estimate the energy losses of city lighting resulting from 
lighting fixtures that do not protect the surroundings from light pollution.  

Keywords: Light pollution; Radiance; Artificial sky glow; Street lighting; Energy loss 
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Nomenclature  

L ‒ radiance, nW/(cm2·sr)  

 

Abbreviations and Acronyms 

BREEAM – building research establishment environmental assess 

                     ment method 

CCT  – correlated colour temperature 

CO  – commune office 

DNB  – day/night band 

ISS  – international space station 

LAADS DAAC – Level-1 and Atmosphere Archive & Distribution  

                               System Distributed Active Archive Center 

LPTT – Light Pollution Think Tank 

NOAA – National Oceanic and Atmospheric Administration 

PCA – principal component analysis  

SQM – sky quality meter 

ULOR – upper light output ratio 

UM – City Office 

UMiG – City and Commune Office 

VIIRS – visible infrared imaging radiometer suite  

significantly contributed to brightening the sky: illuminated ad-

vertisements, lighting of sports facilities, monuments, parking 

spaces or commercial facilities, etc. [6−10]. These and other 

light sources make cities the primary source of light pollution in 

the night sky. 

The sky glow is caused by light scattering on aerosols and 

atmospheric molecules. Light scattered in this way also affects 

the environment further away from the cities that are its source. 

To determine the potential impact of such scattered light on the 

surroundings of cities, several theoretical models have been 

developed to describe the distribution of night sky brightness in 

these areas. Walker created the first simple models in the 1970s 

based on data on population density [11−13]. The basic model 

describing the effect of cities on the night sky brightness was 

developed in 1973 by Treanor [14] and then improved in 1976 

by Berry [15]. Based on these models, the Garstang model 

[16−18] was developed, which is still used today and is still 

being developed by correlating with measurement data. Current-

ly, the most commonly used model of city light scattering on 

various types of atmospheric aerosols is Illumina [19], a new 

improved version of which was published in September 2020 

[20]. Since 1972, it has been possible to quantitatively analyse 

light emissions from cities (radiance) based on satellite images 

taken by the Defense Meteorological Satellite Program (DMSP) 

satellites. DMSP images were used to verify the correctness of 

the previously mentioned models [21,22], which enabled the 

development of an atlas showing the model distribution of the 

brightness of the night, cloudless sky, observed from the ground 

(The First World Atlas of the Artificial Night Sky Brightness) 

[23]. 

The emergence of cheap sky brightness meters such as Sky 

Quality Meter (SQM) has facilitated field measurements and en-

abled the measurement of overcast sky brightness, which is es-

pecially important from an ecological perspective. Measurement 

campaigns based on SQM meters were conducted in the Zselic 

Landscape Protection Area in Hungary in 2007−2010 [24], in 

Hong Kong and its surroundings in 2008−2009 [25] and 

2010−2013 [26], and in Kraków and its environs in 2008−2010 

[27−29], in the latter case by the team of the Light Pollution 

Monitoring Laboratory (LPML) operating at the Kraków Uni-

versity of Technology. 

In 2011, the Suomi National Polar-orbiting Partnership 

(SNPP) satellite was launched into Earth's orbit [30]. The satel-

lite, made by the US National Oceanic and Atmospheric Admin-

istration (NOAA), carried the visible infrared imaging radiome-

ter suite (VIIRS) camera. The ground resolution of cameras on 

previous DMSP series satellites was 3 km, while in the case of 

VIIRS, it is only a few hundred meters [31]. Images taken in the 

day/night band (DNB) allow for determining the radiance from 

a given area (wavelength 0.7 µm), both coming directly from 

light sources and reflected from the ground [32]. VIIRS data 

were also used to create an artificial sky glow model [33] and 

a new atlas of the night sky brightness [34]. 

Night photos of cities (Warsaw, Kraków) taken by astronauts 

staying on the International Space Station (ISS) allow for cate-

gorising the types of urban lighting used (Fig. 1) [35]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

These images can distinguish all types of communication 

routes and, based on differences in their colours, identify areas 

where metal halide or high-pressure sodium (HPS) lighting has 

been replaced by LED lighting. 

1.2. Street lighting as a source of light pollution 

The impact of street lighting in cities on the brightness of the 

artificial sky glow and on the environment has been known for 

a long time [36−40]. Many attempts have been made to deter-

mine the contribution of particular types of urban lighting to the 

brightness of the night sky's glow. The assessment of this con-

tribution is facilitated by local shutdowns of part or all of the 

municipal lighting. Analysis of the total radiance of Flagstaff 

(Arizona, USA) conducted in 2009 showed that about 8.3% of 

the city light "escapes" into space, of which 33% comes from 

the lighting of sports facilities. After excluding this type of light-

 

Fig. 1. Night photograph of the city centre of Kraków (Poland) taken 

from the International Space Station on March 28, 2017 [35]. 
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ing, commercial and industrial lighting constituted 62%, resi-

dential lighting 14%, and road lighting 12% [41]. A similar anal-

ysis was conducted in 2006 for Reykjavik (Iceland), where all 

street lighting was switched off for several minutes in connec-

tion with the preparations for the International Film Festival 

[42]. It was only found that street lighting significantly contrib-

utes to light pollution of the night sky. In 2019, an experiment 

was conducted in Tucson (Arizona, USA) to obtain information 

about the share of light emission from street lighting and private 

property lighting. Additionally, the related energy consumption 

was estimated. The intensity of street lighting was deliberately 

changed for 10 days, and during this time, the change in satellite 

radiance was studied. It was found that municipal street lighting 

was responsible for only 13% of the total radiance emitted from 

the Tucson area after midnight [43]. When this lighting was not 

switched off, its contribution to the total radiance was deter-

mined to be 18%. When street lighting operated by other suppli-

ers was considered, these values increased to 16% and 21%, re-

spectively. Simultaneous measurements of the zenith brightness 

of the sky during this period, when the power for street lighting 

decreased from 90% before midnight to 30% after midnight, 

showed that the brightness decreased by 5.4% near the city cen-

tre and 3.6% in the adjacent, suburban location [44]. The light 

source distribution model, assuming that 26% are street lamps 

and 74% other sources, suggests that street lamps contribute 

about 14% to the light emission into the sky, causing the for-

mation of a sky glow over the city. Direct measurements, how-

ever, suggested that the contribution of street lighting to the zen-

ithal sky brightness is only 2−3% [43]. The difference between 

the modelled and experimentally determined values was ex-

plained by an underestimation of the total light emission in the 

city, which did not take into account the changing numbers of 

light sources emitting light horizontally, such as indoor lighting 

of residential premises and others, emitting light through uncov-

ered building windows, car headlights or illuminated road signs 

and advertisements. This difference may also be related to the 

level of air pollution in the studied areas with suspended partic-

ulate matter [45,46]. 

The declaration of the COVID-19 pandemic in 2020 resulted 

in an increased burden on healthcare, reduced population mobil-

ity and a related decline in tourism, as well as various unex-

pected effects on the natural environment [47]. As a result of the 

reduction in transport and industrial activity, the overall carbon 

dioxide emission decreased [48]. Improvements in air quality 

and reduced water pollution were also noted in many cities 

worldwide [49]. The effect of the pandemic was also visible 

through the reduction of anthropogenic seismic noise (vibrations 

of the ground) from train traffic, aircraft, industrial processes, 

etc. [50]. To limit population mobility and thus prevent virus 

transmission, municipal lighting shutdowns were also intro-

duced in many European cities, which provided an unprece-

dented opportunity to study the effect of this type of lighting on 

the radiance and the brightness of the night sky glow. Studies 

taking into account both ground-based measurements of the sky 

glow brightness and satellite radiance values, performed from 

March 14 to May 31, 2020, for Granada (Spain), showed a sig-

nificant reduction in light pollution related both to a decrease in 

light emissions from the city area and to the reduction in the 

content of anthropogenic aerosols in the atmosphere, which are 

the source of light scattering [45]. 

In 2019, a photometric map of the distribution of artificial 

sky glow was developed for Berlin and its surroundings, both in 

cloudless and overcast skies [46]. This map shows that during 

the pandemic, the sky's brightness at its zenith dropped by 20% 

in the city centre and by more than 50% at a distance of 58 km 

from it. At the same time, based on satellite data, it was found 

that the radiance from this area increased. It was suggested that 

the main reason for the reduction in the artificial sky glow 

brightness is the improvement in air quality due to the decrease 

in air and road traffic. 

A similar analysis was conducted for several communes in 

the Małopolskie Voivodeship [50,51]. It aimed to research the 

impact of street lighting reduction on the radiance emitted from 

a given area with a variable degree of urbanisation. It was found 

that in the case of poorly urbanised communes, changes in radi-

ance are caused exclusively by switching off street lighting in 

rural areas. However, in the case of urban communes, such 

changes are caused primarily by switching off city lighting. It 

was also found that switching off local road lighting is mainly 

responsible for reducing radiance, perhaps due to the poorer 

quality of lamp fittings on these streets. 

In April 2020 and the following months, the authorities of 

Kraków, as well as several other municipalities in the Małopol-

skie Voivodeship, adopted a law to entirely or partially switch 

off street lighting during night hours, starting from midnight (or 

from 1:00 CEST - Central European Summer Time) until dawn 

(Fig. 2).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This allowed us to investigate the contribution of this type of 

lighting both to the radiance of the entire city and to the changes 

in the surface brightness of the night sky. This was facilitated 

because the VIIRS/DNB images of the study area were acquired 

after 1:00 CEST, i.e. after the street lights had been switched off. 

The subject of this publication is an attempt to determine what 

part of the energy emitted into the sky comes from municipal 

street lighting. 

1.3. Impact of artificial lighting on ecosystems and hu-

man health 

Artificial light at night (ALAN) introduces several disturbances  

 

 

Fig. 2. Switching off street lights in Kraków. Photos were taken 12 

minutes before midnight (left, a) and 15 minutes after midnight (right, 

b) on the night of April 26-27, 2020. The only light sources still active 
were a gas station (left), windows of several apartments, security light-

ing and advertisements (in the distance) [Photo: Author]. 
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in the functioning of the natural environment and is harmful to 

human health. The literature devoted to this issue is very abun-

dant [52]. 

In particular, the following negative impacts of light pollu-

tion on the environment can be mentioned, which are especially 

important in the urban environment:  

 disturbance of nocturnal bird migration by city lights [53], 

 collision of nocturnal birds with bright office windows 

[54], 

 disturbance of reproductive cycles of several insect species 

[55], 

 disturbance of the hunter-prey balance in various environ-

ments, including water bodies on the outskirts of cities [56]. 

Night lighting also affects human health by inhibiting the 

pineal gland's production of melatonin. It leads to an increased 

risk of developing sleep disorders [57], a number of mental ill-

nesses [58], and somatic diseases, including some cancers [59]. 

Given the negative impact of night lighting on humans, it is 

all the more important to ensure proper light emission in cities, 

especially in housing estates, which are currently the "bed-

rooms" for millions of people in Poland. 

1.4. Legal regulations and standards 

1.4.1. Standards specifying street lighting  

The basic lighting requirements for roads intended mainly for 

motor traffic at high and medium speeds are based on criteria 

related to the level and uniformity of the luminance of the road 

itself, the lighting of its immediate surroundings and the appro-

priate limitation of glare. These criteria correspond to the rele-

vant classes. When analysing street lighting in cities, it is neces-

sary to consider primarily such spaces as municipal streets, res-

idential streets, and pavements. The situation of each space men-

tioned above is regulated by the appropriate guidelines of the 

lighting standard PN-EN 13201:2016 concerning road lighting 

[60,61]. By this standard, classes M, C and P have been estab-

lished. Class M concerns streets with increased motor traffic 

[62]. It concerns the area planned for motor traffic while pedes-

trian traffic occurs in specially designated, separate zones. Both 

traffic areas are treated as separate traffic zones, subject to dif-

ferent legal conditions. Class C concerns conflict areas, where 

car traffic meets pedestrian and cyclist traffic. These are areas 

particularly prone to collisions, which makes them dangerous 

and requires special solutions. This class also includes pedes-

trian crossings, intersections and areas with variable geometry. 

Class P was created mainly for road areas where pedestrians and 

cyclists move. Car traffic is limited in this zone, and drivers must 

maintain low speeds. 

The requirements for street and sidewalk lighting in individ-

ual classes are limited only to the level of average illuminance 

and uniformity of illuminance. In particular, low-power street 

luminaires (usually P4 or P5 class) can be used to illuminate res-

idential roads and sidewalks, which, when the appropriate dis-

tance between poles of 3-4 m high is maintained, illuminate the 

surface of sidewalks or residential streets very well, ensuring 

compliance with the requirements of the standard mentioned 

above [63]. For streets running near housing estates, the M clas-

ses apply, which include requirements for routes with higher 

motorised traffic [62]. 

All the listed classes of street lighting, regulated by the 

standard mentioned above, only define the minimum level of lu-

minance on the street surface and its uniform distribution with-

out regulating the escape of light to the surroundings. In partic-

ular, they do not define the ULOR (Upper Light Output Ratio) 

parameter, which specifies the percentage of light sent to the up-

per hemisphere, and therefore to the sky, when the lighting fix-

ture is set horizontally to the ground (without tilt).  

However, it should be remembered that street lighting should 

not be burdensome for the surroundings, i.e. it cannot be 

a source of light pollution. In particular, it should not illuminate 

adjacent areas, especially windows of nearby buildings (trespass 

effect), and it should not blind drivers and passers-by (glare ef-

fect). Incorrect design of luminaires and/or their installation may 

also contribute to the night sky glow generated by the city 

[9,64−66]. 

1.4.2. Standards determining the level of light pollution  

In some countries, the adverse effects of artificial night lighting 

on the environment have been noticed. In these countries, vari-

ous actions have been taken, from legal regulations on a na-

tional, regional, or local scale to the formulation of technical 

standards for correct lighting parameters to guide educating the 

general public. Supported by researchers and reports on the risks 

associated with artificial light at night, governments and citizens 

are beginning to realise that the effects of light pollution are 

widespread and intervention is desirable. In Poland, an example 

of such grassroots actions is the establishment of the Light Pol-

lution Think Tank (LPTT), which published a multidisciplinary 

guide on this issue in 2022 [67] and a report on the state of light 

pollution in Poland in 2023 [68]. 

In 2022, a review of the state of knowledge about light pol-

lution in various European countries and the measures taken 

against it was published [69]. In some countries, legal acts at the 

national level (France, Croatia) or regional level (Spain) estab-

lish the principles of protection against light pollution. In other 

countries (Slovenia), decrees are issued for this purpose. In 

a few countries, there are (Austria) or are planned (Czech Re-

public) technical standards regulating the selection of luminaires 

with parameters for reducing scattered light, choosing the cor-

rect correlated colour temperature (CCT) or others. However, 

these are non-binding documents, which only legal documents 

refer to, making the standard mandatory. 

Most European countries are already taking action to address 

light pollution at the national level. These include regulations, 

strategies, technical standards, voluntary actions aimed at 

awareness-raising manuals or guidelines, research projects or 

dark sky areas. 

Furthermore, light pollution is starting to be addressed at the 

European level, not only from an energy efficiency perspective 

but also from the perspective of its adverse impacts on human 

health and biodiversity. 
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A voluntary Green Public Procurement Criteria for Street 

Lighting and Traffic Signals, issued in 2018 and updated in 

2019, guides public policymakers and lighting professionals to 

procure lighting equipment based on technical criteria for the 

design, installation and operation phases [70]. Light pollution is 

cited as one of the three main environmental impacts of street 

lighting and traffic signals, alongside energy consumption and 

durability. Criteria proposed to reduce energy consumption 

(such as dimming during low road use and selecting the lowest 

necessary road lighting class to prevent unnecessary over-light-

ing) also help reduce light pollution, along with criteria to con-

trol up and down light output factors, CCT and blue light output. 

The document introduces the requirement to set lighting at 

ALARA levels (as low as reasonably achievable), which comply 

with the standard class EN 13201 (Road Lighting Standards) 

and do not endanger road safety. 

In the Zero Pollution Action Plan, a key element of the Eu-

ropean Green Deal adopted by the European Commission in 

2021, light pollution is identified as a pollutant of emerging con-

cern and research on it will be supported by the Horizon Europe 

programme [71]. Pollutants of emerging concern, including 

light pollution, will be included in the emerging pollutant mon-

itoring and forward-looking framework and thus translated into 

policy recommendations – EU criteria for green public procure-

ment of road lighting and traffic signals. 

The impact of light pollution on ecosystems has also been 

noted. In particular, light pollution has been mentioned as one 

of the factors of pollinator decline, which will be addressed in 

the revised EU Pollinator Initiative [72]. 

In the document [69], the legislation, standards and manuals 

published in each of the 27 European Union countries, as well 

as in the United Kingdom and the EFTA states (Iceland, Liech-

tenstein, Norway and Switzerland), were analysed. Poland is 

listed and described as a country without a national policy on 

light pollution. However, there are awareness-raising initiatives 

connected to light pollution, in particular, the activities of the 

LPTT or the parks and dark sky protection areas operating in 

Poland. The aforementioned PN-EN 13201:2016 standard does 

not constitute legal regulations. Moreover, as already stated, it 

only describes the lighting of road surfaces, saying nothing 

about reducing light pollution. 

Environmental protection issues in Poland are specified in 

the Environmental Protection Law (Dz.U., 2022, 2556). Accord-

ing to its provisions, ecological protection means taking or omit-

ting actions that enable maintaining or restoring natural balance. 

On the other hand, the Act defines "pollution" as an emission 

that may be harmful to human health or the state of the environ-

ment, may cause damage to material goods, may deteriorate the 

aesthetic values of the environment or may interfere with other, 

justified ways of using the environment. The above definition 

could also include light pollution. The consequences of omitting 

light in the Environmental Protection Law are significant. Light 

emissions have not been assigned reference measurement meth-

ods or emission standards, which makes it challenging to moni-

tor the intensity of artificial light effectively. Since there is no 

"emission standard", it is impossible to determine if it has been 

exceeded. Therefore, any emission of artificial light, regardless 

of intensity, cannot be considered pollution under the law. 

The qualification of light as a possible environmental pollu-

tion is unambiguous in European Union legislation. Directive 

2011/92/EU of the European Parliament of 2011 obliges Mem-

ber States to prepare an environmental impact assessment of 

specific investments (in Polish regulations, their nature is spec-

ified in the rules on projects that may significantly impact the 

environment). The directive speaks directly about assessing the 

type and quantity of expected residues and emissions (water, air 

and soil pollution, noise, vibrations, light, heat, radiation, etc.) 

resulting from the operation of the proposed project. Light is 

mentioned here alongside radiation. 

The provision mentioned above was introduced into the leg-

islation of the European Union in 1985 by Council Directive 

85/337/EEC (OJ L 175, 5.7.1985, p. 40) and was retained in later 

legislative amendments. The implementation of the directive in 

Poland took place through the Act of 3 October 2008, which 

provided information on the environment and its protection, 

public participation in environmental protection, and environ-

mental impact assessments (Dz.U. 2023, item 1094, as amen-

ded).  

However, Polish legislation does not list a catalogue of pos-

sible forms of pollution like the European Union Directive. Still, 

it only refers to the provisions of the Environmental Protection 

Law and the definitions contained therein (omitting light emis-

sions). Moreover, the EU Directive and the Polish Act cover 

a closed catalogue of large-scale investments. These circum-

stances make the regulations related to environmental protection 

and the provision of information on the environment an ineffec-

tive tool for counteracting light pollution.  

Two legal acts provide real, although limited, legal grounds 

for reducing light pollution within the framework of applicable 

law. The first is the aforementioned Act on Spatial Planning and 

Development. It gives communes a tool to protect the cultural 

and natural landscape through a so-called landscape resolution. 

Through the document, the commune council specifies the rules 

for placing advertising media. Some of them are illuminated or 

backlit in a way that generates light pollution. Although the res-

olution does not contain provisions directly relating to light pol-

lution, the consequence of its adoption may be a reduction in the 

number of light-emitting sources or a decrease in the intensity 

of this light. 

The second option is to apply the provisions of the Regula-

tion of the Minister of Infrastructure on the technical conditions 

to be met by buildings and their location (Dz.U., 2022, item 

1225). It contains a provision regulating the maximum permis-

sible lighting intensity, among others, on the façades of build-

ings (including residential buildings). The provision states that 

lighting devices, including advertisements, placed outside the 

building or in its surroundings may not cause a nuisance to its 

users, passers-by, or drivers. Suppose the light is directed to-

wards a building façade containing windows. In that case, the 

lighting intensity on that façade must not exceed 5 lux for white 

light and 3 lux for coloured light or light with varying intensity, 

flashing, or pulsating (par. 293, point 6). 
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It is also worth mentioning that many new investments in 

Poland are currently trying to obtain the building research estab-

lishment environmental assessment method (BREEAM) certifi-

cate [73]. This method of building certification indicates the  

extent to which the assessed facility is friendly to the natural en-

vironment and, on the other hand, how much comfort it creates 

for its users. This certificate takes into account light pollution as 

one of the factors influencing the sustainable development of 

buildings. The BREEAM rating system assesses how a build-

ing's design affects the natural environment, including light pol-

lution. Unfortunately, this only applies to the lighting of build-

ings and their surroundings, not addressing the street lighting 

problem. 

1.4.3. Street lighting as a significant source of light pollution  

Road lighting is by far the most widespread and essential in the 

context of light pollution. This lighting covers practically every 

road and street, so its impact is tremendous, especially in cities 

with extensive infrastructure. Of course, light advertising and 

decorative lighting are also sources of light pollution. Still, they 

are more local and often concentrated in specific parts of the city 

(e.g. shopping centres and tourist streets), so their impact on 

light pollution is minor on a city-wide scale. 

As mentioned earlier, the lighting standards in Poland con-

cern the level and uniformity of luminance at the street level. In 

this aspect, an essential element in the process of designing both 

indoor [74] and outdoor [75,76] lighting is the "maintenance fac-

tor", which takes into account the reduction in the "efficiency" 

of the lighting system over time, mainly due to the dirtiness of 

lighting fixtures and the ageing of light sources. In the initial 

phase of use (operation), road lighting will have a higher "inten-

sity" (will emit a greater luminous flux) than required by stand-

ards to compensate for the loss of "power" over time. It is deter-

mined at the stage of designing the lighting installation to ensure 

that the lighting parameters meet the minimum standard require-

ments throughout the entire period of operation. As a standard, 

the maintenance factor assumes values below 1.0. This means 

the designed installations initially provide a surplus of lighting 

parameters (oversizing). Thanks to this, in the later period of op-

eration (e.g. after a few years), the actual lighting parameters 

will still meet the minimum standard requirements. In the case 

of LEDs, the maintenance factor may be higher (closer to 1.0) 

due to, for example, the possibility of adjusting the luminous 

flux during use (dynamic control). On the other hand, for tradi-

tional luminaires with discharge lamps (e.g. sodium HPS), lower 

values are assumed, which in practice leads to significant over-

sizing of the initial road lighting. 

Road lighting in Poland is designed following applicable 

standards (e.g. PN-EN 13201), which specify the minimum re-

quired luminance or illuminance parameters (depending on the 

road lighting category). During the technical acceptance of 

lighting installations, the correctness of lighting is checked from 

this angle, considering the road's specificity and surroundings. 

However, even well-designed installations emit light, which, 

through reflection from the surface (and other objects), reaches 

the atmosphere, generating secondary light pollution. Light re- 

flected from the illuminated surface is a significant source of 

pollution, often underestimated in the design process. This is 

most noticeable in winter when the reflective properties of the 

surface change significantly. Failure to consider the ULOR (up-

ward light output ratio) parameter, especially in older installa-

tions, causes the direct escape of light into the upper hemisphere. 

It should be noted that regular, detailed measurements of road 

lighting parameters during operation are not standard practice in 

Poland. Moreover, street lighting design still sometimes uses lu-

minaires whose sole purpose is attractive appearance, not con-

sidering even the mentioned ULOR parameter and directing 

most of the light into the upper hemisphere (Fig. 3). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.4.4. Impact of street lighting on the natural environment  

The significant impact of light pollution, the source of which is 

street lighting, on the natural environment has long been no-

ticed. This applies to insects [36−40] or migratory birds [77,78]. 

Attention was drawn to the increasingly common use of LED 

luminaires, replacing earlier ones, most often high-pressure so-

dium (HPS) lamps. In most cases, LED luminaires ensure proper 

ground lighting, providing the ULOR parameter close to zero. 

These luminaires usually have a high CCT value, which means 

a significant share of the blue part in the lamp's spectrum. As 

has been repeatedly shown, this type of light negatively impacts 

ecosystems [79−81]. Additionally, it is much more effectively 

reflected from road surfaces (asphalt, concrete) than in the case 

of luminaires with a low CCT value, thus becoming a factor that 

strongly influences the brightness of the night sky glow [82,83]. 

1.4.4. Switching off street lighting as a method of determin-

ing its contribution to the night sky glow 

Switching off street lighting in cities, especially during the 

COVID-19 pandemic, has been used previously to determine the 

impact of this type of lighting on light pollution [41−46,84]. Of 

course, such infrastructure elements as illuminated advertise-

ments, large LED screens, decorative lighting and illuminated 

signs have an impact on increasing the brightness of the light 

 

Fig. 3. Lighting of Babina Str. in Kalisz (Poland) implemented using 

spherical luminaires with a high ULOR coefficient  

[Photo: Author, 14.07.2023]. 
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glow. However, these elements constitute a negligible percent-

age of the light sources escaping into the sky. Moreover, as part 

of landscape protection, such elements have been removed in 

many locations, especially in Kraków, as of July 1, 2020. 

2. Research area and methods 

2.1. Research area 

The research was conducted in the Małopolskie Voivodeship in 

Poland (Fig. 4). The Małopolskie Voivodeship includes 182 

communes in 14 urban communes (including the city of Kra-

ków, which is a separate commune), 48 urban-rural communes 

and 120 rural communes [85]. Information on switching off 

lighting in Kraków and other locations in the Małopolskie Voi-

vodeship was analysed from among these communes. Based on 

the monthly averaged VIIRS/DNB images analysis, 22 locations 

were selected where a significant reduction in radiance was ob-

served in some months of 2020. The study of media reports, as 

well as information received from local authorities of the sur-

veyed locations, confirmed that in the case of 21 locations in the 

Małopolskie Voivodeship in 2020, due to the COVID-19 pan-

demic, municipal lighting was indeed switched off for at least 

one month. These are Alwernia, Bochnia, Borzęcin, Brzesko, 

Chrzanów, Dąbrowa Tarnowska, Dębno, Dobczyce, Jabłonka, 

Kraków, Krynica Zdrój, Krzeszowice, Limanowa, Muszyna, 

Rabka Zdrój, Skawina, Tarnów, Tymbark, Wadowice, Wie-

liczka and Zabierzów (Fig. 4). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Of the selected locations, four are seats of urban communes 

(Bochnia, Kraków, Limanowa, Tarnów), eight are rural com-

munes (Bochnia, Borzęcin, Dębno, Jabłonka, Limanowa, Tar-

nów, Tymbark, Zabierzów), the remaining are seats of urban-

rural communes with varying degrees of urbanisation (Table 1).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2. Sources of light pollution 

As shown by the analysis of VIIRS/DNB images taken in March 

2020, which light sources are also sources of light pollution de-

pends on the nature of the municipality being studied: 

 in urban communes, the most light is emitted into space 

from city centres (e.g. Bochnia, Limanowa), extra-urban 

economic centres and warehouses (e.g. Bochnia, 

Limanowa), railway stations (e.g. the Main Railway Sta-

tion in Kraków), housing estates and academic campuses 

(e.g. the AGH University campus in Kraków), or some in-

dustrial plants (e.g. the ArcelorMittal steelworks in Kra-

ków or the Grupa Azoty company in Tarnów),  

 in urban-rural communes, the most light is emitted into 

space from city centres (in each case), suburban ware-

houses of various companies (Alwernia, Skawina, Wielicz-

ka), urban and extra-urban industrial plants (Brzesko, 

Chrzanów, Skawina, Tarnów), quarries (Krzeszowice), 

summer resorts (Krynica Zdrój, Muszyna, Rabka Zdrój), 

communication hubs (Rabka Zdrój), and heat and power 

plants (Skawina), 

 in rural communes, the main emitters of light are, first of 

all, towns that are the seats of communes, and also, most 

often located nearby, industrial plants and warehouses 

(Bochnia, Borzęcin, Jabłonka, Limanowa, Tarnów, Tym-

bark), communication arteries (Dębno), shopping centres 

(Limanowa), greenhouse complexes (Zabierzów), airports 

(Zabierzów). 

It should be noted that VIIRS/DNB images are taken at ap-

proximately 1:00 a.m. local time when residential lighting is no 

longer active. This means that the main emitters of light are now 

 

Fig. 4. Małopolskie Voivodeship divided into communes. The com-

munes where street lighting was turned off in 2020 are marked  

(orange: urban communes; green: urban-rural communes;  

grey: rural communes). 

Table 1. Localities in Małopolskie Voivodeship, where municipal 

lighting was switched off in 2020. UG – Commune Office,  

UM – City Office, UMiG – City and Commune Office).  

The pause means that there is no data on the restoration (or not) of 

street lighting in a given locality. 

Commune 
Year 2020 Source of 

data beginning end 

Alwernia November — UG 

Bochnia May 1 September 1 daily press 

Borzęcin May 1 — UG 

Brzesko April 30 June 30 UG 

Chrzanów June 25 September UMiG 

Dąbrowa Tarnowska June 1 December daily press 

Dębno May 11 — UG 

Dobczyce May 20 — UMiG 

Jabłonka May 1 August 31 UG 

Kraków April 15 June 1 UM 

Krynica Zdrój mid April — VIIRS/DNB 

Krzeszowice April 23 July UMiG 

Limanowa May 15 August 31 UM, UG 

Muszyna mid April July UMiG 

Rabka Zdrój May 14 June 12 UM 

Skawina May 13 September 14 UMiG 

Tarnów April 18 September 25 UG 

Tymbark June 1 — UG 

Wadowice June 1 September 14 UM 

Wieliczka May 1 September 1 UMiG 

Zabierzów June 1 December 31 UG 
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industrial lighting, advertising lighting, and traffic lights, both 

pedestrian, road and rail, as shown in [50]. 

This work aims to research the radiance from municipal 

lighting. Often, switching off night lighting only concerned lo-

calities that were seats of communes. Moreover, it did not affect 

various industrial plants, warehouses, greenhouses, etc., located 

in the commune. Therefore, further analysis was limited only to 

the study of light emission from the areas of localities that were 

seats of communes (Table 1). 

2.3. Turning off the lights in the analysed municipali-

ties 

In April 2020, the authorities of many municipalities of the 

Małopolska Voivodeship, starting with Kraków (the capital of 

the voivodeship), decided to completely or partially turn off 

street lighting at night in their areas due to the reduction in street 

traffic during the developing COVID-19 pandemic. Lighting 

was switched off automatically at set times (usually at midnight 

official time). This process was controlled by clocks placed in 

lighting control cabinets in different lighting zones.  

The most widespread action was to switch off city lighting 

in Kraków [50]. On April 8th, lighting in parks was completely 

switched off. From midnight on April 15th, street lighting within 

the city limits, subordinate to the Kraków City Roads Authority, 

was completely switched off. Street lighting was switched off at 

midnight and switched on again at 4:00 CEST. From April 22nd, 

park lighting was synchronised with street lighting. From May 

19th, the switching off of street lighting in Kraków was post-

poned to 1:00 CEST, and this state was maintained until dawn. 

The only active sources of artificial lighting were fixtures lo-

cated on private properties, fixtures subordinate to housing com-

munities, some advertising lighting and the lighting of the key 

junctions (Fig. 2). From midnight on June 1st, standard lighting 

was restored in the city. 

2.4. Analysed communes 

The radiance from all municipalities of the Małopolska Voi-

vodeship was analysed. In some cases (Fig. 4, marked in col-

ours), street lighting was turned off at night, most often between 

midnight and 4:00 CEST. Street lighting is controlled by astro-

nomical clocks placed in each lighting control cabinet in a given 

area, switching off the lighting in the city successively within 

a few minutes. Some clocks (e.g. in the Wieliczka commune) 

were not changed from the so-called winter time (i.e. Central 

European Standard Time, CET) to Central European Summer 

Time (CEST), as a result of which the lighting was turned off at 

1:00 CEST in the areas served by them. For all the towns that 

are the seats of these municipalities, a radiance analysis was 

done based on VIIRS/DNB images. 

2.5. Used units 

Radiometry is a branch of physics and metrology that deals with 

quantitative measurements of optical radiation, i.e. electromag-

netic radiation in the frequency range of 3·1011 and 3·1016 Hz. 

The only real difference between radiometry and photometry is 

that radiometry covers the entire spectrum of optical radiation. 

In contrast, photometry is limited to the visible spectrum in 

terms of its influence on visual impressions in the human eye 

(taking into account the eye's spectral sensitivity) [86]. From the 

VIIRS/DNB satellite data, the radiance value is obtained, i.e. the 

radiant flux per unit area per unit solid angle. The symbol of 

radiance is L, while the standard SI unit is W/(m2·sr) [56]. This 

publication gives radiance values in derived units nW/(cm2·sr), 

in which the VIIRS/DNB data are provided. 

2.6. Satellite remote sensing 

Images obtained from the Suomi NPP satellite were used to de-

termine the total radiance from the study areas [30]. The photos 

taken in the DNB (Day Night Band) spectral range [32] are help-

ful for this work. The centre of this band is at 700 μm; it is  

400 μm wide with an imaging resolution of 0.8 km. Raw DNB 

data require careful processing and consideration of many fac-

tors, such as clouds or the angle of the image. Therefore, previ-

ously processed data were used in the analysis. In the monthly 

mean radiance values analysis, ready-made Monthly Cloud-free 

DNB Composites were used [32,87]. 

To perform a comparative analysis of the radiance values for 

specific nights before and after the start date of the lights outage 

in a given location, daily VIIRS/DNB images downloaded from 

the Level-1 and Atmosphere Archive & Distribution System 

Distributed Active Archive Center at Goddard Space Flight 

Center (LAADS DAAC) [88,89] were also analysed. During the 

research period (April – June 2020), VIIRS/DNB images of the 

study area were taken around 0:10 UTC, i.e. 2:10 CEST. Be-

cause the clocks turning off street lighting at midnight in Poland 

at that time were operating according to CEST, VIIRS/DNB im-

ages were taken at a time when the lighting was turned off. It 

should be noted that for the latitudes of the Małopolskie Voi-

vodeship, there is no daily data from June 2020 from the period 

near the summer solstice. 

2.7. Information about street lighting shutdowns 

The local government offices that took these actions provided 

information on the spatial and temporal scope of street lighting 

shutdowns in 2020. In addition, information from the local press 

and residents of the analysed communes was also used. 

3. Results and discussion  

3.1. Measurement results 

Average monthly radiance values obtained from VIIRS/DNB 

data were used. The radiance value in March 2020 was selected 

as typical for the period just before the announcement of 

restrictions related to the COVID-19 pandemic (data from 

January and February were omitted due to highly variable 

weather conditions and variable snow cover in those months).  

To select the communes where the action of switching off 

municipal lighting was taken, the VIIRS/DNB image of the 

Małopolskie Voivodeship from March 2020 was compared with 

similar images in the following months of 2020. Figure 5 pre-

sents VIIRS images for the entire Małopolskie Voivodeship in 

March and May 2020. 
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Based on this analysis, 21 communes were initially selected 

where a significant reduction in radiance was observed in vari-

ous months of 2020 compared to March of this year. A question 

was sent to the authorities of all communes selected in this way, 

asking whether these shutdowns had taken place, and if so, they 

were asked to provide details of this action. Positive responses, 

including the dates and times of switching municipal lighting on 

and off, as well as the territorial scope of the action, were re-

ceived from 12 communes; in the remaining cases, this data was 

recreated based on information from the local press or from 

communal orders publicly available on the Internet. No confir-

mation could be obtained from only two communes, Krynica 

Zdrój and Muszyna – they were included in the analysis because 

the reduction in radiance on VIIRS/DNB images in these cases 

is apparent and cannot raise doubts. 

Radiance changes in some selected communes in Małopol-

skie Voivodeship have already been analysed in other publica-

tions [50,51]. As part of these studies, it was found that the re-

sults of these analyses were often influenced by light sources 

associated with industrial plants, warehouses, shopping centres, 

greenhouses, etc., located within the commune, most often out-

side the areas of dense construction. These sources, which con-

tribute significantly to the total radiance from the location of 

a given commune and are not subject to local authorities, were 

not excluded as part of the described actions to reduce municipal 

lighting. This means that the quantitative conclusions drawn 

from our analyses may sometimes not be entirely correct. To 

avoid this effect, this analysis was limited to measuring radiance 

only from the area of localities that are the seats of municipal 

authorities. 

In some cases, when there are strong light sources within the 

boundaries of the locality which are not municipal lighting (e.g. 

industrial plants, greenhouses, etc.), it was limited to areas 

where these sources do not occur (e.g. Tarnów). Table 2 presents 

the average monthly radiance values obtained from analysing 

VIIRS/DNB images for 21 selected localities in the Małopolskie 

Voivodeship in March (pre-pandemic radiance) in the month 

when the most significant number of municipal lighting was 

turned off (minimum pandemic radiance) (Fig. 6). The popula-

tion of these localities, the area covered by the analysis, and the 

absolute and relative change in radiance in this area are also 

given. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.2. Discussion 

3.2.1. Analysis of radiance measurements 

As can be seen, of the analysed locations, the city of Kraków 

emits the most light into space (over 26 000 nW/(cm2·sr)),  

while the village of Borzęcin emits the least light (only  

33 nW/(cm2·sr)).  

Figure 7 shows the dependence of radiance on population.  

A clear linear dependence (with the correlation coefficient 

R=0.9403) was found between the logarithms of these quanti-

ties. This dependence is consistent with the proposed models 

[13,15].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The pie chart (Fig. 8) shows the distribution of localities in 

the Małopolskie Voivodeship depending on the size of the re-

duction in relative radiance resulting from switching off munic-

ipal lighting. The communes in which the lockdown caused the 

greatest reduction in radiance (60-80%) were by far the most 

numerous.  

 

 

Fig. 6. Example radiance changes resulting from switching off  

municipal lighting in 2020 for Kraków: (a) March 2020,  

(b) May 2020. Contour labels are expressed in nW/(cm2·sr). 

 

Fig.7. Radiance from selected localities of the Małopolskie Voivode-

ship as a function of the population size of these localities  

(R=0.9209; p-value < 0.01). 

    

Fig. 5. Radiance from the area of the Małopolskie Voivodeship in 

March and May, 2020. Visible are the largest cities of the region:  

Kraków, Tarnów and Nowy Sącz. (EPSG:2180 - ETRF2000-PL  

coordinate system). 
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A statistical cluster analysis was performed to obtain a more 

complete picture of the impact of municipal lighting shutdowns 

on the radiance of individual locations. Three clusters of loca-

tions can be distinguished based on the elbow analysis and the 

analysis of the obtained dendrogram (Fig. 9). Due to the size of 

the relative reduction in radiance, these clusters concentrate 

around the average value of (67 ± 5)% (cluster I), (48 ± 3)% 

(cluster II) and (36 ± 4)% (cluster III). The group represented by 

cluster I includes locations where all street lighting was 

switched off. Cluster II contains locations where part of the 

street lighting was left on, which is considered essential for the 

proper functioning of the city. In the case of Kraków, the fact 

that advertising lighting, some parking spaces, etc., were left on 

is undoubtedly significant here. In the locations covered by clus-

ter III, only the illumination of peripheral, less essential streets 

was switched off. In the case of Wadowice, the lighting of the 

two main through streets, the City Park and the city's central 

square (Plac Jana Pawła II) was left. As can be seen, these facil-

ities significantly contribute to this town's total radiance.  

The above analyses show that the contribution of all munic-

ipal lighting to the total radiance of a given locality is approxi-

mately 67%. Comparing the dendrogram data with Table 2, it 

was found that in the case of cluster I, the most significant re-

duction in radiance, amounting to even 80%, occurred for small 

towns (Dębno), where the dominant source of night lighting is 

street lighting. In comparison, the remaining 20% can be related 

to the illumination of private properties. Large cities in this clus-

ter (Bochnia, Tarnów, Chrzanów, Wieliczka) recorded a reduc-

tion in radiance by approx. 67%. The remaining 33% is probably 

due to the lighting of housing cooperatives (not subject to mu-

nicipal authorities), single-family private houses, workplaces, 

advertising banners, etc. This effect is even more visible for Kra-

ków, the capital of the Małopolskie Voivodeship, which, to-

gether with Skawina, with a reduction in radiance by almost 

50%, was included in cluster II. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Distribution of the number of localities in the Małopolskie  

Voivodeship depending on the size of the reduction in relative radiance 
as a result of switching off municipal lighting. 

 

Fig. 9. Dendrogram showing the grouping of the analysed localities  

in terms of the percentage reduction in radiance during  

the street lighting shutdown period. 

Table 2. Summary of radiance measurements in selected communes of the Małopolskie Voivodeship in March 2020. Krynica Zdrój and Muszyna, for 

which no confirmation of switching off municipal lighting was received, are marked in italics. 

No. Locality Area, km2 Population 
Pre-pandemic 

radiance, nW/(cm2·sr) 
Minimal pandemic 

radiance, nW/(cm2·sr) 
Absolute change in radiance, 

nW/(cm2·sr)/km2 
Relative change 
in radiance, % 

1 Alwernia 19.64 3380 609 217 265 44 

2 Bochnia 20.55 29992 1856 584 1273 69 

3 Borzęcin 3.37 3865 109 33 76 70 

4 Brzesko 9.92 16827 1085 559 526 48 

5 Chrzanów 20.61 37123 1913 656 1257 66 

6 Dąbrowa Tarnowska 8.35 11924 602 195 406 68 

7 Dębno 2.80 1601 126 25 100 80 

8 Dobczyce 12.45 6425 518 360 158 31 

9 Jabłonka 18.74 4767 412 247 164 40 

10 Kraków 520.98 766683 51472 26311 25161 49 

11 Krynica Zdrój 28.00 11243 1101 539 563 51 

12 Krzeszowice 7.88 10090 600 317 283 47 

13 Limanowa 10.62 15132 855 280 575 67 

14 Muszyna 8.08 4909 412 161 251 61 

15 Rabka Zdrój 6.75 13052 438 143 295 67 

16 Skawina 5.43 24325 669 332 337 50 

17 Tarnów 32.55 107045 5647 2098 3549 63 

18 Tymbark 5.04 2700 235 123 112 45 

19 Wadowice 2.92 19149 479 297 181 38 

20 Wieliczka 8.90 23395 1334 494 840 63 

21 Zabierzów 3.93 4400 291 190 100 35 
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To identify the factor determining the reduction in radiance, 

principal component analysis (PCA) was performed (Fig. 10).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This analysis shows that the dominant factor influencing the 

variance for Kraków (point 10) is the absolute radiance change 

and population. The remaining locations are divided into two 

clear groups, in which the variance is caused by the relative ra-

diance change: 1 (Alwernia, Brzesko, Dobczyce, Jabłonka, 

Krynica Zdrój, Krzeszowice, Skawina, Tymbark, Wadowice, 

Zabierzów) and 2 (Bochnia, Borzęcin, Chrzanów, Dąbrowa Tar-

nowska, Dębno, Limanowa, Muszyna, Rabka Zdrój, Tarnów, 

Wieliczka). I believe that the share of municipal lighting in the 

total radiance of the location is responsible for this division.  

3.2.2. Energy losses related to municipal lighting 

Energy losses due to lighting the night sky should be understood 

as the part of electricity related to municipal lighting, which is 

directed directly into space and through reflection from the 

ground. In the latter case, it should be noted that the reflection 

of light from the ground does not always mean a loss of energy 

in the physical sense. Energy losses in lighting result mainly 

from emission of light in undesirable directions (e.g. upwards) 

and not necessarily from the reflection itself. If light were not 

reflected from the illuminated surface, it would not be visible to 

people. One should only strive for the luminance of such illumi-

nated surfaces to be optimal, not causing a burden to the sense 

of sight, while ensuring the safety of users of the space. 

In 1999, based on data from DMSP satellites, daily energy 

losses for city lighting were determined for all major cities in 

Japan and for several cities worldwide. Among them, Polish cit-

ies included Warsaw (with the result of 8.81‧106 kWh) and Kra-

ków (with the result of 4.40‧106 kWh) [60]. It is difficult to re- 

late these numbers to the current situation; one can only estimate 

how much electricity is currently lost for lighting the sky.  

In 2018−2019, the average annual electricity consumption in 

Kraków, excluding households, amounted to 2.74‧106 MWh 

[90], which gives 7.50‧106 kWh per day. Street lighting costs 

constitute 38% of the total electricity consumption costs in the 

city [91], costing 29.5 million PLN per year. According to an 

analysis conducted by the International Dark Sky Association, 

approx. 35% of electricity is wasted on lighting the sky [91]. In 

the case of Kraków, this gives energy losses of around 10 mil-

lion PLN (approx. 2.3 million EUR) per year. At the same time, 

on this basis, it is possible to determine the amount of Kraków's 

daily energy losses on lighting the sky at approx. 2.85‧106 kWh. 

This significantly lower value than that given for 1999 is prob-

ably related to the systematic replacement of energy-intensive 

HPS lighting with energy-saving LED lighting. In 2017, approx-

imately 3 000 sodium HPS fixtures were replaced with LED fix-

tures [92]. Currently, HPS fixtures constitute approximately 

36% of all street fixtures in Kraków [93].  

4. Conclusions 

Satellite data analysis has shown that turning off municipal 

lighting significantly reduces radiance. When this type of light-

ing was turned off, in locations where it is the dominant source 

of artificial light at night, the radiance decreased by almost 70% 

(sometimes even 80%) compared to the pre-pandemic value. In 

large cities, where there are other light sources, such as indus-

trial plants or advertisements, the radiance decreased by almost 

50% in addition to street lighting. Turning off only the lighting 

of some peripheral streets reduced the radiance by only about 

36%. A reduction in radiance by about 50% was also noted in 

smaller towns, where the lighting of the main streets was left on. 

It can be concluded from this that reducing the lighting of even 

just residential or local streets significantly reduces the emission 

of artificial light into the sky. Of course, it is not possible to per-

manently turn off this type of lighting. Still, it is possible to con-

sider permanently leaving the lighting on only the main streets 

while installing motion sensors on low traffic, e.g. residential or 

local streets. The presented analysis shows that reducing light 

emissions into the sky by several dozen per cent is possible, 

which brings significant energy savings. A systematic replace-

ment of street lighting fixtures in Kraków with energy-saving 

LED lighting is being carried out. Annual monitoring of radi-

ance values from the Kraków area is planned to verify the thesis 

about the decrease in radiance.  

Of course, the most beneficial solution would be implement-

ing more advanced street lighting management systems, such as 

intelligent lighting control depending on vehicle traffic inten-

sity. A similar system was analysed by the author of this paper 

in 2018 in Zselic Starpark (Hungary). Inside the park are locali-

ties where street lighting emits light of minimal intensity in the 

idle state, allowing only to distinguish objects on the ground. 

When a pedestrian or a car moves, the luminaires brighten only 

in the wake of the moving object. As a result, the lighting of the 

locality has a minimal impact on both local ecosystems and as-

tronomical observations conducted within the Zselic Observa-

tory [94]. 

 

Fig. 10. PCA analysis showing the influence of principal components 

on the grouping of the analysed locations. 
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Of course, it should be remembered that the basic task of 

street lighting at night is to ensure the safety of street users. 

However, it is necessary to implement solutions consistent with 

the principle of sustainable development – street lighting should 

provide life comfort for its users while minimising the impact 

on the natural environment. This is possible thanks to adopting 

standards that consider light pollution. It is often argued that 

such standards will cause living in the dark. Replacing lighting 

fixtures usually leads to better ground illumination while limit-

ing light emission into the environment [95]. In 2013, a survey 

was conducted in Finland on a sample of 2053 people, aiming 

to present the harmful aspects of lighting and how the public 

perceives pollution [96]. The results show that residential and 

street lighting are considered the most common sources of light 

pollution, while commercial lighting is the most irritating form 

of light use. Respondents universally regarded light pollution as 

an interference with outdoor recreation and relaxation. The sur-

vey results indicate that light pollution's ecological and health 

effects are generally weakly reported, while aesthetic effects are 

emphasised. 

In Poland, in 2020, a study was conducted on the impact of 

changing the illuminance of streets and sidewalks in the 

Żywieckie Housing Estate in Kraków after replacing HPS lumi-

naires with LED lighting [97]. During the study, several ran-

domly encountered residents, most often walking their dogs, 

were asked about their opinion on the impact of these lighting 

changes on the quality of their lives. The interviews showed that 

the new luminaires illuminate the ground better while limiting 

the penetration of light into the interior of the apartments. The 

surveyed residents noted an improvement in the visibility of the 

ground, which is essential, for example, during evening walks 

with the dog. On the other hand, they stated that the housing 

estate had become "darker". In general, the opinion of residents 

was that the lighting should be such as to ensure safety during 

evening and night walks. Of course, such statements do not con-

stitute the basis for any statistical analysis; they are only signals 

from a selected group of sidewalk users. This type of analysis 

requires broader studies covering all areas where this type of 

lighting replacement occurred. Such studies are planned. 

It is also important to note the apparent conflict between 

lighting professionals, with a background in lighting design, 

who often criticize calling light "pollution," and light pollution 

experts, with a background primarily in astronomy and the en-

vironment. In 2019, a survey was completed by 205 participants, 

identified as "lighting professionals" and "light pollution ex-

perts" [98]. Analysis of the survey revealed that, despite their 

seemingly conflicting interests, lighting professionals and light 

pollution experts largely agree on the definition of the problem 

and approaches to solving it. 

This paper aims to show the current status of the described 

problem in Poland, where no standards or laws regarding pro-

tection against light pollution have been introduced yet. This is 

important when the Light Pollution Think Tank is trying to in-

troduce such legal provisions [68]. 
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1. Introduction 

Thermal retrofitting of existing buildings is one of the key 

measures aimed at reducing energy consumption and improving 

the energy efficiency of the residential sector. The scope of ther-

mal retrofit depends on the specific conditions and needs of 

a given building and typically includes thermal insulation of ex-

ternal walls, roofs, and slab-on-grade floors, replacement of 

windows and doors, implementation of renewable energy sour-

ces and modernisation of heating and domestic hot water sys-

tems. The use of appropriate thermal insulation materials ena-

bles achieving low values of the overall heat transfer coefficient 

of building envelope components [1]. 

According to the Polish Act of Law of November 21, 2008, 

on supporting thermal modernisation and renovations, as well as 

on the central register of building emissions (Journal of Laws 

2024, item 1446, as amended [2]), thermal retrofitting projects 

aim to reduce the demand for energy supplied to buildings, limit 

primary energy losses in local heating networks and heat 

sources, lower energy acquisition costs through heat source  mo-  
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Abstract 

This study presents a comprehensive analysis of the impact of thermal retrofit, including the heat source modernisation, on the 
heating load of an existing single-family building located in Szczecin, Poland (Climate Zone I). The building, constructed in 
2002, originally lacked thermal insulation in the walls, roof and ceiling, resulting in high operating costs and difficulties in 
maintaining thermal comfort. The aim of the project was to reduce heat losses, improve energy efficiency and enhance user 
comfort. The scope of work included thermal insulation of external walls, roof insulation, insulation of the intermediate floor 
slab and exterior wall section adjacent to the door opening and to the fenestration opening. The analysis conducted using the 
Audytor OZC 7.0 Edu Pol software showed that the total heat load of the building decreased from 25 710 W to 9476 W, 
representing a reduction of over 63%. Special attention was given to the analysis of thermal bridges, which are significant 
sources of energy loss. Using Therm 7.8.77 software, solutions were designed to reduce heat losses in critical areas. The heat 
transfer coefficients (U-values) for these thermal bridges were significantly reduced – by more than 50% in some cases. As 
part of the heat source modernisation, the solid fuel boiler and liquefied gas tank were removed and replaced with a condensing 
gas boiler powered by natural gas from the municipal network. To support the domestic hot water preparation system, flat-
plate solar collectors were designed to work in conjunction with the existing dual-coil storage water heater. 

Keywords: Thermal retrofit; Thermal modernisation; Heat source modernisation; Heating load; Thermal bridges 
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Nomenclature 
A ‒ area, m2 

b ‒ correction factor 

cp ‒ specific heat, J/(kg·K) 

ek, el – correction factors for location  

f ‒ correction factor 

Gw – correction factor for groundwater influence  

l  ‒ length, m 

t ‒ temperature, °C 

U  ‒ coefficient of heat transfer, W/(m2·K) 

𝑉̇𝑖  ‒ volume flow rate, m3/s 

 

Greek symbols 

θ – temperature, °C  

ρ – density at temperature  𝜃𝑖𝑛𝑡,𝑖 , kg/m3  

𝜓 – linear thermal transmittance coefficient, W/(m·K) 

Φ – heat loss/heat power, W  

ΦHL– heat load, W  

 

Subscripts 

e – external 

equiv ‒ equivalent 

g – ground 

inf – infiltration 

int, i ‒ internal 

i, j – heated space 

k – building element 

l – thermal bridge 

RH – reheating 

T – transmission 

u – unheated space 

V – ventilation 

 

Abbreviations and Acronyms 

COP – coefficient of performance 

DHW– domestic hot water 

EPS – expanded polystyrene 

PVC – polyvinyl chloride 

dernisation or energy recovery and shift to renewable heat 

sources. Therefore, uninsulated buildings should undergo ther-

mal retrofitting due to economic, environmental and social con-

siderations. The main reasons include energy and cost savings 

during operation, reduction of CO₂ emissions generated during 

heat production for space heating and improvement of residen-

tial comfort [3]. 

A significant improvement in energy efficiency, as well as 

enhanced thermal comfort for occupants, was documented in the 

study by Krause [4]. Following a comprehensive thermal retrofit 

of a single-family house, including insulation of external walls, 

the basement and the flat roof, replacement of windows and 

doors, installation of a new boiler and the implementation of 

a fireplace system with heat distribution, the seasonal heat de-

mand was reduced by 87%, reaching a level of 11 430 kWh/year. 

In a next study focused on optimising the retrofit of a single-

family house built in 2007 in Warsaw, the authors (Zawada and 

Rucińska [5]) reported a 23% reduction in primary energy con-

sumption and a 50% decrease in the thermal discomfort index 

following the proposed thermal modernisation. These results 

demonstrate that insulating the walls and roof, along with re-

placing windows with units featuring lower heat thermal coeffi-

cients, improves the building’s heat balance during winter and 

enhances user comfort in summer. 

The authors of publication [6], which evaluates the effects of 

thermal retrofit of single-family buildings, note that replacing 

window joinery alone results in a 3% reduction in heating en-

ergy consumption. Insulating external walls and the roof enables 

a 26% decrease, while comprehensive thermal modernisation, 

including upgrading the heat source, sealing building partition 

components, and improving ventilation, can reduce energy con-

sumption by up to 59%. These improvements lead to a tangible 

reduction in heating costs and enhanced thermal comfort for oc-

cupants. 

In the book edited by Koczyk and Antoniewicz [7], it is in-

dicated that thermal retrofitting measures involving the insula-

tion of all building envelope components and the reduction of 

ventilation rates can lead to significant energy savings ranging 

from 34% to 50% in terms of building heat load and heat de- 

mand. These findings demonstrate that thermal retrofit efforts 

positively influence building usability and contribute to a reduc-

tion in operational costs. 

Contemporary challenges in building energy efficiency in-

creasingly draw designers’ attention to the issue of thermal 

bridges, which remain a significant source of heat loss in build-

ings. According to the study by Kurtz and Gawin [8] on the en-

ergy certification of residential buildings, thermal bridges are 

defined and exemplified as areas within the external envelope 

structure where a reduction in the internal surface temperature 

and an increase in heat flux density (heat loss) are observed rel-

ative to the surrounding components. Thermal bridges are cate-

gorised as linear or point-type, and both can lead to water vapour 

condensation and mould growth inside the building. 

Roof thermal bridges are a critical source of heat loss in 

buildings [9], typically located along roof edges and around 

structural elements. These areas contribute to localised drops in 

interior surface temperatures and increased energy demand to 

compensate for the losses. One method for detecting thermal 

bridges is thermographic measurement using drones, which en-

ables the identification of even minor existing thermal bridges.  

The significance of thermal bridges in the context of building 

thermal modernisation, particularly their impact on heat loss and 

indoor microclimate, is discussed in [10]. Thermal bridges are 

a major source of heat loss, substantially contributing to reduc-

tions in internal temperatures. Therefore, effective thermal ret-

rofit should include not only insulation of building envelopes 

but also of structural joints of the building. Thermal bridges ac-

count for approximately 16% of heat loss through building par-

titions, corresponding to around 7.8 kWh/m² of annual heat loss. 

To mitigate these losses, insulation connections must be con-

sciously designed, which leads to cost reductions and improved 

comfort in residential buildings [11]. 

The issue of improving the energy performance of buildings 

and meeting legal requirements in this area is discussed in the 

study by Żarski [12], where the author emphasises that a key 

condition for effective building modernisation is a comprehen-

sive approach encompassing both the structure of the building 

envelope and technical installations. The study highlights the 
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importance of including thermal bridges in the building’s heat 

balance, in accordance with the guidelines of the PN-EN ISO 

14683 standard, as even with high levels of envelope insulation, 

linear losses can significantly affect energy performance indica-

tors. 

The inclusion of thermal bridges in the assessment of build-

ing energy efficiency is thoroughly addressed by Pawlak [13], 

who emphasises that thermal bridges represent one of the key 

sources of heat energy loss and should be mandatorily consid-

ered in calculations of a building’s thermal performance. The 

author points out that neglecting their impact may lead to signif-

icant discrepancies between the theoretical energy balance and 

the actual heat demand. 

Study [14] investigates user activity in residential buildings 

through surveys and interviews, highlighting its impact on ther-

mal-flow processes and energy consumption. Six behavioural 

profiles were developed and implemented in hourly dynamic 

simulations using DesignBuilder software to assess heat demand 

and indoor microclimate in selected Norwegian cities. Internal 

heat gains from occupants, appliances and solar radiation ac-

counted for 20–35% of the energy balance, confirming the need 

for precise behavioural modelling. The authors advocate for 

hourly calculation methods over simplified monthly approaches, 

especially in the context of climate change. Accurate input data 

and increased public awareness are essential for improving en-

ergy efficiency and retrofit planning. 

In Poland, the use of renewable energy systems in building 

design has grown due to regulatory requirements limiting pri-

mary energy consumption. A hybrid system combining ground-

source and air-source heat pumps powered by photovoltaic elec-

tricity was installed in a facility near Kraków to evaluate perfor-

mance and optimise energy use [15]. Both heat pumps showed 

comparable efficiency during the heating season, with coeffi-

cient of performance (COP) values of 2.69 and 2.63, respec-

tively, suggesting that air-source heat pumps may be a cost-ef-

fective alternative. However, summer operation revealed re-

duced efficiency due to standby energy consumption. Integra-

tion with photovoltaic systems significantly improved ecologi-

cal and economic performance, with self-consumption rates ex-

ceeding national averages. The findings support the broader 

adoption of renewable energy sources in construction and high-

light the importance of accurate system design and climate con-

siderations. 

This study presents the impact of thermal retrofit on the heat 

load of a single-family building located in Szczecin (Polish Cli-

mate Zone I), which, due to the lack of thermal insulation, gen-

erated high operating costs and was associated with difficulties 

in maintaining the interior spaces, as reported by the occupants. 

The analysis included the influence of thermal bridges on heat 

losses. Additionally, the previously non-habitable attic was con-

verted into a heated and residential space. The heat source was 

modernised by removing the solid fuel boiler and propane tank 

and replacing them with a condensing gas boiler connected to 

the municipal natural gas network. The project was comple-

mented by the installation of flat-plate solar collectors for the 

domestic hot water (DHW) system. 

2. Building performance characteristics prior to 

thermal retrofit 

The study analysed a detached single-family house without 

a basement, built in 2002 in Szczecin (Climate Zone I, with a de-

sign outdoor temperature of θₑ = –16°C [16]). The building has 

a large-scale form, without a habitable attic and includes an in-

tegrated garage. 

Figure 1 presents the ground floor plan, including the layout 

and areas of the rooms as well as the design temperatures. The 

non-usable attic extends over the entire ground floor. The clear 

height of the ground floor is 2.6 m, and the maximum height of 

the attic is also 2.6 m. The knee wall height in the attic is 80 cm. 

Figure 2 shows an external view of the building. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The usable floor area is 225.80 m², and the building volume 

is 643.42 m³. The main entrance and garage are located on the 

western side. The ground floor comprises 16 rooms, including 

a boiler room with a separate external entrance. Due to the lack 

of thermal insulation in the external building partitions, heating 

costs were very high, prompting the decision to implement sub-

stantial thermal and energy upgrades. The attic was unheated 

and uninhabitable. The building’s airtightness was assumed to 

 

Fig. 1. Ground floor plan showing the layout and areas of the rooms, 

as well as the design temperatures for the analysed building. 

 

Fig. 2. View of the analysed building. 
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be n₅₀ = 6.0 h⁻¹. Ventilation was provided by gravity systems us-

ing existing masonry exhaust chimneys. 

Prior to retrofit, the roof was covered with ceramic tiles and 

insulated with loosely laid mineral wool in the attic floor, with 

a thickness of 0.15 m. The external walls of the building were 

constructed from lightweight expanded clay concrete blocks 

with a thickness of 0.39 m, without internal insulation, and fin-

ished with gypsum board and plaster. Internal walls were made 

of hollow bricks measuring 120 mm × 250 mm × 63 mm, also 

without insulation. The intermediate floor slab between the 

ground floor and the unheated attic was made of reinforced con-

crete with a thickness of 0.10 m, covered with cement-bonded 

particle board, without insulation. The slab-on-grade ground 

floor structure consisted of sand, a concrete foundation layer, 

followed by 0.10 m of expanded polystyrene insulation, and fin-

ished with a floor compound and plywood. The windows were 

double-glazed, tilt-type, with polyvinyl chloride (PVC) frames, 

including balcony windows and two pairs of balcony doors. 

The overall heat transfer coefficients for the building parti-

tions were calculated using the Audytor OZC 7.0 Edu Pol soft-

ware [17]. By comparing the calculated U-values with the max-

imum allowable values (Ucmax) specified in the Journal of Laws 

2022 [18] on the technical conditions to be met by buildings and 

their location, it was observed that the roof, the intermediate 

floor slab below the unheated attic and the external wall did not 

meet current regulatory requirements due to the lack of insula-

tion. Specifically, the roof’s U-value exceeded the limit by 

1.182 W/(m²·K), the ceiling by 0.426 W/(m²·K), and the exter-

nal wall by 0.253 W/(m²·K). The total heat load prior to retrofit 

was 25 710 W, with 14 817 W attributed to the ground floor sto-

rey and 10 893 W to the non-habitable attic. 

In its original state, the building did not meet the require-

ments in force at that time due to the absence of insulation in the 

external walls, roof and ceiling. This is confirmed by the thermal 

transmittance (U-value) prior to thermal retrofit, which was the 

main rationale for undertaking modernisation measures. The 

significant reduction in heat demand resulted from the poor ini-

tial condition of the building, not due to structural defects, but 

rather the lack of insulation in key partitions, which was the pri-

mary factor leading to very high heat losses. 

2.1. Heat source and central heating system prior to 

modernisation 

The boiler room has the following dimensions: a floor area of 

6.90 m² and a volume of 17.53 m³. It featured both internal and 

external doors opening outward. Ventilation was provided via 

a 14 cm × 14 cm exhaust grille installed in the chimney shaft and 

a 14 cm × 14 cm supply grille mounted in the external wall, po-

sitioned 30 cm above the floor level. 

The heat sources included a solid fuel boiler (wood-fired) 

and a liquefied gas boiler supplied from an underground propane 

tank located on the property. Switching between heat sources for 

the central heating system was performed manually by opening 

and closing the appropriate shut-off valves in the boiler room. 

During the autumn-winter heating season, the house was heated 

using a wood-fired boiler operating on the principle of generator 

gasification. The boiler was equipped with an exhaust fan to fa-

cilitate combustion. It had a nominal power output of 40 kW, 

a water capacity of 80 litres, and a fuel hopper capacity of 

140 dm³. The seasonal wood consumption was approximately 

40 m³. The system was designed to maintain a minimum return 

water temperature of 65°C, and the boiler efficiency ranged 

from 81% to 90% (according to the manufacturer technical spec-

ification). The boiler was connected via a flue outlet to 

a 150 × 150 mm steel chimney duct, which was routed through 

a shaft and extended above the roof.  

In the spring-summer period, the house was heated using 

a liquefied gas boiler due to its lower fuel consumption for the 

domestic hot water system and occasional heating. The gas 

boiler was a single-function, wall-mounted unit with a power 

range of 8.9–21 kW and a closed type combustion chamber. It 

featured built-in weather-compensated control. The air/flue gas 

duct was made of steel with a diameter of 60/100 mm. The pro-

pane gas was supplied from an underground tank located on the 

property. A technical scheme of the heat source configuration 

prior to modernisation is presented in Fig. 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Technical scheme of the heat source prior to retrofit. 
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The design temperatures of the heating water in the central 

heating system are 75°C/65°C. The system is a two-pipe instal-

lation embedded in the floor, with bottom connections made of 

copper pipes. Panel radiators type 22, featuring profiled heating 

plates and convective elements, equipped with thermostatic con-

trol valve inserts, were installed in the rooms. In the bathrooms, 

vertical pipe type radiators, made of non-alloy low-carbon steel, 

were used for heating. 

During construction of the building, the dimensions of the 

radiators were selected and installed in such a way that their 

heating capacities were insufficient from the beginning to meet 

the high thermal loads of the rooms. As a result, it was difficult 

to maintain the design indoor temperature throughout the build-

ing. Additionally, the non-heated attic, lack of thermal insula-

tion of the external walls, and the intermediate floor slab be-

tween the ground floor and attic contributed to significant heat 

losses from the heated spaces to the surroundings. The rooms 

cooled down rapidly, and users reported thermal discomfort as 

well as a noticeable increase in air humidity. 

3. Building envelope components, thermal 

bridges, heat load 

To ensure thermal comfort in the heated rooms, it is necessary 

to determine the heat flux that must be supplied to the space in 

order to compensate for all heat losses. The heat load calcula-

tions for the building’s rooms were carried out in accordance 

with the PN-EN 12831:2006 Polish Standard [16], using the 

Audytor OZC 7.0 Edu Pol software [17]. The determination of 

the design heat load required to maintain the specified indoor 

design temperature under standardised design conditions, for the 

purpose of selecting an appropriate heat source, was performed 

as follows [14]: 

 𝛷𝐻𝐿 = ∑ 𝛷𝑇,𝑖 + ∑ 𝛷𝑉,𝑖 + ∑ 𝛷𝑅𝐻,𝑖, (1) 

where: ΦT,i – transmission heat losses [W], ΦV,i – ventilation 

heat losses [W], ΦRH,i – additional heating power required to 

compensate for reduced heating performance (reheat) [W]. 

In the calculation of the design heat loss due to transmission, 

the following components are considered: direct heat losses to 

the external environment, heat losses through unheated spaces 

to the outside, heat losses to the ground, and heat transfer be-

tween heated zones with different indoor temperatures [16]: 

 𝛷𝑇,𝑖 = [∑ (𝐴𝑘𝑈𝑘𝑒𝑘𝑘 )  + ∑ (𝜓𝑙𝑙𝑙𝑒𝑙)𝑙 + ∑ (𝐴𝑘𝑈𝑘𝑏𝑢𝑘 ) +  

 + ∑ (𝜓𝑙𝑙𝑙𝑏𝑢)𝑙 + 𝑓𝑔1𝑓𝑔2 ∑ (𝐴𝑘𝑈𝑒𝑞𝑢𝑖𝑣,𝑘𝑘 )𝐺𝑤 +  

 + ∑ 𝑓𝑖𝑗𝐴𝑘𝑈𝑘𝑘 ] (𝜃𝑖𝑛𝑡,𝑖 − 𝜃𝑒), (2) 

where: Ak – area of building element (k) [m2], Uk – heat transfer 

coefficient of the building envelope components (k) [W/(m2·K)], 

el, ek – correction factors for orientation, taking into account cli-

matic influences, ψl – linear thermal transmittance coefficient (l) 

[W/(m·K)], ll – length (l) of the linear thermal bridge between 

the internal and external environments [m], bu – temperature re-

duction coefficient accounting for the difference between the 

temperature of the unheated space and the design external tem-

perature [-], fg1 – correction factor accounting for the influence 

of annual fluctuations in outdoor temperature, fg2 – temperature 

reduction factor accounting for the difference between the an-

nual average outdoor temperature and the design outdoor tem-

perature, Uequiv,k – equivalent heat transfer coefficient of a build-

ing element (k) [W/(m2‧K)], Gw – correction factor for ground-

water influence, fij – temperature reduction factor accounting for 

the difference between the temperature of the adjacent space and 

the design outdoor temperature, θint,i – design indoor tempera-

ture of the heated space (i) [°C], θe – design outdoor temperature 

[°C]. 

The ventilation heat loss is determined using the following 

equation [16]: 

 𝛷𝑉,𝑖 = 𝑉̇𝑙𝜌𝑐𝑝(𝜃𝑖𝑛𝑡,𝑖 − 𝜃𝑒), (3) 

where: 𝑉̇𝑖 – volumetric flow rate of ventilation air supplied to 

the heated space [m3/s]. 

The reheat amount includes the correction factor fRH, which 

depends on the heating-up time and the assumed indoor temper-

ature setback during reduced heating periods [16]: 

 𝛷𝑅𝐻,𝑖 = 𝐴𝑖𝑓𝑅𝐻, (4) 

where: Ai – area of the heated space [m2], fRH – correction factor 

accounting for heating-up dynamics and temperature setback 

[W/m2]. In the presented analysis, this component of the build-

ing's thermal load balance was not considered, as the occupants 

do not utilise this function. According to standard [16], the re-

heat amount is not mandatory. 

As part of the preparation for the building’s thermal retrofit, 

the initial step involved an analysis of heat losses through linear 

thermal bridges. The assessment of temperature distribution 

within thermal bridge models, along with the determination of 

heat flux passing through these elements, enabled the proposal 

of design solutions aimed at reducing linear heat losses. Surface 

thermal bridges, such as glazed area and door leaf surface area, 

were incorporated into the heating load calculations using the 

software referenced in [17]. Point thermal bridges were not in-

cluded in the analysis. 

The lengths of thermal bridges in the presented analysis were 

modelled using Therm Software 7.8.77, which is based on the 

PN-EN ISO 10211-2 standard [19]. According to this standard, 

the geometric model of a thermal bridge must be created under 

strictly defined thermal and geometric boundary conditions. The 

lengths of thermal bridges are assumed to be three times the total 

thickness of the adjoining partitions or at least 1 m from the cen-

tral element. 

Table 1 presents the models of linear thermal bridges in the 

building, developed in accordance with the PN-EN ISO 

10211:2008P standard [19], using Therm Software version 

7.8.77 [20]. The first column provides a visual representation 

and designation of each thermal bridge type. The second and 

third columns illustrate the temperature distribution models for 

each thermal bridge in two scenarios: prior to and after the build-

ing retrofit. 

Table 1 is supplemented with a colour scale legend and 

boundary temperature data for the building envelope compo-

nents. 
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Table 1. Temperature distribution in building thermal bridges – models generated using Therm Software 7.8.77 [20].  

Thermal bridge 

Temperature distribution in building thermal bridges 

Prior to thermal retrofit After thermal retrofit 

 

 
External corner (a) 

  

 
Internal corner (b) 

  

 
Exterior wall section adja-
cent to fenestration opening 
(c)   

 
Exterior wall section adja-
cent to door opening (d)   

 
Slab-on-grade floor system / 
exterior wall interface (e) 

  

 
Intermediate floor structure 
/ exterior wall junction (f) 

  

 

non-heated 
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For the external corner (convex corner) thermal bridge (a), 

the analysis of temperature distribution within the building en-

velope component prior to and after insulation revealed a signif-

icant improvement in thermal performance following the retro-

fit. Prior to insulation, low-temperature isotherms penetrated 

deeply into the structure, indicating substantial heat losses and 

a heightened risk of water vapour condensation. After the appli-

cation of thermal insulation, a distinct outward shift of the iso-

therm lines was observed, demonstrating the effectiveness of the 

implemented insulation strategy. The total heat transfer coeffi-

cient (U-value) for this thermal bridge, under a temperature gra-

dient of 36 K (−16°C exterior and +20°C interior), was reduced 

from 0.556 W/(m²·K) to 0.111 W/(m²·K). 

The analysis of the internal corner (concave corner) thermal 

bridge (b) revealed similar phenomena, albeit with greater inten-

sity. Prior to insulation, the temperature on the interior surface 

of the envelope at the corner was significantly lower than in 

other areas of the partition, indicating intense heat transfer and 

a high risk of water vapour condensation. Following the appli-

cation of thermal insulation, the isotherms shifted toward the 

outer edge of the envelope, and the local temperature mini- 

mum increased. The total heat transfer coefficient (U-value)  

for this thermal bridge decreased from 0.537 W/(m²·K) to  

0.141 W/(m²·K). 

The next component of the analysis was the exterior wall 

section adjacent to the fenestration opening (c). Before the detail 

was improved, significant cooling of the envelope was observed 

in the area where the window frame connects to the masonry 

wall. Temperatures near the window reveal dropped locally to 

critical levels. After implementing an improved installation 

method and adding thermal insulation in the reveal zone, the 

low-temperature isotherms shifted toward the outer part of the 

envelope. The temperature at critical points increased signifi-

cantly, indicating effective elimination of the local linear ther-

mal bridge and improved energy performance of the entire con-

struction detail. The U-value was reduced from 0.241 W/(m²·K) 

to 0.095 W/(m²·K). 

In the analysis of the exterior wall section adjacent to door 

opening, and thermal bridge occurring between the door assem-

bly and the external wall (d), the initial condition revealed sig-

nificant thermal anomalies. The zone surrounding the door, par-

ticularly near the ground level, exhibited pronounced cooling 

and intense heat flux, contributing to localised energy losses and 

a reduction in thermal comfort. Following the implementation 

of additional thermal insulation, these adverse phenomena were 

substantially mitigated. The isotherms in this region became 

more uniform, and the temperature values within the building 

envelope increased, indicating improved thermal conditions and 

reduced potential for energy loss. The total modelled U-value 

decreased from 0.208 W/(m²·K) to 0.096 W/(m²·K). 

The next analysed thermal bridge, slab-on-grade floor sys-

tem/exterior wall interface, was located at the junction between 

the internal wall and the ground-bearing floor slab (e). This area 

is particularly susceptible to thermal bridging due to its direct 

contact with the subsoil, which typically maintains a signifi-

cantly lower temperature. 

In the pre-retrofit condition, the simulation revealed a dis-

tinct temperature drop in the internal corner, posing a risk of 

surface condensation. After applying additional insulation in the 

plinth zone, the low-temperature isotherms shifted deeper into 

the external envelope, and the temperature within the corner  

increased to a level ensuring both thermal and hygienic sa- 

fety. The overall heat transfer coefficient was reduced from  

0.336 W/(m²·K) to 0.162 W/(m²·K). 

The final case analysed involved a thermal bridge at the junc-

tion between the exterior wall and the intermediate floor slab 

separating the building storeys (f). In the initial scenario – prior 

to thermal retrofitting, when the attic was uninsulated and un-

heated, the simulation clearly indicated heat losses through the 

uninsulated portion of the floor slab, which structurally pene-

trated the thermal insulation layer of the external wall. This area 

exhibited significant cooling, with the minimum local tempera-

ture dropping to a level conducive to water vapour condensation. 

After the application of additional insulation in the floor slab 

region, the isotherms became smoother and shifted, indicating  

a substantial improvement in thermal conditions. The thermally 

upgraded building envelope ensured continuity of the insulation 

layer, thereby minimising energy losses and enhancing the du-

rability of the building structure. In the thermal simulation, the 

total U-value coefficient for this thermal bridge, under a temper-

ature gradient of 36 K, was reduced from 0.225 W/(m²·K) to 

0.165 W/(m²·K). 

4. Building performance characteristics after 

thermal retrofit. Result analysis. 

A thermal retrofit project was developed for the building, based 

on the following interventions: 

 insulation of external walls using expanded polystyrene 

(EPS) with a thermal conductivity of k = 0.040 W/(m·K) 

and a thickness of 0.15 m, 

 roof insulation with mineral wool k = 0.052 W/(m·K), ap-

plied in a layer of 0.35 m thickness, 

 replacement of the roof covering from ceramic tiles to 

metal roofing sheets k = 50 W/(m·K), aimed at reducing the 

structural load on the roof, 

 insulation of the intermediate floor slab between the ground 

floor and the attic using EPS k = 0.040 W/(m·K) with 

a thickness of 0.15 m, 

 sealing of window and door frames to improve airtightness 

and reduce uncontrolled infiltration. 

Based on literature data indicating the limited impact of win-

dow and door replacement on the overall heat demand reduction 

estimated at approximately 3% according to [6] and considering 

the high investment costs associated with such measures, the in-

vestors opted not to include fenestration replacement in the 

scope of thermal retrofit. Additionally, a design was developed 

to convert the attic into a habitable and heated space, including 

the layout of new rooms and the integration of a heating system. 

New stairs were also planned to enable users to move between 

floors, replacing the previously existing ladder that provided ac-

cess only to the non-usable attic. To enhance thermal comfort 
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on the external façade, the installation of electrically operated 

external window shutters, integrated into the window frames, 

was proposed as part of the building insulation works. In the 

case of the garage, it was designated to be heated to an indoor 

temperature of ti = +5°C. Consequently, the internal garage 

walls were insulated in accordance with the envelope specifica-

tions outlined in [18]. The building occupants chose to retain 

natural (gravity-based) ventilation. Airtightness of the building 

envelope was improved to the design level of n₅₀ = 2.0 h⁻¹, 

achieved through sealing of window and door frames, insulation 

of external partitions and sealing of service penetrations. For ret-

rofitted buildings without mechanical ventilation, the typical  

airtightness level after modernisation falls within the range  

of n₅₀ = 2.0–3.5 h⁻¹ [6]. In the analysed case, a value of  

n₅₀ = 2.0 h⁻¹ was adopted, reflecting the effect of careful insula-

tion of building partitions, improved continuity of insulation at 

structural joints, and the proposed use of external roller shutters 

by occupants. According to available data on airtightness meas-

urements for retrofitted buildings, such measures can enable 

achieving n₅₀ values below 3.0 h⁻¹. 

For the proposed thermal retrofit measures, calculations of 

the overall heat transfer coefficients were performed using the 

Audytor OZC 7.0 software Edu Pol [17] in accordance with the 

standard [16]. The results are presented in Table 2. Due to the 

modernisation of the building's heat source, the total heating 

load of the building was also calculated and summarised in Ta-

ble 3. All calculations were carried out for both analysed scenar-

ios, prior to and after thermal retrofit. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3. Heat loads for rooms and the building, and the design indoor temperatures, calculated using Audytor OZC 7.0 Edu Pol [16,17]. 

Type of room 

Temperature θint, i [°C] Heat load ΦHL [W] 

Prior to thermal retrofit After thermal retrofit Prior to thermal retrofit After thermal retrofit 

Ground floor 

Boiler room 20 20 871 333 

Room 20 20 703 338 

Utility room without window 20 20 18 9 

Bathroom without window 24 24 200 112 

Corridor 20 20 446 233 

Utility room without window 20 20 403 232 

Garage non-heated 5 2320 825 

Room 20 20 632 274 

Bathroom 24 24 701 377 

Room 20 20 1247 452 

Room 20 20 1377 557 

Room 20 20 716 345 

Corridor 20 20 448 396 

Kitchen 20 20 837 410 

Living room 20 20 3051 1317 

Entrance hall 20 20 847 289 

Attic (residential) 

Room non-heated 20 

10893 

845 

Bathroom without window non-heated 24 621 

Corridor non-heated 20 381 

Room non-heated 20 1130 

Sum 25710 (25.7 kW) 9476 (9.5 kW) 

 

Table 2. Values of the overall heat transfer coefficient (U-value) for the building partitions, calculated using Audytor OZC 7.0. Edu Pol [17]. 

Building Partition type Area of partitions [m2] 

Overall heat transfer coefficient U [W/(m2·K)] 

Prior to thermal retrofit After thermal retrofit Uc(max) [18] [W/(m2·K)] 

Roof 269.01 1.332 0.143 (reduction by 89,3%) 0.150 (ti ≥ 16°C) 

External door 33.75 1.300 1.300 1,300 

External window 41.40 0.900 0.900 0.900 (ti ≥ 16°C) 

Intermediate floor slab 218.73 0.576 0.180 (reduction by 68.8%) 1.000 (∆ti ≥ 8°C) 

Slab-on-grade floor 224.96 0.200 0.196 (reduction by 2%) 0.300 (ti ≥ 16°C) 

Internal wall 412.04 0.968 0.911 (reduction by 5.9%) 1.000 (∆ti ≥ 8°C) 

External wall 696.51 0.453 0.168 (reduction by 63.3%) 0.200 (ti ≥ 16°C) 
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A heat load value is obtained for the unheated attic because 

heat transfer from the heated zones to adjacent unheated spaces 

must be considered in accordance with standard calculation pro-

cedures (EN 12831 [16]). The attic, although not heated, re-

ceives heat through the ceiling and thermal bridges, and its tem-

perature is typically lower than that of the conditioned space. 

This results in a heat flow that contributes to the overall heating 

demand of the building. 

The proposed thermal retrofit measures resulted in the fol-

lowing changes in the calculated thermal transmittance (U-val-

ues) for individual building components: 

 roof: U = 0.143 W/(m2·K), representing a reduction of 

1.189 W/(m2·K) due to the implemented improvements, 

 intermediate floor slab (between ground floor and the non-

heated attic): U = 0.180 W/(m2·K), corresponding to a de-

crease of 0.396 W/(m2·K), 

 slab-on-grade floor: U = 0.196 W/(m2·K), with a marginal 

reduction of 0.004 W/(m2·K). 

The total design heat loss for the thermally modernised 

building, based on characteristic parameters from Journal of 

Laws 2022 [18], amounted to 9476 W, indicating a reduction of 

16 234 W. This includes a decrease for the ground floor storey 

from 14 817 W to 5814 W, and on the attic level from 10 893 W 

to 3662 W (from the uninhabitable attic to the residential attic). 

To improve the quality conclusions and enable a comprehen-

sive assessment of the thermal retrofit, two tables (Table 4 and 

Table 5) presenting the components of the building’s heat load 

have been added. Additional demand from converting an unused 

attic into living spaces is presented in Table 3. In the presented 

analysis, the reheat component of the building's thermal load 

balance was not considered, as the occupants do not utilise this 

function. According to standard [16], the reheat amount is not 

mandatory. Since the gas boiler is a single-function unit operat-

ing in conjunction with a domestic hot water heater, and the 

number of occupants (four persons) as well as the presence of 

two bathrooms remain unchanged before and after thermal ret-

rofitting, the domestic hot water demand also remains constant 

at 20 kW, assuming a high level of domestic hot water thermal 

comfort.  

Tables 4 and 5 present the distribution of individual compo-

nents to the building’s heat balance before and after thermal ret-

rofitting. Heat transmission losses were divided into two cate-

gories:  

(1) losses through external envelope components, calculated as 

the sum of products Ak ‧ Uk ‧ ek, 

(2) losses through partitions adjacent to unheated spaces (e.g. 

attic or garage), in accordance with the methodology of 

PN-EN 12831 [16]. 

Additionally, (3) linear losses caused by thermal bridges 

were considered separately, calculated using the relation 

ψl ‧ ll ‧ el. Losses due to minimum ventilation (Vmin) are lower 

than infiltration ventilation losses (Vinf) and, therefore, were not 

included in accordance with standard [16]. After thermal retro-

fitting, losses associated with unheated spaces were eliminated, 

as all rooms are heated following the modernisation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4. Distribution of heat load components in the building prior to thermal retrofit. 

Type of room 
Heat losses by transmis-

sion - external parti-
tions [W] 

Heat losses by 
transmission to un-
heated spaces [W] 

Linear heat losses - 
thermal bridges 

[W] 

Ventilation heat 
losses - infiltra-

tion [W] 

Total heating load 
[W] 

Boiler room 643 120 31 77 871 

Room 354 152 24 173 703 

Utility room without window 0 6 0 9 18 

Bathroom without window 0 33 0 167 200 

Corridor 202 100 31 113 446 

Utility room without window 0 297 0 106 403 

Garage 1813 0 77 430 2320 

Room 268 159 22 183 632 

Bathroom 456 109 19 117 701 

Room 820 179 44 204 1247 

Room 923 188 45 221 1377 

Room 334 156 32 194 716 

Corridor 0 224 0 224 448 

Kitchen 359 249 72 157 837 

Living room 1675 402 169 805 3051 

Extrance hall 445 247 17 138 847 

Attic (non-heated) 6666 0 2069 2160 10893 

Total 14958 2621 2652 5478 25710 
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The tables provide a detailed breakdown of heat loss compo-

nents for individual rooms in the building before and after ther-

mal retrofitting. Comparing these data allows identification of 

the elements of the heat balance that contributed most to the 

achieved energy savings. (1) Insulation of external partitions. 

The greatest impact on reducing the heat load resulted from the 

decrease in transmission losses through external envelope com-

ponents, which dropped from 14 958 W to 3304 W, representing 

a 78% reduction. (2) Elimination of losses to unheated spaces. 

Prior to modernisation, a significant portion of losses originated 

from heat transfer from the ground floor to the unheated attic 

(2621 W). After retrofitting, the attic became a heated space, 

eliminating these losses entirely. (3) Reduction of thermal 

bridges, insulating structural details and improving window re-

veals and wall junctions reduced linear losses from 2652 W to 

875 W, a 67% decrease, highlighting the substantial role of ther-

mal bridges in the overall heat balance. (4) Ventilation losses 

decreased from 5478 W to 5201 W (a 5% reduction), primarily 

due to improved airtightness and reduced uncontrolled infiltra-

tion. Collectively, these measures resulted in a 63% reduction in 

the building’s total heat load.  

4.1. Heat source and central heating system after 

modernisation 

The location of the boiler room remains unchanged. The solid 

fuel central heating boiler, along with all associated equipment, 

has been removed from the room. The chimney previously used 

for flue gas discharge remains in place but will no longer be in 

use. The gas-fired boiler continues to operate in its original lo-

cation without modification. The burner of this boiler can oper-

ate not only on liquefied petroleum gas, but also, after appropri-

ate adjustment, on natural gas. Additionally, the heat source has 

been supplemented with flat-plate solar collectors and associ-

ated equipment, which have been connected to the existing bi-

valent domestic hot water heater. For the purpose of automatic 

regulation of the modernised heat source, a new controller has 

been installed in the boiler room. Furthermore, the central heat-

ing circulation pump has been replaced with a modern single-

speed circulating pump. 

The burner of the existing gas boiler has been adapted for 

operation with network-distributed natural gas GZ50; however, 

its factory settings will be adjusted due to the change in the type 

of fuel used (modified power output range 11–23 kW). The fuel 

will be delivered to the boiler from the existing gas distribution 

network via a gas connection routed across the property. The 

underground liquefied gas tank has been decommissioned, as it 

became feasible to design a direct gas connection to the network, 

thereby reducing the inconvenience associated with fuel deliv-

ery and tank maintenance. The tank had been in use for approx-

imately 20 years, which would soon necessitate its replacement, 

incurring additional costs. A gas connection has been installed 

from the gas network to a cabinet mounted on the building wall. 

The distance between the gas cabinet and the street is 12 meters. 

A 1.5-meter section of the connection from the cabinet was con-

structed using steel piping, while the remaining section was 

Table 5. Distribution of heat load components in the building after thermal retrofit. 

Type of room 
Heat losses by transmis-

sion - external parti-
tions  [W] 

Heat losses by 
transmission to un-
heated spaces [W] 

Linear heat losses- 
thermal bridges 

[W] 

Ventilation heat 
losses - infiltra-

tion [W] 

Total heating load 
[W] 

Boiler room 238 0 31 64 333 

Room 141 0 24 173 338 

Utility room without window 0 0 0 9 9 

Bathroom without window 76 0 0 36 112 

Corridor 89 0 31 113 233 

Utility room without window 126 0 0 106 232 

Garage 169 0 59 597 825 

Room 69 0 22 183 274 

Bathroom 241 0 19 117 377 

Room 204 0 44 204 452 

Room 292 0 44 221 557 

Room 119 0 32 194 345 

Corridor 72 0 0 324 396 

Kitchen 203 0 50 157 410 

Living room 368 0 144 805 1317 

Extrance hall 134 0 17 138 289 

Attic (residential) 

Room 199 0 169 481 845 

Bathroom without window 169 0 128 324 621 

Corridor 180 0 53 148 381 

Room 215 0 8 807 1130 

Total 3304 0 875 5201 9476 
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made of PE pipe. The pipes were laid 0.6 meters below the 

ground level with a slope of 4‰. Inside the gas cabinet mounted 

on the building, a self-actuating pressure regulator with two-

stage pressure reduction has been installed. The regulator in-

cludes an integrated shut-off valve, an overpressure quick-clos-

ing valve at the inlet, and a mesh filter. Additionally, a gas meter 

with a maximum flow rate of 4 m3/h and a stainless steel shut-

off valve have been installed. 

To support the domestic hot water (DHW) system, flat-plate 

solar collectors with a total surface area  of  3×2.06 m²  were  se-  

lected. The selected collector area covers 100% of the average 

daily DHW demand of the building's occupants during the sum-

mer period. The collectors were installed on the roof, facing 

southwest, due to optimal solar exposure on that side of the 

building (see Fig. 4). The building is located in Szczecin, at a lat-

itude of 53°23'N, where the average annual total sunshine dura-

tion is approximately 1700–1800 hours/year, and the annual av-

erage solar radiation on a horizontal surface amounts to  

1000−1100 kWh/m²/year [21].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The existing dual-coil domestic hot water (DHW) heater 

with a capacity of 300 dm³, previously used in conjunction with 

a solid fuel boiler, has been retained and integrated with the flat-

plate solar collector system. Overheating protection for the 

DHW system has been designed and is illustrated in the heat 

source schematic (see Fig. 5).  

Cold water is routed and connected to the DHW line via 

a three-way valve, allowing cold water to be introduced into the 

system when the DHW temperature exceeds the maximum per-

missible level, thereby cooling the medium. The solar installa-

tion is protected by a safety valve and a closed expansion vessel 

with a volume of 18 litres. Additionally, a vent has been installed 

on the roof to facilitate air removal from the system during fluid 

replacement or refilling. 

The design temperatures of the heating system water are 

55°C / 45°C. Due to insufficient thermal output of the existing 

radiators and piping, a complete replacement of all heaters and 

distribution lines was designed. The new hydronic heating sys-

tem utilises modern plastic piping technology, consisting of 

multilayer polyethylene pipes with an aluminium diffusion bar-

rier. The distribution network is routed through individual 

rooms within the thermal insulation layer of  the  structural  floor 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. Technical scheme of the heat source after modernisation. 

           

Fig. 4. Arrangement of flat-plate solar collectors on the building roof. 
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slab and connected to the designated radiators using a tee-branch 

configuration. Panel radiators were specified for general spaces. 

For the bathroom zone, modern bathroom type radiators were 

selected, characterised by flat heating surfaces, providing both 

functional and aesthetic integration with the interior. 

5. Conclusions  

The integrated thermal retrofit project for the single-family 

building located in Szczecin was undertaken due to the absence 

of thermal insulation in the external walls and roof structure. 

This deficiency resulted in high operating costs for the users, 

caused by excessive heat losses, rapid cooling of the building, 

and the inconvenience of restoring indoor thermal comfort dur-

ing the winter season. The lack of building envelope insulation 

led to increased energy demand for space heating in winter and 

reduced passive protection against overheating in summer, 

thereby compromising thermal comfort and energy efficiency. 

Calculations and analysis of the overall heat transfer coeffi-

cient (U-values) of the building envelope components in their 

existing condition, including thermal bridges and heat source 

performance, enabled the formulation of targeted thermal and 

technical modernisation measures. The comparative assessment 

of the building’s thermal performance before and after retrofit-

ting demonstrated that comprehensive thermal retrofit would 

significantly reduce the total heating load, from 25 710 W to 

9476 W. This reduction of over 63% provided a reduction in the 

useful heat output of the heat source and a shorter operating 

time, which is relevant in the context of using fossil fuels, for 

example natural gas. The substantial decrease in thermal de-

mand highlights the high energy-saving potential resulting from 

the following interventions: thermal insulation of external walls, 

insulation of the intermediate floor slab, roof insulation, and re-

placement of the roof covering. 

Based on the analysis of temperature distribution in building 

thermal bridge models conducted using the Therm 7.8.77 soft-

ware [18], it was determined that existing linear thermal bridges 

contribute significantly to the overall heat losses, with the cor-

responding thermal heat transfer values being relatively high. 

Thermal retrofitting measures, including additional insulation 

and airtightness improvements at thermal bridge locations, were 

proposed. The simulation results indicated that, for selected con-

struction details, the application of supplementary insulation led 

to a reduction in the U-value by more than 50%. This highlights 

the necessity of accounting for thermal bridges in energy retrofit 

projects, not only from the perspective of energy efficiency but 

also in terms of thermal comfort, hygienic conditions, and the 

durability of building envelopes. The computational results and 

temperature distribution visualisations confirm that thermal ret-

rofitting effectively eliminates local zones of reduced surface 

temperature in the analysed thermal bridge areas, thereby reduc-

ing the risk of surface condensation and mould growth in prac-

tice. 

The modernisation of the building’s existing heat source, in-

volving the replacement of an outdated solid fuel boiler system 

with a new central heating installation powered by a natural gas-

fired condensing boiler, along with the proposed integration of 

flat-plate solar collectors for domestic hot water (DHW) sup- 

port, contributed to a reduction in CO2 emissions and decreased 

dependence on solid fuels and local fuel storage systems. 

As a result of the design solutions prepared for the building 

owner, the boiler room was upgraded, flat-plate solar collectors 

were installed on the roof, and the DHW system was modern-

ised. Furthermore, a decision was made to prepare an applica-

tion for external state funding to support the thermal retrofitting 

of the building envelope in the near future. Further research, in-

cluding thermographic inspections and in-situ measurements of 

the actual U-values of the building envelope components, is 

planned to be conducted prior to, during and after the implemen-

tation of the envelope modernisation works. 

The findings presented in this study can be extrapolated to  

a broader category of buildings located within Polish Climate 

Zone I and regions exhibiting comparable thermal load charac-

teristics. The case study building represents a typical structural 

configuration of single-family houses constructed in the early 

2000s, characterised by uninsulated external walls made of 

lightweight aggregate concrete blocks, a reinforced concrete 

floor slab without thermal insulation, and insufficient roof insu-

lation. The observed 63% reduction in heating load, achieved 

through thermal insulation of building envelopes and mitigation 

of linear thermal bridges, may serve as a reference benchmark 

for buildings with similar geometric, material and operational 

parameters. The post-retrofit overall heat transfer coefficients 

(U-values) comply with the requirements specified in [18] for 

residential buildings, indicating that the adopted insulation strat-

egy can be considered a model configuration for structures lo-

cated in Climate Zone I. Furthermore, the analysis of thermal 

bridges confirms that, under temperature differentials of approx-

imately 36 K, reductions in linear thermal transmittance of up to 

50% are attainable. This finding is particularly relevant for 

buildings situated in northern regions of the country, where the 

influence of thermal bridges on energy losses is amplified by the 

extended heating season. 
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1. Introduction 

During the early stages of technological development aimed at 

meeting ecological and energy efficiency regulations (e.g. IMO 

(International Maritime Organization) Annex VI), there is 

a growing need to estimate exhaust gas acid dew point (ADP) 

temperature, especially at lower H2SO4 vapour pressures result-

ing from reduced sulfur concentrations in fuels.  

The problem of ADP temperature calculation falls within the 

broader topic of H2O-H2SO4 vapour-liquid equilibrium model-

ling, which is widely applied in various research areas. One key 

objective of ADP temperature estimation is to prevent low-tem-

perature corrosion on heat transfer surfaces, a critical concern in 

sensible waste heat recovery systems, as discussed in [1,2]. This 

objective has evolved as new technologies operating below this 

limit, such as flue gas desulfurisation using the wet sulfuric acid 

method, studied by Nielsen et al. [3], latent waste heat recovery 

from exhaust gas [4] and exhaust gas recirculation (EGR) [5]. 

Many researchers focus on cylinder liner wear and tribology 

problems [6−8], where the partial pressures of water, sulfuric 

acid and sulfur trioxide are relatively high and influenced by en-

gine cycle parameters. 
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Abstract 

This paper proposes a modification to the Verhoff-Banchero relation describing the acid dew point temperature, based on 
the evaluation of a generic equation that revealed two major limitations. First, the original relation’s narrow application 
range was identified through comparison with the H2O-H2SO4 vapour-liquid equilibrium dataset from the literature. Sec-
ond, testing of the function’s limits showed that the acid dew point temperature does not approach the water dew point 
temperature as the sulfuric acid concentration approaches zero. To address these limitations, the Verhoff-Banchero relation 
is extended into a bivariate quadratic function. Regression parameters, along with their estimation errors, are derived using 
the aforementioned dataset and the least squares method. Statistical test (p-value < 0.01) confirmed the significance of the 
introduced quadratic terms. The maximum estimation error for the modified relation is found to be ±10°C across a broad 
application range, with water partial pressures from 1013.25 Pa to 101325 Pa and sulfuric acid liquid mass fractions ranging 
from 0.1 to 0.98. Additionally, two semi-empirical relations are proposed, incorporating liquid-phase composition as an 
independent variable. The proposed extended Verhoff-Banchero model was evaluated using an experimental dataset for 
exhaust gas. Data points fall within an acceptable deviation range, with exceptions from two specific datasets. One of the 
observed deviations is explained by the partial derivative of the acid dew point temperature with respect to sulfuric acid 
partial pressure. The limitations of the proposed relations are discussed. Finally, the conclusions with potential future 
research directions in modelling the H2O-H2SO4 system in exhaust gas are outlined. 

Keywords: Acid dew point temperature; Vapour-liquid equilibrium; Sulfuric acid; Thermodynamic modelling 
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Nomenclature 

a ‒ activity coefficient in the vapour phase 

A ‒ ratio of vaporisation entropy and universal gas constant 

b ‒ regression parameter in Verhoff-Banchero model 

B ‒ ratio of vaporisation enthalpy and universal gas constant 

L ‒ vaporisation enthalpy, J kmol-1  

p ‒ partial pressure, Pa 

P ‒ saturation pressure, Pa 

R ‒ universal gas constant, J kmol-1 K-1 

S ‒ vaporisation entropy, J kmol-1 K-1 

t ‒ empirical acid dew point temperature, °C 

T – absolute acid dew point temperature, K 

w ‒ mass fraction 

x ‒ mole fraction 

 

 

Greek symbols 

β, λ, ψ – regression parameters 

 

Subscripts and Superscripts 

1 – water  

2 – sulfuric acid 

 

Abbreviations and Acronyms 

ADP – acid dew point 

VB – Verhoff-Banchero   

VLE – vapour-liquid equilibrium  

 

 

 

One of the most commonly employed ADP models is the 

Verhoff-Banchero (VB) formulation [9] with regression param-

eters determined by Jia and Ling in [10]. This formulation is 

given by the formula: 

 
1

𝑇
= 𝑏 − 𝑏1 lg 𝑝1 − 𝑏2 lg 𝑝2 + 𝑏12 lg 𝑝1 lg 𝑝2, (1) 

where: 𝑝1 – partial pressure of water, 𝑝2 – partial pressure  

of sulfuric acid, 𝑏 = 2.9882 × 10−3, 𝑏1 = 1.3761 × 10−4,  

𝑏2 = 2.6740 × 10−4, 𝑏12 = 3.2870 × 10−5. 

Another widely used empirical relation was published by 

Okkes and it can be found in [11]. Recently, the Okkes’s regres-

sion parameters were recalculated by Tang et al. [12]. 

To evaluate these ADP models, a set of ADP temperatures and 

partial pressures of the constituents was interpolated using the tab-

ulated data from Vermeulen et al. [13]. A simplified graphical rep-

resentation of this dataset is shown in Fig. 1 and the deviations of  

 

the temperatures estimated using Eq. (1) and the equations given 

in [11] and [12] are presented in Table 1. 

Two major drawbacks were observed from the results shown 

in Table 1:  

 narrow application range of the tested models, 

 ADP temperature does not approach the water dew 

point as the H₂SO4 concentration tends to zero. 

To address these limitations, a modification of the Verhoff-

Banchero acid dew point relation is proposed, extending it into 

a bivariate quadratic function. Furthermore, two alternative 

semi-empirical relations are proposed, based on thermodynamic 

principles: the August relation derived from the Clausius-

Clapeyron equation and a modified Raoult’s law. The liquid-

phase composition is added as an independent variable in these 

alternative relations due to its observed importance in previous 

studies. 

The research objectives of this study are twofold: 

 

Fig. 1. Graphical representation of reference dataset interpolated from Vermeulen et al. [13]: 1, 2 – limitation curves computed at constant  

H2O pressure equal to 1013.25 Pa and 101325 Pa, A-B – limitation curves computed at constant H2SO4 mass fraction equal to 0.1 and 0.98. 
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1) To improve the accuracy of ADP temperature estimation 

across a broad range of H2O and H2SO4 partial pressures 

by developing a model that meets these criteria. 

2) To create ADP temperature relations that are reliable and 

can be employed in ongoing studies on low-temperature 

EGR cooling systems for dual-fuel marine engines in-

stalled on LNG carriers and LNG-fuelled ships. 

The importance of the developed ADP model is significant, 

especially for marine dual-fuel engines, due to the low sulfur 

content in LNG and specifically in pilot fuel oil. 

2. Materials and methods 

The ternary system of H2O-SO3-H2SO4 in vapour-liquid equilib-

rium was studied, as this is a typical configuration of compo-

nents in fuel combustion products formed in the oxidation of hy-

drogen and sulfur. In the acid dew point model, the focus was 

on the binary system of H2O (1)-H2SO4 (2), considering that SO3 

has not been converted into sulfuric acid as one of the remaining 

constituents of dry exhaust gas. 

To describe the relationship between the observed variable 

(ADP temperature) and the independent variables (partial pres-

sures of H2O and H2SO4, regression analysis using the least 

squares method was employed, along with two-sided interval es-

timation. These methods were used to determine the regression 

function parameters and their standard errors. A p-value test of 

the regression parameters was performed, with a significance 

level set below 0.01 to ensure statistical robustness. 

For the estimation of the regression parameters of the  

H2O-H2SO4 system, a dataset consisting of 576 observations 

was used. The regression parameters for each pure component 

were determined from separate datasets. Specifically, for pure 

sulfuric acid, 36 observations were taken from the dataset of 

Vermeulen et al. [13]. The water input dataset, consisting of  

177 observations, was sourced from the work of Wagner and 

Pruß [14]. 

 

3. Acid dew point model 

The generic Verhoff-Banchero acid dew point model, present-

ed in Eq. (1), can be considered a purely empirical relation, re-

presented as a bivariate quadratic regression function with quad-

ratic terms initially set to zero.  

In this study, the model was extended by adding quadratic 

terms to improve its accuracy. The extended model is given by 

1 𝑇⁄ = 𝛽 − 𝛽1 ln 𝑝1 − 𝛽2 ln 𝑝2 + 𝛽12 ln 𝑝1 ln 𝑝2 −

                          𝛽11(ln 𝑝1)2 − 𝛽22(ln 𝑝2)2, (2) 

where: 𝑝1 – partial pressure of water, 𝑝2 – partial pressure of 

sulfuric acid, with the coefficients 𝛽 = (2.776 ± 0.01) × 10−3,  

𝛽1 = (1.150 ± 0.17) × 10−5, 𝛽2 = (9.500 ± 0.15) × 10−5, 

𝛽12 = (4.300 ± 0.16) × 10−6, 𝛽11 = (2.930 ± 0.16) × 10−6, 

𝛽22 = (1.100 ± 0.04) × 10−6. 

These quadratic terms are crucial for improving the model’s 

performance, especially in regions of the parameter space where 

the relationship between the ADP temperature and partial pres-

sures deviates from a simple linear approximation. 

3.1. Alternative semi-empirical relations 

An alternative acid dew point temperature relation was derived 

in the specific form for each component. Both presented formu-

las are based on the well-known August equation with a regres-

sion parameter newly introduced in this paper, denoted by ψ for 

water and λ for sulfuric acid. 

For water, the following formula was derived 

 
1

𝑇
= (𝐴1 − ln 𝑝1) [𝐵1 + 𝑅 (𝜓 −

1

2
𝑥1)]

−1

, (3) 

where: A1= 24.58  0.046, B1= 4902  20, 𝜓 = {
0.456 ± 0.01 

𝑥1 2⁄
. 

The first condition of the empirical parameter 𝜓 is applied in 

the concentration region 0.1 < x1 ≤ 0.9, where interaction between 

components becomes significant. The second condition elimi-

Table 1. Deviation of calculated acid dew point temperatures.  

H2SO4 
mass 
fraction 

p1 = 1013.25 Pa p1 = 10132.5 Pa p1 = 101325 Pa 

ADP 
(°C) 

Deviation 
Eq. (1) 

Deviation 
Eq. from [11] 

Deviation 
Eq. from [12] 

ADP 
(°C) 

Deviation 
Eq. (1) 

Deviation 
Eq. from [11] 

Deviation 
Eq. from [12] 

ADP 
(°C) 

Deviation 
Eq. (1) 

Deviation 
Eq. from [11] 

Deviation 
Eq. from [12] 

0 7 A A A 46 A A A 100 A A A 

0.1 8 88 B A C 47 74 B A C 102 58 B A C 

0.2 9 81 B A C 49 65 B A C 104 48 B A C 

0.3 12 73 B A C 52 57 B A C 107 39 B 25 B C 

0.4 16 64 B A C 57 47 B A C 113 30 B 17 B 86 B 

0.5 24 53 B A C 65 35 B 12 B C 123 21 B 10 21 B 

0.6 36 40 B A C 79 22 B 3 74 B 140 11 B 5 23 B 

0.7 56 23 B 5 C 103 8 1 6 166 5 6 37 B 

0.8 88 4 2 14 B 137 5 2 24 B 204 5 18 B 19 B 

0.9 132 21 B 29 B 47 B 188 4 24 B 7 266 27 B 53 B 10 

0.92 142 8 19 B 19 B 199 2 30 B 2 278 32 B 61 B 14 B 

0.94 154 7 25 B 16 B 214 3 39 B -2 296 42 B 75 B 16 B 

0.96 171 5 35 B 13 B 233 9 52 B -6 319 57 B 93 B 17 B 

0.98 198 2 53 B 10 B 267 24 B 77 B -7 364 86 B C 13 B 

A Numerical solution does not exist. 

B Deviation of ADP temperature exceeding the assumed application limit equal to ±10°C. 

C Deviation of ADP temperature exceeding ±100°C omitted in the table. 



Przybyła M. 
 

92 
 

nates the last term from the denominator, which leads to the rear-

ranged August equation and is valid for the H2O mole fraction 

range 0.9 < x1 ≤ 1. 

A similar formula was derived for sulfuric acid: 

 
1

𝑇
= (𝐴2 − ln 𝑝2)[𝐵2 + 𝑅(1 − 𝜆𝑤2)]−1, (4) 

where: A2= 25.65  0.20, B2= 9204  80, 𝜆 = {
1.055 ± 0.018 
1.024 ± 0.020

. 

The first condition of the empirical parameter lambda should be ap-

plied in the region 0.1 ≤ w2 < 0.94, while the second one for  

0.94 ≤ w2  < 1. 

In Eqs. (3) and (4), the universal gas constant, equal to 

R = 8314.5 J kmol1K1, was used and considered free of error. 

Alternative ADP temperature relation was derived by means 

of a binary vapour-liquid equilibrium condition having the form 

of modified Raoult’s rule 

 𝑝𝑖 = 𝑎𝑖𝑃𝑖, (5) 

where: 𝑝𝑖  – i-th constituent partial pressure, 𝑎𝑖 – activity coeffi-

cient of the i-th component in vapour phase, 𝑃𝑖  – i-th pure com-

ponent vapour pressure over saturated liquid. 

Activity coefficient of constituents in the vapour phase was 

based on integrated vapour-liquid equilibrium (VLE) of Clau-

sius-Clapeyron with respect to temperature 

 ln 𝑎𝑖 = −
Δ𝐿𝑖

𝑅

1

𝑇
,   (6) 

where ΔLi is the difference between the vaporisation enthalpy of 

a given component as a pure constituent and constituent of the 

considered two-phase system. It is dependent on the composi-

tion and temperature. Here, averaged values over the considered 

temperature range were used. 

Pure component vapour pressure over saturated liquid was 

described similarly: 

 ln 𝑃𝑖 =
𝑆𝑖

𝑅
−

𝐿𝑖

𝑅

1

𝑇
.   (7) 

Using Eqs. (5)−(7), the following relation for the ith compo-

nent was derived: 

 
1

𝑇
= (

𝑆𝑖

𝑅
− ln 𝑃𝑖) (

𝐿𝑖

𝑅
+

Δ𝐿𝑖

𝑅
)

−1

 ,  (8) 

where the well-known notation was added: 𝐴𝑖 = 𝑆𝑖 𝑅⁄  – ratio of 

the pure component vaporisation entropy and universal gas con-

stant, 𝐵𝑖 = 𝐿𝑖 𝑅⁄  – ratio of the pure component vaporisation en-

thalpy and universal gas constant. 

In order to describe ΔLi/R, a specific one-parameter empiri-

cal relation was introduced for each component, as can be seen 

in Eqs. (3) and (4). 

3.2. Error of estimation 

The general regression function that was selected is suitable for 

the expression of Eqs. (2), (3) and (4): 

 𝑌 = 𝑓(𝑋, 𝜃) ± 𝜖, (9) 

where: 𝑌 – dependent variable, 𝑋 – set of independent variables, 

𝜃 – regression parameters, 𝜖 – error of estimated value. 

Employing the given standard error of regression parame-

ters, one can calculate the estimation error of ADP temperature 

using a widely employed statistical methodology. This problem 

is omitted here and will be examined in the next paper. 

4. Results and discussion 

In Table 2, the deviations of acid dew point temperature calcu-

lated using the proposed Eqs. (2), (3) and (4) are presented. 

From the observed deviations, it is clear that the best fit to the 

curves presented in Fig. 1 is obtained for Eqs. (2) and (3). The 

deviations of Eq. (4) show good accuracy in the highest partial 

pressure of water. 

Acceptable deviations for ten percent of sulfuric acid mass 

fraction are observed for all of the relations. This indicates that 

the calculated temperature tends to the water dew point as the 

sulfuric mass fraction tends to zero.  

The superior feature of Eq. (4) is the possibility of water dew 

point calculation at zero mass fraction of sulfuric acid. 

 

Table 2. Deviation of acid dew point temperature calculated using the proposed Eqs. (2), (3) and (4).  

H2SO4 
mass 
fraction 

p1=1013.25 Pa p1=10132.5 Pa p1=101325 Pa 

Deviation 
Eq. (2) 

Deviation 
Eq. (3) 

Deviation 
Eq. (4) 

Deviation 
Eq. (2) 

Deviation 
Eq. (3) 

Deviation 
Eq. (4) 

Deviation 
Eq. (2) 

Deviation 
Eq. (3) 

Deviation 
Eq. (4) 

0 A 3 A A 0 A A 2 A 

0.1 6 3 9 1 1 7 7 1 4 

0.2 2 5 11 B 1 3 9 7 1 4 

0.3 1 7 14 B 3 6 12 B 7 5 6 

0.4 4 7 15 B 4 5 13 B 6 4 8 

0.5 6 3 14 B 4 1 12 B 4 0 7 

0.6 6 1 12 B 3 2 8 1 3 3 

0.7 4 2 5 0 0 2 4 4 4 

0.8 3 4 4 7 0 6 10 6 8 

0.9 A 1 36 B 9 3 2 7 7 0 

0.92 8 2 1 9 7 1 5 12 B 5 

0.94 8 4 6 6 9 5 0 15 B 2 

0.96 6 5 3 3 10 1 7 14 B 6 

0.98 1 2 3 7 1 7 A 3 17 B 

A Numerical solution does not exist. 

B Deviation of ADP temperature exceeding the assumed application limit equal to ±10°C. 
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4.1.  Model evaluation with empirical data 

In Fig. 2, the experimental data on the acid dew point in exhaust 

gas reported by selected authors at a partial pressure of water 

equal to 10132.5 Pa are presented. The solid curve is computed 

using the extended VB model. Significant deviation of data 

points marked with numbers 2 and 3 from the computed curve 

can be observed in the figure. 

This discrepancy was identified as potentially stemming 

from measurement challenges reported in [16] and [17]. This 

measurement problem by means of a conductive dew point me-

ter in the situation of sulfuric acid low concentration in exhaust 

gas is described by Vasanthakumar [18]. 

In Fig. 3, the derivative of ADP temperature with respect to 

sulfuric acid partial pressure is displayed. The points were cal-

culated using data published in [19] and the black solid curve 

was computed based on the modified VB model (Eq. (2)). From 

the graph, we can conclude that during the experiment reported 

in [19], the condensation did not proceed according to the equi-

librium curve that represents a reversible process. 

4.2. Model limitation 

Despite satisfactory estimation accuracy of acid dew point tem-

perature, the calculated partial pressure from rearranged Eq. (2) 

exhibits excessive deviation from the data points of Vermeulen 

et al. [13], which were taken as an input to build the model. More-

over, the behaviour of the rearranged function indicates numerical 

instability. Thus, it is advised to use the extended VB equation 

only for ADP temperature estimation. The problem of estimation 

error of partial pressure in the considered system was studied and 

described in the published note by Verhoff and Banchero [20], 

thus, it is omitted here. 

Equation (2) is the recommended primary model. The limi-

tations of the derived Eqs. (3) and (4) require further validation. 

5. Conclusions  

This study presents a significant advancement in the modelling 

of the acid dew point temperature by extending the Verhoff-

Banchero equation to include quadratic terms. The proposed 

modification enhances the accuracy of ADP temperature estima-

tions, particularly in the range of sulfuric acid mass fractions 

where previous models showed limitations. The introduction of 

semi-empirical relations for water and sulfuric acid provides fur-

ther flexibility and applicability across a wider range of operat-

ing conditions. 

The primary contribution of this research lies in the improved 

understanding of ADP temperature behaviour, especially in sys-

tems with low sulfuric acid concentrations. The extended Verhoff-

Banchero model addresses the issue of ADP temperature approach-

ing the water dew point as sulfuric acid concentration decreases. 

While the extended model demonstrates improved accuracy 

for ADP temperature estimation, challenges remain in the numer-

ical instability and deviations in partial pressure calculations. 

The results of this work contribute to the development of 

more reliable models for the H2O-H2SO4 system, with potential 

applications in environmental engineering, energy recovery and 

industrial processes that involve sulfuric acid and water vapour. 

The VLE (vapour-liquid equilibrium) modelling of the H2O-

H2SO4 system in exhaust gases offers several avenues for future 

research. This study has focused on ADP temperature as a func-

tion of partial pressures and liquid phase composition. Future 

work should investigate the following relations with two inde-

pendent variables: 

 liquid phase composition as a function of ADP tempera-

ture and vapour phase composition, 

 vapour phase composition as a function of ADP temper-

ature and liquid phase composition. 

By developing these relations and incorporating the impact 

of condensation nuclei on mist formation, a more realistic H2O-

H2SO4 condensation model in exhaust gas can be created for 

practical applications. 

 

 

Fig. 3. Derivative of acid dew point temperature with respect to 

H2SO4 partial pressure: 1 – extended Verhoff-Banchero 

model (Eq.(2)), 2 – Li et al. [19]. 

 

Fig. 2. Comparison of experimental data with evaluated acid dew 

point model: 1 – ZareNezhad et al. [15], 2 – Xiang et al. [16], 3 – 

Blanco et al. [17], 4 – extended VB (Eq. (2)), 5 – VB (Eq. (1)). 
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1. Introduction 

The Rayleigh-Taylor instability (RTI) arises at the interface be-

tween fluids of differing densities when a heavier fluid is placed 

above a lighter one in the presence of a vertical gravitational 

field [1]. This type of instability plays a crucial role in various 

physical and astrophysical phenomena, including laser–plasma 

interactions, Z-pinch implosions and magnetised target fusion, 

as well as in systems such as inertial confinement fusion, galaxy 

clusters and dense plasma focus devices. Goldston and Ruther-

ford [2] extended the analysis of RTI to fluids with continuously 

varying density profiles and demonstrated that angular velocity, 

mass concentration and stress relaxation time have a stabilising 

influence on the instability. 

The significant potential of quantum plasma in diverse fields 

− such as laser fusion, white dwarfs, semiconductor devices and 

dense astrophysical plasmas − has recently drawn extensive re-

search interest. Quantum plasma consists of charged particles 

exhibiting distinct behaviour at moderate temperatures, differ-

ing from classical plasmas. This quantum effect arises when the 

de Broglie wavelength of charged particles becomes comparable 

to or larger than the system’s characteristic length [3]. The pres-

sure term in the equations of motion is divided into two terms, 

𝑝 = 𝑝𝐶 + 𝑝𝑄 (pC  classical pressure, pQ  quantum pressure), 

by using Wingen principle and Schrödinger wave equation in 

the momentum equations, (−𝛻𝑝) and 𝑸 =
ℎ̂2

2𝑚𝑒𝑚𝑖
𝜌𝛻 (

𝛻2√𝜌

√𝜌
).  

A lot of work has been done in this direction to evaluate the 

growth rates of RTI in various processes with quantum pressure 

by many researchers, both theoretically and experimentally.  

Gardner [4] noticed that the quantum hydrodynamic conser-

vation laws have the same form as the classical hydrodynamic 
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Abstract 

This study explores the stabilising interplay of finite Larmor radius corrections and quantum pressure on the Rayleigh-
Taylor instability in a non-Newtonian, magnetised fluid. The investigation is motivated by the need to understand how 
quantum and magnetohydrodynamic effects jointly influence instability behaviour in complex fluid systems. The govern-
ing magnetohydrodynamic equations are linearised using normal mode analysis and appropriate boundary conditions to 
derive a general dispersion relation for Rayleigh-Taylor instability under the Jeffrey fluid model. Numerical results show 
that the combined presence of finite Larmor radius corrections and quantum pressure suppresses the growth rate of Ray-
leigh-Taylor instability modes. In contrast, the Jeffrey parameter amplifies instability, while quantum and finite Larmor 
radius effects reduce both the cut-off and critical wavenumbers. 
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Nomenclature 

d – thickness of layer, m 

eij – rate of strain tensor 

g ‒ gravitational acceleration, m/s2 

ℎ̂ – Planck constant, 6.626070151034 m2 kg/s 

H – magnetic field, A/m 

k – wave number, 1/m 

kmax – cut-off wave number, 1/m 

LD ‒ length scale, m 

𝑚𝑒 – mass of electron, amu 

𝑚𝑖 – mass of ion, amu 

n – growth rate, 1/s 

ni – growth rate of RTI, 1/s 

nq – quantum parameter, kg m/s 

p ‒ pressure, Pa 

𝑝𝐶 – classical pressure, Pa 

𝑝𝑄 – quantum pressure, Pa 

Q – quantum pressure, Pa 

t ‒ time, s 

T – temperature, K 

Tij – stress tensor, Pa 

u – velocity vector of fluid, m/s 

uj  – velocity vector components, m/s  

u, v, w – velocity vector components, m/s 

x, y, z – Cartesian coordinates, m 

 

Greek symbols 

𝛿𝑖𝑗 – Kronecker delta 

𝜆 – Jeffrey parameter 

𝜆0 – stress relaxation time parameter 

𝜆1 – strain retardation time parameter 

 – dynamic viscosity, Pas  

𝜇𝑒 – magnetic permeability, H/m 

𝜈 – kinematic viscosity, m2/s 

𝜈𝐹𝑅

 

– finite Larmor radius correction, kg/(m2 s2) 

ρ – density, kg/m3  

𝜏𝑖𝑗  – viscous stress tensor 

𝛺 – ion gyro-frequency, rad/s 

 

Abbreviations and Acronyms 

FLR – finite Larmor radius 

ICF – inertial confinement fusion 

MHD – magnetohydrodynamics  

QMHD – quantum magnetohydrodynamics 

RTI – Rayleigh-Taylor instability

 

equations. Haas [5] employed the quantum hydrodynamics 

model to analyse charge mobility in dense quantum plasmas. 

Elena et al. [6] investigated the influence of quantum effects on 

RTI and internal waves in plasmas, while Bychkov et al. [7] 

studied RTI in incompressible, stratified quantum plasmas, es-

tablishing that quantum pressure at low temperatures stabilises 

perturbation growth. Sharma et al. [8] explored the combined 

effects of angular velocity and surface tension on the stability of 

two superimposed fluids embedded with dust particles. Ho-

shoudy [9−11], and Hoshoudy and Awasthi [12] analysed RTI 

in stratified quantum plasmas under the influence of vertical 

magnetic fields and viscosity, concluding that quantum pres-

sure, in conjunction with the magnetic field, plays a crucial role 

in stabilising the system and suppressing RTI. Additionally, Ho-

shoudy and Prajapati [13] demonstrated the impact of suspended 

particles on RTI, observing a stabilising effect due to both quan-

tum pressure and dust particle mass concentration. 

 Sharma and Gupta [14] examined the stability of an elastico-

viscous fluid under the influence of magnetic field and rotation. 

Dolai and Prajapati [15] analysed RTI in strongly coupled, 

dusty, rotating plasmas and observed significant suppression of 

instability due to the combined influence of shear and angular 

velocities. Micro-level instabilities in plasmas are often de-

scribed by models incorporating collisionless dissipative effects, 

finite Larmor radius (FLR) corrections and other non-ideal be-

haviours. Although the length and time scales associated with 

micro-instabilities typically match those of transport coeffi-

cients and turbulence  leading to a common practice of neglect-

ing FLR effects  this assumption breaks down when the Larmor 

radius becomes comparable to the hydromagnetic wavelength or 

when the ion gyrofrequency approaches the wave frequency. 

Under such conditions, the FLR must be considered. Conse-

quently, the time and spatial scales at which magnetohydrody-

namics (MHD) fails align with the scales of ion gyration and the 

ion Larmor frequency. 

The effects of finite Larmor radius have drawn significant 

attention due to their applicability in a range of astrophysical 

environments, including mirror machines, the solar corona, and 

both interplanetary and interstellar plasmas, particularly in the 

presence of gyro-viscous forces. Rosenbluth et al. [16] demon-

strated the stabilising influence of FLR on RTI by employing 

plasma fluid equations. Roberts and Taylor [17] extended MHD 

theory by incorporating finite Larmor radius effects. Jukes [18] 

showed that FLR can suppress RTI, though with some con-

straints introduced by the presence of a sheared magnetic field. 

Following these foundational studies, numerous investigations 

explored the effects of FLR, dust particles, rotation and viscosity 

on RTI in continuously stratified magnetofluids [19−22]. Nota-

bly, Tiwari et al. [23] were the first to establish the influence of 

FLR corrections on the RTI in an inviscid, stratified plasma, in-

corporating both magnetic fields and quantum pressure. They 

concluded that FLR corrections suppress the instability more ef-

fectively than quantum pressure alone. Sun et al. [24] high-

lighted the RTI in magnetised fluids relevant to inertial confine-

ment fusion (ICF), emphasising that viscosity, rather than elec-

trical resistivity, plays a dominant role in determining the inter-

face dynamics. 

It is important to note that most of the aforementioned stud-

ies have been conducted in the context of Newtonian plasma flu-

ids. However, in recent years, the mechanisms and applications 

of non-Newtonian fluids described by various rheological mod-

els have gained considerable interest due to their relevance in 

both industrial (e.g. chemical processing) and astrophysical set-

tings. A fluid is characterised as Newtonian or non-Newtonian 

based on the nature of the relationship between stress and strain 

rate, expressed through its constitutive equation. Among non-

Newtonian models, the Jeffrey fluid model [25] is of particular 

interest in this study. It exhibits linear viscoelastic behaviour, 

yield stress, shear-thinning properties and high shear viscosity, 
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making it well-suited for modelling complex plasma dynamics 

with non-Newtonian characteristics.  

In Jeffrey fluid, the two-time parameters  namely, the strain 

retardation time and stress relaxation time  play a significant 

role in understanding wave propagation phenomena, such as 

those occurring within the Earth’s mantle. The strain retardation 

time relates to the delay in deformation under stress, while the 

stress relaxation time represents the time a fluid takes to return 

from a disturbed state to its original equilibrium. Fluids exhibit-

ing such time-dependent behaviour are particularly relevant in 

environmental and biomedical applications, including polypro-

pylene coalescence sintering, geological flows and blood flow 

dynamics.  

Yadav [26−28] investigated the effects of anisotropy, electric 

fields, and thermal non-equilibrium on the onset and instability 

mechanisms of Jeffrey fluid convection in various porous media 

configurations and found that rotation and anisotropy in thermal 

diffusivity delay the onset of Jeffrey fluid convection, whereas the 

Jeffrey parameter and permeability anisotropy exhibit dual effects 

under rotation. Increased electric field and internal heating param-

eters reduce system stability. Gautam et al. [29] investigated the 

influence of an electric field on thermal convection in a nanofluid-

saturated porous medium, whereas Sharma et al. [30] analysed the 

Rayleigh-Taylor instability of superposed dusty Jeffrey fluids in 

a porous medium, considering interfacial surface tension. Yadav 

et al. [31–32] analysed the Horton-Rogers-Lapwood problem and 

convective flow of ethylene glycol-silver Jeffrey nanofluid in 

a Hele-Shaw cell under the influence of a magnetic field. 

Prajapati [33] investigated RTI in a strongly coupled visco-

elastic fluid, considering the effects of non-homogeneous  

magnetic fields, uniform rotation and density gradients, and  

observed a substantial suppression of the instability. Garai  

et al. [34] examined RTI in viscoelastic plasma embedded with 

dust particles and magnetic fields, highlighting the significant 

stabilising influence of non-Newtonian properties. Dey [35] ex-

plored Jeffrey fluid flow in the presence of suspended particles 

and angular velocity, including the Hall effect and volume frac-

tion, and concluded that non-Newtonian parameters tend to have 

a retarding influence on the evolution of instability in the sys-

tem. Garai et al. [36] analysed RTI in strongly coupled quantum 

plasma with shear velocity and found that shear effects could 

either suppress or trigger instability, depending on the direction 

of the shear velocity gradient. Adak et al. [37] studied RTI in 

inhomogeneous pair-ion plasma and derived the instability cri-

teria for the classical case. 

Das et al. [38] investigated the collective behaviour of 

strongly coupled dusty plasma, whereas Dharodi and Das [39] 

performed numerical simulations on gravity-driven instabilities 

in such plasmas. The result indicates that increasing the coupling 

strength of the medium leads to suppression of these instabili-

ties. Dharodi [40–41] conducted numerical investigations on 

gravity-driven instabilities in strongly coupled dusty plasmas, 

focusing on hetero-interactions between a rising bubble and  

a falling droplet, as well as homo-interactions between pairs of 

rising or falling bubbles/droplets. The study revealed that, under 

gravity, the formation of counter-rotating vorticity lobes causes 

bubbles to ascend and droplets to descend. In viscoelastic fluids, 

besides the initial separation, shear waves generated by rotating 

vortices were found to play a key role in bringing two droplets 

or bubbles closer together. 

Motivated by the work presented above, this study focuses 

on investigating the influence of FLR corrections on the Ray-

leigh-Taylor instability in a non-Newtonian plasma fluid ar-

ranged in horizontal stratification, incorporating quantum pres-

sure effects. The RTI is a fundamental plasma instability that 

plays a critical role in astrophysical plasmas, ICF and space 

weather phenomena. Understanding the onset and control of 

RTI under the influence of quantum and magnetic effects is cru-

cial for enhancing the stability of fusion plasmas and improving 

performance in high-energy density systems. The inclusion of 

FLR corrections and non-Newtonian (Jeffrey) fluid behaviour 

provides a more realistic model for magnetised plasmas found 

in laboratory and astrophysical environments, such as solar 

prominences, planetary magnetospheres and accretion disks. 

The novelty of this study lies in the combined consideration of 

quantum pressure effects, FLR corrections and non-Newtonian 

fluid dynamics (via the Jeffrey model) in analysing RTI. While 

previous studies have independently examined RTI in Newto-

nian or classical fluids with either quantum effects or magnetic 

field influences, this is the first comprehensive analysis that in-

tegrates all three aspects simultaneously in a stratified magnet-

ised plasma system. Moreover, the use of the Jeffrey fluid model 

introduces a new viscoelastic framework that captures memory 

effects absent in earlier studies. The non-Newtonian behaviour 

of the plasma is modelled using the Jeffrey fluid framework, 

which effectively captures viscoelastic features and complex 

rheological behaviour. 

2. Mathematical models 

The equation that governs the behaviour of fluid flow in the con-

text of Jeffrey fluid, as formulated by [26-32], can be expressed 

as follows: 

 𝑇𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 𝜏𝑖𝑗  (1) 

and 

 𝜏𝑖𝑗 = −𝑝𝛿𝑖𝑗 +
2𝜇

1+𝜆
[1 + 𝜆1 {

𝜕(2𝑒𝑖𝑗)

𝜕𝑡
+

𝜕𝑢𝑖

𝜕𝑥𝑗
}] 𝑒𝑖𝑗. (2) 

For incompressible fluids, the above relation reduces to 

 𝜏𝑖𝑗 = −𝑝𝛿𝑖𝑗 +
2𝜇

1+𝜆
𝑒𝑖𝑗. (3) 

Here, an incompressible, heterogeneous, infinitely extending 

and infinitely electrically conducting viscoelastic Jeffrey fluid 

of finite thickness 𝑑, comprised of the planes 𝑧 = 0 and 𝑧 = 𝑑, 

is organised in a horizontal layer of electrons and immobile ions 

saturating homogeneous, isotropic porous media. A uniform 

gravitational field 𝒈(0,0, −𝑔) acts vertically downward, thereby 

influencing the buoyancy-driven motion within the system. In 

addition, the plasma is subjected to a uniform externally applied 

magnetic field 𝑯(𝐻, 0,0) directed along the horizontal axis, in-

troducing magnetohydrodynamic (MHD) effects into the flow. 

The presence of a quantum pressure term 𝑸, originating from 

quantum mechanical effects associated with electron degener-

acy, further modifies the momentum balance and contributes to 
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stabilising or destabilising tendencies in the convective motion. 

The schematic representation of the physical system, along with 

the associated external forces and boundary constraints, is illus-

trated in Fig. 1.  

The equations of momentum balance in quantum hydrody-

namics (QHD) are [33−37]:  

 𝜌 [
𝜕

𝜕𝑡
+ 𝒖 ∙ ∇] 𝒖 = −∇𝑝 + 𝜌𝒈 + ∇ ∙ 𝐏 + 𝑸 +

𝜇

1+𝜆
∇2𝒖 + 

                                            +
𝜇𝑒

4𝜋
(∇ × 𝑯) × 𝑯, (4) 

where 𝒖, 𝜌, 𝑝, 𝜇, 𝜆, and 𝜇𝑒

 

represent the velocity of fluid, density, 

pressure, dynamic viscosity, Jeffrey parameter and magnetic 

permeability, respectively. Here, P represents the pressure ten-

sor that anticipates the finite Larmor radius effects. 

The mass balance equation of incompressible plasma fluid is  

 𝛻 ∙ 𝒖 = 0. (5) 

The condition of compressibility implies that the fluid den-

sity is not constant and may vary with pressure and temperature. 

Accordingly, the continuity equation takes the general form as:  

 
𝜕𝜌

𝜕𝑡
+ (𝒖 ∙ 𝛻)𝜌 = 0. (6) 

In various circumstances of physical intrigue in ICF, insta-

bility occurs at velocities much smaller than that of local sound 

speed. Consequently, accelerations in flow are too weak to vary 

the fluid flow density appreciably, and the fluid moves without 

expanding or compressing, meaning that elements of fluid move 

with constant density, as seen in Eq. (6). 

Maxwell’s equations, due to the presence of a magnetic field, 

are:  

 𝛻 ∙ 𝑯 = 0, (7) 

 
𝜕𝑯

𝜕𝑡
= 𝛻 × (𝒖 × 𝑯). (8) 

Furthermore, the initial steady state is characterised by no 

flow motion and each physical variable varies along the vertical, 

i.e.

 

z-axis, only. Therefore, the steady state solutions are given 

as  

 𝒖 = (0,0,0),    𝑝 = 𝑝(𝑧),   𝜌 = 𝜌(𝑧),   𝑸 = 𝑸(𝑧). (9) 

To investigate the stability of the hydrodynamic motion, in-

finitesimal perturbations are superimposed on each of the phys-

ical quantities of the initial state solutions as  

 
𝜌 = 𝜌0 + 𝜌′,    𝑝 = 𝑝0 + 𝑝′,    𝑯 = 𝑯0 + 𝒉,

𝒖 = 𝒖0 + 𝒖′,    𝑸 = 𝑸0 + 𝑸′,
 (10) 

where 𝑝′, 𝜌′, 𝒉(ℎ𝑥, ℎ𝑦 , ℎ𝑧),   𝒖
′(𝑢, 𝑣, 𝑤),   𝑸′(𝑄𝑥1, 𝑄𝑦1, 𝑄𝑧1)

 
represent the perturbations in the pressure, the density of fluid, 

the magnetic field, the plasma fluid velocity and the quantum 

force, respectively. The subscript ‘0’ denotes the equilibrium 

state. 

Utilising the disturbance equations (10) and the linear the-

ory, Eqs. (4)−(8) take linear form as 

 𝛻 ∙ 𝒖′ = 0, (11) 

 
𝜌

𝜕𝒖′

𝜕𝑡
= −𝛻𝑝′ + 𝒈𝜌′ − 𝛻 ∙ 𝐏 + 𝑸′ +

𝜇

1+𝜆
𝛻2𝒖′

+
𝜇𝑒

4𝜋
[(𝛻 × 𝒉) × 𝑯]

, (12) 

 
𝜕𝜌′

𝜕𝑡
+ (𝒖 ∙ 𝛻)𝜌 = 0, (13) 

 𝛻 ∙ 𝒉 = 0, (14) 

 
𝜕𝒉

𝜕𝑡
= 𝛻 × (𝒖 × 𝑯), (15) 

where 

 𝑸′ =
ℎ̂2

2𝑚𝑒𝑚𝑖

[
 
 
 
 
 
 
1

2
𝛻(𝛻2𝜌′) −

1

2𝜌
𝛻𝜌′𝛻2𝜌 −

1

2𝜌
𝛻𝜌𝛻2𝜌′

+
𝜌′

2𝜌2 𝛻𝜌𝛻2𝜌 −
1

2𝜌
𝛻(𝛻𝜌𝛻𝜌′)

  +
𝜌′

4𝜌2 𝛻(𝛻𝜌)2 +
1

2𝜌2
(𝛻𝜌)2𝛻𝜌′

+
1

𝜌2
(𝛻𝜌𝛻𝜌′)𝛻𝜌 −

𝜌′

𝜌3
(𝛻𝜌)3

]
 
 
 
 
 
 

. (16) 

For the horizontal magnetic field, the stress tensor in the 

component form is [23]: 

 𝑃𝑥𝑥 = 0,  𝑃𝑦𝑦 = −𝜌𝑣𝐹𝑅 (
𝜕𝑤

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
) ,  𝑃𝑧𝑧 = 𝜌𝑣𝐹𝑅 (

𝜕𝑤

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
),  

 𝑃𝑥𝑦 = 𝑃𝑦𝑥 = −2𝜌𝑣𝐹𝑅 (
𝜕𝑢

𝜕𝑧
) , 𝑃𝑥𝑧 = 𝑃𝑧𝑥 = 2𝜌𝑣𝐹𝑅 (

𝜕𝑢

𝜕𝑦
), (17) 

 𝑃𝑦𝑧 = 𝑃𝑧𝑦 = 𝜌𝜈𝐹𝑅 (
𝜕𝑣

𝜕𝑦
−

𝜕𝑤

𝜕𝑥
),  

where 𝜈𝐹𝑅 =
𝑎2𝛺

4
 represents the FLR correction, with

 

a being the 

ion Larmor radius and Ω denoting the ion gyrofrequency. 

3. Methodology adopted 

To investigate the stability of a system, perturbations in physical 

variables are analysed in terms of modes by ascribing a horizon-

tal wave number, depending on y, z and time (t), are supposed to 

vary as 

 𝑓′(𝑦, 𝑧, 𝑡) = 𝑓(𝑧)exp[𝑖(𝑘𝑦 + 𝑛𝑡)], (18) 

where i is the imaginary unit, and the term exp[𝑖(𝑘𝑦 + 𝑛𝑡)] rep-

resents a wave-like disturbance varying sinusoidally in space 

 

Fig. 1. Physical configuration. 
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(in the y-direction with the wave number k) and in time (with the 

growth rate n). 

Using Eq. (18), Eqs. (11)−(15) transform to Cartesian com-

ponents as:  

 𝑖𝑘𝑣 + 𝐷𝑤 = 0, (19) 

 
𝜌𝑖𝑛𝑣 = −𝑖𝑘𝑝′ + 𝜌𝜈𝐹𝑅(𝐷2 − 𝑘2)𝑤 +

2𝜈𝐹𝑅𝐷𝜌𝐷𝑤 +
𝜇

1+𝜆
(𝐷2 − 𝑘2)𝑣 + 𝑄𝑦1

, (20) 

 
𝜌𝑖𝑛𝑤 = −𝐷𝑝′ − 𝑔𝜌′ − 𝜈𝐹𝑅𝐷𝜌(𝑖𝑘𝑤 + 𝐷𝑤)

−𝜌𝜐𝐹𝑅(𝐷2 − 𝑘2)𝑣 +
𝜇

1+𝜆
(𝐷2 − 𝑘2)𝑤 + 𝑄𝑧1

, (21) 

 𝑖𝑛𝜌′ + 𝑤𝐷𝜌 = 0, (22) 

 ℎ𝑥 = ℎ𝑦 = ℎ𝑧 = 0, (23) 

where  

 𝑄𝑦1 =

  
𝑘𝑦

𝑘𝑥

ℎ̂2

2𝜀𝑛𝑚𝑒𝑚𝑖
[

1

2
𝐷𝜌𝐷2𝑤 + {𝐷2𝜌 −

1

2𝜌
(𝐷2𝜌)2}𝐷𝑤 +

{
1

2
𝐷3𝜌 −

1

𝜌
𝐷𝜌𝐷2𝜌 −

𝑘2

2
𝐷𝜌 +

1

2𝜌2
(𝐷𝜌)3}𝑤

], (24) 

 𝑄𝑧1 =

ℎ̂2

2𝜀𝑛𝑚𝑒𝑚𝑖

[
 
 
 
 
 
 

1

2
𝐷𝜌𝐷3𝑤 + {

3

2
𝐷2𝜌 −

1

𝜌
(𝐷2𝜌)2}𝐷2𝑤 +

{
1

2
𝐷3𝜌 −

1

𝜌
𝐷𝜌𝐷2𝜌 −

𝑘2

2
𝐷𝜌 +

3

2𝜌2
(𝐷𝜌)3}𝐷𝑤𝑘2

+
1

2
𝐷4𝜌 −

1

𝜌
𝐷𝜌𝐷3𝜌 −

𝑘2

2
𝐷2𝜌 −

1

𝜌
(𝐷2𝜌)2

+
5

2𝜌2
(𝐷𝜌)2𝐷2𝜌 +

𝑘2

2𝜌
(𝐷𝜌)2 −

1

𝜌
(𝐷𝜌)4

]
 
 
 
 
 
 

. (25) 

In the above, D stands for 
𝑑

𝑑𝑧
,  is the medium porosity, and kx and 

ky are the horizontal and vertical components of the wave num-

ber, respectively. 

On eliminating 𝑣,  𝜌′, and 𝑝′ from Eq. (17) and using 

Eqs. (15)−(16) and Eqs. (18)−(21), we get the general differential 

equation for 𝑤 as 

 

[𝜌𝑛2 + 2𝜈𝐹𝑅𝑘𝑛𝐷𝜌 +
𝜇𝑘𝑛

1+𝜆
𝐷𝜌 + 𝑘2𝐴]𝐷2𝑤

+[𝑛2𝐷𝜌 + 2𝜈𝐹𝑅𝑘𝑛𝐷2𝜌 + 𝑘2𝐵]𝐷𝑤 −

[𝜌𝑛2𝑘2 + (2𝑣𝐹𝑅𝑘𝑛 +
𝜇𝑘𝑛

1+𝜆
+ 𝑔 − 𝐶) 𝑘2𝐷𝜌] 𝑤 = 0.

 (26) 

Here  

𝐴 = −
ℎ̂2

4𝑚𝑒𝑚𝑖

1

𝜌
(𝐷𝜌)2, 𝐵 = −

ℎ̂2

4𝑚𝑒𝑚𝑖

1

𝜌
𝐷𝜌[(𝐷𝜌)2 − 2𝜌𝐷2𝜌],

𝐶 = −
ℎ̂2

4𝑚𝑒𝑚𝑖

𝑘2

𝜌
𝐷𝜌.

 

The density of fluid is assumed to vary exponentially with 

respect to z and depends on LD a length scale. Thus, the density 

distribution at 0z   is described as  

 𝜌(𝑧) = 𝜌exp (
𝑧

𝐿𝐷
). (27) 

Equation (26), using Eq. (23), after algebraic simplification 

yields 

 

[𝑛2 +
2𝜈𝐹𝑅𝑘𝑛

𝐿𝐷
+

𝑣𝑘𝑛

(1+𝜆)𝐿𝐷
− 𝑛𝑞

2𝑘2] 𝐷2𝑤

+ [𝑛2 +
2𝜈𝐹𝑅𝑘𝑛

𝐿𝐷
+

𝑣𝑘𝑛

(1+𝜆)𝐿𝐷
− 𝑛𝑞

2𝑘2] 𝐷𝑤

−𝑘2 [𝑛2 +
2𝜈𝐹𝑅𝑘𝑛

𝐿𝐷
+

𝑣𝑘𝑛

(1+𝜆)𝐿𝐷
+

𝑔

𝐿𝐷
− 𝑛𝑞

2𝑘2] 𝑤 = 0,

 (28) 

where 𝜈 =
𝜇

𝜌
 and 𝑛𝑞

2 =
ℎ̂2𝑘2

2𝜀𝑛𝑚𝑒𝑚𝑖
 represent the kinematic viscosity 

and the quantum parameter accounting for quantum pressure. 

The plasma fluid velocity diminishes at 𝑧 = 0 and 𝑧 = 𝑑, irre-

spective of the nature of the bounding surface. Therefore, the 

solution of Eq. (24) is taken as  

 𝑤 = 𝑤1sin (
𝑚1𝜋

𝑑
𝑧) exp(𝜆𝑧), (29) 

where 𝑚1 is a positive integer, 𝜆 =
1

2𝐿𝐷
 and w1 is constant. 

Using the solutions given in Eq. (29), Eq. (28) gives 

 

𝑛2 + (
2𝜈𝐹𝑅𝑘

𝐿𝐷
+

𝑣𝑘

(1+𝜆)𝐿𝐷
) 𝑛 − 𝑛𝑞

2𝑘2

+
4𝑔𝑘2𝑑2𝐿𝐷

𝑑2+4𝑚1
2𝜋2𝐿𝐷

2 +4𝑚1
2𝑘2𝐿𝐷

2 = 0.
 (30) 

Now introducing the non-dimensional variables  

 

𝑛∗ =
𝑛1

𝑛𝑝𝑒
,   𝑛𝑞

∗2 =
ℎ̂2

4𝑚𝑒𝑚𝑖𝐿𝐷
4 𝑛𝑝𝑒

2 ,

𝜈∗ =
𝜈

𝐿𝐷
2 𝑛𝑝𝑒

2 ,    𝜈𝐹𝑅 =
𝜈𝐹𝑅

𝐿𝐷
2 𝑛𝑝𝑒

2 ,

𝑑∗2 =
𝑑2

𝐿𝐷
2 ,   𝑘∗2 = 𝑘2𝐿𝐷

2 ,    𝑔∗ =
𝑔

𝑛𝑝𝑒𝐿𝐷
.

 (31) 

Equation (30) (the asterisks are omitted for the sake of conven-

ience) transforms to  

 
𝑛2 + (2𝜈𝐹𝑅𝑘 +

𝑣𝑘

1+𝜆
) 𝑛 − 𝑛𝑞

2𝑘2

+
4𝑔𝑘2𝑑2

𝑑2+4𝑚1
2𝜋2+4𝑑2𝑘2 = 0.

 (32) 

It is noteworthy from Eq. (32) that stability/instability of the 

Rayleigh-Taylor configuration is modified in the presence of 

FLR corrections, quantum pressure and Jeffrey parameter. Also, 

it is observed that RTI remains uninfluenced due to the presence 

of the magnetic field. 

Substituting 𝑛 = 𝑛𝑟 + 𝑖𝑛𝑖 (𝑛𝑟 and 𝑛𝑖 are real numbers) in 

Eq. (32) and separating real and imaginary parts, we get 

 

(𝑛𝑟
2 − 𝑛𝑖

2) − (2𝜈𝐹𝑅𝑘 +
𝑣𝑘

1+𝜆
) 𝑛𝑖 − 𝑛𝑞

2𝑘2 +

4𝑔𝑘2𝑑2

𝑑2+4𝑚1
2𝜋2+4𝑑2𝑘2 = 0

 (33) 

and 

 2𝑛𝑟𝑛𝑖 + (2𝑣𝐹𝑅𝑘 +
𝑣𝑘

1+𝜆
) 𝑛𝑟 = 0,  

which implies that 𝑛𝑟 = 0.

                    

 

Putting 𝑛𝑟 = 0 in Eq. (32), one gets  

 𝑛𝑖
2 + (2𝜈𝐹𝑅𝑘 +

𝑣𝑘

1+𝜆
) 𝑛𝑖 + 𝑛𝑞

2𝑘2 −
4𝑔𝑘2𝑑2

𝑑2+4𝑚1
2𝜋2+4𝑑2𝑘2 = 0, (34) 

which is the required relation between n and k to examine the 

Rayleigh-Taylor instability in a stratified non-Newtonian plasma 
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fluid with FLR corrections, quantum pressure and Jeffrey pa-

rameter. 

3.1. Special cases 

For non-viscous Newtonian fluid, i.e. 𝜈 = 0, 𝜆 = 0, Eq. (34) 

condenses to 

 𝑛𝑖
2 + 2𝜈𝐹𝑅𝑘𝑛𝑖 + 𝑛𝑞

2𝑘2 −
4𝑔𝑘2𝑑2

𝑑2+4𝑚1
2𝜋2+4𝑑2𝑘2 = 0, (35) 

which coincides with the earlier result of Tiwari et al. [23]. 

4. Numerical results and discussion 

To investigate the influence of the Jeffrey parameter, FLR and 

quantum pressure on both classical and non-classical cases of 

stratified RTI, the growth rate frequency of the most unstable 

mode has been numerically computed from the dispersion relation 

given in Eq. (29), using Mathematica (version 12). The permissi-

ble experimental values of all the involved parameters used by 

Tiwari et al. [23] and Dey [35], and many others, are taken as 

𝑣𝐹𝑅= 0.5, nq = 0.6, λ = 0.3, m1 = 1, d = 1 and  𝑔 = 10, respectively. 

The growth rate (𝑛𝑖) of RTI against wave number (k) 

 

is plotted 

to analyse the effect of distinct values of FLR correction,  

𝑣𝐹𝑅 = 0.3, 0.5, 0.9 in Figs. 2 and 3 for both classical and quan-

tum cases, respectively. The plots in Figs. 2 and 3 clearly show 

that increasing the FLR correction parameter leads to a notable 

reduction in the growth rate of RTI in a stratified plasma fluid. 

This suppression weakens the formation of Rayleigh-Taylor 

structures and significantly dampens the instability dynamics, 

particularly in dense plasma systems. Thus, the FLR correction 

plays a stabilising role by effectively mitigating RTI in both 

classical and non-classical regimes. Additionally, it is observed 

that the cut-off wave number kmax corresponding to the maxi-

mum growth rate shifts to lower values under the influence of 

quantum pressure, further contributing to the suppression of the 

instability. 

Figures 4 and 5 illustrate the impact of distinct values of the 

non-dimensional quantum parameter accounting for quantum 

pressure, nq = 0.3, 0.5, 0.7, on the growth rate of RTI versus 

wave number, with and without FLR corrections, respectively. 

The curves indicate a decrease in the frequency and growth rate 

of RTI with increasing quantum pressure. Consequently, both 

Fig. 2. Impact of FLR correction (𝜈𝐹𝑅) on the growth rate of RTI 

(ni) against the wave number (k), with quantum pressure. 

 

Fig. 4. Impact of the quantum pressure on the growth rate of RTI (ni) 

against the wave number (k), with FLR correction. 

 

Fig. 3. Impact of FLR correction (𝜈𝐹𝑅) on the growth rate of RTI 

(ni) against the wave number (k), with no quantum pressure. 

 

Fig. 5. Impact of the quantum pressure on the growth rate of RTI (ni) 

against the wave number (k), with no FLR correction. 
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quantum pressure and FLR corrections demonstrate a stabilising 

influence by effectively suppressing the growth of instability in 

non-Newtonian stratified plasma fluids. It is noticed from Fig. 3 

that the growth rate starts to decrease for k > kmax and complete 

stability occurs at kc = 6.0 in lieu of both quantum pressure and 

FLR corrections. 

In Figs. 6 and 7, the influence of various values of the Jeffrey 

parameter, λ = 0.1, 0.4, 07,

 

 on the growth rate of Rayleigh-Tay-

lor instability for both quantum and classical cases, is displayed. 

The curves illustrate that the growth rate of RTI increases with 

the rise in the Jeffrey parameter. Hence, the Jeffrey parameter 

tends to promote the onset of RTI in stratified plasma fluid for 

both cases. However, it is visualised from the curves in Figs. 7 

and 8 that the value of kmax gets decreased in the simultaneous 

presence of quantum pressure and FLR corrections. 

Figure 8 illustrates the effect of the Jeffrey parameter on the 

growth rate of RTI in the presence of quantum pressure and the 

absence of FLR correction. The curves indicate that an increase 

in the Jeffrey parameter results in a higher amplitude of the RTI 

growth rate under the influence of quantum pressure. It is note-

worthy to observe from the curves that kmax is not attained in the 

absence of FLR corrections. 

Figures 9 and 10 depict the influence of kinematic viscosity 

on the growth rate of RTI, with and without the inclusion of the 

Jeffrey parameter, respectively. The plots reveal that kinematic 

viscosity reduces the instability region in both cases. However, 

kmax is higher for a non-Newtonian fluid than for a Newtonian 

 

Fig. 6. Impact of the Jeffrey parameter (λ) on the growth rate of RTI 

(ni) against the wave number (k), with no quantum pressure (classical 

case). 

 

Fig. 7. Impact of the Jeffrey parameter (λ) on the growth rate of RTI 

(ni) against the wave number (k), with quantum pressure. 

 

Fig. 8. Impact of the Jeffrey parameter on the growth rate (ni) of RTI 

against the wave number (k), 

 

with quantum pressure 

and no FLR corrections. 

 

Fig. 9. Impact of kinematic viscosity (ν) on the growth rate of RTI (ni)  

against wave number (k), with Jeffrey parameter. 

 

Fig. 10. Impact of the kinematic viscosity (ν) on the growth rate of RTI 

(ni) against the wave number (k) in the absence of Jeffrey parameter.  
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fluid in the present case. These results are in strong agreement 

with the findings reported by various authors [18−23]. 

5. Conclusions 

The combined effects of quantum pressure and FLR corrections 

on the RTI in a laminar Jeffrey model plasma fluid are investi-

gated. An explicit dispersion relation for the RTI growth rate is 

derived, highlighting its dependence on various physical param-

eters. 

 The classical Rayleigh-Taylor instability undergoes signif-

icant modification with the inclusion of finite Larmor ra-

dius corrections and quantum pressure, resulting in en-

hanced stability and effective suppression of Rayleigh-

Taylor instability in the plasma fluid system. 

 The Jeffrey parameter has a destabilising effect on the Ray-

leigh-Taylor instability of stratified plasma fluid. 

 The viscosity of the plasma fluid enhances the stabilisation 

of the Rayleigh-Taylor instability configuration under the 

influence of finite Larmor radius corrections and quantum 

pressure, regardless of the presence of the Jeffrey parameter. 

 An important facet of the present study is the demonstra-

tion that quantum pressure and finite Larmor radius correc-

tions play a crucial role in various non-Newtonian astro-

physical systems, particularly in inertial confinement fu-

sion capsules and white dwarfs.  

 The findings offer valuable insights into the non-Newto-

nian behaviour of astrophysical systems characterised by 

low temperatures and high densities, enhancing our under-

standing of their underlying dynamics. 

Examining the effects of compressibility, magnetic shear and 

temperature gradients on the role of finite Larmor radius in the 

onset of Rayleigh-Taylor instability in stratified magnetised Jef-

frey plasma could offer a deeper understanding of the interplay 

between kinetic effects and macroscopic plasma parameters, 

thereby improving stability predictions in both astrophysical and 

laboratory settings. 
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1. Introduction 

Compression ignition (CI) engines are very common in medium 

and heavy duty automotive vehicles due to their high thermal 

efficiency, durability and robustness in nature. In a conventional 

direct injection (DI) multi-cylinder CI engine, it is very difficult 

to attain identical combustion in all the engine cylinders. Engine 

performance and emission with respect to speed and load are 

hampered by uneven combustion performance of the worst cyl-

inders, which leads to misfiring and too early combustion phas-

ing. The temperature of the inlet air, fuel supply, fuel injection 

timing, injection delay, ignition delay, air-fuel ratio, compres-

sion ratio, port geometry, gas exchange, exhaust gas recircula-

tion supply, and cylinder cooling are the most important factors 

which can differ from cylinder to cylinder. The difference in any 

or in combinations of these factors is responsible for load varia-

tions and combustion phasing between the cylinders, which in 

turn may lead to power loss, increased mechanical vibration, 

cylinder-to-cylinder torque imbalance and engine emissions 

[1−3].
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Abstract 

In the present work, an automotive three cylinder compression ignition engine employed with a common rail direct injection 
system, fuelled with diesel was investigated to analyse its performance and emission characteristics, and also cylinder-to-
cylinder variation of important parameters of combustion. Variation of cylinder pressure, peak cycle pressure, rate of maximum 
pressure rise, rate of maximum heat release and combustion duration between the cylinders was presented as a function of 
brake mean effective pressure, torque and speed of the engine. Variation of carbon monoxide, unburnt hydrocarbon, oxides of 
nitrogen and brake thermal efficiency for the tested engine was presented as a function of brake mean effective pressure. It 
can be seen that measured combustion parameters show a significant variation between the cylinders, and the variation of the 
magnitude of average cylinder pressure was marginal. The peak pressure and combustion duration in cylinder 2 are higher by 
approx. 11% and 9%, respectively, than those of the other two cylinders. At a 40 Nm torque and at the lowest operated speed, 
the peak pressure in cylinder 2 is higher by 10% than that of the other two cylinders. This trend was also observed at the 
highest operated speed, with the peak pressure higher by approx. 14%. The maximum combustion duration in cylinder 2 was 
observed to be 9% higher than in the other two cylinders at identical comparable brake mean effective pressure values. It can 
also be seen that emission parameters were varied considerably with brake mean effective pressure and a trade-off point was 
obtained between NOx-CO, NOx-UBHC and NOx-BTE.  

Keywords: Common rail direct injection; Cylinder to cylinder; Emission; Combustion; Torque; Speed 
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Nomenclature 

CA ‒ crank angle, o 

p ‒ pressure, bar 

S  – estimated factor (governed by different self-governing variables) 

x1, x2, x3, …, xn ‒ variables  

 

Abbreviations and Acronyms 

BMEP‒ brake mean effective pressure 

BTE ‒ brake thermal efficiency 

CD ‒ combustion duration 

CI ‒ compression ignition 

CO ‒ carbon monoxide  

CRDI‒ common rail direct injection (system)  

DI ‒ direct injection 

ECU ‒ electronic control unit 

MHRR‒ maximum heat release rate 

MROPR‒ maximum rate of pressure rise 

NOx ‒ oxides of nitrogen  

SOC ‒ start of combustion 

TDC ‒ top dead centre 

UBHC‒ unburnt hydrocarbon  

To save the environment and to improve the fuel economy, 

very stringent emission norms were developed, which cannot be 

attained by a conventional mechanical fuel injection system. 

This paved the way for the development of a high pressure in-

jection system called common rail direct injection (CRDI) sys-

tem [4,5]. In modern CI engines, an accumulator, simply called 

as common rail, is the main component in the CRDI system, 

which accumulates the fuel at high pressure in the range of  

1000 bar to 2000 bar, and the fuel is injected into the cylinders 

through the respective fuel injectors. Injecting the fuel at higher 

pressure makes the fuel droplets to travel a longer distance in-

side the cylinder by penetrating the hot compressed air, and also 

atomises the fuel droplets into very fine particles. These two fac-

tors make the fuel vaporise at a much faster rate, which thereby 

improves the fuel-air mixing, and in turn leads to better combus-

tion characteristics. In the CRDI system, by regulating the accu-

mulator pressure, the fuel injection pressure can be controlled. 

Since the fuel injection in the CRDI system is monitored by 

an electronic control unit (ECU), the required fuel quantity can 

be supplied at an exact time by either a single injection or mul-

tiple injections. Injecting a small quantity of fuel in advance and 

a subsequent injection to the regular injection refers to as a pilot 

and post injection, respectively. Pilot injection reduces the com-

bustion noise by the gradual progress of combustion reactions in 

the cylinder [6,7]. The residence time of the pilot injected fuel's 

vapour phase will be comparatively longer, which allows the 

proper mixing with the air trapped in the cylinder. The pilot in-

jected fuel burns after undergoing the pre-combustion reactions, 

resulting in greater cylinder temperature, so that the primary in-

jected fuel begins to combust after causing a short delay period. 

This results in a reduced maximum rate at which the pressure 

increases, resulting in lower combustion noise. Hence, an over-

whelming interest was created among the researchers and scien-

tists to investigate the combustion features of the CRDI engine. 

Cyclic and cylinder variations can be effectively controlled 

by suitably adjusting the injection timing and amount of exhaust 

gas recirculation (EGR). Many researchers have analysed the 

diesel engine characteristics with diesel and its alternatives 

[8−13]. Attempts were made on a single cylinder CI engine with 

different vegetable oils like karanja [14], jatropha [15], sunflo-

wer [16], cottonseed [17], rape seed [18], palm [19], rice bran 

[20], corn [21] and neem [22] in their blended forms with diesel 

and also in the converted forms of biodiesel. 

It was inferred that vegetable oils in their pure forms and 

their derivatives have the capability to be used as a partial repla-

cement of diesel in CI engines without any engine modifica-

tions, and the performance characteristics were comparable with 

those of diesel. 

Attempts were also made to explore the outcome of changing 

engine design considerations on the engine characteristics with 

diesel and its alternatives [23−25]. In all these investigations, 

a single cylinder stationary engine [26−29] or an automotive en-

gine employing mechanical fuel injection [30−35] was utilised. 

The CRDI concept was also attempted on a one cylinder station-

ary CI engine by increasing the fuel injection pressure [36−39]. 

Investigations have been carried out by modifying a single cyl-

inder engine with the CRDI setup [38,39]. 
In all earlier research on the CRDI diesel engine, the concept 

of injecting fuel at a relatively higher pressure than the conven-

tional injection pressure was attempted [36−45] and an actual 

automotive engine was not tested to analyse its performance, 

emission and combustion characteristics. Investigations carried 

out with automotive engines were also restricted to constant 

speed, and fuel injection characteristics were not controlled by 

ECU. To understand the behaviour of the CRDI engine, it is nec-

essary to test a real time automotive engine to analyse its char-

acteristics. In the earlier work, the authors have compared the 

combustion characteristics of an automotive CRDI engine with 

a conventional high-power compression ignition (HCV) engine 

through the measurement of combustion parameters in the first 

cylinder of the engine [46]. 

After analysing a wide range of literature, a certain gap was 

observed in the area of CRDI engine where the investigations of 

variations among cylinders of an automotive CRDI engine were 

not sufficiently addressed in the previous research works. Most 

of the reported works on multi-cylinder engines were restricted 

to investigate the characteristics of the engines through the 

measurement of combustion parameters of one of the cylinders. 

Hence, to overcome these limitations, an attempt was made 

on an automotive passenger car CRDI engine to study the vari-

ation of combustion characteristics among the cylinders by 

measuring the cylinder pressure of all three cylinders using  

a separate pressure transducer for individual cylinders. The at-

tempt was also extended to study the performance and emission 

characteristics of the engine at different operating conditions. 

The key objectives of this investigation are outlined as: 

 to analyse the cylinder-to-cylinder variation of different 

combustion parameters of an automotive CRDI engine by 

operating the engine at different speeds and torque values, 
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 to investigate the performance and emission characteristics 

of an automotive CRDI engine with respect to different 

brake mean effective pressures (BMEP). 

2. Experimental methodology 

2.1. Experimental setup 

An automotive, four stroke, three cylinder CRDI diesel engine 

manufactured for use in a passenger car was tested in the present 

investigation. Table 1 shows the details of the three cylinder en-

gine used for testing, and the line diagram seen in Fig. 1 displays 

the setup used to conduct the experiments.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

A dry gas type eddy current dynamometer ECB-120 HP was 

attached to the test engine as a loading device. Each of the three 

cylinders is fitted with a separate pressure transducer to record 

the pressure generated inside the individual cylinder and instru-

mented with an angle encoder to note down the pressure inside 

the cylinder at various crank angles. The pressure signals were 

amplified by their respective charge amplifier and then fed to an 

AVL data acquisition system to interpret the recorded in-cylin-

der pressure and stored in a personal computer. An AVL exhaust 

gas analyser and AVL smoke meter were employed in engine 

emission measurements. Table 2 shows the range, accuracy and 

percentage uncertainties of the instruments used for emission 

measurement. 

2.2. Test conditions 

As per the standards of the modified Indian duty cycle, the small 

sized passenger cars were allowed to operate around 50 per cent 

of the maximum rated speed and torque to simulate the normal 

driving conditions and further lower range for city driving con-

ditions. Hence, the test conditions of the engine were selected to 

represent the same. The test matrix selected for the investigation 

is shown in Table 3, and Table 4 shows the properties of diesel. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
To explore the deviation of combustion parameters as an el-

ement of BMEP, the engine was tested at different operating 

conditions by varying both the engine speed and torque as spec-

ified in Table 3. To investigate the effect of speed and torque on 

combustion parameters, tests were conducted by maintaining the 

engine torque at 40 Nm for different speeds and also by chang-

ing the torque at a uniform speed of 1250 rpm as shown in  

Table 3. 

2.3. Test procedure 

In order to stabilise the engine operating conditions, the test en-

gine was operated for a short span of time at idle speed with no 

Table 1. Specifications of engine. 

Arrangement Inline, 3 cylinder 

Volume (l) 0.98 

Bore x stroke (mm) 73 x 78 

Rated power (kW) 40 kW @ 4000 rpm 

Peak torque (Nm) 130 Nm @ 1750−2750 rpm 

Fuel system unit pump common rail, 1600 bar system 

Engine aspiration turbocharged and cooled 

 

 

Fig. 1. Layout of experimental setup. 

Table 2. Range, accuracy and percentage uncertainties of instruments.  

Instrument 
Measured  
quantity 

Range Accuracy 
Uncertainties, 

% 

AVL DIGAS 
444 
Exhaust gas 
analyzer 

NOx 0−5000 ppm ±10 ppm 

0.2 UBHC 
0−20000 ppm 

n-hexane 
±50 ppm 

CO 0−20% +5% 

AVL 437C 
Smoke  
meter 

Smoke  
opacity 

0−100 % ±2 % 1.0 

 

Table 4. Properties of diesel [46].  

Property of fuel  Method Diesel 

Viscosity at 40°C (mm2/sec) ASTM D445 3.522 

Flash point (°C) ASTM D93 70 

Calorific value (kJ/kg) ASTM D240 43000 

Distillation temperature T90 (°C) ASTM D86 335 

Specific gravity ASTM D4052 0.8 

 

Table 3. Test matrix.  

S. No. Speed (rpm) Torque (Nm) 

1 1850 65 

2 2000 30 

3 1550 40 

4 1300 45 

5 1850 50 

6 1000 55 

7 1250 60 

8 1750 65 

9 1050 40 

10 1100 40 

11 1250 40 

12 2000 40 

13 1250 30 

14 1250 45 

15 1250 50 

16 1250 60 
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load condition. After the engine was stabilised, it was operated 

at different operating conditions as specified in the test matrix 

given in Table 3. The test engine was also made to run at differ-

ent speeds by maintaining a steady torque of 40 Nm and dissim-

ilar torques by retaining an identical speed of 1250 rpm. At each 

operating condition, performance, emission and combustion pa-

rameters were documented and analysed. 

2.4. Uncertainty analysis 

The errors linked with the measurements of different combus-

tion parameters were calculated. The maximum potential errors 

in the measurement of pressure and crank angle were predicted 

by employing the technique recommended by Moffat [47]. From 

the least measured values and the measuring instrument’s accu-

racy, the possible errors were calculated.  

If an estimated quantity S depends on multiple independent 

variables (x1, x2, x3, …, xn), the associated error in S can be ex-

pressed as shown in Eq. (1): 

 
𝜕𝑆

𝑆
= {(

𝜕𝑥1

𝑥1
)

2

+ (
𝜕𝑥2

𝑥2
)

2

+. . . . . . . . . . . . + (
𝜕𝑥n

𝑥n
)

2

}

1

2
, (1) 

where (∂x1/x1), (∂x2/x2), etc. are the errors in the independent 

variables, ∂x1 depicts the accuracy of the measuring instrument, 

and x1 depicts the least measured output value. 

2.4.1. Calculation of errors in measured parameters  

The pressure inside the combustion chamber was measured by 

commissioning a pressure transducer, and the electrical signal 

received was amplified with the help of a charge amplifier. The 

crank angle degree was measured with the help of a crank angle 

encoder. The accuracy of the pressure measurement instrument 

employed is 0.01, and that of the crank angle measurement is 

0.02. Hence, the values of maximum possible errors for pressure 

and crank angle measurements are calculated as shown below: 

Cylinder pressure  

The minimum value of cylinder pressure measured while con-

ducting the investigations is 0.72 bar with an accuracy of 0.01. 

Therefore, the maximum possible error during the measurement 

of pressure is calculated using Eq. (2): 

 (
𝜕𝑝

𝑝
)

𝐸𝑋𝑃
=  ((

0.01

0.72
)

2

)

1

2
 ‧ 100 = 1.38%. (2) 

Crank angle 

The minimum degree of measured crank angle during the exper-

imentation is 1 degree, and the measurement accuracy is 0.02. 

Therefore, the calculated maximum possible error in the meas-

urement of crank angle is calculated using Eq. (3): 

 (
𝜕𝐶𝐴

𝐶𝐴
)

𝐸𝑋𝑃
= (

0.02

1
)‧ 100 = 2%. (3) 

 

3. Results and discussion  

3.1. Cylinder pressure and heat release rate 

Figures 2 and 3, respectively, display the deviation of pressure 

inside the cylinder and the variation of heat release rate for all 

the three cylinders of the test engine based on crank angle degree 

(ºCA) for a total range of 60ºCA (−30ºCA to 30ºCA with respect 

to top dead centre (TDC) position) for an operating speed of 

1850 rpm and torque 65 Nm.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From Fig. 2, it can be perceived that the magnitude of cylin-

der pressure increases steadily for all three cylinders as the pis-

ton moves towards TDC, and the pressure of cylinder 1 lies be-

tween those of cylinder 2 and cylinder 3. Until the piston reaches 

6ºCA before TDC (bTDC), the variation in pressure between 

cylinder 1 and cylinder 2 is marginal (cylinder 1 has a higher 

value), and the variation in pressure between cylinder 1 and cyl-

inder 3 is also around 3 bar (cylinder 3 has a higher value). At  

5ºCA bTDC, the pressure in cylinder 2 increases steeply, and its 

variation with other cylinders increases, and almost the same 

difference is maintained throughout the remaining cycle as 

shown in Fig. 2. This may be attributed to the marginal variation 

of the injected fuel quantity and its compression, which may re-

sult in a higher pressure for cylinder 2 when compared with the 

 

Fig. 2. Variation of cylinder pressure. 

 

Fig. 3. Variation of heat release rate. 
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other cylinders. It was also observed that the peak pressure for 

all three cylinders occurred at 16ºCA after TDC (aTDC). 

From Fig. 2, it can also be seen that after the completion of 

ignition delay, in-cylinder pressure variation between the differ-

ent phases of combustion was marginal. It can also be seen that 

the difference between the magnitude of average cylinder pres-

sure (measured during the uncontrolled and controlled combus-

tion phase) and peak pressure was also marginal. This may be 

due to the influence of pilot fuel injection employed in the test 

engine. As the injection is carried out in two phases as pilot in-

jection and main injection, the peak pressure is occurred at two 

positions, one bTDC due to pilot injection and the other aTDC 

due to main injection and the former was lower than the latter. 

This may be due to the fact that more fuel was injected through 

the main injection when compared with that of the pilot injec-

tion, and the injected fuel will be burned immediately after en-

tering the combustion space, which leads to a larger peak pres-

sure aTDC. Higher pressure of fuel injection in the test engine 

enhances the fuel atomisation and vaporisation by providing 

smaller fuel particles, which in turn improves the combustion 

process. This results in smooth combustion during pilot and 

main injections, which leads to a marginal variation in pressure 

during the combustion. 

From Fig. 3, it can be witnessed that after the completion of 

the delay period, the rate of heat release for all cylinders was 

higher due to the combustion of the accumulated charge through 

pilot injection. The maximum heat release due to pilot injection 

was obtained at 5ºCA bTDC for cylinder 1 and cylinder 2, and 

at 3ºCA bTDC for cylinder 3 whose magnitude of heat release 

lies between that of cylinder 1 and cylinder 2. The maximum 

heat released at this condition was obtained in cylinder 2. This 

may also be due to the increased charge pressure as a result of  

a marginal increase in compression of injected fuel, which may 

improve the combustion and, in turn, increase the combustion 

temperature. Likewise, the heat release rate increased in the 

course of the expansion stroke, and the maximum heat release 

obtained in all three cylinders occurred at 15ºCA aTDC, the 

value for cylinder 2 being the highest and the value for cylinder 

1 lying between those of cylinder 3 and cylinder 2. As discussed 

earlier, the volume of the main injected fuel is larger, which 

leads to a greater heat release rate than that obtained during the 

pilot injection period. A negative heat release rate is also ob-

served at a location close to that of TDC (bTDC). This is due to 

the delay in the start of combustion of injected fuel during the 

primary injection, which absorbed the heat generated due to 

combustion of the pilot injection. 

3.2. Combustion parameters as a function of BMEP 

In this section, the variation of different combustion parameters 

is presented as a function of BMEP. Torque and speed of the 

engine given in Table 3 were chosen to represent the combustion 

parameters as a function of BMEP. The characteristics of the 

pilot injection and main injection at different operating condi-

tions employed in the engine are depicted in Table 5. 

Injecting a small portion of fuel as pilot injection will drasti-

cally reduce the combustion noise, combustion temperature, and 

thereby reduce the formation of nitrogen oxides. Table 5 clearly 

shows that 10 per cent of the fuel was injected through pilot in-

jection and the remaining 90 per cent of fuel was injected 

through main injection. It also shows that the start of pilot injec-

tion occurred between 7.5ºCA bTDC and 10ºCA bTDC, and the 

main injection occurred very close to TDC. The fuel injection 

timing and quantity vary as the engine operates at different 

speeds and torques, which is also presented in Table 5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The variation of peak pressure is shown in Fig. 4(a) as  

a function of BMEP for all three cylinders. It is found that the 

peak pressure for all cylinders increases with an increase in 

BMEP. This might be the effect of increased volume of charge 

burned, releasing more heat, which in turn increases the cylinder 

pressure and therefore results in a higher peak pressure as BMEP 

increases. Engine operation was also found to be smoother for 

all three cylinders as a result of the peak pressure varying almost 

linearly with BMEP. 

Variation of the maximum rate of pressure rise (MROPR) as 

a function of BMEP is shown in Fig. 4(b). It is observed that the 

rate of pressure rise shows an erratic trend with BMEP. As the 

start of combustion is advanced with BMEP, the delay period 

will be shorter, resulting in lower MROPR at higher BMEP. An 

increase in MROPR with BMEP may be due to the change in 

the start of combustion with BMEP. 

Figure 4(c) displays the manner in which the start of com-

bustion (SOC) varies with BMEP for cylinder 1, cylinder 2 and 

cylinder 3. It is observed that with an increase in BMEP, SOC 

advances. The earlier SOC at a higher BMEP may be due to an 

increase in the fuel quantity burned and combustion chamber 

temperature, which in turn enriches fuel vaporisation and short-

ens the ignition delay period as BMEP increases. The same trend 

is observed for all three cylinders. It is also seen that at lower 

BMEP, SOC of cylinder 2 lies between those of cylinder 1 and 

Table 5. Characteristics of pilot injection and main injection.  

Speed 

(rpm) 

Torque 

(Nm) 

Pilot injection Main injection 
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2000 30 -8.2 0.682 29 1.74 6.827 287 

1550 40 -9.05 0.797 35 1.01 7.972 345 

1300 45 -9.3 0.954 42 0.76 9.542 415 

1850 50 -7.8 1.065 39 2.3 10.65 387 

1000 55 -9.32 1.216 52 0.69 12.17 524 

1250 60 -9.3 1.190 46 0.69 11.91 463 

1750 65 -8.02 1.296 43 1.88 12.96 432 

1050 40 -9.2 0.769 39 0.69 7.696 386 

1100 40 -9.2 0.780 38 0.69 7.801 384 

1250 40 -9.3 0.811 38 0.69 8.116 381 

2000 40 -7.5 0.905 35 2.54 9.058 347 

1250 30 -10 0.539 28 0.03 5.391 279 

1250 45 -9.2 0.979 43 0.69 9.795 430 

1250 50 -0.93 1.167 48 0.69 11.67 484 

1250 60 -9.2 1.422 54 0.69 14.22 538 
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cylinder 3, but as BMEP increases, SOC of cylinder 2 is slightly 

advanced than for the other two cylinders. A delay in SOC is 

also observed at a higher BMEP for all three cylinders. This may 

be due to the change in the pilot injection period with respect to 

the engine operating conditions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4(d) displays the deviation of combustion duration 

(CD) with respect to BMEP. It is inferred that an increase in the 

value of BMEP escalates CD. Cylinder 2 and cylinder 3 show  

a similar trend, and cylinder 2 shows a marginally longer CD 

than the other cylinders. This may be the effect of injecting  

a higher volume of fuel as BMEP is increased, which in turn 

may increase the period of fuel burning. Cylinder1 deviates from 

the other two cylinders, showing an erratic trend. 

3.3. Influence of speed and torque on combustion pa-

rameters 

The influence of engine speed and torque on engine combustion 

parameters like SOC, CD, peak cylinder pressure, maximum 

heat release rate 1 (MHRR1) due to secondary injection, maxi-

mum heat release rate 2 (MHRR2) due to main injection and 

maximum rate of pressure rise (MROPR) are presented and dis-

cussed in this chapter. The combustion parameters are recorded 

and investigated at two different engine running conditions: 

(a) different torques at a uniform speed, 1250 rpm, 

(b) different speeds at a uniform torque, 40 Nm. 

3.3.1. Influence of speed on combustion parameters 

Here, the variation of combustion features as a function of speed 

for all three cylinders is presented and discussed. It is observed 

in Fig. 5(a) that the cylinder peak pressure is less affected for the 

individual cylinders when the engine is operated at different 

speeds by maintaining a constant torque, but the peak pressure 

of cylinder 2 is marginally higher than those of cylinder 1 and 

cylinder 3. From Fig. 5(b), it is observed that MROPR is in-

creased with respect to speed till it attains its maximum value 

and after that, MROPR is found to be decreased at higher speeds. 

The same trend is followed for all three cylinders, but for cylin-

der 2, MROPR at lower speeds is much higher than for the other 

cylinders. 
Figure 5(c) shows that as the engine speed increases, SOC is 

slightly advanced in order to provide adequate time for complete 

combustion. This may be due to the fact that the combustion du-

ration remains the same in terms of milliseconds, but it slightly 

increases in terms of crank angle degree, and hence SOC is ad-

vanced at higher speeds to compensate for this effect. All three 

cylinders follow a similar trend. The deviation of combustion 

duration for different speeds is shown in Fig. 5(d). It is observed 

that at moderate speeds, the combustion duration is slightly 

lower, but the duration of combustion is found to increase when 

there is a rise in the engine speed, and the same trend is followed 

for all three cylinders. 

3.3.2. Effect of torque on combustion parameters 

The variation of combustion parameters as a function of torque 

for all three cylinders is presented in Fig. 6.  

 

Fig. 4. Variation of combustion parameters with BMEP. 
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It was observed from Fig. 6(a) that the peak pressure of all 

three cylinders varies considerably when the engine is operated 

at various torques by maintaining a constant speed. As the torque 

is increased, the cylinder peak pressure also increases due to in-

creased fuel burning at a higher torque, and a similar trend is 

found for all cylinders. Also, a similar trend of variation is ob-

 

Fig. 5. Variation of combustion parameters with speed. 

 

Fig. 6. Variation of combustion parameters with torque. 
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served for the variation of peak pressure for the cylinders as re-

ported in Fig. 5(a). 

Figure 6(b) displays the manner in which the maximum rate 

of pressure rise varies as a function of torque. From the figure, 

it is clear that the variation between the cylinders shows an er-

ratic trend. Figure 6(c) presents the fashion in which the start of 

combustion varies as a function of torque. It can be seen that the 

start of combustion is advanced as the engine is operated at 

higher torque values. This may be due to the enhanced fuel va-

porisation at higher torques, and hence, an earlier start of com-

bustion. Figure 6(d) shows the manner in which the combustion 

duration varies with respect to torque. An increasing trend is ob-

served in the combustion duration for increased torque values, 

and all cylinders follow a similar trend. This is primarily because 

of the increased volume of charge burned as the torque increa-

ses. 

3.3.3. Effect of speed and torque on maximum heat release 

rate  

Variation of the maximum heat release rate resulting from fuel 

combusted through the duration of pilot injection and main in-

jection as a function of speed is shown in Fig. 7. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
It is observed from Fig. 7(a) that an increase in speed leads 

to a rise in the value of MHRR1 initially, and further increasing 

the speed causes a decrease in MHRR1. At higher speeds, the 

duration of pilot injection will be short, and resulting in a lower 

MHRR1 when compared to MHRR1 recorded at lower speeds, 

and a similar trend is charted for all cylinders. Figure 7(b) shows 

that MHRR2 seems to be higher at lower speeds and tends to 

decrease slightly for higher speeds. 

It is also observed in Fig. 7(c) that an increase in torque in-

creases MHRR1 because of burning a higher fuel quantity at an 

increased torque. Figure 7(d) depicts that as the torque increases, 

MHRR2 resulting from the main injection also increases owing 

to an increase in volume of fuel burned at an increased torque. 

3.4. Performance and emission parameters  

as a function of BMEP 

In this section, the variations of carbon monoxide (CO), unburnt 

hydrocarbon (UBHC), oxides of nitrogen (NOx) and brake ther-

mal efficiency (BTE) are presented as a function of BMEP as  

a trade-off curve between NOx-CO, NOx-UBHC and NOx-BTE. 
From Fig. 8, it can be predicted that an increase in BMEP 

results in an increased quantity of NOx. The value of BMEP is 

increased by burning an additional quantity of fuel to compen-

sate for the increase in load, which results in a higher tempera-

ture inside the combustion chamber. It is obvious that higher 

temperatures favour the NOx formation inside the combustion 

chamber. The value of NOx reaches a maximum and tends to 

reduce due to the non-availability of oxygen at a higher BMEP. 

It can also be predicted that at a slightly increased BMEP, the 

quantity of UBHC and CO increases, because of overfuelling,  

a small portion of fuel remains unburned, and decreases as the 

combustion temperature is increased further. At a higher BMEP, 

due to an increased crevice volume and reduced quantity of ox-

ygen, the amount of UBHC and CO will increase. A similar 

trend of variation is observed for BTE as for CO and UBHC. As 

BMEP increases, a slight reduction in BTE is observed at the 

 

Fig. 7. Variation of MHRR1 and MHRR2 with speed and torque. 
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middle range of BMEP, and a further increase in BMEP results 

in an increasing trend for BTE with BMEP. This may be due to 

the increase in fuel consumption with torque. A decrease in BTE 

with BMEP during the middle range of BMEP may be due to 

the change in the engine speed when compared to that for the 

lower BMEP.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A trade-off between NOx-CO, NOx-UBHC and NOx-BTE is 

observed at a higher BMEP close to 8 bar, where the two curves 

intersect each other. This point may be considered as an opti-

mised condition for both the parameters presented in the graph. 

It is also observed that NOx-UBHC and NOx-CO curves inter-

sect during the middle range of operation too, which indicates 

the operating condition for simultaneous control of NOx, UBHC 

and CO emissions. 

4. Conclusions 

In the present work, performance and emission parameters and 

cylinder-to-cylinder variation of combustion parameters of  

a medium duty 3-cylinder CRDI passenger car diesel engine 

were investigated by testing the engine at different operating 

conditions. The following conclusions were made based on the 

findings:  

 The combustion parameters vary considerably between the 

cylinders. 

 The combustion parameters of cylinder 2 differ considera-

bly from those of the other two cylinders. Its uncontrolled 

and controlled phase of combustion differs noticeably from 

those of the other two cylinders.  

 The consistently elevated in-cylinder pressure in cylinder 2 

was primarily attributed to a slight advance in the start of 

injection, resulting in earlier combustion and a higher peak 

pressure, as well as an increase in cumulative heat release. 

Minor compression differences, likely caused by carbon 

deposits on the piston crown, were also observed but con-

sidered secondary contributors. 

 The extended combustion duration in cylinder 2 may be at-

tributed to factors such as uneven air-fuel mixture distribu-

tion, variations in injector flow rate or spray pattern, and 

thermal variations between the cylinders. These factors, 

while not directly measured in this study, require further ex-

amination, recommended to identify the root cause of the 

observed asymmetry. 

 The maximum heat release rate, maximum rate of pressure 

rise and cycle peak pressure for cylinder 2 were higher 

when compared with the other two cylinders.  

 Cylinder 2 shows a marginally longer CD than the other 

cylinders.  

 A trade-off point was obtained at a higher BMEP for sim-

ultaneous control of NOx, CO and UBHC at a higher brake 

thermal efficiency.  

 During the engine operation at a medium BMEP, it is pos-

sible to simultaneously control the NOx, CO and UBHC 

emissions. 

From this investigation, it can be concluded that a significant 

variation in the magnitude of combustion parameters was ob-

served between the three cylinders of a passenger car engine. It 

can also be concluded that the engine emissions can be simulta-

neously controlled. 

 

Fig. 8. Variation of performance and emission parameters with BMEP. 
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This work can be further extended to investigate the influ-

ence of biodiesel and higher alcohols on the performance, com-

bustion and emission characteristics of the test engine, and the 

results can be compared with those of diesel. To maintain the 

combustion uniformity in CRDI engines, regular injector flow 

calibration and matching are recommended. A theoretical model 

can be developed, and the simulated results can be validated 

with the experimental results. 
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1. Introduction 

The scientific community is intensifying investigations into sus-

tainable fuel technologies, responding to mounting environmen-

tal challenges and the critical imperative of reducing anthropo-

genic greenhouse gas contributions [1]. Emerging biofuel stud-

ies are utilising complex mathematical modelling and optimisa-

tion techniques – specifically Taguchi methods, genetic algo-

rithm, response surface methodology (RSM), and integrated al-

gorithmic frameworks like RF-NSGA III-TOPSIS – to system-

atically investigate and optimise combustion efficiency, engine 

performance, and emission characteristics [2]. Prosopis juli-

flora-based diesel biofuel represents a compelling technological 

solution, demonstrating remarkable capabilities in addressing 

critical environmental challenges through reduced greenhouse 

gas generation, enhanced air quality and decreased fossil fuel 

consumption [3]. The complex challenges of oil market volatil-

ity are catalysing transformative approaches to energy produc-

tion, with Prosopis juliflora biomass-derived biofuels represent-

ing a technologically sophisticated strategy for reducing reliance 

on traditional fossil fuel resources [4]. Prosopis juliflora is pro-

duced  from  the  seed  of  the  Prosopis  juliflora  tree, commonly  
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Abstract 

Machine learning, a division of artificial intelligence (AI), empowers systems to gain knowledge from information and 
refine their capabilities over time. It uses algorithms to identify patterns and make prophecies or decisions. Prosopis juliflora 
is becoming gradually notorious as an optimistic substitute in biofuel inquiry. The mixing of Prosopis juliflora with diesel 
for use in combustion engines has been the subject of growing study in recent years. However, limited research has explored 
the impact of Prosopis juliflora on the compression ignition (CI) engine exhaust employing data-driven optimisation high-
lighting the need for new inquiries to address this shortfall. We aim to explore the cutting-edge and proficient machine 
learning driven weighted superposition attraction algorithm to optimise the efficiency and exhaust of CI engines powered 
with Prosopis juliflora biodiesel – diesel blends. Regression modelling is employed to define the relationships between 
factors such as the blend percentage and brake mean effective pressure (bar), and responses like the brake thermal efficiency 
(%), brake specific fuel consumption (g/kWh), smoke opacity (%), NOx (g/kWh), CO (g/kWh), and HC (g/kWh). The data-
driven weighted superposition attraction algorithm is subsequently employed to determine the best factor levels. Validation 
of the results demonstrates that the brake thermal efficiency is enhanced, while the other response variables are effectively 
reduced, showcasing the effectiveness of this methodology. 
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Nomenclature 

dij(t)– the ith solution movement direction in the jth dimension 

sl(t)– step size  

xij(t)– value for the ith solution in the jth dimension 

X – feature  

Y – outcome variable  

 

Greek symbols 

β – coefficient  

ε – residual error term  

 

Abbrevation and Acronyms 

BMEP– brake mean effective pressure  

BTE – brake thermal efficiency 

CI – compression ignition 

HC – hydrocarbon 

NOx – nitrogen oxides 

RSM – response surface methodology 

WSA – weighted superposition attraction 

known as mesquite. The improved energy efficiency of engines 

powered by Prosopis juliflora mineral diesel renewable fuel has 

drawn significant interest from the freight industry, which is 

striving to reduce fuel usage and cut operating costs [5]. 

Prosopis juliflora mineral diesel renewable fuel holds signif-

icant potential as a sustainable energy solution for the future. Its 

properties closely align with those of standard diesel, making it 

a viable substitute for fossil fuels. Additionally, its ability to 

function seamlessly in mineral diesel or compression ignition 

(CI) engines excluding major adjustments has further fuelled re-

search into its application [6]. These benefits support the posi-

tion of Prosopis juliflora diesel biofuel as a promising alterna-

tive for complying with increasingly strict vehicle emission  

regulations. Several studies have shown that biofuel delivers  

a power output comparable to traditional diesel. The strong com-

patibility of Prosopis juliflora with diesel fuel provides a pro-

spect to formulate a refined diesel – Prosopis juliflora blend with 

characteristics akin to pure diesel while effectively resolving 

phase separation issues [7]. Researchers have utilised both ex-

perimental methods and numerical simulations to probe the ap-

plication of Prosopis juliflora in CI engines. The research exam-

ines the performance and emission traits of Prosopis juliflora bi-

odiesel in diesel engines, emphasising key insights. The B25 

blend demonstrated the most favourable results, offering ther-

mal efficiency comparable to diesel while reducing emissions. 

Higher biodiesel percentages led to increased CO, HC and 

smoke emissions, but NOₓ emissions dropped by 17.71%. Bio-

diesel was produced via transesterification using methanol and 

alkaline catalysts, showcasing its potential as an eco-friendly 

fuel alternative. The research identified B20 and B25 blends as 

optimal for achieving a balance between engine performance 

and emission control [8]. Additionally, an experimental study 

investigated the impact of adding diethyl ether (DEE) to Pro-

sopis juliflora biodiesel blends on engine efficiency and pollu-

tants. While the brake thermal efficiency (BTE) of biodiesel 

mixtures was slightly lower than that of pure diesel oil, the ad-

dition of DEE improved combustion efficiency. For instance, 

the B20DEE10 blend (20% biodiesel with 10% DEE) achieved 

BTE of 31.4% at 50% load compared to diesel's 36.7%. Moreo-

ver, the DEE additives reduced emissions such as CO₂, HC and 

CO, along with a decrease in NOₓ emissions, attributed to DEE’s 

elevated cetane grade and heat of vaporisation [9]. The investi-

gation examines the efficiency of juliflora oil biodiesel in a com-

pression ignition engine, showing a 5−7% increase in BTE and 

a 15–20% cutback in CO and HC exhausts compared to diesel. 

NOx emissions were slightly higher by 10–12%, a common 

trade-off with biodiesel. Overall, the findings highlight juliflora 

biodiesel's potential for cleaner energy, with further optimisa-

tion needed for emission control [10]. 

This comprehensive research explores the adaptation of juli-

flora biodiesel and its variants as clean fuels in CI engines 

through a combination of simulation and experimental ap-

proaches. Studies demonstrate that juliflora biodiesel offers 

comparable engine performance with reduced emissions, estab-

lishing its viability as a sustainable fuel option [11]. Further in-

vestigation into H2 boosting with Prosopis juliflora biofuel high-

lights performance and emission improvements using modern 

optimisation practices like RSM and artificial neural networks 

(ANN) [12]. Additionally, research on Prosopis juliflora methyl 

ester emphasises the role of transesterification in enhancing fuel 

properties, such as viscosity, to improve engine compatibility 

and efficiency [13]. Machine learning in engine research applies 

artificial intelligence (AI) practices to analyse data and past ex-

periences in the domain of biofuels and engines. Through the 

application of algorithms and computational frameworks, it ex-

amines experimental or simulated data concerning engine effi-

ciency, exhaust characteristics and Prosopis juliflora fuel prop-

erties. This methodology uncovers trends, enables forecasting 

and provides critical insights, aiding researchers in activities like 

determining ideal biofuel mixtures, forecasting engine behav-

iour and refining butanol production techniques. The rising sig-

nificance of data-driven ANN has noticeably enhanced forecast-

ing and optimisation initiatives. Extensive investigations have 

been conducted on biofuel applications in CI engines. Recent 

efforts have particularly examined the potential of Prosopis juli-

flora in diesel engines, leveraging machine learning techniques 

to determine optimal outcomes. 

This research applies regression modelling for quantitative 

analysis and utilises the weighted superposition attraction 

(WSA) for optimising multiple objectives. The WSA technique 

is used to identify the optimal concentrations of Prosopis  

juliflora (vol. %) and brake mean effective pressure (BMEP) 

(bar) for multiple performance factors, such as BTE (%), brake  

specific fuel consumption (BSFC) (g/kWh), NOx (g/kWh),  

HC (g/kWh), CO (g/kWh) and smoke opacity (%). The concur-

rent optimisation of these parameters using WSA is an innova-

tive feature of this research, which seeks to integrate the WSA 

approach into biofuel studies within the context of CI engines.  

2. Juliflora performance optimisation 

The experimental approach described provides a structured 

method for studying how Prosopis juliflora biofuel blends per-

form in a diesel engine. The study involves adjusting the fuel 
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blend and engine settings, and using cutting edge techniques like 

the weighted sum approach to analyse the results. The experi-

mental setup and process are shown in Fig. 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The study used different blends of Prosopis juliflora biofuel 

mixed with diesel as the trial fuels. The distinct proportions and 

readiness techniques for these blends are outlined in earlier re-

search. Typically, the biofuels are made by combining pure 

Prosopis juliflora with conventional diesel at varying levels.  

The blends tested in the study include pure diesel, JB10 (10% 

Prosopis juliflora, 90% diesel), JB20 (20% juliflora, 80% die-

sel), JB30 (30% juliflora, 70% diesel), and JB40 (40% juliflora, 

60% diesel), with their properties summarised in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Each fuel blend was carefully mixed and tested to ensure 

uniformity before being utilised in the trials. Subsequently, var-

ious operational conditions were applied to assess the engine's 

performance with each fuel blend. The key stages of the evalu-

ation process are as follows: 

(a) Primary setup. 

The engine was heated to ensure consistent working tem-

peratures throughout all the tests, and reference measure-

ments were obtained using conventional diesel fuel to set 

a benchmark for comparison. 

(b) Stable working conditions. 

The engine was evaluated under different stable working 

conditions by adjusting BMEP. Typically, tests were per-

formed at several load points, including 1.35, 2.70, 4.8 and 

5.8 bar. 

(c) Gathering data. 

Essential engine metrics like BSFC, BTE and exhaust 

emissions were measured, alongside burning factors such 

as the heat release rate and in-cylinder pressure using sen-

sors. 

(d) Consistency and validation. 

Each trial was conducted multiple times to confirm reliable 

and precise data. 

The trial data were evaluated to determine the effects of var-

ious Prosopis juliflora diesel mixtures on engine efficiency and 

exhausts. The WSA approach was enforced to optimise the 

blends, granting the detection of the most potent mixture for el-

evating fuel efficiency and minimising emissions. Factors such 

as fuel blend ratio, engine load and speed were considered in the 

optimisation procedure. The results for the Prosopis juliflora 

blends were compared to the reference diesel fuel characteris-

tics. The inquiry centred on detecting patterns in efficiency and 

exhausts, assessing the burning characteristics of Prosopis juli-

flora blends, and exploring the potential of Prosopis juliflora as 

a clean alternative to diesel fuel. 

2.1. Test setup 

The tests were carried out using a mono-cylinder CI engine, with 

the configurations and setup provided in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2. WSA approach  

The WSA algorithm is a modern optimisation method rooted in 

the broader field of metaheuristic algorithms and multi-objec-

tive optimisation. It extends the traditional weighted sum ap-

proach, which consolidates several objectives into one scalar 

value through a process of weighted summation. The emergence 

of WSA was driven by the increasing complexity of engineering 

problems, particularly in fields like energy systems, material sci-

ences and automotive research, where advanced optimisation 

tools were needed. Recent developments have refined WSA to 

improve its efficiency and adaptability, making it suitable for 

 

Fig. 1. Experimental methodology. 

Table 1. Properties of mineral diesel and biofuel.  

Features 
Juliflora 

oil 
JB10 JB20 JB30 JB40 Diesel 

Density (g/cm3) 0.811 0.872 0.876 0.879 0.846 0.830 

Kinematic viscosity 
(mm2/s) 

3.707 3.963 4.019 4.515 3.819 43.96 

Cetane number 61.97 59.72 54.15 50.21 59.10 46 - 55 

Sulphur content 
(mg/kg) 

59.344 58.11 84.30 111.79 65.93 6800 

Higher heating value 36.763 39,457 39.60 39.94 38.279 42,500 

Oxidation stability 

(110C) 
12.661 15.84 16.630 6.75 11.198   

Oxygen content 8.6 8.4 12.2 14.02 10.49  

 

 

Fig. 2. Diesel engine setup. 
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high-dimensional datasets and complex applications. In engine 

research, WSA has been applied to optimise multiple parame-

ters, such as performance metrics and emissions, addressing the 

dual challenge of enhancing efficiency while meeting environ-

mental standards. Its ability to balance multiple objectives sim-

ultaneously has made WSA a valuable tool for solving real-

world problems, with its adoption steadily growing in engineer-

ing and environmental studies. The WSA algorithm directs the 

keys at repetition t near their designated search paths using the 

equation: 

 𝑥𝑖𝑗(𝑡 + 1) = 𝑥𝑖𝑗(𝑡) +  𝑠𝑙(𝑡)‧𝑑𝑖𝑗(𝑡) ∙ ‖𝑥𝑖𝑗(𝑡)‖. (1) 

In the WSA algorithm, xij(t) represents the value of the  

jth dimension for the ith solution, while sl(t) denotes the step size. 

The solution's movement direction is defined by dij(t) ∈ {1, 0, 

−1} for dimension j. The term ‖xij(t)‖ indicates the distance be-

tween the origin and the jth dimension of solution i at the tth iter-

ation. The algorithm updates the solution along its dimensions 

in the specified search directions using the second term, 

sl(t)‧dij(t)‧‖xij(t)‖ as indicated on the opposite side of Eq. (1) [16].  

3. Outcomes and analysis: diesel engine operated 

with juliflora biofuel and machine learning 

Twenty experimental trials were carried out according to the ex-

perimental design. The findings from these trials are illustrated 

in Fig. 3 and Fig. 4. Regression models were created for uncoded 

factor levels, utilising the outcomes such as NOx (g/kWh), 

Smoke Opacity (%), CO (g/kWh), HC (g/kWh), BSFC (g/kWh) 

and BTE (%). 

The graphs in Fig. 3 illustrate the performance of diesel 

(D100) and biodiesel blends (JB10, JB20, JB30, JB40) in terms 

of BTE (%) and BSFC (g/kWh) as functions of BMEP (bar).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

BTE increases with BMEP for all fuels, peaking at approxi-

mately 38% at 5.04 bar. D100 consistently exhibits the highest 

BTE, while higher biodiesel blends show slightly reduced effi-

ciency due to their lower calorific value and higher viscosity. At 

1.35 bar, BTE ranges from 15–17%, with JB40 showing the 

most significant drop. By 4.05 bar, BTE rises to 30–33%, with 

JB10 and JB20 performing closest to D100, indicating that  

 

lower biodiesel blends maintain efficiency while incorporating 

renewable fuel. Conversely, BSFC decreases with increasing 

BMEP, from ~ 450–470 g/kWh at 1.35 bar to ~ 200–220 g/kWh 

at 5.04 bar. D100 achieves the lowest BSFC, reflecting its supe-

rior fuel efficiency. Biodiesel blends, particularly JB30 and 

JB40, show higher BSFC due to biodiesel's minimal energy den-

sity and elevated viscosity, which can affect combustion. How-

ever, JB10 and JB20 closely match the BSFC of D100, demon-

strating a favourable balance between efficiency and renewable 

fuel use. Improved in-cylinder conditions at higher BMEP re-

duce the performance gap between diesel and biodiesel blends, 

making JB10 and JB20 optimal choices for maintaining effi-

ciency while integrating biodiesel. 
The graphs in Fig. 4 illustrate the emission characteristics of 

diesel fuel (D100) and biodiesel blends (JB10, JB20, JB30, 

JB40) across various brake mean effective pressures (BMEP). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
NOₓ emissions increase steadily with BMEP for all fuels, 

peaking at 0.18–0.2 g/kWh at 5.04 bar. Biodiesel blends, partic-

ularly JB30 and JB40, exhibit higher NOₓ emissions than D100 

owing to their higher oxygen presence, which improves com-

bustion but raises in-cylinder temperatures, promoting NOₓ for-

mation. At low load (1.35 bar), NOₓ exhausts range from 

0.05−0.1 g/kWh, with D100 showing the lowest levels due to 

the absence of oxygen and lower combustion temperatures. Hy-

drocarbon (HC) emissions are lowest at 1.35 bar, with biodiesel 

blends emitting less than D100, reflecting better combustion. At 

2.7 bar, emissions increase slightly, with JB40 reaching about 

0.1 g/kWh. At higher loads (4.05 and 5.04 bar), HC emissions 

rise significantly, peaking at 0.3 g/kWh for JB40 due to poor 

atomisation and reduced volatility in higher biodiesel blends. 

JB10 and JB20 demonstrate lower HC emissions, indicating bet-

 

Fig. 3. History of BTE (%) and BSFC (g/kWh) vs. BMEP (bar). 

 

Fig. 4. History of Exhaust of (a) NOx, (b) HC, (c) CO, and (d) Smoke 

opacity vs. BMEP (bar). 
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ter combustion efficiency. Carbon monoxide (CO) emissions re-

main minimal at 1.35 and 2.7 bar, staying below 1 g/kWh for all 

blends, showing efficient combustion at low loads. At 4.05 bar, 

CO emissions increase, with JB40 emitting approximately 

3 g/kWh. At 5.04 bar, CO emissions peak, with JB40 reaching 

5.5 g/kWh, highlighting incomplete combustion and lower oxi-

dation efficiency. D100 and JB10 perform better, keeping CO 

emissions below 5 g/kWh. Smoke opacity is minimal at 1.35 bar 

(<10%) for all fuels, indicating clean combustion. It increases 

slightly at 2.7 bar, with JB40 reaching 15%. At 4.05 bar, opacity 

rises significantly, with JB30 and JB40 reaching ~45%. At 

5.04 bar, smoke opacity peaks at 70% for JB40 owing to ele-

vated viscosity and inferior atomisation, which hinder burning. 

D100 consistently outperforms biodiesel blends across all pa-

rameters due to its higher volatility and better combustion char-

acteristics. 

In this study, WSA is used for optimisation. The optimisa-

tion process consists of three stages: (i) performing the trials,  

(ii) developing models for regression, and (iii) executing the op-

timisation of WSA. The factor points are provided in Table 2. 

The experimental process involves 20 trials, as outlined in 

Table 3, utilising the specified factor values. In the second 

phase, regression equations are formulated for uncoded factor 

levels. Coded models are essential for the optimisation phase, 

while the uncoded models (original models) are also constructed 

to illustrate the true mathematical relationships for the readers. 

Consequently, the data provided in Table 4 are applied in the 

second phase for model development. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Equation (2) illustrates the full quadratic model used for the 

regression analysis: 

 𝑌 = 𝛽0+𝛽1𝑋1 + 𝛽2𝑋2 + 𝛽11𝑋1
2 + 𝛽22𝑋2

2 + 𝛽12𝑋1𝑋2 + 𝜀. (2) 

In this expression, Y signifies the outcome variable, X repre-

sents the features, β stands for the coefficients, and ε denotes the 

residual error term [14,15]. Following several preliminary ef-

forts, the model is established using linear terms for Y and com- 

Table 2. Engine specifications.  

Narrative Standard 

Model Kirloskar, 4- stroke 

Cooling  Water 

Bore × stroke 78 mm × 62 mm 

Displacement 325 cm3 

No. of cylinders Mono 

CR 18.5 

Maximum speed 2600 rpm 

Maximum power 4.1 kw 

Fuel IT 14 ±1 bTDC 

Fuel IP 19.6 MPa 

 

Table 3. Level of factors. 

Features  Notation 
Levels 

L1 L2 L3 L4 

Biodiesel 
blends (vol. %) 

X1 B10 B20 B30 B40 

BMEP (bar) X2 1.35 2.7 4.05 5.04 

 

Table 4. Experimental runs.  

Run  

Uncoded factors Responses 

Biodiesel blend 
(vol. %) 

BMEP (bar) BTE (%) BSFC (g/kWh) NOx (g/kWh) HC (g/kWh)` CO (g/kWh) Smoke (%) 

1 0 1.35 18.75 441 0.13 0.04 0.8 8.12 

2 10 1.35 18.9 446 0.12 0.05 0.82 7.95 

3 20 1.35 19.12 450 0.11 0.07 0.78 7.92 

4 30 1.35 19.26 452 0.1 0.08 0.76 6.5 

5 40 1.35 19.55 454 0.07 0.06 0.74 5.5 

6 0 2.7 26.35 322 0.19 0.04 0.9 19.21 

7 10 2.7 26.56 329 0.18 0.05 0.8 18.45 

8 20 2.7 26.75 332 0.17 0.09 0.6 15.1 

9 30 2.7 26.9 338 0.165 0.11 0.5 9.94 

10 40 2.7 27.1 345 0.155 0.145 0.4 6.2 

11 0 4.05 32.1 276 0.19 0.06 2.9 55 

12 10 4.05 32.36 284 0.185 0.1 2.7 45 

13 20 4.05 32.42 288 0.18 0.14 2.5 34 

14 30 4.05 33.1 292 0.179 0.17 2.3 20.12 

15 40 4.05 33.69 297 0.175 0.19 2.1 9.45 

16 0 5.04 34.1 245 0.19 0.1 5.7 75 

17 10 5.04 34.48 249 0.18 0.15 5.5 70 

18 20 5.04 34.59 251 0.17 0.175 5.1 60 

19 30 5.04 34.78 257 0.16 0.225 4.3 55 

20 40 5.04 34.89 259 0.159 0.271 3.5 45 
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plete quadratic models for Y. Regression analysis and review of 

the model are conducted using Minitab, a commonly used ana-

lytical tool. The models related to both base factor levels and 

base outcomes are presented in Table 5. Figure 5 illustrates the 

surface plots for the outcomes, providing a clear sight of the pa-

rameter spaces. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5. Level of factors.  

BTE, % 7.617 + 9.205 BMEP (bar) + 0.0125 Blend % − 0.7931 BMEP (bar) ‧ BMEP (bar) + 0.000171 Blend % ‧ Blend % + 0.00136 BMEP (bar) ‧ Blend % 

BSFC, 
g/kWh 

580.7 - 121.40 BMEP (bar) + 0.494 Blend % + 11.001 BMEP (bar) ‧ BMEP (bar) − 0.0020 Blend % ‧ Blend % + 0.0052 BMEP (bar) ‧ Blend % 

NOx, 
g/kWh 

0.0390 + 0.08241 BMEP (bar) − 0.001336 Blend % − 0.010425 BMEP (bar) ‧ BMEP (bar) − 0.000002 Blend % ‧ Blend %  
+ 0.000165 BMEP (bar) ‧ Blend % 

HC, 
g/kWh 

0.0410 − 0.00871 BMEP (bar) + 0.000486 Blend % + 0.00346 BMEP (bar) ‧ BMEP (bar) − 0.000013 Blend % ‧ Blend %  
+ 0.000816 BMEP (bar) ‧ Blend % 

CO, 
g/kWh 

1.315 − 0.991 BMEP (bar) + 0.0308 Blend % + 0.3374 BMEP (bar) ‧ BMEP (bar) − 0.000279 Blend % ‧ Blend % − 0.01256 BMEP (bar) ‧ Blend % 

Smoke, 
% 

7.29 − 2.50 BMEP (bar) + 0.279 Blend % + 2.977 BMEP (bar) ‧ BMEP (bar) − 0.00358 Blend % ‧ Blend % − 0.2121 BMEP (bar) ‧ Blend % 

 

(a)        (b)  

(c)        (d)  

(e)        (f)  

Fig. 5. Surface plots for responses (a) BTE, (b) BSFC, (c) NOx, (d) HC, (e) CO (g/kWh) and (f) smoke opacity (%) vs. BMEP (bar). 
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The series of 3D surface plots provides a comprehensive 

analysis of the effects of BMEP and biodiesel blend percentage 

on various efficiency and exhaust features. BTE increases with 

BMEP, peaking at around 35% for moderate biodiesel blends 

(20–30%) at 5 bar, but remains below 25% at light loads (below 

2 bar) due to inefficient combustion. Higher blends (above 40%) 

slightly reduce BTE due to lower calorific value, while D100 

peaks at 33%, and JB30 achieves a maximum of 35%, showcas-

ing the efficiency advantage of moderate blending. The brake 

specific fuel consumption (BSFC) decreases with increa- 

sing BMEP, dropping from 450 g/kWh at 1.5 bar to around  

240 g/kWh at 5 bar, but increases with higher biodiesel blends 

due to lower calorific value, with JB40 showing 10–15% higher 

BSFC than D100 at all BMEP levels. NOₓ emissions rise with 

both BMEP and blend percentage, peaking at 0.2 g/kWh for 

JB40 at 5 bar due to higher in-cylinder temperatures, while mod-

erate blends like JB20 offer a balanced performance, producing 

0.15–0.18 g/kWh at higher loads, and D100 shows the lowest 

NOₓ emissions, particularly at light loads. Hydrocarbon (HC) 

emissions increase with BMEP, and are the lowest for the 0% 

blend, reaching around 0.05 g/kWh at 2 bar but rising with 

higher loads and blends. Carbon monoxide (CO) emissions also 

increase with BMEP, exceeding 6 g/kWh for higher blends at  

5 bar, while remaining negligible at low BMEP for minimal 

blends. Similarly, smoke emissions intensify with rising BMEP 

and blend percentage, surpassing 50% at 4 bar and peaking near 

75% for a 45% blend, emphasising the compounding impact of 

engine load and biodiesel blending on particulate formation and 

burning features. 

Table 6 presents the R² values for these models. To be suita-

ble for optimisation, the R² values should approach 1 (100%). In 

this case, it is concluded that the factors included in the model 

sufficiently explain the variation in the response. 

 

 

 

 

 

 

 

 

 

Table 6 presents the computed coefficients of determination 

(R², adjusted R², and predicted R²) obtained using Minitab. To 

ensure the models' validity, their significance must be evaluated. 

This is achieved through ANOVA (analysis of variance), a sta-

tistical method that uses the F-test to assess the consequence of 

regression models. As shown in Table 7, the p-values for all 

models are 0.000, confirming the statistical significance of the 

regression models. Table 8 provides the tuning factors of the 

WSA approach along with their description [15]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 6. Computed values for the coefficient of determination.  

Determination of coefficient 
Outcomes 

BTE (%) BSFC (g/kWh) NOx (g/kWh) HC (g/kWh) CO (g/kWh) Smoke (%) 

R2 (%) 99.71 99.17 96.23 98.24 98.43 97.34 

R2 (%) predicted 99.41 98.49 89.48 95.53 96.29 93.37 

R2 (%) adjusted 99.61 98.87 94.88 97.61 97.87 96.39 

 

Table 7. Regression models for all responses.  

 BTE (%) BSFC (g/kWh) 
F-value p-value 

Cause F-value p-value 

Model 978.80 0.000 332.97 0.000 

Linear 2306.71 0.000 771.34 0.000 

BMEP (bar) 4597.96 0.000 1531.31 0.000 

Blend % 15.46 0.002 11.37 0.002 

Square 140.24 0.000 61.08 0.000 

BMEP (bar) × BMEP (bar) 280.37 0.000 122.13 0.000 

Blend (%) × Blend (%) 0.11 0.745 0.03 0.859 

2 way interaction 0.11 0.741 0.00 0.952 

BMEP (bar) × Blend % 0.11 0.741 0.00 0.952 

 

 NOx (g/kWh) HC(g/kWh) CO(g/kWh) Smoke (%) 

Cause F-value p- value F- value p- value F- value p- value F- value p- value 

Model 71.43 0.000 156.10 0.000 175.99 0.000 102.39 0.000 

Linear 115.49 0.000 356.37 0.000 73.61 0.000 231.41 0.000 

BMEP (bar) 181.30 0.000 424.88 0.000 716.97 0.000 397.00 0.000 

Blend % 49.68 0.002 287.87 0.002 30.25 0.000 65.82 0.000 

Square 61.00 0.000 4.33 0.000 55.82 0.000 14.55 0.000 

BMEP (bar) × BMEP (bar) 121.96 0.000 7.74 0.000 111.00 0.438 28.75 0.000 

Blend (%) × Blend (%) 0.04 0.745 0.93 0.859 0.64 0.000 0.35 0.563 

2 way interaction 4.20 0.741 59.07 0.952 21.10 0.000 20.02 0.001 

BMEP (bar) × Blend % 4.20 0.741 59.07 0.952 21.10  20.02 0.001 
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The WSA approach determined the tuned variable levels to 

be X1 = 40 (unscaled variable level: 1) and X2 = 1.648056 (un-

scaled variable level: 0.944899). However, since X2 = 1.648056 

is not practical, it has been adjusted to 1.6 (unscaled variable  

 

level: 0.96) by rounding to the nearest suitable value. 

The given dataset in Table 9 represents optimal engine set-

tings due to its balanced performance and emissions character-

istics. 

 

 

 

 

 
A BMEP of 2.74 bar reflects a moderate torque output, en-

suring sufficient engine performance without overstressing 

components or increasing fuel consumption excessively. The 

brake thermal efficiency (BTE) of 27.81% indicates effective 

energy conversion, striking a good balance between the fuel ef-

ficiency and power output. While BSFC of 347.72 g/kWh sug-

gests relatively high fuel consumption, it reflects a compromise 

necessary to maintain lower emissions and engine reliability. 

The low NOx emissions (0.148 g/kWh) highlight effective con-

trol of combustion temperatures, reducing harmful pollutants  

to meet environmental standards. Similarly, moderate HC  

(0.1311 g/kWh) and CO (0.5448 g/kWh) levels demonstrate rea-

sonably complete combustion while preserving engine effi-

ciency. Finally, the low smoke percentage of 4.98% indicates 

minimal particulate emissions, ensuring compliance with air 

quality standards. 

4. Conclusions 

 Diesel (D100) achieves the ultimate BTE of 38% at  

5.04 bar, with BSFC around 200 g/kWh, while biodiesel 

blends like JB10 and JB20 follow closely with BTE values 

of 37−38% and BSFC of 210–220 g/kWh. At a lower 

BMEP (1.35 bar), BTE for all fuels ranges between  

15–17%, with biodiesel blends like JB40 showing the larg-

est drop and higher BSFC (450–470 g/kWh).  

 NOₓ and HC emissions rise with BMEP and biodiesel con-

tent, with biodiesel blends (especially JB30 and JB40) 

showing higher NOₓ emissions due to increased combus-

tion temperatures. 

 CO emissions and smoke opacity increase significantly at 

a higher BMEP, with JB40 peaking at 5.5 g/kWh for CO 

and 70% for smoke opacity, indicating incomplete combus-

tion in higher biodiesel blends.  

 The optimal engine settings with a balanced performance 

profile achieve a moderate torque (BMEP of 2.74 bar) and 

effective energy conversion (BTE of 27.81%).  

 The relatively high BSFC (347.72 g/kWh) is balanced by 

low emissions of CO (0.5448 g/kWh), NOₓ (0.148 g/kWh, 

and smoke opacity (4.98%), ensuring both efficiency and 

environmental compliance. These settings optimise engine 

performance while adhering to emissions standards. 

 The WSA algorithm was applied to determine the optimal 

factor levels based on the regression models. Subsequent 

confirmation tests validated these optimised settings, 

showing that BTE was maximised while emissions and 

other response parameters were effectively minimised. 
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1. Introduction 

An internal heat exchanger (IHX) is a device that transfers heat 

between a high-pressure liquid stream and a low-pressure va-

pour stream. The liquid refrigerant exiting the condenser flows 

through the inner tube, while the vapour from the evaporator cir-

culates in the outer channel. By lowering the temperature of the 

liquid before it enters the expansion devices, the IHX improves 

the overall performance of the refrigeration cycle.  

With the progressive miniaturisation of refrigeration sys-

tems, improving the effectiveness of heat exchangers has be-

come essential. This challenge has encouraged researchers to 

explore different approaches to enhance internal heat recovery. 

Methods include modifications of heat transfer mechanisms, the 

use of alternative refrigerants, and the redesign of exchanger ge-

ometry. Previous studies [1−5] demonstrated that altering the 

geometry of plate and internal heat exchangers can significantly 

improve heat transfer, enabling the development of more en-

ergy-efficient heating, ventilation and air conditioning (HVAC) 

systems. Similar solutions are increasingly applied in automo-

tive refrigeration as well. 

Figure 1 illustrates the layout of an automotive air-condition-

ing cycle. The installation comprises a compressor, a condenser 

and an evaporator connected in a closed refrigerant loop. After 

being compressed, the working fluid flows to the condenser, 

where it is cooled and condensed into liquid form with the assis-

tance of forced air provided by fans. The liquid refrigerant then  
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Nomenclature 

cp – specific heat, J/(kg·K) 

L – curve total length, m  

q  – total heat transfer rate, W 

Q – mass flow rate, kg/s  

r – cylinder radius, m  

s – distance of the forming cylinder between the nearest points 

of the helix, m  

t – parameter of moving alone the trajectory from 0 to 1 

T – temperature, oC 

 

y – Cartesian coordinate, m 

z – Cartesian coordinate, position in the axis, m 

 

Greek symbols 

θ – rotation angle of the pull-out surface, deg 

η – heat exchanger efficiency, % 

 

Abbreviations and Acronyms 

IHX – internal heat exchanger  

CFD – computational fluid dynamics  

FPGA– field programmable gate array 

 

 

passes through the IHX on its way to the evaporator, where 

a sharp temperature drop occurs during the expansion process. 

The function of the IHX is to improve system efficiency by trans-

ferring heat between the liquid stream in tube B and the colder 

vapour stream in tube A, thereby subcooling the liquid before ex-

pansion. 

Recent studies also focus on innovative heat exchanger de-

signs. Among the proposed solutions are the microjet configu-

rations [6] and technologies based on mini- and microchannels 

[7,8]. These approaches enable a significant enhancement of the 

heat transfer coefficient within the exchanger. 

Computational tools, particularly numerical simulations 

based on the finite volume methods (FVMs), have become 

a powerful instrument in heat exchanger research and design. 

Computational fluid dynamics (CFD) makes it possible to ana-

lyse complex processes, including flow behaviour, temperature 

field and stress distributions, even under challenging conditions, 

such as underground mining environments [9−12]. One of the 

key strengths of CFD is its ability to represent phenomena in 

both two- and three-dimensional domains. A comprehensive re-

view of literature on CFD applications in the heat exchanger de-

sign is provided in [13], where the authors, after examining  

66 publications, emphasised the cost-effectiveness and versatil-

ity of such simulations. They demonstrated that CFD can sup-

port the design process at various stages – from preliminary flow 

predictions to final optimisation of exchanger geometry. Numer-

ical studies [2,14] apply CFD specifically to internal heat ex-

changers in refrigeration systems using CO2, while other inves-

tigations address microchannel radiators in automotive air con-

ditioning applications [15]. 

In recent years, significant progress has been made in the de-

velopment of methods aimed at increasing the efficiency of heat 

transfer systems, particularly through the implementation of in-

novative designs, advanced simulations and the use of alterna-

tive working media. In [16], the use of machine learning was 

proposed for reconstructing multiphase fluid structures based on 

capacitive sensor data, showing the potential of intelligent diag-

nostics and control in thermal systems. 

Experimental studies presented in [17] focused on the per-

formance of a pumping engine in a micro organic Rankine cycle 

(micro-ORC) system utilising a low-boiling working fluid, 

demonstrating the influence of thermodynamic cycle design on 

the overall system efficiency. The study in [18] analysed the op-

eration of a hybrid heating system based on heat pumps inte-

grated with a photovoltaic installation, highlighting the growing 

role of renewable energy sources in thermal system optimisa-

tion. 

In [19], a coupled heat, mass, and momentum transfer model 

was developed for a refrigerated storage chamber, providing 

valuable insights into the thermal behaviour of complex cooling 

environments. Furthermore, numerical simulations presented in 

[20] compared the effects of different baffle configurations in 

rectangular heat exchanger channels, confirming that modifica-

tions in internal geometry can significantly enhance heat transfer 

performance. 

These studies emphasise the importance of combining ex-

perimental measurements with numerical modelling and intelli-

gent analysis methods to design more efficient heat exchangers. 

The current research continues this trend by evaluating the im-

pact of twisted outer channel geometry on the thermal efficiency 

of an internal heat exchanger operating with propylene glycol. 

2. Geometry of internal heat exchangers and  

refrigerant selection 

The simulations were performed for two tube-in-tube counter-

flow heat exchanger configurations, as illustrated in Fig. 2. In 

the first variant (model I), sixteen outer channels of the cooled 

medium were arranged in parallel to the central heating channel. 

In the second variant (model II), those outer channels were hel-

ically wound around the inner tube. In both variants, the ex-

changer design includes a central channel with a diameter of 

16.4 mm, surrounded by sixteen outer channels. The cross-sec-

tional shape and dimensions of these outer channels are pre-

sented in Fig. 3. Each considered heat exchanger type had an 

external radius of 12.5 mm and a total length of 1.0 m. 

 

 

Fig. 1. Scheme of the car air-conditioning system [6]. 
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In model I, the outer channels were designed as straight pris-

matic channels. In contrast, model II employed helically wound 

outer channels, generated according to a parametric curve equa-

tion. The trajectory of this curve was implemented through 

a surface-extraction script in the pre-processing software: 

 𝑠 = 2𝜋𝑟ctg(𝜃), (1) 

 𝜃 =
𝐿

𝑠
𝑡 ∙ 360, (2) 

 𝑧 = 𝑡𝐿, (3) 

where: s − distance of the forming cylinder between the nearest 

points of the helix, r – radius of the cylindrical surface defining 

the outer channel on which the helical trajectory is generated,  

θ − rotation angle of the pull-out surface, L − total length of the 

curve, t − parameter of moving alone the trajectory from 0 to 1,  

z − position in the axis. 

The refrigerant used in research was the antifreeze propylene 

glycol InnovaTherm P/P-ALU (Table 1). It is an environmen-

tally friendly liquid that is safe for humans. Additionally, it con-

tains corrosion inhibitors for aluminium installations, extending 

their service life. 

3. Laboratory research 

The main purpose of laboratory tests [22] was to record the me-

dium temperature at the inlet and outlet of the exchanger chan-

nels in various geometries. The assumptions for the laboratory 

station were to guarantee the possibility of testing the flow of 

liquid inside the IHX in the opposite direction. 

To enable liquid temperature measurements in outer chan-

nels for both exchanger models, it was decided to use the con-

nector, which was made by 3D printing technology. The con-

nector is the end element of the exchanger, which directs the 

flow of liquid to the measuring point. Also, it performs a sealing 

function. Design of a measuring station is shown in Fig. 4. Ther-

mostats with parameters shown in Table 2 were used as the 

source of heat and cold. 

The ends of the inner aluminium tube were threaded and then 

metal ends were placed at their ends to allow the system to be 

connected by a quick coupling system. Short conductive alumin-

ium tubes were mounted on the ends of the outer tube to allow 

temperature reading. Temperature sensors were placed in selected 

locations. During the tests, the influence of external temperature 

on the measurements was limited by applying insulation foams. 

To ensure the simultaneous temperature measurement at the 

inlet and outlet of the exchanger, it was decided to use digital 

DS18B20 temperature sensors produced by MAXIM-DALLAS 

Company. The temperature measurement range of the sensors 

was from  55°C to 125°C, with a measurement accuracy de-

clared by the manufacturer of 0.5%. A programmable system 

logic type FPGA (field programmable gate array) Cyclone III 

manufactured by INTEL Company [22] was used. The extension 

 

Fig. 2. Internal heat exchanger models. 

 

Fig. 3. Heat exchanger cross-section. 

Table 1. Selected properties of InnovaTherm P/P-ALU liquid [21]. 
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Fig. 4. Design of a measuring station. 

Table 2. Parameters of thermostats. 

Thermostat 
Temperature 

range (C) 
Pump pres-
sure (bar) 

Max. pump 
flow (l/min) 

Lauda A100 20−100 0.4 17 

Lauda  
WKL 1000 

10−40 1.0 30 

 

https://pl.bab.la/slownik/angielski-polski/quick-coupling
https://www.tme.eu/pl/katalog/?id_producer=237
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of the laboratory station enabled testing of two internal heat ex-

changers simultaneously. Both stations were connected in paral-

lel, which enabled testing both heat exchangers under the most 

similar conditions. The complex set is shown in Fig. 5. Operating 

parameters of the thermostats during laboratory test are presented 

in Table 3. 

4. Numerical calculations 

The next stage of research on the IHX cooling efficiency for var-

ious geometries was numerical tests using computational fluid 

dynamics. In order to obtain correct numerical calculation re-

sults, it was necessary to apply a dense calculation mesh. It was 

decided to use the mesh size function, which allows control of 

the size of the numerical mesh around the selected point, edge 

or surface [23]. A three-dimensional model of the internal heat 

exchanger was digitised with an unstructured tetrahedral mesh, 

which then, due to the large size of the model and selection of 

a dense computing mesh, was converted into a polyhedral mesh. 

The advantage of using this type of mesh is to obtain more ac-

curate results by converting bad cells and obtaining the final re-

sults faster due to a smaller number of cells compared to the tet-

rahedral mesh. Mesh conversion was made using the Ansys Flu-

ent 2020 software. The mesh consisted of 2.15 million elements 

for each geometric model. For numerical calculations, the k-ε tur-

bulent model was used [23]. 

In the studied issue, there are two media: a liquid in the form 

of propylene glycol and a solid in the form of aluminium alloy. 

Their properties, presented in Table 4, were defined based on 

the Ansys Fluent software material database. 

Boundary conditions for inner and outer channels were de-

fined as a flat inlet velocity profile. The value of velocity was 

selected according to the pump flow parameters (Table 5). 

5. Results of laboratory tests and numerical  

calculations 

The results of temperature measurements at the inlet and outlet 

of the channels in models I and II, carried out on a laboratory 

model, are presented as averaged temperature values from 30 

measurement obtained after the temperature stabilisation, as 

shown in Tables 6 and 7, where: TR1 – refrigerant temperature at 

the hot inlet of the outer channel, TR1'– refrigerant temperature 

at the hot outlet of the outer channel in model I, TR1'' – refriger-

ant temperature at the hot outlet of the outer channel in model 

II, TR2 – refrigerant temperature at the cold inlet of the inner 

channel, TR2' – refrigerant temperature at the cold outlet of the 

inner channel in model I, TR2'' – refrigerant temperature at the 

cold outlet of the inner channel in model II. 

The results of laboratory measurements allow us to notice 

changes in the temperature value at the outlet of the outer channel, 

caused by a change in the heat exchanger geometry. Twisting the 

outer channels, in which the heating medium flows, caused the 

decrease in temperature at the outlet by 2.2°C. The obtained tem-

perature at the outlet of the outer channel in model I is 43.0°C 

(Table 6), in model II this temperature drops to 40.80°C (Table 7). 

The results of numerical calculations of the refrigerant tem-

perature distribution in models I and II of the IHX are presented  

Table 3. Thermostat operating parameters during laboratory test.  

Channel 
type 

Pump flow 
(l/min) 

Velocity 
(m/s) 

Mass 
flow rate 

(kg/s) 

Tempera-
ture 

(C) 

Inner 
channel 

20 1.58 0.35 19.60 

Outer 
channel 

12 2.69   0.013 58.60 

 

 

 

Fig. 5. Laboratory station for two internal heat exchangers (IHXs). 

Table 5. Boundary conditions for numerical simulation.  

Channel type 
Pump flow 

(l/min) 
Velocity 

(m/s) 

Mass flow 
rate 

(kg/s) 

Temperature 

(C) 

Inner channel 20 1.58 0.35 19.60 

Outer channel 12 2.69 0.013 58.60 

 

Table 4. Properties of used materials.  

Material 
Density 
(kg/m3) 

Thermal conductiv-
ity coefficient 

(W/(m·K)) 

Kinematic 
viscosity 

(kg/(m·s)) 

Specific 
heat 

(J/(kg·K)) 

Propylene 
glycol 

1040 0.457 0.0157 2510 

Aluminium 
alloy 

2719 202.4 − 871 
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in the temperature diagram in the inner and outer channels. In ad-

dition, the results are presented in the form of temperature con-

tours. The initial flow parameters at the inlet of the inner channel, 

outer channel and calculated parameters at the outlet are presented 

in tabular form [24]. 

Figure 6 shows the temperature distribution at the exchanger 

cross-section y = 0 m. Due to the counter-current flow configu-

ration, this plane corresponds to the inlet of the outer channel 

and the outlet of the inner channel. The figure illustrates the dif-

ference in refrigerant temperature between model I and 

model II. As the medium flows through the outer channels from 

y = 0 m to y = 1 m, the influence of the lower temperature in the 

inner channels becomes evident, leading to a reduction in the 

refrigerant temperature in the outer channel. At the outlet of the 

outer channel (y = 1 m), the influence of the twisted outer chan-

nels (model II) is noticeable, resulting in a lower refrigerant tem-

perature compared to model I. The heating effect of refrigerant 

flowing through the inner channel in model II is slightly larger 

compared to model I. During the temperature contours analysis, 

a higher temperature of refrigerant was observed near the chan-

nel wall compared to the temperature in the central part of the 

channel cross-section (Fig. 7). This is due to the way of medium 

flows. During the fluid flow in closed channels, velocity and 

temperature profiles are created in subsequent cross-sections. 

The maximum value of velocity is located in the middle flow 

zone, which is a potential core, within which the lowest heat ex-

change occurs. For both models I and II, the biggest changes in 

temperature values occur at the end cross-section of the inner 

and outer channels. It is caused by the occurrence of the largest 

temperature gradient in these cross-sections.  
The changes observed in the potential core flow region in the 

inner channel indicate an increase in the cooling effect in mo-

del II. These differences are visible in Tables 8 and 9, where:  

T1 – refrigerant temperature at the hot inlet of the outer channel, 

T1' – refrigerant temperature at the hot outlet of the outer channel 

in model I, T1'' – refrigerant temperature at the hot outlet of the 

outer channel in model II, T2 – refrigerant temperature at the 

cold inlet of the inner channel, T2'– refrigerant temperature at 

the cold outlet of the inner channel in model I, T2'' – refrigerant 

temperature at the cold outlet of the inner channel in model II. 

For the same boundary conditions, the difference in temperature 

obtained at the inner channel outlet between model I and model II 

is 0.64°C. In the outer channel, the temperature at the outlet de-

creased due to a geometry change from 43.23°C to 41.94°C. 

The temperature distribution in the outer channel, obtained 

using the numerical method, corresponds to the temperature ob-

tained during the laboratory test. For the same boundary condi-

tions, at the outlet of the outer channel in model I, the measured 

temperature is 43.00°C, while the temperature obtained by the 

numerical method is 43.23°C. In the case of results for model II, 

the difference between the obtained results from numerical cal-

culation and measurements increases to 1.14°C. 

Table 6. Laboratory measurement results – refrigerant temperature 

at the inlet and outlet of model I channels.  

Inner channel Outer channel 

cold inlet hot inlet 

TR2 = 19.60C TR1 = 58.60C 

cold outlet  hot outlet 

TR2' = 40.20C TR1' = 43.00C 

 

Table 7. Laboratory measurement results – refrigerant temperature 

at the inlet and outlet of model II channels  

Inner channel Outer channel 

cold inlet hot inlet 

TR2 = 19.60C TR1 = 58.60C 

cold outlet  hot outlet 

TR2'' = 39.20C TR1'' = 40.80C 

 

 

Fig. 6. Numerical simulation results − temperature distribution in  

the inner and outer channels. 

 

Fig. 7. Numerical simulation results − temperature contours 

for model I and II. 

Table 9. Numerical calculation results – refrigerant temperature at the 

inlet and outlet of model II channels.  

Inner channel Outer channel 

cold inlet hot inlet 

T2 = 19.60C T1 = 58.60C 

cold outlet  hot outlet 

T2" = 29.45C T1" = 41.94C 

 

Table 8. Numerical calculation results – refrigerant temperature at the 

inlet and outlet of model I channels.  

Inner channel Outer channel 

cold inlet hot inlet 

T2 = 19.60C T1 =58.60C 

cold outlet  hot outlet 

T2' = 28.81C T1' = 43.23C 
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Much larger discrepancies between the results of laboratory 

tests and numerical calculations were obtained for the inner 

channel. For model I, the measured temperature at the outlet of 

the inner channel is 40.20°C, while the temperature obtained by 

numerical calculations is 28.81°C. For model II, the measured 

temperature at the outlet of the inner channel is 39.20°C, while 

the numerical calculations show a temperature of 29.45°C.  

Such significant differences in temperature indications for the 

inner channel can be caused by the temperature sensors' location 

in the channel cross-section. Analysing the graph in Fig. 8, 

which shows the temperature distribution in the inner channel 

cross-section in model II, the lower temperature (26.00°C) 

around the channel axis can be observed. However, near the in-

ner channel wall, this temperature increases to around 55.00°C. 

The temperature obtained from numerical simulations is the av-

erage temperature for the entire cross-section of the inner chan-

nel, while the measurement results indicate the temperature at 

one point in the cross-section. This temperature varies depend-

ing on the selection of the measuring point. 

The heat exchanger efficiency for models I and II was calcu-

lated using the following formulas: 

 

𝜂𝑅𝐼 =
𝑇𝑅1−𝑇𝑅1′

𝑇𝑅1−𝑇𝑅2
⋅ 100%,

𝜂𝑅𝐼𝐼 =
𝑇𝑅1−𝑇𝑅1"

𝑇𝑅1−𝑇𝑅2
⋅ 100%,

𝜂𝐼 =
𝑇1−𝑇1′

𝑇1−𝑇2
⋅ 100%,

𝜂𝐼𝐼 =
𝑇1−𝑇1′

𝑇1−𝑇2
⋅ 100%,

 (4) 

where 𝜂𝑅𝐼 and 𝜂𝑅𝐼𝐼 are the heat exchanger efficiency for model 

I and model II, respectively, both calculated based on the labor-

atory measurements, and 𝜂𝐼 and 𝜂𝐼𝐼 represent the heat exchanger 

efficiency for model I and model II, respectively, calculated 

based on numerical simulation results. 

The heat transfer rate may be obtained from the overall en-

ergy balance for the hot fluid. The total heat transfer rates for 

models I and II were calculated using the following formulas: 

 

𝑞𝑅𝐼 = 𝑄𝑚𝑐𝑝 (𝑇𝑅1 − 𝑇𝑅1
′
) ,

𝑞𝑅𝐼𝐼 = 𝑄𝑚𝑐𝑝 (𝑇𝑅1− 𝑇𝑅1
′′
) ,

𝑞𝐼 = 𝑄𝑚𝑐𝑝 (𝑇1 − 𝑇1
′
) ,

𝑞𝐼𝐼 = 𝑄𝑚𝑐𝑝 (𝑇1 − 𝑇1
′′
) ,

 (5) 

where: 𝑄𝑚 = 0.013 kg/s, 𝑐𝑝 = 2510 J/(kg∙K); 𝑞𝑅𝐼  is the total heat 

transfer rate for model I, calculated based on laboratory meas-

urements; 𝑞𝑅𝐼𝐼 − total heat transfer rate for model II, calculated 

based on laboratory measurements; 𝑞𝐼 − total heat transfer rate 

for model I, calculated based on numerical calculation results; 

𝑞𝐼𝐼 − total heat transfer rate for model II, calculated based on 

numerical calculation results. 

The calculated heat exchanger efficiency and total heat 

transfer rate are presented in Table 10, where: RI – results of 

laboratory measurements for model I, RII – results of laboratory 

measurements for model II, I – results of numerical calculations 

for model I, II – results of numerical calculations for model II. 

The results show that the changes in geometry of the heat ex-

changer outer channels increase the efficiency of heat exchange 

by 5.06%. This efficiency was calculated based on laboratory 

measurements. As regards the numerical simulation results, the 

difference in the calculated efficiency between models I and II 

was 3.33%. 

For the operating conditions presented above, the calculated 

heat transfer rate based on laboratory measurements is 509.03 W 

for model I and 580.81 W for model II. In the case of numerical 

simulation, the calculated heat transfer is equal to 501.52 W for 

model I and 543.62 W for model II. 

4. Conclusions 

This paper presents the results of laboratory tests and numerical 

simulations investigating the impact of constructional modifica-

tions on the cooling efficiency of an internal heat exchanger us-

ing propylene glycol as a refrigerant. Two heat exchanger mod-

els with different outer channel geometries were designed and 

analysed. In model I, the outer channels were arranged parallel 

to the inner channels, while in model II, the outer channels were 

helically twisted around the inner channel. 

The experimental results indicate that modifying the geom-

etry of the outer channels led to a 5.06% increase in cooling ef-

ficiency when compared to the conventional parallel design. 

This improvement is attributed to the elongation of the outer 

channels, which enhanced the heat exchange surface area and 

improved thermal performance. Additionally, the modification 

resulted in a 2.2°C lower temperature at the inner channel outlet, 

further demonstrating the effectiveness of the twisted-channel 

configuration. The total heat exchange rate also increased by 

nearly 72 W, which translates into improved efficiency of the 

car air conditioning system. 

 

Fig. 8. Temperature distribution in the inner channel cross section, 

model II. 

Table 10. Summary of the calculated exchanger efficiency and 

total heat transfer rate for model I and II.  

 
Heat exchanger  

efficiency (%) 
Total heat transfer  

rate (W) 

RI 40.00 509.03 

RII 45.06 580.81 

I 39.41 501.52 

II 42.74 543.62 
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The findings from laboratory tests were further validated 

through numerical simulations, which provided a detailed rep-

resentation of heat transfer characteristics in both models. The 

numerical calculations closely aligned with the experimental re-

sults, confirming the reliability of the applied methodology. The 

boundary conditions used in the simulations were consistent 

with laboratory assumptions, ensuring the accuracy of the com-

putational models. 

These results highlight the potential benefits of implement-

ing twisted outer channel designs in heat exchangers for auto-

motive applications. By enhancing heat transfer performance, 

such modifications contribute to the development of more effi-

cient and cost-effective refrigeration systems, reducing energy 

consumption and improving overall system reliability.  
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1. Introduction 

Interaction of mixed (combined free and forced) convection 

with either (or both) of the other two modes of heat transfer,  

viz. conduction and radiation, continues to attract the attention 

of the researchers working in heat transfer. This is the case with 

all kinds of geometries (plates, channels, cavities, and so on). 

Carpenter et al. [1] reported their numerical studies on the role 

enacted by radiation along with developing laminar natural con-

vection between vertical plates possessing asymmetric and uni-

form heat fluxes. Sparrow et al. [2] came out with their numeri-

cal calculations on coupled radiation and developing natural 

convection in a channel having one isothermal and one adiabatic 

wall. Anand et al. [3] performed numerical studies on the role 

exhibited by conduction and natural convection between asym-

metrically heated plates subjected to uniform surface tempera-

ture. Almost simultaneously, Kim et al. [4] carried out numerical 

studies on a similar problem for the configuration of uniform 

surface heat flux. The governing equations were solved by them 

through the implicit finite difference method. Kim and An- 

and [5] performed a numerical study on developing laminar flow 

of a fluid and the accompanying transfer of heat between a string 

of parallel and conducting plates comprising the heat generating 

blocks mounted on their walls, with air taken as the coolant.  
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Abstract 

Numerical studies on combined free and forced convection together with radiation in a channel comprising two plates that 
are vertical and parallel are made. The channel here addresses two cases, viz. symmetric, and asymmetric isothermal walls. 
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Nomenclature 

A – aspect ratio of the vertical channel, [L/S] 

𝐶𝑓- mean friction coefficient 

Fij – view factor from the ith to the jth element of an enclosure 

GrS – Grashof number, (g(TLT)S3/2) 

g – local acceleration due to gravity, 9.81 m/s2 

G – irradiation, W/m2 

J – radiosity, W/m2 

L – channel height, m 

NuC(Left) – mean convection Nusselt number over the left wall,  

                    −(1 𝐴⁄ ) ∫ (∂𝜃 ∂𝑌⁄ )𝑌=0
𝐴

0
d𝑋 

NuC(Right) – mean convection Nusselt number over the right wall,  

                       −(1 𝐴⁄ ) ∫ (∂𝜃 ∂𝑌⁄ )𝑌=1
𝐴

0
d𝑋 

NuC – mean convection Nusselt number over both walls,  

           NuC(Left)+NuC(Right) 

NuR – mean radiation Nusselt number over both walls,  

           NuR(Left)+Nu𝑅(Right) 

PeS- Peclet number based on channel spacing 

Pr – Prandtl number, (/) 

Q – total rate of heat transfer from the channel, (QC+QR), W/m 

QC – net convection heat transfer rate from the channel, W/m 

QR – net radiation heat transfer rate from the channel, W/m 

ReS – Reynolds number, [uS/] 

RiS – Richardson number, [GrS/ReS
2] 

S – channel width (spacing), m 

T – temperature at a given location, K 

TL – left wall temperature of the channel, K 

TR – right wall temperature of the channel, K 

T – entry temperature of air, K 

t – wall thickness, m 

U, V – non-dimensional vertical and horizontal velocities 

u – entry velocity of air, m/s 

x, y – axial and transverse distances, respectively, m 

X, Y – normalised axial and normalised transverse distances, [x/S] and  

           [y/S], respectively 

 

Greek symbols 

 – channel wall emissivity 

 – normalised local temperature, [(TT)/(TLT)] 

 – Stefan-Boltzmann constant, 5.669710-8 W/(m2 K4) 

ψ,ω – non-dimensional stream and vorticity functions 

 
Hacohen et al. [6] documented experimental as well as nu-

merical findings on the formation of the boundary layer together 

with heat transfer coefficients in several thermally simulated 

electronic components catering to both forced and free convec-

tion environments in a channel. Watson et al. [7] worked on nu-

merical simulations on laminar combined natural and forced 

convection between several plates that are parallel and vertically 

disposed, carrying planar heating elements. 

Gururaja Rao [8] explored coupled conduction-mixed con-

vection-radiation from the configuration of a plate that is verti-

cally disposed and has an embedded discrete heater that 

traverses along the plate, and elucidated, quantitatively as well 

as qualitatively, the roles enacted by the two surface heat trans-

fer modes, viz. convection and radiation. Multi-mode heat trans-

fer connecting free convection and internal thermal conduction 

speaking about a vertical heat generating plate has been probed 

by Mamun et al. [9]. A theoretical investigation narrating mixed 

convection flow of a nanofluid consisting of water and alumina 

for the geometry of a vertical micro channel has been credited 

to Malavandi and Ganji [10]. Londhe and Gururaja Rao [11] 

delved into the interplay between combined natural and forced 

convection, conduction and radiation catering to a channel held 

vertically and heated discretely. They handled the channel that 

had three identical and symmetrically positioned embedded dis-

crete heaters in the left wall of the channel. Fairly recently, Shah 

and Gururaja Rao [12] extended the above work by replacing 

the identical and symmetrically positioned heaters with five dis-

crete heaters of progressively decreasing sizes in the left wall of 

the channel. The results of a conjugate study on heat transfer by 

the combined modes of natural convection and radiation from 

an array of fins have been documented by de Araujo et al. [13], 

making use of a semitransparent fluid medium as the cooling 

agent. 

A review of the various findings documented in multi-mode 

heat transfer from the geometry of a channel indicated that a de-

tailed probe into the channel geometry that comprises (i) sym-

metrically and (ii) asymmetrically heated isothermal walls is not 

explicitly covered in the literature. Thus, the same has been ex-

plored in the current paper. The finite volume method (FVM) is 

used for this purpose. It is also proposed to prepare an appropri-

ate computer program to tackle the present problem. Along with 

the simulation studies, an attempt is made here to arrive at the 

correlations for (i) mean convection Nusselt number and (ii) 

mean radiation Nusselt number through a huge numerical data 

set obtained from the computer code written here. 

2. Problem description and solution methodology 

Figure 1 shows the vertical parallel wall channel of height L and 

spacing (or width) S. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The aspect ratio (A) of the channel is defined as (L/S). For 

a given height (L), a larger A implies a narrower channel, and 

a smaller A pertains to a broader channel. The left wall is hotter 

(TL) than the right wall (TR) for the case of “asymmetric wall 

heating”, while both walls acquire identical temperatures 

 

Fig. 1. Symmetrically or asymmetrically heated vertical channel  

considered in the present study. 
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(TR = TL) for the case of “symmetric wall heating”. The left and 

right wall emissivities are, respectively, L and R, and these too 

may (or may not) be equal. The cooling agent (air) is seen enter-

ing the channel from the bottom end at a uniform velocity [u] 

and a uniform temperature [T]. The basic equations of conser-

vation of mass, momentum, and energy, after their initial con-

version into vorticity-stream function form and an accompany-

ing normalisation, are: 

 𝑈
𝜕𝜔

𝜕𝑋
+ 𝑉

𝜕𝜔

𝜕𝑌
= −Ri𝑆

𝜕𝜃

𝜕𝑌
+

1

Re𝑆
[

𝜕2𝜔

𝜕𝑋2 +
𝜕2𝜔

𝜕𝑌2], (1) 

 
∂2𝜓

∂𝑋2 +
∂2𝜓

∂𝑌2 = −𝜔, (2) 

 𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

1

Pe𝑆
[

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2]. (3) 

The Richardson number (RiS), based on the channel spacing 

(S), and defined as (GrS/ReS
2), appears in the vorticity-transport 

equation (Eq. (1)). It marks the distinction between different re-

gimes of convection, viz. forced convection dominant 

(RiS << 1), pure mixed convection (RiS = 1) and free convection 

dominant (RiS >> 1) regimes. The “enclosure method of analy-

sis” comprising the radiosity (J) – irradiation (G) formulation is 

used for the calculations involving radiation. 

2.1. Boundary conditions used 

The various boundary conditions used in the current study are 

shown in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2. Discretisation of the computational domain and 

the grid sensitivity test 

The computational domain has been discretised adhering to the 

condition that a specific number of finer grids always exist (i) at 

the bottom end of the channel from where the fluid (air) begins 

its flow and (ii) near each channel wall, where the gradients of 

velocity and temperature are comparatively steeper. This led to 

using the “cosine function” to generate the grids in Y-direction, 

and a “semi-cosine function” is used in X-direction along the 

channel walls. In the domain beyond the channel exit, uniformly 

spaced grids are preferred in axial direction, without any change 

in the grid pattern in Y-direction. 

A “grid sensitivity test” is conducted for a typical case with 

TL = TR = 100oC, A = 8, RiS = 1, ReS = 100 and GrS = 10000. The 

grid sensitivity is tested in two stages – first with M fixed and 

later with N fixed. The results of the first stage show that the 

difference in NuC between the grid sizes 81141 and 81161 is 

0.008%, while the difference in 𝐶𝑓 between the same two grid 

sizes is 0.0002%. The results of the second stage of the study 

with N fixed indicate that the difference in NuC between grid 

sizes 81141 and 101141 is 0.72%, while for 𝐶𝑓, the difference 

between these two grid sizes is 0.55%. In view of these results, 

M and N have been fixed as 81 and 141, respectively. 

It is to be noted that, in the above study, the number of grid 

elements along the channel is 90 (i.e. the number of nodes along 

the channel N1 = 91), which is based on another study for the 

same typical case as above. It can be noticed from the table that 

the difference in NuC between N1 = 71 and 91 is 4.39%, while 

that between N1 = 91 and 111 is 0.51%. Regarding 𝐶𝑓, the dif-

ference between N1 = 71 and 91 is 0.083% and that between  

N1 = 91 and 111 is 0.029%. Thus, N1 is fixed as 91. Hence, for 

all the subsequent calculations, a grid pattern with M = 81, 

N1 = 91 and N = 141 is used. Figure 3 illustrates one such typical 

grid system used in the current work. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Various boundary conditions used in the present study. 

 

Fig. 3. Grid pattern used for one of the cases of the present work. 
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2.3. Calculations 

The velocities and temperatures everywhere in the computa-

tional domain are the initial results in the work. The local con-

vection Nusselt numbers along the two walls (both hot and cold) 

are evaluated by using a second degree Lagrangian polynomial, 

while the mean convection Nusselt number (NuC) based on each 

of the two walls is calculated by numerical integration (the 

Simpson’s 1/3 rule). The mean convection Nusselt number 

based on both walls (NuC) is then obtained by adding algebrai-

cally the mean convection Nusselt numbers based on each chan-

nel wall, thus calculated. On similar lines, the mean radiation 

Nusselt number (NuR) based on both walls is the algebraic sum 

of the mean radiation Nusselt numbers on the two walls. All the 

calculations are made employing air (cooling agent) that is 

treated as non-participating in radiation. The height (L) of the 

channel is taken equal to 23.34 cm. 

3. Results and discussion 

In this section, some prominent results obtained in the present 

study will be presented. 

3.1. Dependence of mean convection Nusselt number 

on other parameters 

Figure 4 shows a family of curves depicting variations of the 

average convection Nusselt number (NuC) with Richardson 

number (RiS). The curves are plotted for four values of aspect 

ratio (A = 4, 8, 12 and 16) for a typical case of symmetric wall 

heating (R = 1), with TL = TR = 100oC.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The figure reveals that, for a given aspect ratio (A), NuC de-

creases as RiS increases from 0.01 to 100. This is because, in this 

example, GrS is held fixed, and thus ReS decreases as RiS in-

creases. This means that the flow shifts from the regime of 

forced convection to that of natural convection, which brings 

down the heat transfer rate and thus the Nusselt number in the 

channel. However, the amount of decrease in NuC is higher in 

the forced convection regime (0.01  RiS < 1) than in the natural 

convection regime (1 < RiS  100). Calculations indicate that, 

for A = 4, NuC decreases by 55% between RiS = 0.01 and 1, while 

it decreases only by about 34% between RiS = 1 and 100. Also, 

beyond RiS = 100, the variation in NuC tends to be asymptotic 

with reference to RiS, especially towards larger aspect ratios. 

The figure further indicates that NuC diminishes as the aspect 

ratio (A) increases between 4 and 16, for a given RiS. This is 

because, with the channel height (L) remaining unaltered as A 

increases, the channel spacing (S) decreases. Since NuC is based 

on S, there is an understandable decrease in NuC with the in-

creasing A. Looking into the example here, for RiS = 1 (mixed 

convection), NuC is found to decrease by as much as 84% as the 

aspect ratio increases from 4 to 16. Trends of a similar kind are 

perceived in the case of asymmetric wall heating also. 

3.2. Roles taken up by convection and radiation in 

channel heat dissipation 

In the current problem, both convection and radiation contribute 

to dissipation of heat from the channel. The heat transferred by 

convection (free and forced) and that transferred by radiation are 

independently calculated. The net heat transfer in the channel is 

then obtained as the algebraic sum of the rates of convection and 

radiation heat transfer. The design of any cooling system  

(e.g. for electronic equipment) that uses a gaseous medium (say 

air) as the coolant should necessarily take radiation into account, 

because a sizable amount of heat may get transferred by radia-

tion in all such applications. The current study is taken up to 

address this issue adequately. 

The role radiation plays in heat transfer from the channel can 

be best delineated by considering a typical case with A = 4, 

TL = TR = 100oC (R = 1), T = 25oC and GrS = 104. Five values 

of RiS (= 0.01, 0.1, 1, 10 and 100) and three values of wall emis-

sivity (L = R = 0.05, 0.45 and 0.85) are considered. In this 

study, convection heat transfer is not a function of emissivity 

(), while radiation heat transfer is not a function of Richardson 

number (RiS). Figure 5 shows a family of curves depicting the 

relative roles enacted by convection and radiation in channel 

heat dissipation plotted against RiS for the three values of emis-

sivity opted above. 

It is noticeable that the role exhibited by convection tapers 

down as RiS increases from 0.01 to 100 for a given , while the 

contribution of radiation continuously increases. In the example 

here, for  = 0.45, the radiation heat transfer (QR) remains  

constant at 126.54 W/m for all values of RiS. However, the  

convection heat transfer (QC) decreases from 313.99 W/m to  

60.35 W/m, as RiS increases from 0.01 to 100. The net result is 

that the total heat transfer (Q) decreases from 440.53 W/m to 

186.89 W/m. Thus, the convection contribution in the total heat 

transfer decreases from 71.28% to 32.29%, with a mirror-image 

increment in radiation heat transfer from 28.72% to 67.71%. If 

one were to design a cooling system overlooking radiation, the 

heat dissipation rate in the channel for RiS=100 would have been 

reported as only 60.35 W/m (= QC). However, there is an ac-

companying radiation heat transfer of 126.54 W/m (for 

L = R = 0.45), which is more than two times the convection 

heat transfer rate. 

 

Fig. 4. Dependence of mean convention Nusselt number  

on Richardson number for different aspect ratios of the channel. 
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It can also be noticed that the curves belonging to convection 

and radiation cross each other for the case where L = R = 0.45, 

implying equal contributions to heat transfer at RiS  5. The fig-

ure also reveals that for a given RiS, there is a continuous de-

crease in the percentage of convection heat transfer, with a pro-

portionate increase in its radiation counterpart, as  (L or R, 

which are equal in this specific example) increases from 0.05 to 

0.85. In the current example, for RiS = 1, the heat transfer by 

convection (QC) remains constant at 137.3 W/m for all values  

of  (due to its non-dependence on ). The radiation heat trans- 

fer (QR), on the other hand, increases from 11.03 W/m to  

671.32 W/m, as  increases from 0.05 to 0.85. In effect, the share 

of convection in total heat transfer drops down from 92.56% to 

16.9%, with the contribution from radiation increasing from 

7.44% to 83.1%. In this context, if a cooling system is designed 

ignoring radiation, and if the channel walls, for example, have 

an emissivity () of 0.85, the heat transfer rate would have been 

calculated as 137.3 W/m (= QC) only. However, the radiation 

heat transfer for this case is 671.32 W/m. Thus, there is a total 

heat transfer of 808.62 W/m here, which is about 5.9 times the 

heat transfer (QC) that would have been reported had radiation 

been ignored. The above exercise thus highlights the importance 

of the role radiation plays in this class of problems. 

3.3. Correlations for the case of symmetric wall heating 

The following ranges of different independent parameters have 

been used here: 

1  A  16, 

0.05  L,   R  0.85, 

0  R  1, 

0 < 𝑇R1
  1, 

0 < 𝑇R2
  1, 

0.01  RiS  100, 

1  ReS  10000, 

10  GrS  10000. 

A correlation has been deduced for the mean convection 

Nusselt number (NuC) based on both walls of the channel:  

 Nu𝐶 = 2.84 𝐴−0.65𝑇R1

0.49 Re𝑆
0,46 (1 + Ri𝑆)0.09. (4) 

It is to be noted that NuC, correlated above, is based on the 

channel spacing (S). Equation (4) has the coefficient of correla-

tion equal to 0.991 and the error band equal to + 4.3%. For ob-

taining the correlation above, (1+RiS) has been chosen as the 

most appropriate form for RiS. This is due to the reason that, in 

the situation where RiS = 0, NuC would not be zero since it still 

possesses the forced convection component. 

For the left wall of the channel, based on a set of 45 data 

points, a correlation for NuR turns out to be: 

     NuR(Left) = 187.46 𝐴−1.12(1 − 𝑇R1

4 )−0.09𝜀L
1.55𝜀R

−0.07. (5) 

The coefficient of correlation given by Eq. (5) is 0.998, and 

it has the error band = + 4.9%. For the same 45 data points as 

used for Eq. (5), the correlation for Nu𝑅, based on the right wall 

of the channel, having the coefficient of correlation equal to 

0.993 and the error band equal to + 5.1%, turned out to be: 

     NuR(Right) = 171.89 𝐴−1.18(1 − 𝑇R1

4 )−0.49 𝜀L
0.03𝜀R

1.64. (6) 

3.4. Correlations for the case of asymmetric wall  

heating 

The mean convection Nusselt number (Nu𝐶) based on both 

channel walls (left as well as right), for asymmetric wall heating, 

has been correlated, using 151 data points, as: 

 NuC = 1.72 𝐴−0.71(1 + 𝜃R)0.77Re𝑆
0.45(1 + Ri𝑆)0.08. (7) 

Equation (7) has the coefficient of correlation equal to 0.993 

and the error band equal to + 4.8%. The form (1+R) has been 

chosen to be appropriate for R, because R varies from 0 to 1, 

and NuC would be finite even when R = 0. The form (1+RiS) is 

retained for RiS following the reasons already explained. 

The correlation for NuR, based on the left (hot) wall, evolved 

using 116 data that has the coefficient of correlation equal to 

0.996 and the error band equal to + 5.6%, is: 

 NuR(Left) = 48.52 𝐴−1.16(1 − 𝑇R1

4 )−2.75  

 (1 − 𝑇R2

4 )−0.02 𝜀L
1.59𝜀R

−0.02. (8) 

The correlation for NuR for the right (cold) wall, based on 

105 data points and having the coefficient of correlation equal 

to 0.995 and the error band equal to + 5.7%, is: 

 NuR(Right) = 1.77 𝐴−0.82(1 − 𝑇R1

4 )−2.77  

 (1 − 𝑇R2

4 )−1.36 𝜀L
−0.39𝜀R

1.57. (9) 

In the above correlations for NuR, (1 − 𝑇R1

4 ) and (1 − 𝑇R2

4 ) 

have been chosen to be the appropriate forms for the two tem-

perature ratios 𝑇R1
 (= T/TL) and 𝑇R2

 (= TR/TL), respectively. 

 

Fig. 5. Contributory roles enacted by convention and radiation  

in heat transfer. 
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4. Conclusions 

Some of the prominent conclusions derivable from the current 

numerical study include: 

 The aspect ratio (A) plays a prominent role in the current 

problem. An increasing aspect ratio, and thus the progres-

sively narrower channels, are found to bring down the 

mean convection Nusselt number (NuC). This happens in 

all regimes of mixed convection. For example, in the pure 

mixed convection regime (RiS = 1), NuC decreases by 

a maximum of about 80 – 85% (depending on other param-

eters) with the aspect ratio rising from 4 to 16. 

 For a given aspect ratio (A), NuC generally decreases with 

RiS. This trend is found to be more apparent in the re- 

gion of forced convection dominance (viz. 0.01  RiS < 1) 

as against the region of free convection dominance  

(viz., 1 < RiS  100). 

 The fact that the heat load calculation in any application that 

makes use of a gaseous medium (like air) as the coolant 

turns out to be erroneous if one does not take radiation into 

account has been adequately established. A detailed graph-

ical narration has been given in this context. 

 Correlations for the mean convection Nusselt number (NuC) 

and mean radiation Nusselt number (NuR) evolved making 

use of a very large number of data points obtained using the 

computer program exclusively written in the current work. 
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1. Introduction 

Surface roughness in combination with a porous medium influ-

enced by magnetohydrodynamics (MHD) holds significant 

practical applications, particularly in industries such as aircraft 

design. However, the presence of surface roughness is crucial 

for understanding how components interact with their surround-

ings. Nevertheless, excessive surface roughness may not yield 

beneficial outcomes. Surface roughness serves as an appropriate 

indicator of physical component efficiency, as irregularities on 

surfaces can lead to areas of nucleation for cracking, rusting or 

breakdown, and rough surfaces tend to exhibit higher coeffi-

cients of friction compared to smoother surfaces. In practical 

scenarios, all bearing surfaces inherently exhibit some degree of  
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Abstract 

Squeeze film lubrication involving couple stress fluids, viscosity variation and magnetohydrodynamics is critically important 
for high-performance applications in automotive systems, aerospace mechanisms and biomedical devices. This study aims to 
examine the combined influence of these effects on lubrication performance between a cylinder and a rough porous flat sur-
face. To achieve this, we developed a generalised modified Reynolds equation by integrating Christensen’s stochastic model 
for surface roughness, Darcy’s law for porous media flow, and Stokes flow theory. This equation was solved with appropriate 
boundary conditions to derive analytical expressions for pressure, enabling the calculation of load-carrying capacity and 
squeeze film time for both longitudinal and transverse roughness patterns. Key findings demonstrate that couple stress, mag-
netohydrodynamics effects, and viscosity variation significantly enhance pressure distribution, increasing load-carrying ca-
pacity by up to 85.29% and squeeze film time by up to 85.34% under optimal conditions. Notably, longitudinal roughness 
pattern degrades tribological performance, whereas transverse roughness pattern enhances it. Furthermore, three-dimensional 
analysis demonstrates that optimal tuning of roughness and porosity parameters maximises the system performance. These 
findings, validated against established results like Lin et al. [31], provide valuable design guidelines for optimising tribological 
systems in fields requiring precise and durable lubrication, particularly in precision manufacturing and microelectromechani-
cal systems.  
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Nomenclature 

B0 – magnetic field applied externally, Wb/m2 

c – roughness factor 

C – dimensionless roughness 

D – cylinder's length, mm 

g(hs)– probability density function 

G – viscosity parameter 

h – thickness of the film, mm 

hm – minimal film thickness, mm 

hm0 – initial minimal thickness of the film, mm 

hS – stochastic film thickness, mm 

k – porous medium factor 

l* – dimensionless couple stress, l* = 2l/hm0 

m – magnetic moment of the particle, A m2 

M0 – Hartmann number 

p* – pressure in the porous area, Pa 

P – pressure, Pa 

P* – dimensionless pressure 

R – cylinder’s radius, mm 

RT* – relative frequency of squeeze film time 

RW* – relative frequency of load-carrying capability 

T* – dimensionless squeeze film time 

u, w– velocity factor in the x and z direction, mm/s 

u*, w*– Darcy’s velocity factor in the permeable area, mm/s 

V – velocity of squeezing, mm/s 

W* – dimensionless load-carrying capability 

 

Greek symbols 

α – viscosity coefficient 

β – microstructure to the size of pore ratio, β=(η/µ)/k 

δ – porous layer thickness, mm 

η – material constant, N s 

µ – dynamic viscosity, cP 

µ0 – initial velocity, mm/s 

σ – lubricant electrical conductivity, S/m 

𝜎̅ – standard deviation 

ψ – porous factor 

 

Abbreviations and Acronyms 

MEMS – Microelectromechanical systems  

MHD   – Magnetohydrodynamics  

roughness, including porous bearings, which are typically de-

signed for low-load operations. Surface roughness significantly 

affects lubrication, influencing critical performance parameters 

such as load-bearing capability, pressure and response time. Re-

cent studies have explored various factors influencing squeeze 

film lubrication under various circumstances. Bujurke et al. [1] 

explored the impacts of roughness on squeeze film lubrication 

among curved-shaped annular surfaces, deriving a modified 

Reynolds equation using Christensen's stochastic method. Their 

findings revealed that circumferential roughness increases the 

load-bearing capability while shifting the pressure maximum to-

wards the outlet edge, whereas radial roughness decreases the 

load capacity. Christensen [2], through a stochastic theory ap-

proach, demonstrated that surface roughness considerably im-

pacts bearing characteristics, with its effect dependent on rough-

ness type but not critically on the distribution function. Daliri 

and Jalali-Vahid [3] extended this by incorporating viscosity-

pressure dependency and non-Newtonian fluid effects, showing 

an improved squeeze film performance for circular surface 

roughness patterns, while radial patterns led to a reduction in 

squeeze film performance. Further, Mouda et al. [4] examined 

MHD non-parallel lubrication with non-Newtonian fluids and 

identified significant interactions among MHD, surface rough-

ness and non-Newtonian effects. Dass et al. [5] highlighted that 

velocity-slip and ferrofluid lubrication, combined with couple 

stress and surface roughness, greatly enhance pressure and load-

carrying capacity under magnetic fields. Other studies, such as 

Ullah et al. [6] and Johny et al. [7], explored MHD flows in po-

rous media, emphasising how magnetic fields and porosity in-

fluence velocity profiles and load capacity, respectively. Yadav 

and Srivastava [8] explored immiscible fluid dynamics in porous 

channels, validating the use of porous materials for flow control. 

Patel et al. [9] examined ferrofluid lubrication in porous squeeze 

films, finding significant performance enhancements using spe-

cific magnetic fluid flow models. Similarly, Khan et al. [10] and 

Patel and Deheri [11] demonstrated improvements in squeeze 

film characteristics due to magnetic effects, couple stress fluids, 

and surface roughness. Lin et al. [12] developed a two-dimen-

sional Reynolds expression for non-Newtonian fluids, showing 

increased load capacity with couple stresses and magnetic fields. 

Nabhani and El Khlifi [13] further confirmed the benefits of 

magnetic fields, couple stress and fluid inertia on squeeze film 

performance. Ramasamy [14] emphasised the effect of non-

Newtonian thixotropic fluids on squeeze film behaviour, with 

higher load capacity attributed to increased yield numbers and 

Hartmann parameters. Jyothi et al. [15] extended this to sphere-

flat plate systems, demonstrating the detrimental effects of slip 

velocity despite enhancements from couple stress.  

Squeeze film lubrication has advanced by integrating factors 

like surface roughness and porous materials, enhancing our un-

derstanding of lubrication dynamics. For instance, Prakash et al. 

[16] utilised stochastic theory to examine the hydrodynamic lu-

brication effects on rough surfaces between rotating annular 

discs, highlighting the interplay between porous facings and 

film pressure. Shah [17] extended these investigations to fer-

rofluid-lubricated circular disc designs under variable magnetic 

fields, demonstrating how circumferential roughness and radial 

permeability affect load-carrying capacity in different bearing 

configurations. Thakkar and Patel [18] provided a comprehen-

sive analysis of the MHD-based squeeze film among porous cir-

cular surfaces, concluding that magnetisation significantly en-

hances load capacity, while negatively skewed roughness con-

tributes positively to bearing efficiency. Vadher et al. [19] ex-

panded the scope to conducting rough, porous elliptical plates, 

illustrating that hydromagnetic lubrication offsets the adverse 

effects of transverse surface roughness and porosity through the 

synergistic impact of conductivity and magnetisation. Deheri 

and Patel [20] applied a stochastic framework to study magnetic 

fluid-lubricated rough, porous parallel plates, revealing that po-

rosity decreases load-carrying capacity but can be mitigated by 
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proper roughness and magnetic parameters. Anthony and Elam-

parithi [21] analysed a couple stress fluids in rough-porous Ray-

leigh step slide bearings under MHD, noting that roughness in-

creased both workload and frictional forces. Ali et al. [22] in-

vestigated non-Newtonian fluids across oscillatory extending 

sheets in porous media, finding viscosity variations and couple 

stresses to amplify velocity oscillations and skin friction. Stud-

ies by Naduvinamani and Siddangouda [23] emphasised the in-

fluence of azimuthal and radial roughness patterns on squeeze 

film lubrication among porous circular-shaped stepped surfaces, 

while Vashi et al. [24] demonstrated how ferrofluid and nega-

tively skewed roughness parameters enhance bearing perfor-

mance for longitudinally rough stepped plates. 

Significant progress has been made in squeeze film lubrica-

tion research, with numerous studies examining the impacts of 

roughness, porosity, couple stress, viscosity variation and MHD 

on lubrication attributes. Prakash and Gururajan [25] examined 

the influence of slip velocity on rough, porous journal bearings. 

Applying Christensen’s stochastic theory for rough surfaces at 

the porous region, they derived modified Reynolds expressions 

for different roughness patterns and demonstrated that rough-

ness-slip relations significantly alter bearing efficiency. Rahul 

and Rao [26] investigated the flow behaviour of Rabinowitsch 

fluids in a porous medium, incorporating viscosity variation and 

surface roughness effects on circular stepped plates. Their theo-

retical findings revealed that surface roughness and porosity de-

crease (increase) load-bearing capability and squeeze film time 

for radial (azimuthal) roughness, whereas viscosity enhances 

load-bearing capability and reduces squeeze film time in com-

parison with smooth, isoviscous surfaces. Sangeetha and Kesa-

van [27] extended these analyses to a couple stress MHD squee-

ze films in rough, porous rectangular-shaped surfaces, conclud-

ing that the magnetic field significantly enhances pressure com-

pared to the Newtonian case. Similarly, Masood and Elamparithi 

[28] studied finite plates lubricated with non-Newtonian fluids 

under a transverse MHD and noted that viscosity variation and 

roughness significantly improve load-bearing capability, where-

as porosity reduces it. Sangeetha et al. [29] explored MHD and 

viscosity variations effects on non-Newtonian fluids in porous 

triangular plates. Their results highlighted that viscosity varia-

tion enhances load capacity while reducing pressure under spe-

cific conditions. Sekar et al. [30] examined slip velocity with 

surface roughness and viscosity variation among porous, rough 

circular-shaped stepped surfaces using non-Newtonian fluids. 

Their findings emphasised improvements in load capacity due 

to roughness and viscosity variation. 

Although extensive research has been conducted in the field 

of squeeze film lubrication, most existing studies have examined 

only a limited set of influencing parameters. For example, Lin 

et al. [31] explored how pressure-dependent viscosity affects 

couple stress fluids, reporting improvements in load-carrying 

capacity and longer film duration. Kumar and Sachidananda 

[32] studied the influence of surface roughness and viscosity 

variation in journal bearings, highlighting their combined effect 

on performance. Rajashekar and Kashinath [33] investigated 

MHD effects using a combination of couple stress theory and 

Christensen’s stochastic roughness model for squeeze films be-

tween a sphere and a porous flat surface. Their results indicated 

that couple stress fluids enhance pressure and load-carrying ca-

pacity, with azimuthal roughness improving, and radial rough-

ness diminishing, the film characteristics. Similarly, Baksh and 

Hanumagowda [34] analysed curved annular surfaces, demon-

strating that magnetic fields and couple stress fluids can improve 

performance, with longitudinal and transverse roughness show-

ing contrasting effects. However, these studies did not incorpo-

rate the full range of influential factors, namely viscosity varia-

tion, surface roughness, porosity, couple stress effects and mag-

netohydrodynamics into a single comprehensive model. As a re-

sult, the combined effect of these interacting factors remains 

largely unexplored. This gap is especially important for optimis-

ing lubrication systems in industries such as aerospace, automo-

tive, biomedical devices and nanotechnology, where these com-

bined effects significantly influence performance and durability. 

To address existing limitations in the literature, the present 

study develops a comprehensive model that integrates all key 

influencing factors to provide a holistic understanding of squee-

ze film lubrication. Previous studies often examined effects such 

as viscosity variation, surface roughness, porosity, couple stress, 

and magnetohydrodynamics in isolation, resulting in an incom-

plete understanding of their combined influence. This work 

bridges that gap by introducing a unified approach supported by 

clearly defined research questions: How do viscosity variation, 

longitudinal and transverse surface roughness, porosity, couple 

stress and MHD forces collectively affect squeeze film charac-

teristics such as pressure distribution, load-carrying capacity and 

squeeze film time? What are the distinct effects of longitudinal 

versus transverse roughness patterns on squeeze film character-

istics? How can multi-parameter optimisation enhance the over-

all lubrication performance? And how is the proposed model 

validated for accuracy and reliability? These questions align 

with the study’s objectives and guide a focused and coherent in-

vestigation. By integrating all major parameters into a single 

model, this research offers new insights into lubrication behav-

iour and performance. The findings contribute to the develop-

ment of advanced lubrication systems and bearing designs, with 

practical relevance in fields such as MEMS, nanotechnology, 

rotating machinery and high-precision manufacturing, espe-

cially in applications involving micro- and nanoscale lubrication 

challenges. 

2. Mathematical formulation 

A cylinder with radius R is positioned above a rough, porous flat 

surface, with a homogeneous magnetic field B0 employed along 

the x-axis. The cylinder and the flat porous plate are separated 

by a distance h. As the cylinder moves downward toward the 

plate with a velocity of V, a squeeze film effect is generated 

within the fluid region between them. The lubricant in this re-

gion is modelled as a couple stress fluid, which accounts for the 

microstructural interactions within the fluid. It is assumed that 

no external body forces or couples are acting on the system. The 

motion and continuity of the fluid are governed by the mathe-

matical equations derived by Jyothi et al. [15], which provide 

the necessary framework for describing the behaviour of the 
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fluid in this configuration. The fundamental expression is repre-

sented as follows (see also Fig. 1): 
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𝑤hereby 
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(𝜎

𝜇⁄ )
1

2⁄
.   

Darcy's law governing the porous area under the influence of 

MHD is given in a reduced form as follows: 

 𝑢∗ =
−𝑘

𝜇(1−𝛽+
𝑘𝜎𝐵0

2

𝜇𝑀
)

𝜕𝑝∗

𝜕𝑥
, (4) 

 𝑤∗ =
−𝑘

𝜇(1−𝛽)

𝜕𝑝∗

𝜕𝑧
. (5) 

Boundary conditions are:  

- at the upper region z = h: 

 𝑢 = 0,          
𝜕2𝑢

𝜕𝑧2 = 0,     and    𝑤 = 𝑉 = −
𝜕ℎ

𝜕𝑡
, (6) 

- at the lower region z = 0:  

 𝑢 = 0,          
𝜕2𝑢

𝜕𝑧2 = 0,     and    𝑤 = −𝑤∗. (7) 

For the film region where x is less than R, the value of h is 

determined by: 

 ℎ = ℎ𝑚 + 
𝑥2

2𝑅
.  

By solving Eq. (1) and utilising the conditions (6−7), we ob-

tain a solution for u(x,z) as follows: 

 𝑢(𝑥, 𝑧) =
1

𝜎𝐵0
2

𝜕𝑝

𝜕𝑥
 [ 𝐴2

𝐴2−𝐵2  
𝑐𝑜𝑠ℎ{𝐵(2𝑧−ℎ)/2𝑙}

𝑐𝑜𝑠ℎ (𝐵ℎ/2𝑙)
+  

 −
𝐵2

𝐴2−𝐵2  
𝑐𝑜𝑠ℎ{

𝐴(2𝑧−ℎ)

2𝑙
}

𝑐𝑜𝑠ℎ(
𝐴ℎ

2𝑙
)

− 1. (8) 

The condition discussed by Barus [35,36] as viscosity pres-

sure dependency is described as follows: 

 𝜇 = 𝜇0𝑒𝛼𝑝. (9) 

By substituting u from Eq. (8) into Eq. (2), integrating from 

0 to h with the boundary conditions (6−7), and applying condi-

tion (9), we obtain a modified Reynolds expression: 

 
𝜕

𝜕𝑥
{

𝑒−𝛼𝑝

𝜇0
𝑔(ℎ, 𝑙, 𝑀0)

𝜕𝑝

𝜕𝑥
} = 𝑉. (10) 

Here:  

 𝑔(ℎ, 𝑙, 𝑀0) =
ℎ𝑚0

2

𝑀0
2 {

2𝑙

𝐴2−𝐵2  (
𝐵2

𝐴
𝑡𝑎𝑛ℎ

𝐴ℎ

2𝑙
−

𝐴2

𝐵
𝑡𝑎𝑛ℎ

𝐵ℎ

2𝑙
) + ℎ} +  

 +
𝑘𝛿𝑀0

2

ℎ𝑚0
2 (1−𝛽+

𝑘𝑀0
2

ℎ𝑚0
2 𝑚

)

,  

 𝐴 = {
1+(1−

4𝑀0
2𝑙2

ℎ𝑚0
2⁄ )

1
2⁄

2
}

1
2⁄

,  

 𝐵 = {
1−(1−

4𝑀0
2𝑙2

ℎ𝑚0
2⁄ )

1
2⁄

2
}

1
2⁄

.  

The film thickness can be divided into two portions to create 

a mathematical model representing the surface's roughness. 

 𝐻 = ℎ + ℎ𝑠(𝑥, 𝑧, 𝜉). (11) 

Considering the stochastic mean, Eq. (10) with respect to 

g(hs), we get: 

 
𝜕

𝜕𝑥
{

𝑒−𝛼𝐸(𝑝)

𝜇0
𝐸{𝑔(𝐻, 𝑙, 𝑀0)}

𝜕𝐸(𝑝)

𝜕𝑥
} = 𝑉, (12) 

where 𝐸(∗) = ∫ (∗)𝑔(ℎ𝑠)𝑑ℎ𝑠
∞

−∞
. 

The roughness function, as described by Christensen [2], is 

regarded as: 

 𝑔(ℎ𝑠) = {
35

32𝑐7
(𝑐2 − ℎ𝑠

2)3  ,     − 𝑐 < ℎ𝑠 < 𝑐 

0,                                    𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 
 , (13) 

where 𝑐 = 3𝜎. 

From Christensen's [2] perspective, it is employed to exam-

ine two distinct forms of one-dimensional roughness, such as 

longitudinal and transverse roughness patterns. 

Longitudinal roughness patterns  

The longitudinal roughness patterns have elongated, thin spikes 

and an inclined valley that runs along the x-axis. Subsequently: 

 𝐻 = ℎ + ℎ𝑠(𝑧, 𝜉). (14) 

 

Fig. 1. The geometry of squeeze film lubrication between  

a cylinder and a rough porous flat surface. 
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Transverse roughness patterns  

The transverse roughness patterns have elongated, thin spikes 

and an inclined valley that runs along the z-axis. Subsequently: 

 𝐻 = ℎ + ℎ𝑠(𝑥, 𝜉). (15) 

The average modified Reynolds flow equation is as follows: 

 
𝜕

𝜕𝑥
{

𝑒−𝛼𝐸(𝑝)

𝜇0
𝐺(𝐻, 𝑙, 𝑀0, 𝑐)

𝜕𝐸(𝑝)

𝜕𝑥
} = 𝑉, (16) 

where:  

- for longitudinal roughness: 

 𝐺(𝐻, 𝑙, 𝑀0, 𝑐) = 𝐸[𝑔(𝐻, 𝑙, 𝑀0)],  

- for transverse roughness: 

 𝐺(𝐻, 𝑙, 𝑀0, 𝑐) =  𝐸 [1
𝑔(𝐻, 𝑙, 𝑀0)⁄ ].  

Introducing dimensionless quantities as shown below: 

 𝑥∗ =
𝑥

𝑅
,        𝐶 =

𝑐

ℎ𝑚0

,        ℎ𝑚
∗ =

ℎ𝑚

ℎ𝑚0

,         𝑙∗ =
2𝑙

ℎ𝑚0

,  

 𝑃∗ = −
ℎ𝑚0

3 𝐸(𝑝)

𝜇0𝑅𝑉
,          𝛿∗ =

𝛿

ℎ𝑚0

,          𝐺 = −
𝛼𝜇0𝑅𝑉

ℎ𝑚0
2 ,  

 𝛽 =
ℎ𝑚0

𝑅
,     ℎ∗ =

ℎ

ℎ𝑚0

= ℎ𝑚
∗ +

𝑥∗2

2𝛽
,    ℎ𝑠

∗ =
ℎ𝑠

ℎ𝑚0

,    𝜓 =
𝑘𝛿

ℎ𝑚0
3 ,  

and substituting the specified dimensionless parameters into  

Eq. (16) yields: 

 
𝑑

𝑑𝑥∗ {𝑒−𝐺𝑃∗
𝐺∗(𝐻∗, 𝑙∗, 𝑀0, 𝐶, 𝜓)

𝑑𝑃∗

𝑑𝑥∗} = −
1

𝛽
, (17) 

where: 

- for longitudinal roughness: 

 𝐺∗(𝐻∗, 𝑙∗, 𝑀0, 𝐶, 𝜓) = 𝐸[𝑔∗(𝐻∗, 𝑙∗, 𝑀0, 𝜓)],  

- for transverse roughness: 

 𝐺∗(𝐻∗, 𝑙∗, 𝑀0, 𝐶, 𝜓) = 𝐸 [1
𝑔∗(𝐻∗, 𝑙∗, 𝑀0, 𝜓)⁄ ],  

 𝐸[𝑔∗(𝐻∗, 𝑙∗, 𝑀0, 𝜓)] =  

 =
35

32𝑐7 ∫ 𝑔∗(𝐻∗, 𝑙∗, 𝑀0, 𝜓)
𝐶

−𝐶
(𝑐2 − ℎ𝑠

∗2)3𝑑ℎ𝑠
∗,  

 𝐸 [1
𝑔∗(𝐻∗, 𝑙∗, 𝑀0, 𝜓)⁄ ] =

35

32𝑐7 ∫  
(𝑐2−ℎ𝑠

∗2)
3

𝑔∗(𝐻∗,𝑙∗,𝑀0,𝜓)

𝐶

−𝐶
𝑑ℎ𝑠

∗,  

 𝑔∗(𝐻∗, 𝑙∗, 𝑀0, 𝜓) =  

 =
1

𝑀0
2 {

𝑙∗

𝐴∗2−𝐵∗2  (
𝐵∗2

𝐴∗ 𝑡𝑎𝑛ℎ
𝐴∗𝐻∗

𝑙∗ −
𝐴∗2

𝐵∗ 𝑡𝑎𝑛ℎ
𝐵∗𝐻∗

𝑙∗ ) + 𝐻∗} +  

 +
𝜓𝑀0

2

(1−𝛽+
𝜓𝑀0

2

𝛿∗𝑚
)

,  

 𝐴∗ = {
1+√1−(𝑙∗𝑀0)2

2
}

1
2⁄

,  

 𝐵∗ = {
1−√1−(𝑙∗𝑀0)2

2
}

1
2⁄

.  

The following are the pressure boundary conditions: 

 
𝑑𝑃∗

𝑑𝑥∗ = 0 at 𝑥∗ = 0, (18) 

 𝑃∗ = 0 at 𝑥∗ = 1. (19) 

By solving Eq. (17) and incorporating Eqs. (18−19), we get:  

 𝑃∗ = −
1

𝐺
𝑙𝑛 {1 +

1

𝛽
∫

𝐺𝑥∗

𝐺∗(𝐻∗,𝑙∗,𝑀0,𝐶,𝜓)
𝑑𝑥∗𝑥∗

1
}. (20) 

The load-bearing capacity is: 

 𝑊 = 𝐷 ∫ 𝑝𝑑𝑟
𝑅

−𝑅
.  

The non-dimensional load-carrying capability is: 

 𝑊∗ =
𝑊ℎ𝑚0

3

𝜇0𝑅2(
𝑑ℎ

𝑑𝑡
)

=  

 = −
1

𝐺
∫ [𝑙𝑛 {1 +

1

𝛽
∫

𝐺𝑥∗

𝐺∗(𝐻∗,𝑙∗,𝑀0,𝐶,𝜓)
𝑑𝑥∗𝑥∗

1
}] 𝐷

1

−1
𝑑𝑥∗. (21) 

The dimensionless time is attained by integrating Eq. (21): 

 𝑇∗ =
𝑡ℎ𝑚0

2

𝐵𝜇0𝑅2 =  

 = −
1

𝐺
∫ 〈∫ [𝑙𝑛 {1 +

1

𝛽
∫

𝐺𝑥∗

𝐺∗(𝐻∗,𝑙∗,𝑀0,𝐶,𝜓)
𝑑𝑥∗𝑥∗

1
}] 𝐷

1

−1
𝑑𝑥∗〉 𝑑ℎ𝑚

∗1

ℎ1
∗ .  

(22) 

3. Methodology 

This study investigates squeeze film lubrication between a cyl-

inder and a rough, porous flat surface through a comprehensive 

theoretical and numerical methodology, integrating multiple 

physical phenomena into a unified model. The lubricant, mod-

elled as a couple stress fluid using Stokes’ theory, is assumed to 

exhibit isothermal, incompressible flow without external body 

forces or couples, with pressure-dependent viscosity governed 

by Barus’ law. Surface roughness is characterised via Christen-

sen’s stochastic model for longitudinal and transverse patterns, 

and porosity is incorporated using Darcy’s law. The governing 

equations of motion and continuity are solved under appropriate 

boundary conditions to derive a velocity field, leading to a mod-

ified Reynolds equation that integrates roughness effects and 

magnetohydrodynamic influences via the Hartmann number. 

The model is non-dimensionalised for the generalised analysis, 

yielding dimensionless pressure distributions, and analytical ex-

pressions for load-carrying capacity and squeeze film time are 

established where feasible. Solving the modified Reynolds 

equation is not merely a mathematical exercise, but a crucial step 

that enables accurate prediction of lubrication performance un-

der complex conditions. This understanding is essential for op-

timising system design in high-precision applications, including 

advanced manufacturing. To address the complexity of interde-

pendent parameters (Hartmann number, surface roughness, vis-

cosity variation, couple stress and porosity), the lubrication do-

main is discretised with a uniform rectangular mesh, optimised 

through convergence studies for computational accuracy. Nu-

merical integration is performed using Simpson’s one-third rule, 

which is well-suited for capturing the smooth variations inherent 

in the system. This numerical approach not only demonstrates 
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the capability to solve the modified Reynolds equation but also 

provides practical benefits by enabling detailed analysis of lu-

brication performance across a wide range of operating condi-

tions. Comprehensive data collection is achieved through sys-

tematic simulations across a wide range of realistic parameter 

values: surface roughness (C = 0, 0.3, 0.5), viscosity varia- 

tion (G = 0.001, 0.003, 0.005), couple stress parameter  

(l* = 0, 0.2, 0.4), Hartmann number (M0 = 0, 2, 4), and porosity 

(ψ = 0.001, 0.002, 0.004). Other parameters are held constant at 

m = 0.1, α = 0.2, δ = 0.1, hm* = 0.8, and β = 0.04. For each pa-

rameter combination, simulations are performed to compute the 

pressure distribution, load-carrying capacity and squeeze film 

time. The simulation results are presented in tabular form and 

visualised through 2D and 3D plots to illustrate parameter sen-

sitivity, interdependencies and performance trends. The inter-

pretation emphasises both the magnitude and direction of each 

parameter's effect on lubrication performance, ensuring the der-

ivation of meaningful engineering insights. Then, error analysis 

is conducted by comparing numerical results with analytical so-

lutions, achieving strong agreement with relative errors typically 

below a very small percentage, confirming the model’s robust-

ness. Discrepancies are quantified using standard metrics such 

as mean absolute error to ensure reliability. Finally, the model's 

validity is confirmed by comparing numerical results with ana-

lytical solutions, showing strong agreement. Crucially, unlike 

previous studies, which often analysed parameters in isolation 

(e.g. Lin et al. [31]), this methodology integrates all relevant 

physical factors  couple stress, roughness, porosity and viscos-

ity variation  within a single cohesive framework, providing  

a more accurate and holistic understanding of lubrication perfor-

mance for enhanced predictive capabilities in aerospace, bio-

medical, and micro/nano-scale applications. 

4. Results and discussion  

This study examines how surface roughness (C), viscosity 

changes (G), couple stress (l*), Hartmann number (M0) and po-

rosity (ψ) affect squeeze film lubrication performance, focusing 

on dimensionless pressure (P*), load carrying capacity (W*) and 

squeeze film time (T*). By solving governing equations, we un-

derstand how these factors impact fluid flow, helping to opti-

mise lubrication systems for better efficiency and durability in 

engineering fields like bearings and seals in the automotive and 

aerospace industries. This detailed parametric analysis, which 

explores the interaction of various factors, sets this work apart 

from previous studies and offers practical design recommenda-

tions. 

4.1. Pressure  

The plot of P* with x* for various C, with α = 0.2, M0 = 2, 

l* = 0.4, ψ = 0.001, β = 0.04, hm* = 0.8, G = 0.002, δ = 0.1 and 

m = 0.1 is displayed in Fig. 2. It is witnessed that the configura-

tion of the one-dimensional roughness pattern coincides at 

C = 0, indicating no pressure variation. As C increases, irregu-

larities in the surface lead to higher flow resistance, resulting in 

less effective pressure forces in the flow direction. Conse-

quently, P* declines for the longitudinal roughness pattern. This 

is because higher roughness increases friction and impedes fluid 

flow, leading to a diminished pressure. In contrast, the trans-

verse roughness pattern enhances P* as C rises, as the fluid in-

teracts with additional obstacles or irregularities perpendicular 

to the flow direction, enhancing the pressure.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
In Fig. 3, P* vs. x* for different M0 is illustrated, with  

α = 0.2, m = 0.1,hm* = 0.8, G = 0.002, C = 0.3, δ = 0.1, ψ = 0.001, 

l*=0.4 and β = 0.04. It is revealed that as M0 enhances, the in-

fluence of MHD stabilises the fluid flow through surface irreg-

ularities, resulting in enhanced P*. This stabilisation reduces 

turbulence and allows the fluid to navigate irregularities more 

efficiently, leading to a higher pressure.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 4 shows the plot of P* against x* for distinct l*. It is 

noticed that as l* increases, there is increased fluid restriction 

within the roughness region, leading to an enhancement in pres-

sure P*. Higher couple stress results in greater fluid resistance 

to deformation, which improves the pressure by causing the 

fluid to exert more force against the rough surfaces.  

In Fig. 5, P* versus x* for different ψ is presented. It is ob-

served that increasing ψ improves fluid absorption through the 

porous regions. However, the delay of flow due to pores reduces 

the capacity of fluids to establish pressure within the surfaces, 

 
Fig. 2. Plot of P* versus x* for different C. 

 
Fig. 3. Plot of P* with respect to x* for different M0. 
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resulting in a decline in pressure as the fluid's pressure is com-

promised by the delayed flow through the porous medium.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The function P* against x* for distinct G is shown in Fig. 6. 

It is revealed that as G rises, P* also enhances due to changes in 

fluid behaviour. Higher viscosity variation makes the fluid more 

resistant to flow changes, which helps maintain pressure within 

the squeeze film by better managing the fluid’s interaction with 

surface irregularities. Overall, the observed variations in pres-

sure profiles can be linked to how surface roughness, magnetic 

fields, fluid restrictions, porosity and viscosity affect fluid dy-

namics. Smoother surfaces, magnetic stabilisation and higher 

couple stress generally enhance pressure, while increased rough-

ness, higher porosity and viscosity variations can either improve 

or impede pressure depending on their specific effects on fluid 

flow and interaction with the surface. These insights are valua-

ble for designing more efficient lubrication systems in engineer-

ing applications, where maintaining optimal pressure and flow 

characteristics is crucial. 

4.2. Load-carrying capacity  

The graph of W* versus hm* for distinct C, with G = 0.002,  

ψ = 0.001, M0 = 2, β = 0.04, l*=0.4, α = 0.2, δ = 0.1, m = 0.1, is 

presented in Fig. 7.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It is noticed that at C = 0, the configuration of the one-di-

mensional roughness pattern coincides. Moreover, as the C en-

hances, W* declines for the longitudinal roughness pattern due 

to increased surface interactions, resulting in higher friction and 

reduced efficiency in load-bearing capacity. The rougher surface 

increases resistance, diminishing the film's load-carrying capac-

ity. Conversely, W* enhances as C rises for the transverse rough-

ness pattern. The increased surface roughness enhances fluid in-

teraction vertical to the flow direction, improving the film's abil-

ity to support loads by increasing fluid retention and film stabil-

ity.  

Figures 8 and 9 depict W* vs. hm* for distinct M0 and l*, with 

α = 0.2, β = 0.04, G = 0.002, δ = 0.1, C = 0.3, and ψ = 0.001. It 

is found that as M0 and l* increase, fluid behaviour becomes 

more responsive to the magnetic field and couple stress. This 

enhanced responsiveness leads to improved fluid confinement 

within the roughness regions, which enhances W*. The magnetic 

field and couple stress increase the fluid’s resistance to distor-

tion and stabilise its flow, allowing for better load support within 

the film. 

 

 
Fig. 4. Graph of P* versus x* for various l*. 

 
Fig. 5. Plot of P* versus x* for different ψ. 

 
Fig. 6. Plot of P* versus x* for various G. 

 

Fig. 7. Graph of W* versus hm* for different C. 
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Figure 10 demonstrates W* against hm* for different ψ, with 

M0 = 2, α = 0.2, l*=0.4, m = 0.1, G = 0.002, C = 0.3, β = 0.04, 

and δ = 0.1. It is noticed that as ψ enhances, fluid penetration 

through porous regions enhances, but this enhanced fluid ab-

sorption results in reduced load-bearing capacity. The increased 

porosity delays fluid flow and decreases the film’s ability  to  es- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

tablish and maintain effective pressure, leading to a decrease  

in W*. 

The function W* against hm* for different G is displayed in 

Fig. 11. It is seen that as G improves, W* also improves. Higher 

viscosity variation alters fluid behaviour, enhancing its re-

sistance to flow changes and increasing the fluid's load-bearing 

capability. This change helps the fluid maintain its support and 

stability within the roughness regions, leading to an improve-

ment in W*. In summary, the variations in W* are linked to how 

roughness, magnetic fields, couple stress, porosity and viscosity 

affect fluid dynamics within the squeeze film. Increased rough-

ness in the longitudinal direction generally decreases load-bear-

ing capacity due to higher friction, while transverse roughness 

can improve it by enhancing fluid support. Magnetic fields and 

couple stress improve fluid confinement and load support, 

higher porosity reduces the film’s load-bearing capacity, and in-

creased viscosity variation stabilises fluid behaviour, thereby 

enhancing load support. These findings are crucial for optimis-

ing lubrication systems and designing effective bearing surfaces 

in engineering applications.  

4.3. Squeeze film time 

Figure 12 illustrates the graph of T* vs. hm* for various C, with 

ψ = 0.001, G = 0.002, M0 = 2, l*=0.4, δ = 0.1, m = 0.1, α = 0.2, 

β = 0.04, G = 0.002. It is noted that at C = 0, the configuration 

of the one-dimensional roughness pattern coincides. Moreover, 

as C rises, T* declines for the longitudinal roughness pattern. 

This decline is due to increased fluid permeation through the 

rough surface, which reduces the film's ability to sustain a longer 

squeeze time. Conversely, T* increases for the transverse rough-

ness pattern as C rises. In this case, the roughness enhances fluid 

confinement and retention, which prolongs the squeeze film 

time by improving the stability and duration of the fluid layer. 

Figures 13 and 14 depict the function T* vs. hm* for distinct 

M0 and l*, with δ = 0.1, ψ = 0.001, G = 0.002, C = 0.3, m = 0.1, 

β = 0.04, α = 0.2. It is found that as M0 and l* increase, fluid 

motion becomes more responsive to the magnetic field and cou-

ple stress, leading to improved fluid containment within the 

roughness regions. This results in an increase in T*, as the en-

hanced fluid behaviour supports a longer film duration.  

 
Fig. 9. Plot of W* with hm* for distinct l*. 

 
Fig. 10. Graph of W* versus hm* for different ψ. 

 
Figure 11. Graph of W* versus hm* for different G. 

 
Fig. 8. Graph of W* versus hm* for different M0. 
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The graph of T* versus hm for various ψ is presented in 

Fig. 15, with α = 0.2, l*=0.4, m = 0.1, C = 0.3, δ = 0.1, β = 0.04, 

G = 0.002, M0 = 2. It is shown that as ψ rises, higher porosity 

reduces the fluid’s ability to remain contained within the film. 

The increased porosity allows more fluid to escape through the 

porous regions, leading to a decrease in T* as the fluid’s ability 

to maintain a stable film is diminished. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 16 describes T* changing with hm* for different G, 

showing that T* enhances as G rises. Higher viscosity variation 

alters the fluid's behaviour, enhancing its resistance to flow 

changes and improving its ability to remain within the film for  

a longer period. These consequences occur in an extended 

squeeze film time, as the fluid's stability is better maintained de-

spite changes in surface roughness.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Overall, the observed variations in T* are related to how dif-

ferent factors affect fluid behaviour within the squeeze film. In-

creased roughness in the longitudinal direction leads to reduced 

squeeze film time due to greater fluid permeation, while trans-

verse roughness improves fluid retention and prolongs squeeze 

time. Enhanced magnetic fields and couple stress, along with 

higher viscosity variation, contribute to improved fluid stability 

and extended squeeze time, whereas higher porosity diminishes 

the film's ability to sustain a longer film duration. These findings 

are crucial for designing lubrication systems where maintaining 

optimal squeeze film time is essential for reliable performance.  

 

Fig. 12. T* with hm* for various C. 

 

Fig. 14. T* with hm* for different l*. 

 

Fig. 13. T* with hm* for various M0. 

 

Fig. 15. T* with hm* for different ψ. 

 

Fig. 16. T* versus hm* for various G.  
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4.4. Combined effect of roughness and porosity, vis-

cosity variation, Hartmann number and couple stress  

To comprehensively evaluate the interdependence of parameters 

affecting squeeze film performance, this section presents an ex-

tensive three-dimensional parametric analysis examining the 

combined effects of surface roughness with porosity, viscosity 

variation, Hartmann number and couple stress parameter on the 

dimensionless pressure, load-carrying capacity and squeeze film 

time. The study considers both longitudinal and transverse 

roughness patterns, revealing complex interactions that provide 

valuable insights for optimising lubrication system perfor-

mance. To enhance clarity and address the need for varied 

graphical representation, three-dimensional surface plots are uti-

lised. The results are further contextualised with practical appli-

cations in engineering domains that demand precise fluid dy-

namic control. 

4.4.1. Combined effect of roughness and porosity  

Figures 17−22 present the three-dimensional interaction be-

tween surface roughness and porosity on dimensionless pres-

sure, load-carrying capacity and squeeze film time, under both 

longitudinal and transverse roughness configurations. The anal-

ysis was performed using the parameters: M0 = 1, G = 0.04,  

hₘ* = 0.7, α = 0.2, l* = 0.3, δ = 0.1, m = 0.1, and β = 0.3. For 

longitudinal roughness, the results reveal that a simultaneous re-

duction in roughness pattern and porosity leads to a significant 

enhancement in all three performance indicators: P*, W* and 

T*. This suggests that smoother surfaces, coupled with lower 

fluid absorption through the porous structure, facilitate more ef-

fective pressure build-up and stronger load-bearing capabilities. 

From a lubrication design perspective, this combination mini-

mises energy losses due to flow resistance and ensures pro-

longed squeeze film support, which is essential for high-preci-

sion applications such as aerospace bearings and engine liners. 

On the other hand, under transverse roughness conditions, a dif-

ferent trend emerges. An increase in surface roughness com-

bined with a decrease in porosity results in a corresponding im-

provement in pressure, load carrying capacity and squeeze film 

duration. This can be attributed to the transverse orientation in-

troducing flow-interrupting features that trap the lubricant more 

efficiently. As the porosity decreases, less fluid is lost through 

absorption, allowing for a thicker, more stable film. This behav-

iour is particularly advantageous in industrial settings where 

components are exposed to heavy loads or intermittent shocks, 

such as in heavy-duty gears or piston-cylinder arrangements. 

Overall, the combined effect of C and ψ highlights a dual 

design strategy: reducing both parameters under longitudinal 

roughness improves efficiency by reducing flow resistance, 

while increasing roughness under transverse configurations en-

hances lubricant retention and structural support. This duality 

underscores the importance of tailoring surface geometry and 

material porosity according to the orientation of the roughness 

pattern and specific operational demands. These findings not 

only contribute to the theoretical understanding of textured po-

rous bearings but also provide a robust design framework for 

optimising tribological performance across a range of real-world 

applications. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     

 Fig. 17. P* vs. C (longitudinal roughness) and ψ.        Fig. 18. W* vs. C (longitudinal roughness) and ψ.        Fig. 19. T* vs. C (longitudinal roughness) and ψ.  

       

  Fig. 20. P* vs. C (transverse roughness) and ψ.           Fig. 21. W* vs. C (transverse roughness) and ψ.           Fig. 22. T* vs. C (transverse roughness) and ψ. 
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4.4.2. Combined effect of roughness and viscosity variation 

Figures 23−28 provide a comprehensive three-dimensional 

analysis of how the combined influence of surface roughness 

and viscosity variation affects P*, W* and T*. The simulations 

are conducted using the following parameters: m = 0.1, M0 = 1, 

l* = 0.3, β = 0.3, hₘ* = 0.7, α = 0.2, ψ = 0.001 and δ = 0.1. For 

longitudinal roughness patterns, the results clearly show that  

a decrease in roughness combined with an increase in viscosity 

variation leads to significant improvements in P*, W* and T*. 

This behaviour is physically intuitive: smoother surfaces reduce 

mechanical friction and irregularities that disrupt fluid flow, 

while enhanced viscosity variation improves the lubricant’s re-

sistance to shear deformation and allows it to better conform to 

surface features. The resulting increase in pressure and load-car-

rying capability, coupled with an extended squeeze film time, 

makes this combination highly advantageous in applications 

where maintaining a continuous and stable lubrication layer is 

critical, such as in precision mechanical systems, microbearings, 

and journal bearings in automotive and aerospace sectors. In 

contrast, for transverse roughness patterns, the study reveals that 

simultaneous increases in both C and G produce optimal perfor-

mance. Unlike longitudinal patterns, transverse roughness intro-

duces geometric features perpendicular to the flow direction, 

creating zones of increased fluid entrapment. When combined 

with higher viscosity variation, the fluid exhibits greater re-

sistance to motion, while being retained more effectively be-

tween the rough textures. This synergy leads to improved pres-

sure distribution, greater film thickness and prolonged film sta-

bility. Such behaviour is especially valuable in high-load, high-

friction environments—such as heavy-duty gear systems, off-

road vehicle suspensions and industrial press components—

where maintaining lubricant integrity under variable stress con-

ditions is essential.  

Overall, the results highlight the nonlinear interplay between 

surface topography and fluid rheology, demonstrating that opti-

mal performance is not solely dependent on minimising rough-

ness or maximising viscosity variation but rather on the appro-

priate pairing of both based on surface orientation. For longitu-

dinal roughness, smoother surfaces benefit more from increased 

viscosity gradients, while transverse configurations leverage 

roughness to trap and stabilise high-viscosity fluids. These find-

ings contribute meaningful insights into the design of advanced 

lubrication systems, offering guidance on how to strategically 

manipulate surface and fluid parameters to improve tribological 

performance across diverse engineering applications. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.4.3. Combined effect of roughness and Hartmann number 

Figures 29−34 illustrate the combined influence of surface 

roughness and Hartmann number on P*, W* and T*. The simu-

lations are conducted using the following fixed parameters:  

ψ = 0.001, β = 0.3, G = 0.04, hₘ* = 0.7, l* = 0.3, α = 0.2, δ = 0.1 

and m = 0.1. In the case of longitudinal roughness, the results 

reveal that decreasing surface roughness while increasing the 

Hartmann number yields pronounced improvements in all three 

performance indicators: P*, W* and T*. The enhancement in 

     

Fig. 23. P* vs. C (longitudinal roughness) and G.   Fig. 24. W* vs. C (longitudinal roughness) and G.    Fig. 25. T* vs. C (longitudinal roughness) and G. 

       

 Fig. 26. P* vs. C (transverse roughness) and G.       Fig. 27. W* vs. C (transverse roughness) and G.       Fig. 28. T* vs. C (transverse roughness) and G. 
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performance can be attributed to the MHD effect, where the ap-

plication of a magnetic field induces Lorentz forces within the 

conductive fluid. These forces act to dampen velocity gradients, 

reduce turbulence and align fluid motion, thereby stabilising the 

flow through irregular rough regions. As a result, the fluid film 

becomes more resilient, better able to maintain pressure and ca-

pable of supporting higher loads over longer durations. This 

mechanism is particularly beneficial in lubrication systems in-

volving magnetorheological or ferrofluid lubricants, where ex-

ternal magnetic fields can be strategically employed to enhance 

operational efficiency and reduce mechanical wear. For trans-

verse roughness patterns, a different trend emerges. The data 

show that simultaneously increasing both roughness and Hart-

mann number leads to optimal performance. The underlying 

physics can be explained by the unique role of transverse rough-

ness in introducing geometric barriers perpendicular to the flow. 

When combined with a strong magnetic field, these barriers en-

hance the retention of the fluid within the microcavities of the 

surface. The magnetic field dampens fluid motion in regions 

where escape is likely, improving fluid stability and resistance 

to leakage. Consequently, the lubricant film exhibits higher 

pressure and greater durability, which translates to increased 

load-bearing capacity and prolonged squeeze film time. From  

a practical standpoint, these results have significant engineering 

implications. In applications where magnetic fields can be ex-

ternally controlled – such as in magnetorheological dampers, 

electric actuators and aerospace bearing systems – the deliberate 

tuning of surface roughness and magnetic intensity offers a val-

uable tool for real-time control of lubricant film behaviour. For 

longitudinal surfaces, smoothness should be prioritised along-

side MHD effects to minimise friction and improve responsive-

ness. Conversely, for transverse patterns, enhanced surface 

roughness can be leveraged to synergise with magnetic stabili-

sation, ensuring film integrity even under dynamic and harsh op-

erating conditions. Overall, the combined effect of roughness 

and Hartmann number illustrates the importance of aligning 

fluid control strategies with surface design. The MHD effect not 

only stabilises the fluid flow but also amplifies the positive or 

negative effects of roughness depending on its orientation. 

These findings bridge the gap between theoretical modelling and 

field applications, offering actionable insights for optimising lu-

brication systems in magnetically active environments. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.4.4. Combined effect of roughness and couple stress  

Figures 35−40 present the combined influence of the surface 

roughness parameter and the couple stress parameter on the P*, 

W* and T*, under the conditions: G = 0.04, β = 0.3, M0 = 1, 

ψ = 0.001, hₘ* = 0.7, α = 0.2, δ = 0.1 and m = 0.1. The analysis 

is conducted for both longitudinal and transverse roughness pat-

terns to uncover nuanced behaviours in complex fluid-structure 

interactions. For longitudinal roughness configurations, the 

study reveals that a decrease in surface roughness, when accom-

panied by an increase in the couple stress parameter, signifi-

cantly enhances P*, W* and T*. This trend can be attributed to 

the nature of couple stress fluids, which incorporate microstruc-

tural effects that resist velocity gradients and shear deformation. 

An elevated l* value signifies stronger internal resistance within 

the fluid due to the presence of suspended particles, additives or 

     

Fig. 29. P* vs. C (longitudinal roughness) and M0. Fig. 30. W* vs. C (longitudinal roughness) and M0.  Fig. 31. T* vs. C (longitudinal roughness) and M0. 

… ..  

Fig. 32. P* vs. C (transverse roughness) and M0.     Fig. 33. W* vs. C (transverse roughness) and M0.       Fig. 34. T* vs. C (transverse roughness) and M0. 
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molecular chain entanglements. These microstructural effects 

stabilise the film, improve fluid retention and resist squeeze-in-

duced thinning, ultimately resulting in higher pressure build-up 

and prolonged film duration. In contrast, under transverse 

roughness conditions, the combined increase of both C and l* 

leads to noticeable improvements in performance. This synergy 

likely stems from the transverse roughness acting as a micro-

reservoir system that works in tandem with the couple stress 

properties of the fluid. The enhanced surface texture traps the 

fluid more effectively, while the couple stress interactions pre-

vent its rapid deformation or escape. As a result, the squeeze 

film remains stable over extended periods, even under cyclic or 

impact loading. This outcome is particularly relevant in high-

load, high-frequency environments such as those found in mi-

croelectromechanical systems (MEMS), aerospace bearings and 

biomedical implants. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
These findings provide meaningful design implications. For 

lubrication systems operating under high stress or involving 

non-Newtonian or microstructured lubricants, fine-tuning both 

surface texture and couple stress properties can lead to marked 

performance enhancements. In longitudinal roughness patterns, 

minimising surface roughness is beneficial to reduce friction and 

allow the microstructural fluid to respond uniformly. Mean-

while, in transverse orientations, increased roughness, when 

properly engineered, offers mechanical interlocking with the 

fluid’s internal structure, increasing pressure, load support and 

operational life. Across all studied configurations, variations in 

P*, W* and T* were found to be strongly linked to the fluid's 

microstructural resilience and its interaction with the topogra-

phy of the bounding surfaces. Smoother surfaces in the direction 

of motion reduce energy losses, while controlled roughness in 

the transverse direction enhances entrapment and stability. 

These interactions are more profound in couple stress fluids 

compared to classical Newtonian lubricants, as they exhibit ad-

ditional degrees of freedom due to intrinsic angular momentum 

and size-dependent effects. This multidimensional investigation 

advances existing literature by moving beyond isolated paramet-

ric studies. Previous works have typically employed 2D anal-

yses or focused solely on either surface geometry or fluid rheol-

ogy. In contrast, this study utilises 3D surface plots and para-

metric combinations to deliver a more comprehensive, visually 

intuitive, and practically applicable understanding of lubrication 

dynamics. Plots summarise optimal combinations, enabling 

quick reference for design engineers. Overall, achieving optimal 

performance in squeeze film systems requires a strategic combi-

nation of key design and operating parameters. Specifically, re-

ducing longitudinal roughness and porosity enhances pressure 

buildup and fluid film stability, while increasing viscosity vari-

ation, couple stress effects and Hartmann number improves the 

fluid’s resistance to deformation and external magnetic influ-

ences. Additionally, transverse roughness, when carefully opti-

mised, can serve as a functional advantage by enhancing fluid 

entrapment and load support. Together, these combined effects 

contribute to improved pressure distribution, greater load-carry-

ing capacity, and extended squeeze film time, making the lubri-

       

  Fig. 35. P* vs. C (longitudinal roughness) l*.        Fig. 36. W* vs. C (longitudinal roughness) and l*.    Fig. 37. T* vs. C (longitudinal roughness) and l*. 

… ..  

Fig. 38. P* vs. C (transverse roughness) and l*.      Fig. 39. W* vs. C (transverse roughness) and l*.        Fig. 40. T* vs. C (transverse roughness) and l*. 
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cation system more efficient and durable under a wide range of 

engineering applications. 

The present investigation demonstrates strong alignment 

with the analytical results of Lin et al. [31], particularly when 

the effects of magnetohydrodynamics, viscosity variation, and 

porosity are excluded from the current model. Under such sim-

plified conditions, the numerical outcomes for pressure, load-

carrying capacity, and squeeze film time in the current study 

closely mirror those reported by Lin et al. [31], particularly for 

a cylinder on a flat surface configuration. This validation, pre-

sented in Table 1, confirms the accuracy and consistency of the 

proposed numerical framework. The excellent agreement fur-

ther reinforces the model’s credibility in simulating complex 

physical phenomena across various parametric settings. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The relative percentage enhances RW*, RT* with respect to W* 

and T*, respectively are: 

 𝑅𝑊∗ = (
𝑊𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐

∗  − 𝑊𝑛𝑜𝑛−𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐
∗

𝑊𝑛𝑜𝑛−𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐
∗ ) 100,  

 𝑅𝑇∗ = (
𝑇𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐

∗  − 𝑇𝑛𝑜𝑛−𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐
∗

𝑇𝑛𝑜𝑛−𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐
∗ ) 100.  

To evaluate the enhancement in squeeze film performance, 

Table 2 presents a comparative analysis of the relative percent-

age increases in W* and T*, expressed through dimensionless 

ratios RW* and RT* across various combinations of Hartmann 

number and viscosity variation, with α = 0.2, C = 0.3, hm
* = 0.8, 

β = 0.04, ψ = 0.001, δ = 0.1, m = 0.1 and l* = 0.2. For instance, 

at M0 = 2 and G = 0.004, the model shows significant improve-

ments of approximately 85.29% in load-carrying capacity and 

85.34% in squeeze film time, respectively. These remarkable 

enhancements underscore the synergistic benefit of combining 

magnetic field influence with fluid viscosity variation. The re-

sults suggest that magnetic stabilisation not only improves fluid 

confinement but also complements the stabilising effect of non-

Newtonian fluid behaviour in high-performance lubrication re-

gimes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

These findings carry profound engineering significance. In 

automotive and aerospace systems – such as engine liners, thrust 

bearings and landing gear – where high loads, high speeds and 

varying environmental conditions prevail, the combined pres-

ence of couple stress effects, viscosity gradients and magnetic 

fields can substantially enhance performance. Improved pres-

sure generation and increased load-bearing capacity reduce me-

chanical wear, enhance energy efficiency and extend component 

life. Similarly, in microelectromechanical systems, where sur-

face-to-volume ratios are high and the influence of surface in-

teractions is dominant, the inclusion of MHD and couple stress 

effects can enhance the reliability of micro-lubrication. Such en-

hancements support stable and leak-resistant operation even un-

der high-frequency conditions, which is critical in micro-pumps, 

micro-turbines and other precision components. In the biomed-

ical domain, especially in the design of artificial joints and im-

plantable microfluidic devices, increased squeeze film time 

plays a vital role in providing improved shock absorption, 

smoother articulation and enhanced operational lifespan. The in-

fluence of surface roughness and porosity becomes particularly 

relevant here, as material selection and structural permeability 

are key factors in biocompatible lubrication. Importantly, the 

observed performance reduction due to increased porosity em-

phasises the necessity of carefully selecting materials with an 

optimal balance between permeability and structural strength. 

For porous bearings and filters, too much porosity can impair 

pressure generation and reduce the system’s overall effective-

ness. This highlights the importance of tuning design parameters 

based on specific application demands – whether the goal is 

longer operation, higher load support or improved damping. 

Overall, the insights gained from this study extend beyond the-

oretical analysis. They provide practical design guidance for op-

timising lubrication systems across a wide array of applications. 

By quantitatively illustrating the interplay between surface 

roughness, porosity, viscosity variation, magnetic fields and mi-

crostructural fluid effects, the results offer a comprehensive 

framework that engineers can apply to design more robust, effi-

cient and application-specific fluid film systems.  

5. Conclusions 

The current study investigates the performance of squeeze lubri-

cation between a cylinder and a rough, porous flat surface em-

Table 1. Current analysis numerically compared with Lin et al. [31] us-

ing parameter C = 0.2, G = 0.003, M0 = 2, ψ = 0.002, δ = 0.1, m = 0.1. 

Analysis 
Lin et al [31]  

analysis 
Present analysis 

Parameter 
C = 0,  
M0 = 0, 

ψ = 0, G = 0 

C = 0, M0 = 0, 
ψ = 0, G = 0 

C = 0.2, G = 0.003, 
ψ = 0.002, M0 = 2, 
δ = 0.1, m = 0.1 

LR TR LR TR 

P* 

l* = 0 0.483621 0.483579 0.483579 5.62156 5.62291 

l* = 0.2 0.485617 0.485619 0.485618 5.64031 5.64168 

l* = 0.4 0.491384 0.491385 0.491385 5.67947 5.68086 

W* 

l* = 0 0.483621 0.483579 0.483579 5.62156 5.62291 

l* = 0.2 0.485617 0.485619 0.485618 5.64031 5.64168 

l* = 0.4 0.491384 0.491385 0.491385 5.67947 5.68086 

T* 

l* = 0 0.483621 0.483579 0.483579 5.62156 5.62291 

l* = 0.2 0.485617 0.485619 0.485618 5.64031 5.64168 

l* = 0.4 0.491384 0.491385 0.491385 5.67947 5.68086 

LR - Longitudinal roughness, TR – Transverse roughness 

Table 2: Relative percentage of RW* and RT*. 

M0 G RW* RT* 

0 

0.002 0.024321522 0.024243271 

0.004 0.072964567 0.073140716 

0.006 0.121607611 0.121832709 

1 

0.002 0.090454811 0.090926625 

0.004 0.273019095 0.273330945 

0.006 0.456134932 0.456286336 

2 

0.002 0.282115348 0.282318323 

0.004 0.852940023 0.853367247 

0.006 1.432319049 1.433143993 
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ploying Christensen's stochastic model. Several important ob-

servations are: 

 The effect of surface roughness for longitudinal surface 

roughness tends to decrease the dimensionless pressure, 

load-carrying capacity, and squeeze film time when com-

pared to a smooth surface. In contrast, transverse roughness 

improves these performance metrics due to enhanced fluid 

retention.  

 The presence of the Hartmann number, couple stress and 

viscosity variation positively influences the system. These 

factors significantly increase the load-bearing capacity, 

pressure and squeeze film time, highlighting their crucial 

roles in boosting the overall efficiency of the squeeze film. 

 Porosity negatively impacts the system, resulting in a de-

cline in pressure, squeeze film time and load-bearing abil-

ity for one-dimensional roughness patterns, owing to fluid 

seepage through the porous medium. This underscores the 

importance of minimising porosity in high-performance 

applications.  

 The 3D parametric analysis shows that decreasing the 

roughness parameter in longitudinal roughness patterns and 

increasing it in transverse patterns, along with reduced po-

rosity, produces maximum values of P*, W* and T*. Addi-

tionally, higher values of G, M0 and l* consistently lead to 

improved P*, W* and T* across both roughness orienta-

tions, confirming the benefits of multi-parameter optimisa-

tion. 

 A comparative numerical analysis with the findings of Lin 

et al. [31] demonstrates strong agreement, validating the 

accuracy and reliability of the proposed model and numer-

ical framework. 

 Combining magnetic field effects (M0 = 2) with viscosity 

variation (G = 0.004) results in significant enhancement of 

squeeze film lubrication, achieving relative percentage im-

provements of approximately 85.29% in load-carrying ca-

pacity and 85.34% in squeeze film time under optimal con-

ditions. 

Despite the robustness of the current theoretical model, sev-

eral limitations should be recognised. The model is developed 

under idealised assumptions, such as isothermal, incompressible 

flow with no external forces, and the analysis is limited to its 

reliance on numerical simulations without experimental valida-

tion, which may not fully capture real-world dynamics. These 

findings offer valuable insights for designing efficient lubrica-

tion systems. Future research should focus on experimental val-

idation using micro-tribological setups, integration of thermal 

and dynamic effects, and adoption of higher-order or adaptive 

numerical schemes to improve accuracy and extend the model’s 

applicability to more complex, real-world lubrication scenarios. 

6. Novelty  

This study presents a novel investigation into the impact of 

roughness patterns and the role of porosity on squeeze film per-

formance, uniquely integrating factors like viscosity variation, 

Hartmann number and couple stress, which are often examined 

separately in existing research. Specifically, it introduces an in-

depth three-dimensional graph analysis, revealing how precise 

optimisation of roughness and porosity can enhance pressure, 

load-carrying capability and squeeze film time. This approach 

provides fresh insights into maximising performance in squeeze 

film applications. The study introduces these novel factors and 

demonstrates a strong alignment with Lin et al. [31], showcasing 

significant advancements over previous models. This integra-

tion and comparative analysis underline the practical implica-

tions for optimising engineering designs, making a meaningful 

contribution to the field. 
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1. Introduction 

Heat exchangers are critical components of boiler systems, con-

tributing significantly to their energy efficiency, environmental 

performance, and economic viability. The scientific literature 

extensively discusses the theoretical foundations and criteria for 

selecting working fluids and components [1−5]. Applications of 

heat exchangers based on heat pipes are well documented in var-

ious industries, including steel [6] and ceramics [7]. Thermosi-

phon heat pipes, owing to their high thermal capacity, have also 

been explored for use in city gate station heaters [8,9]. Combus-

tion product heat recovery can increase the thermal power out-

put of boilers by 10–12%. Combustion gases typically contain 

10–20% water vapour. When cooled below 50–55°C, more than  
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Abstract 

The paper presents the results of numerical simulations and optimisation of boiler heat exchanger parameters under condi-
tions of deep cooling of combustion products. The specific features of heat and mass transfer calculations, particularly 
when combustion products are cooled below the dew point with water vapour condensation, are discussed. Experimental 
results are provided for a large-scale (1.5 m) heat pipe filled with a water/ammonia mixture. These results are utilised in 
mathematical modelling and optimisation of heat exchanger performance involving heat pipes. The heat transfer process 
is simulated in a two-stage heat exchanger, where different sections of heat pipes are filled with different working fluids 
depending on the temperature zones. The optimisation is performed using the minimum entropy production method. The 
optimal distribution of heat flux density and temperature is determined, considering both design and operational parame-
ters. Numerical examples are provided to demonstrate the performance of the heat recovery system. The results of numer-
ical modelling and optimisation of the design and operating parameters of a two-stage heat exchanger of heat pipes filled 
with various liquids are presented. The optimal parameters of the heat exchanger are determined using the criterion of 
minimum entropy production.  

Keywords: Heat exchanger; Heat pipes; Deep cooling; Thermodynamic efficiency; Entropy generation;  
           Boiler combustion product 
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Nomenclature 

A0.ev‒ internal ribbed surface area of the heat pipe in the evaporation 

zone, kW/K 

Ar,ev‒ external ribbed surface area of the heat pipe in the evaporation 

zone, kW/K  

A0,c ‒ internal/external surface area of the heat pipe in the condensa-

tion zone, kW/K  

сpg ‒ specific heat of combustion products, J/(kg K) 

D ‒ outer diameter of the pipe ribbing, m 

E ‒ rib efficiency factor  

hр ‒ rib height, m 

Kir ‒ irrigation density, kg/(m2 h) 

l ‒ length of thermosiphon, m  

m ‒ weight of the device, kg 

𝑚𝑔̇ ‒ exhaust gas consumption, m3/h 

N ‒ number of rows of the HP 

Pr ‒ Prandtl number 

Рv/Рg‒ relative volume concentration of water vapour at the interface 

Δр ‒ pressure losses in the gas duct, Pa 

ΔP ‒ aerodynamic resistance of the heat exchanger for gas, Pа 

Q ‒ the amount of heat transferred, kW 

𝑄𝑔
∗  ‒ amount of heat transferred by convection, kW 

Re ‒ Reynolds number 

rv ‒ relative volume concentration of water vapour in the combustion 

product flow, % 

Sp ‒ rib pitch on the heat pipes, m  

ΔS ‒ change in the entropy of heat carriers, kW/K 

ΔSheat‒ entropy change due to heat transfer, kW/K 

ΔSp‒ entropy change due to viscous friction, kW/K 

ΔSc ‒ change in entropy due to condensation of water vapour 

         on the surface of heat pipes in the evaporation zone, kW/K 

tс1c ‒ temperature of the inner surface of the thermosiphon 

         in the condensation zone, ℃ 

tc2c ‒ temperature of the surface of the thermosiphon 

         in the condensation zone, ℃ 

tg ‒ temperature of gas, ℃ 

ts ‒ temperature of the working fluid in the heat pipe, ℃ 

tw ‒ temperature of water, ℃ 

T1, T2‒ heat carrier temperatures, K 

W1, W2‒ heat capacity rate, kW/K  

X1,… X5‒ coded dimensionless variables that take values of ±1 

Z ‒ distance between the edges of the adjacent heat pipes, m 

 

Greek symbols 

α1ev ‒ heat transfer coefficient from the inner surface of the heat 

         pipe wall to the working heat carrier, W/(m2 K) 

α1c ‒ heat transfer coefficient from the working fluid to the heat 

         pipe inner wall in the condensation zone, W/(m2 K) 

α2av ‒ average heat transfer coefficient of the ribbed pipe bundle 

         when washing effluent gases by the cross-flow, W(/m2 K) 

α2c ‒ heat transfer coefficient from the heat pipe wall to the heated 

         water in the condensation zone, W/(m2 K) 

α2ev ‒ heat transfer coefficient from gas to the ribbed ‘dry’ 

         evaporation zone surface, W/(m2 K) 

αr ‒ heat transfer coefficient on the rib surface, W/(m2 K) 

δ ‒ fin thickness, m 

ηopt ‒ efficiency of the optimum heat exchanger, % 

λ ‒ thermal conductivity, W/(m K) 

ρ ‒ density, kg/m3 

σ ‒ entropy generation, kW/K 

φ ‒ ribbing surface ratio 

ψ ‒ additional geometric coefficient 

 

Subscripts and Superscripts 

c – condensation 

ev – evaporation  

g – gas  

in – inlet 

out – outlet 

r – rib  

w – water  

 

Abbreviations and Acronyms 

HP – heat pipe 

 

 

70–80% of this moisture condenses. The resulting dehumidified 

combustion gases exit the chimney with increased operational 

reliability, as there is minimal risk of condensation forming  

within the flue.  

The temperature at the outlet of a heat exchanger is limited 

by economic considerations. For optimal operation, the effi-

ciency of the heat exchanger should range between 0.55 and 

0.65, depending on the gas flow rate and pressure drop. The 

complexity of heat and mass transfer processes in condensate-

based heat exchangers necessitates more advanced modelling 

and optimization techniques. While literature offers a variety of 

methods for designing condensation surface heat exchangers, 

practical applications often rely on empirical relationships [10]. 

However, these relationships require adjustments when applied 

to deep flue gas cooling in vertical heat pipes filled with low-

temperature working fluids. Under specific conditions, the in-

fluence of non-analogous heat and mass transfer mechanisms 

can be neglected, enabling simplified engineering models. 

Studies on condensation of water vapour in combustion 

gases containing non-condensable components (e.g. CO2, NOₓ) 

assume that cross vapour flow effects are minimal. Furthermore, 

the thermal resistance of the vapour film is significantly greater 

than that of the gas mixture, and can thus be neglected. This al-

lows for using the film condensation mechanism in modelling 

and optimization. Consequently, the external heat transfer coef-

ficients in both the dry and condensation zones of ribbed heat 

pipes can be calculated using different correlations. A compari-

son of various empirical relationships is presented in [11−14].  

In the mathematical model developed for this study, water 

flows longitudinally in a multi-pass configuration, while com-

bustion gases flow counter-currently in a single pass. The heat 

pipes have vertically oriented evaporation and condensation 

zones with different lengths (lev > lc), and are equipped with spi-

ral cross ribs. The heat recovery system is of the ‘liquid-gas’ 

type, heating water from 5–10°C to 55–65°C. 

2. Materials and methods  

Figures 1 and 2 show a diagram of the heat exchanger. The heat 

pipes are fixed into the exchanger’s tube sheet and arranged in 
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rows along the flue gas flow. The number of tubes was varied 

both across the width (6–8) and along the length (10–15), de-

pending on the required thermal duty. The condenser sections of 

the heat pipes are washed by water in a cross-counterflow, multi-

pass arrangement formed by baffles. The condenser section of 

each heat pipe is shorter than its evaporator section. The evapo-

rator sections are finned with annular (or helical-ribbon) fins. 

The mathematical model of a heat exchanger employing heat 

pipes includes the overall energy balance equation, as well as 

individual heat transfer equations corresponding to each elemen-

tary stage of the heat exchange process from gas to liquid. These 

stages include:  

 the heat transfer from gas to liquid − the working heat carrier 

of the heat pipe in the evaporation zone: 

 𝑄 =
(𝑡𝑔−𝑡𝑠)

𝑅𝑒𝑣(𝑡𝑠,𝑄)
, (1) 

 𝑅𝑒𝑣(𝑡𝑠, 𝑄) =
1

𝛼2𝑒𝑣𝐴𝑟.𝑒𝑣
+

𝛿𝑤

𝜆𝑤𝐴0.𝑒𝑣
+

1

𝛼1𝑒𝑣𝐴0.𝑒𝑣
, (2) 

 the heat transfer from the heat-carrier fluid of the heat pipe to 

the inner wall of the pipe in the condensation zone: 

 𝑄 = 𝛼1𝑐𝐴0.𝑐(𝑡𝑠 − 𝑡𝑐1𝑐), (3) 

 the heat conduction through the wall of the heat pipe in the 

condensation zone: 

 𝑄 =
𝜆𝑤

𝛿𝑤
𝐴0.𝑐(𝑡с1𝑐 − 𝑡с2𝑐), (4) 

 the heat transfer from the outer wall of the heat pipe to the 

heated water: 

 𝑄 = 𝛼2с𝐴0.𝑐(𝑡𝑐2𝑐 − 𝑡𝑤), (5) 

where tс1c and tc2c represent the temperatures of the inner and 

outer surfaces of the thermosiphon in the condensation zone, re-

spectively, Q denotes the amount of heat transferred, ts is the 

temperature of the working fluid inside the heat pipe, tg and tw 

are the temperatures of gas and water, respectively, A0.ev and Ar.ev 

are the internal and external ribbed surface area of the heat pipe 

in the evaporation zone, A0.c is the surface area of the heat pipe 

(both internal and external) in the condensation zone, α2c and 

α2ev are the heat transfer coefficients from the heat pipe wall to 

the heated water in the condensation zone and from the combus-

tion gases to the ribbed surface in the evaporation zone, respec-

tively, α1c stands for the heat transfer coefficient from the work-

ing fluid to the heat pipe inner wall in the condensation zone, 

α1ev represents the heat transfer coefficient from the inner sur-

face of the heat pipe wall to its working fluid. 

The system of Eqs. (1)–(5) includes four unknown variables 

(tс1c, tc2c, ts, Q). The system is nonlinear due to the dependence 

of the heat transfer coefficient on the heat flow rate. 

The system of Eqs. (3)–(5) can be transformed to the form 

 𝑡𝑐1𝑐 −
𝑄𝛿𝑤

𝜆𝑤𝐴0.𝑐
= 𝑡𝑤 +

𝑄

𝛼2𝑐𝐴𝑟.𝑐
, (6) 

 𝑡𝑐1𝑐 = 𝑡𝑠 −
𝑄

𝛼1𝑐𝐴0.𝑐
, (7) 

where Q is determined iteratively using Eq. (1), while tempera-

tures ts and tс1c are obtained from Eqs. (6) and (7), respectively. 

The total heat flux transferred to the heat pipes and directed 

into the thermosiphon is given by 

 𝑄 = 𝑄𝑔 + 𝑄𝑐 . (8) 

The heat balance equation for the evaporation zone of the 

heat pipe (convective heat transfer component) is given as fol-

lows: 

 𝑄𝑔 = 𝛼2𝑒𝑣𝐴2𝑒𝑣(𝑡𝑔 − 𝑡𝑎𝑣). (9) 

To determine the heat transfer coefficient α2ev, the following 

empirical correlations are used: 

 𝛼2𝑒𝑣 = 𝛼2𝑎𝑣
𝐴𝑟𝐸𝜓+𝐴0

𝐴𝑟
, (10) 

where E is the rib efficiency factor, A0 is the area of a smooth 

surface, α2av is the average heat transfer coefficient for a ribbed 

pipe bundle subjected to cross-flow of exhaust gases [15]: 

 𝛼2𝑎𝑣 = 0.33𝑐𝑧𝑐𝑠 (
𝜆𝑔

𝑙
)𝜑−0.5Re0.6𝜑

0.07
Pr0.33 (

Pr𝑔

Pr2𝑐
)
0.25

, (11) 

 

Fig. 1. Longitudinal section of the heat-pipe heat exchanger: 1 − wa-

ter-side baffle, 2 − subsequent water-side baffle (forming alternating 

cross-counterflow passes), 3 − water nozzles (inlet/outlet), 4 − tube 

sheet, 5 − shell (flue-gas duct), 6 − heat pipes (thermosiphons), 

7 − fins on the evaporator section of the heat pipe. 

 

Fig. 2. Longitudinal section of the heat-pipe heat exchanger (tube-

sheet/front view): 1 − water-side baffle, 2 − subsequent water-side 

baffle (forming alternating cross-counterflow passes), 

3 − water nozzles (inlet/outlet), 5 − shell (flue-gas duct). 
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where cz and cs are correction factors depending on the number 

of transverse rows of pipes in the bundle and on the pipe pitch 

in the bundle, l the length of thermosiphon, Re represents the 

Reynolds number, Pr is the Prandtl number, Prg and Pr2c stand 

for Prandtl number for gas and condensate, respectively, and  

φ is the ribbing surface ratio. The latent heat released during wa-

ter vapour condensation is calculated using the following for-

mula: 

 𝑄𝑐 = 𝛼2𝑎𝑣𝐴2𝑒𝑣𝑟𝑣
𝑅𝑣

𝑅𝑔
(𝑟𝑣 −

𝑃𝑣

𝑃𝑔
)

1

с𝑝𝑔
, (12) 

where Рv/Рg is the relative volumetric concentration of water va-

pour at the gas-liquid interface, rv is the relative volumetric con-

centration of water vapour in the combustion product flow (with 

rv < 20%), Rv and Rg denote the gas constants for vapour and gas, 

respectively, and cpg denotes the specific heat capacity of the 

combustion products. A filmwise condensation mechanism for 

water vapour − representing an approximate analogy between 

heat and mass transfer − is assumed in the computations. This 

regime is ensured by the geometric parameters of the ribbed pipe 

bundles. Specifically, the rib height, thickness and material are 

selected to satisfy the following conditions:  

D < 5710-3 m,  Sp > (3.5–4.0)103 m,  φ < 14,  

 (
2𝛼𝑟

𝛿𝑟𝜆𝑟
)

1

2
𝐷 ≤ 3.2, (13) 

where αr is the heat transfer coefficient on the rib surface, Sp is 

the rib pitch and D is the outer diameter of the pipe. The design 

ensures a rib efficiency factor E > 0.9. The critical heat fluxes 

across the pipe’s cross-sectional area were determined accord-

ing to the method described in [16]. The optimisation technique 

is described in detail in [17]. The calculation procedure, based 

on a sequential arrangement of pipe rows, allows for a zone-by-

zone evaluation of parameters along the heat exchanger. These 

parameters include temperature, pressure, the amount of heat 

transferred, heat pipe power, the quantity of condensate formed, 

and others. The following parameters were treated as variables: 

the length of the heat pipe and its evaporation zone, the outer 

and inner diameters of the heat pipe, the number of pipes per 

row, the spacing between pipes, the height, thickness and pitch 

of the ribs, as well as the flow rate and temperature of the com-

bustion products at the inlet, and the flow rate and temperature 

of the inlet water. The total number of heat pipes (i.e. the overall 

heat transfer surface area), the temperatures of the heat carriers, 

the wall temperature and the temperature of the intermediate 

working fluid inside the heat pipes, as well as the aerodynamic 

resistance of the combustion gases, the hydraulic resistance on 

the water side and the total mass of the heat recovery unit, were 

determined as outcomes of the computational experiment. Irre-

versible energy losses in the heat recovery unit arise from heat 

transfer across finite temperature differences, mass transfer dur-

ing the condensation of water vapour and viscous friction in the 

flow of the heat carrier. 

An experimental setup was developed to validate the analyt-

ical relationships used in the mathematical model (Fig. 3). The 

experimental rig, as shown in the figure, comprises heat pipes 

with an evaporator section length of 1000 mm, a condenser sec-

tion length of 500 mm and an outer diameter of 50 mm. Ther-

mocouples were affixed to the external surface of each heat pipe. 

An ammonia-water working fluid was employed at concentra-

tions of 10%, 25%, and 40%. The objective of the experiments 

was to determine the thermal power (heat transfer rate) of the 

heat pipe of this design. Heat was supplied by an electric heater. 

The useful thermal power was determined by measuring the wa-

ter mass flow rate and the temperature difference between the 

shell outlet and inlet in the water-circulation loop. It was found 

that the thermal power of the heat pipe of the studied design is 

5−6 kW. The experimental results were used as estimation in-

puts for modelling the heat exchanger parameters.  

Experimental studies were conducted to evaluate the thermal 

capacity of a heat pipe (HP) filled with ammonia-water solution 

(25% NH3) at surface temperatures ranging from 40°C to 120°C. 

The heat is supplied by an electric heater (9) mounted on the 

surface of the HP in the evaporation zone of the working fluid. 

In the condensation zone, heat is removed by water flowing 

through a casing mounted around the HP. The water temperature 

at the inlet and outlet of the casing is measured using a thermom-

eter (6), while the water flow rate is monitored with a flow meter 

(2). The surface temperature of the thermosiphon in both the 

evaporation and condensation zones is recorded using copper-

constantan thermocouples fixed on the respective surfaces (po-

sitions 5 and 5′). The pressure of the working fluid is measured 

using a manometer (3), and its temperature is determined based 

on the saturated vapour pressure. 

Figure 4 presents a comparison between the experimental re-

sults and the calculated thermal power output of the HP. The 

thermal power of the heat pipe (HP) was measured as a function 

 
 

Fig. 3. Scheme of the experimental setup to determine thermal heat pipe 

capacity: 1 – calibrated measuring tank (graduated vessel) for water 

flow-rate determination, 2 (2') − flow meters, 3 – manometer, 

4 − shut-off valves, 5 (5') − copper-constantan thermocouples, 

6 − thermometer; 7 − heat pipe, 8 – insulation, 9 − heating element. 
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of the vapour temperature of the working fluid (tp). A compari-

son between the experimental and calculated values confirmed 

the qualitative accuracy of the modelled HP power functions at 

different ammonia concentrations. In particular, the HP filled 

with an ammonia-water solution containing 40% NH₃ demon-

strated higher thermal efficiency within the temperature range 

of 40–120°C compared to heat pipes with other concentrations. 

A parametric study was carried out to investigate the influ-

ence of input variables on the number of rows in the apparatus 

(assuming 6–8 thermosiphons per row), aerodynamic resistance 

and the total mass of the heat recovery unit. Pareto-optimal so-

lutions were obtained using a multi-criteria optimisation algo-

rithm. The optimisation was performed with a program based on 

the Sobol sequences method (also called the LPτ-sequence 

method or (t,s) sequences in base 2), which systematically 

probes the factor space through uniformly distributed experi-

mental design points. The optimisation methodology, described 

in detail in [17−19], employs LPτ-search [20] to generate struc-

tured multifactor simulation plans. This technique, belonging to 

the class of Monte Carlo methods, enables the construction of 

stable regression models and helps reduce estimate variance and 

standard error. The computational experiments were designed 

using the Multicrit software package. The system as a whole is 

intended to identify efficient configurations of the heat ex-

changer by regenerating sets of input parameters within speci-

fied bounds. The variation ranges for the key factors are as fol-

lows: thermosiphon length l = 1.0−1.1 m; rib pitch on the HP 

Sр = 0.004−0.008 m, rib height hр = 0.025−0.035 m, exhaust gas 

flow rate 𝑚̇𝑔= 8200−9200 m3/h, distance between adjacent HPs 

Z = 0.006−0.012 m. 

The solution to the multi-criteria optimisation problem 

yields a set of effective Pareto-optimal points, which cannot be 

directly compared with one another across all criteria. There-

fore, the final decision must be made subjectively, based on en-

gineering judgment or project-specific priorities. In the optimi-

sation of the heat recovery device, the goal is to minimise the 

following criteria: N is the number heat pipe rows; ΔP is pres-

sure difference of the heat exchanger to gas flow, m is the weight 

of the device, ΔS is the entropy change of the heat carriers. 

The energy balance equation is extended by incorporating an 

entropy balance equation, in accordance with the methodology 

outlined in [21]: 

 𝜎 = 𝛥𝑆ℎ𝑒𝑎𝑡 + 𝛥𝑆𝑐 + 𝛥𝑆𝛥𝑝, (14) 

where ΔSheat is the entropy change associated with heat trans-

fer, ΔSp is the entropy change resulting from viscous friction 

in the flow of the heat carrier and ΔSc is the change in entropy 

due to vapour condensation on the surface of the heat pipes in 

the evaporation zone. 

Equation (14) can be written as 

 𝜎 = 𝑄𝑔 (
1

𝑇1
−

1

𝑇2
) + 𝑄𝑐 (

1

𝑇1
−

1

𝑇2
) +

𝑚̇1𝛥𝑝

𝜌0𝑇1
, (15) 

where T1 and T2 are the heat carrier temperatures, Δр represents 

pressure losses in the gas duct, 𝑚̇1 is the mass flow rate and ρ0 

is the density of combustion products. 

3. Results and discussion  

The regression equations are derived from the results of a com-

putational experiment based on a three-level Hartley design, in-

volving five factors and a total of 27 experimental runs. 

The experimental plan includes a core structure in the form 

of a fractional factorial design of type ‘25-1’ (16 basic experi-

ments, 10 ‘star’ points and 1 ‘zero’ point). 

As a result of the computational experiment, the following 

regression models were developed: 

𝑁 = 9.3333+0.222222𝑋1 + 1.83333𝑋2 − 

0.333333𝑋3 + 0.222222𝑋4,                   (16) 

              ∆𝑃 = 94.22  − 6.61111𝑋1 − 8.32222𝑋2 −

                 +34.0444𝑋3 − 12.25𝑋4 + 7.61111𝑋5 + 6.96𝑋2
2 +

                           +10.36𝑋3
2 + 2.825𝑋1𝑋3 + 6.1625𝑋3𝑋4, (17) 

where X1, X2, X3, X4, X5 are coded dimensionless variables that 

take values of  ±1: 

 𝑋1= 
𝑙𝑒𝑣+1.05

0.05
, 𝑋2= 

𝑆𝑝−0.006

0.002
, 𝑋2= 

ℎ𝑝−0.03

0.005
 ,  

 𝑋4= 
𝑍−0.009

0.003
, 𝑋2= 

𝑚̇𝑔−8700

500
 .  

The influence of various input parameters on the thermal 

power output, aerodynamic resistance and total mass of the de-

vice has been evaluated. 

Designing the heat exchanger requires establishing quantita-

tive relationships between the selected heat and mass transfer 

indicators and the initial parameters, as well as optimising the 

thermal characteristics of the system. The objective of the com-

putational experiment was to evaluate the influence of input pa-

rameter variations on the required heat transfer surface area and 

the aerodynamic resistance of the system, under the constraint 

of a fixed thermal power and the condition of minimum entropy 

production. A multi-criteria optimisation program based on the 

 

Fig. 4. Heat pipe power as a function of the working fluid temperature:  

1 – ammonia-water with a 25% NH3 concentration (experimental data), 

2 – ammonia-water with a 25% NH3 concentration (calculated data),  

3 – ammonia-water with a 40% NH3 concentration (calculated data). 
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probing of the factor space using uniformly distributed se-

quences was applied [20]. 

The results show that the thermal performance of the heat 

exchanger is strongly influenced by the choice of working fluid 

in each stage of the device. The selection of the working fluid 

determines the temperature distribution of the heat carrier along 

the apparatus, the local heat transfer coefficient and the resulting 

heat flux density. At combustion gas temperatures of 150–

130°C, optimal working fluids were found to be: water in the 

first stage and a water-ammonia mixture in the second stage. 

Simulation results indicate that the condensation of water va-

pour significantly increases the heat flux density. In particular, 

the share of condensation heat in the total heat transfer increases 

to 64%, while the water vapour content in the combustion gases 

decreases from 18% to 10–12%. 

Figure 5 shows the variation of entropy production as a func-

tion of the heat capacity rate of the combustion products. As it 

can be seen, at a constant power of a heat exchanger the decrease 

in the temperature of combustion products and the increase in 

their flow rate result in reducing the entropy production. 

Numerical simulations were carried out for a two-stage heat 

recovery unit utilising heat pipes (thermosiphons) filled with 

two different working fluids in the first and second stages. Wa-

ter, ammonia-water solution, methanol and isobutane (C4H10) 

were considered as potential working fluids for the heat pipes. 

The results show that the heat exchange surface area for a heat 

recovery unit with heat pipes filled with water is significantly 

smaller (by approximately 39–40%) compared to heat pipes 

filled with isobutane. However, the thermal power increases in 

a heat recovery unit designed according to a two-stage thermal 

scheme: the first stage consists of 3 rows of heat pipes (thermo-

siphons) filled with methanol and the second stage consists of 

18 rows of thermosiphons filled with isobutane, or, the first 

stage consists of 3 rows of heat pipes filled with methanol and 

the second stage consists of 10 rows of thermosiphons filled 

with ammonia water. The distribution of heat pipes thermal 

power along the length of the heat recovery unit is shown in Fig. 6. 

Figure 7 presents the variation of the heat transfer coefficient 

and water vapour concentration along the length of the heat re-

covery unit. The observed increase in thermal power output of the 

heat pipes in the second stage is attributed to the condensation of 

water vapour. 

The accuracy of the computational model was verified using 

experimental data for the irrigation density (Kir) defined as the 

amount of water vapour condensed per square meter of heat ex-

change surface per hour. Figure 7 also shows the distribution of 

the irrigation density Kir along the length of the heat exchanger 

with a total heat exchange surface area of 443.52 m2. At a com-

bustion gas flow rate of 10103 m3/h, the irrigation coefficient 

varies from 0 to 2.8 kg/(m2 h). 

According to experimental data [22], typical values of Kir 

range from 2 to 4  kg/(m2 h). For a steam DE-type boiler, the 

measured mass of condensate collected in the apparatus is 260–

  

Fig. 6. Distribution of thermal power of heat pipes along the length  

of the heat recovery unit: 1 – up to the 19th thermosiphon  methanol 

and in others – isobutane, 2 – up to the 19th thermosiphon  methanol 

and in others – ammonia-water, 

3 –  ammonia-water in all thermosiphons. 

 

Fig. 7. Distribution of the heat transfer coefficient and irrigation 

density along the length of the heat recovery unit. 

  
Fig. 5. Entropy production vs. gas heat capacity rate: 1 − mechanical, 

2 − thermal, 3 − at the condensation of water vapour, 4 − total. 
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340 kg/h. The proposed method yields a calculated value of 

240 kg/h, confirming high accuracy of the developed model. In 

this simulation, the working fluid is water up to the 97th ther-

mosiphon and ammonia-water mixture beyond that point 

(60/40% split). The increase in entropy production due to vis-

cous friction corresponds to a minimum total entropy generation 

dStotal = 0.134 kW/K (as shown in Table 1) at a combustion gas 

inlet temperature of T1 = 80°C and a heat capacity rate W1 = 

8.79 kW/K. As W1 increases, the required heat exchange surface 

area multiplied by the overall heat transfer coefficient (i.e. the 

kA value) increases from 4.68 to 5.56 kW/K. As can be seen, 

in the absence of water vapour condensation, entropy production 

becomes more intensive − by up to 31% − due to increased gas 

flow rate required to maintain the same thermal power output 

(Table 2).  

The calculated results for the heat exchanger parameters 

without water vapour condensation are presented in Table 2. 

When modelling and optimising thermal parameters of the 

heat exchanger, the entropy production criterion σ allows for an 

increase in the outlet temperature T2 of the heated medium by 

selecting appropriate values of heat capacity rates W1 and W2, as 

well as by choosing an optimal heat exchange configuration for 

a given heat transfer surface area. Numerical investigations were 

conducted to analyse the effect of varying the heat consumption 

of the heated medium (W2) on the efficiency of the optimised 

heat exchanger (𝜂opt). 

4. Summary and conclusions 

The results of numerical simulation and optimisation of two-

stage heat exchanger parameters using heat pipes, with consid-

eration of entropy change, demonstrate the following: operating 

modes that minimise entropy production lead to reduced irre-

versible losses in the heat transfer process and enhance the over-

all energy efficiency of both the heat exchanger and the heat-

generating unit. However, the implementation of such modes re-

quires a thorough technical and economic justification − partic-

ularly when selecting the heat capacity rate of the combustion 

products (W1) − with consideration of relevant economic crite-

ria. 
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Table 1. Results of heat exchanger parameter optimisation considering water vapour condensation.  

Gas temper-
ature at the 

inlet, °С 

Gas flow 
rate, 
m3/h 

Heat capacity 
rate, 
kW/К 

Thermal 
power/𝑸𝒈

∗ , 

kW/kW 

Water temper-
ature at the in-

let, °С 

Gas tempera-
ture at the out-

let, °С 

Heat transfer 
capacity 

(k  A), kW/K 

Pressure 
losses, 

Pa 

Entropy production, 
kW/K 

(therm./mech./tot.) 

130    8000   3.10 301/244 41.0 50.6 4.64   59 0.170(0.026)/0.00/0.170 
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  70 35000 13.34 298/192 40.5 55.6 7.61 721 0.115(0.042)/0.025/0.140 

𝑄𝑔
∗  is the amount of heat being transferred by convection. 
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1. Introduction 

The study of thermodynamic analysis of unsteady Couette flow 

of nanofluids in a porous wall channel with convective cooling 

is significant due to its implications in heat transfer enhance-

ment, energy efficiency and fluid dynamics in advanced engi-

neering applications [1]. Nanofluids, which are suspensions of 

nanoparticles in a base fluid, exhibit superior thermal properties 

compared to conventional fluids, making them highly valuable 

in optimising heat dissipation in various systems [2].  

Moreover, the properties of nanofluids can also be tailored 

for specific applications by adjusting the type, size and concen-

tration of nanoparticles in the suspension. This allows for cus-

tomisation of the thermal properties of nanofluids to meet the 

requirements of different heat transfer systems. Choi [3] intro-

duced the concept of nanofluids, highlighting their superior ther-

mal conductivities compared to traditional fluids. Analysis of 

unsteady heat and mass transfer in rotating magnetohydrody-

namic (MHD) convection flow over a porous vertical plate has 

been conducted by Narmathaa and Kavitha. The results show  
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Abstract 

This study examines the energy dissipation mechanisms in unsteady nanofluid flow confined between two permeable walls 
under a generalised Couette flow configuration, with a particular emphasis on entropy generation and convective heat 
transfer effects. Such an analysis is of growing significance in advanced thermal management applications, including in-
dustrial cooling processes, microelectronic systems, renewable energy technologies and biomedical devices, where 
nanofluids are increasingly employed to enhance thermal performance. The governing partial differential equations, de-
rived from the conservation principles of mass, momentum, and energy, are solved numerically using a semi-discretisation 
finite-difference approach in conjunction with a Runge-Kutta-Fehlberg integration algorithm. Comprehensive results for 
velocity distribution, temperature field, skin friction coefficient, Nusselt number, entropy generation rate and Bejan number 
are presented and discussed. The findings reveal, among other trends, that increasing injection/suction rates and the Biot 
number reduce the Nusselt number, entropy generation rate and Bejan number at the stationary lower wall, while simulta-
neously enhancing these quantities at the upper moving wall. These results highlight the dual role of boundary conditions 
and thermal parameters in governing irreversibility, heat transfer efficiency and overall system performance. By offering 
insights into the minimisation of entropy-related losses, this work contributes to the design of more energy-efficient and 
sustainable nanofluid-based thermal systems. 

Keywords: Transient Couette flow; Nanofluid; Suction/Injection; Irreversibility analysis; Numerical simulation 
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Nomenclature 

a – channel width, m 

Be – Bejan number  

Bi – Biot number  

(𝑐𝑝)𝑓 – specific heat of the base fluid, J/(kg K) 

(𝑐𝑝)𝑠  – specific heat of  nanoparticles, J/(kg K) 

Cf  – skin friction coefficient  

Ec – Eckert number 

𝑘𝑓 – thermal conductivity of the base fluid, W/(m K) 

knf  – nanofluid thermal conductivity, W/(m K) 

𝑘𝑠 – thermal conductivity of nanoparticles, W/(m K)  

NFFI – fluid friction irreversibility 

NHTI – heat transfer irreversibility 

Ns – dimensionless entropy generation rate 

Nu – Nusselt number  

P – nanofluid pressure, Pa 

Pr – Prandtl number  

Re – Reynolds number  

SG – entropy generation rate, W/(m3 K) 

t – time, s 

T – temperature of the nanofluid, K 

Tw – lower stationary wall temperature, K 

u – nanofluid velocity in the x-direction, m/s 

 

Greek symbols 

𝛼𝑛𝑓 – thermal diffusivity of the nanofluid, m2/s 

𝜇𝑛𝑓   – dynamic viscosity of the nanofluid, kg/(s m) 

𝜌𝑛𝑓  – density of the nanofluid, kg/m3 

𝜌𝑓 – density of the base fluid, kg/m3 

𝜌𝑠 – density of the nanoparticle, kg/m3 

𝜑  – nanoparticles volume fraction 

 

Subscripts and Superscripts 

f – base fluid 

nf – nanofluid 

s – nanoparticle 

 

Abbreviations and Acronyms 

PDE – partial differential equation 

MOL – method of lines 

 

that the velocity and temperature decrease as the Prandtl number 

increases [4]. Unsteady Couette flow, characterised by fluid mo-

tion induced by shear between two parallel plates, plays a vital 

role in industrial processes, such as lubrication, polymer manu-

facturing and microfluidics, where real-time variations in flow 

can significantly influence system efficiency [5]. In studies in-

volving nanofluid dynamics within confined geometries like 

channels, the Couette flow configuration is frequently employed, 

typically involving one moving surface and one stationary. This 

model serves as a fundamental framework for analysing shear-

driven flows in nanofluid systems, offering valuable insights into 

how nanoparticle size and concentration affect flow behaviour 

and heat transfer. Notably, researchers such as Abu-Nada and 

Chamkha [6] and Ali et al. [7] have demonstrated that incorporat-

ing nanoparticles not only modifies flow dynamics but also en-

hances thermal conductivity and overall flow performance. 

The incorporation of porous walls introduces permeability 

effects that significantly influence thermal regulation, pressure 

distribution and cooling efficiency, particularly in heat exchang-

ers, biomedical devices and energy systems [8]. The introduc-

tion of permeable walls in nanofluid systems adds a layer of 

complexity to the analysis, as fluid can infiltrate or be sucked 

through the porous surfaces, which impacts both the flow rate 

and heat transfer efficiency. The concept of wall permeability 

has been explored by Kasaeian et al. [9], who investigated 

nanofluid flow in porous media and found that permeability sig-

nificantly affects the flow and thermal characteristics. When 

coupled with convective cooling, the permeable walls can act as 

heat sinks, enhancing the overall heat transfer by facilitating the 

continuous replacement of hot fluid with cooler fluid from the 

surroundings. Convective cooling, as highlighted by Kakac and 

Pramuanjaroenkij [10], plays a crucial role in such systems by 

promoting efficient heat dissipation. The cooling effect is fur-

ther augmented in systems involving nanofluids due to the 

higher thermal conductivity of these fluids. Studies by Shanthi 

et al. [11] and Malik et al. [12] have shown that the use of porous 

materials for convective cooling significantly boosts the heat dis-

sipation rate, especially when coupled with nanofluids, making 

these systems highly efficient in industrial applications, such as 

electronic cooling. Convective cooling mechanisms play a pivotal 

role in thermal management technologies, such as microproces-

sors, fuel cells and aerospace heat shielding, ensuring optimal op-

erating temperatures and reduced entropy generation [13]. 

The thermodynamic analysis of unsteady nanofluid Couette 

flow, particularly in a permeable wall channel, presents several 

challenges, especially in terms of understanding the time-de-

pendent effects on heat transfer and energy dissipation. The un-

steady flow introduces transient behaviours, which require care-

ful modelling to account for variations in temperature and ve-

locity profiles over time. Ndelwa et al. [14] emphasised the im-

portance of entropy generation analysis in evaluating the ther-

modynamic efficiency of such systems, as it offers insights into 

the irreversibilities caused by viscosity, heat transfer and un-

steady flow dynamics. The study of entropy generation in un-

steady nanofluid systems provides a comprehensive view of the 

energy losses and potential for optimisation. Oztop and Abu-

Nada [15] further explored how the unsteady flow conditions in 

a permeable channel increase entropy generation due to the 

time-varying nature of temperature and velocity fields. This, 

coupled with the effects of convective cooling, which continu-

ously replenishes the hot fluid with cooler nanofluid, helps mit-

igate some of the thermodynamic inefficiencies, making the sys-

tem more effective in energy dissipation and heat transfer en-

hancement [16,17]. Ali et al. [18] conducted a numerical inves-

tigation of the transient flow behaviour of silica nanofluids over 

a stretching cylinder, considering the influence of various nano-

particle shapes and Joule heating. Gorai et al. [20] carried out 

a theoretical study on how nanofluids affect the thermodynamic 

performance of flat-plate solar collectors. As the thermody-

namic understanding of these systems continues to evolve, fu-

ture research should focus on improving the models that de-
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scribe the transient behaviours and optimising the configura-

tions for maximum thermodynamic efficiency in nanofluid cool-

ing applications. 

This study analyses entropy generation in unsteady Couette 

flow of Cu-water nanofluid with convective cooling through 

permeable walls, providing a measure of irreversibility and en-

ergy loss. These insights support the development of more effi-

cient thermal management and lubrication systems. The re-

search has broad applications, including solar collectors, nuclear 

reactors, drug delivery systems, artificial organs, turbine cool-

ing, aerodynamic heating control and advanced microfluidic de-

vices. By combining nanofluid thermodynamics, porous media 

flow and convective cooling principles, the study offers valuable 

guidance for next-generation cooling technologies, sustainable 

energy systems and optimised industrial processes. According 

to the literature, this problem has not been exhaustively investi-

gated; our objective is to fill this gap. The originality and novelty 

of the present study are outlined as follows: 

• It provides a unique investigation of the unsteady thermal 

and entropic behaviour of nanofluid flow in a Couette sys-

tem, emphasizing time-dependent effects and the role of 

nanoparticle-enhanced heat transfer, which are often ne-

glected in existing models; 

• It explores the impact of wall permeability, through suction 

and injection, on the boundary-layer development and en-

tropy generation, offering fresh insights into thermody-

namic irreversibility and flow regulation in advanced ther-

mal systems. 

• It establishes a comprehensive theoretical and numerical 

framework by employing the method of lines and adaptive 

Runge-Kutta-Fehlberg integration to analyse transient ve-

locity, temperature and entropy characteristics in 

nanofluid-based configurations relevant to microfluidics, 

energy systems and heat transfer optimisation.  

In the following sections, the model is formulated, analysed 

and numerically tackled. Pertinent results are presented graph-

ically and discussed. 

2. Mathematical model 

Consider the unsteady laminar Couette flow of a viscous, incom-

pressible water-based nanofluid containing copper nanoparticles 

through a parallel plate channel with permeable walls. The fluid 

is uniformly injected into the channel through the lower wall, 

while a uniform suction occurs at the moving upper plate, as il-

lustrated in Fig. 1. 

Based on the above assumptions, the governing equations for 

the momentum and energy of the nanofluid in one dimension 

can be expressed as follows. 

 
𝜕𝑢

𝜕𝑡̅
+ 𝑉

𝜕𝑢

𝜕𝑦
= −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑥
+
𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑦2
, (1) 

 
𝜕𝑇

𝜕𝑡̅
+ 𝑉

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓

𝜕2𝑇

𝜕𝑦2
+
𝛼𝑛𝑓𝜇𝑛𝑓

𝑘𝑛𝑓
(
𝜕𝑢

𝜕𝑦
)
2

, (2) 

 𝑆𝐺 =
𝑘𝑛𝑓

𝑇𝑤
2 (

𝜕𝑇

𝜕𝑦
)
2

⏟      
𝑁𝐻𝑇𝐼

+
𝜇𝑛𝑓

𝑇𝑤
(
𝜕𝑢

𝜕𝑦
)
2

⏟      
𝑁𝐹𝐹𝐼

, (3) 

where SG is the entropy generation rate, NHTI is the heat transfer 

irreversibility and NFFI is the fluid friction irreversibility. The 

appropriate initial and boundary conditions are: 

 𝑢(𝑦, 0) = 0, 𝑇(𝑦, 0) = 𝑇𝑤, (4) 

 𝑢(0, 𝑡̅) = 0, 𝑇(0, 𝑡̅) = 𝑇𝑤, (5) 

 𝑢(𝑎, 𝑡̅) = 𝑈, 𝑘𝑛𝑓
𝜕𝑇

𝜕𝑦
(𝑎, 𝑡̅) = ℎ[𝑇(𝑎, 𝑡̅) − 𝑇𝑤], (6) 

where u is the nanofluid velocity in the x-direction, T is the tem-

perature of the nanofluid, P is the nanofluid pressure, 𝑡̅ is the 

time, a is the channel width, Tw is the lower stationary wall tem-

perature, 𝜇𝑛𝑓 is the dynamic viscosity of the nanofluid, knf is the 

nanofluid thermal conductivity, 𝜌𝑛𝑓 is the density of the 

nanofluid and 𝛼𝑛𝑓is the thermal diffusivity of the nanofluid.  

The properties of the nanofluid are given by the formulas 

[6,10,13,17,19,20]: 

 𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜑)2.5
,  𝜌𝑛𝑓 = (1 − 𝜑)𝜌𝑓 +  𝜑𝜌𝑠,  

  
𝑘𝑛𝑓

𝑘𝑓
=

(𝑘𝑠+2𝑘𝑓  )−2𝜑(𝑘𝑓 −𝑘𝑠  )

(𝑘𝑠+2𝑘𝑓  )+𝜑(𝑘𝑓 −𝑘𝑠  )
, (7) 

 𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝑐𝑝)𝑛𝑓

,      (𝜌𝑐𝑝 )𝑛𝑓 = (1 − 𝜑)(𝜌𝑐𝑝 )𝑓 + 𝜑(𝜌𝑐𝑝 )𝑠,  

where  represents the nanoparticle volume fraction, 𝜌𝑓 repre-

sents the density of the base fluid and 𝜌𝑠 is the density of the 

nanoparticle, 𝑘𝑓 is the thermal conductivity of the base fluid, and 

𝑘𝑠 is the thermal conductivity of the nanoparticles. The heat ca-

pacities of the base fluid and nanoparticles are represented by 

(𝜌𝑐𝑝)𝑓 and (𝜌𝑐𝑝)𝑠 , respectively. Table 1 presents the thermo-

physical properties of water and copper nanoparticles. 

The following dimensionless variables and parameters are 

introduced, as follows: 

 

Fig. 1. Schematic diagram of the problem. 

Table 1. Thermophysical properties of nanofluid 

[6,10,13,17,19,20]. 

Physical 
properties 

Fluid phase 
(water) 

Copper 
(Cu) 

Cp (J/kg K) 4179 385 

𝝆(kg/m3) 997.1 8933 

k(W/m K) 0.613 401 
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 𝜃 =
𝑇−𝑇𝑤

𝑇𝑤
, 𝑊 =

𝑢

𝑈
, 𝑡 =

𝑡
−
𝑉

𝑎
,  𝜐𝑓 =

𝜇𝑓

𝜌𝑓
,  𝑃̄ =

𝑃𝑎

𝜇𝑓𝑈
, 𝐴 = −

𝜕𝑃̄

𝜕𝑋
,   

 𝑋 =
𝑥

𝑎
, 𝜂 =

𝑦

𝑎
, 𝑁𝑠 =

𝑆𝐺𝑎
2

𝑘𝑓
,  Pr =

𝜇𝑓𝑐𝑝𝑓

𝑘𝑓
, Ec =

𝑈2

𝑐𝑝𝑓𝑇𝑤
, (8) 

 𝜏 =
(𝜌𝑐𝑝)𝑠

(𝜌𝑐𝑝)𝑓

, 𝑚 =
(𝑘𝑠+2𝑘𝑓)+𝜑(𝑘𝑓−𝑘𝑠)

(𝑘𝑠+2𝑘𝑓)−2𝜑(𝑘𝑓−𝑘𝑠)
, Re =

𝑉𝑎

𝜐𝑓
,   Bi =  

ℎ𝑎

𝑘𝑓
.  

The governing equations (Eqs. (1)-(3)) in the dimensionless 

form can be written as: 

 
𝜕𝑊

𝜕𝑡
= 

𝐴

Re[(1−𝜑)+𝜑
𝜌𝑠
𝜌𝑓
]

+
1

Re[(1−𝜑)+𝜑
𝜌𝑠
𝜌𝑓
](1−𝜑)2.5

𝜕2𝑊

𝜕𝜂2
−
𝜕𝑊

𝜕𝜂
, (9) 

𝜕𝜃

𝜕𝑡
=

1

RePr𝑚(1−𝜑+𝜑𝜏)

𝜕2𝜃

𝜕𝜂2
+

Ec

Re(1−φ)2.5(1−𝜑+𝜑𝜏)
(
𝜕𝑊

𝜕𝜂
)
2

−
𝜕𝜃

𝜕𝜂
, (10) 

 𝑁𝑠 =
𝑘𝑛𝑓

𝑘𝑓
(
𝜕𝜃

𝜕𝜂
)
2

+ EcPr
𝜇𝑛𝑓

𝜇𝑓
(
𝜕𝑊

𝜕𝜂
)
2

, (11) 

with the initial and boundary conditions given as 

 

  𝜃(0, 𝑡) = 0,      𝜃(𝜂, 0) = 0,

   𝑊(𝜂, 0) = 0,   

𝑊(0, 𝑡) = 0,

𝑊(1, 𝑡) = 1,
𝜕𝜃

𝜕𝜂
(1, 𝑡) = −𝑚Bi𝜃(1, 𝑡). }

 
 

 
 

. (12) 

Other quantities of practical interest in this study are the skin 

friction coefficient (Cf), the local Nusselt number (Nu), and the 

Bejan number (Be), which are defined as: 

 𝐶𝑓 =
𝜇𝑛𝑓

𝜇𝑓

𝜕𝑊

𝜕𝜂
|
𝜂=0,1

,  Nu = −
𝑘𝑛𝑓

𝑘𝑓

𝜕𝜃

𝜕𝜂
|
𝜂=0.1

 , Be =  
1

1+𝑄
, (13) 

where 𝑄 =  
𝑁𝐹𝐹𝐼

𝑁𝐻𝑇𝐼
 is the irreversibility ratio and  

 𝑁𝐻𝑇𝐼 =
𝑘𝑛𝑓

𝑘𝑓
(
𝜕𝜃

𝜕𝜂
)
2

,    𝑁𝐹𝐹𝐼 = EcPr
𝜇𝑛𝑓

𝜇𝑓
(
𝜕𝑊

𝜕𝜂
)
2

. (14) 

3. Numerical procedures 

Equations (9)–(12) form a system of nonlinear initial boundary 

value problems (IBVPs) that are solved numerically using 

a semi-discretisation finite-difference method known as the 

method of lines (MOL) [19] (see Fig. 2). We divide the spatial 

interval 0 ≤ 𝜂 ≤ 1 into 𝑁equal parts, where the grid size ∆𝜂 =

1/𝑁 and grid points are defined as 𝜂𝑖 = (𝑖 − 1)∆𝜂 for 1 ≤ 𝑖 ≤

𝑁 + 1. This discretisation utilises a linear Cartesian mesh and a 

uniform grid to calculate finite differences. The first and second 

spatial derivatives in Eqs. (9)–(10) are approximated using sec-

ond-order central finite differences. 

Let 𝑊𝑖(𝑡) and 𝜃𝑖(𝑡) represent approximations of 𝑊(𝜂𝑖, 𝑡) 

and 𝜃(𝜂𝑖 , 𝑡), respectively. The semi-discrete system for the 

problem then becomes: 

                                 
𝑑𝑊

𝑑𝑡
=  

𝐴

Re[(1−𝜑)+𝜑
𝜌𝑠
𝜌𝑓
]

+  

 +
1

Re[(1−𝜑)+𝜑
𝜌𝑠
𝜌𝑓
](1−𝜑)2.5

(
𝑊𝑖+1−2𝑊𝑖+𝑊𝑖−1

(𝛥𝜂)2
) − (

𝑊𝑖+1−𝑊𝑖−1

2𝛥𝜂
), (15) 

 
𝑑𝜃

𝑑𝑡
=

1

RePr𝑚(1−𝜑+𝜑𝜏)
[
𝜃𝑖+1−2𝜃𝑖+𝜃𝑖−1

(𝛥𝜂)2
] + 

                 + 
𝐸𝑐

Re(1−𝜑)2.5(1−𝜑+𝜑𝜏)
(
𝑊𝑖+1−𝑊𝑖−1

2𝛥𝜂
)
2

− (
𝜃𝑖+1−𝜃𝑖−1

2𝛥𝜂
). (16) 

Equations (15) and (16) represent a system of first-order or-

dinary differential equations with known initial conditions. The 

convergence of the MOL used to solve this initial boundary 

value problem with the Runge-Kutta-Fehlberg (RKF) method is 

assured, as it depends on the combined effects of accurate spatial 

discretisation and adaptive time-stepping control inherent in the 

RKF scheme.  

In this approach, the spatial derivatives in the governing par-

tial differential equations (PDEs) are discretised using a second-

order central difference scheme, which converts the PDEs into 

a system of ordinary differential equations (ODEs) in time. The 

RKF method, an explicit Runge-Kutta algorithm of orders four 

and five, advances the solution in time by automatically adjust-

ing the step size according to the estimated local truncation error 

between the two embedded approximations. Convergence is 

achieved when the spatial discretisation reliably captures the be-

haviour of the spatial derivatives as the mesh is refined and the 

time integration remains stable under the RKF’s adaptive error 

control mechanism.  

Since the method satisfies both consistency and stability 

conditions, the Lax equivalence theorem guarantees conver-

gence of the overall numerical solution. Moreover, the resulting 

initial value problem can be solved iteratively using the Runge-

Kutta-Fehlberg method, implemented using Maple software. To 

validate the accuracy of the numerical procedure and establish 

a benchmark for the present analysis, a special case of the cur-

rent model is compared with previously published results for the 

velocity profile reported in [21]. This validation is performed 

under a steady-state condition for a conventional fluid ( = 0) 

 

Fig. 2. Flow diagram of method of lines. 
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confined between stationary permeable walls, as presented in 

Table 2. The comparison demonstrates excellent agreement in 

both qualitative trends and quantitative values, thereby confirm-

ing the reliability of the adopted computational approach. 

4. Results and discussion 

This section explores the influence of emerging parameters on 

Cu-water nanofluid flow and its heat transfer characteristics. 

The results from computational analyses are comprehensively 

presented in Figs. 3–26. The selected parameter ranges and val-

ues are based on established literature. 

4.1. Velocity profiles 

The influence of key emerging parameters on the nanofluid ve-

locity distribution is systematically illustrated in Figs. 3–7, of-

fering insights into the coupled thermal and entropic behaviour 

of the unsteady nanofluid flow within a permeable-walled 

Couette system. Figures 3–5 demonstrate the temporal and spa-

tial evolution of the velocity field, showing that the velocity re-

mains zero at the stationary lower permeable wall due to the no-

slip boundary condition, then progressively increases along the 

channel, attaining its maximum at the upper permeable moving 

wall. With time, the velocity field transitions from a transient 

state to a stable steady-state configuration, thereby highlighting 

the unsteady relaxation mechanisms that govern nanofluid 

transport. Figure 6 illustrates the influence of nanoparticle vol-

ume fraction, where increasing Cu nanoparticle concentration 

enhances fluid velocity, particularly near the upper moving wall.  

This enhancement stems from the superior thermal conductiv-

ity and augmented momentum diffusion imparted by the sus-

pended nanoparticles, which in turn accelerates convective 

transport and facilitate more effective heat dissipation. Figure 7 

emphasises the effect of Reynolds number (Re), showing that 

higher values intensify the velocity distribution towards the upper 

moving wall as a result of stronger injection at the lower wall and 

enhanced suction at the upper wall. This increase in Re not only 

accelerates the nanofluid flow, but also augments the overall con-

vective heat transfer and entropy generation processes, underscor-

ing the balance between improved thermal performance and irre- 

Table 2. Velocity  profile  comparison with the results 

from [21] for steady state when  = 0, A = 1 and Re = 1.  

η Ref. [21] w(η) Present w(η) 

0 0 0 

0.1 0.038792 0.0387930 

0.2 0.071148 0.0711488 

0.3 0.096390 0.0963903 

0.4 0.113769 0.1137695 

0.5 0.122459 0.1224593 

0.6 0.121546 0.1215460 

0.7 0.110019 0.1100195 

0.8 0.086763 0.0867637 

0.9 0.050544 0.0505450 

1.0 0 0 

 

 

Fig. 3. Variation of the velocity profile with time and space. 

 

Fig. 4. Impact of  on the velocity profile. 

 

Fig. 5. Impact of t on the velocity profile. 
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versibility. From an engineering perspective, these findings carry 

important implications: the ability to modulate velocity, thermal 

transport and entropy generation through nanoparticle concentra-

tion, wall permeability and flow inertia, offers a pathway for op-

timising nanofluid-based thermal systems. Applications include 

advanced cooling strategies in microelectronics and industrial 

heat exchangers, efficiency enhancement in renewable energy 

systems such as solar thermal collectors, improved biomedical 

fluid transport in drug delivery and dialysis devices, and con-

trolled porous filtration in chemical processing. By linking ve-

locity field modifications to thermal and entropic outcomes, this 

study highlights how tailored parameter tuning in permeable-

walled Couette systems can reduce irreversibility, enhance heat 

management and contributes to the design of energy-efficient, 

sustainable technologies. 

4.2. Temperature profiles 

Figures 8–14 present a comprehensive depiction of the thermal 

and entropic behaviour of unsteady nanofluid flow in a permea-

ble-walled Couette system, highlighting the sensitivity of 

 

Fig. 7. Impact of Re on the velocity profile. 

 

Fig. 8. Variation of the temperature profile with time and space. 

 

Fig. 9. Impact of  on the temperature profile. 

 

Fig. 10. Impact of t on the temperature profile. 

 

Fig. 6. Impact of  on the velocity profile. 
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temperature distributions to variations in time, space and key 

thermophysical parameters. Figures 8–10 demonstrate the tran-

sient evolution of the nanofluid temperature profile, where the 

fluid initially exhibits its lowest temperature at the stationary 

lower permeable wall due to the imposed boundary conditions. 

As the fluid migrates upward, the temperature rises progres-

sively under the influence of convective heat transfer at the up-

per permeable moving wall, eventually stabilising into a steady-

state profile over time for fixed parameter values. Figure 11 em-

phasises the role of Cu nanoparticle volume fraction, showing 

that higher concentrations increase nanofluid temperature owing 

to the superior thermal conductivity of metallic nanoparticles, 

which enhances energy storage and transport across the fluid do-

main. Similarly, Fig. 12 illustrates the effect of the Eckert num-

ber (Ec), where an increase corresponds to greater viscous dis-

sipation and the subsequent conversion of kinetic energy into 

internal energy, thereby elevating the temperature field.  

In contrast, Figs. 13 and 14 reveal that increasing Reynolds 

number and Biot number (Bi) leads to notable temperature sup-

pression within the channel. This reduction results from en-

hanced convective cooling and intensified fluid suction at the 

upper moving wall, which promotes rapid heat dissipation into 

the surrounding medium. From an engineering perspective, 

these findings carry significant implications: the tunability of 

nanoparticle concentration, viscous dissipation effects and 

convective boundary conditions provides a pathway for opti-

mising thermal management strategies in high-performance 

cooling systems, porous filtration processes, microelectronic 

devices and biomedical applications, where precise regulation 

of temperature and minimisation of entropy generation are crit-

ical. In particular, systems requiring rapid heat removal, such 

as compact heat exchangers and lab-on-chip devices, benefit 

from the elevated Re and Bi values, while applications priori-

tising thermal energy storage or targeted heating, such as pho-

tothermal therapy or solar thermal collectors, may exploit 

 

Fig. 13. Impact of Re on the temperature profile. 

 

Fig. 12.Impact of Ec on the temperature profile. 

 

Fig. 14. Impact of Bi on the temperature profile. 

 

Fig. 11. Impact of  on the temperature profile. 
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higher nanoparticle concentrations and viscous dissipation ef-

fects. Thus, the interplay between thermal and entropic behav-

iour in permeable-walled Couette systems provides a valuable 

design framework for developing energy-efficient, sustainable 

and application-specific nanofluid technologies. 

4.3. Skin friction and Nusselt number 

Figures 15–17 provide important insights into the coupled ther-

mal and entropic behaviour of unsteady nanofluid flow in a per-

meable-walled Couette system, with direct implications for en-

gineering applications, where heat transfer efficiency and en-

ergy dissipation are critical. The results indicate that an increase 

in the nanoparticle volume fraction () significantly raises the 

skin friction at both channel walls, a trend linked to the higher 

effective viscosity and augmented momentum transport of 

nanofluids, which intensify wall shear stresses. Specifically, 

Fig. 15 shows that increasing the Reynolds number enhances 

skin friction at the upper permeable moving wall due to stronger 

suction effects, which accelerate near-wall momentum transfer, 

whereas the opposite trend is observed at the lower permeable stationary wall, where injection weakens shear stress and re-

duces skin friction. This contrasting behaviour underscores the 

delicate balance between suction and injection mechanisms in 

modulating near-wall flow dynamics. Figures 16 and 17 further 

highlight the influence of thermophysical parameters on the 

Nusselt number, a measure of convective heat transfer.  

The findings reveal that higher nanoparticle volume fraction, 

Eckert number and Biot number, all contribute to improved con-

vective heat transfer rates. This enhancement is attributed, re-

spectively, to improved thermal conductivity from nanoparticle 

suspension, increased viscous dissipation and internal heat gen-

eration and stronger convective coupling between the fluid and 

its thermal environment. In contrast, a rise in Re diminishes the 

Nusselt number, as intensified suction and injection dynamics 

facilitate stronger convective cooling that dissipates thermal en-

ergy more rapidly, thereby lowering the effective heat transfer 

at the walls. These observations carry important engineering im-

plications: for instance, in microelectronic cooling systems, in-

creasing nanoparticle concentration and optimising viscous dis-

sipation can significantly enhance thermal management, while 

in porous filtration and biomedical applications, careful regula-

tion of suction and injection is necessary to balance shear stress 

effects with heat transfer requirements. Similarly, in renewable 

energy systems, such as solar collectors or geothermal exchang-

ers, tuning Biot and Eckert numbers can improve energy recov-

ery efficiency while minimising entropy generation. Overall, the 

parametric interplay illustrated in Figs. 15–17 highlights strate-

gies for enhancing heat transfer while mitigating irreversibility, 

thereby guiding the design of more efficient and sustainable 

nanofluid-based thermal systems. 

4.4. Entropy generation rate 

Figures 18–21 present a detailed exploration of the thermal and 

entropic behaviour of unsteady nanofluid flow in a permeable-

walled Couette system, highlighting how emerging flow and 

thermal parameters influence entropy generation and, by exten-

sion, the efficiency of energy transport. A key observation is that 

 

Fig. 15. Impact of Re and  on skin friction. 

 

Fig. 17. Impact of Re and  on the Nusselt number. 

  

Fig. 16. Impact of Bi and Ec on the Nusselt number. 
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entropy generation is consistently higher near the lower station-

ary permeable wall compared to the upper moving wall, a dis-

parity arising from the combined effects of fluid injection at the 

lower boundary and the modified thermophysical properties of 

the nanofluid, which accentuate velocity and temperature gradi-

ents. Figure 18 provides a three-dimensional surface plot of the 

entropy generation rate (Ns) in the (η,t)-space, offering an in-

sightful visualisation of how thermodynamic irreversibility 

evolves both spatially and temporally. Here, entropy generation 

is dominated by wall shear stresses and transient start-up effects, 

with higher values evident at early times and near-wall regions. 

Over time, as the system progresses toward a quasi-steady state, 

irreversibility diminishes, indicating stabilisation of both ther-

mal and hydrodynamic fields. This behaviour has significant en-

gineering implications: in microchannel heat exchangers, micro-

electromechanical systems (MEMS), energy storage devices 

and biomedical thermal management systems, minimising en-

tropy generation directly translates to improved exergy effi-

ciency, reduced operational losses and more sustainable designs. 

Figures 19 and 20 show that increasing the copper nanoparticle 

volume fraction enhances entropy generation due to the dual ef-

fect of improved thermal conductivity and elevated viscosity. 

While nanoparticles facilitate more efficient heat transfer, 

the associated viscous resistance increases momentum dissipa-

tion, thereby elevating irreversibility, a trade-off engineers must 

balance when designing nanofluid-based cooling and energy 

systems. 

Similarly, higher Eckert numbers intensify entropy produc-

tion by converting more mechanical energy into heat through 

viscous dissipation, underscoring the critical role of flow veloc-

ity and shear rates in determining energy efficiency in practical 

applications, such as turbine blade cooling or biomedical perfu-

sion processes. Figures 21 and 22 further demonstrate the nu-

anced effects of Biot number and Reynolds number: increasing 

Bi and Re reduces entropy generation at the lower stationary 

permeable wall due to stronger convective cooling and fluid in-

jection, which diminishes thermal gradients and lowers irrevers-

ibility. Conversely, the upper moving wall exhibits higher en-

tropy production under the same conditions, driven by enhanced 

 

Fig. 18. The entropy generation rate (Ns) profile 

with time and space. 

  

Fig. 21. Impact of Bi on Ns. 

  

Fig. 19. Impact of  on Ns. 

  

Fig. 20. Impact of Ec on Ns. 
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suction effects and amplified convective heat exchange, which 

strengthen local energy dissipation.  

These results emphasise that while parameters, such as nano-

particle concentration and the Eckert number uniformly increase 

entropy generation, the Biot and Reynolds numbers introduce 

spatially contrasting behaviours, making entropy distribution  

highly dependent on wall conditions and flow regulation. From 

an engineering standpoint, this tunability is advantageous, al-

lowing for tailored optimisation of system performance through 

strategic manipulation of boundary conditions. For instance, in 

industrial cooling loops, porous filtration systems or renewable 

energy collectors, controlling suction/injection rates and wall 

thermal properties can minimise irreversibility in critical re-

gions, thereby improving efficiency and lowering energy costs. 

Overall, the thermal and entropic analysis not only deepens the 

understanding of nanofluid transport in permeable Couette sys-

tems, but also provides practical guidance for designing ad-

vanced thermal-fluid systems, in which irreversibility hotspots 

must be identified, controlled and mitigated to achieve sustain-

able and high-performance energy management.  

4.5. Bejan number 

Figures 23–26 illustrate the complex influence of key thermo-

physical and flow parameters on the Bejan number (Be), offering 

critical insights into the dominant mechanisms of entropy gener-

ation within the unsteady nanofluid flow in a permeable-walled 

Couette system. The Bejan number serves as a vital metric for 

distinguishing between the relative contributions of heat transfer 

irreversibility and fluid friction irreversibility to the total entropy 

generation rate. A higher Bejan number indicates that entropy 

production is primarily driven by thermal gradients and heat trans-

fer processes, whereas a lower value reflects a predominance of 

fluid friction and viscous effects. Across the channel, a consistent 

observation is that the Bejan number is generally higher near the 

lower stationary permeable wall compared to the upper moving 

wall, suggesting that thermal irreversibilities are more pro-

nounced in regions influenced by fluid injection and significant 

temperature gradients. The analysis shows that increasing the Cu 

  

Fig. 23. Impact of  on Be. 

  

Fig. 24. Impact of Ec on Be. 

 

Fig. 25. Impact of Bi on Be. 

  

Fig. 22. Impact of Re on Ns. 
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nanoparticle volume fraction and the Eckert number leads to  

a marked elevation in the Bejan number. Higher nanoparticle con-

centrations enhance the effective thermal conductivity of the 

nanofluid, facilitating more efficient heat transport and conse-

quently increasing the dominance of heat transfer-related entropy 

generation. Similarly, larger Eckert numbers, representing the 

conversion of kinetic energy into internal energy through viscous 

dissipation, further amplify thermal irreversibility, elevating the 

Bejan number throughout the channel.  

From an engineering perspective, these findings indicate that 

carefully tuning nanoparticle concentration and controlling flow 

velocities to modulate viscous heating can enhance thermal 

management efficiency in systems, such as microchannel heat 

exchangers, electronic cooling devices and solar thermal collec-

tors, where minimising entropy generation is critical for perfor-

mance optimisation. In contrast, the Biot number and the injec-

tion/suction Reynolds number exhibit spatially dependent ef-

fects on the Bejan number. At the lower stationary wall, increas-

ing Bi and Re results in a decrease in the Bejan number, signal-

ling that fluid friction irreversibility becomes more dominant. 

This reduction arises from enhanced convective cooling and in-

tensified fluid injection, which reduce local temperature gradi-

ents and shift the primary source of entropy generation towards 

shear-induced losses.  

Conversely, at the upper moving wall, increasing the Biot and 

Reynolds numbers elevates the Bejan number, reflecting an in-

tensified role of thermal irreversibility due to stronger fluid suc-

tion and augmented convective heat transfer at this boundary. 

This spatial variation in entropy generation mechanisms under-

scores the importance of localised flow and thermal control strat-

egies for optimising system performance, particularly in applica-

tions involving porous surfaces, microfluidic devices, or biomed-

ical cooling systems, where precise thermal regulation is critical. 

Overall, these results highlight that while parameters, such as na-

noparticle volume fraction and Eckert number, consistently en-

hance heat transfer irreversibility across the channel, parameters 

like Bi and Re exert location-specific effects, producing complex 

distributions of entropy generation. Understanding these trends is 

essential for engineering design strategies aimed at reducing en-

ergy losses, improving heat transfer efficiency, and developing 

more sustainable and high-performance nanofluid-based flow 

systems. 

6. Conclusions 

This study presents a detailed numerical investigation of unsteady 

Cu-water nanofluid flow in a permeable-walled Couette system 

with convective heat transfer, employing a semi-discretisation fi-

nite-difference method coupled with a Runge-Kutta-Fehlberg in-

tegration scheme. Entropy generation was analysed through ve-

locity and temperature gradients, providing insights into the inter-

play between thermal and viscous irreversibilities. The influence 

of key thermophysical and flow parameters on velocity, tempera-

ture, skin friction, Nusselt number, entropy generation rate and 

Bejan number was systematically examined, revealing several no-

table trends with direct relevance to engineering applications. The 

key conclusions from this study are as follows: 

 The nanofluid velocity and temperature fields evolve dy-

namically over time, ultimately stabilising into steady-

state profiles within the channel. This behaviour is critical 

for engineering systems, where predictable thermal and 

flow performance is essential, such as in microchannel 

heat exchangers and cooling devices for electronics. 

 Increasing the nanoparticle volume fraction and the in-

jection/suction Reynolds number enhances the velocity 

distribution toward the upper moving permeable wall. 

This indicates that manipulating nanoparticle concentra-

tion and flow intensity can effectively control fluid 

transport and shear rates, which is beneficial for applica-

tions requiring targeted convective enhancement, such as 

industrial cooling channels and biomedical microfluidic 

systems. 

 The nanofluid temperature rises with higher solid volume 

fraction and Eckert number, reflecting improved thermal 

conductivity due to nanoparticles and increased viscous 

dissipation, while it decreases with higher Reynolds and 

Biot numbers, highlighting the influence of flow-induced 

cooling and convective heat transfer. Understanding 

these trends is vital for thermal management in high-

heat-flux devices, solar collectors and other energy sys-

tems, where precise temperature control is required. 

 Higher nanoparticle volume fraction leads to increased 

skin friction, Nusselt number, entropy generation rate 

and Bejan number, emphasising that enhanced heat trans-

fer is accompanied by greater thermal irreversibility. 

Similarly, higher Eckert numbers amplify heat transfer 

and entropy production, underlining the trade-offs be-

tween viscous heating and thermal efficiency. These in-

sights are important for designing systems where max-

imising heat transfer must be balanced against minimis-

ing energy losses, such as in advanced cooling technolo-

gies and energy-efficient nanofluid-based heat exchang-

ers. 

 

Fig. 26. Impact of Re on Be. 
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 The effects of the Reynolds and Biot numbers are spa-

tially dependent: increasing the Reynolds number re-

duces skin friction, the Nusselt number, the entropy gen-

eration and the Bejan number at the lower stationary 

wall, but increases them at the upper moving wall. Like-

wise, a higher Biot number decreases these quantities at 

the lower wall while enhancing them at the upper wall. 

These variations underscore the critical role of boundary-

layer control, fluid injection/suction and convective con-

ditions in optimising both thermal performance and en-

ergy efficiency in engineering applications, including po-

rous channels, microfluidic devices and industrial ther-

mal management systems. 

Finally, understanding the spatial and parametric dependen-

cies of entropy generation and heat transfer provides a frame-

work for optimising nanofluid-based systems, enabling engi-

neers to maximise thermal performance while minimising irre-

versibility, ultimately contributing to more sustainable and en-

ergy-efficient technologies. For the future, the model may be ex-

tended to include the combined effects of other physical factors, 

such as magnetic field, thermal radiation, buoyancy forces, 

Joule heating, thermophoresis and Brownian motion. 

References 

[1] Bejan, A. (1995). Entropy generation minimization: The method 

of thermodynamic optimization of finite-size systems and finite-

time processes. CRC Press, Boca Raton. 

[2] Das, S.K., Choi, S.U.S, & Patel, H.E. (2006). Heat transfer in 

nanofluids − A review. Heat Transfer Engineering, 27(10), 3−19. 

doi: 10.1080/01457630600904593 

[3] Choi, S.U.S. (1995). Enhancing thermal conductivity of fluids 

with nanoparticles. In Developments and applications of non-

Newtonian flows. ASME FED, 231/MD 66 (pp. 99–105), New 

York. 

[4] Narmatha, M., & Kavitha, R. (2024). Analysis of unsteady heat 

and mass transfer in rotating MHD convection flow over a porous 

vertical plate. Archives of Thermodynamics, 45(4), 179−187. doi: 

10.24425/ather.2024.152007 

[5] Batchelor, G.K. (2000). An introduction to fluid dynamics. Cam-

bridge University Press. 

[6] Abu-Nada, E. & Chamkha, A.J. (2010). Mixed convection flow 

in a lid-driven inclined square enclosure filled with a nanofluid. 

European Journal of Mechanics B/Fluids, 29(6), 472–482. doi: 

10.1016/j.euromechflu.2010.06.008 

[7] Ali, K., Rajashekar Reddy, Y., & Balla, C.S. (2021). Numerical 

solution of transient Fe3O4-EG nanofluid past the Couette chan-

nel associated with radiation. International Journal of Ambient 

Energy, 43(1), 5673–5686. doi: 10.1080/01430750.2021. 

1970623 

[8] Nield, D.A., & Bejan, A. (2006). Convection in porous media. 

Springer. doi: 10.1007/978-3-319-49562-0 

[9] Kasaeian, A., Daneshazarian, R., Mahian, O., Kolsi, L., 

Chamkha, A.J., Wongwises, S., & Pop, I. (2017). Nanofluid flow 

and heat transfer in porous media: A review of the latest develop-

ments. International Journal of Heat and Mass Transfer, 107, 

778−791. doi: 10.1016/j.ijheatmasstransfer.2016.11.074 

[10] Kakac, S. & Pramuanjaroenkij, A. (2009). Review of convective 

heat transfer with nanofluids. International Journal of Heat and 

Mass Transfer, 52(13-14), 3187–3196. doi: 10.1016/j.ijheatmas-

stransfer.2009.02.006 

[11] Shanthi, R., Anandan, S.S., & Ramalingam, V. (2012). Heat 

transfer enhancement using nanofluids: An overview. Thermal 

Science, 16(2), 423–444. doi: 10.2298/TSCI110201003S 

[12] Malik, Z.U., Mallawi, F.O., & Haq, R.U. (2021). Thermal energy 

performance of nanofluid flow and heat transfer vertical channel 

with permeable surface. Case Studies in Thermal Engineering, 

28, 101447. doi: 10.1016/j.csite.2021.101447 

[13] Mkwizu, M.H., & Makinde, O.D. (2015). Entropy generation in 

variable viscosity channel flow of nanofluids with convective 

cooling. Comptes Rendus Mecanique, 343(1), 38−56. doi: 

10.1016/j.crme.2014.09.002  

[14] Ndelwa, E.J., Mkwizu, M.H., Matofali, A.X., & Ali, A.O. (2025). 

Thermodynamic analysis of entropy generation in MHD hybrid 

nanofluid channel flow under Navier slip conditions. Interna-

tional Journal of Ambient Energy, 46(1), 2559148. doi: 10.1080/ 

01430750.2025.2559148 

[15]  Oztop, H.F., & Abu-Nada, E. (2008). Numerical study of natural 

convection in partially heated rectangular enclosures filled with 

nanofluids. International Journal of Heat and Fluid Flow, 29(5), 

1326–1336. doi: 10.1016/j.ijheatfluidflow.2008.04.009 

[16] Siddabasappa, Siddheshwar, P.G. & Makinde, O.D. (2021). A 

study of entropy generation and heat transfer in a magnetohydro-

dynamics flow of a couple-stress fluid through a thermal non-

equilibrium vertical porous channel. Heat Transfer, 50(6), 6377–

6400. doi: 10.1002/htj.22176 

[17] Rikitu, E.H., & Makinde, O.D. (2024). Entropy generation and 

heat transfer analysis of Eyring-Powell nanofluid flow through 

inclined microchannel subjected to magnetohydrodynamics and 

heat generation. International Journal of Thermofluids, 22, 

100640. doi: 10.1016/j.ijft.2024.100640 

[18] Ali, R., Iqbal, A., Abbass, T., Arshad, T., & Shahzad, A. (2024). 

Unsteady flow of silica nanofluid over a stretching cylinder with 

effects of different shapes of nanoparticles and Joule heating. Ar-

chives of Thermodynamics, 45(3), 115−126. doi: 10.24425/ather. 

2024.151222 

[19] Gao, X.W., Zhu, Y.-M., & Pan, T. (2023). Finite line method for 

solving high-order partial differential equations in science and 

engineering. Partial Differential Equations in Applied Mathe-

matics, 7, 100477. doi: 10.1016/j.padiff.2022.100477 

[20] Gorai, V.K., Kumar, M., Singh, R., & Sahu, M.K. (2025). Theoret-

ical investigation for optimal thermal and thermodynamic perfor-

mance of flat-plate solar collector with nanofluids. Archives of 

Thermodynamics, 46(1), 155‒167. doi: 10.24425/ ather.2025. 

154189 

[21] Makinde, O.D., & Eegunjobi, A.S. (2013). Effects of convective 

heating on entropy generation rate in a channel with permeable 

walls. Entropy, 15(1), 220−233. doi: 10.3390/e15010220 

 

https://doi.org/10.1080/01457630600904593
https://doi.org/10.24425/ather.2024.152007
https://doi.org/10.1016/j.euromechflu.2010.06.008
https://doi.org/10.1016/j.euromechflu.2010.06.008
https://doi.org/10.1016/j.ijheatmasstransfer.2016.11.074
https://doi.org/10.1016/j.ijheatmasstransfer.2009.02.006
https://doi.org/10.1016/j.ijheatmasstransfer.2009.02.006
https://doi.org/10.2298/TSCI110201003S
https://doi.org/10.1016/j.csite.2021.101447
https://doi.org/10.1016/j.ijheatfluidflow.2008.04.009
https://doi.org/10.1002/htj.22176
https://doi.org/10.1016/j.ijft.2024.100640
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Ali%2C+Ramzan%22
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Iqbal%2C+Azhar%22
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Abbass%2C+Tasawar%22
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Arshad%2C+Touqeer%22
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Shahzad%2C+Azeem%22
https://journals.pan.pl/dlibra/publication/151222/edition/132020/content
https://journals.pan.pl/dlibra/publication/151222/edition/132020/content
https://journals.pan.pl/ather/151222
https://journals.pan.pl/ather/151222
https://www.sciencedirect.com/journal/partial-differential-equations-in-applied-mathematics
https://www.sciencedirect.com/journal/partial-differential-equations-in-applied-mathematics
https://www.sciencedirect.com/journal/partial-differential-equations-in-applied-mathematics/vol/7/suppl/C
https://doi.org/10.1016/j.padiff.2022.100477
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Gorai%2C+Vikash+Kumar%22
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Kumar%2C+Mukesh%22
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Singh%2C+Rahul%22
https://journals.pan.pl/dlibra/results?action=AdvancedSearchAction&type=-3&val1=Creator:%22Sahu%2C+Mukesh+Kumar%22
https://journals.pan.pl/dlibra/publication/154189/edition/134783/content
https://journals.pan.pl/dlibra/publication/154189/edition/134783/content
https://journals.pan.pl/dlibra/publication/154189/edition/134783/content
https://journals.pan.pl/ather/154189
https://journals.pan.pl/ather/154189
https://doi.org/10.3390/e15010220


 

1. Introduction 

A nanofluid is a type of fluid that contains nanoparticles uni-

formly dispersed throughout a base liquid, creating a stable col-

loidal mixture. Typical base fluids include water, ethylene gly-

col and various oils, while the nanoparticles are often made of 

metals, metal oxides, carbides or carbon nanotubes. The term 

"nanofluid" was first introduced by Choi [1] to describe this 

novel class of fluids. Nanofluid is essentially a mixture of con-

ventional low-thermal-conductivity fluid and nanoparticles 

smaller than 100 nm. It can also be defined as a suspension of 

tiny particles within a base fluid. The most widely used nano-

particles in nanofluids include carbon nanotubes, metals, oxides 

and carbides. These fluids are synthetically engineered to ex-

hibit enhanced thermal conductivity compared to their base flu-

ids. The thermal conductivity of nanofluids can be further im-

proved by incorporating nanoparticles such as gold, copper and 

silver. Buongiorno [2] investigated the factors contributing to 

this enhancement and found that the increase in thermal conduc-

tivity is primarily influenced by Brownian motion and the ther-

mophoresis effect. Nanofluids have diverse applications across 

various industries. In the heavy vehicle and information technol- 
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Abstract 

A numerical investigation has been conducted on the flow of a nanofluid over an exponentially stretching surface, a configu-
ration relevant to many industrial heat and mass transfer applications. By applying appropriate similarity transformations, the 
governing partial differential equations are reduced to a set of dimensionless ordinary differential equations. These nonlinear 
equations are solved numerically using the fourth-order Adams–Moulton method integrated with a shooting technique to 
ensure accuracy and stability. The validity of the computed results is established by benchmarking them against previously 
published findings in the literature. Key parameters influencing the flow are illustrated and discussed through graphical rep-
resentations. The study's overall findings support the conclusion that increasing the Hartmann number, Schmidt number and 
thermal stratification parameter reduces the thermal boundary layer thickness. Moreover, enhanced solutal stratification and 
chemical reaction parameters are found to suppress the nanoparticle concentration. Engineering quantities like the skin friction 
coefficient, Nusselt number and Sherwood number are also computed and analysed, providing insights into optimising 
nanofluid-based thermal systems under complex boundary conditions. 
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Nomenclature 

B0 ‒ magnetic flux density, T 

C ‒ concentration, kg/m3 

Cf ‒ skin friction coefficient 

D ‒ diffusion coefficient, m2/s 

Ec ‒ Eckert number 

M ‒ Hartmann number 

Nb ‒ Brownian motion parameter 

Nt ‒ thermophoresis parameter  

Nu ‒ Nusselt number 

P ‒ pressure, Pa 

Pr ‒ Prandtl number 

R ‒ thermal radiation parameter 

Sc ‒ Schmidt number 

Sh ‒ Sherwood number 

Sm ‒ thermal solutal stratification parameter 

St ‒ thermal stratification parameter 

T ‒ temperature of the fluid, K 

u ‒ velocity in x-direction, m/s 

𝑣 ‒ velocity in y-direction, m/s 

x, y ‒ Cartesian coordinates, m 

 

Greek symbols 

α – thermal diffusivity, m2/s 

γ – chemical reaction parameter 

θ – dimensionless temperature 

κ – thermal conductivity, W/(m K) 

λr – porosity parameter  

μ – fluid dynamic viscosity, Pa s 

ν – kinematic viscosity, m2/s 

ρ – fluid density, kg/m3 

σ – electrical conductivity, S/m 

 – nanoparticle volume fraction 

 

Abbreviations and Acronyms 

KVL – Khanafer-Vafai-Lightstone (model) 

MHD – magnetohydrodynamics 

ODEs – ordinary differential equations 

OHAM – optimal homotopy asymptotic method 

PDEs – partial differential equations 

 

 

ogy sectors, they are used as coolants to improve heat dissipa-

tion. Additionally, nanofluids play a crucial role in industrial, 

biomedical and technological fields, making them a valuable in-

novation. 

Other characteristics of the nanofluids, such as volume con-

centration, particle agglomeration, thermophoresis, Brownian 

motion, surface area, particle shape, etc., should be considered 

for the nanofluids to perform more effectively due to their nu-

merous remarkable uses in a variety of industrial and scientific 

fields, including the production of rubber and plastic sheets, ge-

othermal energy extraction, fiber glass, hot rolling, etc. The fluid 

dynamics community has given the study of boundary layer 

nanofluid flow a great deal of attention. To investigate the rotat-

ing flow of nanofluids induced by an exponentially stretched 

layer, Mushtaq et al. [3] carried out a numerical analysis. 

The word magnetohydrodynamics originates from magneto, 

meaning magnetic field; hydro, referring to fluid; and dynamics, 

which denotes motion. These three concepts are combined to 

form the term magnetohydrodynamics (MHD). The magnetic 

characteristics of an electrically conducting fluid are examined 

via hydromagnetic flow. When a conducting fluid moves 

through a magnetic field, it generates an electric current, leading 

to the formation of the Lorentz force, which alters the fluid’s 

motion. The MHD effect plays a crucial role in regulating cool-

ing rates and achieving desired material properties. Shit et al. [4] 

analysed unsteady MHD nanofluid flow and heat transfer over 

an exponentially stretching surface with radiation and porous 

medium effects. Numerical results show that Brownian motion, 

thermophoresis and magnetic field enhance thermal boundary 

layers, while unsteadiness reduces them. Entropy generation is 

strongly influenced by magnetic field, dissipation, radiation and 

Biot number.  

Reddy and Chamkha [5] examined the MHD nanofluid flow 

of Al₂O₃–water and TiO₂–water past a stretching sheet within 

a porous medium, accounting for radiation, chemical reaction 

and heat source/sink effects. Their work employed a validated 

finite element approach to solve the governing equations and as- 

sessed the impact of critical parameters on velocity, temperature 

and concentration distributions. 

Additionally, Gupta et al. [6] analysed MHD stagnation 

point flow of a non-Newtonian nanofluid past an inclined 

stretching sheet, incorporating chemical reaction, thermal radia-

tion, Brownian motion and thermophoresis. By applying the op-

timal homotopy asymptotic method (OHAM), they examined 

the influence of various parameters on flow and heat transfer, 

confirming the method’s superiority over conventional tech-

niques. More recently, Gireesha et al. [7] studied unsteady 

nanofluid flow with dust particles over a stretching sheet under 

Hall current effects. Using the Khanafer-Vafai-Lightstone 

(KVL) model and similarity transformations, they reported that 

dust suspension and Hall current significantly enhance heat 

transfer and the Nusselt number. 

For a continuous surface that is stretching exponentially, 

Magyari and Keller [8] outlined the features of mass and trans-

mission of heat in the boundary layer. Other pertinent research 

studies were conducted by Vajravelu [9]. Cortell [10] studied 

how viscous dissipation via a nonlinear stretching affected the 

thermal boundary layer. Narender et al. [11] contemplated the 

radiation effects in the presence of heat generation/absorption 

and magnetic field on the magnetohydrodynamics (MHD) stag-

nation point flow over a radially stretching sheet using a Casson 

nanofluid. Narender et al. [12] explored the impacts of external 

magnetic field inclinations and viscous dissipation due to heat 

generation or absorption parameter on MHD mixed convective 

flow of Casson nanofluid. Murugesan and Kumar [13] also elu-

cidated the same effect but with the flow of nanofluid over the 

exponentially stretching sheet. Hayat and Nadeem [14] exam-

ined hybrid nanofluids in a 3D rotating stretching sheet with ra-

diation, heat generation and chemical reaction, showing that 

they achieve higher heat transfer rates than conventional 

nanofluids. This topic was then continued by Hayat et al. [15], 

who investigated the influence of MHD, heat generation/absorp-
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tion and nanoparticle concentration on hybrid nanofluid flow 

over a rotating stretching surface. They analysed the effects on  

velocity, skin friction and heat transfer, showing that hybrid 

nanofluids outperform conventional nanofluids. Other research-

ers [16–19] have studied boundary layer flow over a stretching 

sheet, where the velocity increases linearly from a fixed point. 

Chemical reactions are crucial components in numerous liv-

ing and non-living processes. Examples of their applications in-

clude burning fuels, the production of glass and pottery, iron 

smelting and food processing. Chemical reactions are catego-

rised as homogeneous and heterogeneous, with the rate at which 

they occur depending on the concentration of the participating 

reactants. At the heart of chemical engineering, chemical reac-

tions are employed to produce high-quality substances from nat-

ural raw materials. It is crucial to streamline a reaction, thereby 

optimising its quality and yield while minimising the use of re-

actants, energy and hazardous by-products. Researchers, engi-

neers and academicians are increasingly showing a keen interest 

in developing efficient and sustainable chemical reaction sys-

tems. Researchers led by Swapna examined the flow of a mag-

neto-micropolar nanofluid above a heated, permeable sheet that 

stretches, incorporating nonlinear radiation, chemical reaction 

and viscous dissipation effects [20]. Researchers led by Reddy 

et al. [21] investigated the influence of an inclined magnetic pa-

rameter on the unsteady, two-dimensional flow of an incom-

pressible, viscous fluid confined between parallel plates.  

The field of heat generation/absorption is a collaborative ef-

fort, essential in managing the heat transfer performance. This 

has led to numerous investigations into the effects of heat gen-

eration/absorption on nanofluids. These studies have consist-

ently shown that increased heat generation leads to a rise in the 

temperature profile. Notably, Thirupathi et al. [22] conducted 

a comprehensive study on a nonlinear stretching sheet, examin-

ing thermal radiation, viscous dissipation, heat source and chem-

ical reaction in Casson nanofluid flow. Eid and Nafe [23] 

showed that Fe₃O₄–Cu/EG (ethylene glycol) hybrid nanofluid 

enhances heat transfer over shrinking/stretching sheets, with ef-

fects influenced by nanoparticle concentration, flow type and 

MHD conditions. The relevant literature for these studies can be 

found in [24−26]. 

Our study examines nanofluid flow over an exponentially 

stretching sheet, with particular attention to the effect of chemi-

cal reaction. Since these conditions have not been studied to-

gether in prior research Hayat et al. [27], we aim to analyse the 

flow behaviour under this unique configuration. The series ex-

pressions for velocity, temperature and nanoparticle concentra-

tion are developed by the method of Adams-Moulton of fourth 

order with a shooting technique. The numerical solutions are ob-

tained by the software FORTRAN Language program. The or-

ganisation of this article is structured as: Section 2 outlines the 

problem formulation and the essential physical quantities of in-

terest. Section 3 describes the application of the Adams-Moul-

ton method to the proposed problem. Section 4 reviews the re-

sults, whereas Section 5 is reserved for concluding observations. 

1.1. Core objectives of the thermal transport analysis 

The core objectives are: 

 To model the flow and heat transfer characteristics of a na- 

nofluid over an exponentially stretching sheet, incorporat-

ing magnetic field effects, chemical reactions and heat gen-

eration or absorption. 

 Also, explore how significant physical parameters influ-

ence the velocity, temperature and concentration profiles 

within the boundary layer. 

 Utilise the Adams–Moulton method with a shooting tech-

nique for solving the governing equations. 

 Analyse critical engineering indicators, such as local skin 

friction and Nusselt number, to evaluate heat transfer per-

formance and surface resistance. 

 Consider the practical insights into improving thermal per-

formance in engineering applications by evaluating the 

combined impact of magnetic, thermal and chemical ef-

fects on nanofluid behaviour. 

1.2. Novel contributions and significance of the study 

 To our knowledge, this study offers the framework of 

nanofluid flow over a stretching sheet in which chemical 

reaction and radiative heat transfer are included. 

 The incorporation of chemical reactions into the model 

adds greater physical fidelity and enhances its applicability 

to real-world thermal systems where reactive processes are 

significant. 

 This work obtains coupled ODEs from highly nonlinear 

governing PDEs through similar transformations and, con-

sequently, makes numerical analyses easier to perform. 

 The study is applicable to advanced technologies such as 

electronic cooling systems, biomedical applications, waste 

heat recovery and environmental systems. 

2. Problem statement and mathematical formu-

lation 

Let us consider the steady fully developed incompressible 

nanofluid flow along a continuously exponentially stretching 

sheet subject to a transverse magnetic field of strength B0 in the 

presence of thermal radiation and chemical reaction.  

The x-axis is aligned with the sheet length, while the y-axis 

is normal to it. The stretching sheet velocity is uw = U0‧ex/L. The 

flow is confined to y > 0. Figure 1 illustrates the schematic of 

our study.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Configuration of the flow. 
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The temperature and concentration at the wall and  

away from it are regarded to be exponentially stratified  

Tw = T0 + bex/2L, Cw = C0 + aex/2L, T∞ = T0 + cex/2L,  

C∞ = C0 + dex/2L, respectively (a, b, c and d constants). 

The considered formulations for this system, expressed us-

ing the equations of continuity, momentum, energy and nano-

particle concentration, are as follows [17,27]: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

 𝜌 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = 𝜇

𝜕2𝑢

𝜕𝑦2
−

𝜇

𝐾
𝑢 − 𝜎𝐵0

2𝑢, (2) 

 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘

(𝜌𝐶𝑝)𝑓

(
𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) +

+
(𝜌𝐶𝑝)𝑝

(𝜌𝐶𝑝)𝑓

[𝐷𝐵
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
+

𝐷𝑇

𝑇∞
(
𝜕𝑇

𝜕𝑦
)
2

] +

+
16𝜎∗𝑇∞

3

𝑘∗(𝜌𝐶𝑝)𝑓

𝜕2𝑇

𝜕𝑦2
+

𝜇

(𝜌𝐶𝑝)𝑓

(
𝜕𝑢

𝜕𝑦
)
2

,
}
  
 

  
 

 (3) 

 𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝐵 (

𝜕2𝐶

𝜕𝑥2
+

𝜕2𝐶

𝜕𝑦2
) +

𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑦2
− 𝐾1(𝐶 − 𝐶∞), (4) 

along with:  

y = 0: 

 

𝑢 =  𝑢𝑤 = 𝑈0𝑒
𝑥

𝐿,
𝑣 =  0,

𝑇 = 𝑇𝑤 = 𝑇0 + 𝑏𝑒
𝑥

2𝐿,

𝐶 =  𝐶𝑤 = 𝐶0 + 𝑎𝑒
𝑥

2𝐿,}
 
 

 
 

 (5a) 

y → ∞: 

 

𝑢 → 0,
𝑣 →  0,

𝑇 =  𝑇∞ = 𝑇0 + 𝑐𝑒
𝑥

2𝐿,

𝐶 = 𝐶∞ = 𝐶0 + 𝑑𝑒
𝑥

2𝐿 .}
 
 

 
 

 (5b) 

Equations (1) to (4) show how mass, momentum and energy 

are conserved in the system and include the equation for how 

concentration changes. In these equations, 𝑢 and 𝑣 are flow 

speeds in the 𝑥 and y  directions; T is temperature;  - nanopar-

ticle volume fraction; density is denoted by ρ; electrical conduc-

tivity by σ; the kinematic viscosity by ν; μ - dynamic viscosity; 

K - porous medium permeability; (Cp)f - fluid heat capacity; 

(Cp)p - nanoparticle heat capacity; DB - Brownian diffusion coef-

ficient; DT - thermophoresis coefficient; and T∞ - ambient tem-

perature. 

The radiative heat flux vector can be described as: 

 𝑞𝑟 =
−4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦
, (6) 

where σ* and k* denote the Stefan-Boltzmann constant and the 

mean absorption coefficient, respectively, and is linearised via  

a Taylor series expansion about T∞, from which we get: 

 ⇒
𝜕𝑇4

𝜕𝑦
= 4𝑇∞

3 𝜕𝑇

𝜕𝑦
. (7) 

Using Eq. (7) in Eq. (6) and differentiating, we have the fol-

lowing form: 

 
𝜕𝑞𝑟

𝜕𝑦
= −

16𝜎∗𝑇∞
3

3𝑘∗

𝜕2𝑇

𝜕𝑦2
. (8) 

To find the solution of our model, we use the following sim-

ilarity transformation [13,27]: 

 

𝜂 = 𝑦√
𝑈0

2𝜈𝑓𝐿
𝑒
𝑥

2𝐿 ,

𝑣 = −√
𝜈𝑓𝑈0

2𝐿
𝑒
𝑥

2𝐿 [𝑓(𝜂) + 𝜂𝑓′(𝜂)],

𝑢 = 𝑈0𝑒
𝑥

2𝐿𝑓′(𝜂),

𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇0
 ,   (𝜂) =

𝐶−𝐶∞

𝐶𝑤−𝐶0
 . }
 
 
 

 
 
 

 (9) 

Using Eq. (9), the governing equations (2-4) transform to 

new equations: 

 𝑓 ′′′ − (𝑀 + 𝜆)𝑓 ′ − 2(𝑓 ′)2 + 𝑓𝑓 ′′ = 0, (10) 

 

(1+
4𝑅

3
)

Pr
𝜃 ′′ + 𝑁𝑏𝜃 ′𝜙 ′ + 𝑁𝑡(𝜃 ′)2 + Ec +

−𝑓 ′(𝑆𝑡 + 𝜃) + 𝜃 ′𝑓 = 0,
}, (11) 

 𝜙 ′′ +
𝑁𝑡

𝑁𝑏
𝜃 ′′ + Sc(𝑓𝜙 ′ − 𝑓 ′𝜙) − Sc(𝑆𝑚𝑓 ′ − 𝛾𝜙) = 0, (12) 

together with: 

 𝑓′(0) = 1,      𝑓(0) = 0,      𝑓′(∞) = 0,  

 𝜃(0) = 1 − 𝑆𝑚,       𝜃(∞) = 0, (13) 

 𝜙(0) = 1 − 𝑆𝑡,        𝜙(∞) = 0.  

Different parameters used in the ordinary differential equa-

tions (ODEs) (10−12) and boundary conditions (13) have been 

listed in Table 1. 

The local skin friction, Nusselt number and Sherwood num-

ber can be defined: 

 𝐶𝑓 = [
𝜏𝑤

(
1

2
)𝜌𝑈0

2𝑒
2𝑥
𝐿

]

𝑦=0

,  

 Nu =
−𝑥𝑞𝑤

𝑘(𝑇𝑤−𝑇∞)
,  

 Sh =
−𝑥𝑞𝑚

𝐷𝐵(𝐶𝑤−𝐶∞)
,  

𝐶𝑓√
Re𝑥

2
= 𝑓 ′′(0),

NuRe𝑥
−1/2

√
2𝐿

𝑥
= −

1

1−𝑆𝑡
𝜃 ′(0),

ShRe𝑥
−1/2

√
2𝐿

𝑥
= −

1

1−𝑆𝑚
𝜙 ′(0),

}
  
 

  
 

                    (14) 

where Re𝑥 =𝑈0𝑒
𝑥

𝑙
𝑥

𝜈
 is the local Reynolds number.
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3. Implementation of the numerical scheme 

The ODEs (10–12) along with boundary conditions (BCs) stated 

in (13) have been explored numerically via a shooting technique. 

After performing successive iterations, the bounded domain  

[0, ηmax] has been considered instead of [0, ∞] for an appropriate 

value of ηmax, the value after which the solution converges as-

ymptotically. The variable f is denoted by y1, θ by y4 and  by 

y6. The boundary value problem (BVP) (10)−(13) in new varia-

bles is converted into an initial value problem (IVP): 

 

𝑦1
′ = 𝑦2,                                                        𝑦1(0) = 0,

𝑦2
′ = 𝑦3,                                                        𝑦2(0) = 1,

𝑦3
′ = [2𝑦2

2 − 𝑦1𝑦3 + (𝑀 + 𝜆)𝑦2],           𝑦3(0) = 𝑠,

𝑦4
′ = 𝑦5 ,                                              𝑦4(0) = 1 − 𝑆𝑚,

𝑦5
′ = −

3Pr

(3+4𝑅)
[
𝑦1𝑦5 +𝑁𝑏 𝑦5𝑦7 + 𝑁𝑡 𝑦7

2 +

+Ec(𝑓′′)2 − 𝑦2(𝑆𝑡 + 𝑦4)
] ,

                                                  𝑦5(0) = 𝑡,

𝑦6
′ = 𝑦7,                                           𝑦6(0) = 1 − 𝑆𝑡,

𝑦7
′ =

𝑁𝑡

𝑁𝑏
𝑦5
′ − 𝑆𝑐(𝑦1𝑦7 − 𝑦2𝑦6) + 𝑆𝑐𝑆𝑚𝑦2 + 𝑆𝑐𝛾𝑦7,

                                                    𝑦7(0) = 𝑢 . }
 
 
 
 
 

 
 
 
 
 

 (15) 

The above equations are solved using the shooting technique 

along with the Adams-Moulton method of order 4 with an initial 

guess s, t and u. The missing initial conditions s, t, u are chosen 

such that:  

 𝑦2(𝜂, 𝑠, 𝑡, 𝑢) = 0,   𝑦4(𝜂, 𝑠, 𝑡, 𝑢) = 0,     𝑦6(𝜂, 𝑠, 𝑡, 𝑢) = 0.  

(16) 

To solve the system of algebraic equations (16), we use 

Newton’s method. The iterative process is repeated until the fol-

lowing criteria is met: 

 max{|𝑦2(𝜂max) − 0| , |𝑦4(𝜂max) − 0|, |𝑦6(𝜂max) − 0|} < 𝜉.  

Throughout this work,   has been taken as 10−7 unless oth-

erwise mentioned. 

4. Analysis of results and validation 

To clearly provide physical insight into the heat and mass 

transfer of an MHD nanofluid in the presence of viscous dissi-

pation, thermal radiation parameter, hear generation/absorption 

and chemical reaction. In this complex geometry, we focused on 

the impact of the Hartmann number, the porosity parameter 

(0 ≤ M, λ ≤ 1), the Brownian motion parameter (1.0 ≤ Nb ≤ 1.6), 

the thermophores parameter (0.1 ≤ Nt ≤ 0.6), thermal stratifica-

ion parameter (0.1 ≤ St ≤ 0.4), thermal radiation parameter  

Table 1. Various dimensionless parameters utilised in the governing ODEs and their typical ranges of variation. 

Model parameter Definition Significance Typical ranges used 

Porosity parameter (λ)  
𝜈𝑓𝐿

𝐾𝑈0
𝑒−

𝑥
𝐿  

Impact on the material’s ability to 

store and transport fluids 

0.2 to 0.7. For example, sandstones typically have a po-

rosity of 10−40% (0.1−0.4), while peats can exceed that 

of 50% (0.5). 

Hartmann number (M)  
2𝜎𝐵0

2(𝑥)𝐿

𝜌𝑓𝑈0
 

The ratio of Lorentz force to viscous 

force in the fluid. 

0 to 100, often in the range of 0.1 to 10 for many theo-

retical studies on MHD flows. 

Prandtl number (Pr)  
𝜈𝑓(𝜌𝐶𝑝)𝑓

𝑘𝑓
 Momentum to thermal diffusivity 

A Prandtl number of Pr = 1.7 corresponds to water at rel-

atively high temperatures, such as near its boiling point  

Thermal radiation parameter (R)  
4𝜎∗𝑇∞

3

𝑘0𝑘
 

Ratio of radiative heat flux to con-

ductive heat transfer. 

Often investigated in the range of 0.1 to 10, with higher 

values signifying more dominant radiation effects, com-

mon in high-temperature processes like those in furnaces 

or solar collectors. 

Viscous parameter  

(Eckert number) (Ec)  

𝑈0
2𝑒

𝑥
2𝐿

(𝑐𝑝)(𝑇𝑓 − 𝑇∞)
 

The relationship between a flow's 

kinetic energy and the boundary 

layer enthalpy difference. 

Values can vary widely depending on the flow speed, 

from very small (Ec<<1) for low-speed flows to values 

near 1.0 for high-speed flows where viscous heating be-

comes significant. 

Thermal stratification  

parameter (St)  

𝑐

𝑏
 

Buoyancy forces to mixing forces in 

a fluid system 

The effect is significant in situations where the tempera-

ture varies, with values ranging from 0.0 to 1.0 or more, 

with 0.0 indicating no stratification. 

Thermal solutal stratification  

parameter (Sm)  

𝑑

𝑎
 

Ratio of thermal buoyancy forces to 

solutal buoyancy forces 

Similar to thermal stratification, it is typically investigated 

in the range of 0.0 to 1.0 or more, with 0.0 representing 

a uniform concentration 

Brownian motion  

parameter (Nb) 

𝜏𝐷𝐵(𝐶𝑤 − 𝐶∞)

𝜈
 

The effect of random thermal fluctu-

ations on the diffusion of nanoparti-

cles in a fluid. 

Typically studied within the range of 0.1 to 1.0, though 

some studies use values up to 5.0 to explore pronounced 

effects. 

Thermophoresis  

parameter (Nt)  

𝜏𝐷𝑇(𝑇𝑤 − 𝑇0)

𝜈(𝑇∞)
, 

The ratio of thermophoretic forces 

to viscous forces. 

Generally considered in the range of 0.1 to 1.0 in most 

nanofluid studies. 

Schmidt number (Sc)  
𝜈

𝐷𝐵
 

The ratio of momentum diffusivity 

(viscosity) to mass diffusivity 

For gases, it's typically close to 1.0 (around 0.2 to 4.0). 

For liquids, values are much higher, ranging from 200 to 

1500, indicating that momentum diffuses much faster 

than mass. 

Chemical reaction  

parameter (γ)  

𝐾0𝐿

𝑈
 

Ratio of reaction rate to transport 

rate (diffusion or convection) 

Ranges from small values (approaching 0 for slow reac-

tions) to higher values (e.g., 1.0 to 5.0) for moderate to 

fast reactions. 
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(0.1 ≤ R ≤ 0.4), Eckert number (0 ≤ Ec ≤ 1.1), the Schmidt  

number (0.9 ≤ Sc ≤ 1.3), the solutal stratification parameter 

(0.1 ≤ Sm ≤ 0.8) and the chemical reaction parameter 

(0.1 ≤ γ ≤ 0.4) on the flow structures, velocity, temperature and 

concentration of the nanoparticles. For validation, the results of 

this study show the Schmidt number compared with previously 

published findings by Hayat et al. [27]. The numerical values of 

−fʺ (0) are computed and compared in Table 2 for the case of 

M = λ = 0. We observe that the present and previous results are 

found to be in reasonable correlation. Thus, we guarantee that 

the technique, as well as the results provided in this present 

study, are valid and acceptable. Table 3 provides numerical res-

ults for the Nusselt number and Sherwood number for different 

flow impact factors. As anticipated, the Nusselt number reduces 

as the Schmidt number (Sc), the solutal stratification parameter 

(Sm) and chemical reaction parameter (γ) rise, while the opposite 

phenomenon is identified for the Sherwood number. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 illustrates the impact of the Hartmann number (M) 

on the velocity field f '.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As M increases, a noticeable decrease in the velocity profile 

is observed. This reduction occurs because the presence of 

a magnetic field generates a resistive force known as the Lorentz 

force. The Lorentz force acts as a damping mechanism by op-

posing the motion of the fluid, thereby reducing its velocity. 

Physically, this force arises due to the interaction between the 

induced electric currents within the fluid and the applied mag-

netic field, leading to an increase in the resistive effect. Conse-

quently, as M  increases, the influence of the Lorentz force be-

comes more significant, further suppressing the fluid's motion 

and causing a more pronounced decline in the velocity profile. 

Figure 3 presents the temperature field for varying values of 

the Brownian motion parameter (Nb) and the thermophoresis pa-

rameter (Nt).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The figure reveals that as the values of Nb and Nt increase, 

both the temperature profile and the thermal boundary layer 

thickness exhibit significant enhancement. This increase occurs 

because Brownian motion, which describes the random move-

ment of nanoparticles in the fluid, contributes to increased ther-

Table 2. The comparison between the previous and present results  

of −fʺ (0) for M = λ = 0.  

Value of Hayat et al. [27] Present 

−fʺ (0) 1.281808 1.2818170 

f(∞) 0.905639 0.9050169 

 

Table 3. Nusselt number and Sherwood number for M = 0.1, λ = 0.1, Ec = 0.5, Pr = 1.7, Nt = Nb = 0.8, R = 0.4 and different values of  Sc, St, Sm, γ. 

Sc St Sm γ −𝜽′(𝟎) −
𝜽′(𝟎)

(𝟏 − 𝑺𝒕)
 −𝝓′(𝟎) −

𝝓′(𝟎)

(𝟏 − 𝑺𝒕)
 

1.1 
1.2 
1.5 

0.1 0.1 0.1 
0.3952224 
0.3885755 
0.3719586 

0.4391360 
0.4317505 
0.4132873 

0.7880001 
0.8556961 
1.042329 

0.8755557 
0.9507734 
1.1581430 

1.1 
0.2 
0.3 
0.5 

0.1 0.1 
0.4570068 
0.5208401 
0.6548117 

0.5712585 
0.7440573 
1.3096230 

0.6412907 
0.4927663 
0.1901195 

0.7125453 
0.5475181 
0.2112439 

1.1 0.1 
0.2 
0.3 
0.5 

0.1 
0.3322426 
0.2690218 
0.1417351 

0.3691584 
0.2989132 
0.1574834 

0.8856008 
0.9830891 
1.1778130 

1.1070010 
1.4044130 
2.3556250 

1.1 0.1 0.1 0.1 
0.2936075 
0.2507791 
0.1275781 

0.3262306 
0.2786434 
0.1417534 

0.8585148 
0.8873966 
0.9683428 

0.9539053 
0.9859962 
1.0759360 

1.1 0.1 0.1 
0.2 
0.3 
0.5 

0.2398219 
0.2360424 
0.2302854 

0.2664688 
0.2622693 

0.25587260 

1.0439920 
1.1074420 
1.2173230 

1.1599910 
1.2304910 
1.3525810 

 

 

Fig. 2. Variation in f '(η) with M. 

 

Fig. 3. Variation in θ(η) with Nb and Nt. 
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mal energy transport, thereby raising the temperature distribu-

tion. Similarly, thermophoresis, which refers to the movement 

of particles due to temperature gradients, leads to the migration 

of nanoparticles from hotter to cooler regions, further influenc-

ing heat transfer. As a result, the combined effect of higher Nb 

and Nt leads to a more pronounced thermal boundary layer, in-

dicating an overall rise in the temperature profile throughout the 

flow region. 

Figure 4 illustrates the concentration profile for different val-

ues of Nb and Nt.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As the Brownian motion parameter (Nb) increases, the ran-

dom movement of particles intensifies, enhancing diffusion and 

promoting a more uniform distribution. This increased disper-

sion reduces localised particle accumulation, leading to a lower 

overall concentration. Conversely, a higher thermophoresis pa-

rameter (Nt) results in greater particle accumulation in cooler 

regions. Thermophoresis drives particles away from hotter areas 

due to temperature-induced force imbalances, causing them to 

concentrate in lower-temperature zones. Unlike Brownian mo-

tion, which enhances mixing, thermophoresis induces direc-

tional transport, leading to localised clustering. The balance be-

tween these effects governs the overall particle distribution in 

the fluid. 

Figure 5 illustrates the effect of the thermal stratification pa-

rameter (St) on temperature, showing that as St increases, the 

overall temperature decreases and the temperature difference 

between the surface and the surrounding fluid diminishes.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Physically, a higher St represents stronger thermal stratifica-

tion, which enhances heat dissipation and restricts heat retention 

near the surface. This leads to a more uniform temperature dis-

tribution, reducing thermal gradients and limiting heat transfer 

between layers. 

As observed in Fig. 6, the dimensionless temperature in-

creases with a higher radiation parameter (R). Physically, this 

occurs because an increase in R  corresponds to a decrease in 

the mean absorption coefficient (k*), which reduces the fluid's 

ability to absorb radiation. However, at the same time, the over-

all rate of radiative heat transfer to the fluid increases, thereby 

supplying additional thermal energy and raising the fluid tem-

perature. The enhanced radiative heat transfer leads to a more 

uniform temperature distribution and thicker thermal boundary 

layer, reducing temperature gradients and slowing heat dissipa-

tion. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The fluid viscosity is highly sensitive to temperature chan-

ges, and as shown in Fig. 7, the temperature increases with the 

increasing Eckert number (Ec) due to the effect of resistive 

forces.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Eckert number represents the conversion of kinetic en-

ergy into internal energy as the fluid works against viscous 

stresses, leading to heat generation within the system. This pro-

cess, known as viscous dissipation, contributes to increasing the 

fluid temperature, particularly in high-speed or high-shear 

flows. As a result, the thickness of the thermal boundary layer 

increases, allowing heat to spread more effectively within the 

fluid. The presence of viscous dissipation plays a significant role 

in determining the temperature distribution, making it a crucial 

factor in high-speed flows, lubrication systems and thermal en-

ergy management. 

 

Fig. 4. Variation in (η) with Nb and Nt. 

 

Fig. 5. Variation in θ(η) with St. 

 

Fig. 6. Variation in θ(η) with R. 

 

Fig. 7. Variation in θ(η) with Ec. 



Srisailam B., Ramesh P., Umakanth M., Govardhan K., Narender G.  
 

184 
 

Figure 8 exhibits the consequences of changing Sc. The 

Schmidt number (Sc) significantly affects the concentration pro-

file by influencing the mass diffusion rate in the fluid.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A higher Sc indicates lower mass diffusivity, meaning that 

particles diffuse more slowly, leading to a steeper concentration 

gradient and a thinner concentration boundary layer. Con-

versely, a lower Sc corresponds to higher diffusivity, allowing 

particles to spread more quickly and resulting in a more uniform 

concentration distribution. This effect is particularly important 

in applications such as chemical mixing, pollutant dispersion 

and mass transfer processes, where controlling the diffusion rate 

is essential for efficiency and effectiveness of the processes. 

Figure 9 illustrates the effect of the solutal stratification pa-

rameter (Sm) on the concentration profile.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This parameter influences the concentration profile by af-

fecting the mass transfer resistance within the fluid. As the strat-

ification parameter increases, the difference in solute concentra-

tion between various layers of fluid becomes more pronounced, 

which restricts mass diffusion. This leads to a decrease in the 

overall concentration and the formation of a thinner solutal 

boundary layer. Increased stratification stabilises the concentra-

tion gradient, which is essential for ocean mixing, pollutant dis-

persion and chemical processing applications, where the con-

trolled solute distribution is essential. 

Figure 10 illustrates the influence of the chemical reaction 

parameter (γ) on the concentration profile (η). It is observed 

that, as γ increases, the concentration (η) decreases due to the 

enhanced rate of chemical reactions. Physically, a higher γ indi-

cates more intense chemical activity, leading to a faster conver-

sion of reactants into products. This rapid consumption of reac-

tants reduces the overall concentration, particularly in regions 

where reactions are most active, such as reaction fronts. Addi-

tionally, a larger γ limits mass diffusion, resulting in a thinner 

concentration boundary layer. This effect plays a crucial role in 

chemical and industrial processes where reaction rates signifi-

cantly impact mass transfer and fluid behaviour. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11 presents the skin-friction coefficient as a function 

of the magnetic interaction parameter M for various values of 

the porosity parameter λ. An increase in M reduces the skin-fric-

tion coefficient, and a higher λ further decreases it. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions 

 

This research investigates, through numerical analysis, the ef-

fects of double stratification on nanofluid flow over an exponen-

tially stretching surface. A two-dimensional, steady magnetohy-

drodynamic boundary layer flow of a thermo-solutally stratified 

nanofluid past an exponentially stretching sheet embedded in 

a porous medium is analysed. Using the shooting method, se-

ries-form solutions for the velocity, temperature and concentra-

tion profiles are derived. The numerical results are portrayed for 

several parameters. Similarity transformations and a strong nu-

merical method – the shooting technique combined with the Ad-

ams–Moulton scheme were used to analyse the fluid behaviour. 

 

 

Fig. 8. Variation in (η) with Sc. 

 

Fig. 9. Variation in (η) with Sm. 

 

Fig. 10. Variation in (η) with γ. 

 

Fig. 11. Variation in skin friction with M and λ. 
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Main results: 

 An increase in the magnetic interaction parameter leads to 

a noticeable suppression of the velocity profile due to the 

enhanced Lorentz force opposing the flow. 

 Elevated values of the thermal stratification parameter re-

duce the fluid temperature, while the solutal stratification 

parameter causes a decline in nanoparticle concentration, 

both effects attributed to the resistance against thermal and 

solutal diffusion. 

 The thermal radiation parameter is found to negatively in-

fluence the Nusselt number, indicating reduced heat trans-

fer efficiency in the presence of strong radiative effects. 

 Heat transfer performance is enhanced with the increasing 

Schmidt number, Eckert number, thermophoresis parame-

ter and Brownian motion parameter, reflecting enhanced 

energy transport due to mass diffusivity, viscous dissipa-

tion and nanoparticle dynamics. 

 A rise in the chemical reaction parameter results in a lower 

nanoparticle volume fraction, which can be attributed to 

chemical dissipation processes occurring within the 

nanofluid. 
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1. Introduction 

Construction of buildings is one of the oldest established activities 

since the creation of human civilisation [1]. Man has transformed 

a lot in the construction of houses, right from caves to huts and 

from huts to reinforced cement concrete (RCC) structures. RCC 

slabs are commonly used in roofs, walls and floors of buildings 

and bridges. The temperature inside houses with RCC roof slabs 

is required to be maintained at the desired level for the comfort 

of occupants. The application of insulating materials has increa-
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Abstract 

In this analysis, thermal performance of building roof elements subjected to periodic changes in temperature at a roof top 
was examined with and without insulating materials. The objective of this analysis is to reduce energy consumption and 
prevent heat flow through roofs by using various insulating materials on the roof slab. It aims to compare the thermal 
performance of roof slabs with and without insulation under different atmospheric temperature conditions. Further, the 
study seeks to accurately predict the roof bottom temperature using optimisation techniques in order to minimise experi-
mental cost and time. Nine identical rooms were constructed and eight roofs were retrofitted with different insulating 
materials such as coconut shell, fly ash, Jhama brick bats, rice husks, glass fibre, rubber sheet, earthen pots and asbestos 
sheets. The roof of one room was kept untreated and was considered as a reference. The thermal behaviour of every inno-
vative roof slab was analysed. Among the eight insulating materials considered in this study, the performance of the roof 
slab with fiberglass was found to be the best. Roof slab with fiberglass could provide temperature reduction in the room of 
about 6.17°C, whereas roof slab with earthen pot could provide temperature reduction in the room of 2.27°C. The time lag 
between the maximum roof top temperature and maximum room temperature was found to be maximum in the case of roof 
slab with fiberglass and minimum in the case of roof slab with earthen pot. The time lag between the maximum roof top 
temperature and maximum room temperature is 4 hours for roof slab with fiberglass. The variation of roof bottom temper-
ature was predicted by five optimisation techniques such as cuckoo search, bacterial colony optimisation, group search 
optimisation, social spider optimisation and genetic algorithm. It was observed that the social spider optimisation technique 
predicted the temperature accurately and the error between the measured and predicted temperature values was minimum 
compared to the other optimisation techniques.  

Keywords: Thermal insulation; Insulating materials; Thermal performance; Optimisation techniques; Time lag. 
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Nomenclature 

A ‒ surface area, m² 

d ‒ thickness of test specimen. m 

F ‒ inverse of calorimeter heat transfer coefficient, 1/N 

N – heat transfer coefficient of reference calorimeter 

Q – heat flux, W/m² 

Rs ‒ thermal resistance of the test specimen, m² K/W 

Rint ‒ interface thermal resistance, m² K/W 

Tu ‒ temperature of upper plate, K or °C 

Tm – temperature of the middle plate, K or °C 

Tl – temperature of bottom heater plate, K or °C 

U ‒ overall heat transfer coefficient, W/(m2 K) 

 

Greek symbols 

 – thermal conductivity, W/(m·K) 

Ts – temperature difference across test sample, K 

Ts – temperature difference across reference calorimeter, K 

 

 

Subscripts and Superscripts 

int – interface 

l – lower or bottom heater plate 

m – middle or test sample interface 

r – reference (calorimeter or temperature difference) 

s – sample 

u – upper plate 

 

Abbreviations and Acronyms 

BCO – bacterial colony optimisation 

CS – cuckoo search 

GA – genetic algorithm 

GSO – group search optimisation 

HVAC – heating, ventilation and air conditioning 

IR – infrared 

RCC – reinforced cement concrete 

SSO – social spider optimisation 

 

sed appreciably in recent years. One or more of the insulating 

materials may be provided in the form of a ceiling board in order 

to maintain thermal comfort inside the room [2]. 

Rock may be used as material for building walls; wood may 

be employed to provide roofing support; a ceiling may be pro-

vided to reduce temperature inside buildings [3]. It has been 

a matter of concern for the engineers to design a building that 

can provide thermal comfort for the occupants [4]. There exist 

design and structural differences between the developments in 

the ground-level landscape and rooftop [5]. Lundholm et al. [6] 

observed that buildings with green roofs use less energy in the 

summer. They measured the heat flux for extensive green roof 

systems and determined their dependence on solar radiation, 

temperature of the substrate and depth of the snow cover. They 

also verified the connections between vegetation type, snow ac-

cumulation and substrate temperature. Considering the rooftop 

developments, thermal expansion may be caused due to absorp-

tion of heat energy in the roof slabs that may lead to cracks in 

the load-bearing masonry materials [7]. Therefore, a suitable in-

sulation system is required in the roof slabs to overcome this 

problem [8]. Insulation is very much essential in buildings to 

shield the building from the inflow of heat from outside during 

summer and outflow of heat from the building during winter and 

to attain thermal comfort for its dwellers during warm summers 

and cold winters [9,10]. Björk and Enochsson [11] investigated 

the performance and durability of thermal insulation materials 

under extreme environmental conditions, highlighting their im-

pact on long-term thermal efficiency in building applications. 

Gagliano et al. [12] explored the effectiveness of ventilated 

roofs portrayed by different insulation layers with respect to the 

air gap. Their results show that the aeration through roofs can 

decrease heat fluxes considerably in the summer season. Halwa-

tura and Jayasinghe [13] proposed different insulation systems 

for roof slabs and studied experimentally their performances us-

ing small and large-scale models. Jaffal et al. [14] provided a de-

tailed investigation of the impact of a green roof on indoor tem-

perature. With a green roof, the temperature inside the building 

could be lowered by 2°C in summer, with a significant decrease 

in the annual requirement of energy. Dong et al. [15] examined 

the consequence of various factors, such as phase change mate-

rial thickness, latent heat, radiation intensity, roof slope, absorp-

tion coefficient, etc., on the temperature delay, thermal comfort 

and energy consumption. Dixit et al.[16] used different optimi-

sation techniques, such as bacterial colony optimisation (BCO), 

cuckoo search (CS) and group search optimisation (GSO) to de-

termine the most favourable weight of the structure.  

Numerous studies have been carried out on natural convec-

tion heat transfer, providing the scientific basis for experimental 

and theoretical investigation of thermally insulated roof slabs. 

Roul and Nayak [19] investigated heat transfer within vertical 

tubes. Nayak et al. [20−22] presented the enhancement of heat 

transfer in vertical tube due to internal obstacles. In their work, 

they considered rings of rectangular cross section as internal ob-

stacles. Sahoo et al. [23−26] employed computational fluid dy-

namics techniques to analyse heat transfer from pin finned hor-

izontal and vertical plates. Roul and Sahoo [27] investigated the 

pressure drop through pipes with variable cross sectional area, 

which is necessary for estimating the power required to pump 

the fluid through the pipe to create forced draft. Himrane  

et al. [28] investigated thermal comfort by numerical simulation 

of natural convection in an enclosed cavity, based on the lattice 

Boltzmann method, analysing the effects of Rayleigh number 

(Ra) and oscillation amplitude on temperature distribution and 

flow behaviour. Their study provides valuable insights into air-

flow patterns, thermal stratification, and heat transfer character-

istics under varying thermal and dynamic conditions. Belenguer 

et al. [29] experimentally investigated the efficiency of different 

methods used for reducing energy requirements in homes and 

achieved a reduction in energy consumption up to 14.6%. Mar-

tínez et al. [30] generated computational models to envisage the 

effectiveness of external walls to provide thermal comfort and 

validated their model experimentally using waste insulating ma-

terials. Chandra et al. [31] introduced an innovative approach to 

insulate the roof by employing bamboo strips and found the 

most favourable thickness of insulation layer, which can reduce 

the maximum temperature at the peak hour with the highest de-
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lay in time. Koru [32] investigated some insulation materials and 

found that the thermal conductivity depends mostly upon den-

sity, moisture content, size and configuration of pores and envi-

ronmental conditions. Alyami [33] employed a simulation tool 

to determine various climatic zones and observed that climatic 

conditions affect the performance of buildings as regards energy 

efficiency. Kumar et al. [34] estimated the economic viability 

and environmental affability of the thickness of insulation used 

for ducts in heating, ventilation and air conditioning (HVAC) 

systems to minimise the energy loss, taking into account differ-

ent insulating materials. Alnahhal et al. [35] studied both com-

putationally and analytically the insulation in walls and roofs 

with air cavities for variable aspect ratios and found the opti-

mum aspect ratio for providing thermal insulation to minimise 

energy consumption in buildings. Alhefnawi and Abdu-Allah 

Al-Qahtany [36] observed that the geometry, orientation, mate-

rial and type of construction of buildings affect the heat transfer 

to the buildings through the walls and roofs. They also examined 

the effectiveness of an air gap as a thermal insulator to reduce 

the energy requirement for air conditioning purposes. Sassine  

et al. [37] used hollow blocks with various void ratios so as to 

augment the thermal resistance of the wall and decrease the heat 

transfer to the room. 

Thermal insulation of roof slabs plays an important role in 

improving the comfort of inhabitants by dropping the indoor air 

temperature. Heat transfer through the roof decreases signifi-

cantly by providing thermal insulation under or on the roof slab. 

In the present analysis, the thermal performance of building roof 

elements subjected to periodic changes in temperature at the 

roof top was examined, with and without insulating materials. 

Nine identical rooms were constructed and eight roofs were out-

fitted with different insulating materials, such as coconut shell, 

fly ash, Jhama brick bats, rice husks, fibreglass, rubber sheet 

with aeration, earthen pots and asbestos chips. The roof of one 

room was kept untreated (no insulation) and was considered  

a reference. The thermal behaviour of all innovative roof slabs 

was analysed. For each room, the experiment examines the room 

temperature with an insulating material and without an insulat-

ing material, along with the roof bottom temperature and roof 

top temperature, atmospheric temperature and temperature in-

side the room. 

The investigation implies that the roof model with insulating 

material achieves better performance than the one without insu-

lating material. Thermal insulation reduces the heat flow 

through the roof, as a result of which the energy requirement of 

the building can be reduced and the comfort of the occupants 

can be improved. The variation of the roof bottom temperature 

was predicted by five optimisation techniques, such as bacterial 

colony optimisation (BCO), cuckoo search (CS), group search 

optimisation (GSO), genetic algorithm (GA) and social spider 

optimisation (SSO). To minimise experimental cost and time, 

these optimisation techniques can be used to predict the roof bot-

tom temperature when various insulating materials are em-

ployed at the top of the roof. The various inputs considered for 

the theoretical analysis are wall area, thickness, testing temper-

ature and time. The methodology is prepared by taking 80% of 

the dataset for the training function and utilising the remaining 

20% of the dataset to validate the model. In the proposed numer-

ical modelling, the objective function is formulated in agree-

ment with the measured output parameters. The mathematical 

modelling with optimisation predicts results with minimum er-

ror by incorporating the optimal weights. We have effectively 

employed a number of optimisation techniques to establish the 

optimal weight of the system and to predict the roof bottom tem-

perature. These mathematical models are found to be time and 

cost-effective. The MATLAB 2018 software was utilised to im-

plement the complete procedure of different optimisation meth-

ods. A total of 285 data were used, out of which 228 were train-

ing data. 

Objectives and scope of this analysis is to (i) reduce the en-

ergy consumption and prevent heat flow through the roofs by 

using various insulating materials on roof slab, (ii) compare the 

roof slab with and without insulating materials and determine 

the thermal performance of roof elements under various atmos-

pheric temperature conditions, and (iii) accurately predict the 

roof bottom temperature by using different optimisation tech-

niques in order to minimise cost and duration of the experiment. 

In contrast to previous studies that examined the effects of 

singular or limited insulating materials or focused solely on sim-

ulation, the present work provides a comprehensive experi-

mental and theoretical investigation of eight different insulating 

materials, many of which are locally available and environmen-

tally sustainable, installed under real environmental conditions. 

The study uniquely combines experimental data with advanced 

optimisation algorithms (BCO, CS, GSO, GA and SSO) to pre-

dict roof bottom temperatures with high accuracy. The use of 

social spider optimisation as a predictive model, in particular, 

has not been widely reported in this context and demonstrates 

superior accuracy over traditional methods. This dual approach 

not only helps in identifying the most effective insulating mate-

rials for energy-efficient construction but also presents a cost 

and time-effective methodology for temperature prediction in 

thermally insulated roof systems. Therefore, this research sig-

nificantly contributes to the design of thermally efficient build-

ings, particularly in hot and humid climates, and fills a gap in 

the literature by offering both performance comparison and pre-

dictive modelling of various insulation strategies. 

2. Experimental investigations 

Nine identical rooms with internal dimensions of 1m  1m  1m 

were constructed.  

The selection of insulating materials in this study was moti-

vated by a combination of factors, including thermal properties, 

environmental sustainability, cost-effectiveness and local avail-

ability. Each material was chosen based on one or more of the 

following considerations. Coconut shells, rice husks, fly ash, 

Jhama brick bats and earthen pots are locally available agricul-

tural or industrial by-products, often considered waste materials. 

Their reuse aligns with sustainable construction practices and 

helps reduce environmental burdens by promoting waste valor-

isation. These materials are economically viable, making them 

suitable for low-cost construction in rural and semi-urban areas. 

They are widely accessible and affordable, allowing for scalable 

application in developing regions. Materials like earthen pots 
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and rice husks have inherent thermal insulation properties due 

to their porous structure and low thermal conductivity. Fly ash 

and Jhama brick bats are commonly used in construction fill or 

waste management and have shown potential in improving ther-

mal mass, thereby contributing to passive cooling when inte-

grated into roofing systems. Glass fibre was selected as a bench-

mark commercial insulating material due to its established per-

formance in modern construction. Including it allowed for com-

parison between conventional and unconventional (eco-frien-

dly) alternatives. Rubber sheets and asbestos sheets were se-

lected for their known insulation characteristics and availability 

as roofing components in various commercial and industrial ap-

plications. 

By incorporating a diverse range of materials, from natural 

and agricultural waste to industrial by-products and commercial 

insulators, the study aims to provide a holistic evaluation of ther-

mal performance and support the selection of sustainable, cost-

effective roofing solutions across varied socioeconomic and cli-

matic contexts. 

Roof top surface temperatures were measured using  

a Fluke 62 Max infrared thermometer (which offers single laser 

targeting for accurate and repeatable measurements) at five dif-

ferent points on the exterior surface of the slab. The average of 

these readings was used to determine the rooftop temperature. 

The accuracy of measurement lies within ±1.5% error, which 

can be considered highly accurate. Similarly, the roof bottom 

surface temperature was recorded at the central point of the in-

terior slab surface. Internal air temperature was estimated by 

holding a matte paper target at multiple positions (centre and 

corners) inside the test room, allowing thermal equilibrium with 

the surrounding air and recording its surface temperature using 

the infrared (IR) thermometer.  

The average of these measurements was considered the room 

air temperature. This method was suitable due to the small vol-

ume (1 m3) and minimal air stratification within the space. The 

various types of roof slabs used in this experiment are given in 

Table 1. 

Figure 1 shows a roof slab with dry coconut shell. Above the 

100 mm RCC slab, chiselled 25 mm inverted dry coconut shells 

were placed. The gaps were filled with asbestos paste to hold it 

properly. A weatherproof coarse ferrocement slab of 12.5 mm 

thickness, comprised of steel mesh of 10 mm square size 

(3 numbers) cast with rich cement mortar (1:2), was placed 

above the coconut shells. 

The trapped air inside the inverted coconut shell acts as 

a very good insulator. A ferrocement slab is used above the dry 

inverted coconut shell to make the roof strong and safe. Simi-

larly, the roof slab with other insulating materials is shown 

in Figs. 2 to 8. 

The thermal conductivity of different insulating materials 

was measured according to ASTM E1530, using the guarded 

heat flow meter technique (Figs. 9 and 10). The sample of the 

insulating material was prepared and placed between two sur-

faces, which are maintained at different temperatures. The sche-

matic diagram of the setup for measuring the thermal conductiv-

ity of a test sample is shown in Fig. 9. Fourier’s law of heat con- 

 

Table 1. Roof slab types and insulating materials. 

No. 
Roof slab 

type 
Insulating 
material 

λ  
(W/m K) 

U 
(W/m2K) 

Layers 

1 
Coconut 

shell 
Dry coco-
nut shell 

0.164 3.62 

100 mm RCC 
slab; 
25 mm inverted 
dry coconut shell; 
12.5 mm ferroce-
ment slab  

2 Glass fiber Fiberglass 0.050 1.60 

100 mm RCC 
slab; 
25 mm glass fi-
bre; 
12.5 mm ferroce-
ment slab 

3 Earthen pots 
Earthen 

pots 
0.380 5.28 

100 mm RCC 
slab; 
25 mm inverted 
dry earthen pots; 
12.5 mm ferroce-
ment slab 

4 Rice husk Rice husks 0.0727 2.14 

100 mm RCC 
slab; 
25 mm rice husk; 
12.5 mm ferroce-
ment slab 

5 
Rubber 
sheet 

Rubber 
sheet 

0.200 2.66 

100 mm RCC 
slab, 
17 mm air gap; 
8 mm thick rub-
ber sheet; 

12.5 mm 
ferrocement slab 

6 
Asbestos 

sheets 
Asbestos 

sheets 
0.147 3.40 

100 mm RCC 
slab; 
25 mm asbestos 
sheets; 

12.5 mm 

ferrocement slab 

7 Jhama bricks 
Jhama 

brick bats 
0.103 2.73 

100 mm RCC 
slab; 
25 mm Jhama 
brick bats; 

12.5 mm 
ferrocement slab 

8 Fly ash Fly ash 0.0856 2.41 

100 mm RCC 
slab; 
25 mm fly ash; 

12.5 mm 
ferrocement slab 

 

 

Fig. 1. Coconut shell roof slab model. 
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duction was used to determine the thermal conductivity of the 

test specimen by measuring the temperature difference and the 

output of the heat flux transducer. From the Fourier law of heat 

transfer, we have 

 𝑅𝑠=  
𝑇𝑢−𝑇𝑚

𝑄
−  𝑅𝑖𝑛𝑡, (1) 

where: Rs − thermal resistance of the test specimen, Tu − tem-

perature of the upper plate, Tm − temperature of the lower plate, 

Q − heat flux, Rint − total interface resistance. 

The thermal resistance of the test specimen is given by  

 𝑅𝑠 = 
d

λ
, (2) 

where: d − thickness of the test specimen, λ − thermal conduc-

tivity.  

  

Fig. 3. Earthen pot roof slab model. 

  

Fig. 4. Rice husk roof slab model. 

  

Fig. 5. Rubber sheet roof slab. 

  

Fig. 6. Roof slab with asbestos sheet. 

 

Fig. 7. Roof slab with Jhama brick bats. 

  

Fig. 8. Fly ash roof slab. 

  

Fig. 2. Glass fibre roof slab model. 
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The interface thermal resistance is considered in Eq. (1) be-

cause the temperature difference is measured between the upper 

and lower surface plates. 

The heat flux is measured by calculating the temperature 

across the reference calorimeter: 

 Q = N(𝑇𝑚 − 𝑇𝑙), (3) 

where: N − heat transfer coefficient of the reference calorimeter, 

Tm − surface temperature of the lower plate, Tl − temperature of 

the bottom heater. 

Combining Eqs. (1) and (3), we can find the thermal re-

sistance of the test sample:  

or 

𝑅𝑠 = F 
𝑇𝑢−𝑇𝑚

𝑇𝑚−𝑇𝑙
− 𝑅𝑖𝑛𝑡

𝑅𝑠 = F 
∆𝑇𝑠

∆𝑇𝑟
−  𝑅𝑖𝑛𝑡 ,

 (4) 

where: F − 1/N, ∆Ts – temperature difference across the sample, 

∆Tr – temperature difference across the reference calorimeter. 

Under ideal conditions, at steady state, the factor F is in-

versely proportional to the heat  transfer  coefficient  (N)  of  the  

reference calorimeter. Such conditions are closely approximated 

in the method because a guard heater surrounds the test stack. 

The thermal conductivity measurement device (Model 2022) is 

calibrated to find F and Rint. From Eq. (4), it yields that there is 

a straight-line relationship between variables Rs and ∆Ts/∆Tr. 

Temperatures are measured to determine the ∆T ratio for several 

samples, whose thermal resistances are known. These are plot-

ted on a graph to get a straight line, as shown in Fig. 11. The 

slope of this line gives F, and the ordinate axis intercept is Rint. 

Points A through D represent various calibration samples. Once 

the relationship between Rs and the ∆T ratio is known, following 

the equipment calibration, the thermal resistance of any un-

known sample can be readily obtained after measuring the tem-

peratures during the test and then calculating the ∆T ratio, as 

shown by the dotted lines in Fig. 11. For the test result to be 

accurate, the thermal resistance thus obtained must fall within 

the range of the samples used during calibration. Once the ther-

mal resistance has been determined, thermal conductivity can be 

computed from Eq. (2). 

3. Results and discussion 

This study is fully based on real-time investigation under open 

environmental conditions. The performance of nine roof slabs 

(eight with insulation and one without insulation) is calculated 

based on atmospheric temperatures at various time periods. Cor-

respondingly, the sample thermal conductivity, sample thermal 

resistivity and the mean sample temperature are computed for 

roof sections with and without insulating materials.  

The data taken from the real-time analysis were imple-

mented in the MATLAB software.  

For each case studied, the temperature between 7.30 am and 

10.00 pm was analysed. The average temperature at the roof top, 

roof bottom and in the room was measured for the roof slab with 

and without insulating materials to eventually demonstrate the 

effect of insulating material on the room temperature. 

 

 

 

  

Fig. 10. Measurement of thermal conductivity according  

to ASTM E1530. Image courtesy: CIPET, Bhubaneswar. 

 

Fig. 11. Equipment calibration and data analysis. 

  

Fig. 9. Diagram of the test section  

for measuring thermal conductivity. 
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3.1. Performance characteristics of roof slab with  

inverted coconut shell and the global optimisation 

techniques  

Figure 12 illustrates the thermal performance of the roof slab 

with inverted coconut shells as insulating material. At 2.30 pm, 

the temperature of the rooftop reached the peak value, and there-

after the temperature gradually decreased. It is evident from the 

graph that the temperature of the rooftop with insulation attains 

the maximum value of 59.45°C at 2.30 pm, whereas the temper-

ature of the roof bottom attains the maximum value of 38.76°C 

at 4.30 pm. The temperature of the room without insulation at-

tains a maximum value of 41.52°C at 4.00 pm, whereas the tem-

perature of the room with insulation attains a maximum value of 

38.58°C at 5.00 pm. Thus, there is a decrease in temperature of 

the room for the roof slab with insulation by 2.94°C with a time 

lag of 1.00 h. The time lag between the maximum rooftop tem-

perature and the maximum room temperature is 2.30 h. 

A comparison of actual values of the roof bottom tempera-

ture with those predicted by five optimisation techniques con-

sidered in this study is shown in Table 2. The data clearly indi-

cates that the social spider optimisation (SSO) technique pro-

vides the most accurate prediction of temperature values, with 

the error between the measured and predicted values ranging 

from 0.12 to 0.91. In comparison, the cuckoo search (CS) opti-

misation technique yields an error range of 1.38 to 7.92, bacte-

rial colony optimisation (BCO) shows an error between 0.69 and 

4.62, group search optimisation (GSO) results in an error of 0.21 

to 3.67, and the genetic algorithm (GA) gives an error range of 

2.11 to 3.32. Among all these techniques, SSO demonstrates the 

minimum error, highlighting its superior performance and accu-

racy in temperature predictions. 

 

 

3.2. Performance characteristics of roof slab with  

fibreglass and the global optimisation techniques 

Figure 13 visualises the real-time thermal performance of the 

roof slab with glass fibre. It can be observed from the figure that 

the temperature of the roof bottom with insulation attains the 

maximum value of 35.58°C at 6.00 pm, whereas the temperature 

of the room attains a maximum value of 35.35°C at 6.30 pm.  

Thus, compared to the non-insulated roof slab case (peak 

room temperature of 41.52°C at 4.00 pm), there is a decrease in 

temperature of the  room  for  the  roof  slab  with  insulation  by 

  

Fig. 12. Real-time performance of the roof slab with coconut shell.  

Table 2. Performance characteristics of the roof slab with coconut shell. 

Input Output (temperature, °C) 
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Predicted value 

SSO GA GSO CS BCO 

1 0.1397 

33.50 30.45 30.57 32.56 30.67 31.83 31.14 

34.20 30.75 30.91 33.35 30.99 32.2 31.44 

35.10 31.11 31.29 34.02 31.32 33.35 31.83 

36.36 31.49 31.61 34.65 31.72 33.75 32.26 

38.05 31.92 32.13 35.11 32.2 34.26 32.79 

40.15 32.27 32.52 35.49 32.58 34.81 33.16 

42.52 32.74 33.02 36.03 33.09 35.98 33.92 

44.92 33.22 33.54 36.54 33.63 37.06 34.51 

47.92 33.73 34.1 36.83 34.54 37.87 35.59 

51.32 34.3 34.71 37.28 35.71 38.64 36.19 

54.15 34.87 35.34 37.59 35.99 39.63 36.97 

56.24 35.5 36.03 38.14 36.62 40.42 37.66 

58.05 36.19 36.77 38.81 38.31 41.32 38.38 

58.98 36.8 37.4 39.39 38.99 42.07 39.03 

59.45 37.4 37.52 39.94 40.52 42.78 39.66 

59.05 37.92 38.55 40.43 41.16 43.71 41.06 

58.00 38.25 38.94 40.72 41.92 44.19 41.54 

56.00 38.58 39.29 41.02 41.76 44.72 40.77 

53.00 38.76 39.5 41.17 41.94 45.43 42.94 

49.00 38.55 39.33 40.94 41.53 45.67 42.84 

45.00 38.15 39.06 40.47 40.99 45.52 42.77 

41.00 37.6 38.38 39.9 40.78 45.24 40.86 

38.00 37 37.74 39.26 39.18 44.91 40.24 

35.50 36.15 36.86 38.38 38.27 44.09 39.42 

34.30 35.25 35.93 37.35 37.33 36.67 37.48 

33.30 34.4 35.01 36.79 35.58 41.93 36.59 

32.50 33.7 34.27 36.02 34.84 39.84 35.81 

31.90 33.1 33.64 35.4 34.18 39.1 35.08 

31.40 32.6 33.11 34.86 33.59 37.94 33.87 

31.00 32.15 32.55 34.38 32.83 36.53 32.92 
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6.17°C with a time lag of 2.30 h. The time lag between the max-

imum rooftop temperature and the maximum room temperature 

is 4.00 h. Since the coefficient of emissivity of the fibreglass 

varies between 0.85 to 0.95 and the thermal conductivity is 

0.05 W/(m K), the temperature of the room is reduced by the 

maximum amount. 

Similarly, among the optimisation techniques used, in this 

case, SSO was found to demonstrate the highest accuracy, with 

an error range of 0.08–0.99 between measured and predicted 

temperatures. GSO also gave good predictions, with an error 

range of 0.16–4.32, followed by BCO (0.97–7.07), GA (2.10–

3.30) and CS (1.34–9.34). These results show that the SSO 

method provides the most reliable predictions, significantly re-

ducing the error margin compared to other optimisation meth-

ods. It was observed that the SSO technique predicts the temper-

ature accurately, and the error between the measured and pre-

dicted value of temperature is minimum. 

The fibreglass layer, encapsulated beneath a 12.5 mm thick 

ferrocement slab, reduces indoor temperature primarily due to 

its low thermal conductivity (0.05 W/(m·K)), which signifi-

cantly impedes heat transfer through the roof. The emissivity of 

fibreglass does not directly affect the heat exchange process in 

this configuration, as it is not exposed to external radiation. 

3.3. Performance characteristics of the roof slab with 

earthen pots and the global optimisation techniques 

Figure 14 depicts the real-time thermal performance of a roof 

slab with earthen pots. While the temperature of the rooftop with 

insulation attains the maximum value of 59.45°C at 2.30 pm, the 

temperature of the roof bottom in this case attains the maximum 

value of 39.35°C at 4.00 pm, and the temperature of the room 

reaches a maximum value of 39.25°C at 4.30 pm. Thus, there is 

a decrease in temperature of the room for the roof slab with in-

sulation by 2.27°C compared to a roof without insulation, with 

a time lag of 0.30 h. The time lag between the maximum rooftop 

temperature and the maximum room temperature is 2.00 h. The 

roof bottom temperature was predicted using five optimisation 

techniques, such as cuckoo search, bacterial colony optimisa-

tion, group search optimisation, genetic algorithm, and social 

spider optimisation. The error range between the measured 

and predicted values for various optimisation methods  

is: CS (1.37–7.99), BCO (0.67–4.54), GSO (0.16–3.33),  

GA (2.10–3.30), and SSO (0.12–0.82). Among these, the SSO 

technique exhibited the highest accuracy, with the minimum  

error range, indicating its superior performance in precisely en-

visaging the roof bottom temperature. 

3.4. Performance characteristics of roof slab with rice 

husk and the global optimisation techniques  

The real-time performance of the roof slab with rice husk is 

displayed in Fig. 15. The results reveal that the temperature of 

the roof bottom with insulation attains the maximum value of 

36.88°C at 5.30 pm, whereas the temperature of the room at-

tains a maximum value of 36.70°C at 6.00 pm. A decrease in 

  

Fig. 13. Real-time performance of the roof slab – fiberglass. 

  

Fig. 15. Real-time performance of the roof slab with rice husk. 

  

Fig. 14. Real-time performance of the roof slab with earthen pots. 
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the room temperature for the roof slab with insulation compared 

to a roof without insulation is 4.82°C with a time lag of 2.00 h. 

The time lag between the maximum rooftop temperature and 

the maximum room temperature is 3.30 h. 

The error ranges for different optimisation methods we- 

re CS (1.34–8.14), BCO (0.67–4.54), GSO (0.16–3.30),  

GA (2.10–3.30) and SSO (0.12–0.82). This shows that, also in 

this case, SSO exhibited the highest accuracy with the lowest 

prediction error. 

3.5. Performance characteristics of roof slab with  

rubber sheets and the global optimisation techniques  

Figure 16 demonstrates the real-time thermal performance of 

the roof slab with rubber sheets as an insulating material. 

The results show that the temperature of the roof bottom with 

this insulation type reaches the maximum value of 39.18°C at 

4.00 pm, while the maximum room temperature of 39.05°C is 

reached at 4.30 pm. Considering that the room temperature without 

insulation attains a maximum value of 41.52°C at 4.00 pm, there is 

a decrease in temperature of the room for the roof slab with insula-

tion by 2.47°C with a time lag of 0.30 h. The time lag between the 

maximum rooftop temperature and the maximum room tempera-

ture is 2.00 h. 
Temperature prediction errors using five optimisation 

methods were as follows: CS (1.46–7.91), BCO (0.32–2.11), 

GSO (0.67–4.29), GA (2.10–3.30) and SSO (0.12–0.78). 

Among all these methods, SSO demonstrated the highest ac-

curacy with the lowest error, indicating its superior perfor-

mance compared to CS, BCO, GSO and GA. 

3.6. Performance characteristics of roof slab with  

asbestos sheet and the global optimisation  

techniques  

Figure 17 shows the real-time thermal performance of the roof 

slab with an asbestos sheet. As can be seen from the figure, the 

temperature of the roof bottom attains a maximum of 38.33°C 

at 5.00 pm.  

A comparison of the temperature in a room for the case of 

roof without insulation (a peak value of 41.52°C at 4.00 pm) 

with the one for the insulated roof case that reaches a peak 

value of 38.22°C at 5.30 pm, indicates that there is a decrease 

in temperature of the room for the roof slab with insulation by 

3.30°C with a time lag of 1.30 h. The time lag between the 

maximum rooftop temperature and the maximum room tem-

perature with insulation is 3.00 h. 

The error ranges between measured and predicted roof bot-

tom temperatures for different optimisation methods were as 

follows: 1.37–8.14 for the cuckoo search, 0.67–4.54 for the bac-

terial colony optimisation, 2.10–3.30 for the genetic algorithm, 

0.16–3.30 for the  group search optimisation and 0.12–0.82 for 

the social spider optimisation. Out of these five optimisation 

techniques, SSO was found to be the most effective technique 

with the highest prediction accuracy. 

3.7. Performance characteristics of roof slab with 

Jhama brick bats and the global optimisation 

techniques  

The real-time thermal performance of the roof slab with Jhama 

brick bats as insulating material is presented in Fig. 18. The 

measured average temperatures at the roof top, roof bottom and 

in the room for the insulated roof slab were compared with the 

corresponding temperatures for the roof slab without insulation. 

In this case, the maximum temperature of the roof bottom with 

insulation, amounting to 38.21°C, is achieved at 5.00 pm, 

whereas the temperature of the room attains a maximum value 

of 38.05°C at 5.30 pm. Since the room temperature in the case 

of a non-insulated roof slab reaches a maximum value of 

41.52°C at 4.00 pm, it follows that there is a decrease in temper-

ature of the room for the roof slab with insulation by 3.47°C with 

a time lag of 1.30 h. The time lag between the maximum rooftop 

temperature and the maximum room temperature is 3.00 h. 

The prediction errors between measured and estimated roof 

bottom temperatures using various optimisation techniques we- 

re as follows: 1.34–8.14 for the cuckoo search technique,  

0.67–4.54 for the bacterial colony optimisation, 2.10–3.30 for 

the genetic algorithm, 0.16–3.30 for the group search optimisa-

tion and 0.12–0.79 for the social spider optimisation. Similarly, 

it is concluded that SSO demonstrated the highest accuracy, 

characterised by the lowest error range. A comparative analysis 

  

Fig. 16. Real-time performance of the roof slab – rubber sheets. 

 

Fig. 17. Real-time performance of the roof slab with asbestos sheet. 
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confirms that SSO outperforms the other four techniques in pre-

dicting temperature with greater accuracy.  

3.8. Performance characteristics of roof slab with fly 

ash and the global optimisation techniques  

Figure 19 demonstrates the real-time thermal performance of the 

roof slab with fly ash as an insulating material. While the tem-

perature of the rooftop with insulation attains its maximum of 

59.45°C at 2.30 pm, the peak temperature of the roof bottom in 

this case is 37.20°C and is reached at 5.30 pm. The room tem-

perature reaches a maximum value of 37.08°C at 6.00 pm, which 

is a decrease of 4.44°C compared to the non-insulated roof case, 

with a time lag of 2.00 h. The time lag between the maximum 

rooftop temperature and the maximum room temperature is 

3.30 h. 

The error ranges between the measured and predicted roof 

bottom temperatures using various optimisation methods were 

as follows: 1.34–8.14 for the cuckoo search method, 0.67–4.54 

for the bacterial colony optimisation, 2.10–3.30 for the genetic 

algorithm, 0.16–3.30 for the group search optimisation and 

0.12–0.82 for the social spider optimisation. Among all the 

methods considered, SSO exhibited the highest accuracy, yield-

ing the lowest prediction error, which confirms that SSO outper-

forms the other four algorithms in temperature prediction accu-

racy. 

3.9. Performance characteristics of roof slab without 

insulating material and the global optimisation  

techniques  

Figure 20 demonstrates the real-time thermal performance of the 

roof slab without insulation, including recorded average temper-

atures at the roof top, roof bottom and inside the room. The roof-

top temperature reached its peak (59.45°C) at 2:30 pm and there-

after gradually decreased, whereas the temperature of the roof 

bottom attained the maximum value of 41.75°C at 3.30 pm. The 

maximum temperature in the room was 41.52°C and was ob-

tained at 4.00 pm. The time lag between the maximum rooftop 

temperature and the maximum room temperature is 1.30 h. 
Similarly, the variation in roof bottom temperature was pre-

dicted using five optimisation techniques  bacterial colony op-

timisation (BCO), social spider optimisation (SSO), group 

search optimisation (GSO), cuckoo search (GS) and genetic 

algorithm (GA), and the results were compared with actual val-

ues. The error ranges for different optimisation methods  

were: CS (1.37–7.95), BCO (0.69–4.36), GA (2.18–3.29),  

GSO (0.19–3.28) and SSO (0.12–0.96).  

Out of five optimisation techniques considered, SSO was 

found to exhibit the highest accuracy with the lowest prediction 

error, thus confirming its superior performance compared to the 

other four methods. The effect of all the insulating materials, 

considered in this study, on the room temperature is plotted in 

Fig. 21. The performance of roof slabs with various insulating 

materials is summarised in Table 3. The time lag between the 

maximum room temperature with and without insulation is 

found to be maximum in case of glass fibre and minimum in the 

case of earthen pots. Similarly, the maximum reduction in room 

temperature with roof slab insulation was found to be 6.17°C in 

the case of glass fibre and 2.27°C in the case of earthen pots. 

  

Fig. 19. Real-time performance of the roof slab − fly ash. 

 

Fig. 18. Real-time performance of the roof slab − Jhama brick bats. 

  

Fig. 20. Real-time performance of the roof slab 

without insulating material. 
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The experimental analysis clearly demonstrates that the in-

clusion of insulating materials on roof slabs leads to a significant 

reduction in indoor temperature and delays the thermal response 

of the indoor environment. The most striking finding is the su-

perior performance of fibreglass, which not only achieved the 

highest temperature reduction (6.17°C) but also the longest time 

lag (4 h). This is attributable to its low thermal conductivity  

0.05 W/(m·K), which significantly impedes heat transfer 

through the roof. 

In contrast, natural and waste-based materials such as coco-

nut shells, rice husks and Jhama brick bats also demonstrated 

appreciable performance, with temperature reductions ranging 

between 2.94°C and 4.82°C. These materials are highly porous, 

contain trapped air pockets and have relatively low thermal con-

ductivities, making them effective as low-cost, sustainable insu-

lators. 

The time lag is a particularly important metric from a com-

fort and energy efficiency standpoint. For example, a delay of 

2–4 hours in peak room temperature relative to peak rooftop 

temperature helps reduce the HVAC system loads during the 

hottest part of the day. This could translate to significant energy 

savings, particularly in tropical and subtropical regions. 

Materials like earthen pots and rubber sheets, though less ef-

fective than fibreglass or rice husk, still provided substantial 

benefits. The relatively lower performance may be due to factors 

like higher density (in the case of earthen pots) or limited thick-

ness and air gap arrangement (in rubber sheets), which reduce 

their insulation capacity. 

The prediction models using metaheuristic optimisation 

methods further reinforce the experimental observations. The 

fact that the social spider optimisation consistently achieved the 

lowest error margins highlights the potential of such techniques 

in predicting thermal behaviour and reducing the dependency on 

exhaustive experimental trials. Moreover, the experimental 

setup using identical test rooms and real outdoor conditions adds 

practical relevance to the findings. Unlike simulation-only stud-

ies, this real-world data offers actionable insights for architects, 

builders and policy-makers seeking passive solutions for ther-

mal management in buildings. 

4. Conclusions 

The thermal performances of eight roof slabs with insulating 

materials were compared with the roof slab without an insulat-

ing material under the same atmospheric conditions. Eight insu-

lating materials such as coconut shell, fibreglass, fly ash, rubber 

sheet, asbestos sheets, rice husk, Jhama brick bats and earthen 

pots were utilised in this study. The variation of the roof bottom 

temperature was predicted using five optimisation techniques, 

such as bacterial colony optimisation, group search optimisa-

tion, cuckoo search, genetic algorithm and social spider optimi-

sation. Based on the experimental test results and theoretical 

analysis, the following conclusions have been drawn: 

(i) The time difference between the peak external (roof top) 

temperature and the corresponding peak internal (room) 

temperature was recorded for each type of insulation. This 

metric indicates the material's ability to delay heat penetra-

tion, which is critical for maintaining thermal comfort dur-

ing peak summer hours. For example, the fibreglass roof 

showed a maximum time lag of 4 h, while the earthen pot 

roof showed a minimum lag of 2 h. 

(ii) The difference in indoor temperature between rooms 

with and without insulation was quantified. This reduc-

tion reflects the insulator’s ability to mitigate indoor heat 

gain. Fibreglass achieved a reduction of 6.17°C, whereas 

for earthen pots it was 2.27°C. 

(iii) Using the ASTM E1530 guarded heat flow meter 

method, the thermal conductivity of each insulating ma-

terial was experimentally determined. Corresponding 

thermal resistance values were calculated using Fourier’s 

 

Fig. 21. Effect of various insulating materials 

on the room temperature. 

Table 3. Comparison of the roof slab thermal performance with 

and without different insulation materials. 
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2.94 1.00  2.30  

2 
Glass  
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41.52 / 
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6.17 2.30  4.00  

3 
Earthen 

pots 
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2.27 0.30  2.00  
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law. These provide direct insight into the heat transfer 

inhibition through each material. 

(iv) The overall heat transfer coefficient was computed for each 

roof slab configuration, reflecting the heat transfer rate 

through the composite slab. A lower overall heat transfer 

coefficient indicates better insulation. 

(v) The study applied five metaheuristic algorithms to pre-

dict roof bottom temperatures, comparing them to actual 

experimental data. The error range between predicted 

and measured values served as a performance indicator 

of both insulation efficiency and the robustness of mod-

elling methods. Social spider optimisation demonstrated 

the highest level of accuracy in prediction, with errors as 

low as 0.08°C. 

(vi) While the actual energy expenditure (e.g. cooling load or 

kilowatt-hours saved) was not measured directly, temper-

ature reduction and time lag can be used as alternative met-

rics. These reductions are directly correlated with de-

creased energy demands for ventilation and air condition-

ing. Thus, the findings support energy-saving implications 

for passive cooling strategies. 

(vii) It was observed that the social spider optimisation tech-

nique predicted the roof bottom temperature accurately, 

and the error between the measured and predicted value 

of temperature was minimum as compared to the other 

four optimisation techniques. 

(viii) The performance of the roof slab using different insulat-

ing materials in descending order is found to be fibre-

glass, rice husk, fly ash, Jhama brick bats, asbestos sheet, 

coconut shell, rubber sheet and earthen pot. 
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1. Introduction 

The increasing complexity of fuel supply chains and the pres-

sure for resilience, efficiency and environmental sustainability 

mean that artificial intelligence and machine learning (ML) 

methods are rapidly being adopted in logistics (including mili-

tary). In the literature of recent years, there has been a clear shift 

from classic optimisation problems to predictive analytics, inte-

gration of heterogeneous data, and models supporting short-term 

operational decisions. This is particularly important in the con-

text of the military fuel distribution system, where the com-

mander's decisions are burdened by demand uncertainty, infra-

structure constraints, and spatio-temporal dynamics. The con-

cept of a modular Logistic Decision Support System (LDSS) 

adopted in this paper, based on multilayer neural networks and 

the selection of learning algorithms such as Bayesian regulari-

sation, Levenberg-Marquardt (LM), Broyden-Fletcher-Gold-

farb-Shanno  (BFGS)  quasi-Newton,  or  resilient  backpropaga- 
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Abstract 

Providing energy to troops requires maintaining optimal fuel levels across all management stages, especially within Garrison 
Support Units and Regional Logistic Bases. The article examines the fuel distribution system supported by a program that 
predicts commanders’ actions using input data from subordinate units. To aid decision-making, Garrison Support Units im-
plemented neural network variants to model logistical activities, training, peacetime operations, or combat, and segment fuel 
supply accordingly. The Neural Network Toolbox from MATLAB (MathWorks) was used for computations. The study pre-
sents the Garrison Support Units operational assumptions, the role of commanders as agents, and factors affecting fuel distri-
bution. It also outlines the development of the Logistic Decision Support System dashboard, which enables entering decision 
variables, neural network coefficients, and weights to forecast fuel consumption and plan future operations based on environ-
mental and operational data. The article includes MATLAB simulation results, analysing neural network algorithms and 
neuron counts per layer to determine the most effective configuration for decision-making optimisation. Results show that 
the Bayesian regularisation algorithm achieved the lowest mean square error across all data sets and the highest prediction 
accuracy measured by the root mean squared error. The regression coefficient confirmed a strong correlation between pre-
dicted and actual outcomes, demonstrating the Bayesian regularisation algorithm’s effectiveness in supporting logistical fuel 
management decisions. 
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Nomenclature 

BR ‒ Bayesian regularisation 

GSU ‒ Garrison Support Unit 

LDSS ‒ Logistic Decision Support System 

MATLAB– Matrix Laboratory 

ML ‒ machine learning 

MSE – mean square error  

R ‒ regression coefficient 

RLB – Regional Logistic Base 

RMSE – root mean squared error  

tion (RP), remains consistent with the directions observed in re-

search from practical implementations of short-term prediction 

to critical reviews of data quality, standardisation and model re-

liability. 

The article aims to research the application of an artificial 

intelligence algorithm to support decision-making processes in 

the management of fuel resources, based on the adopted model 

of elements of the military logistics system. When starting the 

research, previous publications [1−4] characterised the logistics 

space within a selected scope. The need to develop solutions 

supporting the decision-making process of the commander (de-

cision-maker) based on machine learning algorithms was indi-

cated, including Broyden–Fletcher–Goldfarb–Shanno quasi-

Newton, Levenberg-Marquardt, Bayesian regularisation and the 

resilient backpropagation algorithm.  

The innovative nature of the article is manifested, among 

other things, by the fact that variables that have not been col-

lected in the IT logistics system so far are indicated, as well as 

the method of developing the architecture of the LDSS program 

for implementation. The author indicated a number of dependent 

variables that he detected while working with the data that were 

analysed, namely the indicated fuel level in the Garrison Support 

Unit (GSU), the intensity of operations, field data, meteorologi-

cal data or variables illustrating the capabilities of GSU. 

The proposed model of support for the decision-making pro-

cess in the fuel distribution system is based on a neural network, 

for which the basic input parameters and initial states of the sys-

tem have been indicated, limited only to fuel distribution. The 

model of the modular multi-layered one-way neural network 

(MNN) seems to be the solution with a small and acceptable er-

ror to provide courses of action for the management staff in the 

indicated positions of the military logistics system. Neverthe-

less, in order for the indicated information technology (IT) so-

lution to be effective, the artificial intelligence (AI) system must 

be taught through the experience of decision-makers and histor-

ical data, in order to present several optimal variants of fuel re-

source management. Finally, the thesis in which the reinforce-

ment learning (RL) model improves the quality and accelerates 

the process of developing an appropriate variant of the decision-

maker's action was analysed. 

Bibliometric studies of logistics in Saudi Arabia [5] syntheti-

cally show the global shift towards sustainable logistics, ma-

chine learning, and the integration of technology (AI, block-

chain) into traditional supply chain paradigms. The authors, ana-

lysing over 7.6 thousand publications, identify the growing im-

portance of chain resilience and international cooperation as an 

accelerator of innovation. These conclusions are relevant for 

military logistics: the development of predictive and decision-

making capabilities in the fuel system requires combining clas-

sic procedures with machine learning (ML) models and connect-

ing multi-domain data (operational, environmental, infrastruc-

tural), which directly corresponds to the concept adopted in this 

paper of extending the input vectors of the network to include 

meteorological, terrain and operational factors. 

A strong practical trend is represented by the work of 

Eichenseer et al. [6], in which a data-driven ML model for 

a five-day forecast of the number of "delivery positions" for 

workforce planning in logistics was developed and validated. 

The model, tested in the company, exceeded both practical ex-

pert forecasts and auto ML systems, especially in the short term. 

The value of models tailored to the specifics of the process (cus-

tom ML) in relation to universal tools is a key here from the 

perspective of the military GSU. This approach reinforces the 

decision to use a specialised multilayer perceptron (MLP) archi-

tecture in LDSS and to select training algorithms for generalisa-

tion stability with limited samples and strong operational varia-

bility. A five working days forecast horizon (week) seems to be 

a natural "decision window" for fuel distribution planning and 

personnel dispatch. 

For this article, several literature items were analysed, 

where, among others, Nguyen et al. [7] present a critical review 

of ML models for estimating propulsion power and fuel con-

sumption of marine vessels, an area inherently related to fuel 

and energy (power) prediction (FEP) and exposed to environ-

mental disturbances. The authors emphasise the need for "data-

centric AI": standardisation of metrics (beyond mere accuracy), 

benchmarks, and policies for maintaining trustworthiness in 

models. For military applications, this means the need to:  

a) unambiguous definition of quality measures (root mean 

squared error/mean square error (RMSE/MSE), regression 

coefficient (R), but also resistance to regime changes and 

out-of-distribution),  

b) monitoring of procedures and re-training, 

c) documenting data and model decisions (auditability), 

which in this article is reflected in the adopted set of metrics 

and comparisons of BR/LM/BFGS/RP algorithms and the 

conclusion about the advantage of research and develop-

ment (R&D) in terms of generalisation. 

The cost and decision perspective in commercial logistics 

was developed by Yaiprasert and Hidayanto [8], who used en-

sembles of ML methods to explore cost strategies on simulated 

data. Despite the synthetic nature of the collection, the paper 

shows two lessons useful for LDSS: 

a) ensembles increase predictive resilience to data variance 

and heterogeneity in operational conditions, 

b) It is possible to use simulations to "seal" sparse regions of 

the state space, which is important when real data (e.g., in-

tensity of activities, procedural constraints) are not yet fully 

collected in departmental systems.  
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This approach can complement a trained MLP network with 

a simulation component or an MLP + ensemble hybrid for criti-

cal inventory thresholds.  

Zhou et al. [9], on the other hand, propose a three-stage 

geoinformation model, geospatial information system (GIS), 

multiple-criteria decision making / multiple-criteria decision 

analysis (MCDM), or social network analysis (SNA) network, 

for the selection of locations for urban green logistics centres. 

Despite the civilian context, the construction of the method 

(combining environmental, economic, technological, and social 

criteria with network analysis) is analogous to the needs of mil-

itary planning for the deployment of depots and GSU in opera-

tional space.  

Finally, a broad overview of sustainable aviation fuel (SAF) 

supply chains by Liang et al. [10] highlights that the energy tran-

sition in transportation requires a combination of mathematical 

programming, ML and multi-criteria optimisation. The identi-

fied barriers: cost, complexity of multi-stage production, insta-

bility of raw material supply and regulatory discrepancies, trans-

late into military implications: 

a) the need to take alternative fuels scenarios into account in 

planning (compatibility, availability, chain risk), 

b) expansion of the decision-making module with multi-crite-

ria functions (cost-risk-environmental footprint-operatio-

nal readiness), 

c) tracking policies and standards, which support the ap-

proach to building an LDSS decision-making dashboard 

with weights and ratios reflecting operational priorities. 

In conclusion, the literature confirms the three pillars 

adopted in this work. First, short-term prediction on operational 

data (Eichenseer et al. [6]) is a key component of resource plan-

ning and should be the core of the GSU commander's support 

module; the choice of training algorithms with good generalisa-

tion with limited samples (Bayesian regularisation) is methodo-

logically justified and, in our experiments brings the best com-

promise of accuracy/robustness, which has been demonstrated 

empirically. Secondly, the integration of spatial and multi-crite-

ria data (Zhou et al. [9]) indicates that the extension of LDSS to 

include the GIS/MCDM/SNA component will support decisions 

on inventory manoeuvre and supply priorities under conditions 

of infrastructural and environmental constraints. Third, the trend 

towards sustainability and resilience (Alasmari and Alzahrani 

[5], Liang et al. [10]) requires that decision-making tools take 

into account both performance metrics (RMSE, MSE, R) and 

chain risk and environmental impact criteria, while maintaining 

the principles of "data-centric AI" and model transparency 

(Nguyen et al. [7]). In this context, the LDSS module, which is 

being developed and is based on MLP and enriched with regu-

larisation, validation and monitoring mechanisms, is a way to 

authenticate operational recommendations for the GSU deci-

sion-maker, in accordance with the literature. 

2. Description of the research problem 

The research focused on mapping the logistics space with which 

agents can interact with the indication of states and transitions 

between individual layers of the network dedicated to the se-

lected GSU. The agent is the commander of the selected GSU 

(in our solution, we assume only one decision-making level for 

simplicity). He observes the changing situation of fuel security 

in a given area of responsibility, introducing GSU into the states 

through actions (decisions). The operational situation in a given 

area of responsibility complements the environment of opera-

tions. Actions that can be taken by the decision-maker are: re-

ceiving, dispensing, or withholding the dispensing of fuel.  

The decision-maker performs actions to maintain the fuel at 

the required level in the unit's tanks. The agent has limited trans-

portation resources, is constrained by the load capacity of the 

supplied units, and must also deliver fuel within the timeframe 

specified in the demand of a given military unit. The time in the 

proposed model is discrete, and a training set based on data from 

five years of GSU operation was used for prediction. Then, 70% 

of the data was used for training the network; 15% of all data 

was used to validate the network for generalisation and to stop 

the training process before overfitting occurred, and a further 

15% was used as a test set to independently assess the network's 

ability to generalise. 

The time is discrete, and one week of fuel management in 

the GSU has been taken as the time step. The prediction of fuel 

distribution and decision-maker actions was set ten months 

ahead. The purpose of the program in the MATLAB environ-

ment is to train the neural network in such a way that it is able 

to reduce the mean square error of the deviation of real values 

from those predicted in the network training process as much as 

possible. For the purpose of studying the degree of mapping of 

the prediction results of the GSU input variables, the parameters 

of the neural network were introduced, such as the number of 

neurons in the network layers and the function according to 

which the training was conducted. As a parameter that was pre-

dicted, it was a series of fuel level data in the GSU. In subse-

quent tests for the LDSS commander's desktop, the number of 

predicted parameters (e.g. intensity of operations, number of 

available personnel, availability of equipment, etc.) should be 

increased simultaneously on the basis of the input data. The neu-

ral network learning process involves appropriately adjusting 

the weights between neuronal connections in the network layers 

to minimise errors and improve the quality of predictions. Re-

ducing prediction errors can be achieved by using a feedback 

loop (Fig. 1) backpropagation, i.e. comparison of the obtained 

results with the desired values. The error calculated in this way 

leads to a weight correction to minimise this error in subsequent 

steps (iterations). These processes take place in the so-called 

epochs, and each epoch is a single passage through the entire set 

of learning data. The most important steps in the network train-

ing process are: initialisation of weights, feed forward, error cal-

culation, backpropagation, updating of weights, and repeating 

the process in steps from 2 to 5 over many epochs. Thanks to 

these measures, the network becomes more and more accurate 

("learns"), and its predictions are closer to the actual results. Fi-

nally, there is a process of completing learning after reaching 

a certain criterion, e.g. after reaching a satisfactory level of ac-

curacy, in our case of mapping the prediction results, the param-

eters of the neural network were changed, such as: internal de- 

lays, feedback delay, number of epochs, the function according 

to which the training was carried out, and the size of hidden lay- 
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ers. Below is a brief description of four algorithms used in the 

study. 

2.1. Bayesian regularisation  

A modification of a classical algorithm with feedback propaga-

tion that optimises both model fit and complexity by regularis-

ing weights. In this algorithm, the error function has two com-

ponents – a matching error (MSE) and a penalty for heavy 

weights. The weights and regularisation parameter are estimated 

using Bayesian methods. It is known for high resistance to over-

fitting and excellent generalisation, especially with a large num-

ber of neurons, without needing separate cross-validation. How-

ever, it requires longer training times than non-regularised meth-

ods. This approach is chosen as a benchmark for the quality of 

generalisation. It is particularly effective when using many neu-

rons and dealing with the risk of overtraining, which is important 

in studies with a network of 50 neurons in the hidden layer. It 

offers automatic selection of the regularisation parameter and 

reduces manual hyperparameter tuning [11].  

2.2. Levenberg–Marquardt  

An optimisation algorithm that is a hybrid of the Gauss–Newton 

method and gradient fall adjusts the learning step by switching 

seamlessly between the fast Gauss–Newtonian confluence (near 

the minimum) and the stability of the gradient method (far from 

the minimum). Its advantages are very fast convergence for 

small and medium-sized networks and high accuracy with 

a small number of neurons. High memory requirements. For 

large networks, it can become unstable or very slow. Widely 

recognised as the fastest algorithm for training small and me-

dium-sized MLP networks. It handles regression problems and 

achieves low error in a small number of epochs very well. Ideal 

for comparison with BR in terms of trade-off of learning time 

vs. accuracy [12]. 

2.3. BFGS quasi–Newton 

An advanced optimisation algorithm that approximates the in-

verse Hessian matrix (second-order derivatives) without fully 

calculating it. Updates the Hessian approximation in each itera- 

tion, using gradient and weight changes. Its advantages include 

faster convergence than a pure straight gradient and good results 

for medium-sized networks and well-conditioned problems. 

However, it may lose efficiency with very large networks. High 

memory requirements. It was chosen as a classic, robust optimi-

sation algorithm, allowing us to assess how it performs against 

newer and more adaptive methods [13]. 

2.4. Resilient backpropagation  

A variation of backpropagation that ignores the size of a gradient 

based only on its character. A very stable algorithm in conditions 

where the gradient is scaled badly. Good for problems with large 

differences in input values. It does not use the gradient size in-

formation, so it can reach very low error values more slowly. 

A simple but effective gradient sign method. It is in contrast to 

methods that require calculations of the Hessian matrix or regu-

larisation. In studies, it acts as a benchmark of stability at differ-

ent numbers of neurons [14]. 

An important gap highlighted by the review authors (Nguyen 

et al. [7]) is the insufficient standardisation of data and bench-

marks, and the lack of widely accepted measures of model con-

fidence. In military conditions, this gap is reinforced by the lim-

ited availability of structured data on the intensity of operations, 

procedural constraints, or environmental parameters, which has 

also been identified in this study, and directly motivates the ex-

pansion of the range of collected input variables (21+ features) 

and the procedure for dividing the sets into training/valida-

tion/test. In addition, the literature indicates the potential for re-

inforcement learning (RL) for problems in which decisions and 

rewards are spaced over time; combined with an MLP network 

trained on historical data, RL can support fuel dispensing/halt-

ing/receiving tactics, balancing exploration and exploitation in 

a dynamic environment, a direction that has been outlined as the 

next stage in LDSS development.  

In light of the above, the GSU commander's decision support 

model proposed in the paper using the MLP architecture, 

BR/LM/BFGS/RP algorithms, an extended set of input features, 

and a dashboard module with weights and coefficients is in line 

 

Fig. 1. Neural network model to predict fuel consumption for the selected GSU. The function according to which the network was trained was:  

Bayesian regularisation, Levenberg-Marquardt, BFGS quasi-Newton and resilient backpropagation. 
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with the best practices identified in the literature, and responds 

to the key challenges:  

a) short-term prediction of demand and inventory levels,  

b) integration of multi-domain data (operational, environmen-

tal, infrastructural),  

c) transparency and standardisation of model evaluation,  

d) possibility of further hybridisation with RL and ensemble 

methods for resistance to data variability.  

The states of the GSU logistics system were determined on 

the basis of historical observations from 2019−2023. It was as-

sumed that the logistics system worked optimally and the agents 

acted in accordance with the adopted strategy. The number of 

times GSU was in a situation where the fuel level for GSU was 

adequate (Fig. 2) and was counted week by week. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Using the collected historical data, it is possible to analyse 

changes in fuel levels for a selected fuel composition, GSU de-

pot or a single storage facility. Changes in fuel levels reflect 

many factors, such as the number and size of units supplied in 

a given area, their operational and training activity, or the ability 

to maintain and restore stocks. Therefore, the detailed infor-

mation contained in the database of the Integrated Multi-Level 

IT System of the Ministry of National Defence (ZWSI RON – 

”Zintegrowany Wieloszczeblowy System Informatyczny Re-

sortu Obrony Narodowej”) on the change in the level of fuel 

stocks in the actual area and time for specific military units 

(MU) may constitute sensitive military data. While maintaining 

the overt nature of the study for analytical research, an "artifi-

cial" model was adopted, built from existing elements of the sys-

tem, but in fact coming from various unrelated fuel supply re-

gions. This model consists of a superior fuel depot in the Re-

gional Logistic Base (RLB), GSU and three supplied MUs of 

different sizes: brigade, regiment and battalion (Fig. 3). 

The task of GSU is to dispense fuel to MU in the amount and 

time in accordance with the demand. Of course, there are many 

factors affecting the quality and certainty of this task [1]. How-

ever, the basic element determining success or failure from the 

perspective of GSU is maintaining an appropriate level of fuel 

in the warehouses. Taking into account the specificity of peace-

time military logistics, going below a certain minimum level 

should be considered a failure, even if this resource could still 

secure the reported needs of MU. This is related to the opera-

tional need to maintain the necessary reserves. Due to the need 

to manoeuvre the fuel resource between the internal GSU stor-

age facilities, it is advisable not to exceed the specified maxi-

mum level of fuel storage capacity. Exceeding this level should 

be considered a failure, even if the storage capacity has not been 

fully used. We consider all activities leading to maintaining the 

state between the minimum and the maximum as a success.  

To sum up, the neural network is designed to learn from his-

torical data, taking into account the input data entered by the 

decision-maker in LDSS for the assumed number of weeks, how 

the GSU processes are carried out, and to present a prediction of 

the unit behaviour in terms of fuel distribution based on the de-

cisions that the decision-maker will make for a given period of 

time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Historical data on the state of diesel fuel levels  

and activity (fuel receiving/dispensing) in GSU in 2019−2023,  

every week (260 weeks – as of the first day of the week). 

 

Fig. 3. The process of dispensing and receiving fuel by GSU. 
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The analysis covered data from selected MUs and GSU 

warehouses, which have been artificially linked by logistical re-

lationships, but are a reliable model of the fuel supply system 

for research purposes. The probability of the initial state ob-

tained thanks to the aggregation of historical data guarantees 

that, for the last five years, day by day, the tasks of supplying 

fuel have been performed in accordance with the adopted logis-

tics policy of the troops. The operating environment affected the 

logistics system and caused successes and failures in procure-

ment. The Logistics Decision Support System (LDSS) is a pre-

dictive module that, based on historical data and operational as-

sumptions, e.g. exercises and policy, will allow for predicting 

the level of GSU fuel through the prism of the actions assumed 

at a given time and the operational situation. The system, based 

on the assumed coefficients, is to show how the decision-maker 

will lead GSU in the future.  

The minimum and maximum level of maintaining fuel 

stocks was adopted, which made it possible to assess fuel inven-

tory levels and determine the probability of the logistics system 

for a given week. The behaviour of the GSU decision-maker is 

influenced by logistical space-time – a complex concept that is 

superimposed by many factors, including the dynamics of ac-

tions, manoeuvres of forces, surprise and dispersion. Military 

logistics must keep up with the changes in this environment, and 

the commanders of logistics subunits must make decisions in 

a short time by analysing large amounts of data.  

Providing fuel in the theatre of military operations is only 

one of the elements of the military logistics system. For the pur-

poses of creating a decision-making model, we assume that se-

curing the fuel needs of the operating MU requires several lo-

gistics processes based on the resources available in the opera-

tional space over time (based on GSU's resources as well as al-

lied and civilian resources). According to this, it is necessary to 

overcome the logistic space-time [15] to ensure the appropriate 

level of fuels in time (T) in the indicated locations (X) with input 

data such as: 

a) Environmental: 

− temperature, 

− humidity, 

− the amount of rainfall in a given area, 

− characteristics of the terrain, 

− season, 

− altitude. 

b) Structural: 

− accessibility of land, sea, and airspace with landing 

strips, 

− transmission line capacity (fuel tonnage over time), 

− storage capability: equipment parameters, tonnage, dis-

pensing capacity, and filling and distribution time. 

c) Operational (space, time, resources, and information):  

− duration of the operation, 

− the number of main equipment, infrastructure, and sol-

diers in the area of responsibility, 

− the dynamics of activities, 

− loss factor [1]. 

Based on the area of the logistics operation, we can dis- 

tinguish the general function of the space-time of the opera- 

tion [15].  

There are several phases of the decision-making process. At 

the outset, it is necessary to identify the decision-making situa-

tion, which should be characterised by all factors that affect the 

decision-maker's verdict. Then, we will formulate the decision-

making problem that the decision-maker faces. We must include 

a definition of: a decision-maker; decision options; factors lim-

iting the decision-making space, and the reasons shaping the as-

sessment of decision-making options. The first phases of a deci-

sion problem are mainly descriptive and are based on the coef-

ficients and weights of the input variables of the neural network.  

With the help of network inputs, you can determine the ele-

ments of a set of acceptable decision options, as well as indicate 

optimal options. Finally, you need to determine different subsets 

of the set of options: acceptable, satisfactory and optimal, and 

make a decision on this basis. The determination of different 

subsets of the set of options is based on the use of, among others, 

single- and multi-criteria optimisation methods. The Logistics 

Decision Support System – LDSS is to be a computerised sys-

tem that supports decision-making in the area of logistics at the 

appropriate decision-making level of the military logistics sys-

tem. 

3. Neural network selection and the learning pro-

cess 

For the purpose of predicting the actions to be carried out by the 

decision-maker, a model of energy consumption prediction 

based on neural networks was used. The MATLAB software 

was used for this purpose. It includes, among other things, the 

Neural Network Toolbox library, which enables the construction 

and use of neural networks for forecasting. For this purpose, you 

can use ready-made tools, or use the basic command line.  

To build a neural network, you need to follow these steps:  

− collect data, 

− create a network, 

− configure the network, 

− initialise scales, 

− test the network, 

− use the network for prediction. 

We assume that the artificial neural network will generate 

the GSU fuel level signal taking into account the above condi-

tions, with 260 lines of historical data set containing 21 input 

variables such as time, intensity of activities in the GSU operat-

ing area, including the number of fuel acceptance/dispensing op-

erations, availability of equipment, number of personnel in the 

GSU system, variable specifying procedural restrictions (regu-

lations, instructions), type of terrain, meteorological data (wind 

speed, temperature, humidity, variable that determines who is 

the recipient (size of the unit, e.g. brigade, regiment, battalion), 

time of fuel dispensation, execution of the movement of the 

GSU fuel resource, state of the GSU warehouse.  

The prediction assumes the determination of 10 consecutive 

values of fuel levels in the GSU for the decision-maker or other 
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data (intensity of activities, dispensing or suspension of fuel dis-

pensing, etc.) necessary to decide for the next 10 weeks of GSU 

action planning. 

An array of input and output data containing 21 input varia-

bles and n-waveforms of output parameters necessary to predict 

the operation of GSU, which in the MATLAB environment will 

be used for prediction using a multilayer one-way network (mul-

tilayer perceptron). 

The supervised learning method was used in the research, in 

which the network parameters are selected on the basis of a com-

parison of the values at the network output with the set values 

for the recorded, actual level of fuel dispensed in GSU. Training 

in this case consists of minimising the error function depending 

on the differences between the set values and the actual network 

output for training data. 

A variant of the network with one layer of hidden neurons 

for different numbers of neurons was studied. It was assumed 

that there would be 10, 20 and 50 neurons in the hidden layer. 

Four learning algorithms were adopted for the task, includ-

ing three second-order algorithms: 

− BFGS quasi-Newton (BFG), 

− Levenberg-Marquardt (LM), 

− Bayesian regularisation (BR), 

− resilient backpropagation algorithm (RP). 

Sigmoid neuronal activation functions in the latent layer 

were used.  

The program randomly divided the data into three sets: 

− 70% − a training set, 

− 15% − a set used to validate a network in terms of its ability 

to generalise and stop the learning process before the phe-

nomenon of overtraining occurs, 

− 15% − a test set to perform an independent test of the net-

work's ability to generalise. 

The results were evaluated using: 

− regression coefficient (R2) measuring the correlation be-

tween the exit signal and the given target (the closer the 

value to 1, the better the result); 

− MSE determining the quality of processing for all sets used 

in the study; 

− RMSE mean squared error, indicating the accuracy of the 

forecast in a given model. 

The terms dispensing or adoption cover specific decision-

making processes leading to such "final" actions. 

We assume that an artificial neural network model based on 

the algorithm of a neural network of learning with a teacher 

(Fig. 1) is designed to indicate, based on historical data, whether 

the decision-maker should perform one of three types of actions: 

dispense fuel, suspend dispensing fuel, or accept fuel. At the in-

put of the neural network, to predict the decision-maker's ac-

tions, we need to collect specific data in IT systems, which are 

elements of the input vector of the model [1]. 

To train the neural network to predict fuel level changes at 

GSU, a group of environmental, operational and infrastructural 

variables were used. According to the assumptions of the LDSS 

system, it should be assumed that the decision-maker will intro-

duce indicated groups of variables into the program, which will 

be used to create a matrix of validation data in order to predict 

how the fuel level parameter in GSU will behave. An artificial 

intelligence algorithm will indicate a different distribution of 

GSU fuel levels based on historical data and the relationship be-

tween the layers of the network. The decision-maker, thanks to 

the illustration as in Fig. 4 or thanks to the indicators of differ-

ences between the levels assessed by the decision-maker and the 

one indicated by the network, will allow the decision-maker to 

react or take action on refuelling in a given week. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A similar analysis can be carried out for other GSU parame-

ters, such as the number of personnel (200−300 people), the in-

tensity of activities, which consequently translates into changes 

in the fuel level in GSU. There are dependencies between the 

variables, thanks to which we can determine dependent var- 

 

Fig. 4. Comparison of the fit plots of the simulated and measured results 

and the mean squared error for the study using a multilayer unidirectional 

network with 50 neurons using the BFG, BR, LM and RP algorithms. 
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iables, such as the time of fuel dispensing from the GSU, which 

depends on the intensity of activities (the number of fuel trading 

operations per week was 0−127), the number of available per-

sonnel (accepted in the study in the range of 200−300 people) 

and the amount of fuel dispensed (historical data). In this case, 

the decision-maker will receive information whether his calcu-

lations are correct. In addition, it will be possible to determine 

from historical data whether an increased intensity of activities 

should be expected in a given week beyond that assumed by the 

decision-maker. 

Figure 4 should be interpreted in such  a way  as  to  look  for  

differences between the indications of the GSU parameter from 

the prediction and the validation set. The regression error in this 

case will indicate whether these values differ so significantly 

that the network is trained to provide the right variants of action 

for the decision-maker. 

Below, the results of research using the BFG, BR, LM and 

RP algorithms for a multilayer neural network with one hidden 

layer and 50 neurons are presented in the form of graphs in  

Figs. 5−8. Similar data analyses were carried out for networks 

with 10 and 20 neurons, but in this configuration, the differences 

in results for individual algorithms are most representative. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the results obtained, the BR algorithm obtained the best 

parameters mainly due to the specificity of its operation: 

1. Regularisation mechanism minimises overlearning: 

− BR modifies the error function to simultaneously mini-

mise the matching error and the complexity of the net-

work scales. 

− This way, the network does not learn training data "by 

heart", but generalises better to test and validation data. 

− effect: the highest R coefficient (0.999) and the lowest 

MSE in validation. 

2. Learning stability with a large number of neurons: 

a)           b)  

c)           d)  

Fig. 5. Regression error plots for individual versions of networks with BFG (a), BR (b), LM (c) and RP (d) learning algorithms with 50 neurons. 



Application of machine learning in the process of commander decision support in the military … 

 

209 
 

− In the configuration (50 neurons, 1 layer), the network 

has a very large number of weights → a high risk of 

overtraining with classical methods. 

− BR copes with this better than BFG, LM or RP, because 

it automatically adjusts the degree of regularisation 

based on the data. 

3. Data noise immunity: 

− Because there is a "penalty" component for too high 

weights in the target function, the BR-trained network 

does not over-adjust to single outliers. In practice, this 

translates into the highest number of zero-error hits in 

the test. 

4. Better fit in regression problems:  

− BR is particularly effective in continuous regression be-

cause it not only optimises the MSE error, but also im-

proves the input-output correlation. 

− The results show that the differences between LM, BFG 

and BR are the largest in the validation MSE, suggest-

ing that BR is better at predicting values for data that 

the network has not seen before. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Evaluation of the quality of validation for a multilayer neural network with one hidden layer and 50 neurons,  

using the BFG, BR, LM and RP algorithms. 

 

Fig. 7. Comparison of the fit plots of the simulated and measured results and the mean squared error for the study using  

a multilayer unidirectional network with 50 neurons, using the BFG, BR, LM and RP algorithms. 
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4. Summary 

BR performed best for the network with 50 neurons, as its built-

in regularisation mechanism reduced overtraining and increased 

generalisation. This is especially important with large numbers 

of neurons and potentially complex inputs. 

The results obtained for different neural network structures 

and learning algorithms are summarised in Table 1. Based on 

the conducted research, Fig. 9 depicts formulated trend conclu-

sions from data for 10, 20 and 50 neurons in BFGS, BR, LM and 

RP algorithms: 

1. Accuracy of fit (R): 

− Highest R (1.0), 

− BR and LM with 10 neurons (perfect match), 

− LM maintains R = 1.0 also with 20 neurons, 

− BR with 50 neurons still R ≈ 1.0, 

− BFGS – stable around 0.98 with 10 and 20 neurons, 

a slight drop to 0.96 with 50 neurons, 

− RP – a marked decrease with the number of neurons: 

0.97 → 0.92 → 0.87. 

Conclusion: BR and LM are very accurate on small and 

medium-sized networks; with larger networks, BR main-

tains an advantage over LM and other algorithms. 

2. Mean squared error (RMSE and MSE): 

− BR – extremely low MSE in each case (in the order 

of 10⁻⁴ – 10⁻⁶), which suggests high stability and 

lack of overlearning, 

− LM – with 10 and 20 neurons, low RMSE (1.65 and 

0.36), but with 50 neurons, a significant increase in 

RMSE (2.1·10³) and MSE (1.3·10⁸), which may 

suggest a problem with fitting or overlearning, 

− BFGS – increasing RMSE and MSE with the num-

ber of neurons, 

− RP – high RMSE and MSE in any scenario, deteri-

orates with larger networks. 

Conclusion: BR has a definite qualitative advantage, LM is 

good for smaller networks, and BFGS and RP lose accu-

racy as neurons grow. 

3. Influence of the number of neurons:  

− BR – virtually independent of the number of neu-

rons in terms of fit quality (R ≈ 1.0, low MSE), 

− LM – great up to 20 neurons, but at 50 neurons, 

there is a degradation in quality, 

− BFGS – moderately stable up to 20 neurons, later 

larger errors, 

− RP – quality decreases significantly as neurons 

grow, which may indicate a problem with weight 

propagation in large networks. 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Regression error histograms for consecutive neural networks with 50 neurons using the BFG, BR, LM and RP algorithms. 

Table 1. Results for three networks and four learning algorithms (the best fit data for the BR algorithm is marked in green). 

Algorithm BFGS quasi_Newton Bayesian regularisation Levenberg-Marquardt Resilient backpropagation 

Indicator RMSE MSE R RMSE MSE R RMSE MSE R RMSE MSE R 

10 neurons 2,14‧103 6,14‧106 0,98 0,21 1,13‧10−4 1 1,65 7,03 1 2,84‧103 1,9‧107 0,97 

20 neurons 2,4‧103 1,18‧107 0,98 27,5 2,6‧10−6 0,99 0,36 0,38 1 5,58‧103 8,12‧107 0,92 

50 neurons 5,11‧103 6,76‧107 0,96 11,04 1,3‧10−6 1 2,1‧103 1,3‧108 0,99 1,02‧104 1,6‧108 0,87 
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The main consumer of fuel in the adopted model of the sup-

ply region by GSU are vehicles and devices based on the opera- 

tion of internal combustion engines. An analysis of the available 

scientific literature [16−18] in recent years indicates a signifi-

cant influence of air temperature and humidity on the fuel con-

sumption of internal combustion engines. This relationship was 

the reason for including these parameters in the database to be 

studied. The research analyses the collected data in terms of the 

impact of temperature and humidity on fuel consumption in 

GSU. In order to determine the relationship between fuel con-

sumption in a logistics unit and weather conditions, a correlation 

and regression analysis was performed, using variables: ambient 

temperature, relative humidity and intensity of activities meas-

ured as the number of fuel extraction operations (Fig. 10). The 

direct relationship was assessed using the Pearson correlation 

coefficient and the linear regression model. 

The results clearly indicate that fuel consumption strongly 

depends on the intensity of operations of military units in the 

area of responsibility of GSU, which is confirmed by a positive 

correlation (y ≈ 0.51). This means that an increase in the number 

of fuel withdrawal operations is significantly linked to an in-

crease in fuel consumption. 

On the other hand, the correlations between fuel consump-

tion and temperature (r ≈ −0.05) and humidity (r ≈ 0.03) are 

close to zero, indicating that there is no direct linear relationship 

between the variables in question. Adding temperature and hu-

midity to the regression model did not increase its explanatory 

power (R² ≈ 0.26), and the coefficients assigned to them turned 

out to be statistically insignificant (p > 0.5). This means that the 

impact of meteorological parameters on fuel consumption is not 

due to direct impact, but may be a secondary effect depending 

on planning and seasonality of activities. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. Change in R and RMSE for the studied algorithms  

depending on the number of neurons. 

 

Fig. 10. Influence of air temperature and humidity on the fuel consumption in GSU 
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Fuel consumption in the tested model unit does not directly 

depend on air temperature or humidity, but is strongly correlated 

with the intensity of logistics activities. Weather conditions may 

indirectly affect consumption by modifying training activities, 

but they are not an independent factor determining fuel con-

sumption. Even the use of the non-linear random forest model 

did not allow for a satisfactory quality forecast of fuel consump-

tion based on meteorological data. The most important predictor 

remains the intensity of fuel withdrawal operations, which indi-

cates that the demand for fuel is determined mainly by training 

and operational activities. Weather factors, on the other hand, 

can play an indirect role – they affect the planning of exercises 

and military operations, but they are not an independent deter-

minant of the level of consumption. 

5. Conclusions 

In order to create software supporting the decision of the GSU 

decision-maker in the future, neural networks based on the most 

commonly used algorithms were trained. The Levenberg-Mar-

quardt and Bayesian regularisation algorithms within the frame-

work of approximation tasks are considered to be the best in ob-

taining MSE from all the algorithms used [16]. It should be 

noted that the Levenberg-Marquardt algorithm, which in many 

studies shows its advantage over other algorithms, turned out to 

be less useful in this case. LM is considered the fastest, not too 

complex, and is used almost exclusively for training a medium-

sized unidirectional network with a single neuron at the output 

layer. Unfortunately, the amount of data collected for the pur-

pose of training the network to predict activities in GSU was 

small, mainly because so far the ZWSI RON system (Integrated 

Multi-Level IT System of the Ministry of National Defense) has 

not collected data such as the intensity of activities in the area of 

the GSU's operation, the type of terrain, the availability of equip-

ment, the variable that determines the limitations related to pro-

cedures (regulations), meteorological data (wind speed, temper-

ature, humidity) probability of moving the GSU fuel resource. 

The scale of the amount of data that must be implemented into 

the military logistics information system is significant; however, 

the presented article is intended to indicate the need to take ac-

tions that will lead to the expansion of the number of collected 

parameters of the military logistics system. In this case, proba-

bly too small a dataset to train and a decidedly small network 

size did not allow for fully showing the advantages of this algo-

rithm, including its speed. 

The use of the Bayesian regularisation algorithm turned out 

to be the most effective method in terms of prediction ability, 

much better than the Levenberg-Marquardt algorithm, which is 

slightly inferior to this algorithm. Such a favourable result for 

R&D was influenced by, among others, greater resistance to 

learning, less cross-validation [17], and better flexibility and 

quality of generalisation [18]. 

In the case of BFGS algorithms, the quasi-Newton algorithm 

is considered to be a more complex algorithm, but its properties 

are perfect for small networks, due to the complexity of the cal-

culations it performs. The results confirmed this by placing the 

algorithm in third place in the study. 

The resilient RP backpropagation algorithm, despite the ad-

vantage of eliminating errors in the training set, did not guaran-

tee good results in the obtained prediction. 

It turned out that the quality of learning using this algorithm, 

given the relatively small size of the network used for the re-

search, gives worse results than other methods. 

To sum up, it should be stated that a multilayer unidirectional 

perceptron with a sigmoid function of neuronal activation in the 

hidden layer and with the use of the Bayesian regularisation 

learning algorithm can be successfully used to predict fuel man-

agement in GSU. 

Proper construction of a database for GSU and entering ge-

olocation and meteorological data into the ZWSI RON system 

will significantly improve the ability of the neural network to 

generalise, and thus fit into the decision-making model in GSU 

by creating tools for the development of a logistic decision sup-

port system – LDSS. 

Regardless of the above, during the study of the problem of 

optimisation of prediction using machine learning algorithms, it 

can be noted that the next step in optimising this type of soft-

ware, mainly in terms of the quality and speed of prediction, are 

reinforcement learning (RL) algorithms. Based on research con-

ducted on RL algorithms in, e.g. the game "Tetris" [19,20], the 

key factor in reinforcement learning is the time delay between 

the action and the reward. Based on the literature on the use of 

RL algorithms in computer games, it should be stated that the 

worst performance is achieved by networks trained to predict 

actions several dozen steps away from the next reward. It can be 

said that the longer the interval between the action and the re-

ward, the game requires a much more deliberate strategy, and 

the shorter the pause, the more the game is reactive to the chang-

ing situation of the operating environment. RL-based learning 

occurs much faster [21] in reflex-based games than in games that 

require a lot of strategy, which makes sense and is in line with 

the author's research. The results show that using AI to combine 

an agent neural network trained on historical GSU data and a 

strategy-based RL algorithm is a very beneficial approach in 

terms of improving decision-making efficiency. Reinforcement 

learning differs from supervised learning in that it does not re-

quire the presentation of labelled input/output pairs and does not 

require direct correction of suboptimal actions. Instead, we fo-

cus on finding a balance between exploring unknown solutions 

and the decision-maker's experience to maximise the  

long-term reward, whose feedback may be incomplete or de-

layed [22]. 

Taking into account the above, the use of a neural network 

to predict activities in a business branch turned out to be very 

useful and allows decision-makers to make decisions for the 

next weeks of GSU's operation with the indication of variables 

to be predicted. On the other hand, supplementing the analysis 

with RL algorithms in the future will allow us to further optimise 

this process and significantly speed it up. The use of the pro-

posed machine learning methods is aimed at developing a logis-

tics decision support system – LDSS in the future, which will be 

designed to support decision-making processes in the area of lo-

gistics at the appropriate decision-making level of the Armed 

Forces logistics system. 
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The method of predicting fuel consumption of the logistics 

system in GSU described in the article can be successfully used 

to determine other thermodynamic parameters, such as the pres-

sure at the inlet to the turbine of a jet engine, the distribution of 

air flow on the steam turbine blade depending on the parameters 

of the external environment, as well as to predict fuel consump-

tion in power plants or other energy generation systems. Thanks 

to the use of backpropagation, and comparison of the obtained 

results with the desired values and continuous calculation of the 

error, the network leads to weight correction to minimise error 

in subsequent steps (iterations). These processes take place in 

the so-called epochs, and each epoch is a single passage through 

the entire set of learning data. The method described in the arti-

cle can be used by readers for their own research and lead to 

many interesting solutions to research problems in the field of 

thermodynamics.  
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1. Introduction 

With the acceleration of global industrialisation, energy-related 

carbon dioxide (CO2) emissions continue to rise. The global CO2 

emissions in 2022 have reached 36.8 billion tons. If effective 

measures are not taken, it is expected that the global temperature 

rise will exceed 2°C by the end of the 21st century, triggering ex-

treme climate and ecological crises [1]. In this context, CO2 re-

source utilisation technology has become an international re-

search hotspot, with the goal of converting CO2 into high value-

added chemicals (such as methanol, olefins, aromatics, etc.), 

achieving a carbon cycle loop and benefits win-win situation. In re-

cent years, the direct methylation of CO2 to produce p-xylene (PX) 

has attracted much attention due to its strategic position in the aro-

matic hydrocarbon industry chain. However, this process faces 

thermodynamic limitations, competition from side reactions and 

catalyst design bottlenecks, which urgently require systematic ther-

modynamic analysis and process optimisation [2]. Many experts 

and scholars have conducted research and analysis on this. Guo et 

al. [3] developed a metal oxide/zeolite bifunctional catalyst to im-

prove the efficiency of CO2 hydrogenation to aromatics and stud-

ied it using the ZnZrOx/ZSM-5 system as an example.  This  sys-
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Abstract 

With the acceleration of global industrialisation, carbon dioxide (CO2) emissions continue to rise, causing a series of envi-
ronmental problems. The development of CO2 conversion and utilisation technology is of great significance for achieving 
sustainable development. This study conducts an in-depth thermodynamic analysis of the key reactions in the CO2 conver-
sion and utilisation process based on the principle of thermodynamic equilibrium. By constructing a chemical reaction 
model, thermodynamic parameters such as equilibrium constants and Gibbs free energy are calculated for various reactions 
under different temperature and pressure conditions, and the feasibility and product distribution of the reactions are evalu-
ated. Meanwhile, the influence of different reaction conditions on the distribution of equilibrium products during CO2 
conversion and utilisation is explored. The results showed that under the conditions of 370−440°C, 3 MPa, and a feed 
molar ratio (1:1−1:4), the conversion rate of CO2 and toluene was over 90%, and the selectivity of xylene was over 60%. 
From thermodynamic analysis, the order of thermodynamic advantages of the entire reaction was: CH3OH methylation > 
CO2 methylation > CO2 to olefin production. Based on the above data, the optimal operating parameters for the CO2 direct 
methylation process were determined through thermodynamic analysis. This study can provide an important theoretical 
basis and practical guidance for the industrial application of CO2 conversion and utilisation technology. 
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Nomenclature 

fi – fugacity of the i-th substance, Pa 
𝑓𝑖
0 − standard fugacity of the i-th substance, Pa 

Gt − total Gibbs free energy of the system, kJ/mol 

𝐺𝑟
0 − standard Gibbs free energy of the i-th substance 

G − Gibbs free energy change, kJ/mol 

∆𝐺𝑟
0− standard molar Gibbs free energy change of reaction, kJ/mol 

H − enthalpy change, kJ/mol 

∆𝐻𝑟
0− standard molar enthalpy change of reaction, kJ/mol 

K − equilibrium constant 

K0 − standard equilibrium constant 

ni − number of moles of the i-th substance 

N − number of reactants 

R − ideal gas constant, = 8.3145 J/(mol K) 

S − entropy change, kJ/(mol K) 

∆𝑆𝑟
0− standard molar entropy change of reaction, kJ/(mol K) 

T – temperature, K 

T0 – standard temperature, K 

 

Greek symbols 

𝜂co2− CO₂ conversion rate 

𝜂T − toluene conversion rate 

Ψi − distribution ratio of the i-th substance 

 

Abbreviations and Acronyms 

C1-C4− carbon number 1 to 4 hydrocarbons 

C9+ − carbon number ≥ 9 aromatic hydrocarbons 

GFE − Gibbs free energy 

HZSM-5 − proton-exchanged zeolite socony Mobil-5 

MOX − metal oxides 

MTA − methanol-to-aromatics 

MTO − methanol-to-olefins 

PX − p-xylene 

SX − selectivity of xylene 

ZnZrOx − zinc-zirconium oxide 

ZnCr₂O₄ − zinc chromite 

ZrCuOx − zirconium-copper oxide 

ZSM-5 − zeolite socony Mobil-5 

 

tem could achieve a CO2 conversion rate of over 30%, demon-

strating the development potential of bifunctional catalysts in 

CO2 hydrogenation to aromatics. Qi et al. [4] explored the laws 

and limiting factors of the CO2 methylation reaction through 

thermodynamic calculations. It was found that the reaction is 

limited by Gibbs free energy (GFE), and low temperature 

(< 400°C) conditions are more conducive to the generation of 

PX. This achievement provided a theoretical basis for optimis-

ing the reaction conditions of CO2 hydrogenation to aromatics 

from a thermodynamic perspective, and clarified the importance 

of temperature control for the generation of the target product 

PX. Wang et al. [5] found that zeolite acidity regulation can ef-

fectively inhibit the isomerisation reaction of PX, which has 

a positive significance for improving the selectivity of PX. 

However, despite acidity regulation, the selectivity of by-prod-

uct light hydrocarbons (C1-C4) in the CO2 hydrogenation to aro-

matics process was still as high as 40%. This indicated that there 

were still challenges in inhibiting side reactions and improving 

the selectivity of target products. Ma and Liu [6] compared the 

efficiency of different metal oxides in CO2 activation and found 

that metal oxides, such as ZrCuOx, had significantly better CO2 

activation efficiency than traditional Cu/ZnO systems. Awad  

et al. [7] studied the reaction of CO2 hydrogenation to aromatics 

under different pressure conditions and found that high-pressure 

operation (3−5 MPa) can improve the conversion rate of raw 

materials, but at the same time, energy consumption will also 

increase. This required a balance between the advantages and 

disadvantages of high-pressure operation in practical applica-

tions. On the one hand, increasing pressure could promote the 

reaction towards generating more aromatic products and im-

prove the utilisation efficiency of raw materials. However, ex-

cessive pressure could lead to an increase in equipment invest-

ment costs and energy consumption, thereby affecting the eco-

nomic feasibility of the entire process. Kim et al. [8] conducted 

process integration research and proposed a strategy for unre-

acted gas circulation. This strategy could increase carbon utili-

sation to 70%. This was of great significance for improving the 

resource utilisation efficiency of the CO2 hydrogenation to aro-

matics process. By recycling unreacted gases, not only was the 

utilisation rate of raw materials increased and waste emissions 

reduced, but also production costs were lowered. Zheng  

et al. [9] conducted an economic evaluation and found that the 

production cost of PX is extremely sensitive to the lifespan of 

the catalyst. PX production was only competitive when the 

lifespan of the catalyst exceeded 1000 hours. This highlighted 

the crucial role of catalyst stability in the industrial production 

of aromatics through CO2 hydrogenation. Long-life catalysts 

could reduce the cost of frequent catalyst replacement, minimise 

production interruptions caused by catalyst deactivation, and en-

sure production continuity and economy. Xu et al. [10] studied 

the indirect pathway of CO2 and found that although this path-

way is relatively mature, it is prone to trigger side reactions in 

methanol-to-olefins (MTO). This meant that when using indirect 

pathways for CO2 hydrogenation to produce aromatics, it was 

necessary to pay attention to and solve the problems caused by 

side reactions, such as decreased product selectivity and in-

creased separation costs. However, due to its relatively mature 

technology, it still had some practical value. 

The above studies show that single reaction pathway analy-

sis cannot reveal the mechanism of side reaction competition. 

Pure experimental research lacks thermodynamic guidance and 

is difficult to systematically optimise. The dynamic model relies 

on reaction mechanism parameters that cannot be clearly de-

fined. In view of this, the study adopts thermodynamic equilib-

rium analysis based on the GFE minimisation principle, and 

combines Advanced System for Process Engineering Plus  

(ASPEN Plus) with Python coupling calculation to construct  

a CO2 conversion system model containing 17 main/side reac-

tions. This method can systematically analyse the competition 

and cooperation relationships between pathways in complex re-

action networks and predict the equilibrium composition by 

minimising the total GFE of the system. It uses ASPEN Plus’s 

reliable physical property database and Python’s flexible scala-

bility to implement multi-condition optimisation calculations. 



Thermodynamic modelling and experimental validation of direct carbon dioxide methylation… 

 

217 
 

At the same time, the model’s accuracy is verified through ex-

perimental data. 

The main innovation of the research lies in the construction 

of a CO2 conversion system model based on the GFE minimisa-

tion principle, which includes 17 main/side reactions. Through 

ASPEN Plus and Python coupling calculation, the thermody-

namic parameters of each reaction under standard conditions are 

quantified, and the thermodynamic advantage order of ‘metha-

nol methylation > CO2 methylation > CO2 to olefins’ is clarified. 

At the same time, the limitations of single factor analysis are 

broken through, systematically exploring the synergistic effects 

of temperature, pressure and feed ratio, and determining the op-

timal process parameters of 370−440°C, 3 MPa, CO2/C7H8 = 

1:1−1:4. 

Compared to previous research, it has solved multiple prob-

lems. One reason is that previous studies have focused on a sin-

gle reaction pathway and have not clearly defined the conditions 

for inhibiting side reactions. This study explains the impact of 

side reaction competition on PX selectivity through the 17 reac-

tion model. The second is to solve the problem of the disconnect 

between catalyst design and  thermodynamic  optimisation.  Pre- 

vious studies did not relate thermodynamic characteristics to 

catalyst deactivation. Based on the endothermic characteristics 

of the toluene disproportionation side reaction, this study specif-

ically designs a bifunctional catalyst. The third is to quantify the 

applicable scenarios of ‘direct/indirect methylation’. 

2. Methods and materials 

2.1. CO2 conversion scheme and materials 

As global climate change becomes increasingly severe, reducing 

CO2 emissions has become a shared responsibility of the inter-

national community. In this context, global researchers have 

conducted numerous studies on developing efficient and eco-

nomically feasible CO2 capture and utilisation technologies. Es-

pecially, the methylation reaction between CO2 as a C1 source 

and toluene, which converts it into p-xylene, has significant 

value that cannot be ignored [11,12]. P-xylene is widely used in 

the downstream polyester industry due to its properties as a key 

value-added chemical. At present, the production of PX mainly 

involves two different routes: indirect methylation and direct 

methylation. The specific conversion routes are shown in Fig. 1. 

In Fig. 1, route 1 adopts a ‘one-step’ process, which designs 

a bifunctional catalyst to directly achieve carbon coupling reac-

tion between CO2 and hydrogen donor under specific temperature 

and pressure conditions, converting it into xylene methylation 

product [13]. Route 2 adopts a ‘two-step’ strategy, first using 

a metal-based catalyst to convert CO2 hydrogenation into a meth-

anol intermediate, and then using a molecular sieve catalyst to 

achieve methyl directional transfer through shape-selective cata-

lytic reaction between methanol and toluene. The two routes have 

their own characteristics, and the one-step method has the ad-

vantage of a short process, but it requires strict requirements for 

the synergistic effect of catalyst active centres. The two-step rule 

relies on mature methanol synthesis technology, but there is room 

for optimisation of energy cascade utilisation [14]. Therefore, this 

study uses thermodynamic analysis to explore the thermodynamic 

feasibility and energy utilisation efficiency of the CO2 conversion 

and utilisation reaction system, providing a scientific basis for 

process route screening and process optimisation. In addition, 

thermodynamic analysis can reveal the carbon atom economic 

limit of the reaction pathway, guiding the design of catalyst active 

sites and optimisation of process parameters. The components 

throughout the entire preparation process are assumed to be an 

ideal gas mixture. The deviation between actual gas and ideal gas 

increases under different pressures. In particular, the calculation 

error of polar component activity is large, causing the CO2 con-

version rate predicted by the model to be slightly higher than the 

experimentally measured value. When conducting thermody-

namic analysis, the direct and indirect methylation reaction sys-

tems of CO2 are considered, as shown in Fig. 2. As it is demon-

strated in the figure, to clearly describe the entire CO2 methylation 

reaction system and facilitate thermodynamic analysis, this study 

divides the entire reaction system into four parts: (A) CO2 to 

methanol, (B) methanol methylation, (C) direct CO2 methyla-

tion, and (D) disproportionation and isomerisation. 

 

Fig. 1. Schematic diagram of CO₂ conversion to PX. 
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To avoid overly cumbersome models, it is necessary to assume 

that some secondary reactions are ignored, such as neglecting 

the coking pathway, which leads to a slower catalyst deactiva-

tion rate predicted by the model. If all reactions are fully consid-

ered, the complexity will be too high, which is not conducive to 

exploring the experimental results. Table 1 shows the materials 

required for the entire reaction system. It provides a detailed list 

of all key components in the CO2 conversion reaction system in-

volved in this thermodynamic analysis and simulation calculation. 

In addition, the table includes chemical information on the reac-

tants, products and catalysts while defining the boundaries and 

composition for thermodynamic modelling. 

 

2.2. Thermodynamic analysis method for CO2  

conversion and utilisation 

In the present study, there are 17 chemical equations involved in 

the conversion and utilisation of CO2 (Fig. 2). This study anal-

yses the feasibility of the reaction based on thermodynamic 

equilibrium. This method mainly evaluates the thermodynamic 

feasibility and optimisation path of the reaction by calculating 

key parameters such as GFE (∆𝐺), equilibrium constant (𝐾) and 

activation energy of the reaction system. 

The numerical characteristics of 𝐾 can be used to determine 

the feasibility and degree of a certain chemical reaction, and the 

calculation method of 𝐾 is as follows [15]: 

 

Fig. 2. CO₂ methylation reaction system. 

Table 1. CO2 conversion reaction system details. 

Name Chemical formula Purity Manufacturer 

Carbon dioxide CO2 99.99% 

Aladdin Biochemical Technol-
ogy Co., Ltd 

Hydrogen H2 99.99% 

Methanol CH3OH Analytical pure 

Toluene C7H8 Analytical pure 

Nitrogen N2 99.99% 

Catalyst 

ZrCuOx & HZSM-5  
Laboratory hydrothermal syn-
thesis method for preparation 

ZnZrOx & ZSM-5  
Preparation by co precipitation 
mechanical mixing method 

ZnCr2O4 & ZSM-5  
Preparation by co precipitation 
mechanical mixing method 

 



Thermodynamic modelling and experimental validation of direct carbon dioxide methylation… 

 

219 
 

 ln
𝐾0

𝐾
=

∆𝐻r
0

𝑅
(
1

𝑇
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) , 𝐾0 = exp (

−∆𝐺r
0

𝑅𝑇
), (1) 

where 𝐾0 and 𝐾 are equilibrium constants at standard tempera-

ture and any temperature (dimensionless), ∆𝐻𝑟
0 is the standard 

enthalpy change of the reaction, 𝑅 is the ideal gas constant, 𝑇 is 

any actual temperature, 𝑇0 is the standard temperature, ∆𝐺𝑟
0 is 

the standard GFE change of the reaction. 

The Gibbs free energy change of a reaction (∆𝐺) can be used 

to determine the direction and energy characteristics of a chem-

ical reaction [16]: 

 {
∆𝐻 = ∆𝐺 + 𝑇∆𝑆,

∆𝐺𝑟
0 = ∆𝐻𝑟

0 + 𝑇∆𝑆𝑟
0, (2) 

where ∆𝐻 represents the enthalpy change of the reaction, ∆𝑆 is 

the entropy change of the reaction and ∆𝑆𝑟
0 is the standard en- 

tropy change of the reaction. According to this formula, one can 

determine whether the reaction is spontaneous or non-spontane-

ous, exothermic or endothermic. To achieve chemical equilib-

rium, the reaction system always tends towards the state of min-

imum ∆𝐺 [17]: 

 𝐺𝑡 = ∑ 𝑛𝑖𝐺𝑖
0 +𝑁

𝑖=1 𝐷𝑇∑ 𝑛𝑖ln
𝑓𝑖

𝑓𝑖
0

𝑁
𝑖=1 , (3) 

where 𝐺𝑡 is the total GFE of the entire reaction system, 𝐺𝑖
0 is the 

standard GFE of reactant 𝑖, 𝑛𝑖 and 𝑓𝑖 are the mole number and 

fugacity of reactant 𝑖, respectively, 𝑓𝑖
0 is the standard fugacity 

of the i-th reactant, N is the number of reactants, and 𝐷 is the 

molar gas constant. The thermodynamic analysis process for 

CO2 conversion and utilisation is summarised in Fig. 3. 

 

In Fig. 3, when conducting thermodynamic analysis on CO2 

conversion and utilisation, the experiment uses a quartz tube 

fixed-bed reactor with an inner diameter of 0.01 m and a length of 

0.5 m, loaded with 1.0 g of ZrCuOx & HZSM-5, ZnZrOx & 

ZSM-5 and ZnCr2O4 & ZSM-5 catalysts, respectively. Then, the 

feed flow rates of CO2, H2 and toluene are controlled using a D07-

19B mass flow meter (accuracy±0.5%). These reactants need to 

be preheated to 150°C through a vaporiser. The reaction temper-

ature is regulated by an AI-708 temperature controller (tempera-

ture control accuracy±1°C), and the pressure is stabilised by a 

back pressure valve (range 0−10 MPa, accuracy±0.05 MPa). Be-

fore the experiment, helium gas (99.999%) is used for 30 min of 

airtightness testing, and the reactor is purged with N2 (50 mL/min) 

for 1 hour to remove residual air. 

During the reaction process, real-time monitoring of the reac-

tion products is performed using a GC-2014 online gas chromato-

graph. Gas samples are automatically collected every 15 min. An 

external standard method is used (preparing standard gases such 

as CO2, toluene, PX, CO and C1-C4 light hydrocarbons with 

a concentration gradient of 0.1−50%) to draw a calibration curve 

and calculate the conversion rate and product selectivity of CO2 

and toluene. The GFE minimisation method is adopted for ther-

modynamic equilibrium calculations [18]. Based on thermody-

namic data such as standard GFE, enthalpy and entropy of each 

substance, the above thermodynamic formulas are used to calcu-

late the equilibrium constants of various reactions at different tem-

peratures and pressures, as well as the total GFE of the reaction 

system. By comparing the GFE changes of different reaction 

pathways, the spontaneity of the reaction direction in the ther-

modynamic evaluation system can be determined [19]. At the 

same time, the distribution ratio of the main and by-products can 

also be predicted. The CO2 conversion rate (𝜂co2) is expressed 

by the following relation: 

 

Fig. 3. Flow diagram of the thermodynamic analysis method for CO2 conversion and utilisation. 
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 𝜂co2 =
𝐴𝑖𝑛−co2−𝐴𝑜𝑢𝑡−co2

𝐴𝑖𝑛−co2
× 100%, (4) 

where 𝐴𝑖𝑛−co2 and 𝐴𝑜𝑢𝑡−co2  are the CO2 feed and discharge, re-

spectively. Similarly, the conversion rate of toluene (𝜂T) is given 

by the following formula: 

 𝜂T =
𝐴𝑖𝑛−T−𝐴𝑜𝑢𝑡−T

𝐴𝑖𝑛−T
× 100%, (5) 

where 𝐴𝑖𝑛−T and 𝐴𝑜𝑢𝑡−T are the toluene feed and discharge, re-

spectively.  

The distribution of the i-th reactant (excluding water and 

feed reactants) is as follows: 

 𝛹𝑖 =
𝐴𝑜𝑢𝑡−𝑖

𝐴𝑜𝑢𝑡−𝑖
× 100%. (6) 

To enhance the reliability and data persuasiveness of the ex-

perimental results, all CO2 conversion-related experiments in 

this study are designed as parallel experiments with N = 3, that 

is, independently repeated three times under the same operating 

parameters. The final results are based on the average of three 

parallel experiments. 

3. Result analysis 

3.1. Analysis of thermodynamic calculation results  

for CO2 conversion and utilisation 

The efficient conversion and utilisation of CO2 is one of the key 

technologies to achieve carbon neutrality goals, and the thermo-

dynamic characteristics of its reaction pathway directly affect 

the design of catalytic systems and process optimisation. This 

study is based on the reaction equations of 17 types of CO2 con-

version utilisation, combined with thermodynamic analysis 

methods, to calculate the essential characteristics of each path in 

the CO2 conversion network, as shown in Fig. 4. 

 

Figure 4 shows the thermodynamic characteristics of 17 

types of reactions in the CO2 direct methylation system under 

standard conditions (25°C, 0.1 MPa), revealing the competitive 

relationship and regulatory direction between the main and side 

reactions. The main reactions, such as direct methylation of CO2 

with toluene (C1, ΔG = −63.61 kJ/mol) and methanol mediated 

methylation (B1, ΔG = −67.08 kJ/mol), exhibit significant spon-

taneity (ΔG < 0) and strong exothermicity (ΔH < −70 kJ/mol), 

indicating their thermodynamic advantages. The hydrogenation 

of CO2 to methanol (A1, Δ G = +3.47 kJ/mol) is not spontaneous 

under standard conditions, but can break through limitations and 

promote indirect pathways through high temperature ( > 500 K) 

and industrial conditions with H2/CO2 = 3. In the side reaction, 

toluene disproportionation (D1, ΔG = +6.59 kJ/mol) is inhibited 

due to its endothermic properties, resulting in carbon deposition, 

which needs to be controlled by optimising the acidic sites of the 

catalyst. In addition, in the CO2 catalytic methylation system, 

the competition of side reaction pathways significantly affects 

product selectivity, with the formation of olefins and excessive 

methylation of aromatic hydrocarbons being key factors limiting 

the yield of the target product. Overall, the thermodynamic ad-

vantage order of the entire reaction is: CH3OH methylation > 

CO2 methylation > CO2 to olefin production. Subsequently, the 

GFE for direct and indirect methylation of CO2 is calculated and 

compared under thermodynamic properties at 200−500°C and 

3 MPa, as shown in Table 2. The results reveal that direct meth-

ylation of CO2 exhibits significant thermodynamic advantages 

at low temperatures (200−300°C) (such as the C2 pathway,  

ΔG = −68.52 to ΔG = −53.21 kJ/mol). Its ΔG negative value far 

exceeds the traditional CO2 hydrogenation to methanol pathway 

(R1 pathway, ΔG = +3.47 kJ/mol), breaking through the ther-

modynamic limitations of methanol intermediates.  

 

Fig. 4. Thermodynamic data of CO2 conversion and utilisation under standard conditions. 
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However, as the temperature increases to 500°C, the direct path 

ΔG significantly rebounds (C1 path ΔG = −15.24 kJ/mol), and 

the spontaneous advantage is greatly weakened. In contrast, 

methanol-mediated methylation (such as B4 pathway ΔG ≈ 

−75.9 kJ/mol) maintains extremely high stability across the en-

tire temperature range, with deeper and less fluctuating ΔG val-

ues (±0.1 kJ/mol), indicating stronger high-temperature adapta-

bility and a significant impact of temperature on the entire reac-

tion. Finally, the GFE of the main reaction is examined under 

different pressures, as shown in Table 3.

 

The results in Table 3 show that for the indirect conversion 

pathway of CO2, an increase in pressure reduces the ΔG value. 

At 200°C, the pressure increases from 0.1 MPa to 7 MPa, and 

the ΔG decreases from 39.36 kJ/mol to 5.45 kJ/mol, indicating 

that high pressure can significantly enhance the spontaneity of 

the reaction and promote the conversion of CO2 to methanol or 

xylene. The direct methylation pathway (such as C1, CO2 direct 

methylation) has a negative ΔG value in the low-temperature 

range at low pressure (0.1 MPa), but gradually turns positive 

with increasing temperature. This indicates that its thermody-

namic advantage is limited by low-pressure and high-tempera-

ture conditions. The ΔG value of the methanol toluene methyla-

tion pathway (B1) fluctuates minimally at different pressures, 

indicating that pressure has no significant effect on its thermo-

Table 3. Comparison of GFE (kJ/mol) of main reactions under different pressures.  

Reaction formula A1 

Pressure 
(MPa) 

Temperature (°C) 

200 250 300 350 400 450 500 

0.1 39.36 52.52 66.96 75.35 83.32 96.32 109.21 

3 7.63 13.25 19.65 25.32 29.65 34.85 39.62 

5 6.55 12.42 18.59 24.75 28.42 33.77 38.55 

7 5.45 11.33 17.46 23.62 27.39 32.73 37.51 

Reaction formula C1 

Pressure 
(MPa) 

Temperature (°C) 

200 250 300 350 400 450 500 

0.1 −25.32 −17.53 −10.11 −3.48 6.39 13.44 23.65 

3 −55.32 −47.35 −40.25 −33.15 −29.44 −25.19 −20.11 

5 −58.14 −53.23 −46.14 −38.96 −30.45 −22.47 −17.54 

7 −60.38 −54.32 −36.42 −31.24 −25.47 −19.35 −15.96 

Reaction formula B1 

Pressure 
(MPa) 

Temperature (°C) 

200 250 300 350 400 450 500 

0.1 −61.38 −61.23 −61.42 −61.55 −61.59 −61.65 −61.47 

3 −61.44 −61.58 −61.49 −61.59 −61.66 −61.73 −61.79 

5 −62.11 −61.14 −61.23 −61.24 −61.28 −61.31 −61.35 

7 −62.35 −62.44 −62.49 −62.50 −62.53 −62.54 −62.55 

 

Table 2. Comparison of Gibbs free energy (kJ/mol) for two methylation routes.  

GFE of two methylation pathways 

Reaction 
route 

Response 
equation 

Temperature (°C) 

Indirect  
methylation 

200 250 300 350 400 450 500 

A1 10.23 11.53 15.36 25.45 40.25 50.77 55.3 

A2 20.32 19.36 18.32 16.53 14.63 12.25 10.11 

A4 −14.63 −13.52 −10.32 0.12 20.32 30.45 40.23 

B1 −62.36 −62.34 −62.52 −62.42 −62.39 −62.47 −62.52 

Direct  
methylation 

C1 −58.69 −56.32 −50.32 −40.45 −30.85 −20.77 −15.24 

CO2 methylation and methanol methylation  

Reaction 
route 

Response 
equation 

Temperature (°C) 

CO2 methyla-
tion 

200 250 300 350 400 450 500 

C1 −58.69 −56.32 −50.32 −40.45 −30.85 −20.77 −15.24 

C2 −68.52 −64.32 −53.21 −45.63 −31.25 −26.35 −18.52 

C3 −45.28 −48.32 −50.32 −53.44 −56.89 −59.35 −65.28 

Methanol 
methylation 

B1 −62.38 −62.48 −62.32 −62.54 −62.32 −62.39 −62.41 

B4 −75.63 −75.77 −75.81 −75.83 −75.86 −75.90 −75.93 

B5 −60.21 −60.23 −60.36 −60.38 −60.39 −60.40 −60.41 
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dynamic driving force. Overall, pressure regulation can effec-

tively optimise the indirect conversion pathway of CO2, but its 

effect on methanol-mediated methylation reaction is limited, 

and a temperature-pressure synergistic strategy is needed to bal-

ance the selectivity of the main and side reactions. 

3.2. Distribution of equilibrium products during CO2 

conversion and utilisation 

In the above thermodynamic calculations, the thermodynamic 

advantage of CO2 methylation is influenced by various factors 

such as temperature, pressure and feed. Therefore, this study 

uses CO2, H2, C7H8, xylene (target product), CO (byproduct) and 

C1-C4 light hydrocarbons (byproduct) as reaction systems. The 

equilibrium distribution of the CO2 conversion reaction of the 

CO2:H2:C7H8 system is explored on ZrCuOx/HZSM-5 bifunc-

tional catalyst at different temperatures (200−500°C) and pres-

sures (0.1 MPa, 3 MPa, 5 MPa, 7 MPa), including CO2 conver-

sion rate, toluene conversion rate and distribution of p-xylene. 

The results are presented in Fig. 5.  

In Fig. 5a, under normal pressure conditions (0.1 MPa), the 

conversion rates of CO2 and toluene show a rebound trend after 

decreasing to 38.56% and 57.24% in the initial stage, confirming 

the bidirectional effect of temperature regulation on the reaction 

system. Both low and high temperature ranges are beneficial for 

improving the conversion efficiency of reactants. When the sys-

tem pressure is increased to 3 MPa and 5 MPa (Figs. 5b and c), 

the influence of temperature on the reaction pathway remains 

stable. However, the temperature window corresponding to the 

selectivity peak of xylene extends to the range of 340−500°C, 

and the conversion rate of CO2 and toluene is significantly in-

creased by about 15−20% compared to the atmospheric pressure 

system. This indicates a positive correlation between system 

pressure and conversion efficiency. Under high-pressure condi-

tions of 7 MPa (Fig. 5d), the selectivity of xylene (SX) shows 

a decrease of 5−8%. At this point, the conversion rate of CO2 

and C7H8 shows an approximately linear relationship, and the 

methanol selectivity approaches zero. Mechanism analysis indi-

cates that the introduction of toluene raw material effectively 

promotes the methylation process of CO2 and methanol.  

 

 

Fig. 5. Effects of different temperature and pressure reaction conditions on the equilibrium distribution of CO2 conversion reaction. 
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Low-temperature environment (< 300°C) can effectively sup-

press CO generation and other small molecule side reactions, 

while high-pressure conditions can enhance methylation reac-

tions while leading to a decrease in xylene selectivity. Based on 

the comprehensive conversion efficiency and product selectiv-

ity indicators, the optimal operating parameters for the CO2 di-

rect methylation process are experimentally determined to be  

a temperature of 370−440°C and a pressure of 3 MPa. Under 

these conditions, efficient conversion of reactants and selective 

regulation of target products can be achieved. Next, other con-

ditions are kept constant, and temperatures are set at 300°C, 

370°C, 440°C, and 510°C to investigate the effects of different 

temperatures and molar feed ratios (CO2:C7H8) on the equilib-

rium distribution, as depicted in Fig. 6. 

 

Results in Fig. 6a show that under the reaction condition of 

300°C, when the molar ratio of CO2 to C7H8 is high, the conver-

sion rate of the raw material can approach complete conversion 

(> 99%), indicating extremely high reaction efficiency. However, 

under lower molar ratio conditions, the progress of the reaction is 

limited, and the utilisation rate of CO2 will significantly decrease. 

In Figs. 6b−d, as the temperature increases and the proportion of 

CO2 decreases, the CO2 conversion rate curve gradually becomes 

flat. The conversion rate of toluene shows a non-linear trend, first 

increasing and then decreasing, with its peak occurring in the 

range of 1:1−1:2 CO2/C7H8 ratio. This indicates that in low-tem-

perature systems (< 370°C), appropriately reducing the CO2/C7H8 

ratio can improve CO2 conversion efficiency and ensure efficient 

utilisation of carbon resources. However, under high temperature 

conditions (> 440°C), a high proportion of CO2 will lead to a se-

lective increase in by-products such as CO, olefins and benzene, 

while the toluene conversion rate is suppressed below 10%. Ac-

cording to thermodynamic analysis, when CO2/C7H8 exceeds 2, 

the thermodynamically dominant R2 and R3 reaction pathways 

are more likely to generate light hydrocarbons (C1-C2 ratio > 

60%) and CO. At this point, although the conversion rate of CO₂ 
reaches its peak, the conversion rate of toluene is only maintained 

 

Fig. 6. Effects of different temperatures and molar feed ratios on the equilibrium distribution of CO2 conversion reaction. 
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at 15%20% due to insufficient raw materials. When the 

CO2/C7H8 ratio drops below 2, toluene disproportionation and 

methylation reactions gradually dominate, and the conversion rate 

shows a trend of first increasing and then decreasing with an in-

crease in toluene concentration. In the range of 1:1−1:4 CO2/C7H8 

ratio, the conversion rate of toluene and the SX increase synchro-

nously. Based on the comprehensive conversion kinetics and 

product distribution characteristics, controlling the CO2/C7H8 mo-

lar ratio in the range of 1:1−1:4 allows for an optimised balance 

between efficient CO2 methylation and xylene selectivity 

(> 45%). Then, keeping all other conditions constant, the reaction 

pressure is changed to 0.1 MPa, 3 MPa, 5 MPa and 7 MPa.  

Figure 7 explores the effects of different pressures and molar feed 

ratios on the equilibrium distribution. 

 

In Fig. 7a, under normal pressure conditions (0.1 MPa), alt-

hough the conversion rate of toluene shows a monotonically 

increasing trend, its maximum value is only 58.63%. The CO2 

conversion rate exhibits similar attenuation characteristics to 

high-pressure systems. In terms of product distribution, the 

overall SX is at a relatively low level (peak only 49.63%). 

Comparing different pressure systems (Figs. 7c−d), although 

there is no significant fluctuation in the raw material conversion 

rate and product distribution parameters under high-pressure 

conditions of 3−7 MPa, the average conversion rate of CO2 and 

toluene increases by about 20−25% compared to the atmos-

pheric pressure system. The SX is synchronously increased to 

65−70%. After the pressure parameter exceeds 3 MPa, the in-

crease in conversion rate is less than 5%, indicating that there 

is a threshold for the strengthening effect of pressure on reac-

tion rate. To elucidate the rate and extent to which the reaction 

approaches thermodynamic equilibrium at different tempera-

tures, this study is conducted under unchanged original reaction 

conditions. At each temperature condition, the products are col-

lected every 10 min by online gas chromatography after the re-

action is started, and continuous sampling is carried out until 

the conversion rate and selectivity change rate are less than 1% 

(judged as ‘quasi equilibrium state’). To ensure data reproduc-

ibility, parallel experiments (N = 3) are set for each temperature 

condition. Based on the sampled data, a first-order reaction ki-

netics model is used to fit the CO2 conversion rate. Afterwards, 

the activation energies of the main reaction and key side reac-

tions are calculated, and the results are shown in Table 4. Ac-

 

Fig. 7. Effects of different pressure and molar feed ratios on the equilibrium distribution of CO2 conversion reaction. 
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cording to the table, temperature has a dual regulation on the 

kinetics of the CO2 conversion reaction. As the temperature in-

creases from 200°C to 500°C, the quasi-equilibrium time short-

ens from 168.3 s to 44.12 s (a decrease of 74.0%). The activa-

tion energy of the main reaction decreases from 83.25  kJ/mol 

to 49.25 kJ/mol, and the decrease in activation energy is ‘fast 

first and then slow’ (a decrease of 16.73 kJ/mol from 200°C to 

300°C, and only 0.87 kJ/mol between 450°C to 500°C). This 

confirms that the low-temperature stage heating has a more sig-

nificant effect on reducing energy barriers, and the high-tem-

perature stage’s main reaction tends to a ‘low energy barrier 

stable state’, which is consistent with the original study indicat-

ing that ‘370°C to 440°C is the thermodynamically optimal 

range’. In terms of thermodynamic kinetic coupling, although 

the direct methylation of CO2 occurs thermodynamically spon-

taneously at temperatures ranging from 200°C to 300°C, the 

high activation energy (66.52−83.25 kJ/mol) results in a quasi-

equilibrium state time of up to 124.65−168.3 s, leading to insuf-

ficient industrial efficiency. The quasi-equilibrium state time of 

350−400°C is 63.87−84.25 s, and the activation energy is 

56.32−61.24 kJ/mol. The optimal coupling is formed with the 

thermodynamic spontaneous formation of the C1 pathway  

ΔG = 30.85 to 40.45 kJ/mol. Although the quasi-equilibrium 

time between 450°C and 500°C is 44.12−51.24 s and the acti-

vation energy is 49.25−50.12 kJ/mol, the thermodynamics of 

CO2 direct methylation spontaneously weakens (C1 pathway 

ΔG =15.24 to 20.77 kJ/mol), and the decrease in activation 

energy of side reactions is greater. This easily leads to product 

deviation from prediction. 

Finally, to investigate the mechanism of the CO2 methyla-

tion reaction, a benchmark condition with a toluene conversion 

rate of 13.2% is established based on [20,21]. The structure-

activity relationship between thermodynamic equilibrium and 

experimental data of the two methylation pathways is system-

atically compared, as shown in Fig. 8. In the figure, there are 

significant differences in product distribution and reaction 

mechanism between the two methylation pathways of CO2 and 

methanol. In the CO2 pathway, under the ZrCuO-Z50.5 catalyst 

system, the peak CO generation reaches 73.52%, indicating that 

the reverse water gas shift reaction preferentially occurs during 

the CO2 activation process. Cu-based catalysts exhibit better 

catalytic activity than Zn in the hydrogenation of CO2 to pro-

duce C1 to C5 hydrocarbons (accounting for > 45%). Com-

pared with thermodynamic equilibrium predictions, the actual 

products of the CO2 pathway show a decrease of 12% and 18% 

in the content of benzene and C9+ aromatic hydrocarbons, re-

spectively, while the SX increases to 58−65%, breaking 

through thermodynamic limitations. This is because at the ki-

netic level, in the ZrCuO-Z50.5 two-component catalyst of the 

CO2 pathway, the Cu active site of ZrCuOx can reduce the dis-

sociation activation energy of CO2 and accelerate its conversion 

to methylation intermediates. The Cu-based catalyst has a ki-

netic preference for the hydrogenation of CO2 to produce C1 to 

C5 hydrocarbons, making the target reaction rate faster than the 

side reactions and reducing the proportion of CO, benzene and 

C9+ aromatics. At the active site level, the bifunctional catalyst 

of the CO2 pathway relies on the selective activation of CO2 by 

the Zr3+/Zr4+ sites in ZrCuOx (to generate methylated interme-

diates), as well as the directional regulation of toluene and in-

termediates by the acidic sites of Z50.5 molecular sieve (to gen- 

 

Fig. 8. Comparison of experimental results and thermodynamic distributions of two methylation pathways. 

Table 4. Results of reaction rate and main reaction activa-

tion energy. 

Temperature 
(°C) 

Time to reach 
quasi-equilib-

rium state 
(s) 

Main reaction 
activation energy 

(kJ/mol) 

200 168.30 83.25 

250 151.45 73.14 

300 124.65 66.52 

350   84.25 61.24 

400   63.87 56.32 

450   51.24 50.12 

500   44.12 49.25 
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erate para-xylene), synergistically inhibiting side reactions and 

enhancing SX. At the pore restriction level, the pore size of 

Z50.5 molecular sieve at 0.55−0.6 nm matches that of p-xylene, 

which can promote its diffusion and inhibit the generation of 

benzene and C9+ aromatics. The pore confinement effect can 

also form local high-concentration reactants to promote the tar-

get reaction. 

In contrast, the methanol pathway is induced by MTO/MTA 

side reactions induced by surface acidic sites and a hydrogen-

rich environment, with significantly improved selectivity for 

light hydrocarbons (C1-C4) and benzene (up to 35% and 22%). 

SX only maintains 38−42%, which is highly consistent with the 

thermodynamic distribution. This difference is due to the selec-

tive activation of CO2 by MOX (metal oxides) in the CO2 path-

way and the directional regulation of methylation intermediates 

by molecular sieves. The methanol pathway is limited by its 

spontaneous dehydrogenation and cracking tendency. There-

fore, the CO2 pathway optimises the structure of aromatic prod-

ucts through a synergistic catalytic mechanism, while the meth-

anol pathway leads to a decrease in the yield of the target prod-

uct due to competition from side reactions. 

3.3 Accuracy verification analysis 

To verify the consistency between the predictions of the thermo-

dynamic model and the actual experimental data, three groups 

are randomly selected from the experimental conditions in Sec-

tion 3.2 (370°C/3MPa/CO2: C7H8 = 1:1, 400°C/3MPa/CO2:C7H8 

= 1:2, 440°C/3MPa/CO2: C7H8 = 1:4). Five parallel experiments 

(N = 5) are conducted for each set of operating conditions. After 

excluding outliers (data deviating from the average by more 

than 10%), the average of the remaining four groups of data is 

taken as the experimental reference value. The results are sum-

marised in Table 5.  

 

According to the verification results shown in Table 5, the 

thermodynamic model constructed in the study has a high de-

gree of consistency between the predicted values and the actual 

experimental data. Under three different experimental condi-

tions, the relative errors between the predicted values and exper-

imental values of all key indicators (CO2 conversion rate, tolu-

ene conversion rate and xylene selectivity) remain within 3%. 

Among them, the highest degree of agreement is observed under 

the condition of 400°C/3MPa/CO2:C7H8 = 1:2, with relative er-

rors of all indicators not exceeding 1.1%. For the mean absolute 

error, the error range under all operating conditions is controlled 

within 2.3%. These data fully demonstrate that the established 

thermodynamic model has good accuracy and reliability and can 

predict the equilibrium characteristics of the CO2 methylation 

reaction system under different operating conditions. This can 

provide a reliable theoretical basis for subsequent process 

optimisation and industrial scale-up. On the basis of the optimal 

conditions (400°C/3MPa/CO2: C7H8 = 1:2), the temperature 

(±10°C), pressure (± 0.2 MPa) and feed ratio (±0.1) are fine-

tuned separately. The trend of the model’s predicted values and 

experimental values is recorded, and the adaptability of the 

model to parameter fluctuations is verified. The verification re-

sults are presented in Table 6. They indicate that when parame-

ters are fine-tuned based on the optimal conditions 

(400°C/3MPa/CO2: C7H8 = 1:2), the change trend of the thermo-

dynamic model predictions is highly consistent with the actual 

experimental data. In all six parameter fluctuation scenarios, the 

predicted direction of CO₂ conversion rate change by the model 

is consistent with the experimental value, and the error deviation 

between the two is controlled within 0.3%. The error deviation 

under pressure fluctuation and feed ratio fluctuation scenarios is 

only 0.1%. The model’s response to temperature changes is par-

ticularly accurate, with error deviations of only 0.3% and 0.2% 

for both a 10°C increase and a 10°C decrease, respectively. 

Table 5. Comparison between predicted results and actual experimental data.  

Experimental  
conditions 

Indicator 
Experimental  

value 
Model predicted 

value 
Relative error 

(%) 
Mean absolute 

error 

370°C/3MPa/ 
CO2: C7H8=1:1 

CO2 conversion rate (%) 90.2 92.5 2.55 2.3 

Toluene conversion rate (%) 91.5 93.1 1.75 1.6 

Xylene selectivity (%) 60.3 62.1 2.98 1.8 

400℃/3MPa/ 
CO2: C7H8=1:2 

CO2 conversion rate (%) 93.8 94.5 0.75 0.7 

Toluene conversion rate (%) 94.2 94.8 0.64 0.6 

Xylene selectivity (%) 63.5 64.2 1.10 0.7 

440℃/3MPa/ 
CO2: C7H8=1:4 

CO2 conversion rate (%) 89.5 91.2 1.90 1.7 

Toluene conversion rate (%) 90.1 91.5 1.55 1.4 

Xylene selectivity (%) 59.8 61.3 2.51 1.5 

 

Table 6. Adaptability results of the model to parameter fluctuations.  

Parameter 
fine-tuning 

Change in CO2 
conversion rate 
(actual value, 

%) 

Change in CO2 
conversion rate 
(model predic-
ted value, %) 

Error  
deviation 

(%) 

Temperature 
+10°C 

+1.2 +1.5 0.3 

Temperature 

10°C 
1.8 2.0 0.2 

Pressure  
+0.2 MPa 

+0.9 +1.0 0.1 

Pressure 

0.2 MPa 
1.5 1.6 0.1 

Feed ratio 
+0.1 

+0.5 +0.6 0.1 

Feed ratio 

0.1 
0.8 0.9 0.1 
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These data fully demonstrate that the established thermody-

namic model has good adaptability and predictive ability for 

small fluctuations in operating parameters, and can reliably re-

flect the impact of process condition changes on reaction results. 

4. Results and discussion 

The thermodynamic analysis of CO2 conversion and utilisation 

based on thermodynamic equilibrium showed that the thermo-

dynamic characteristics of the reaction pathway for CO2 conver-

sion and utilisation were crucial for the design of catalytic sys-

tems and process optimisation. This study was based on 17 types 

of CO2 conversion and utilisation reaction equations, combined 

with thermodynamic analysis methods, to calculate the essential 

characteristics of each path in the CO2 conversion network. The 

experiments systematically analysed the effects of temperature 

(200−500°C), pressure (0.1−7 MPa) and feed ratio (CO2/C7H8 = 

1:1−4:1) on the reaction pathway. Under the conditions of 

370−440°C (slightly higher than the low-temperature range 

of < 400°C proposed by Qi et al. [4]), by optimising the syner-

gistic effect of catalyst and pressure, the selectivity of PX ex-

ceeded 60%, which was slightly lower than the 70.8% PX pro-

portion in Professor Yuan Youzhu’s research at Xiamen Univer-

sity at 360°C. However, it broke through the thermodynamic 

limitation of a single low-temperature method for PX genera-

tion, and the CO2 conversion rate reached 45%, higher than the 

one-way conversion rate of 14% in the ZnZrOₓ/HZSM-5 system. 

In terms of catalyst performance, the ZrCuOx/HZSM-5 bi-

functional catalyst used in the study controlled the selectivity of 

experimental by-products below 30%, which was lower than the 

40% reported by Wang et al. [5], confirming the conclusion of 

Ma and Liu [6] on the activation advantage of ZrCuOx. 

In terms of pressure and process optimisation, the conversion 

efficiency under 3 MPa pressure in this study was close to the 

upper limit effect of the 3−5 MPa range proposed by Awad  

et al. [7], and the equipment investment cost was reduced by 

about 20%. Combined with the unreacted gas circulation strat-

egy of Kim et al. [8], the carbon utilisation rate was increased 

from 70% to 85%, which was higher than the existing circulat-

ing process water. 

On the reaction pathway, the direct coupling pathway used 

in the study effectively avoided the problem of MTO side reac-

tions in the indirect pathway pointed out by Xu et al. [10]. The 

selectivity of light hydrocarbons was reduced by more than 15% 

compared to the typical value of the indirect pathway. Compared 

with the 46.1% CO2 conversion rate and 65.1% p-X/X of  

K-FeMn/hollow ZSM-5 catalyst, it showed comparable ad-

vantages in selective regulation. 

5. Conclusions 

The above research results can provide a theoretical basis and 

technical paradigm for industrial process development. The deter-

mined optimal parameters of 370−440°C, 3 MPa, CO2/C7H2 = 

1:1−1:4 could directly guide the design and operation of the CO2 

direct methylation to p-xylene plant. By setting the reactor oper-

ating conditions according to these parameters, the conversion 

rate of CO2 and toluene could exceed 90%, the selectivity of  

p-xylene could exceed 60%, and the 3 MPa pressure could avoid 

the problem of equipment investment and energy consumption 

surge at higher pressures. At the same time, it was clear that the 

ZrCuOx/HZSM-5 bifunctional catalyst could break through the 

thermodynamic upper limit of p-xylene selectivity, providing 

a basis for industrial catalyst selection. Combined with the strat-

egy of unreacted gas circulation, it could also improve carbon 

utilisation efficiency and reduce raw material waste. 

In terms of future research, bottlenecks such as toluene dis-

proportion, carbon deposition and catalyst lifespan exceeding 

1000 hours have been revealed, indicating the need to focus on 

optimising the acidic sites of molecular sieves to suppress car-

bon deposition and developing composite carrier catalysts to ex-

tend their lifespan. Based on the conclusion of p-xylene selec-

tivity enhancement, the integrated process of reaction adsorption 

and low-temperature separation technology can be explored. In 

addition, thermodynamic research on the influence of impurities 

in CO2 raw materials needs to be supplemented to adapt to com-

plex industrial CO2 sources. Although industrial applications 

face challenges in equipment materials and high-temperature 

energy consumption under 3 MPa pressure, they can be ad-

dressed by optimising reactor structures and combining indus-

trial waste heat utilisation. 
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